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OT PEJAKTOPOB CEPUU

Hacrosuias xHura npencraanﬂér coboit uerBepTHIH
BhIMyCK cepun «Kypc Beiculell MaTeMaTdKd M MareMard-
YECKOHM QU3HKM» M MOCBALIEHA H3/I0XEHUI0 OCHOB TEOpHH
GYHKUMM  KOMIJIEKCHOM TMEepeMEeHHOH ¥ OnepaluoHHOro
Acuncienns. B kuure Takxke HaHB MPUMEDHl NDUMEHEHHUs
METONOB  TEOPHH - PYHKUAE KOMIJIEKCHOR MEepeMEeHHOH
K 33ajayaM TUAPOJAMHAMUKM H 3JEKTPOCTATHKH U Ppasod-
paHel HEKOTOpBIE BONPOCH METOJAd [epeBasa U MEerofa
Bunepa — Xonda.



NMPEANCJOBUE K TPETbEMY HU3IAHHIO

B TpeTbeM u3gaHuu KHUTH YCTPAHEHBI 3aMEYEHHHE He-
TOYHOCTH U3NOKEHHs, N0GaBJEH PAX MPUJIOKEHHH Teopuu
PyHKUUH KoMNAEKCHON NepeMeHHOR (HecOGCTBEHHbIE WHTET-
pasbl, 3aBucAuie OT MapaMeTpa, npeoGpasosanue Barcowa
¥ T. ), @ TaKKE JaHO NPEeICTaBieHne 06 OCHOBHLIX MOHS-
TUAX TEOPHH PYHKUMH MHOTUX KOMIEKCHHIX MEepPEMEHHbIX.

Mul  rayGoko 6naromapHsl PefaKTOpy 3TOH KHUTH
C. A. Cexepx-3enbkosuuy, paboTa ‘KOTOPOro CHOCOGCTBO-
BaAa YAYULEHUIO €e COomepIKauus.

Asmope



NPEJUCJIOBHE K NNEPBOMY HU3JIAHHIO

ConepxaHue 3TOr0  BHINYCKA B OCHOBHOM COOTBETCTBYET KYypCy
JeKuuit no Tteopum GYHKUMH KOMIJEKCHOH NepeMEeHHON, YuTaBUIEMYCH
aBTOpaMK B TEUEHHWE pANa JeT Ha (usuueckoM (akyasrere MIY.

HManoxeHue OCHOBHOTO MaTepuasa HOCTATOUHO GJU3KO K TPamdLMOH-
HoMy. OIHaKO MblI He IIPOBOAMM CNELHaJbHOrO PAacCMOTPEHUS SJEMEH-
TapHBIX (YHKUUH KOMNJEKCHOH fIepeMEHHOH B caMOM HayaJe Kypca, Kak
3TO JeNaeTcd B OONBLIMHCTBE Y4eOHUKOB, a BBOAUM 3J€MEHTAapHBIE (YHK-
LMY KOMIJIEKCHOH nepeMeHHOH Kak HENOoCPeACTREHHOE aHaNUTHUYeCKoe
NPOJO/DKEHUE 3dJEeMEeHTapHbIX (yHKuu# nedcrBuresbHOH nepemeHHoft. Te-
opeMsl 00 aHAJUTHYECKOM MPONOJKEHHWH COOTHOIUEHHH MO3BOJSIOT €Nu-
HOOGpasHO MepeHecTH B KOMILIEKCHYIO 00JacTh M3BECTHble CBOHCTBA 3JIe-
MEHTAPHBIX (QYHKUUR AEHCTBATEIbHOM nepeMeHHod.

EcrecTBeHHO, UTO CTPEMJIEHHE K LEJbHOCTH H3/IOWEHUs 3aCTaBUJIO pac-
CMOTpETh OTHe/bHble BONPOCH HECKOJNbKO mnoiapoGHee, yeM OOBIYHO
yIoaercsi B paMKaX CxaToH JexunoHHOH nporpamMmel. B mepsylo ouepens
3TO OTHOCHTCS K OOILMM DPHHUMMIAM KOH(POPMHOrO OTOOpaXeHHs WU NpH-
MEHEHUSIM METOAOB TEOPHM (QYHKUMH KOMIIEKCHOH MEepeMeHHOH K pele-
HHIO KpaeBBIX 3alay THAPOJMHAMUKM M 3JeKTpocratukd. Kpome To-
ro, B KHATE€ WMEIOTCA [Ba NPU/IOKEHHS, NOCBSIIEHHHE H3J0XEHUIO Me-
Toma nepeana M Merofa Bunepa — Xonda, KoTopeiMi (u3uKH O0GBIYHO
BECbMa IIUPOKO MOJBb3YIOTCS.

Ilpu paGore Haj KHUTOH MBI MOJB30BANUCh COBETaMH MHOTHX HalUHMX
ToBapuuiell no Kadeape, B nepsyio ouepeap B. A. Masmna u . II. Koc-
TOMapoBa. boabluyro noOMOIB OKa3aad MHOIOYUCJIEHHbIE U BaXKHBIE 3a-
medanns, caenannsie I'. JI Jlysuem u M. B. denopiokom, npounrtaBLinmu
KHHTY B DYKONHCH, a TaKXe TLATEJbHOE PEeNaKTHPOBaHWE TeKCTa KHHIH,
nposegenHoe C. §I. Cekepx-3eubkoBuueMm. Bcem 3TuM JuuaM Mbl BBIpa-
HaeM CaMylo UCKPEHHIo 6/aroaapHoCTb.

Asmopu



BBEJEHHE

B HacrosimeM BBIMyCKE WM3JMaraloTCsd OCHOBHBIE MOHATHS TEOPHH (PYHK-
uuht  komnaexchofi nepemennoft. ITonsaTine KOMIIEKCHOrO YuUCJ/Ia BOSHHKJIO
B nepByr ouepesp B pesysabTaTe NOTPeOHOCTEH aBTOMATUBALMH BHIYU-
cacHu#t. daxe mpocrefintne anreGpavueckue onepaudu Han AeHCTBHTENb-
IILIMA  YUCJaMH BBIBOASAT 3a Npefensn O00MacTH AEHCTBHTENbHLIX UHCEJ.
Kak u3BeCcTHO, He BCsiKOE aiareGpanMuecKoe ypaBHEHHE MOMXeT OBTh pas-
pemeno B JAeHCTBATENBHBIX uMcJaX. Tem caMbiM Hag0 HAM OTKA3aThCH
0T  aBTOMAaTWYECKOro TMPHUMEHEHWHs YCTAaHOBAEHHHIX METOAOB pemieHus
U KaxAbBH pas NnpoBOAMTH MOAPOOHOE HCCAEAOBAHME BO3MOXHOCTH MX
IIPUMEHEHHS, WJAM paclupuTh 06JacTh NEHCTBUTENBHRIX YHCeN C TeM,
wroOh OCHOBHbIE ajre6pauyecKne onepaudun Bceraa OblJIM BBHIIOJHAMBL
Takum pacumpenuem 06sacTH AEHCTBHTEABHBIX YUCEN SBASIOTCA KOM-
lJEKCHBIE Yncaa. 3aMeyaTe/IbHBIM CBOHCTBOM KOMILIEKCHBIX YHCEJ SBJAETCA
TOT (haKT, YTO OCHOBHHIE MAaTEMaTHYECKHe ONepalud Had KOMIJIEKCHBLIMU
MUC/IAMU  HE BBIBOAAT W3 00AACTH KOMIIEKCHBIX YHCEN.

Beeaenue KOMMJEKCHBIX u@cea M (DYyHKIUE KOMIJEKEHOH nepeMeHHOH
yno6HO TaKie NMPH MHTErPUPOBaHUH 2JEeMEHTAPHBIX (QYHKUU#, Npu pelie-
nuu  auddepeHUnanbslXx  ypabHeHU#t W T. 4., TA€ 4acTO fPUXOAUTCA
BHXOAUTb B 004aCTh KOMIVIEKCHBIX uucesn. Komniexcuas dopma 3anucu
OKa3bIBaeTCs YAOOHOR ¥ NpH MareMaTHYeCKOR (OPMYJIMDOBKE MHOTHX
(hu3nYECKUX TOJOXKeHnH (HapUMep, B 3JIEKTPO- U PaAHOTEXHUKE, 3/IE€KTPO-
JMHAMUKEe U T. &)

OnuH 13 OCHOBHBIX KJacCOB (PYHKUWH KOMMJEKCHOH nepeMeHHOM —
ANAMUTHYECKHE (PYHKIUM — HaXOAUTCA B TECHOH CBA3U € PeUIeHHsSMH ypas-
eHus Jlannaca, kK KOTOPOMY NDHBOAATCA MHOrHE€ 3alaud MEXaHUKU H
(pusuky. [loaToMy MeTomB! TeopHu (PYHKLUNH KOMIVIEKCHO# TepeMeHHOH
HalIM BECbMa IUMPOKOe M 3(PdEKTHBHOE NMPHUMEHEHHE Npu peuieHnn 60/b-
IIOro Kpyra 3afay ruapo- v aspOAHHAMUKH, TEOPUU YNPYroCTH, 3JEKTPO-
NUMHAMUKH M JPYTUX €CTECTBEHHBIX HayK.



r1ABA 1

KOMIIJIEKCHASl TIEPEMEHHAS
U ®YHKIMU KOMIJIEKCHO# TEPEMEHHON!

§ 1. KomnaekcHoe uucao
U fneficTBUA HaJ KOMIJIEKCHBIMH UYHCJIAMH

1. MlonsiTHe KOMIJIEKCHOTO YMCAa. Mbl CuuTaeM, UYTO C NOHSATUEM
KOMIJIEKCHOrO YHuc/a M. ONpeie/ieHHeM apudmeTHyecKux AeHcTBuit Ham
KOMIJIEKCHBIMPA ~ YUCJaMM YHTaTeJdb Yxe 3HakoM. KoMiliekchble umncia
n pefcTBMS Hal HHMH H3/0¥eHH B NPeNBIAYIIMX BBIMyCKax Kypca ¥).
OnHako u3 CcOOOGpaXeHWd LeJbHOCTH H3JI0KEHHs HMMEET CMBIC/ ele pa3
HaNOMHUTb OCHOBHbBIE MOHSATHSA.

Homnaexcroimt wucaom 2z Has3sigaemcs napa 0eficmeumenbHox
uucen (a, b) ¢ ycmarnosaennwm nopsdxom caedosanus uucena a v b.
910 yCcNOBHO 3anuchiBaeTcsi B Buge z=(a, b). Ilepsoe uuca0 a napsl
(a, b) HasmBaerca OeiicmeumensHoll 4Acmbl0 KOMIJNEKCHOTO 4YuCad 2
n obo3nHauaercs cuMBOAOM a = Re z;-Bropoe uncno & maps (a, b) Ha3wl-
BACTCH MHUMOI 4acmsl0 KOMIUVIEKCHOTO 4YWCJa 2 ¥ OGO3HAUAETCH CHM-
BoaoM b=1Im 2.

JIBa KOMIJIEKCHBIX u4uc/a zl-(al, b)) u zy=/(ay b,) paBub TOrIa
H TOJbKO TOrA3, KOrja paBHbl M MX AEHCTBUTENbHBIE W HX MHHUMBIE YacTH,
T. € 2p =2, JUlb NPU @ =qy, by =b,.

2, JleficTBUs Ham KOMMIeKCHmIMHM uuciamu. Ilepeiinem k onpene-
JeHHI0 ajare6panyecKux onepaunit Haj KOMIJIEKCHBIMU YHCJIAMH.

‘Cymmoil KOMNNEKCHBIX u4ucean 2y=1(a;, b;) n 2y=(ay by) Ha3H-
BaeTCd KOMIJEKCHoe uucao z==(a@, b), roe a=a;-+as b=>b;-+b,
JIerko BupeTh, Y4TO NPW TAaKOM ONpPEIENEHMH COXPAaHAOTCS NEePEMECTH-
TEJAbHBI B COYeTaTeJbHBI 33aKOHBl CJOXEHHS, T. € 2yt 2=2,-}+2; U
21+ (224 23) = (21 + 22) + 23 Tak ke, kak u B oOnacTu AeHCTBUTENBHBIX
yuces, Hy/leM HaseBaeTCs TaKOe KoMmJeKcHoe uyucao 0, cymma KOTOPOro
¢ MoGbiM KOMNJEKCHBIM YHCAOM Z paBHAa 3TOMY uucay 2, T. €. 2-+0=2z.
OueBuaHO, YTO CYIECTBYET €AMHCTBEHHOE KOMIJIEKCHOE YHCIO 0-—(0 0),
obnanamwoliee 95THM CBOUCTBOM.

%) CM. Bumn. 1, ctp. 195—199.



$ 1) . KOMITJIEKCHOE UHMCJIO . 13

Tpoussedenness KOMNAEKCHBIX uuces 2z;=(ay, b)) u 25=(as b,)
HA3LIBAETCS  KOMILIEKCHOE 4Yuca0 2= (a,. b) Takoe, uto a = a;a,— b;b,,
b=ayby 4 axpy. Ilpn Takom onpemeneHun NPOU3BEAEHUS BLITOJHAIOTCA
llepeMECTUTENBHBI: 2125 = 2527, COUETATENbHBIA: 21 (29- 23) = (21° 22)2s
W pacnpeaenuTenbHbitl; (27 4 29)2g = 2123+ 2923 3aKOHHL

Bxaounm feficTBUTENBHBIE YHC/A2 B MHOXECTBO -KOMIJIEKCHBIX UHCeJ,
paccmMatpuBas AeMCTBHTE/bHOE YHUCJAO @ KAaK KOMILIEKCHOE UHCI0 a =
=(a, 0). Torma, Xak caenyeT u3 onpenejeHus AeHCTBUH CIAOKEHUs H
YMHOXEHHS, AJ9 KOMIJIEKCHBIX YHCEJ COXPaHSIOTCs H3BECTHbIE IIPaBMJA
nehcrBuit Hap  meHcTBuTeNbHBIME  unciaaMu. ITo3TOMy MHOMXECTBO KOM-
IIEKCHBIX UMCEJT PacCMaTpPUBAeTCA KaK paculMpeHne MHoOkecTsa aelcTBu-
TCJABHBIX  uyHcea ¥). 3aMeTuM, YTO YMHOMXeHHE. Ha AeHCTBUTeNbHYI0 €dH-
iy (1, 0) He MeHseT KoMHJEKCHOro uucaa: z-1=2z.

KomnnekcHoe uncao Buma 2= (0, b) Ha3BIBAETCA YUCMIO MHUMBLIM W
camBosMuecku o6o3uauaercss z=ib. Yucro wmuumoe uucao (0, b)=ib
MOXHO PpaccMaTpuBaTh Kak _npousseneHue MHUMOH epununst (0, 1) u
nefictButesnbHoro uucaa (b, 0). Muumyo eauHuny OGHYHO 00O3HAuaAIOT
cumosiom (0, 1)=i. B cuay onpeneneHust MpOU3BENEHHUS KOMIIEKCHBIX
nUcea CHPaBeAuBO COOTHOWeEHue [ -I=i?= —1. OHO mo3BO.JISEeT NPHUAATDH
npsaMoi  anreOpanyeckuit CMBICA TaK HaswlBaeMOH a.zebpauxecroll gopme
3aMUCH KOMIIEKCHOIO YHCaa

2=(a, b)=a+ib (1.1)

¥ TPONSBOAUTH ONEPaUUd CJHOKEHHA M YMHOXKEHUS KOMIIEKCHBIX Yncen
10 OOBIYHBIM MpaBUJAaM ajireGphl MHOTOUJIEHOB.

KomnaekcHoe uucao Z=a — ib Ha3bIBAETCA KOMNACKCHO CONPAIICEH-
KoM Hucay z=a--ib.

Onepanusi BHIYUTAHHST KOMILJIEKCHBIX uncen onpefiendeIcs Kak onepa-
nus, obpaTHas caoxeHuo. KomniekcHoe uMci0 2= a-ib Ha3bBaeTcH
PA3HOCM610 KOMIUIEKCHBIX uYHCen 2y =a;-+iby n zy=a,-}ib,, ecan
a=al‘—a2, b=b1—"b2~

Onepauust feneHns KOMIAEKCHBIX 4HCea ONMpefesseTcss KaK onepaiius,
obOparHas yMHOxeHuo. KowmmiekcHoe uucao z=a-}ib HaswBaeTCH
HacmHbM KOMIMEKCHBIX YHCENA 2y =a;-+iby u 2y=a,-+1by5=0, ecin
21=2-2, Orcioga cnepyer, uTo JAeHCTBUTE]bHAs & M MHuMas b 4acTu
4aCTHOrO Z ONPEAEAATCA U3 NMHEHHON cucTeMsl aare6paniuecKnx ypasHeHnit

aza -_— bzb == al,
bza + agb = bl

¢ onpenenuteneM a; - bj, OTAMYHBIM OT HyJs. Pelus a1y cuctemy, noayuum

_4 _ aadstbiby i byas —a,b, . (1.2)
T2y a3+83 a;+o63 ’
*) Kak Oyzer clefoBaTh H3 fajbHEHIIMX PACCMOTPEHMl, MHOXKECTBO KOMILIEKC-
HBIX YHCeJl, B OTIMUHE OT MHOXKECTBA JEiCTBMTENbHBIX uMces, He OGJafaeT CBOMCT-
BOM YINODSJOYEHHOCTH, TAK KaK He CYIUIeCTBYeT PallHOHAJbHON CHCTEMl cpaBHenHua
KOMIITEKCHBIX YHCesI.
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3. TeomeTpuueckan HHTepNpPeTalUs KOMIJIEKCHBMX 4nces. Ilpn
N3yyeHnn CBOUCTB KOMIJIEKCHBIX uucCeN BechbMa YyIOOHOM sABisfeTcs uX
reoMerpuueckas wWurepnperains. ITOCKOJbKY KOMIJIEKCHOE YHCIO Ofpe-
Iensercs Kak napa JeHCTBUTENBHBIX YHCEeN, TO eCTeCTBEHHON reoMeTpH-
YECKOH HHTEpHpeTauMel ABAfETCS H300pameHHe KOMIIEKCHOTO YHCJa
z=a-}ib TOuKOM mIOCKOCTH (X, y) C [AEKaPTOBEIMM KOODAMHATAMU
x=a n y=> Yucno z=0 cTaBUTCH B COOTBETCTBME Hauany KOODIH-
HaT JaHHOH nJaockocTd. Takylo nNAOCKOCTh MBI B HanbHedinem Oyaem
Ha3blBATb KOMHAECKCHOW nAockocmsio, OChb abcuucc — OelicmBumensHoil,
a OCb OPAMHAT — MHUMOI OCblo KommiaexcHo#t nuockoctn. Ilpu stom,
OYEBMIHO, YCTaHABJIMBAEeTCS B3aUMHO ONHO3HAYHOE COOTBETCTBHE MEXIY
MHOMXECTBOM BCEX KOMIJIEKCHBIX UMCEJT M MHOXECTBOM TOYEK KOMITJIEKC-
HO{ MJIOCKOCTH, a TaKXKe MEeXJAy MHOMXEeCTBOM BCEX KOMMNJIEKCHBIX uHces
Z=a--ib n MHOXeCTBOM CBOGOIHHIX BEKTOPOB, IPOCKUUH X H Y KOTO-
PHIX Ha ocd abCUUCC ¥ OPAMHAT COOTBETCTBEHHO PaBHHl a u b.

Becoma Baxno#t sBAsieTCs Takke Apyras ¢opma NpeacTaBIeHUs KOM-
IVIEKCHHIX uncen. Il ompenesnieHHss MOJOKEHHS TOYKM HA IVIOCKOCTH
MOXHO M0/1b30BaTLCA NOMAPHLIMU KOODAMHATaMK (p, @), rie P — paccros-
HHE TOYKHM OT Hauajla KOOpDAMHAT, a p— yroJ, KOTODHH COCTaBJsier
pPaAMyC-BeKTOD MAaHHOR TOYKM C TOJIOKHTENBHBIM HaNpaBJeHHEM OCH
abcuucc. IToMOKUTENbHBIM HanpaBJeHUEM H3MEHEHHs Yrila @ CudTaercs
Hanpae/ieHHe MPOTHB YacOBOM CTPeaKH (— oo < @ << 00). Bocnoassosas-
HIUCh CBA3bIO JEKaPTOBHIX H NOMAPHBIX KOOPAUHAT: X =0 COS @, ¥ =P sin @,
MOJY4YHUM TaK HashlBAEMYIO MIPU2OHOMEMPUHLECKYI0 (HOPMY BaluCH KOM-
NIeKCHOrO 4McJIa:

2 =p (cos ¢+ isin ¢). (1.3)

Ilpu oTOM P OGBIUHO HABBIBAIOT MOOYAEM, 8 @ — QP2YMEHMOM KOM-
TJIEKCHOrO uuciaa ¥ o6osHavaoT p=|z|, @=Argz. IIpenutecrsyiomue
¢opmynel  paloT BHIpAWKeHHE AEHCTBUTENLHOM M MHMMOH uvacte#t KoM-
NJEKCHOrO 4YHiCjIa 4Yepes ero MoOAyab M aprymest. Jlerko Bripasutb
MOAYJb M APryMEHT KCMMOJEKCHOrO 4YuCJAa Yepes ero AeRCTBUTENbHYIO

¥ MHEMYKO YacTh: p=]/a2—|-bb2,‘ tgcp=% (mpu BhHIOpEe H3 pemeHNH

NOC/e[IHEr0 yPaBHeHNs: 3HaueHus (p CAeAyeT yuecTb 3Hakn a u b). Orme-
TUM, YTO apTYMEHT KOMIJEKCHOTO HYHMCJa Onpefe/ed He OJHO3HAYHO, a
C TOYHOCTBbIO [0 aANUTHBHOTO CJaraeMoro, kparHoro 2m. B pazme cay-
yaep ynoOHO uepe3 arg z 0003HauaTb 3HAYEHHE APTYMEHTA, 3aKJ/IOUeHHOe
B Npefenax g =< argz << 2m-+ @, TIie @, — NPOou3BOMbHOE (PUKCUPOBaH-
Hoe uncao (Halpumep, @y =0 uau @y= —mn). Torna Arg z=arg 2+ 2kn
(=0, =1, =2, ..). Apryment KommjekcHoro uncaa z =0 BooGie He
onpenesed, a ero MOAYJb paBeH HyJo. JIBa OTIMYHBIX OT Hyas KOM-
MAEKCHBIX YUCJa PaBHBl Mexay co0oft B TOM ¥ TOJLKO B TOM CJHyuae,
€CaM PaBHBl UX MOIY/HW, @ 3HAYEHHs aPryMeHTOB WJIH PaBHHl, MAM OTJH-
YaloTCAd Ha YMCA0 KpatHoe 27. KOMNJIEKCHO COMpsKEHHBIE YUC/]a UMEIOT
OIMH ¥ TOT XK€ MOAYJAb, a 3HAYEHH MX aPryMEHTOB IPH COOTBETCTBYIO-
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mem BeIGope o6aacTelt MX HM3MeHeHHS pa3nUyanTCs 3HakoM. Hakonen,
HCTIONIb3YS U3BECTHYIO Qopmyny Iitnepa *) /9 =cos ¢ |- i sin ¢, nonyuaem
TaK Ha3biBAEMYIO NOKA3AMEAsHYI0 (Hopiy 3aNiCH KOMINIEKCHOTQ YHMCJa:

2 = pe®, (1.4)

OTMeueHHOE BbIllE COOTBETCTBHE MEXIY MHOKECTBOM BCEX KOMILIEKC-
HHX ud@CeM W TIOCKMMH BEKTOPaMU MOSBOJSET OTOXAECTBUTh ONEPAILMHU
C/IOXKEHUS! ¥ BHIYNTAHMA KOMIIEKCHBIX
aucen ¢ cooTBeTCTBylownMY onepauns-  AY 242,
Mu Hajm BekTopamu (puc. 1.1). Ilpu
9TOM JIETKO Y¢TaHABAUBAIOTCS HEPABEH-
CTBa TPEYroJbHUKa:

|21zl <<|z1|+]|22),

|y — 23| =2 —]|2] (1.5)

Mopynb pasHOCTH IBYX KOMIVIEKCHBIX
quCea HMEET TEOMETPUUECKHH CMBIC
PacCTOSHUSA MEXIY COOTBETCTBYIOIIUMU
TOYKAMHM Ha KOMIJEKCHOH mnaockoctu. OTmeTM, KPOME TOro, OueBHa-
Hble HepaBeHcTBa |2 |=a, |2|=b.

Jlns BBHIIOAHEHHs ONEPAaNUh YMHOMXEHMS YAOGHO NOJB30BATLCH TDPU-
IOHOMETPUYECKOH POPMOH NpencTaBieHus KoMmiekcHslX yuced. CorsacHo
npasuJaM yMHOXEHus mnoaydaem ¥%)

z=p(cos@ptising)=2,:2,=
= p1(cos @y - Isin @g) P5 (COS Py - 5in @) =
= D102 (COS P COS @ — Sin Py Sin Pg) 4 105 (SiN Py COS Py + COS @y 8in @y) =
= P102[COS (@1 + o) -+ I 8in (P - Py)] =Py - Pa - €F (@1 H),
Orciona P=p;1-Ps @=@1+¢; T € MOLyJAb NPOU3BENEHAS pPaBeH
NPOKUSBEIEHUIO MOIYJeH, a apryMeHT — CyMMe apryMeHTOB COMHOXHTEIeH.

B cayvae neneHus KOMIVIEKCHBIX yucea npu P,%0 uMeer Mecro aHaso-
FMYHOE COOTHOLIEHHE:

ZAi_th el @1 — 92
22
4. U3BaeueHne KOpHA M3 KOMIUIEKCHOro uHcjaa. TpuroHomerpuye-
cKasg W MOKa3aTesbHas (DOPMBI 3aMUCH KOMIVIEKCHOTO 4ucJa yAOGHH npu
paccMoTpeHnu anreGpanyecKux onepauuntt BO3BeJeHUs: KOMIVIEKCHOrO Yucaa
B 1eJAYI0 NMOJOXHTEIbHYIO CTENeHb U W3BJCYEHHA KOPHA M3 KOMIIEKCHOrO
yucia, Tak, ecan z2=2" 10 p=p! u @ =ng,.

*) 3to BHIpaXeHHe Mbl TOKa GyaeM paccMaTpHBaTh KaK COKpalleHHYIO
(opMy 3anHCH KOMIUVIGKCHOTO UMCJia 2=c0s @i sin ¢. Iloamblii cMeicq sTOro
0603Ela‘IeHPIﬂ OyneT yCTaHOBJIEH B JalbHeLIeM.

**) Dra ¢opMysa NOKa3bBaeT, YTO BBeJleHHas Bbillle q)yuxmm ei® ofaanaer

CcBOHCTBOM €/®1 . ¢/Pr — of (01 +@2)
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. . .
KomnnexkcHoe uuca0 2, =17/ 2z HasbBaeTcs KopHes n-# CTeNeHu u3
KOMIIEKCHOT'O lmcna 2, ecan z =z V3 s10r0 Onpenenenus ciienyer, uto

p1_1/ p n @ =+ Kak Gn0 orMeueHO Bbille, apryMEHT KOMIIJIEKC-

HOro yucna onpene.rleH He OJHO3HAYHO, a C TOYHOCTBIO [0 aAAUTUBHOIO

csaraeMoro, kpathoro 2. IlosTomy us BbIpaKeHus LS apryMEHTa KQMI-

JEKCHOTO 4ucna 2y
: __ 9, 2nk

Pr =+,

rie @ — OJHO M3 3HaueHH# apryMeHTa KOMIJIEKCHOTO 4{C/a 2, NOJyuuM,

YTO CYHIECTBYIOT Pas3/nYHbE KOMIIIEKCHBIE YHCJA, KOTOPHIE NPH BO3BE-

IEHUH B M-10 CTENEHL PAaBHBI OLHOMY M ‘TOMY K€ KOMIVIEKCHOMY Yuciay 2.

na—
Monyam 5TUX KOMIVIEKCHbIX YHCET ONUHAKOBB M PaBHBl }/p, a apryMeH-
' Y TH Da3/MYaOTCA Ha YuUCAO, KPat-

2
zei=g'f HOe “-, HuCJ0 DpasniMyHBIX 3Haye-
//—'t'\\ Huil KOpHS{ p-B  CTEneHu #3 KOM-
Ve N\ pif  IUIRKCHOrO uucia z pasHO n. Toukd
N Ha KOMILIEKCHO# MIOCKOCTH, COOT-
\ BETCTBYIOILIUE PA3JIMUYHBIM 3HAUEHUAM
\ KOpHH n-§ CTENEHH - U3 KOMINIEKC-
1 HOTO YHMCJAA 2, PAaCNOJIOKEHH B Bep-
/
/

IMHAX MPaBANBHOrO N-YTO/bHUKA,
BIIUCAHHOTO B OKPYXHOCTb paiuy-

. J ca Vp C ueHtpoM B Touke z=0.

zie'f=-7z, J CoorBeTcTByIOIME 3HAYEHUS @, MO~

S~_ | 7 JyyaloTcs npu A, NPHHUMAIOLIEM

K sHavenua k=0, 1, ..., n—1.

Puc. 1.2. Knaccuueckuit anaaus mocrasuir

33fayy TaK PaCIIMPUTb MHOXECTBO

IeHCTBUTENhHBIX YKCeJs, 4TOOB HE TOJbKO 3JIEMEeHTapHbie aareGpauyeckue

onepauuy CJHOXKEHUs u YMHOXEHUSA, HO U onepanusi U3BJCUEHHS KOpHA HE

BHIBOAUJA U3 STOrO PaCIIMPEHHOTO MHOXECTBA. Kak Ml BHAUM, BBEIEHHE
KOMIVIEKCHBIX 4HCeJ pellaeT 3Ty 3ajauy.

HDpumeps: 1) Halitn Bce suauenns )/ 3amucas B nokasatenbHOH

. T .
==
¢opMe KOMIJIEKCHOE YUCI0 2=1I=¢ 2, noayuuM pAJs 3HaueHuH KBanpaT-
25tk
St
HOr0 KOPHSl U3 JaHHOTO KOMIIJIEKCHOTO YHC/A BHIPAXEHHUs zk 1 s
k=0, 1 (puc. 1.2), otkyna
iZ 2
Zpg=¢ 4= cos—-i-ism V~(1+l)

.57 ] 5
z1=e‘4=—e’4=_%3(1+1). ' .
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p
2) Haittn Bce 3uaueHus 11, rne p >0 —uenoe uucno. Bocroabzo-
BABINUCH TPENCTaBACHHEM l_el° TaK WE, KaK U B NPEAbIAYILEM MpH-
2n 2m .
Mepe, MOJAYYUM 2 == e P , k=0, ..., p—1, otkyna

. 2n
. i— 2n , .. 20
Zp=e0=1, z=e p=cos—p—+zsm7,

iZ -1 ._,»Zpﬁ 2n 2n
veey Zpy=c¢€ =e —cosF—zsm—E
To ecTh KOpeHb p-# CTENeHH M3 1 UMEET POBHO P Pa3AUUHLIX 3:laueHuit.
ITU KOMILIEKCHBE YWCAa COOTBETCTBYIOT BEPIINNAM IPABUJIBHOIO P-yroJb-
HIK2, BMUCAHHOTO B OKPYXHOCTb €IMHMYNOrO DajMyca C HEHTPOM B TOY-
ke z=0, mpuyeM OIHAa M3 BEPLIMH JEXUT B Touke 2=l

3) Haﬂm sce awauenns V 1—1}/3. Tak Kax z_l—iV3

i
= 2¢ 3, TO ON9 3HayeHuH KBaADPATHOrO KOPHA U3 AAHHOTO KOMIJIEKC-

HOrO YMCJAa MOJNYUUM BHIDAXKEHHS zk=l/2 e , k=0, 1, otkyna

% = no, . V3—i
2=V2e 6=V2<cos€—-zsmg)= R

Wrak, An9 u3BJACUEHHS] KODHS 7-# CTeneHH U3 KOMIIEKCHOrO dnc/a
Hago mnepedTH K MNOKa3aTenbHOH opME BanuCH KOMIIEKCHOTO YuCJa,
u3BJeYb KOPEHb M- CTeNeHW U3 MOAYJs AaHHOTO KOMIJIEKCHOro uucaa
(6epercs apudMeTHuecKOe — AEHCTBUTE/ILHOE M TONOXKUTENbHOE — 3Haue-
HME KOpHS), a apryMeHT JaHHOrO KOMIMJEKCHOrO uuc/a pasienutb Ha 7.
(0ng monyueuus BCeX 3HaueHM# KODHA HalO HMETb B BUAY MHOrO3Hay-
HOCTb apryMeHTa.)

§ 2. Mpenen mocaen0BATENLHOCTH KOMIJEKCHBIX 4HCeJ

1. Onpenenenne cxonameiics nocrenosateasHocTd. s nocrpo-
enus Teopud YHKUMHA KOMIJIEKCHOK nepeMeHHOH GoJbuioe 3Hauetide
MMEeT NepEeHECEHHe OCHOBHBIX uIeH aHainsa B KOMIJIEKCHYIO 00/acThb.
OgnuM u3 ¢yHIaMeHTaNbHbLIX NOHATUH aHaJu3a sBJASETCA MOHATHE IIpe-
Aesa v, B 4aCTHOCTH, IOHATHUE cxonfuweics yucaoBOR MOCJ/EHIOBATEIbHO-
CrtH. AHaMOTHYHYI0 POJIb WrPAOT COOTBETCTBYIOLIWE NMOHATUS U B 06JacTH
KOMMIEKCHHX uucena. IIpm 3TOM MHOrue omnpene/edus, CB3aHHBIE C [pe-
AE/bHBIM TMEPEXOAOM, MOJHOCTbIO NMOBTOPSIT COOTBETCTBYIOLME oOnpese-
JeHus teopun (QyHKUNE AERCTBUTENbHOH NEepeMEeHHOH.

TTocaedosamensHOCHIEI0 KOMNACKCHBLX YICEN HA3bIBAEINCS NepeHy-
MEPOBAHHOE GECKOHELHOE MHONCECMBO KOMNACKCHBLX 4lices. B nanb-
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HeilleM HOC/Ne10BaTeNbHOCTh KOMINIEKCHHIX uMcea Mbl Oynem o603HayaTh
cumposiom {z,}. Komnuiexchme uncna 2, ofpasywiuue nocaenoBarTesb-
HOCTb {2,}, Ha3bIBAIOTCA €e 3JEeMeHTaMu *),

Hucso z na3sigaemesi npedesos nocaedosamensHocmu {z,,} ecau
047 2106020 NOAONHCUMENBHO20 HUCAQ € MONCHO YKA3AMb MaKoli Homep
N (e), raturnas ¢ Komopoz0 8ce 3AeMeHmbl 2, Imoll nocaedosamens-
HoCmIL YO008AEMBOPSIONM HEPABEHCMEY

|z—2,}<<e npu n=N(e). _ (1.6)

Tocaedosameasrocins {2,}, umenwan npedea z, na3ei8aemcs cxodsi-
welics K HuCcAY 2, WMo 3anuceigacmcs 8 sude lim z,=z.

n—oo

Ilns reoMeTpUyecKOd MHTEPNpeTalHu NpeaeJbHOr0 Mepexoja B KOM-
NJAEKCHOH 06a3acTy YZOOGHBIM OKAa3bIBAETCSl NMOHATUE E-OKPECTHOCTH TOUKH
KOMITJIEKCHOH NJIOCKOCTH.

Mrooicecmgo mouex z KOMNAEKCHOL NAOCKOCMIL, AEHCAUUX BHY mMpPU
OKpYJCHOCIMU PadUyca & C YEHMPOM 8 ModKe 2, (iz—zol<8), Ha3st-
BAEMCS E-OKPECMHOCMBID MOUKIU 2,

Vs sTOoro onpenenenus CAeLyeT, YTO TOUKAa 2 SBASETCA INpPENe/ioM
cxopsmeRcs nocaenosatenbHocTd  {z,}, ecam B MoGOH €-OKPECTHOCTH
TOUKM 2 JEXKaT BCe 3JEMEHTh 3TOf MOC/Aef0BaTeNbHOCTH, HayuHas C He-
KOTOPOrO HOMEpa, 3aBHCALIEro OT e.

TockoabKy KaXa0e KOMIJIEKCHOE W4HCIO 2,=a,-}-ib, xapakrtepu-
3yeTcsl napoi AeHCTBUTENBHHIX UYHCeN @, U b, TO NOC/IEL0BaTENbHOCTH
KOMIZIEKCHHX uHCea {Z,} COOTBETCTBYIOT JBE MOC/]ENOBATENbHOCTH AEHCT-
BUTEJBHBIX uucesa {a,} u {b,}, cocraBieHHble COOTBETCTBEHHO M3 HEHCT-
BHTE/LHBIX H MHUMBIX YaCTe# 3J]EMEHTOB 2, TOCJENOBATENbHOCTH {Z,}.

Hmeer MecTo ciemymomee yTBEpHIAECHHE.

Teopema 1.1, Heobxodumvim u 00cmamotHbism JcA08UeM cxXodU-
Mocmu nocaedosamessHocmu {z,} SA8ALEMCA €X00UMOCMS NOCAE)0-
sameasrocmeil delicmeumensreix 4ucenr {a,} u {b,} (2,=a,-ib,).

NoxkazaTensbcTBO. B camoMm mesne, ecau nocjenoBaTe/NbHOCTh {2,}
cxoaurcd K uucay z=a-ib, 10 gas aoboro £>0 |a,—a|<<
<|z,—z|<<en |b,—b|<<e npu n=N(g). ITO U JOKa3bIBAET CXO-
JMMOCTb NocaeoBaTeabHocTel {a,} ®u {b,} K a u b coorsercr-
senHo. O6paTHOe YyTBepKIEHHE CJAENyeT M3 COOTHOWEHH: |2z, —z|=
=V (a,— a2+ (b,—Db), rae a u b ABAAOTCA NPEAENAMH IOCAENORa-
teapHocTel {a,} u {b,} u z2=a-ib

ITocaedosamensnocms {z2,} Hasvieaemcss ozpanuuennol, ecau cyue-
cmsyem mMaKoe rnosoxcumessroe wucao M, 4mo 04 Bcex dreMERMOB
2, MOl NOCAeI0BAMENLHOCIII UMEENT MECHIO HEPABEHCMBO | 2, | << M.
OcHoBHOE CBOHCTBO OrpaHHUEHHOH MNOC/AEAOBATENLHOCTH XapaKTEpU3yeT
caeayroulas Teopema.

*) Onpenefienne NnocnefoBaTeNILHOCTH He HUCKJ/IOYaeT BO3MOXKHOCTH IOBTOPSIO-
IMXCS 3/IEMEHTOB, M, B 4aCTHOCTH, BCe 3JIEMEHTBbI MOCJIeJ0BaTeNbHOCTH MOTYT COB-
nagaTh Mexay coéoi’{
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Teopema 1.2. H3 scarxoid ozpanuiernoll nocaedosamensHocmu
MOJCHO 8blOeaUmEs CXO00SUYVIOCA NOONOCAE008AMENEHOCHLS.

HokasateabctBo. [lockoibky mocnenoBatensHocts {z,} orpa-
HUYEHA, TO SCHO, YTO COOTBETCTBYIOIKE €if AEHCTBUTENbHbIE IOC/HENO0Ba-
TeAbHOCTH . {a,} u {b,} Taxxme orpannuens. PaccMoTpum mocsienoBaTenn-
Hocth {a,}. Tak Kak 5Ta nOC/JeNOBAaTENLHOCTh OrpaHUyeHa, TO U3 Hee
MOXHO BBII@TUTb CXOASILYIOCH MOANOC/EI0BaTeNbHOCTD *) {ani}, npejen

xotopolt o6osHayum a. IlocregosarenbHocTH {a,,i} COOTBETCTBYET IOC/Ie-
LIOBATENLHOCTD {b,,,.}, TaKXke aBidioniasnca orpanuuenHo#. [Tostomy u3 Hee

MOXHO B CBOIO OYepedb BBILEJNUTh CXOAAULYIOCS MOANOCJEAOBATENbHOCTD

{b,,k}, npeaen kotopo#t o6o3nauum b. Ilpu aTOM CooTBETCTBYIOULaf MOCE-

J0BaTENbHOCTD {a,,k} no-npexHeMy cxoautcsi K a. OTcioma crenyer, 4To

NOCAEN0BATEALHOCT KOMIIEKCHBIX dncen {2, } = {a,, +ib, } TaKkKe AB-

ASeTCH  CXOMsumelcs, npuuem lim 2z, =z=a-Ib, 410 W JOKa3LIBAET
. nk—wo

TEOpEMY.

2. Kputepnit Komn. IIpn uccaemoBanuu CXOAUMOCTH MOCAEAOBATE JIb-
HOCTH BO MHOI'MX C/yuYasX YROGHHIM OKaskiBaercss HeOOXOAMMHHA U JOCTa-
TOYHHE NPU3HAK CXOAMMOCTHM MOC/JELOBATENbHOCTH, W3BECTHHIH MOA Ha3Ba-
HueM kpurtepus Komm.

Kpumepuili Kowu. [locredosamersnocms {2,} cxodumcs moz0a
it moabKo moa2da, ecan 048 106020 € >0 MONCHO yKa3ams maxoe
N(e), wmo

lzn“‘zrz-|-ml<e ) ’ ()]

npu n==N(e) u 041 aw6020 romepa m==0.

NokasateabctTBo. [as pokasareasctsa Kputepus Komm Mur
ONsTh BOCIHOJBb3YEMCH SKBUBAJIEHTHOCTBIO CXOLMMOCTH IIOCAEAOBATENBHO-
cri {z,} u nocrenoBaTe/bHOCTEH AeHCTBUTENbHBIX uncen. {a,} u {b,},
a TaKxe TeM OGCTOSTE/NbCTBOM, yTo Kpurepu#h Komm ssisercs Heobxodu-
MBIM ¥ JIOCTaTOYHHIM MPHU3HAKOM CXOJAMMOCTH MOCAEAOBATENbHOCTH JEHCT-
BUTE/MbHBIX 4uces *¥), Haudem ¢ nokasaresbcTBa HEOOXOAUMOCTH KpUTEpHS
Koum. Tak Kak moc/ienoBaTesbHOCTh {2,} CXOMUTCHA, TO CXOAATCA W TNOC-
JIEf0BaTeIbHOCTH NeHCTBUTENbHBIX uKce {a,} u {b,}. OTciona caenyer, uto

ans moboro e >0 u moGoro Homepa m >0 |a,,—a,,+m]<% npu

=N;(e) u|b, —-b,,_l_m|<i npu n==N,(e). Bubupas B KauecTse
N (g) nauGonbuiee u3 Ny u N, B cuny HepaBeHCTBa TPEyroabHAKA M0y-
YaeM | Zp—Zn4m|<< €& mpu n >N (g).
Ilepeiinem K [OKasaTenbCTBY MOCTaTOYHOCTH npusHaka Kown. Hs
cootHowenuss (1.7) mpn =N CAEAyIOT HEPABEHCTBA |G, — Anym |=<<
<Rp—2nim| <& B |bp—bpim|<<|2p—2nim|<<e aBAAIOUIMECH

*) Cm. Bbim. 1, crp. 82.
**) CM. BbIO. 1, cTp. 85.



20 SYHKUIHUHU KOMITIEKCHOM ITEPEMEHHOM . (Tt

JAOCTaTOUHBIMHU ycnommmu CXOIMMOCTH mocaenosareasHocted {a,} n {b,},
T. €. CXOAUMOCTH mocjienosatensHocth {2,}. Tem caMbiM 1OKa3aHo, uTO
AAs CXOAUMOCTH MOCJENO0BATENBIOCTH {Z,} C KOMIIEKCHBIMH 3J€MeHTaMu
HeoOXOANMBIM U JOCTAaTOYHBIM SBASETCS BHINOJHEHUWE Kputepus Koum.

3. Beckoneuno ynajgeHnas Tou4ka. BseneM noHsTne GecKOHEYHO
VHaNeHHOH TOUKN KOMIJAEKCHOHl MAOCKOCTH, CYNIECTBEHHOE AJs AajbHeH-
wero. ITycTb faHa noc/n€Q0BaTeNLHOCTh KOMIUIEKCHHX uncea {z,} Takas,
yTo AJst M0GOr0 MOJNOKHUTENbHOrO uucaa R Hailmercs Homep N, HauuHast
C KOTOPOrO  UJA€Hsl .JIOCJAELOBATENBHOCTH  YAOBJAETBODSKT YC/JIOBHIO
|2,|>R npu n=N. Taxkyio nocnenosare/pHOCTb Ha30BEM HEOrpaHu-
yeHHO Bo3pacraioileli. Cor.acHO BBeIGHHBIM paHEE ONpeNe/eHHdM JaHHas
NOCJIEN0BATENBHOCTb, TaK K€ KaKk W BCAKAn ee MOAMOCAEN0BATENbHOCTD,
npenesna He umeer. Takoe ocoboe NOJNOWEHUE HEOTPaHUYEHHO BO3PACTaloO-
ule#l DOC/ENOBATENBHOCTH BHI3bIBAET Paf HeyAoGcTB. UToOH u3GemaTsb
9TOr0, BBENEM KOMIIEKCHOE YUCAO0 2 =00 U OydeM cuutaTh 6CAKYIO
HEO2PAHULEHHO 803PACMAIOWYI0 NOCAC008AMENSHOCE CX00AUelCs
K 3MOMY #ucAy, KOTOPOMY Mbl MOCTaBHM B COOTBETCTBHE . GECKOHEUHO
yAaJEHHYI0 TOUKY KOMIJIEKCHOW naockocTn. Beepem mnonstue noanoil
KOMNAeKCHOE naockocmu, COCTOsAlled U3 OOBLIYHOM KOMMJEKCHOH mioc-
KOCTH, W €IHHCTBEHHOTO GECKOHEYHO YAa/JeHHOTrO 3JeMeHTa — GeCKOHEYHO
ynanenso# Touxku *) 2=o00, Ecau Mbl GyzeM NO/ab30BaThCs TreoOMeTpHUE-
CKOH mumOCTpanuell, CTaBd B COOTBETCTBHE 9JIEMEHTaM HEOrPaHWueHHO
BO3pACTAIOIIEH MOCAENOBATENbHOCTA {2,} TOUKH KOMIIEKCHOH M/IOCKOCTH,
10 OGHApYXHMM, YTO TOYKM PAacCMaTPHBAEMOH NOC/IENOBATENLHOCTH C BO3-
pacTaHneM WX HOMepa pacno/araloTCd BHE KOHLUEHTPUYECKUX KPYroB
C LEHTPOM B Hayaje KOOPAMHAT, PAAUYChl KOTOPHIX MOrYT OHITb CKOJb
yrogHo OGoabwuMin. OTMETMM, YTO TOYKH JaHHOH I110C/]e10BaTeNbHOCTH
CTPEMATCS K TOUKE OO HE3ABUCUMO ONL HQNPABACKUS HA TOJHOH KOM-
nAeKcHo# nJIOCKOCTH. -

B cBfian C BBEAEHHBIMH TIOHSTUAMH €CTECTBEHHO Ha3biBATb OKPeCT-
HOCTb10 GECKOHEYHO Y[aJeHHOH TOUKM MHOKECTBO TOYEK 2 IOJHOH KOM-
M/IEKCHOH MJIOCKOCTH, YIOBJAETBOPSIOWKX yC/I0BUIO |2 | > R, rue R—noc-
TATOYHO OOJIbIIOE MOJIOXUTEBHOE UKUCAO:

Onpenesum anre6panyecKue CBOMACTBA yHcaa 2= co. M3 asnementos
HEOrpaHHYeHHO BO3pAcTaowet MOCIEL0BATENLHOCTH {2,} COCTaBUM nOCJe-

1 .
JOBATE€JbHOCTh {—Z—}. Ata noc/jaen0oBaTeJbHOCTh CXOAMTCA K TOUYKe 2=0.
n .

Jle#cTBATEIbHO, U3 NPELBIAYILMX DAaCCMOTPEHHH cieayer, 4to Aas Ja060-
' 1
ro € >0 MOXHO yKasaTb Takoit HoMep NN, urto l~z—-’<e mpn nz=N.
» .

OueBnnHo 1 oOpaTHOE yTBepHIeHHE, T. €. ecau nocaegosarenbHOCTh {E,}
CXOUTCH K HYJMO M COCTOMT W3 OTJUYHBIX OT HYJS SJEMEHTOB, TO NOC-

J1e10BaTEAbHOCTD {g—} CXOHUTCA K GeCKOHEUHO y&aﬂeHHOﬂ TOYKE.
n

*) 3aMeTHM, 4TO apryMeHT KOMMJEKCHOTO UYHcaa cO He ONpejeNieH, TaK Ke
KaK W ero geliCTBHTeNbHAS K MHHMAR HacTH.
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B cBasu ¢ 3TUM 1nonararot %=O' " —(lj—=oo. BooGuie nas Gecko-
IIEYHO YyAaneHHOH TOYKM YCTaHaBJAMBAKTCA CJACAYIOUIME COOTHOLWEHUS:
s00o=co npu 250 u 24 co=oc0, é:O pH 2500, KOTOphe
©CTECTREHHBl C TOYKHM 3DEHHf NPEIe/]bHOr0 Mepexoaa B Onepaunsx cJo-
wenus 1 ymHoweuus. C 3TOH TOUKM 3peHHs onepauus %, €CTECTBEHHO,
ABASETCS  HEOTPEACEHHOM.

§ 3. lNonsitie ¢yHKUUU KOMIIEKCHON mepeMeHHO.
HenpeprieHocTs

1, OcHoBHBbie onpepesienus. Lleab0 HACTOAUIEr0 NYHKTa SABJAETCA
uBefeHNe TOHATHA (YHKUMN KOMIJIEKCHOH mnepemeHHOH. DT0O moHATHE
BBOAUTCH TaK XE€ KaK U MOHSTHE (YHKIMA NeHCTBUTEJBHOH mepeMeHHOH.
byaem roBopHuTh, YyTO Ha MHOXeCTBe £ KOMIIEKCHOM NAOCKOCTHM 3afaHa
(DYHKUMS KOMNJEKCHOH NepeMeHHOH, ec/ii 3aXaH 3aKOH, CTaBslIUKR B COOT-
RETCTBHE KawAOH TOUKE MHOXeCTBA £ HEKOTODOE KOMILIEKCHOE YHCJO.
Muoxectso E O6yneM HaseBaTb MHOXECTBOM 3HAaueHu#t Hesasucumolh nepe-
menHo#. CTPYKTypa S5TOr0 MHOXECTBAa MOXET ObiTh BECbMa CJOXHOH #
pa3nooO0pasHoOM, ONHAKO B TEOPUM (YHKUHH KOMMJEKCHOH mnepeMeHHOH
PacCMaTPUBAIOT MHOXECTBA ClIEMUaAbHOR CTpyKTypsl. as maibHeHiuero
11laM norpeGyercs psn BCIOMOraTeNbHBIX MOHATHH.

Touka z Ha3sbiBaeTCs BHYMpenHeil mouxold mroxcecmsa E, ecnn cy-
1IECTBYET &-OKPECTHOCTh TOUKW 2, BCe TOUKH KOTODPOR NMpUHALJe}aT MHO-
wecrsy E. Hanpumep, Touka z MHOXecTBa |2z |<<1 sBAseTcH BHYTpEH-
Hell, ecan |z |<C 1; Touka z=1 He ABJISETCA BHYTPeHHeH TOUKOH HaH-
1100 MHOXECTBaA.

Mnoocecmso E Hassaemcs 004acmsio, ecau BbiINOAKTIOMCS CAe-
dywute ycaosus: 1) Kascoas mouxa mroxcecmsa E — sHympennasn
mouxa 3mo20 MHoxcecmsa, 2) £100se 08e mouru smuoxucecmsa E moowc-
HO coedurums soMaroll, 8c€ mouru Komopod npunadaesxcam E.

B mauHoM onpenesneHuu obnacty BTOpoe TpeGOBaHHE ABJSETCH YCJO-
BueM CBsisHOCTH obnactu. Hanpumep, mHoxecTBO Touek |z | << | o6pasyer
o6aactb. TOUHO TaKwKe M €-OKPECTHOCTh TOUKM 24 (| 2—2,| << &) obpa-
syer oGJaacTe. MHoxecTBO Touek |2|<Z1 He sBAferTcs 064aCThIO, TaK
KaKk He BCe ero TOYKM ABJASIOTCS BHyTpeHHuMmu. Takwe HE ABAAIOTCA
06/1aCTAMH MHOXECTBO ToueK |z |s= 1 n mHoxectBo |2 << 1, |2 —4|<C2
(puc. 1.3), MOCKOAbKY OHM HE SBJAIOTCH CBAZHBIMH.

JIins o6o3HaueHus o6aacTM OOLIUHO npuMeHsiorca Oyksu ¥, G, D.

Touka z Ha3BIBAaCTCA Brewnell mo4xoll obaacmu &, ecnu cywecr-
ByeT TaKas €-OKPECTHOCTb TOYKH 2, BCE TOYKM KOTOPOH HE NMPUHAAJeKaT
obnactu ¥

Touka z Ha3bIBAETCH. 2PAKUYKOL mouKol obaacmu ¥, ecnu B MoGoH
ee €-OKPECTHOCTM COAEDPKATCA KaK TOYKH, NpuHagiexawue obractu ,
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TaK ¥ TOUKW, He NpuHagiexawue obnacta . Hampumep, Touka z=1
siBJifeTCsl rpaHuyHO# Touko# obnactum |z|<< 1. Cosoxynwocms 6cex
epanuMHblx moyer obpazyem 2panuyy obaacmu. B panpueititiem rpanu-
iy o6aactu mbl OygeM 06b4HO 060-
sHauatb GyksaMu p, I', C. IlpocTeit-
UIAM TIPUMEPOM TpaHulbl 004acTH,
OUEBH/IHO, SBJAETCA KPHBasd, ONHAKO
rpanuiia 00/1aCTH MOXET COCTOSTH
M U3 OHCKPETHOrO MHOXECTBA TO-
yek. Hanpumep, MHOXECTBO TOYEK
| 2|50 obpasyeT Ha KOMmJeKCHOH
nJ10CKOCTH 06JacTh, IDaHULEH KO-
TOpOi aBasercd Touka 2z =0.

Mmnoowcecmso, noayiennoe npu-
coeluneruesm K obaacmu 8cex ee
2PAHUMHBLX MOYEK, HA3b8AeMCS 3AMKHYMOL 004acmsi0. 3aMKHYTYIO
obaacte 06buHO OyneM 0603HayaTh, CTaBd YEPTYy Hal CHMBOJOM 06-
nactu, Hanpumep: &, G, D.

B panbuefiinem Ml GyneM paccMaTpuBaTh TE€ CAyuaM, KOTAa rpanuna
“o0nacTH npeacrasaser CcoOOH OAHY HJH HECKOJbKO KyCOUHO-TJIaAKUX
KPUBHX ¥), KOTODHIE, B 4YaCTHOCTH, MOTYT BHIDOXAAThCA B OTUEJbHbIE
roukd. ITlpu stoM Oyayr paccMaTpuBarbCsi KaK ONHOCBSIHBIE, TaK U
MHOTrOCBsi3HBE o6sacTu **). Hanpumep, o6aacte |2z —i|<C2 aBasercs
OIHOCBA3HOH# 00/acTblo, rpaHuuell KOTOpOH  ABJASETCS OKDPYMKHOCTDH
lz—3|=2; «xpyroeoe Komumo 1<C|z|<C2
(puc. 1.4) npeacrasaser coGofi  ABYXCBSA3HYIO
00/1acTh; MHOXECTBO TOUeK 2 =%=0 npeacrasaser
coboft 0aHOCBA3HYI0 00/ACTh U T. I

Ecau o6aacts & ueaukom AeXHT BHYTpH He-
KOTOPOro Kpyra KOHEYHOro paguyca, 10 OHa Ha-
3bIBAETCS O2paHu4ennoil. B npoTHBHOM cCJayuae — .
Heoz2panu4ernoll.

Mer Oynem paccMaTpuBaThb B OCHOBHOM Te
c/lydad, KOrja MHOXeCTBO £ 3HaueHWH KOMIUIEKC-
HOH nepeMeHHOH npeacTasiser co6o#t obaacty ¥

UM 3aMKHYTYI0 00614aCTh & KommaekcHo#l naoc-

kocti. Torna odwo3wadnas GyHryus romnaexcroli nepemernol z, 3a-
dannasn 8 obaracmu G, onpedensiemcss 3aKOHOM, CHMABAWUM KAHCOOMY
3Hawenuio z u3 obaracmu & 8 coomsemcmeue onpedesennoe KomuAeKC-
noe 4ucao w. CHUMBOJMYECKH YKA3aHHOE COOTBETCTBUE OyJEM 3anuchHi-
BaTb B BHME

w = f(2). » (1.8)

*) TloHAITHe KYCOYHO-TVIAgKOH KPHBOH CM. Bbim. 2, ctp. 150.
**) TlonsTue MHOrocBA3HOH o6jacT# cM. BeI. 2, cTp. 117.
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MHOXecTBO KOMMNJEKCHHIX YHCeN W, COOTBETCTBYWOMUX BCeM 2 & 9,
11a3bIBAETCA MHOMECTBOM sHadeHuit ¢yuxuun f(2). Ilockoabky  kaxnoe
KOMIJICKCHOE UYHCJIO XapaKTepusyercs napoi AeHCTBUTENbHHIX 4ucesd, TO
3a1aH¥e KOMIVIEKCHOH GYHKUMH @ =u--iv KOMNJIEKCHO# mnepeMeHHOMH
Z=Xx-iy 5KBUBAJEHTHO 3afaHUI0 IBYX ZEHCTBUTEJbHHX (YHKUMH ABYX
JefiCTBUTENBbHEIX MEPEMEHHBIX, YTO MOXET ObITb 3amuCaHo B BHME

w(2)=u(x, y)+iv(x, ). - (19

dynkunn 4 (X, ¥) 4 v(x, y) onpeneineds B obnactn ¥ naockocrn aef-
CTBUTEJIBHBIX TEPEMEHHBIX X, Y, COOTBEICTBYIOIEH 06aacTu & KoMmmiekc-
no#t mnockoctd 2. Pyuxums u(x, y) HaswBaercs Odelcmsumensroll,
a dyukuns v(x, y) — Muumod dacteio dyHkund w= f(z). B panpnet-
1ieM, €CJH 3TO He OroBOpeHO 0c000, Mbl Bcerga GymeMm fO/b30BAThCH
npencrasiaendem (1.9), oGosHauas HeHCTBUTENbHYIO yacTe (yHkuun f(2)
CUMBOJIOM U, MHHUMYIO — CUMBOJIOM 7.

~YacTo paccMaTpMBAaIOT MHOrO3HAYHHE (QYHKUMM KOMILIEKCHOH mepe-
MEHHOH, KOrga KaXmOMy B8HaueHHI0 2z & & CcTaBuICca B COOTBETICTBUE
HECKOIbKO KOMIIEKCHHIX uucea. B Hacrosme# raape mbl GymeM paccmar-
puBaTh TOJBKO ONHO3HAuyHble QYHKUMKM KommjaexcHo# nepemennolt. [Tox-
poGHOE pacCMOTPEHHE MHOTO3HAYMBIX (MYHKUHH OygeT MpOBENEHO HuKe.

MuoxecTBo 3HaueHn#t @ (yuxuun f(2) Ha KOMIIEKCHOH MIOCKOCTH W
MOXET WMeTb CaMylo pa3HooOpa3Hyw CTpyKTypy. B uactHocTH, 3TO

moxer ObiTb O6aacTe (G miaum 3aMkHyTas ob6aacte (. B panbuefimem Mbl
GymeM paccMaTPUBATh TOJILKO TaKHE CAyYau. :

3aganneM GyHKUMM @ = f(2) yCTaHaB/IUBAETCH COOTBETCTBHE MEXAY
TouKaMu o6aacTu ¥ KOMMJAEKCHOH NJAOCKOCTH 2 M Toukamu obnactu G
KOMIIEKCHOR TJIOCKOCTH w: 'OBOpST, 4YTO mnpu 3TOM 3agaHo oTOOpaxe-
nue obnactu § na o6aactb G. OuesuaHo, ycCTaHaB/AMBaeTCs U 0B6PAaTHOE
COOTBETCTBHE — KaXHO# TOouke w & (G CcTaBUTCS B COOTBETCTBHE OIHA
WIH HECKOAbKO TOueK z obaactu J. B nocaenmsem cayuae MOXHO ToOBO-
putb, u4T0 B 0O6JacTy (G 3ajaHa MHOTO3HAaYHas (YHKUWsS KOMMJIEKCHOH
nepeMeHHol w. ®yrAxuusg, ocymecrsiswomas orobpaxenne obmactu (G
KOMIIIEKCHOR MJIOCKOCTH W Ha 064acTh ¥ KOMIJEKCHOH MJIOCKOCTA 2,
1aseiBaeTca o6patHOH Qyukuum f(2). B sTOR rnaBe M B OCHOBHOM
GyneM paccMaTpuBaTh TOT cayuyafl, korga oGpatHad yHKuus

z=¢q(w) (1.10)
sBAseTCa oOfHO3HauHo# B obsactu (. Torma dynxuns w=f(2) ocy-
1eCTB/AAET B3aUMHO OIHO3HAYHOE oTo6paxeHue obaacta ¥ Ha obaacts G.

@ynryus [(2) raswesaemes odnomicmuoll giynxyuetli 8 obracmu 9,
ecal 8 PA3AUYHBLX MO4KAX Z Mol 00AaAcmIl OHA NpUNUMaem pa3-
AUAHbLE 3HAYEHUS.

Wa sroro onpemeneHds cielyer, 4TO OAHOMMCTHAas (YHKUus OCy-
ILECTBASET B3aUMHO OJHO3HauHOe OTOGpaxeHue.

2. HenpepriBHOCTR. [lepefiieM K HOHATHIO HENPEPBIBHOCTH (YHKILUK
xoMnaekcHo# nepemenno#t. [lycre dpynkuns f(z) onpenenena Ha HekoTopom
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muoxecrse E. PaccMOTpuM  pas/uuHble . MOCJAENOBATEIbHOCTH TOYEK
3TOr0 MHOXeCTBa {Z,}, CXONAILMECS K HEKOTOPOH TOUKe Z, M COCTOSILKME
U3 TOYEK 2, OTAUYHBIX ¥) OT TOUKA 24(2, 5~ 2,), ¥ COOTBETCTBYIOMME
UM NOC/Jef0BaTebHOCTH 3HaueHu# dyuxunu {f(2,)}. Ecau xezasucumo
om sw6opa nocaedogamensrocmn {z,} cyuecmsyem eOuHcm8eH bl
npedea lim f(z,)=w," mo smom npedes HA36L8aCHICA NPederbHbLM
z,—2, . .
3nadenues, uar npedeaos, gyxxguu f(2) 8 mourxe z, 4mo 3anucei-
saemcs 8 gude
lim f(2) = w, : (1.11)
2—2p

Yacro ynoTpebasercsa u Apyroe *¥) onpenenende MOHsTHs npegenb-
HOro 3HaueHus (MaW npenena) QPyHKLAH.

Yucao w, Ha3séaemcs npedeasrolrm 3ratenuer @Gywxyun f(2)
8 mouke z, ecat 041 a6oz2o & >0 MmoxucHO ykazams maroe 6 >0,
ymo 047 8cex motex ze&E u ydogaemsopsoutux  YcA08ILI0
0<|2— 20| <O, umeem mecmo pagencmgo |f(2)—w,|<<e.

JlokaxeM 3KBHBAaJEHTHOCTb 3TUX onpenenenntl. Ilycte dynkuus f(2)
yLOBJAETBOPSAET BTOPOMY onpenesennio. Bo3bMeM NpOU3BOJBLHOE IOJIONKH-
TeJbHOE YKCI0 € U BeGepeM mas Hero coorsercrayoutee 9 (). Paccmor-
pUM IIPOU3BOJILHYIO MOC/AENOBATENLHOCTb {2,} — 2, U Halhgem N[6 (e)] =
= N(g), nauudas ¢ kKotoporo 0<Z|z,—2,|<<6. Toraa no ycaosuswo
|f(zn) —wy|<<e mas n=N(e); a TaKk KaKk & >0 —awboe, TO 3TO
B CHJY NPOH3BOJBHOCTH BeIOOpa NOC/ENOBaTeAbHOCTH {2,} n o3Hauaer,
yro lim f(z,) =, T. e. pyHKUus f(Z) yNOB/IETBODPSET U NEPBOMY OIpe-

2z —2
neneur;uo.uTeM CaMbBIM K3 BTODOI'O ONpefe/ieHus CJelyeT MepBoe.

IlokaxeM Tenepb, YTO W3 MEPBOrO OMNpENE/EeHUs] BEITEKAET BTOPOE.
TlpennonoxuM, YTO 3TO HE HMeeT MecTa. TOrAa MOXHO YKasaTh TaKoe
g,>0, yto mas moboro §,>0 wHafinercs Takas TOuKa 2, & E, utO
npu 0 << | 2, — 24| << 8, Gyner BHINOIHEHO HEPaBeHCTBO | f(2,) — W, | = &
BeibepeM CTpeMsLLyIocs K HYJIO NOCAeN0BaTeMbHOCTb {0,} — 0 u cooTset-
CTBYIOILYIO €H MO0C/JIeN0BaTeNLHOCTh TOYEK {2,}, YAOBAETBOPAOWMX NpH-
BeJleHHbIM Bhilie nHepasencrsaM. Ouesinmo, {2,} — 2o, a nocsenoBareb-
Hocts {f(z,)} He cxomuTca K uucay w, TaK KaK BCE WIEHH 3TOR
N0CAEA0BATEALHOCTH OT/IMYAIOTCA OT W, GoJbiue ueM Ha &, Ho noayuen-
HBIH PE3yJbTaT NPOTUBODEYHT [EPBOMY ONpefeseHuo. TeM caMbiM cle-
AaHHOE TPEANONOKEHUE HE MMEeT MeCTa, T. €. W3 [EPBOro ONpeseneHus
BLITEKAET BTOPOE. DKBHBAJIEHTHOCTb 06OMX OnpeneneHuil nOKasawa.

Tak e, Kak K B cJyyae HeHCTBUTEJLHOW NEPEMEHHOH, BaXHYIO DOJb
urpaer nolsiTHE HEMpepeBHOCTH GyHKunu. HauHeMm ¢ IOHATHS Hempephis-

*) Tlpu 3ToM mpegmnoJaraercs, 4To TOYKA Z, SIBASETCS TOYKON CPYUIEHHS MHO-
kecTBa E, T. €. CyLIECTBYIOT MNOCJEIOBATENbHOCTH {Z,} TOYeK I3TOrO MHOMeECTBA,
cXopsluecss K TOuKe 2.

**) 3aMeTHM, YTO 3TO OIlpejieJieHHe, B OTIHYHE OT NepBOro, HMEeT CMbIC/I JIHLIb
1A KOHEYHbIX 3HAYCHWH Zp ¥ W,.
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noctu B TOuke. Ilpm stom G6ymeMm cuyrarh, UTO TOUKA 2o, B KOTOPOH
OlIpefeaseTCa 9TO INONsATHE, of6s3aTeNBLHO NPUBALJIEKAT MHOXECTBY E 3ana-
nus QyHKIu. :

. Dynryus f(2), 3adannan Ha mrosxcecmee E, nazssaemcs Henpe-
poi8HOT 8 mouke zo & E, ecau npedenvroe 3nawenue smoill gyunxyun
8 moure z, cyujecmsyem, KOHe4HO u cognadaem co 3uauenuen f(zy)

dynxyuu f(2) 8 mourxe z4, m. e. lim f(2)=f(z,)-
2—2

D10 onpepesieHHe HENPEPHIBHOCTM PACHPOCTPAHAETCS KAK HAa BHYT-
peHHue, TaK ¥ Ha TPaHWYHBIE TOYKM MHOMKecTBa *).

Ecan ¢ynkuusi f(2), 3agaHnas Ha Muoxecrse E, HEMpepHBHA BO BCEX
TOUKAaX STOFO MHOXECTBA, TO TrOBODPSAT, UYTO (pyHKuus f(2) HenpeprisHA
na muoxectse E. B uactHocTw, MBI OyseM paccMaTpdBarth (yHKUAH,
nenpepsiBHbie B 06J1acTH, B 3aMKHYTO# o6aacT u Ha Kpuso#. IToguepkuem
eule pas, YTO B CHJIY NAHHBIX BHIIE ONpeNeNeHH#l caeayeTr paccMarpu-
BaTh IpefeJbHBE 3HaueHus QyHkuun f(2) Aulllb HA NOCAEAOBATENLHOCTAX
TOYEK, MPHUHAMJMEKAMX TAHHOMY MHOXECTBY (B MOCJENHHUX CAyyasXx 3aMK-
HyTo# obaacty, KpusoO#f u T. I.). :

C noMowpio & — O-ompegeneHusi NpPENENbHOrO 3HAYEHUS YCAOBUS
HenpepeBHOCTH (yHKUnA f(z) B TOUKE 2, MOXHO TaKxe CHPOPMyAMPOBATH
caepyomum  obpasoM.  @yuwuyus f(z2) Henpepwgna 8 moure 2z, ecau
0458 aw6o20 €>0 MONHO yxazams marxoe 0 >0, umo 048 8cex
mouex 2z & E, ydosaemsopawouux Hepagencmsy |z —zy| <90, umeem
secmo nepagencmso |f(2) — f(20)| << e. [eomerpuuecku 3TO O3Hauaer,
yT0 (YHKUUA KOMIVIEKCHOH lepeMeHHOH, HenpephlBHas B HEKOTOpPOH
TOuKe *#) 2, CTaBUT B COOTBETCTBME KaXAOH TOuke u3 O-OKPECTHOCTH
TOYKH 2, HEKOTOPYI0 TOYKY, NPHHAAJMENKAWYIO €-OKPECTHOCTH TOUKY
Wo= f(20)-

M3 HenpephBHOCTH (PYHKUHH KOMMJIEKCHOH nepemeHHo#t f(2) =
= u(x, y)+iv(x, y) cIeayeT HenpepHBHOCTb ee AeHcTBuTeIbHON 4 (X, V)
¥ MHUMOH v(X, y) uacTel IO COBOKYIHOCTH TNeEpPeMeHHbXx X, y ¥*¥)
Vimeer MecTo u oOGpatHOoe yTBepwaeHue, T. e. ecan u(x, y) u v(x, y)
CYTb HENPEPHIBHBIE (PYHKIHUH MO COBOKYIHOCTH MEPEMEHHHIX X, J B HEKO-
TOpO#t TOuKe (Xy, Vo), T0 f()=u(x, y)+iv(x, y) aBasercs dyHKuuneH
KOMILJIEKCHO# NepeMeHHON 2 =X --iy, HenpephBHO# B TOUKE Zy= X, |
+ iy, JanHbie  yTBEDWIEHUS  ABJAOTCA  CAEACTBMEM  TOro, 4TO

*) Ecu Touka 2z, sIB/IAETCS H30JMPOBAHHON TOYKoH MHOXectBa E (T. e. cy-
1leCTBYeT TaKas# E-OKPeCTHOCTb TOUKH 2y, B KOTOPOH HeT APYTHX TOYeK MHOXe-
crBa E), To dyHKuua [ (z), mo onpeiesiedulo, CYMTAeTCs HelpepuBHOH B TOUKe 2.

**) 3ameTuM, YTO ZaHHbIC ONpejesieHHs TOHATHUS HeNpepbBHOCTH GYHKIUY f (2)
B TOUKE 2, CNIpaBelV/IUBbl He TOJNbKO B ClyYae KOHeYHOH TOUKH Z5, HO H B CJyuae
GeCKOHeUHO yJa/leHHON TOYKH Zp==00. IIpH 3TOM Tof NmpefeJbHbIM 3HayeHHeM (QYHK-
umn f (2) B TOYke ©O, B CWIy ONpefeJeHHs Ha cTp. 24, Hago NOHMMAaTL Mpejest
nocnepoparensHoctd  {f(2,) }, rae {z,} —moGas HeorpaHHYyeHHO Bo3pacTaiollas
noC/e0BaTeIbHOCTE. Bo BTOpOM onpefieieHiH HeNMpepLIBHOCTH YCJIOBHE |2 —2zg | << &
HajJo 3aMeHUTh Ha ycJoBMe |z | > R.

**%) Onpelesiene HenpepLIBHOCTH GYHKIHK ABYX AeHCTBHTEJEHBIX TIepEMEHHbIX
0 COBOKYMHOCTH NMEepeMEeHHLIX CM. Bbil. 1, cTp. 471,
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HEoGXOIUMEIM U JOCTATOYHEIM YCJOBHEM CXONUMOCTH IOC/IE/I0BATEIbHOCTH
KOMIVIEKCHBIX YHCEJ SIBJASETCAd CXOXHMOCTb MNOCHefOBaTeNbHOCTER MX Aei-
CTBUTEJBHHIX M MHHMBIX 4acTefl.

D10 no3BoJser NEpeHecTH HA (YHKUMM KOMIVIEKCHOM nepeMeHHOR
OCHOBHbIE CBO}CTBa HenpepHBHHX (GYHKUMH [BYX AEHCTBHTENbHBIX NEpe-
mennbix *). Tak, cymma u npoussefeHue AByX (yHKum#t KOMNJIEKCHOH
nepemenHoll f;(2) u f»(2), HenpepmBHHIX B oOnactd ¥, Taxke sBasi-
IOTCA  HeNpephBHBHIME  (DyHKUMAMU B 3ToH oOaacth; GyHKuua ¢ (2) =
= g g)) HenpepsiBHa B TeX TouKax obnacta ¥, rme fp(2) 550, dynk-
uds f(z), HenpepHiBHad Ha 3aMKHYTOM Muoxectse E, orpanuyeHa no
moaymo Ha E u 1. 4

3. Npumepsr. PaccMOTpuM HECKOABKO MPOCTEHIAX NPUMEPOB.

1. B kavecTBe nepBoro npuMepa (PyHKHHHM KOMIJEKCHOH nepeMeHHOMH
paccMOTPUM JHHEHHYI0 (YHKIHIIO

f@=w=az40. . 1.12)

3necs @ 1 b—3azaHHBIe KOMIJIEKCHHIE MOCTOsIHHBIE. BymeM cuutarth, uTO
a0, Tak Kak B NpoTHBHOM cayuae ¢yHkums (1.12) crasur B coorBer-
CTBME BCEM TOUKAM 2 KOMMJIEKCHOH NJIOCKOCTH OJHO H TO Xe KOMIJIEKC-
Hoe uncao b. Pynkums (1.12) ompemeseHa npu Bcex 3HAUEHUAX HE3aBil-
cuMoit nepemennol 2. OGaacThio e€e 3ajKanHud  sBASETCs nojHan *¥)
KOMILIEKCHast maocKocTh 2. KaxxnoMmy 3HaueHuo z COOTBETCTBYET TOJBKO
OIHO 3HaueHue W, T. e. f(z)— omnosHauHas dyukuna 2. OuyeBusHo,

obparHan ¢QyHkiua @ (W) =2z2= - w—-—g— = aqw-+b; obaagaer Ttemu

we cBofictsamy, uro m f(2). Tem cambim f(2) — opHosucrHas QyHKUUA 2
Ha NOJHOK KOMIIEKCHOH MJIOCKOCTH, YCTAaHaBJAMBAMILAA B3aUMHO OJHO-
SHaYHOE COOTBETCTBHE MENKAY IUIOCKOCTAMU 2 B w. B cuny Henpepmis-
HOCTH HEHCTBUTENBHOW W MHHMOH uyacT¥ f(2) MO COBOKYNHOCTH NepeMeH-
HHX X, y 3Ta (YHKUHA HeNmpepelBHAa Ha BCet KOMIIEKCHOH TIOCKOCTH
(npu MoO6bIX KOHEYHBIX 3HAaUeHHSIX X, V). UTOOBl BHIACHHTB reoMerpuuec-
KUH CMBICA JIAHHOTO COOTBETCTBHS, PACCMOTPHM BCIIOMOTATENBHYIO (PYHK-
uuo §=az. Ha ocHoBanu# npaBu/ia yMHOXEHAsS KOMIVIEKCHBIX YHCE/ UMEEM

t=|a|-| 2| {cos(arg a+arg 2) 4 isin(arg a - arg 2)}.

Orciopa caeayer |{|=|a|-|z|, arg{=argz+4arga. To ects Ppyuxuns
{=az moGOMy KOMI/JEKCHOMY 4YMCAy 2 CTaBHT B COOTBETCTBUE KOMI-
JEKCHO® WYHCAO0 {, MOAyJb KOTOporo B |a| pa3 OGoJsbumie MOAyad 2,

*) Cm. Bum. 1, crp. 474.

**) B jpajbHeiimleM Mel OyJeM IOBODHTb, 9T0 (YHKIHA KOMIIEKCHOR mepe-
MeHHOH f(2) ompejesneHa Ha BCell KOMIVIEKCHOM IWIOCKOCTH, €CNH OHa OnpejesicHa
IJIsT BCeX 3HAYEHHH KOMIJIEKCHOTO apryMeHTa 2, OTpaHHUYEeHHLIX MO MOAYJO, ¥ Gysem
FOBOpHTb, 4TO f(Z) oNpejgeneHa Ha MOJHON KOMILICKCHOR HJIOCKOCTH, €C/H OHa
3ajaHa ¥ NIpH z=co. B Hamewm npumepe f(c0)= co.
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a apryMeHT noJyyaeTcd M3 apryMeHTa 2z npuGaBieHHEM NOCTOSHHOrO
€/1araeMoro — apryMenTa KOMIJIEKCHOrO uncana a. I'eomerpuueckuil cMbica
310r0 Npeo6pasoBaHus OYEBHUAEH: MOAOOHOE pACTAKEHHE IIOCKOCTH 2
8 |a| pas u MOBOPOT 3TOR MJIOCKOCTH KaK IEAOro BOKPYT TOukd 2 =0
na yroxa arg a.

Bosspamasce k ¢yHknuu (1.12), koropyio Tenepp MOXHO 3amucaTh
B Buge @=_{_-+ b, BUIUM, YTO TEOMETPHYECKUH# CMBICK MOCIEAHEro mpe-
006pa30BaHus COCTOMT B CHBHFE IJIOCKOCTH 2, XaPAKTEpH3yeMOM BEKTO-
pom b.

Wrtak, nuneHinas ¢yHkUus npeobpasdyer KOMIJIEKCHYIO IJOCKOCTh 2
B KOMMJIEKCHYIO MJOCKOCTh % NyTeM NOJOCHOrO PacTsKeHusd, NOBOPOTa
U CIBHra.

2. B xauectBe csepyiomero npumepa paccMOTpuM (DYHKIHIO

w=f()=—. (1.13)

dta GyHKUnA TaKXKe ONpeneseHa Ha NOMHOH KOMMJEKCHOH IJIOCKOCTH,
npuueM f(0)=o00 n f(co)=0. Kak u B nepsoM npumepe, ycraHaBiuBaem,
uro f(2) fBASETCA OLHO3HAYHOH M OJHOJMCTHOR (yHKume#t 2, oTo6pa-
Haoleh MOJHYW MNAOCKOCT 2 Ha NMOAHYI NAOCKOCTh w. Jlerko ycra-
HIOBUTh, 4TO (PYHKUHUS f(2) SBJIAETCS HENPEPHIBHOH HA MOJAHON KOMNJIEKCHOM
NI0CKOCTH, 32 uckawuenueM toukun 2=0. Jlas reoMerpuuecko#t uHTEp-
nperauud  JTaHHOH (pyHKLu/m‘ BOCMOJNb3yeMCHd  MOKasatenabHo#t  dopmot

. 1

3aIMACH KOMIIIEKCHBIX YHCeL: W =reV= r €74 (z = pet?). 10 paBeHCTBO
1

03HAYaeT, uTO ArgW=—argz, |w|= T

NO3BOAKIOT PAcCMaTPUBATh OTOOPAKEHUE, OCYUIECTBIACMOE AaHHOR (YHK-

uMed, KaK COBOKYNHOCTb HByX ortoGpawewnit: = (2), rae|{|=|z]|

. HonyquHue COOTHOWIEHUA

1 .
arg{=—argz, u w=w({), rae lw"—'{g—|' arg w=arg {. [leproe
OTOGDE)KEHHQ uMeer reomerpnqecxuﬁ CMBICJI 3€PKAaJIbHOIO OTpAXKEHdd
OTHOCHTEJIbHO NEeNHCTBUTENRHOH OcCH, npu KOTOPOM TOUKA 2 MNepexoaur
B TOUKY 2, @ BTOPOE — WHBEPCHU *) B eIMHUYHOM KpyTe, nepeBoidleH

~ 1
TOUKYy 2 B TOuKy @= —~ (puc. 1.5, 1.6). Ilpn a1OM TOUKM NIOCKOCTH 2,

NEWalLNe BHE EIMHHYHOTO KPYra, NepexomdT B TOYKH, JEXallue BHYTPU
€[MHUYHOrO Kpyra IIOCKOCTH W, W Hao6O0pOT.
3. Paccmorpum Pynxuuio
w=f(2)=2% (119

drta QyHKUUA ABANCTCA ONHO3HAuHOH (yHKIMe#i KOMNJEKCHOR nepeMeH-
HOH 2z, ONpeJe/IeHHOH Ha IOJHOH KOMIVIEKCHOH NAOCKOCTH 2. Jlad n3yueHus

*) Hueepcued (niu npeoBpasoBaHHeM OOpaTHHIX PafHycoB) B Kpyle pajuyca a
HA3bIBAaETCS Takoe NpeoGpa3oBaHye, IPH KOTOPOM KAXKAOI TOUKe BHYTPH (BHE) Kpyra
CTaBUTCSl B COQTBETCTBHE TOUKa BHe (BHYTpH) Kpyra, Jexalllasg Ha Jyue,. IpOBe-
JICHHOM W3 LEHTPa Kpyra B JaHHYIO TOYKY T4aK, 4YTO NpOHM3BeJeHHe pAacCTOFHUMH OT
STUX TOYeK JO LUEHTPa Kpyra PaBHO KBajpaTy pajuyca Xpyra.
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ee CBOHCTB onaTh yHOGHO mNpencTaBUTh KOMIIEKCHBIE, YMC/JIA B TMOKa-
3aTenbHON hopMe: 2z = pei®, w = rei¥ = p2f20. O1crona NErKO 3aK/IOYHT,
YTO TOYKH IUIOCKOCTH 2, JIeXalllye Ha Jyue, COCTaBJafoLIeM Yroa ¢
C MONOXHTENbHBIM HanpaBJeHHeM JefiCTBUTENbHOH OCH, NepexonsT B
TOYUKH MJOCKOCTH 70, JeXallle Ha Jyye, COCTaBJAIILEM C MOJOKUTENb-
HBIM HanpaeJeHueM HeHCTBATENbHOH ocu yroa 2¢. [TosTomy rtoukaMm 2
M — 2, apryMeHThl KOTODHIX pa3/nuyaloTcs Ha I, a MOLYJMM OJUHAKOBBHI;
COOTBETCTBYET ONHO M TO Ke 3Hauenne w (e% = cos 2 -+isin2nx=1).
Tem cambiM 0OpaTHas (byHKilH OKa3biBae€TCA MHOrosHauxHoil. PaccmoTpum
nogpoGuee oTOGpakeHue, ocywecrsasemoe ¢yHKUMed w =z Bepxnsa
NONYIVIOCKOCTb 2 BMECTE C NEHCTBHTENbHOH OCbI0 NEPEXOAUT B MOJHYIO

y : 7

z ’ -
} // \\\\
! =0 ) &
f ’ \ T71_1

z=0 |z \ w-z-f
l \\ /
' . \s__//
=z . ¢

Puc. 1.5. Puc. 1.6.

110cKOCcTs @. [lonoxuM [/ OmpenesneHHOCTH, 4YTO B BepXHeH moay-
MJOCKOCTH apryMent 2 3ak/iioued B npegesax 0<<¢@ << m. Torma pas-
JUYHBIM TOYKaM obaacte 0 <@ <C T COOTBETCTBYIOT Da3/Nu4HBIE 3Haue-
Hus w. Taxkas 06aacTb H3MEHEHHs HEe3aBUCAMOH rNepeMeHHON, pa3JvYHbIM
TOYKAM KOTOPOH COOTBETCTBYIOT pas3jnHyHble 3HAUEHWs (PYHKLAW, Ha3bi-
BaeTcs 06/1acThi0 OAHOMMCTHOCTH GyHKUuu. B npempaymux npumepax
06/1aCThI0 OAHOAKNCTHOCTH ABASIACH BCS 00/aCTb 3afaHus QYHKIMH; B HaH-
HOM cJyyae 045 (QYHKUUM @ = 2%, 00nacTbiO 3adaHus KOTOPOH sBaseTCs
NOJHas KOMIJEKCHad IJIOCKOCTb 2, 06JacThl0 OJHOAUCTHOCTH CJYHHUT
noaynaockoctb. OTMETWM, YTO B PacCMaTPUBAEMOM CayuYae TDaHMILL
06/1aCTy  ONHONUCTHOCTH — Ayun Q=0 U =75 —NepexoisT B ONHY u
Ty Xe NPSMYIO — NOJOXKHUTEBHYIO YacTb JeHCTBHTENBHOR OCH MIOCKOCTH .
ITpoposxas Halu paccCMOTPEHWs, JErKO MOKa3aTb, YTO yHKUUA @ = 22
NPOU3BOAUT OTOGDPaXEHUE M HUXKHEH MOJAYNJIOCKOCTH 2 BMeCTe C AEHCTBH-
TE/bHOR OCbI0 Ha NOJHYI IJIOCKOCTb w. TeM caMbM OOpaTHast QyHKUus

2=V, (1.15)
onpeneneHHass Ha NMOJHOH IVIOCKOCTH @, YK€ HE fABJAAETCA ONHO3HAYHOH —
ONHOH# M TOH Ke TOUYKE IJOCKOCTA W COOTBETCTBYIOT [BE DAa3/idyHBIC
TOYKHW MJAOCKOCTH 2! OJHa — B BEpXHEH, [Apyras—B HMKHER mnoaynno-
CKOCTH.

Uro6n mn3yunth OTOOpa)KeHue, OCyIECTBASeMOe [AaHHOH (yHKILueH,
BOCMOJ/Ib3YEMCA ONATb I[OKa3aTebHOH (opMOH  3anucu KOMIJIEKCHOro
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uncia: W = ret¥. Torna, COrnacHO NpPaBuny H3BJIEUEHUS KOPHA M3 KOM-
IIAEKCHOT O '-lVlCJIa, Mbl [IOJYy4YaeM [ABa PpPasJu4HBIX 3HAYCHUA Q)yHKllHH

z(w)y: z,=Vre 2(~b+ 2 (£=0,1) (3amerum, 4710 arg 2y — arg 2, = ).
PaccMOTpuM Ha MJOCKOCTH @ HEKOTOpYI 3aMKHYyTylo kpuByw C, He
uMeroliyto camonepecedenuil. Puxcupyem Ha HeH TOUKy w, KOTOpOH
IpUNMINEM OMpeNe/eHHoe 3HauyeHue aprymenta 1, Haiaem 2, (wy), 23 (W)
n GyneM caeauThb 3a M3MeHeHVeM ¢YHKUME 2y(w) U 2z; (w) mpu Hempe-
PHIBHOM IBMXEHUM TOYKU @ No KpuBod C. APrymMeHT TOYKM @ HA Kpu-
so# C mamenserca HenpepsiBHO. llosTomy, Kak Jerko BugeTb, (YHKIUH
2o(w) u 2z, (w) aBAAOTCS HempepeBHEIMKU (YHKUHAMM @ Ha Kpusol C.
ITpn sTOM BO3MOXKHH fABa Das3nMYHRIX cJayyas. B nepsom cayuae xpu-
Bas C He comepwur BHYTpu Touky @ =0. Torma nocae ob6xoma Kpu-
Boi C apryMeHT TOYKM W@, BePHETCs K IEPBOHaYaJbHOMY 3HAYEHHUIO
arg wo =10, CuaenoBarejbHO, U 3HaueHns OYyHKUMR 2,(W) u 2; (W) B
TOUKe W =W, mnocjie ob6xona xpuso# C OyAyT PaBHEl HMX NEPBOHaYa/b-
HbIM 3HaueHuaM. Tem cambiMm Ha kpuso# C B 3TOM CJayuyae onpeiesieHsl
Ise pasnwmue onnoanaquue q)yHKuuu KOMIAEKCHO! ilepeMeHHo! w:

zo—.Vre " z1='|/-r.'.=2 an (\p U3MEeHSeTCS HENmpephiBHO HAa KpH-
po#t C, HauuHas OT 3HaueHus P, B TOuKe w,). OueBnnHo, ecau obaacte D
IJIOCKOCTH @ 006/ajaeT TeM CBOUCTBOM, YTO /100af 3aMKHYTas KpuBas
B 3TOM Oo6nacTu He cogepkuT ToukH w =0, 1o B D onpenenenn nse
pasinyHble OJHO3HAUHBIE HENpephBHEIE GYHKUUA 2¢(w) u 2 (@). PyHk-
uud 2o(w) ¥ 2, (W) Ha3bIBAIOTCS BEMEAMU MHO203HA4HOE @YHKRYUI
z(w)=Vw.

Bo BTropom cayuae kpusas C cogepxut BHyTpn Touky @ =0. Torxa
nocne o6xona kpuBoit C B NOJNOXUTENHHOM HaNpaB/eHUU 3HAYeHHe apry-
MEHTa TOUKH W, YXe HE BEPHETCS K MNePBOHAYAJLHOMY 3HadeHuo 1P,
a WSMEHWTCH Ha 2m: arg wy=1,+ 2n. IlosToMy u 3HaueHus Gyuxuni
Zy(w) n z;(w) B TOuKe W, B Pe€3y]bTaTe MX HEMPEPHIBHOTO H3MEHeHusl
nocie o6xona kpuso#t C yxe He OYAYyT paBHBI UX MePBOHAYANBHAIM  3Ha-

uenusM. bosee TouHO, MOAyuuM zo(wo)=z0(wo) e, zl(wo)—zl(wo) eln,
To ecTb ¢yHKUuS 24 (w) nepefineT B (yHKuu 2; (w), U Hao6OPOT.

Ecau pas TOuKM 2, MOXHO YKasaThb TaKyl0 €-OKPeCTHOCTb, YTO Np#
OIHOKPATHOM OGXOAE TOUKH Z¢ MO JOOOMY 3aMKHYTOMY KOHTYDY, Le/d-
KOM JIeXalleMy B 3TOH &-OKDECTHOCTH, OJHA BETBb MHOrO3HayHOM (PyHK-
UMM NMEepPexOANT B APYIYIO, TO TOUKA 2, HA3hIBAETCS MO4YKOL pa3semsie-
Hus . (8ems.enus) NaHHOW MHOrosHauHo# d¢yukund. B okpecTHOCTH
TOUKH PasBeTBJIEHHs OTIAeNbHbIE BETBHM MHOTO3HA4UHOH PYHKUHU YKe HEab39
paccMaTpuBaTh KaK Pa3iMuHble ONHO3HAuHble (PYHKIMK, NOCKOJLKY IIpu
o6xo/e TOUKHU pasBeTBJEHHA WX 3HaueHuws meHsoTcd. B paccmarpusaemom
npuMepe TOYKOH Da3BETBJIEHUs ABJAseTCs Touka w = 0.

3ameTnM, 4T0 06XOL OKPYXHOCTH |2|=R cKoJb yrogHo Gosabuioro

pajuyca COOTBETCTBYeT OOXOAy Ha MJOCKOCTH { = _}?_ Toukn =0 no



30 ®YHKLH KOMIIJIEKCHO¥ NMMEPEMEHHQHM [TJI. 1

1
OKPYXHOCTH [C|=p=—R—. CorsnacHo nyHKTy 2.3 MMeeT MECTO COOTHO-

eHue ~%=oo. ITostomy Gynem cuutaTh, uTO OGXOL OKPYXHOCTH Gec-

KoneuHo 6Goapmoro paguyca (R—» oo) ectb o6xon GeCKOHEUHO ynajeH-
Holl TOuKM z=o0. Kak sierk0 BuoeTrs, B pacCMaTpuBaeMOM TNpPUMEpE MpH

06X0fie TOUKM W =00 OfHa BeTBb (yHKUMH 2=}/ ®@ nepexomar B mpy-

ryo. Takum o6pa3oM, BTOPOHM TOUKOH pa3serBaenns dynxkuun z =}
Ha KOMIJEKCHOH NJIOCKOCTH w sBiasercas Touka @ =o0. O6nacteio D,
B KOTOpOH ONpene/ieHsl OJHO3HAuHMe BeTBH (dyukuuu z =} w, asasercs
n06ast 064acTh MIOCKOCTH W, B KOTOPOH HEBO3MOXeH 06XOI MO 3aMKHY-
TOMY KOHTYPY TOueK passeTBieHus @ =0 n w = co. Tako# o6aacTsi0 ABIS-
€TCs, HampuMep, BCA IJIOCKOCTb @ C Paspe3oM BHOJb MOJOXHTEAbHOH
yactu aeHcreutenpHodt ocu. ITpu aTom Gepera paspesa sBAAIOTCS rpaHuieH
NaHHOH ©G6/acTH, TaK YTO NDM HENPEPHIBHOM [BWKEHHM BHyTpu objactu
MH HE MOXXEM TNepecekaTb paspe3 (rpaHuny o6aacTu).

Ecau cuurtaTh, 4TO apryMeHT TOYeK - AJd MEPBOH BETBH H3MEHSETCA
B npeaenax 0<Cargw << 2m, a g BTOPOH — B npenenax 25 << arg @ <<
< 4m, TO nepsas BeTBb QyHKUMH z =) @ NpousBoxUT OTOGpAKEHHE
NJOCKOCTH € DPA3pe30M Ha BEPXHIOI NOJYMJIOCKOCTh 2, a BTOpas BETBb
HdaHHON (PYHKILUE OTOBPaXaeT Ty XKe 06/1aCTh Ha HUXKHIOW MOAYIIOCKOCTD 2.

AHanornuHsM 06pa3oM JIEFKO NMOKAa3aTh, 4TO PyHKuus w =2"(n >0 —

T
1e10€ YUCJIO) NPOU3BOAUT PTOOpaweHue JMo6oro cekropa o <argz<<

<w (=0, 1,..., n— 1) IIOCKOCTH 2 HAa NOJHYIO MJIOCKOCTb ),

Pa3pesaHHyio MO MONOKUTENbHOR yacTu AeficTBuTenAbHOH och. Tem cambiM
9TH CEKTOPH MPENCTaBJAAOT cOOOH 06/1acTH OJHONMCTHOCTH AaHHOH (YHK-

n—
upn. OGpatHas QyHKuMs 2z=1/w SABJAETCA MHOTO3HAYHOM, U TOUKH
w=0 u W=00 NPeicTaBIsIOT COGOH €e TOUKH Pa3BETBJIEHUA

§ 4. DJuddepenunpopanne GyHKIHH KOMILIEKCHOM nepemeHHo#H

1. Onpenenenne. Ycaosuss Komn—Pumana. o cux mop Tteopus
yHKIUUA KOMMIJNEKCHOM nepeMeHHO# CTpou/aace B TOJHOH aHaloruM
¢ Teopuelt ¢dyHKRuUMH nefcTBuTenbHOH nepemenHo#. Opnako moHsTue nudp-
tepeHunpyeMoit QYHKIUN KOMAJIEKCHOR NepeMeHHOR, BBENEHHOE 10 aHaJo-
Fud C COOTBETCTBYIOULUM MTOHATHEM TEOPUH (DYHKUMH AeHCTBUTENLHOM nepe-
MEHHOH, NPUBOLUT K CYLLECTBEHHBIM pa3/UUUsIM.

Ilamum onpeneseHre NPOUSBOTHON PYHKUMU KOMIJIEKCHOH nepeMeHHoM.
IMycte B o6aacTy & KoMRAJIEKCHOH NIJOCKOCTH 2 3azana QyHkuus f(2).
Ecau das mouxu 2y = & cywecmsyem npu Az — 0 npedea (npedeasnoe
3HAYeHUue) PA3HOCMHO20 ONHOULeHUST

[(2o+A2)—f (20)
Az !
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mo smom npedesn Ha3wmsaemcs npou3sodrold gyuxygun f(2) no xomn-
ACKCHOIL nepeMenHol z 8 mouke 2, u obosnawaemcs [’ (z,), m. e.

1 (z"):AETOMAA?__f(@‘ (1.16)

dyukuus f(2) B 5TOM clyyae HasbIBAeTCA Qugbgheperyupye Mol B TOUKE Zg.
IToauepkHeM elue pas, uto ecau cymectsyeT npezaen(1.16), 7o ou ne 3asu-
cAT OT cmocoBa crpemaenuss Az K HyJO, T. € OT CrnocoGa npubauxe-
A TOUKM 2 =2y-+Az K touke 2z, TpebGosanue muddepenuupyemocts
(QYHKIMY KOMIJIEKCHOM NepeMeHHON B TOUKE 2z, HaKMaIBBAET BECbMa BaX-
HBle YC/IOBHA Ha INOBEAEHUHE ACHCTBUTEIbHOM 4 MHUMOH uvacred 3TOH
(YHKUHM B OKDECTHOCTH TOUKH (X,, Vo). DTU YCJOBUSI M3BECTHH IOA
nassanueM yciosuii Komwmn—Pumana, xotopsie Moryr ObTb copmyupo-
BaHB B BulE CJEIYIOLIUX TEeOPEM.

Teopema 1.3. Ecau ghynryusn f(2)=u(x, y)+iv(x, y)oudgpepen-
yupyema 8 moure zy=xy--iy,, mo 8 moure (X, Y,)cyuecmsynom
wacmrbie npou3sodrsie Gyrryuil u(x, y)u v(x, y) no nepemeHnum x,y,
nputexm umeom mecmo caedynoune coomuouterts *)

Ou (%9, Yo) __ 00 (xg ¥o)  Ou (X0, Vo) _ 9 (Xos Vo) (1.17)
ox - ay ' dy ox :

INokasatreabcTsBo. Ilo yciaoBulO TeopeMH CyIUIECTBYET HpeAen
(1.16), ne sasucsimuit or cnocoba crpemaenns Az k Hymo. ITonoxum
Az =Ax u paccMOTpMM BHIpaXKeHne

oy — 1im Y (ot A%, yo) —u (xo, Yo) i V(%o 4-A%, Yo)—0v (o, Yo)
Fe= e Ax + lALlT 0 Ax )

Us cymecTBoBaHus Inpenesa KOMIJIEKCHOTO BBIDAXEHHS CJeLyeT cyule-
CTBOBaHWE IIpeenoB €ro pnefictBuTenbHON n muumo# uacredt. ITostomy
B TOUKE Xg, Vo CYUIECTBYHOT YacCTHBIE MPOHM3BOAHBIE N0 X (YHKUMHA u (X, V)
U v(x, y)u uMeer Mecto ¢opmyna

S (20) =t1x (X0, Yo)+ [vx (X0, Vo)
IMoaaras Az =iAy, Haxoanm

u (%o, Yo+ Ay)—u (xo, ¥o) 4 lim v (xp, Yo-AY)—v (x5, Yo) —
Ay—0 Ay Ay ~0 Ay

= — illy (xo, yo) '+’ 'vy (xo» .J’o)

CpashuBas nBe nocaeanne ¢opMyssl, yOexaaemMcs B CIpaBENJHBOCTH
cootHouienu# (1.17). '

Teopema 1.4. Ecau 8 moure (xo, Yo) ynryun u(x, y) u v(x, y)
dubgbepenyupyesmsl, a UX 4HaAcHHbIE NPOU3BOOKBIE CBSI3AHBL COOMHOULE-
wugau (1.17), mo dynxgua  f(2Y=u(x, y)+iv(x, y) sgrgemcs

*) CoorxouweHus (1.17) o6bIuHO ¥ HA3HIBAIOTCA COOTHOWEHHAMH Komu — Pumana.



32 SYHKUHI KOMIIEKCHOM HEPEMEHHOPI [ra. 1

ougpgpepenyupye ol gﬁyumguea KOMNAEKCHOIL nepeMennoll z 8 mouke
2 = Lo+ Y.

Hoxasateasvcrso. Ilo onpenenenmo mpuddepesunpyemoctn *),
npupamenus yHkund u (x, y) u v (X, ¥) B OKPECTHOCTH TOUKH (X4, Vo) MO-
ryT ObiThb 3amucaHbl B BUME

u(xo+Ax, yo+Ay)—u(xy, yo)= .
=1ty (X0, Yo) AL 1ty (o, y0) AY +E (, 1),
v (%o —l—Ax Yo+ AJ’) — (X Yo)=
=1y (%o, Vo) Ax + 0y (%o, Yo) Ay +1(x, ), (1.18)
rae ¢yskumu § (x, ¥) u n(x, y) CTpeMHTCH K HYyJO 0OpH X —>X,,

Ax o dy( tim G _o gim LR
y—>y, ObicTpee, uem Ax u Ay ]Azl]->0 |Az] |Azl?-1->0 [Az] 0,

JAz| =V(Ax)2+(Ay)2). Cocrasum Teneph  pasHOCTHOE  OTHOWIEHHE

t—(z—d'%_f—(z"), rae Az=Ax-+iAy, u ucnoassys (1.18) u (1‘.17), npe-

obpasyeM €ro K BRAY .

Az)— Ax-FiA iAx—A
tﬁw = 1l (xo, yo) AiiiA:;, + 27 (xo, yo) tAxJil-t v +

+ W = Uy (X0, Vo) + vk (X0, Vo)

C@)=E(x, y)+m(x ¥))

3ameruM, uTO 0pU CcTpemieHnd Az K Hymo NOC/IEQHEE CAaraeMoe 3TOH
‘bopMyaIbl CTPEMHTCA K HYJMO, @ NEepPBble OCTAIOTCS HeuaMeHHbIMu. ITostomy

cyuwiecTByeT npemea lim L(z—"_ILAZ;:M = f'(2,), 4TO W [JOKa3eBaeT
Az—0

audpeperuupyemMocts dyHKUUn f(2) B TOUKE 2.

Ecau gpynxyus f(z) oudpdepenyupyesa 80 8cex mouxax Hexomo-
poil obaacmu &, a ee npou3sodHas Henpepui8Ha 8 smoi ob6iacmu, mo
dyuryusn f(2) nasvisaenmcs anarumusecroll gynryueii **) 8 obracmu 3.

Kak wusBecrHo ***), HenpephHBHOCTb YACTHBIX IPOM3BOAHKIX SBJIAETCH
JLOCTaTOYHBIM YCJIOBHEM CYLIECTBOBaHUs nepBoro auddepennuana (audde-

+ & C(Z)

*) Cm. Bbim. 1, ctp. 479.

**) l'lpuaeneﬂﬂoe 3[CCh ONpeAeNeHHe aHAJUTHYECKOH (YHKIHMH OTIIHYaeTcs OT
00bIYHO NPHHATOrO B JIMTEPATYpe AONONHHTE/bHLIM TPeGOBAHHEM HENpEPLIBHOCTH MPO-
H3BOJHOH. ITO CHe/laHo ¢ LeJbio OO/eryeHUs! NMOCAeAYIOHX AOKa3aTeascTB. Kpome
TOro, KaK 3T0 CJefyeT u3 Gollee MOAPOGHOTO HCC/ICNOBAHKS, MATEMATHYECKOR COREp-
aHue TMOHATHSA aHAJIHTHYECKON GYHKUMH NPH 5TOM He MeHsSeTcs. B yacTHOCTH, MOXHO
NOKa3aTh, 4YTO NpPH JOMNOJHHTENbHOM TPEGOBAHWHU HEIPEPBIBHOCTH (])yHI(l.lHH f(2)
B of/actd ¥ BhmoJiHeHue ycioBuit Kown — PuMana (1.17) Bciony B 3Toit o6nactu
ABAseTCH HeoOXONMMBIM M AOCTATOYHLIM IS AHAJWTHYHOCTH f(Z) ¥ HENMPEpHIBHOCTH
BCeX ee NMPOH3BOAHEIX B oGnactu &. Cu. moapobuee A. M. Mapkyuresuy, Teopus
ananwtnyeckux ¢yukuuii, M., Focrexuspar, 1950.

***) CM. Buim. 1, cTp. 483,
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peHuupyemocta) GyHKuuMn MHorux nepemenssix. Ilostomy u3 teopem 1.3
u 1.4 caenyer, 4YTO HeoGXO00UMBLM U DOCHILAMOUHHM YCLOBUEM AHAAL-
musnocmu ghyuxyun f(2)=u(x, y)-+iv(x, y) 8 obracmu § seasemesn
cyuecmsosanue 8 amol obracmu HeNnpePsLEHbLX LACMHbLX NPOUIBOOHbLY
dynruuii u(x, y) u v(x, y), -€623aKHuX coomHowenugMy Kowu —
Pumarna (1.17).

TonsTne aHanuTHYeCKOH (DYHKUUM ABJISETCA OCHOBHHIM MOHSTHEM TEO-
pun QyHKLUUN KOMIJIEKCHON NepeMeHHOR B cuay oco0o# po.au, KOTOPYH
UIrpaeT KJacC aHaJUTHYeCKHX (YHKUMR KAaK NPH pelleHMH MHOFOYHUC/IEH-
IRX MareMaTMyecKHX mpo6JeM, TaKk M NPU Da3/IMYHBIX MNPHAOKEHHIX
(YHKUUE KOMIIEKCHOH NMepeMeHHOH B CMEXHBIX 061acTsX eCTeCTBO3HAHMS.

CoorHowenns Kown — Pumana uacTo MCnoJb3yoTcs npM uccAenoBa-
UMM PA3JAMYHBIX CBOMCTB aManutuyeckux ¢yuxuuit. Ilpu stom pasencrsa
(1.17) He sBasOTCH €NVHCTBEHHO BO3MOXHOH Qopmoit cooTHOMmeHuit
Komn — Pumana. Kak moxer ycTaHOBuTh CaM yuTareab, JEHCTBUTE/bHAS W
MHUMast 4acTH aHajuTHuecko#t dynkunu f(2)=u(p, ¢)-+iv(p, ¢) xom-
IJIEKCHOH TNepeMeHHOR 2z = pe'® CBsA3aHBl COOTHOLIEHHAMH

Ou 1% 10u4_ _ %

dp  pdp’ pdp Op’

rie 0 1 ¢ —nonsipHble KOOPAMHATH TOUKH (X, y). AHajiornuueiM 06pazom

JIerKO  YCTaHOBUTh, YTO MOAYJAb M aPryMeHT aHaJAMTHUECKOH (yHKUUU
f(@)=R(x, y) ei® (& 9) cBI3aHB COOTHOWICHHAMH

R _ 00 OR oD ‘
OtMerum Takie, 4To coornomenus (1.17) nossoasioT moayunth pas-
JNYHBIE BBIPAXEHUA A NPOUSBOAHON (PYHKLMNM KOMIJIEKCHOH nepeMeHHOM

@) =1, (%, )+ vy (%, V) =0y (%, )+ ive(x, y)=
=y (X, y)'—iuy (x, y)='vy (x, ) _luy (x, ¥). (1.21)

INpu sTOM Kawami# pas npoussomHas [’ (2) BHIPAWAETCA YEPE3 YaCTHHIE
NpousBOAHKNE GYHKUMH u (X, y) B v (X, V).

2. CpoiicTBa anaauTHueckux ¢ynkuui. Onpenenedue npoussoi-
nott (1.16) mo3BoJiseT nepeHecTH Ha aHANUTHYECKHE (YHKIMU KOMILIEKC-
1O} nepeMeHHOH psad CBOHCTB AuddeperuupyeMbx GyHKUnRHE AeficTBUTENDb-
HOI nepeMeHHOH.

L. Ecou dynxuus f(2) aBagerca aHaauTvuecko# 8 oGracta §, 10 oua
HenpepeiBHa B 3TOH 06JacTu.

2. Ecmu f1(2) m fy(2) cyrth anaaurmueckue (ynxuuu B obaacta 9,
TO HX CyMMa ¥ MNpOU3BENeHHE TaKXKe ABJIOTCS AHANUTHYECKUMH (YHK-

uuaMi B 06/1acTil 7, a dyHkius @ (2) = f1(2) ABJIFAETCS aHAMUTNYECKOH PYHK-

f2(2)
muelt Bcomy, rae fi(2) % 0.
3. Eciu w=f(2) #BAseTca aHaJIUTHUECKOH d)ynxuneﬂ B o0Ja-
CTH ¥ NIOCKOCTH KOMIJIEKCHOH NepeMeHHOR 2z, npuyeM B OGJacTH ee

(1.19)
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snaueHn#t (@ Ha IJIOCKOCTH w oOnpejeseHa aHaJIUTHUECKas (PYHKLHA
=0 (w), To dyukuna F(2)=@[f(2)] aBnsercs auaautuyeckoi qynk-
uuefl KOMIMEKCHO# nepeMeHHol z B obaactn &

4. Ecin w = f(2) sBAsercs aHaauTHYecKol ¢yHxuueid B obaactn Y,
npuueM | f'(2)| £ 0 B OKpPECTHOCTM HEKOTOPOH TOUKH 2, & F, TO
B OKPECTHOCTH TOUKM Wy = f(2,) o6nactu G sznaueHnii ¢ynkunn f(2)
onpeneneHa obpatHas QYHKLAA 2 =@ (@), ABJSIOLLAACT aHANMTHYECKOH
¢yHKune#t KommiaekcHod mepemeHHod w. Ilpw 3TOM HMeEeT MECTO COOTHO-

’ 1
weHne f(2p)= @

Hokasarenbctso. Ing cymecrBoBanns ofparHoit yHKuum He-
o6xonumo, 4Tto6b ypaBHeHHs u=1u(x, ¥) 1 v = v (X, J) MOXHO OLIJIO
PaspellnTh OTHOCHTENBHO X, ¥ B OKPECTHOCTH TOUKM w, [ada 3Toro
IOCTaTOHHO *), UTOOBI B OKPECTHOCTH TOYKH Z, BBINOJHAJOCH yC/IOBHE

, u
Y = UV — UV, 7 0.

Ve Uy

B cuny coorHowenn#t (1.17) 310 yc10BHE MOXKHO HepenucaTb B BHIE
ui+v; 7 0. Ho npn ycnosun | f' (2)| £ 0 nocrennee umeer mecto. Tem
CaMhHIM CylleCTBOBaHME oOpaTHOR ¢yHKuuM 2= ¢ (w) mnokasano. Cocra-

Az
BUB Pa3HOCTHOE OTHOILLUEHHE o = Ap JIErKO [OKasaTh CYHIECTBOBAHHE

Az
¥ HENpepHBHOCTh MPOU3BOAHOR ¢’ (w@,) nmpu ycaosun | f’ (2,)| 7% 0.

5. Ilycts B o6nactn & nunockoctd X, y 3amana yHkuns u (x, y),
ABASIOUIANACS JEeHCTBUTENBHON YacThiO aHaauTudeckod dyHkuuu f(2). Toraa
MHHMas yacThb 3TOH YHKUUM OMpefe/seTcs C TOYHOCTbIO A0 aLAUTUBHOM
nocroinHo#. elcTeutensHo, B cuay ycaosui Kowm — Pumana mo sapan-
HO#t dyHKUUM u (X, y) ONHO3HAYHO ONpene/aeTcs NOJHbR AudpepeHunan
HensBeCTHOH QyHKUEN v (X, V)

dv=uv,dx 4 v,dy = — uydx + u,dy,

YTO W JOKa3hIBAaeT BBICKA3aHHOE yTBepxkaeHne *¥),

6. Iycts ¢yuxuus f(2) saBasercs aHanutaueckoH B oGaactu F. Pac-
CMOTPUM B COOTBETCTBYIOIIEH 06GMacTU MJIOCKOCTH X, y CeMeHcTBa Kpu-
Bex u{(x, y)=C un v(x, y)=C, npencrasasiomue cobo#f JMHHUKA ypOB-
Hell DelcTBuTENbHON U MHuMOH wacTel dynkuun f(2). C nomowsio coor-
Homenu# (1.17) Jnerxko mokasatb, uYTO BO BCEX TOUKAaX AaHHOH o6JjacTu
grad u - grad v =u,v, +u,v, = — w4 wu, = 0. Tak xak rpaguesr opro-
roHajieH JiIMHUM YPOBHA, TO OTCIOfa CJAeLyeT, 4TO ceMeHCcTBa KPHMBHIX
u(x, y)=C n v(x, y)=C B3auMHO OPTOrOHAJbHBHI.

*) O6 ycnoBMSX CyuleCTBOBaHMS HEABHBIX ¢yHKuMH cM. Buim. 1, cTp, 538.
**) Onpepenerre GYHKUHK NBYX HEHCTBHTENBHHIX NepeMeHHBIX MO ee MOJHOMY
audbepesnnaay cM. Bbim. 2, crp. 174.
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3. T'eomeTpuyeckuit CMbICT MPOU3BOXHON (PYHKIIMH KOMINEKCHON
nepemennofi, Ilycts f(2) aBaseTcs aHainTMuecKo# Qynkumed B HEKOTO-
poit o6aactn . BuiGepem Kakyio-nm6o TOuKy 2z, ¥ u nposemeM uepes
nee MPOU3BOABHYIO *) KpuBYio Y;, LeaukoM aewawyio B . dynxuua f(2)
HPOM3BOAMT OTOGpaxeHue obaacth ¥ KOMOJEKCHOH IIOCKOCTM 2z Ha
nekotopyio o6nacte G xommiexcHo# naockocti w. Ilycrs Touka 2, nepe-
XOQUT B TOUKY W, @ KPHBas y; — B NPOXOAALLYIO uepe3 w, Kpusyw [
(puc. 1.7). Io ycaosuio cyuwectyer npoussonHas f' (2) dyukunn w = f(2)
B TOouke 2, IIpeamonoxum, uto f'(2,) 5% 0, U NpPEACTABUM KOMIJIEKCHOE
nneao f’(2,) B NMokasatesabHOH (opme **): :

f (z0) = lim X — ket (1.22)

.

BriGepem Takofi cnoco6 crtpemuaenust Az K HYJO, IPH KOTOPOM TOUKH
z =24+ Az nexar Ha kpnBo# y;. OueBMAHO, COOTBETCTBYIOIIUE WM TOUKH

JA . /)

z=0 - w=4 o
b4

Puc. 1.7.

w=w,+ Aw nexar na xpusoit T'y. Komnaexcusie uncia Az u Aw nso-
GpamaloTCsi BEKTODAaMH CEKYIWMX K KpusbiM Yy, ¥ [; coorBercTseHHO.
3amerum, uyro arg Az 0 arg Aw uUMeT reOMETPHYECKMI CMBICJA YIJ/IOB
COOTBETCTBYIOIIMX BEKTOPOB € MOJOKUTEAbHHIMU HAMPABIEHHAMH OCeH X
uu, a|Az| u |Aw| npexcrasasior coGo#f KauHbl 3TMX BekTOpOB. ITpH
Az — 0 BEKTOPH CEKYILHX MEPEXONSAT B BEKTOPHl KACaTENbHBIX K COOTBET-
creyloiuM kpusbiM. M3 (1.22) caepyer, uro
a=arg f’ (zo)— 11m arg Aw — hmoarg Az=D, —¢q,, (1.23)
Az —
T. €. aPryMeHT o npousaonuoﬁ VMEET reOMETPUUECKUH CMBICA PasHOCTH
yraa @; BekTopa KacareabHO#t K KpuBo# I'; B TOuke W, C OCbio & U
yraa ¢ BEKTOPa KacareqbHOR K KPHBOH Yy B TOUKE 2, € OCbI0 X (puc. 1.7).

*) 3gecb H B JajbHeiillieM, eCJM 370 He OyAeT OrOBOPEHO 0co60, MOX Mpo-
H3BONIbUOK KPHBOH Mbl MOHHMaeM IVIafKYIO KPHBYIO.
**) Ycnosue [’ (2g) =0 HeoOXOZHMO AJisi BO3MOMKHOCTH TaKOrO NpeACTaBJIEHHS .
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Tak xak npomasomHas f' (2,) He 3aBUCHT OT Cnoco6d NpelneabHOro nepe-
XOfla, TO 5Ta pasHoCTb Gyner ToH# Ke w aJs moGoit apyro# KpusO#, mpo-
XofsmeH yepes TOUKy 2, (XOTA 3Hauenus camux yraos @, u @ moryr
namenuthcs). OTcioma creayer, 4To Npu OTOOGPAXEHHH, OCYLUECTBJAEMOM
aHaJIuTHYECKOH QyHKuuel f(2), ymosaersopsiomed ycaosuio f'(2,) # O,
Yyroa @=@z— @; Mex1y JllOﬁbIMId KDUBBIMU  Ya, Yy, NEPECEKAIOMMMHUCA
B TOuKe 2, paseH yray @ =@, — D, mexay ux o6pasamn (kpusbimu [y
n I'}), nepecekaouumMucs B TOllKe W, = f(2,). 3aMeTum, 4TO NpPU STOM
COXPaHIeTC He TOJBKO a0COJMIOTHAs BENHUMHA YIJIOB MEXAY KDUBBIMU g,
y1 ¥ uX o6pasamu, HO W HampaBJeHue YrJOB. ITO CBOHCTBO [aHHOTO
oTOGpaXeHnss HOCUT Ha3BaHWE CBOICHMIBA COXPAHEHUR Y2408,
AuanoruyHo u3 cootuolueHus (1.22) noayuum

’ C o, | Aw |

=1/ ol =jim Tz (1.24)
To ecTb ¢ 'TOYHOCTHIO OO BeJMYMH 00Jiee BBICOKOTO MOPsAKa MaJo-
CTH WMEET MEecTO paBeHCTBO |Aw|=k|Az| 3ameruM, uto M 3TO COOT-
HOLUEHHE HE .3aBUCAT QT BEIGOPAa KpUBOH Y. ['eomeTpuuecknit cMbica 310rO
COOTHOLIEHHST COCTOMT B TOM, UTO INPH OTOODAKEHHH, OCYUIECTBAIEMOM
aHaJUTHYECKOH (yHKUMEH, ymoBietBopsiowel ycaosuio f’(zq) # 0, Gec-
KOHEYHO MaJjble JMHEeHHbIe 3JeMeHTH npeobpasyoTcs noAoGHEIM 06pasom,
npuueM | f’(2,) | onpenénser xoadduuuent npeodpasopanus nopobus. Ito
CBOWCTBO NAHHOTO OTOOPAXEHHS HOCUT HAa3BAHUE CBOUCMBA NOCMOSN-
CM8a pacmsaNCerus.

OmoGpadicenue oKpecmHocmu mowKu. 2, Ha OKPECMHOCIE MOLKL W,
ocymecmeanemoe anasumuieckol @ynxgued w = f(2) u o6aradanuee
8 mouke z, CBOUCMBOM COXPANEHUST Y2408 U NOCHIOAHCMBOM PaACMS-
orcenull, nHassigaenmcs KougopuubMm omolbpadcenuen. Ilpu xondopmHoM
0T0GpaXeHn OKPECTHOCTH TOUKH 2, Ha OKPECTHOCTb TOUKH W, GecKo-
HEUHO Ma/ble TPeyroJbHUKKM C BEPIIMHON B TOuKe 2, npeobpasyorcs
B nogoGubie uM GECKOHEYHO Majble TPEyroJibHHKY C BEPLIMHOK B TOUKE W,
Bosee moapoGHOE U3/IOKEHNE OCHOBHHIX MNOHATHHA Teopvm KOH(OPMHOTO
otoGpamenust 6yger HaHo B ria. 6.

4. Mpumepnl. B sakmouenne nauHoro naparpada OTMETMM, YTO, Kak
JErKO INpOBEPUTh, JuHEHiHAs GyHKUUA N QYHKUUA @ = 22, BBENEHHEHIE
B mpepmfyuieM naparpade, SBASIOTCS aHaJ MTHYECKUMM (YHKUMAMH Ha

1
BCe# KOMIJIEKCHOR INIOCKOCTH; (yHKLUA W =~ ABASETCs AHAMMTHYECKOH

BCIOLY, 33 UCKMIOueHUueM ToukH. 2 =0. Tak KaK onpeieseHue npousBoj-
Ho# (1.16) aHaJIOrUMHO ONpPEAEJEHHI0 MPOU3BOAHON (yHKUMM oxHOH neh-
CTBUTENLHOR NEepeMeHHOH, TO A NMPOWUSBOAHBIX AGHHBIX (PYHKIUM KOM-
IIEKCHOM nepeMenHOft UMEIOT MECTO BHIPAMEeHMs:

(@b =a, (Y =2, (—‘) =1 (1.25)

F3 22

PaccMoTpuM  QyHKIMIO KOMIIEKCHOH NepeMEHHOH w = &%, IupPOKO
NPUMEHSIOIYIOCH B TNpHJIOKeHHAX. OnpexeauMm 35Ty (QyHKHuIO, 3a[as
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anaquTHYECKHe BbIpameHus ee AEHCTBUTENbHOH U MHEMOH yacTeh:
Cu(x, y)=e*cosy, u(x,y)=e*siny. (1.26)

lla petictBureabHo#t ocum 3714 (YHKUMA COBNafaer ¢~ AeHCTBUTENbHOM
dyuakuve#t e¥ neficTBUTEIBHOrO aprymeHTa X M, Kak OymeT nokasaHo
N na’bHeHUIeM, B KOMIJIEKCHOH 00/acTu cOXpaHseT OCHOBHHE CBOHCTBA
YKCIIOHEHTHI, Hoaromy ISl HEe €CTECTBEHHO COXPanuTh 0603HaueHue

ef =e*(cosy+isiny)=e*.ev. ’ (1 27)

MokaxeM; 41O €° sABASETCH aHANUTHUECKOH QyHKUueHd ua Bceid Kom-
urekcuolt nsockoctu 2. JIng storo nposepum BHITIO/HEHHE ycuoaun
Ko — Pumana (1.17)

ou dv  Ou . ov ’

=¥ C0S Y =x5-, = —E¥SiNY=— =

ox Y oy’ Oy : Y ox
M 3aMETMM, YTO BCE TPOWSBOLHEE B 3THX DABEHCTBAX HENPEPHIBHBI MO
COBOKYIIHOUTH aprymMeHTOB Ha Bcelt nmuockocru X, . ITposoast Bhiumcie-
e npoussonuoit e° no dopmyaam (1.21), moaydaem

() =uy,+iv,=e*(cosy +isiny)=¢-.
AHasorn4so
(™) =ae™, (1.28)

rie o.—NpPOU3BOJIbHAS KOMIJIEKCHAS MOCTOSHHAA.,
Paccmotpum eme ase ¢ynxuun f(2) u f5(2), onpegénentsie ¢ no-
MO COOTHONLIEHMH .

A@ =t e, fE@=p = (129)

Kak nerxo Buperh, Aas NEHCTBUTEABHBIX SHaUCHUft KoMraekcHOH mnepe-
MeHHOR 2==X 35Tu ¢YHKUUK COBMAZAIOT C COS.X U Sin x; mosTomMy mJs
IIMX ECTECTBEHHO COXpaHuTh MpexHue o6o3HaueHus. B panbredumem Mol
noapo6HO usyumMm cBOHCTBA 3TUX QYHKUMH, a ceffyac Juuwb OTMETUM,
YTO, KaK CJOXHBIE PYHKUUM OT aHaAuTUYECKOR ¢YyHKuUMH, cosz W sinz
ABJSIIOTCS aHAMMTHUECKUMHU Ha BCEH KomnaexcHo# nnockoctu. Henocpen-

CTBEHHOH NpPOBEPKOH Jerko yGenurbes, 4to (coS 2) = —sinz. [de#icrau-
TeabHO, ¢ momowpkio (1.28) noxyuum
fiD = (" —e?)=—f,(2). (1.30)
ApanornuHo NpAMOE BBHIYHCACHUE NACT
RE@+AE=], (1.31)

TaKk KaK COracHO NpaBHAY BO3BENEHMS KOMIJEKCHOrO uucaa B uenym
crenedp U3 opmyan (1.27) noayumm

(6] = 22, _ (1,.32)
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§ 5. UnTerpan no KommiaekcHo# nepeMeHHOM

1. OcuoBHbie cBoiicTBa. IlycTh Ha KOMIMJIEKCHOR MJOCKOCTH 2 3aia-
Ha Kycouno-rnagxas Kpusas C xoueuno#t manuel L. Mcnoansys mnapame-
TpUUECKOe npencTasienve kpuBoi C, 3amalum KOOPAMHATH §, 1 Kamao#
ee Toukn ypapHeHusmu E=E(f), n=n(f), rae E(¢) u () — KycouHo-
raagkue  (QYHKUMH  DeHCTBATENBHOTO NapaMeTpa f, U3MEHAIOLLerocs
B npegesax o<<t=<f (& ¥ P MOryT COOTBETCIBEHNO MNPUHUMATbH 3Ha-
yenns = 0o), yrossaersopatouiue ycaosuio [E () +[n’ (£)]? 7 0. 3ananue
KoopauHat §, 1) Touyek 3Toff KpuBo#t C IKBMBAJAEHTHO 3aAaHHIO KOMII-
nekcro#t dyHkumn § (£)=E¢ (f)+in(¢) neficrButennHOR nepemenHHo# f.

IMycts B kawno#t Touke { kpuso#t C omnpefeneHo 3HauyeHue GYyHK-
uuu f(§). Bawurnim nonstuem B Teopuyu (QyHKUMA KOMIJIEKCHOH nepeMmeH-
Hol sBaserca noustue uHrerpana or ¢yuxkuma f(L) no kpusod C. Iro
noHsiTHE BBOAWTCS caeaywouwuM o6pasom. PasobbeMm kpmsyio C Ha n ua-
CTHYNBIX YT Toukamy pesenust Lo, Ty, Co ..., §y COOTBETCTBYIOULMMU BO3-
pacTaioliM 3HaUeHuAM mnapamertpa ¢ (£;,; > ;). O6osnauum AL; =C; — ;3
U COCTaBHM CyMMY ‘

Ss tH= D, fEHAL, (1.33)
=1

rae {F —npoussosbHas Toyka i{-H uacTHuHOH Ayru.

Ecau npu max|AL;|— 0 cywecmsyem npedea cysn (1.33), ne 3a-
sucauyuii v om cnoco6a pasbuenus kpusoi C, nu om 8s6opa mo-
yerx CF, mo amom npeden nasssaemcs unmezparosn om @yuxguu f (L)
no wpusoti C u o6o3na4aemcs

{f@)dt (1.34)
c

Bonpoc cyuiecrsosanms uHterpasna (1.34) cBoauTcs K BONIpOCY O
CYILLECTBOBAHHN HEKOTOPHX KDHBOJMHEHHBIX HHTErpajioB OT ACHCTBUTE/b-
HOH# 1 v MHUMOH v uacTelt dpyHkiuu f(2). B camom mene, samucas f(L}) =
=u(P}H+iv(P§), AL; = AE, 4 iAn, roe P; (EF, n}) — 1ouka kpusott C
HAa IJIOCKOCTH X, ¥, Ml MOXeM npenctaButh Beipawenue (1.33) B Bume

n n
S th= D {uPHAE —v(PH) A0} +i 3 {u (PH) A+ v (PH AL}
i=1 i=1 .
Hetictutenbnas u MHuMas uactd S (§;, CF) npeacrasasior coGo# wunre-
rpajbHEIE CYMMBl KPWUBOJHHERHBIX WHTErPaJoR BTOPOTrO pona

(S:udg—-vdn u §udn+vd§ (1.35)

COOTBETCTBEHHO *), OTKyAa u caexyeT BhicKasaHHoe yteepxkaenve. IToa-

*) Onpenenenne KpPUBONHHEHHLIX WHTETPANOB H TeOpeMy  CyLIeCTBOBaHHA
eM, BHIM. 2, cTp. 150,
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UCPKHEM, UTO IS CYUeCTBOBallMs Kpusoawnefiusix unrerpanos (1.35), a
TeM caMbiM M uHTerpasa (1.34) no KomniaekCHO# mepeMeHHOM JOCTaTOYHO
JMILb KYCOYHOH HENpephBHOCTH (GYHKUWHE # 1 U NeHCTBUTENbHBIX mnepe-
MEHHHIX. JTO o3Hauaer, uyro uHTerpaa (1.34) cymecTByer u B cayuae
1eaHaIUuTHYECKOH (yHKuud f(2), ecan 5Ta PYHKUUA ABJASETCHd KYCOYHO-
IernpepuIBHOM. :

HUrak, nuterpan (1.34) mpeacraBum B BHie

{f@at=\udt—van+ifudntvdt (1.36)

C [ c

ATO COOTHOWIEHNE MOXET CaMO CJAYXHTb OnpejeneHHeM HHTerpaia OT
¢Qyukuuu f(2) mo kpusol C. Vi3 Hero caeayer psa CBOKRCTB, SBJAIOUIUXCS
OUYEBHIHBIM CJEACTBHEM COOTBETCTBYIOIUX CBOHCTB KPHBOJNMHEHHBIX HHTE-
rpasoB:

L. § fdt=— §{ fQdL. (1.37)
AB BA
2. {f@da+ /o= § f@d (1.38)
Cy C, - GHG
3. Ecam a — KOMIJIeKCHasdg MOCTOSHHAsA, TO
;af(ﬁ) dt=af f@)d¢ (1.39)
C
4. § (AO+ £ O} dt= (S: H©dt+ §: L©d (1.40)
5. (S:f(C) d§| <§ | £(©)ds, ' (1.41)

roe ds — auddepeHunan AamHEb Ayru Kpuso#t C, a uHTerpas, Crosuui
cnpasa, SBASETCS KPUBOJMHEHHHIM HHTErpajoM mepeoro poga. Ieficrsu-
TE/NbHO, B CUJY HEPABEHCTBA TPEYrOJbHUKA HMEEM

lgf(c)d;l= lim Y F(EHAL
C .

max | Af; | =0 ;=)

< lim  M[fEHIAL|= (D) ds.

maxlAti]—»()i:l c

=

Ecmn max |f(Q)|=M u L —nnmna nyrn kpusoit C, TO
tecC .
'Sf(C)dC|<M-L. (1.42)
c
6. Vimeer MecTo cremywomas ¢opMy/aa 3aMeHbl NEPEMEHHOR HHTErpu-
\

poBaHus: .
(f(2)dz =\ fle@l¢’ @ dE (1.43)

C r
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rae 2= ({) — ananutuueckas ¢yuxuns {, yCTaHaBAMBAOWIAA BIAUMHO-
oanosHauHoe cooTsercTBue Mexay kpmsbiMu C u I'. B uacrHocrs,

: B
(S: f@dz={rlz®)2 B dt, (1.49)

rie z=2(t) ectb napameTpuueckoe 3agaHue Kpuso# C, a z(a) u 2(B)
CYTb Haua/biag 1 KOHEUHas TOUKU NOCIeHHEH.

NMpumep. B KauecTse CyuwleCTBEHHOrO paJs NajibHEHIUEr0 NpuUMEpa
BBIUMCJ/IEHHUS] MHTErpPasia 10 KOMIJEKCHOR MepeMeHHOH DacCMOTPHM HHTe-
rpan

1_—_§ A ' (1.45)
t—2’
0

rae xpusas C, MpeACTaBiseT COOOH OKPYKHOCTD paguyca O C LEHTPOM
B TOYKE 2, OOXOAMMYI0 NpOTMB uyacoBO#t cTpesku. BocnosnsoBaemwuchs
napameTpuuecko#t ¢opmoft 3amaHus Kpmaon Cp: 7’—z0—Lpe“P O<op<
<< 2m), noJayuuM
on 27t
I= § “"’e,q,—"’= i S d = 2mi. " (1.46)
Orcrona craenyer, uto wuHrerpan (1.45) me saBUCHT HM OT D, HH OT 2,
3ameuanue Popmyna (1.36), B cuny xoTopoi MHTErpasn no KOM-
NJEKCHONM mnepeMeHHOH mnpeacTaBiseT cOGOH KOMIJIEKCHOE YHCJOo, ne-
CTBUTENbHAS ¥ MHHMAasl 4yaCTU KOTOPOTO SBJSIOTCS KPUBOJMHENHEIMM HHTE-
rpanamu BTOPOrO pojia, a Takke coorHomenue (1.44) mosBoasioT Hemo-
CPEACTBEHHO MNEPEHECTH NOHATHE HECOGCTBEHHOrO WHTErpasa or dyHKUuu
IeHcTBuTENbHON mepemenno#t ¥) Ha cayuyalh KoOMUJeKCHOH mNepeMeHHOH.
B namieM Kypce MBI OyaeM raaBHEIM OGpasOM HMETb €10 C HECOOCTBEH-
HBIMU MHTErpajaMi NMepBOro POoAa — HHTErpaiaMu no OecKOHEeYHOH Kpu-
po#t C. HecoGcTBEHHBIH UHTErpas NepBOrO poja no 6ecKoHeuHod Kpuso# C
Ha3bIBAETCH CXOMALMMCH, €CAN CYHIeCTBYeT Npenesa IMOC/EA0BaTeNbHOCTH

UHTEr PasIoB S f(©)dt no moGo#t mOCnENOBATENBHOCTH KOHEUHBIX KpH-

n
BHX C,, cocTaBasiowux yacth C, npu C,, crpeMsmunxcs k C, IpUYEM 3TOT npe-
Zen He 3aBUCHT OT BeIGopa mocaenosarenbHoctu {C,}. Ecam muws npu
onpepeseHHOM  BhGOpe nocaeposateabHoctn {C,} cymecrtByeT npesen
N0CJIe0BaTENbHOCTY HHTETPANOB S SF(€)dE, 10 HecoGcTBEHHBI uHTErpan
Cll-

HA3BIBAETCS CXOMSINUMCA B CMBIC]E TJIABHOTO 3HAYEHHS.

B nanpnedimem Mer OyneM pacCMaTpuBaTb MHTErpansl OT (YHKURH,
aHaNUTUYECKUX B HEKOTOPOit orpaHnueHHo# oOaacty, npuueM Hac B OCHOB-
HOoM OyAeT MHTEPecoBaTh TOT Cjaywaifl, KOrAa rpaHuneft objacty sB.sercs

*) C™. BBIN. 2, cTp. 358.
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KYCOUHO-TMafiKast 3aMKHYTasi KpHBasd, He HMEW!as caMonepeceueHuit.
Kyco4no-220a0KY10 3aMERYMYIO Kpugyo, He UMEuyl mo4exk camo-
nepecedenust, Gydexm Hasv8ams 3aMKHYMuM Kowmypos. Ecau ¢ymuxk-
s z () (o <<t << P) sanaer mapameTpuuecKH 3aMKHYThii KOHTYp, TO OHa
YLOBJIETBOPSET YCAOBHIO Z (£;) 7 2 (t;) npn t; 5= t;, 32 NCKMOUEHUEM Cayuas
t;=a, t,=f. Wnererpan (1.34) no saMkHyTOMy KOHTYDY YacTO Ha3bl-
BAaETC KOHTYDHBIM HMHTErpPajioM.

2. Teopema Komu. ITockonbky 3sHaueHHe KOHTYpDHOrO HHTerpaJja
33BUCHT OT HanpaBjieHWst MHTEPPUPOBAHHUA, YCJOBHMCA B KauecTBE HOAO-
JCUMENBHO20 Hanpasaenus 006x00a KOHTYpa NPHUHMMaTh HANpaBJiEeHUE,
Ipd  KOTOPOM BHYTPEHHfis 00/1acTh, OrpaHHYEHHAs [AHHBIM 33aMKHYTHIM
KOHTYPOM, OCTAaeTCi c/Ae8a OT HampamieHus ABmxeHns. Vimrerpmposanne

B TOJIOXUTENLHOM- HampasjaeHnn OyzeM 00O03HayaThb CHMBOJIOM S f(2)dz
. cr

Al TIPOCTO S f(2)dz, unterpupoBaHne B OTPUUATE/ILHOM HANPABJIEHHH —
. C : '

CHUMBOJIOM S f(2)dz.
-

CeolicTBa WHTErpasioB MO 3aMKHYTOMY KOHTYDY OT GYHKUuH, aHajxu-
THYECKHX BHYTPH 06/13CTH, OFPAHUYEHHON HAHHBIM KOHTYDOM, BO MHOrOM
ONIPENENSAIOTCA U3BECTHHIMU CBOUCTBAMH KPUBOJUHEHHBIX MHTErpajioB BTO-
poro pona*). Kak wuspecrtHo *¥), nas KpuBOJHMHEHHBIX HHTIErpajoB TIO
3aMKHYTOMY KOHTYDY HMMEET MECTO CJAeNYIOIEe yTBEPWICHHUE: ecan PyHK-

yu P(x, ¥) u Q(x, y) Henpepvisus. 8 3amkuymoi obracmu ¥, ozpa-
Hudennoll Kycourno-zaadxum wonmypon C, a ux wacmrsie npou3sod-
Hble nep8o20 NopAdKa HenpepuieHv. 8 9, mo

LSde+Qdy—_—SS{%§—— gi}dxdy (1.\47)
_ g L%

Mepefinem Teneps K JOKa3aTeAbCTBY OCHOBHOTO TOJIOXKEHUs AaHHOTO
naparpada.

Teopema 1.5 (meopema Kowu). ITycmo 8 oanocaﬂsuou obaacmit &
3adana 0dHo3HaUHan axamumuveckas Qyrryus f(z). Toz2da unmeepaa
om smoit ‘Byuxyun f(z) no awbomy 3amkuymory xoumypy T, yeau-
KoM Aexcauemy 8 obracmu G, pasen HYAW.

IDokazateanctBo. CorzacHo dopmyne (1.36)

{ f@at=\ udx—vdy+if§ vdxtudy.
r r r

*) CM. BHIN. 2, cTp. 168. HamoMuuM, 4TO MO MPHHATOMY HaMH ONpeJeNeHHIO
KOHTYPHl HHTFErPHPOBAHHSI BCErfia SIBJISAIOTCA KYCOYHO-TVIAAKHMH KPHBBIMH.

**) B Buil. 2 3Ta TeopeMa JOKa3aHa NpH RONOJHHTELHOM YCJIOBHH OFpaHH-
UeHHOCTH YacTHHIX TPpOM3BOAHBIX ¢(yHKuUufi P u Q B obnacTH &, BBeLeHHOM
C leablo O6/ierYeHnsl NOKa3aTeJbCTBAa. B ciyuae KyCOYHO-TVIAAKOf TpaHHUBl 3TO
YCIIOBHE MOXeT GbiTh CHSITO C TIOMOLUIbIO ROTIOJIHHTE/ILHOTO MpEeAe/bHOrO Tepexona.
Mul 31ech He GyaeM MPUBOAMTH NMOAPOGHOE JOKA3aTEJbCTBO, a OTPAHHUMMCS JIMIHE
JAHHBIM 3aMeYaHHeM.
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Tax xax QyHkuwns f(2) — aHaruTaueckasd Bcoony BHyTpu koHtypa I, TO
¢yukunu u(x, y) 1 v(x, y) B 006MacTH, OrPaHUYCHHOH 3TUM KOHTYDOM,
0671afal0T HeNpepBIBHBIMY YaCTHBIMM NPOW3BOAHLIMHU IIEPBOTO MOPAAKA.
ITosToMy X KpUBOMWHEHHBIM WHTErpanaM, CTOSLIMM B MpaBo#f YacTH MO-
C/eIHEero paBEHCTBA, MOXHO npumeHuTs dopmyay (1.47). Kpome Toro,
yacTHHIE TNpOU3BOAHHE (yHKuUu# u(x, ¥) U v(x, y) CB3aHH COOTHOLIE-
uuamu Kowmn — Pumana. IMostomy

§udx—'ady= S S (=% — Sdxdy=0
3

Svdx—j—udy: S % {%:-—— »%’;}dxdy:O,
r . ]

YTO W JOKAa3blBAa€T YTBEPXKIEHHE TEODEMBI.

Hrak, teopema 1.5 ycraHaBiuBaeT (aKT paBEHCTBA HYJIO HHTErpana
OT aHaJUTHYECKON QYHKUMK IO JIOOOMY 3aMKHYTOMY KOHTYDY, LEJHKOM
JexauleMy B ONHOCBA3HOH o6Jacti ee aHasuTuyHocTu. Ilpu nmomosanu-
TENbHOM YCJIOBHH HENpephBHOCTH (YHKIUM B 3aMKHYTOH 06JacTd ZaHHOe
YTBEpKAEHUE CNPABEAJHBO M [JS 3aMKHYTOTO KOHTYpa, SBJSIOUIETOCS
rpanuie#t o6aactu aaiutauHoctn, IlocienHee yrtBepxaeHde (PaKTHUECKU
ABJISIETCS HECKOJBKO BUAOU3MEHEHHOR Qopmyanpoko#t Teopemsl Koy,
HO BBHLY €ro BaXHOCTH JIJs NPAKTHYECKHUX npunomeunﬂ MBI BBIAE/IUM
3TO YTBEPXKIEHHE B OTIEJBHYIO TEOPEMY.

Teopema 1.6 (smopas gﬁopmy./lupoaxa meopemot l(outu) Ecau
dynxyua f(2) asanemcs anasumuseckoli Pyuxuyued 8 00HOCBA3HOL
obracmu 9, o2panuiennoil Kycotno-zradkum Koumypor C, u menpe-

pe8Ha 8 3amrHymoll obaacmu 8, mo unmezpas om dyuxguu f(z) no
2panuge C obaacmu % pasen uyaw:

{f@dt=o. | (1.48)
C

Teopema Kowmn ycraHaBiuBaeT OAHO U3 OCHOBHHIX CBOHCTB aHaMUTH-
yeckofl (PyHKUUH KOMIIEKCHON nepeMenHo#i. Ee dynaameHTasbHOe 3Haue-
HHe OyZeT CJefoBaTh U3 JalbHeHLIEro U3MOKEHMA, 34ECh XE MBI Orpa-
HAYUMCS CJACAYIOUIHM 3aMEUYaHUEeM.

Teopema ¢opMyaupoBanachk A OZHOCBA3HOH 06/acTu, ONHAKO ee
nerko 0606WATh ¥ Ha cayyali MHOrocsssHo# o6aacTu. B stoM ciayuae
noJiHasl rpaHuia 06JacTH COCTOMT U3 HECKOJbKNX 3aMKHYTHIX KOHTYDOB:
BHewiHero C, u BHyTpeHHMX Cy, Cy, ..., C,. [losodtumensnoin Hanpa-
8aeruem 06x00a NOAHOIW 2panuyb. MHOrOCBS3HOH o6Jaactu OymeM Hassl-
BaTh TaKOe HalpaBJEHHE [BWXEHUS, MPU KOTOPOM obaacme 8ce 8pemMs
ocmaemcs caesa. Tlpu 3TOM BHEWHMH KOHTYD OGXOAUTCH B MOJOXKH-
TEeJbHOM, @ BHYTPEHHUE — B OTPHILATE/bHOM HalPaBJeHu .
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Teopema 1.7. [Tycmes f(2) ssagemcs . aHasumuneckoli @yrxyuel
8 MHO20c8s13HOIL oOaacmu &, ozpanuvennoii ussne wowmypos C,,
a usuympu rxoumypamu Cy, Cy, ..., C,, 1 nycms [(2) Henpepvisna

8 samxiymol obracmu . Toz20a S f(dL=0, 20¢e C—noanan zpa-

wiga obaacmu &, ‘cocmonwan u3 xoumypoa Cy Cy, ..., Cp, npuuen
06x00 2panugs C npoucxodum 8 ;
NONOHCUMENbHOM HANPABACHUN,
HokasateansctBO. IIpoBeaem
rJ1aJKHe KPHUBBIE Yy, ..., Ypy COEMH-
nsomue KoHTyp C, ¢ Koutypamu Cj,
C, w T 4 (puc. 1.8). Torma o6-
AacTh, oOrpaHuueHHas KpuseiMu C,
Cp ..o Cp M KPHBBIME Py, Vou -+ 5 Vpo
MPOXOAMMBIMU OBAX/JH B MPOTHBOIO-
JIOXHBIX HAaNpaBJEHUAX, OKa3EIBAeTCH
oaHocsssHO# *). B cuay teopemn 1.6
HHTErpan Io rpanuue >STo#t obaactu
pased Hymo. Ho mHrerpasst mo Bcno- Puc. 1.8
MOraTeJbHbIM KPUBBIM Yy, ... Yn NPO-
XOIATCS HBaXAbl B TPOTUBOMONONKHHX HANPABJIEHUAX M MPH CYMMHUDPOBa-
HHM UHTErpajios BHManaT. [TosToMy mmeer MECTO paBeHCTBO

CSf(C)dC-l— (f@dz+ ... +§f(§)dC=0 (1.49)
5 &t p

1

(sepxHue uHAeKCH Yy C; YKaswlBalOT Hanpas/JeHHe 06Xo01a).
B 3aknoueHne OTMETHM, UTO ecan ¢yHkuna f(2) ABAsercs aHaAnTH-
yecko# B MHOrocsssHo#t o6sactu & u I’ — npousBO/IbHBIA  3aMKHYTHIH

KOHTYD, L€JIUKOM Jexamuid B ¥, T0 uHTerpas S F(§)dt moxer, BooGuie
' r

roBops, OKasaTbCd OTIMYHRIM OT Hyasd. Hanpumep, nycrs o6aacte &

1
npeacTasaser cobolt kpyrosoe koapno 1<<|z|<<3. dynkuna f (z)=—z—
fABJsSeTC aHAJIUTHUEeCKOH B 5To#t obaacti. B cuay npumepa, paccMorpen-

Horo Ha crp. 40, S %=Qni;é0. JanHoe 06CTOATENBCTBO CBSI3aHO,
2 |=2
B 4aCTHOCTH, C TeIM,I YTO KOHTYD |2 |==2 He o6pasyeT NOJHYIO FpPaHULY
00/1aCTW aHAaAUTHUHOCTH paccMaTpuBaeMoit (yHKLUH.
3. Heonpenenennnit unrerpan. Baxuuim caeacrsuem teopemsl Kown
Apasercs caenyloiee noaoxenue. Ilycrs ¢yukuns f(z) aBasercs aHaau-
THYeCKoH QYHKuue#t B 0AHOCBA3HOH oGaactu 5. ¢uxcupyeM B 9TO# OO6Ja-

CTH HEKOTOPYIO TO'le 2, 1 0003HauuM yepes S f(£)df wurerpan no
2o

*) Kak HeTpyauo yGelAuTbCsl, KPHBHE ¥y, ... ,¥, BCEraa MOXHO BHIGpaTh Tak,
4TOGbl OHH He IMepeceKaNuch, T. €. MOAYYMM AeHCTBUTENbHO OJHOCBA3HYIO 06/aCTb.




4. OYHKUMN KOMIJIEKCHOP MEPEMEHHOR Vi

KaKoH-mm6o KpPHBOH, leIMKOM Jexauie!t B & u coemuusiontell TOUKH 2 U 2,
B cuay Teopemn Kowmm 3TOT uWHTerpan ue 8asucHT OT BHIGOPAa KpHBOH
HHTErpupoBaHus B 06/acTm & u SBASETCA OQHOSHAYHOM QyHKuueH 2:

z
Sf (©) dE=D(2). - - (1.50)
/
Teopema 18. ITycms gynxyus f(2) onpedesena u Henpepusua
8 Hexomopoli 00HOcBA3HOL obsacmu ¥, a uwmezpas om 3mol HyHK-
yuu no awbomy 3amxrymonry Koumypy T, ueauwonr scxcaweny s dan-
4

Holi o6aacmu, pasen nyaw. Tozda gyuryus O (z)=§ F@)dt (2 20 %)

. - 2
Asasemcs anasumudeckol Pynxyuel 8 obracmu § u @' (2)=f(2).
INokasateanbctBo. COCTaBUM PA3HOCTHOE OTHOLIEHHE

244z
De+a)-0@ { \ f@az— Sf«:)d@}—iz \ roe«

2o

Ilocnennee paBeHCTBO MMEET MECTO B CHJY HE3aBUCUMOCTH 3HAYEHWS HH-
Terpana, onpegeasiomero ¢ysxkuuio @ (2), or nyTu uHTerpuposanus u
(1.38). Bufepem B KayecTBe NYTW MHTErPUPOBaHUA B IOCHEAHEM HHTEr-
pane npaMylo, coeduHsiomyl Toukd 2z u 2+ Az. Tako#t nyTts mHTerpum-:

pOBaHua ABASIETCA yaoéuum, [MOCKOJbKY HMEET MeCTO OYEBUAHOE COOT-
2+4az

nowenne | df{=Az. Ouennv Bupaxenne
) .

242

S re—s@)d|<

@ z+Az)-—(D(z

1

< i max 2)|-|Az|=  max —f(@)]

ST, mx | [fO—/@)Azl= _ max |7©—F()

B cuay nenpepmsHOCTH ¢yHKuuH f(2) B TOuke 2z 415 MOGOrO MOJOKH-

TEJbHOrO YHC/AA & MOXET OHTb YKa3aHOo Takoe sHauenue § >0, uro npu

[Az|<<d max |f(E)—f(2)|<<e T e aha moboro €>0 MOxHO
e[z, z+42)

ykasatb Takoe § >0, uTto

ﬂﬁ‘_%:ﬂ:‘l_f(z) <e npr 0<<|Az|<8.

3T0 U O3Hauyaer, 4To CymecTsyer
lim (D(z—]—Az) O (2)
Az—0

=@ (2)=f(2). (1.51)

Wrak odynkuua D (2), onpenenennas uurerpasom (1.50), Bo BCex Toukax
obaactu & mMeer HenpepmBHYO npoussoinyio (dpynkums f(z) no ycuo-
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BAIO TEOPEMBI HENpephiBHa B ¥). I‘eM CaMbIM D (2) sBasercs anamuTHue-
cko# ¢yHkuueit B obaactu 5.

JlokasaHHas TeopeMa . MO3BOJISIET BBECTH TNOHSTHE HEONPENE/JECHHAro
VHTerpana (yHKUAH KOMIIEKCHON nepeMeHHOH. AHajuThyeckas QyHxuus
O (2) nasmiBaercs nepsoobGpasnofi ¢yuxkunu f(z) B obaactu ¥, ecau
B sToft oOnactm umeer Mecto coortHowenne D (z)==f(z). Ouesuaso,
¢Qynxuus f(z) uMeeT MHOXKECTBO pPa3/IMYHHX NepsooOpasHBIX, HO, Kak
JIETKO [JIOKa3aTb, BCe MEPBOOOPA3HEE 3TOH (YHKUMH PASAUYAOTCS MEWAY
co0off JMIIb TNOCTOSHHBIMKM caaraemeiMu ). Cogoxynnocms 8cex nep-
8oobpasrbax dyrxyuu f(2) Ha3nBaeMLR HeonpeOeAeHHbIM URME2ZPA-
nom om gynxyun f(z).

Tak ke, XKak ®m B Ciayyae O(YHKUMH OEHCTBUTENbHOH NEepeMEeHHOH,
nMeer Mecto ¢opmyaa

¢ T ©dt=F (e —F (),

rae F (2)—moGass nepsooOpasHas dyHkuun f(z). IleficrBurensHo, MH-
rerpa;, CTOAWMK CreBa, He 3aBUCHT OT nyTH mHTerpmposanus. Iloatomy
€ro MOXHO NPEICTaBUTb B BUAE

{F@d={r@a—rod

roe z,—npomssosbHas Touka obaactu F. Coraacho (1.50) xamamit us
MHTErpaJos B TpaBoi YacTw 3To# ¢opmy.an mnpeiacraBiaseT cobof 3Haye-
nge onpeaeneHHod nepBoOGPasHOR B COOTBETCTBYIOLIMX TOYKAX, a TaK
KaK BCe NepBoO6DAa3HEIE DPAas/AMyYaloOTCA JIMIUb Ha MOCTOSHHYW, TO Gespas-
JIYHO, 'KaKyI0 NepBOOGPA3HYI0 MBI NMOACTABUM B JAHHYIO (OPMYJY.

B kayecTse CYWECTBEHHOIO I/ JajbHEHIIero npuMepa pacCMOTPHM
GYHKLHIO |

ﬂa—g% (1.52)
1

Tak KaKk MOABIHTErpaibHas (YHKUUS SBJISETCS aHAMUTHUECKOH Ha BCeft
KOMIJIEKCHOM IIOCKOCTH 2, 3a HCKJIoYeHHeM Touykd 2=0, 10 BbIpaxe-
Hre (1.52) uMeeT CMBICA NPH YCJAOBUM, YTO KPUBAsi WHTErpUpOBaHUs He
npoxoxnutr yepes Touky z==0. Ilpn sTom B 0GOH OnHOCBA3HOH OBaacTh
¥ KOMIUIEKCHOH NJIOCKOCTH, He coepxkamel Touky z==0, pynkuus f(2)
ABASETCH ONHO3HAYHOM aHANNTHYECKOW (QyHKuMeH 2, He 3aBucaled OT
BbiGopa NyTH UHTerpupoBaHust B Qopmyse - (1.52). B xauectBe Taxo#

*) IeiictButensno, Tak Kak @’ (2)=Q] (2)— O, (z) =0, rae @, (z) u O, (2)
CyTb pa3jHyHbie nepBooGpaanme q)yl-mmm f(z), To 3 (1.21) caexyer, yto Bee
yaCTHble TIPOM3BOAHLIE NEHCTBUTENbHOH W MHMMOH yacred ¢yHkuuu @ (z) ToxzaecT-
BEHHO PaBHbI HYJIO, OTKyJa IO H3BECTHOH TeopeMe aHanmu3a (cM. Buim. 1, ri. 8)
noayyuMm @ (z) = const.
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oGsactn GyneM paccMaTpHBaTh MOJNHYI0 KOMIVIEKCHYIO IUIOCKOCTb 2, pas-
pesaHHyio N0 OTPHIlaTeNbHOH uyacTu ne#cTBuTeabHOR oOCH, T. €. o6aacrb
—n << arg z<<n. Byzem cumrath, yTO NyTh HHTErpHUPOBaHUS B GopMmyae
(1.52) nexut uemukoM B 06aacTH — ;< arg z <&, T. € HE MEPEecexact
paspe3a ¥ He NnpoxoauT uepe3d Touky z==0. Torga nns medcTBUTENbHHIX
MONOMUTENbHHX 3HAYEHNWH 2=, BHOpaB B KaueCcTBe MYTH HHTEIPHPO-
BaHug B ¢opmyte (1.52) cooTBeTcTBYOmul OTPE30K ‘AeHCTBUTE/BHON
OCH, MOJMYunM

flx)= S%"=1n *. (1.53)
; ‘

To ecTe /1A MONOMHUTENBHBIX 8HaueHHH CBOEro aprymenrta oyuxuus f(2)
COBMajgaeT ¢ Jnaorapudmuueckolt d¢yHkuve#l mneHcTBUTEIbHOH NMEepeMEeHHOM.
Tostomy nns ¢yskumm (1.52) B paccmatpusaeMmoit 064acTH (— 71 <C
< arg z << M) COXpaHuM npexHee 0603HAYEHHUE, MOJOKHB

dz
Inz=\—. (1.54)

—C N

IMocneanee paseHCTBO (B KOTOPOM MYTh HMHTErPUPOBaHUsA BHIGUDAETCH
yKa3aHHBIM BBILIE CIOCOOOM) MOXHO PacCMaTpuBaTh KaK OINpEeAe/eHHe
JorapupMuyeckort GyHKUMH I8 BCEX KOMIIEKCHBIX 3HaueHui ee apry-
MEeHT4, 332 MCKJAIOYEHHEM B3HaueHu#l, JeXamux Ha OTPHUATENbHON uyacTH
neficteutenvuol ocn z=x << 0. B panbuefimiem (ra. 3) mbi nogpo6HO
uU3yyuM CBOHCTBA 3TOi (yHKUHMH, a ceddyac JiMIIb OTMETHM, YTO B CHJY
¢dopmyaet (1.51) uMeer Mecto cooTHOLIEHME

(nzy=—, | (1.55)

T. € B ofnacTn — T << arg 2 < 7T MPOU3BOAHAST NOrapUPMUUECKOH (DYHK-
LMK WMMEET TO e BEIPaXEHWe, YyTO U A NEHCTBUTEbHBIX [OJOXKHTEb-
HBIX 3HaueHuti aprymenta. Huxe Oyner ycranoBneuo, uto ¢yHkums (1.54)
sBasercd oOpaTHOR K ¢YHKUMM w==€°, BBeAeHHO# B § 4 HacTosweH
r/1aBBHL.

§ 6. Unrerpan Komu

1. BuBon ¢opmyant Komun. B npemsinymem naparpade msl noka-
samn Teopemy Kowu, OTa TeopeMa Baeuer 3a cOGOH DAL BaWHHIX CJed-
CTBUH, B YaCTHOCTH, MO3BOJSET YCTAaHOBHUTH OMNPEAE/]EHHYIO CBA3b MEXIY
3HAUEHUSIMU aHAJINTHYECKOH (PYHKIWM BO BHYTPEHHUX TOUKax O6/JACTH ee
aHaJMTMYHOCTH W TPAHMYHBIMKM 3HayeHusMu 5ToH ¢ynxuuu. K ycraHos-
JIEHHIO J3HHOTO COOTHOLUEHHUs] Mbl Ceiyac u nepeiugem.

Iycte ¢ynkuus f(2) ABAs€TCS aHANUTHYECKOM B ONHOCBA3HOM 0Gaa-
crn 5, orpannyenHo# koutypom C. BosbMeM NMPON3BOJBHYIO BHYTPEHHION
TOYKY 2o W NOCTPOuM 3aMKHYThi#i kouryp I', nemukom nexawu#i s &
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¥ coflepxauiuli TOUKY 2, BHYTpu cebd. PaccMoTpuM BCIOMOraTesbHYI0
(byHKILHIO )

_I®
dynxuns @ (2), oueBuaHO, SBJAETCA aHAMUTHYECKOH GyHKIUMEH BCoLy
B o6nacTu ¥, 3a UCK/IIOYEHHEM TOUKM 2, Ilo3TOMY, ecau Mb-B obaacTu &
BO3LMEM TaKOH 3aMKHYTHIY KOHTYD 7y, JAexauiu#l BHyrpu I', uroG TOuKa
2, TMONana BHYTPb 06MAaCTH, OFPaHUYEHHOH KOHTYpOM Y, TO dyHKUUs @ (2)
GyIeT aHaJIMTHYECKOH B [BYXCBA3HOH o6aacTé F*, sakaioueHHOH Mexay
wontypamu I' u 9. Cornacno teopeme Kowmn unterpan or ¢yukuun @ (2)
no kpuso#. I' -}y pasen uyJo:

F@© Sf@.;
\ £+ | Lar—o
I+ v
HSMEHHB HanpaBneHue HHTel‘pPlpOBaHHﬂ BO BTO-

pOM WHTErpajse, 3TO DPaBEHCTBO MOXHO mepe-
nicath B BUAE

(i a= (a5

—2Z
A=

[TockoabKYy HHTErpan, CTOSULUK CJeBa, He 3a- Puc. 1.9.

BUCHT OT BHOGOpa KOHTYpa ¥, TO 3THM CBOM-~

ctBoM of6jajaer ¥ uHTErpasd, croswuit cnpasa. as manbHeRmux pac-
CMOTpeHHH YIO6IO B KauecTBE KOHTYpa WHTETrPUpPOBaHMA Y  BHIOGpaTh
OKDYXHOCTb Y, HEKOTOPOro ‘pajnyca P C LEHTPOM B TOUKE 2o (puc. 1.9).
Honoxus § =z, pe'?, nmeem

2n
\ & ai=i{ r@ ao.
 E—2
r'+ 6
[Tocnennntt unterpan npeobpasyeM ciaeLylomuM o6pasom:
n

2n 2n
{f@do=\[f©—f ()l do+ f(z0) do=

0 0 0
21
=/~ do+2n f(zp).  (1.58)
0

YcrpemuM Temepb.p K Hymo. Tax kak f(2) — aHanuTuueckas, -a Cleao-
BAaTEJbHO, HenpepblBHas (yHKUMsS B O6nacTd ¥, TO 4As JMOGOCO MOJO-
KUTEJILHOrO YUC/a € MOMXHO YKa3aTh Takoe 3HaueHue p, uto | f(§) — f(2y) | <
<e pna |{—2y|<<p. Orciopa cneayer, yto npu p— 0 cywecrsyer

npenes
2.

tim§ /@)~ 0] do=0.

0
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Tak kak B ¢Qopmyne (1.58) nocrenuee cnaraeMoe He 3aBHCHT OT P, TO

27

§ F(§) dp=2mn1(2,), 2 cren0BarensHo, &%ﬁ% di=2nif (z")i ¥ COr1IaCHO
: v

(1.57)

- .
 fe=gg § & a Y

Humezpan, cmosuull 8 npasodi wacmu (1.59), supascaem 3na4enue
anamumuyeckoll gynkyun f(z2) 8 Hexomopoil mouke z, wepes ee 3ua-
yenus Ha awbom xoumype I, nejcawer 8 ob6racmu anarumuirocmu
gﬁynxuuu f(2) u codepscamer mouky 2z, 8uympu. DTOT HHTErpPan u
Ha3eBaeTCs uumepasom Houu, tbopmy.na (1.59) vacro HasmBaercs ghop-
myaroil Kowu.

3ameuanune 1. B dopmyne (1.59) HHTerpupoaa}me NIPOU3BOINUTCS
no samknyromy Koutypy I, neaumkom sewamemy B 06sacTé aHaJuTHY-
Hocty QyHkuun f(2) u copepmameMy BHYTPH TOUKY 2, I[Ipu monosmu-
TeJbHOM YCJIOBHH HENPEPHBHOCTH f(2) B 3amKuyTO# OGaacTH & aHano-
ruyHas QOpMyJia WMeeT MecTo, B cuiay Teopembl 1.6, m npu muTerpupo-
RaHuu no rpaxuie C ob6iaacTn s,

3ameyanue 2. IlpoBeneHHHE pPaccMOTpeHUs OCTAIOTCA CIPaBELNU-
BHIMM W B CJyyae MHorocBsisHod obOaactn . Ilpm atom maa BeiBOAa
ocHoBHo# opmyast (1.59) caexyeT paccMaTpuUBaThb TaKOH B3aMKHYThift
koutyp I, KOTOpHIH MONKeT OnTh CTSHYT K TOUYKE 2, BCE BpeMs OCTa-
Basch B oGaactu F. Torga Jerko NoxasaTh, YTO NP YCJIOBUH HENMPEPHIB-

Hoctu GyHKuun f(2) B 3aMKHYTOH 06/1aCTH ¥ ¢ KYCOUHO-TIAAKOH rpaHuieH
dopmyna (1.59) ocraetcss CnpaseNanBOfl NPU UHTErPUPOBAHUM B IOJIOKH-
TEJLHOM HANPaBJEHUHU 110 NOJAHOH rpaHule C NaHHOK MHOrOCBASHOM 06/1aCTH.

2. Cnencrsusa u3 ¢opmyast Kommu. Cpnenaem psang samevanu#t no
nosony cdopmyasr (1.59).

1 [ @)
. Unrerpan supa EISQ
KOM JIeXalleMy B 06/1aCTH 9 anainTuuHOCTH (GyHKUuU f(Z), UMEET CMbICA
st oGOro MoJOKeHHs TOYKH 2, Ha KOMIJIEKCHOH INIOCKOCTH TIPH YCAO-
BUM, YTO 3Ta TQuKka He Jaexut Ha kourype I'. Ilpm stoM, ecau Touxa 2z,
fexuT BHYTpu I, TO 3HaueHue wuuTerpana pasHO f(2¢); €Cau TOuKa z,
aexut Bue I', 3Hauenne uHTerpaza paBHO HyMIO, NOCKOJBKY B 9TOM Cay-
yae TONBIHTErPajdbHas (PYHKIUs ABASETCS aHaAMTHYeCKOH Bcionay BHyTpw I
Hrak,

df no samkuyromy koutypy I, uenn-

1 § f(C d; {f(zo), Zg—BHYTDH F: (1.60)

2ni ) L—z 0, 2,—sHue T

Hpu z,T vmrerpan 1(z0)=: !

2nlS 1@© d§ B OGBIUHOM CMBIC/IE

HE CYILECTBYET, OIAHAKO I'lpH lIOHOJ!HMTEJIbeiX rpeéonammx 1-13. noseae-
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1nue (pymumn f(€) na xomype I' sromy mnerpany MOXeT OhTh NpHAAH
onpenenesusft cmbica Tak, ecau ¢ynkuus f(L) ynoBneTsopsieT Ha KOH-
type I' ycaosuo I'énpaepa *)

IfC)—fG) | <K|L—E5, o<y,

TO CYWIECTBYET 24a8Hoe 3naxenue no Kown wurerpana [(2g)
— 1 (1@ 4
V.p. I (2= 11m2m§ L8,
8

rae T'; npeacrasaser. coGo#t uacts kourypa I', nexautyio BHe Kpyra
| z—2,| <<e. Ilpu sTOM

V.p. (@) =5 /o

2. Mycts f(2) — aHaauTuyeckas QyHKLIMA B OAHOCBA3HOH 06.1acTH &
U 2o — HEKOTOPas BHYTPEHHSi TOUKa 3TOH ob6aacrn. OnuweM wu3 3T0#
TOYKM KaK N3 LEHTPa OKPYXKHOCTb paauyca R; UEIIKOM Jexanlyio B
obnactu &. Torpa no ¢opmyne Komw .nomyuum
= 1 F©
.7'(20)—-2—“1T S gTz")dQ
CR,

Ho na oxpyxuocts Cg, =2+ Ree’®, nosromy

27 - ’
@) =5 \ FGot Ree®) dap, (161)
) :
Ui
feo=gg \ FOds (1.62)
. CR«

A1a dopMyia HOCHUT HasBaHue (HOPMYAb. CpedHe20 3HAYEHUS ¥ BHIpa-
KaeT 3HauYeHHE aHANNTHYECKOH GYHKHHUH B UEHTPE OKPYMKHOCTH. KaK cpea-
Hee U3 ee TPaHUYHBIX 3HAYeHHuil.

3. llpunuun MakcuMyMa MOXYJA aHAMHUTH4YecKON dYHKuMu. [Tycms
dynkyus f(2) Asasemen anarumuueckoli 8 obsacmu § u Henpepois-
ol 8 3amKnymoi obaacmu 9. Toz0a tau | f(2)| = const, nau maxcu-
Mmasvuse 3navenus | f(2)| 0ocmuzaomes moasko ra 2panuye o6racmu.

HetictBuTenbHas (yHKLUNS ABYX ACHCTBHTENbHBIX NEPEMEHHBIX

|f(Z)I=V112 (x, ) +? x)

MO YCJOBHIO ABJSETCS HENPEpHIBHOH B 3aMKHYyTOH oGaactd. [Tostomy oua
HOOCTHraeT CBOEr0 MaKCHMaJbHOrO 3HaueHus M B KakoU-nm6o Touke

*) Io noBogy yc/oBHI Fénbnepa.cml BBII. 2.
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(X0, Vo) nanHo#t o6aacru. To ects

= i s
M=lfe =1 f0) Ot

=3
[Tpennonoxum, 4TO TOUKA Z,— BHYTPEHHss Touka obaactu 5. Iloctpoum
B obaacty & kpyr K, HekoToporo paamyca R C LEHTPOM B TOUKE 2,

u 3amumeM QOPMyay CpefHero 3HaueHus 1aa 2, w R. Yurs (1.63),
nosyynm

(1.63)

2nM=

25 on )
Sf@dq)l< 1/ do< 2am. )
0 i

CnenoBaresisHo,
25

§1/©) | dp=2nM. (1.64)
0

M3 3TOr0 COOTHOMIEHMS B CHAY HENpepHBHOCTH GyHKuun f() Ha Kom-
Type uHTErpupoBaHus W HepaseHcTsa (1.63) crenyer, uro

|f@Q|=M npn L=2z+Re. (1.65)

He#ctauteasto, no (1.63) dyukuus | f(f)| ne moxer Goite Goabwie M
HU B OJHOH TOYKE KOHTYpa HuHTerpupoBanus. Ecau Mbl npeanonoxum,
4TO B KaKoH-1m6O Touke {, KOWTypa uHrterpuposauus dyukuns |f(Z,)|
crporo Menbwie M, 10 u3 menpepmiBHOCTH |f(§)| crenyer, uto | f(T)|
ctporo MeHbmie M H B HEKOTOPOH OKPECTHOCTH TOUKH g, T. € MOXHO
yKa3aTb OTPE30K [@;, P,] MHTErpUPOBAHUS, Ha KOTOPOM :

| fOI<M—e, &>0
Torna

Slf(c)ldcp SIf(C)|d<P+S|f(§)ld<p+S!f(§)ld<p

(M —&)(pa— (Pl) + M 25 — (9, — )] < 2nM,

yro nporusopeuut (1.64). Hrak, coorHowenne (1.65) nedcTBUTENBHO
uMeeT MecTo. JTO O3HAyaeT, YTO Ha OKPYXKHOCTH paguyca R ¢ uedrpom
B TOUKe 2, GYHKuMa | f(2)| uMeeT NOCTOAHHOE 3HayeHne, PaBHOE CBOEMY
MaKCUMaJbHOMY 3HaueHuio B obsactu &. To xe OyneT uMeTb MECTO W Ha
21060# OKPYWHOCTH MEHBIIEro Dajuyca C IEHTPOM B TQUKE 2, a CJAELO-
BaTeabHO, ¥ BO BceM kpyre K, Tenepb J/erko mnoxasath, uTo 3TO Xe
sHauexue pyHkuus|f(2)| umeer u B MOGOH Apyro#t BHyTpeHue# Touke z*
ob6nacta 9. IlAs 3TOCO COENMHUM TOUKHM 2, ¥ 2* xpuso#i C, ueankoM
nexamel B 06MacTH ¥ 1 OTCTOSHIEH OT €€ IPaHAUbl HE MEHblle YeM
‘Ha HEKOTOPOE NOJOXHTEJbHOE uncio d. BosbMeM TOUKY 2,, SIBAAOULYIOCS
nocaensed obmed touko# kpuso#t C m Kkpyra K, (puc. 1.10). [Tockoabky
| f(2))|=M, 10, mOBTOPAA MPOBEAEHHHIE BhHILIE PACCYXKACHHUS, MOKaKEM,
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uto BHYyTpn Kpyra K; < % ¢ uentpom B Touke 2i pamuyca Ry=d
MOAYAb (yHKUWM f(2) NPUHMMAeT NOCTOAHHOE 3HAUEHHE, PABHOE MaKCH-
ManbHOMY 3HaueHno M. Bsgas Ha kpusoit C TOYKY 25, ABJAOULYIOCH
nocnenHeti obmel Touxko#t kpuBo# C u kpyra K;, ¥ NPOJO/MKAS AaHHBIA
NpOLecc, MBl B pe3yJbTaTé KOHEUHOTO UHCJA IaroB MOJAYYHM, UTO
BHYTpPH Kpyra K, KOTOPOMY NpHHaAJMeXHT TOuKa z*, uMeeT MecTo pa-
BeHCTBO | f(2)|=M, uto n ;

/IOKa3bIBae€T BHICKa3aHHOE YT-
BEPHAEHHE:

Urak, MBl mokasaam, uTO
ecmn | f(2)| npuHumaer Max-
CuMajbHOE 3HauyeHue M B He-
KOTOpOH BHYTDEHHE#l Touke
obnactu, t0 |f(2) |=M BO
Bcelt oGaactu *).

Takum  oOGpasom, ecan
oyukuus | f(2)| He sBasercs
NOCTOSHHOH BesuuyuHo# B 06-
nacTd g, TO OHAa He MOXKET :
LOCTUFaTh CBOEr0 MaKCHMaJb- Puc. 1.10.

HOTO 3HAYEHWS BO BHYTpeEH-

Hux Toukax F. Ho Tak xak ¢yHkuwus, HenmpepbiBHas B 3aMKHYTOR 006-
J1aCTH, AOCTUrAET CBOEr0 MaKCWMaAbHOrO 3HayeHHs B KaKOH-1M6O TOuKe
sTO# o6JsacTy, TO B mocieaHeM cayuyae ¢yHKums | f(z)| AomkHa mocTu-
raTh CBOEr0 MaKCHMaJbHOTO 3HAyeHMsi B FPAHHUHBIX TOYKAX.

B xauecTBe NOC/NENAHET0 3aMeyaHusi OTMETHM, YTO eCAl QHAAUMuU4ec-
xan 8 o6aacmu § hyuryus f(2) He paswa Hyaw KU 8 00HOE mo4Ke

amoil 06aacmil U HenpepsisHa 8 Y, mo uMeem MECmO HPUHUUN MUHI-
Myma modyas smolt pyurxyuu. Ina noKazdrenbCTBa 3TOrO yTBEPKAe-

1
HUA AOCTaTOYHO DaCCMOTPeTb (YHKIHIO q>(z)=m 1 "BOCMO/b30BATLCHA
NPUHIANOM MaKCHMyMa MOAy/s 5Tofi (pyHKUmm.

§ 7. Unrerpaasi, 3aBucsmue 0T mapameTpa

1. AnaraTuyecKkasi 3aBHUCMMOCTb OT mnapameTpa. PaccmaTpusas
narerpan Koww, MBl BUAHM, YTO MOABIHTErpajbHast OYHKUMSA 3aBUCHT
OT ABYX KOMILJIEKCHBHIX NEPEMEeHHBIX: NMepeMEeHHOH WHTerpupoBaHus { u
(UKCUPOBAHHOrO 3HAueHHs mepemeHHOH 2z, Tem cambeiM uurerpan Ko-
UM ABASETCH HMHTECPajJOM, 3aBUCAULMM OT MapaMeTpa 2, EcTecTBeHHO

*) Kak cneayer u3 coorHoweHHud (1.20), B 3ToM clyuae M aprymMeHT aHa/lH-
THUeCKOH (YHKUMH [(2) TaKke COXpaHseT TNOCTOSIHHOe 3HaueHHe B obnacTH ¥,
OTKyZa CliefyeT, YTO eCii MOAYJb aHaNHTHHeCKOH (YHKUMHM MOCTOSHEH B HEKOTO-
poil o6nacTu, To 3Ta PYHKLKSA TOXKNECTBEHHO PaBHA MOCTOSHHOM B AaHHOH o6nacT.
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NOCTaBUTh BOMPOC 06 OOWHKX CBOHCTBAX MHTErpasjoB IO xomnnexcnoﬂ
NepeMenHOM, 3aBUCAIIMX OT HapaMeTpa.

Ilycry 3apaHa QYHKIMA ABYX KOMIIJIEKCHBIX nepemeﬂnbxx *) ¢ (2 b)),
ONHO3HAUHO ONPEAE/JEHHas /I 3HayeHM# KOMIVIEKCHOH nepeMeHHOH 2 =
= x--iy us o6AaCTH ¥ W [ 3HaueHuH KOMMJEKCHOR rnepemeHHo#
{=E+4in, npunapnexammx HekoTropo# KycouHo-rmagko#t Kpusoh C.
BsanmHoe pacnonoxenne o6aacta § u kpusod C Moxer OHTB COBEp-
IIeHHO Npou3BOJbHO. IIycTh (yHKUHS ABYX KOMIJIEKCHHIX NEPEMEHHBIX
@ (2, §) ynoBieTBOpSET CAEAYIOUIM YCJIOBHSIM:

a) @ynryus (2, L) npu awbom 3nauenuu [ = C nsamemcsa awna-
Aumudeckoli gynkyuell z 8 o6racmu 8.

6) @yurgun ¢ (2, §) u ee npoussoauaﬂ (z §) smeanromcsn Henpe-

PHLBHBLMU BYHKGUAMUE MO COBOKYNHOCMU nepeMeHHbtx z, ¢ npu npous-
804bHOM U3MeHenun z 8 obaacmu ¥ u § na wpusoi C.
YcnoBue 6) o3Hauaer, yTO ACHCTBHTENbHAS M MHHMAs YacTH (yHKLMH

%’(z, {) HempephIBHH HO COBOKYMHOCTH NEPEMEHHHIX X, ¥, & 1.

~ Ouesnano, 4To Mpy CcAEJAHHBIX MPEANOJOKEHAAX MHTErpan OT QyHK-
unn @ (2, {) no xpuso#t C cymecTsyer npu moﬁom 2 % u ssasercs
dyHxumuelt KOMIIEKCHOH nepeMeHHOR 2:

F(z)= § 9z DdL=U(x, y)+iV(x, ). . (1.66)

EcrecTBeHHO MNOCTaBUThL BONPOC O cRo#icTBax ¢yukuud F (2). Okasw-
BA€TCsl, YTO NPHU CHENAHHBIX NPEANOJNOKEHUIX OTHOCHUTENbHO (YHKIUH
¢ (2, ) dynryua F (2) neasemcs anasumuueckol hynxyueld womn-
AEKCHOL nepemennoll z 8 obaacmu &, npusem npoussodnyw @yHk-
yuu F (2) moxcro 8wiqucanams npu nomowu oudbgheperyuposanus nod
3HaKOM UHmMe2pana. ' '

Ilas Toro 4roGH HOKa3aTbh 3TO YTBEPXKIEHHE, paccMOTpUM KpHBOH-
Helnbl uHTerpan .

L](x) y)=§:u(x, I E! ”l)dg"""(x, Y E) ﬂ)dﬂ‘

Tak kak, M0 npefnonaoxeHuo, GYHKIUUA 1 ¥ ¥ 0613AaI0T YACTHHIMU NPOU3-
BOAHBIMH IO X M 3, HENpPEepPHBHHMU NO COBOKYMHOCTH II€PEMEHHBIX,
TO uacTHele mnpoussoanbie ¢yHkuua U(x, y) N0 mnepeMeHHbM X, ¥
CYIECTBYIOT M MX MOXHO BBIYUMC/AHTH NP noMouin AuddepeHllnpoBaHus

*) OYHKUHS JBYX KOMILIEKCHHIX IleDeMeHHBIX 2, { ompefedsseTcsl 3aKOHOM,
CTaBALIMM B COOTBETCTBHE KaXKjoi mape 3HaueHH# 2, [ M3 o6JlacTH HX ompeje-
JIEHHSI HEKOTOpoe KOMIVIEKCHOE YHCJO w. Honpoéﬂee 0 QYHKHHAX MHOTHX KOMI-
-MIeKCHBIX TepeMeHHbix cM. [lpuniomenne 3.
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. ) .

101 3HaKOM nHTerpasa *).
Ue(x, y)= S 1dE — v.dn,
c

Uy (%, y) = n,dt —v,dn.
C

Camu dyuxuuu U, n U, a8amioTcs HenpepsiBHbIME (PYHKUUAMHA TNepeMeH-
HBHX X, ¥ B oBaacta $**). Ha ocHoBaHuM aHaMOTHYHBIX CBOHCTB (YHK-
unn V(x, y) u ucnousays ycaosus Koun — Pumana nas ¢ynxuun ¢ (2, §),
noJay4uM -

Vy(x, )= v,dE+uydn = Jusdt—vin = U, -
C

: (1.67)
Vi(x, )= S VdE 1, dn = — S uyd§ — ‘Uydt‘] = Uy-
C . C

Takum oOpasom, gas F (z) Bunosnenn ycaosus Kowwm — Pumana (yacr-
Hple npoussoannie ¢yHkun#t U(x, y) nu V(x, y) HenpepeiBHB U CBA3aHHI
coorHomenusMu (1.67)), urom nokaseBaeT aHaauTH4HOCTL F (2) B OOC-
aacta & ‘ '

3aMeTuM, 4TO

F’(Z):Ux(x, y)+lvx(x> y)= . v :
= § w,dE —vxdn+i§ ydE - n,dn = g W Ot (168)
P

OTciona CAeAyeT BO3MOXHOCTb BBIYUCIEHUS MPOUIBOAHGH OT HHTErpana
nyreM auddepeHposanns NOAWHTErPaJbHOR (YHKUMH 0O MapaMeTpy.

Ilpu arom, ecau 5‘5 YROBJNETBOPSET TEM Ke YCJIOBHSM a) m 6), uTo H

@ (2, §), To F (2) Takke sABIsSETCA aHAIMTHYECKOH (yHKumelt B o6aactu F.

2. CymecTBOBaAHHE NMPOHU3BOXHBIX BCeX MOPSNKOB y aHAJAUTHYEC-
Ko#l ¢yHKnuu. PaccMoTpeHHOe CBOHCTBO MHTErpanoB, 3aBUCSAILUX OT Napa-
MeTpa, IIOSBOJISIET YCTAHOBUTh BAXKHHIE XaPAKTEPUCTUKH AHANUTAYECKUX
¢yukumit, Kax wmbl Bunmesu, 3nauenune o¢yHkumu f(2), aHaJuTHYECKOH
B HeKoTopo# o6saactu ¥, orpanuuenHo#t xourypom I', u HenpepbisHOH

B 3aMKHYTOH 06JacTd &, BO BHYTPEHHHX TOUYKaX 3TOH 06JacTH MOXET
ObITh BHIPAXKEHO Yepe3 rPaHUyYHBIE 3HAYEHUs C MOMOLIBIO MHTerpada Koum:

f(z)=§lt—i§£i_%d§. (1.69)

PaccMorpuM B o6mactd & HEKOTOPYIO SaMKHYTYl0 momo6iacth &,
paccTosHue BCEX TOYeK KOTOpo# or rpannusi I' obGnacru § Goablue

*) 06 ycnoBHAX NH((pepeHIPyeMOCTH N0 NapaMeTpy HHTerpana, 3aBHCAIIEro
oT mapaMeTpa, cM. Bbim. 2, ra. 10.
**) Cm. BhIN. 2, ra. 10.
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HeKOTOporo nosoxkuTessnoro uucaa d (| z— ¢ =d > 0). Pynxuus

0@ =2

ABASETCH aHanMTHuecko#l dyuxuned z B obaactn F’, mpuuem ee uactHad

NPON3BOAHAS %‘—E = (,f (L))2 B 9TOH 06a1acTy ABJAETCS] HEMPEPHIBHOH (DYHK-
une# CBOMX aprymeHtoB. Tem CaMbiM B CHAy OGHIMX CBOHCTB HHTErpa-
7I0B, 3aBHCALUIAX OT MapaMeTpa, BO BHYTPEHHHX TOUKax obaactu ' mpowus-

BoaHas f’(2) moxer ObIThb NpEACTaB/IeHa B BHIE

£ @) =5 S % dg. ©(1.70)
ARG

21

Wnterpan (1.70) onats sBJSETCS MHTErpajoM, 3aBUCAIMM OT NapaMerTpa,
NPUUEM €ro NOABIHTErpanbHas (YHKUNR 0ONalaeT TEeMH KEe CBOWCTBaMH,
YTO W MOAMHTErpa/ibHas ¢ynxuus uurerpasa (1.69). Caenosarensuo, f'(2)
SBASETCA aHANUTHUECKON dyHKimeld z B o6nactu ¥, mpuuem Ans ee mpowus-
BOALHO# crpasedausa opmyna

1"@= oot S 25sdt. (171

Taxk kak a4 moGOH BHYTPeHHelt Touku 2 of6aacTh § Moxer ObTh

NOCTPOEHa COOTBETCTBYIOWLAs 3aMKHYTas Moa06aacTh &', 1o dopmyas (1.70)
u (1.71) cnpasepausnl B moGoi Touke 2. Mmeer mecTo m Gonee obuias
Teopema.

Teopema 1.9. Ilycms @pyuxyus f(z) seasemcs ararumuiecrol
8 obaacmu & u Henpepu8noi 8 3amrnymoii obaacmu 5. Tozda
80 BHYmpeHHUX mouKax obaacmu & cyuwecmsyem npoussodnas 1106020
nopadxa gynxyun f(z), npuwes 041 Hee umeem mecmo gpopimyia

1o @=5z { ghgm. (172)
r

JIlas  jgokasatesnbcTBa 3TOM TEOPEMBl JOCTATOYHO NOBTOPHMTH IPEMbI-
Aylulue paccyxJeHns COOTBETCTBYIOLLEE YHCJIO pas.

Wrak, ecan dynxums f(z2) sBasercsa aHaJIuTHueCKoR yHKuue# B 06-
nacti 9, To B 3T0# oOnacth (ynkuus f(2) 06namaeT HenpepbIBHBIMHU
NPOW3BOAHBIMH BCEX TMOPAAKOB. ITO CBOHCTBO aHAJAMTHUYECKOH (YHKUWA
KOMMJIEKCHOR TLiepeMEHHOH CYIUECTBEHHHIM O6Pa30M OT/INYAET €€ OT (yHK-
uun AelcTBUTE/NbHOH NepeMeHHOH, uMeuLel HeMPEPHIBHYIO NEPBYIO NPOU3-
BOAHYI B HEKOTOpoH o6.actu. B mociesneM cayyae us CyuiecTBOBaHus
nepsoft NPowsBOAHOH, BOOOLIE TOBOPSH, HE CJEAyeT CYLIeCTBOBAaHHE BbIC-
IIMX NPOW3BOMAHMIX. :
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PaccMoTpuM  Psii BaXHBIX CAENCTBMH YCTAHOBJIEHHOrO CBOHCTBA aHa-
AUTHYECKOH (PYyHKUMA KOMIUVIEKCHON NEepeMeHHOH.

Teopema 1.10 (Mopepa). [lycms dynxuus f(z) ssagemcs
HenpepbLgroll 8 00r0c8A3HON 06racimu & u unmeapanr om f(z) no awGory
3AMKHYMOMY KOHMYPY, UEAUKOM Npuradiesxcausemy ¥, pasen wyiw.
Toz20a f(z) asasiemeca anamumudeckoii @ynKyuel 6 obaacmu 5.

dokasateabcTBO. Beiue¥*) 66110 NOKa3aHO, UTO MpPU YCJIOBHAX

TEOPeMbl (PYHKUHS
2

F)={f@d

2,

Tle Z, ¥ 2 —MpOW3BOTbHEIE TOUKM o6nacta §, a wuurterpan Gepercs
no oGoMy NyTH, COCAUHSIOWEMY 3TH TOYKH B 06JacTH %, ABJASETCS aHa-
JIUTUYECKON B 9TOH o6nacTh dyHkuuel, npuuem F'(2)= f(z). Ho, kak
TO/ILKO, 4TO OBIIO YCTaHOBJIEHO, MPOU3BOAHAS aHAMMTHYECKOH (YHKUUH
TaKXKe SBJSETCH aHaJMTHYECKOH (DYHKUMEH, T. e. CYWECTBYeT Henpepbis-
Hast mpousBoxHas ¢yHkuuu F’(2), a umenHo ¢yHkuus F”(2)=f'(2), uto
W JIOKa3bIBAaET TEOPEMY. :

OrMeruMm, uyto Teopema 1.10 sBaseTCS B ONpELENEHHOM CMbICJIE
obpatHott o0 orHoluennto K TteopeMe Kown. Ee aerko o6o6wuts u Ha
MHOTOCBSI3HBIE 00J/1aCTH.

Teopema 111 (Jluysuann). [ycms Ha Bcell Komniexcrodl
naockocmu ynryus f(2) nsagemcs awaaumudeckod, a ee ModyAas.
pasromeprno ozparusen. Toz20a asma dyuryus f(2) moocdecmsenno
pasHa nocmosxHol.

HokasaTenabcTBO. 3anuiueMm 3HaueHue npoussomxuod f’(2) B mpo-
¥3BONBHOH TOUKE 2z mo dopmyae (1.70): ’

' rem 1 f (@)
: F@=5 S'(f—_—z—)de)
Cr

npUYeM MHTerpupoBaHne GyneM BeCTH IO OKPYXHOCTH HEKOTOPOro
paguyca R ¢ ueHTpoM B Touke 2, T. €. |{— 2 |=R. Tlo ycaosnwo Teo-
peMbl CynlecTByeT Takas KoHctaHta M, uto | f(§)| << M uesaBucumo ot R
Iloatomy
. 1 [F@1
If (<5 g e ds<

(R

.

M
R

Tak Kak pamuyc R MOXHO BHOpPAaTb CKOAb YrogHo GosbwaM, a f 2
He 3aBHCHT OT R, 70 |f'(2)|=0. B cuny npoussoabHocTn BhGOpa
TOUKH 2 3aKJ0yaeM, uTo | f’(2)|==0 Ha Bcel KOMMIEKCHOH MIOCKOCTH.
Orciona crenyer, uto f(2) == const.

*) CM. 1eopemy 1.8 cTp. 44.
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B § 4 Mt BBeqw TpuroHoMerpuueckne (YHKIHU KOMIIEKCHOH Iepe-
MEHHOH W TOKa3ajaW, YTO OHM SIBASIOTCA aHANMTUUYECKUMH (PYHKUMAMH
Hd BCEH KOMIIEKCHOH RJAOCKOCTH. B cnay TOnbKO uTo ROKasaHHOH Teo-
peMsl 3TH yHKUUE He MOryT ObTL PaBHOMEPHO OrpDAHUYEHH Ha BCel
KOMIIEKCHOH muockoctd. Orciona, B YaCTHOCTH, C/AERYeT, uTO HalayTcs
TaKHe 3HaYeHWss KOMIVIEKCHOHM NepeMeHHOR 2z, M KOTOPHIX

|sinz|>1. . o (173)
ITUM TPUrOHOMETPUYECKHE (PYHKLHM KOMMJIEKCHOH mepeMeHHON cyuiect-

BEHHO OT/HYAIOTCA OT COOTBETCTBYMILMX (YHKUMH AEHCTBATENBHOM mepe-
MEHHOH. -



FrTABA 2
PSILbl AHAJIMTUYECKMX ®YHKLIMI

B Hacrosmie#f riaBe GyAyT pacCMOTPEHBI OCHOBHEIE CBOHCTBa (yHK-
IFOHAJIbHEIX PAAOB, UY/JEHB KOTODBIX ABJSOTCS (YHKUMAMU KOMIJIEKCHOH
nepemennott. Ocobylo pojb B Teopunm (yHKUMH KOMIJIEKCHOH MEpeMeH-
HOH WrpaloT psAbl aHANUTHYECKUX (YHKUHH M, B YaCTHOCTH, CTENEHHHIE

[e )]

paAs BHUIA Z €, (2 — 29)", rOe ¢, —~ 3ajaHHEIE KOMIJIEKCHBIE IIOCTOSH-
n=>0

HBle, 2o — QUKCHPOBaHHAA TOYKA KOMILIEKCHOH naockocTd. Msyyenne stux

PANOB OKa3hIBa€TCA BECbMa CYHIECTBEHHBIM KaK [/ BHSCHEHUA pAna

O0LMX CBOHCTB d)yHKLlHﬁ KOMIJIEKCHOH nepeMeHHOH, TaK # AJd peuleHus

pasAMYHBIX 33/aY4, CBA3AHHHIX C NMPHAMEHEHHEM METOAOB TEOPHH (YHKUMH

KOMIJIEKCHO# MepeMeHHOH, '

§ 1. PaBHOMepHO cxonsimuecs pAxb yHKuHi
KOMIIJIEKCHO# nepeMeHHOMU

1. Yncaossie psanpl. Haunem ¢ paccMoTpeHusi HEKOTOPHX 0O0mux
CBOHICTB YMCJAOBHIX PAKOB € KOMNJEKCHBIMM WYJEHAMH, T. €. BHIPaXEHuH
BHAA

3 a - @1)

rie {a,} —3amanHas 4MCAOBAA INOCAEAOBATENLHOCTh C KOMIVIEKCHBIMU
YJCeHaMHMU.
Pgd (2.1) Ha3ei8aemess cxodauumcs, ecat cxo@umc;z nocaedosa-

measnocms {S,} e20 wacmuunmx cymn S,= Z a,. Tlpn stom npe-

aen S noc/ienoBaTebHOCTH {S,,} HasblBaeICH cy.»mou pada (2.1). Pan
(o]

Z ak HasbiBaeTCs n-# ocmamxos pada (2.1). B cayuae cxonmsuie-

k=n-+1 ,
rocsl psoa CyMMy ef0 n-ro ocrarka 0G03HAayalT r, U OOGBLIYHO TaKxKe

HasbiBalOT ocrtaTkoM psaga (2.1). Hdaa cxopswerocs paga S=S,+r, u
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oas  moboro €>0 MOXHO yKasaTh Taxkol Homep N, urto |r,|<<e
npu n=N. W3 onpenenenns cxonduierocs psama cJenyer, uro Heobxo-
JIUMBIM M JOCTATOYHBIM MNPHU3HAKOM €TI0 CXOIMMOCTH SIBJSETCS Kpumepuil

Kowu *). A umenno, psag (2.1) cxoauTcs TOrA2 W TOABKO TOTAa, €C/H
n+p

aas moGoro &€ >>0 MoXHO yKa3aTb Tako# Homep N, uTO Z ap|<<e

npu n=N u mo6OM HaTypaJbHOM p.
Heobxodumbin ycaosuen cxodumocmu pada (2.1) ssaserca Tpe6o-

BaHue lim a,=0. [leiicrBuTe/bHO, U3 CXOAWMOCTH S5TOr0 psna, B CHIAY
n— oo

kpurepns Kowmmn, crepyer, uto ans mo6oro € > 0 MOXKHO yKasatb Takoe N,
uTO |@p+p[=|Sp+1—S,|<<e nmpu n=N.
Ecau cxopuTcs psan
(oo}
2l a] N O3]

k=1

C JeHCTBUTENBHBIMU MOJIOXUTENBHBIME UJEHAMH, TO, OYEBUAHO, CXOMUTCH
n pag (2.1), KOTOpHH B 3TOM CJyyae Ha3BIBAaeTCd abCOAOMHO ¢X005-
wumcs. OnHuM U3 wHanbosiee 4acTo ynoTpeb/seMbiXx Cnoco6OB HCCIENO-
BaHMg CXOAMMOCTH Dsiia C KOMIMJEKCHBIMM uJeHaMu SIBJASETCs paccMoTpe-
HUe psga C AEHCTBATENBHBIMA UWIEHaMH, SIBJSIOLLMMACA MOLYJAAMH UJEHOB
ucxoanoro psama. Kax ussecTHO *¥), NOCTaTOYHBIMH NPU3HAKAMA CXOLU-
MOCTA pfla C JAEHCTBUTEJbHBLIMH MOJOXHTEJbHBIMH WJIEHAMU SBJSIOTCH
npusrarxu Harambepa u Kown.

Cornacno npusHaky [asnamGepa pan (2.2) cXomuTcsl, €Ca#, HayuHas

a
-%l < !<<1 pas Bcex n=N.

OTMeTuM, YTO €CJH, HayuHasg C HEKOTOporo HoMepa NN, OTHOLIeHue
Qn 1

C HexkoToporo HoMmepa N, OTHOLIEHUE

=1, 1o paa (2.1) ¢ KOMIIEKCHHMH YJeHaMu pacxogurcs. [eitcr-

an .
BUTE/JBHO, B TOM cJaydae Bce unaeHsl psaga (2.1), Hauunas ¢ ay, yOOB-
JIETBOPAIOT COOTHOWIEHHIO |a,|=|ay|# 0, T. e He BHIIOMHEH Heob6xo0-

IUMBIA NPU3HAK CXOLUMOCTH psla.

n
Cornacro npm3naxy Komm pap (2.2) cxomures, ecmn V| a, |<<g<<1
nas Bcex n==N. Ecau, Hauunas ¢ vexoroporo N, mas Bcex n == N umeer

MECTO COOTHOUIEHHE ]n/ |a,| =1, to paa (2.1) pacxommurcs.

2. ®ynxuuonaianHrie psap. Pasnomepnas cxomumocTs. Ilepeitnen
Tenepb K PpacCMOTPeHMi0 (YHKUMOHANBHBIX pANOB, YJEHAMH - KOTODBIX
ABASIOTC (DYHKUMM KOMIIEKCHOR nepemensott, ITycts B oGaactu & onpe-
Jdenexa OeCKOHEYHass MNOCJENOBATENbHOCTh OJHO3SHAUHBIX (PYHKIUH KOMII-

*) Slpnsomuics [pAMbIM cnencmnem Kputepuss Komu CXOXMMOCTH HHCJIOBOK
noceoBaTeibHOCTH {S,}; oM. cTp. ,
**) Cm. Bhin. 1, ra. 13.



§1] PABHOMEPHO CXOZSIHMECS PsIobl ®YHKLUHI 59

JexcHO# nepeMenso#t {i, (2)}. Bripaxenue Buna
[eo]

D) . (2) » (2.3)

n=1

GyneM HasbiBaTh OyHKYuOHabHbLM. psdox. Ilpu duxcupoaHHOM SHa-
wennu 2, & ¥ pan (2.3) npespawaetcs B 4MCA0BOR paa Buma (2.1).
dynryonarsralll psd (2.3) Ha3sBaemcs cxodsuumcs 8 obracmu 3,
ecau npu awbom z Y coomsemcmsynuul emy 4ucro8oll pad cxo-
oumcs. Ecam pan (2.3) cxomaurcs B obaactn &, TO B 3TOH oO6aactu
MOKHO ONpeNeJuTh OJHO3HauHyl OyHKUMO f(2), 3HaueHue KOTOpOH
B KawaoH Touxke 06aacTy § paBHO CyMMe COOTBETCTBYIOILETO YHCJIOBOrO
paga. dTa QyHKius HasbiBaeTcs cymmoil psda (2.3) B obnactn §. B cuny
JallHBIX ONpeleseHuit B 3TOM c/ayyae Aas MoGo# (UKCHPOBAHHOH TOYKH
ze & n moGoro 3alaHHOIO MOJOXHKTEILHOTO UYHCAZ € MOXHO YKa3arTh
Tako# HoMep N, uTO
n
| f()— D u(2)|<e mpu n=N(e, 2).
k=1

3ameruM, uTo B obmweM ciayyae N 3aBUCHT M OT € U OT 2.

B rteopuu psaos GyHKUME KOMIIEKCHOH mnepeMeHHOft, TaK Ke Kak
W B CIydae AeHCTBUTENLHOR mepeMeHHoH, 0co6yio pOJb UrpaetT NOHsTHE
paBHOMepHO# cxomumocTu. Hanpumep, xak NOMHUT 4uTATENb U3 Kypca
ananusa ¥), cxopsawuiics paia HENPEPHIBHBIX (DYHKUMH JaleKo He BCeraa
CXONUTCS K HenpepoiBHOH ¢yHkuuu. B To e BpeMa CyMMa paBHOMEPHO
CXOASILErocss Ppsifa HenpepuBHLIX (YHKUME BCErAa sBJAETCA HENpephis-
no#t (ynkuue#. PaBHoMepHO cxodsuivecd pAZH (QYHKUUH KOMIIEKCHO#
nepeMeHHOH, TAK e KaKk M B CJyyae AeHCTBUTEIbHOH nepeMeHHOMH, obJa-
HaloT PAAOM BeChbMa BaxHBIX CBOHCTB, K M3YYEHHIO KOTODBIX MBI U Iepei-
neM. Haynem ¢ onpenenenus.

Ecau 0as 4106020 HORONCUMEABHO20 HUCAQ & MOICHO YKA3AMb
maxol nomep N (g), umo npu n= N (g) nepasencmso

n

1f— D m@<e

k=1

svinoansemest cpa3y 04s 8cex mouex z obracmu %, mo pad (2.3)
HA3b6L8AEMCS PABHOMEPHO CXO0SUUMCA 8 obracmu &.
@

OG6osHauMB I, (2)= D, 1 (2), YC/IOBHE PABHOMEPHOH CXOLUMOCTH
k=n41
psama (2.3) MoxeMm sanucath B Buge |r,(2)|<Ce npu n=N(e). Huxe
6yaeT yCTaHOBJAEH PAA CBOMCTB DABHOMEPHO CXOISIIUXCA PSIOB.
YkaweM BaXubM /s NPUAOKeHHH LOCTAaTOYHBIH IIPU3HAK PaBHOMEp-
HOH CXOANMOCTH.

*) Cm. Bum. 2, crp. 300,
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Ipusnax Beiiepwumpacca. Ecau 8ciody 8 obracmu § uaens
@yHKyuorassrozo proa (2.3) mozym Obimb MANCOPUPOBAHHL 4 ACHAMU
abcormHuo cxodaue2ocs 4ucao8o20 psda, mo pad (2.3) cxodumcs

pasromepro 8 obaacmu 5.
Hokasareanctso. [lo ycaosuio umeeT MECTO paBHOMEpHAs OLEeHKa
1, @) | <|as), 2€ 5. . 24)

. [o o]
Tak kak pan Z |a,| cxomurcst, To Ana moGoro €=>0 MOXHO yKa3aTb
n= l '

takoe N, urto 2 |ap|<<e npm n>N Ho B cuny (2.4) B o6nactu

E=n+1
& uMeeT MecTO HepaBeHCTBO
- o8] . oo [>e]
3 w2 < N lne< Y lal<e
-—n-l-l k=n+1 k=n+1

npu n= N, 4ro u ,uoxasbmaer PaBHOMEPHYI0 CXOAMMOCTb psaa (2.3)
B oGractu 5.

Cnenyer uMeTh B BMAY, uTO npus3Hak BeHepmrpacca sBasercs Juimib
JAOCTaTOYHBIM MNPUSHAKOM pasHOMepHOH cxoaumoctd. Mmeer mecro cae-
ayoownit HeoGXoaMMBIE ¥ AOCTaTOUYHBIH MpuU3HAK paBHOMEPHOR CXOau-
MOCTH. )

Kpumepuli Kowu. [as mozo wmobn psad (2.3) cxoduscs paswo-
Mepro 8 obsacmu 5, Heobxo0umo u docmamouno, 4mobs 041 .4KQ0020
€ >0 cymecmsosasro maxoe N (g), 4/m0O 00HOBPe MEKHO 80 BceX MOY4-
Kax obaacmu $ 8bNOIHAEMCH COOMHOULEHUE

) lSn+m (z)_Sn (z)|<8 ' (2'5)
npu n=N u 048 2106020 HAMYPALLHO20 I,
Jokasarenbcrbo. 1) Heo6xoanumocrte. HMa pasHomepHO#

cxoiaumocTi paga (2.3) creayer, uto aas nAwboro &€ >0 MOXHO yKas3arb
Takoe N (€), UTO BO BCEX TOUKax Z 06/1aCTH § UMEIOT MeCTO HepaBEHCTBa

If@=8@ <5, 1f()=Sun()| <y

npuy n=N u 119 moBOro HarypaJbHOro m, OTKyAa u caepyer (2.5).
2) HocrarounocTb. M3 coorHomenns (2.5) B cumy Kpurepus

Kown ans uucioBo# NOCAEAOBATENLHOCTH C KOMIIIEKCHBIMU ujieHaMu *)

c/ellyeT, uTO NpU J/I060M (GUKCHPOBAHHOM 2 € ¥ MOC/IeL0BaTENbHOCTD

{S.(2)} sBaserca cxonpsmefica. CaenosarenbHo, np Bhinoanenuu (2.5)

psm (2.3) cxomutrcas B ob6aacty & K HekOTOpOH dyHxkumu [f(2) =
= lim S, (2). Ho B cury (2. 5)

n—o

lim | Spem (2) =S4 ()| =| £(2) = 84 (2) | <& 1npu =N (e)

m — oo

*) Cm. ra. 1, crp. 19,
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BO BCeX TOuKax obaacTn ¥ OJHOBDEMEHHO, YTO M JOKa3bB&ET DABHO-
MEPHYI0 CXOnuMOCTh psana (2.3) B oGaacrtu 5.

3. CeoilcTBa paBHOMepHO cxomsumuxcs paxoB. Teopemb Beitep-
mrpacca. IlepeiineM Tenepp K paccCMOTPEHHIO Hexoropux o6umx
CBOKCTB P2BHOMEPHO CXOASAIIUXCS PAMLOB.

Teope.ua 2.1. Ecaun gynrxyuu u,(2) Henpepsishal e obaacmu 5,

a pao Z i, (2) cxodumes 8 smoll obracmu pasSHOMEPHO K wymmau
n=1
f(2), mo f(2) maroce Henpepsi8na 8 obaacmu 3.
HorkasatenbcrBo. Paccmorpum Bhipawenue | f(z2 +Az) — f(z)
(€ TOYKH 2 W z—l—Az npuHapgexar obaactu &. B cuay pasHomepHo#

CXOIUMOCTH pffa Zun(z), ans moboro &0 MOXHO yKasath TaKoe
n=1,
N, 4TO OIHOBDEMEHHO MMEIOT MECTO HEPaBEHCTBA

N N
f(z+4+A2)— zuk(z-}-Az) <%, f(@— Zuk(z) <-§- 2.6)

k=1 . k=1

aas mo6HX TOYeK 2 W 2z-+ Az, npuxapaexamux obaactu $. B cuny
HENPEPHIBHOCTU (PYHKUAH w1y, (2), B M060H TOUKE 2 & ¥ 1As 3aAaHHOrO €
W BHOPaHHOTrO N MOXHO yKasaTh Takoe § >0, uTo

N ’ N

Yue+a— Y u@|< Z |t (2 +A2) — 1 (2)| < & (27)

k=1 k=1 k=1

npu |Az|<<8. U3 (2.6), (2.7) u u3 Toro, utoO MOIlYJlb CymMMBl Me Upe-
BOCXOLUT CYMMY MOAyJeH, creayeT, uro s Jmo6oro & >>0 MOXHO yKa-
satb Taxoe 6, uto |f(z2+Az2)—f(2)|<<e npu |Az|< 8. A10 u moka-
3bIBaeT HENpPEPHBHOCTL (yHxnuu f(2) B obaactu 9.

Teopema 2.2. Ecau psd (2.3) nenpepsionoix ghyuxyui u,(2) cxo-
dumcs pasromepHo 8 obaacmu & k @yuxyun f(z), mo unmezpas om
smoll Gynruun no Aw00oik Kycouro-2aadkol kpusoli C, yeauxor aexca-
well 8 obracmu §, MONCHO BuLHUCAUMb NYMeEM NOYACHHO20 UHmMe2pu-
posanus psoa (2.3), m. e.

{f@d;= Z fun @ dt.
C =1C

JokasarteabcTBO. Tak Kak pan (2.3) cXoduTcs PaBHOMEPHO, TO
st moboro 3amanHoro € >0 MOXHO ykasarh Takol HoMep N, uro ass
Bcex TOuek (& I

[ra(@)| < mpu n=N(e),
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rie L —nauna ayru xpuso#t C. Torma

an(ﬁ)dCIQSlfn(C)d§|<e,
& | ¢

n

(fQdz— X §un(c)d¢|=

[ k=1

YyTO U HNOKAa3bIBAET TEOPEMY.

OTMeTuM, UTO CBOHCTBA DABHOMEPHO CXOISALIMXCHA DAJOB C KOMIVIEKC-
HEIMM ujleHamu, copmy.aupopaliHbie B TeopeMax 2.1 m 2.2, cosepiueHHO
aHaJIOTHYHbl COOTBETCTBYIOIIUM CBOHCTBaM YHKIHOHAJbHBIX PSAAOB C
neficTBUTEBHBIMHA  UJIEHAMH, W NPOBEAEHHbIE NO0Kas3aTeJbCTBaA cpaxmqecxn
NOBTOPSAIOT AOKAa3aTeJbCTBA COOTBETCTBYIOLINX TEOPEM aHaJu3a *)

" Ilepefinem Temepbh K PacCMOTPEHUIO BaXKHEHIIErO CBOHCTBA PaBHOMEPHO
CXOMAIINXCS DPSLOB, XapaKTEPHU3YIOUIEro MNOBEAEHHE PAla, YJEHAMH KOTO-
pOro SIBJISIOTCS AHAJNTHYECKUE (DYHKUMUU. :

Teopema 2.3 (meopema Beliepumpacca). [Tycms gynxyuu u, (2)

oo}

ABARIOMCS arasumudeckumu 8 obracmu 9, a paoi Z u, (2) cxooume
n=1 .
pasromepro 8 a000k 3amknymoll nodobracmu 5" obracmu & K gyHK-
yuu f(2). Toz0a:
1) f(2) ssanemcsn anamumuseckoll gynxyuei 8 obracmu 3.
[oo]

2) fP @)= X ub ).

n=1
o

3) Pﬂanzlugf) (2) cxodumcs pasHomepno 8 A060L 3aMKHYMOL
nodobaacmu & obaacmu 9.

NoxasateabcT1Bo. IIpoBenem nokasatenscTBO KaXAOrO U3 BHILIE-
NEPEYUCIEHHBIX YTBEPKIEHUR.

1) PaccMoTpuM NpOHM3BOJIBHYIO BHYTPEHHIOI TOUKY 2o & & u mOCT-
poUM OAHOCBsI3Hyl0 noxoGaacte ¥ oGmactu ¥, comepauiylo TOUKY 2,
BHYTDH. :

B cuay Teopemn 2.1 f(2) sBasercs HenpephiBHOM (yHKuue# B o6aa-
cru §. PaccMorpuM wunTerpan or f(2) no npousBOJLHOMY 3aMKHYTOMY
koutypy C, uenukoM sexaiemy B o6mactu §. Ilo Teopeme 2.2 stOT
UHTErpa/Jl MOXHO BBIUUC/IUTL ITYyTEM IOYJIEHHOIO MHTEr pupoBaHus psasa (2.3).
Torga B Cuay aHaJUTHYHOCTH QYHKUMH 1, (2) mOJayuuMm

o

{f@de= 3 {u. @ ag=0.

-
C n=1C

Tem camblM BHINOJHEHH BCe ycaoBus TeopeMsl Mopepa. CnenosaresnsHo,
f(2) — dynkuus aHaauThyeckas B okpecTHocTH ¥ TOUKM 2, B cuny
NPOM3BOJLHOCTH BHOOPa TOUKH 2 OTCIOAA CEAYeT aMAMMTHYHOCTH f(2)
8 o6nactu &. 3ameruM, uTo A1 /ijoGOr0 HaTypaJbHOrO uucaa 7 dyHx-

*) CM. Bu. 2, L. 8,
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[ee) n
st r,(2) = Z 1;(2)=f(2)— Z u;(2), npeacrasagiomas Cco6o#
i=n+1 =1
cyMmy Koneru-xoro+ Yucsa anannmuécxux (yHKURH, TakxKe SABAAETCH aHa-
auTHueckolt ¢yHkuue# B obaactn .

2) dukcupyem NPOUIBOJLHYIO TOUKY 2o & F u BHOEPEM NPOM3BOJb-
nBH 3aMKHYTBIE KOHTYp C, UeJuKOM Jewau#l B NOCTPOEHHOH BhILIE
nopo6aactu & u comepxawui TOYKY 2, BHYTpH. MuHuManbHOe paccrod-
HHE OT TOYKH 2, 10 KoHTypa C oGosHaunmm uepes d. PaccMoTpum psax

QN ()

(Z—Zo)kﬂ —n l(z_zo)kﬂ .

Tak xkak min |2—2,|=d >0, T0 3TOT paK B CUAY YCIOBUH TEOPEMEHI
zecC
cxoputcs pasHomepHo Ha C. IToatomy, nponﬂrerpupoaaa ero Mou/eHHO

no kourypy C u BOCIOJb30BaBIUNCE

BHID@XEHHEM  NPOW3BOJAHOH aHanUTUYe-

cko# QiyHKuMA uepes uHrerpaa Kouwrm,
co

noayunm f9 ()= ] u¥(z,).  Tax
Kax zo—nponaaonbugﬂ 'II‘O‘lKa obnactu 9,
TO yTBep:KJeHHe 2) JI0Ka3aHo.

3) PaccmorpuM nmpoussosibHy0 noA- |z-¢|>d
obnacte ¥ obnactd ¥ u nOCTPOUM B 06-
nactn & 3aMKHyTH# KoHTyp C, coaep- Pue. 2.1.
wWamuh & BHYTpH, TmpuueM Tak, uTOGHI A
paccTosHMe OT TNPOM3BOJBHOH  TOUKH 2=¥ 1o mobo#h TOuKHM
{e=C 6ua0 6bl HEe MeHbIiE HEKOTOPOTO IOJNOXKUTEAbHOro uuciaa d,
|z—¢|=d>0 (puc. 2.1) (oueBunHo, a1 moGoit nomo6racta & obna-
ctu & HalipyTca coorsercrsyomne Kouryp C u uucio d). Tak Kak 7, (2)

ABNAETCA aHANNTHUUECKOH ¢yHKuued B F, TO mas aw06ok Toukn z & &

l .
HUMEET MEeCTO COOTHOILEHUE (,k—m. S @f_%?ﬁ@: r(® (z). Ipuuem, cornacxo

TOMLKO YTO JOKa3aHHOMY yTBepxieHmio, riP (z) npemcrasaser coGoH
- (oo}

0OCraToK psma Zuﬁf) (2). B cuny paBHOMepHOH CXOAMUMOCTH HCXOIHOTO
=1
- ‘n
psaa Z i, (2), nng moGoro € >0 MOXKHO YyKa3athb Takoe N, uTO Ha
n=\
koutype C npu n=N wuMeeT MECTO paBHOMEepHas OUeHKa |r,({)|<<C

‘)nd +1
~gi[—» "Ae L—nmma woutypa C. Torna

|r® ()| < ' I.Z&E(%%ds<e
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a8 BCex "z & .Y oQHOBpEMEHHO, YTO M J[OKa3biBaeT . yTeepxmuenne 3).
Hpnaeneuuoe JIOKA3aTe/NbCTBO OTHOCUTCA K CJay4alo 0oAH0CBA3HON o6na-
cru. 9. Caysail mucrocssasuoll obnactu paccmarpnsaerca AHAJIOTMYHO.
Hrak, Teopema noxasaHa.

3aMeThM, YTO NpPUMEHEHHBIAi METOH [O0KasaTeabCTBA INO3BOJSET NOKa-
3aTh PaBHOMEPHYIO CXOAMMOCTb DSJa K3 MPOU3BOAHBLIX JHWDbL B M06OH

3amKrymoil nodobractnu ¥ obnactu &, name ecau ucxomHnifi pan (2.3)
CXOLUTCA PaBHOMEPHO ¥ B 3aMkHYTOH ofaactu. Kak nokasmisaror npo-
CThie NpUMEpHl, U3 paBHOMEPHOH cxoaumocTd psga (2.3) B 3amkHyTO#

obracTu ¥ ue cJeLyeT paBHOMEpHas CXOAUMOCTb B 3TOH 006JacTH psia,

[oo]
\ o7t
COCTaBNEHHOrO W3 npoussoaHuix. Hampumep, psan 2 % CXOIHUTCSl PaBHO-
n=1 -
: N N 2n1 '
MEPHO B prre lz]<<1, a pan . COCTaBJICHHBI H3 IPOH3BOMHBIX
n=1
4IEHOB HCXOAHOI'O Ps/la, HE MOXKET CXOJMTHCA PABHOMEDHO B Kpyre | 27| <
=< 1, tak KaK OH pacxogutca npu 2= 1. Takum o6GpasoM, yTBepxIeHHe
NyHKTa 3) TEOpEMB O pPAaBHOMEPHOR CXOAMMOCTH DPsa, COCTaBJIEHHOro
43 NPOMSBOAHBIX, JHLIb B 3aMKHYTOH nomoGJacTd ucxonHo# o6JacTu He
MOXeT ObTb, BOOOLIE TOBOPS, PaCHIMPEHO.
Cnenaem eme omHO 3ameuanne. Ilpn fokasateqbcTBe Teopemsl 2.3
Mbl INPENMNOJaraJ¥ PaBHOMEPHYI CXOAMMOCTb psfa B mMo0o#t 3aMKHyTOH

noao6sacT ¥ o6nactn %. SIcno, uTo TéopeMa TeM Goaee 6yneT uMeTb
MeCTO NpH yCJIOBAM PaBHOMEPHOH CXOAUMOCTH pina (2.3) B 3aMKuyTOH

o6nactu §. Kax NOKa3bIBAaET HIDKEC/EAYIolas TEOpeMd, NOCAENHEE YCJO-
BAE MOXeET OHTh 3aMEHEHO YCJOBHEM paBHOMEDHOH CXOIMMOCTH pfAa
(2.3) na rpannue I' obaactu &.
Teopema 2.4 (smopas meopema Beliepuumpacca). [Tycms gyux-
yuu 1w, (2) ABALIOMCA aHaumuecKUMU 8 o6Aacmu §, HenpepusHbi MU
[os]

8% u pad Z U (2) cxodumcs pasHomeprO Ha 2panuue T' amoii o6aa-

n=1
o

cmu. Toz20a pad Z u,(2) cxodumcs pagHomepHo u 6 5.
=1
HokxazarenbcTBo. Pa3HocTe YaCTHYHBIX CYMM HaHHOFO Dpsia,
dynkuus Spip(2) — S, (2), Kax KoBEUHAas CyMMAa aHaNATUUECKHX (YHK-

UuHl, ABASETCS aHAIUTHYECKO# B Y M HENpepLHBHOH B g Us paBHOMep-
HOit cxomumoctu Ha I' csienyer, uto

ISn+p(C)_Sn(;)|={un+p(€)+"'+un+i(€)!<3v

npu #=N nna moboro HatypaabHOro p u Bcex touek { e I' omuospe-
menno. CienosatenbHO, 1O TEOpeMe O MaKCUMyMe MOAY s aHaJMTAYECKOH
dyukuun | Spip(2) — S, (2)|<<e npu n=N ans m06Oro HaTyPaNbLHOTO
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p u naa Bcex 2 & 9. Tem caMHIM A/ J@HHOTO PAA@ BHIIONHEH KpuTe-
pud KO[UH, YTO W 1OKa3biBa€T TEOPEMY.

3amevanne OueBugHo, 4TO BCE NOKA3aHHHE BHINE CBOHCTBA PyHK-
(LIOHA/bHBIX  PSA0B CMPABEANHBH M A9 (pYHKILHOHANLRHX MOCAENOBa-
Te/MpHOCTER, o

4. HecoGcTBeHHbIe WHTerpajbl, 3aBHCANlAe OT napamerpa. B ru. 1
ML, paCCMaTpMBas CBOWCTBA MHTErpaJoB, 3aBHCAIUMX OT Mapamerpa, orpa-
HHYKHANCh JIMWbL CJyuyaeM COOCTBEHHBIX HHTErpajos mo Kpusoid C Kouey-
no#l  aawHel. Teopema Beflepwirpacca nossosser o606UITE NOJyYeHHbIE
pe3yabTaThl Ha CJaydafi HECOOCTBEHHBIX HHTErpanos. ByldeM paccmatpu-
BITh 33aBUCAIIMH OT mnapamMeTpa HeCOOCTBEHHHEU WUHTErpan NEPBOr0 Poxa

Fz)= S f(z, D) dl no uneorpannuenuo#t xpusoid C. Ilyctb dynxuus msyx
c

KOMIIEKCHMX mnepeMennnx f(z, §), onpenenennas npu 2z ¥ n {&C,
yAOBJETBOPAET TEM e YCAOBUSM, yTO U @ (2, §) B8 § 7 ra. 1, a umenuo:

a) Pynkuns f(z, ) npu moGom suauenun { & C ssasercs anauta-
neckofl dyukuuel z B obaactn 9.

6) Oyukuua f(2, {) u ee npoussoauan gfz (2, O seasoTcA Hempepsis-
HLME (DYHKUUAME 110 COBOKYNHOCTH NEpeMeHHnx 2z, { npn 2 e F u { = C.
Ilycte HecoGCTBEHHMN WHTErpan nepsoro poaa S f(z, €)d{ cxomurca

: c

paBHOMEPHO MO napaMmeTpy z B /060K 3amkuyToR nopnoGaactu ¥ obna-
ctu & 3710 O3Hauaer, uTo npu Mob6OM BHOEOPE MOCIEA0BATENLHOCTH
KOHEuHhX. Kpushx C,, cocrasastomux uactb.C, npu C, —> C dyHKuRnO-

HaNbHAR [OCAELOBATENLHOCTD 1, (z)—s f(z, ) dg cxonurca panuomepuo
. ol .
B & x dynkunn F (2).
Ilerxo NOKa3aTh, 4YTO. 1PH BHINOJHEHRH BCEX NEPEYHCAEHHRIX YCJO-
Bl pyHkuua F (2) sBaseTcs aHaJANTHYECKOH B 5 u

Pm=§%aoa

HeficTBuTENbHO, KaK n0Ka3ano B § 7 ra. 1, coBCTBEHHNE HHTErPAE —
(yHKURYN 1, (z)=§ S (2, §)dl sBas0TCA aHannTMYECKUMA PYHKUUAMA B ¥

n g ()= S Fx (2, DdL. ﬂocnenoaarenbnocn {u, (2)} cxomurcs k F (2)
Cﬂ
pasdomepro 8 aw6oi &. Crenosatenbno, mo Teopeme Benepmrpacca

¢yuxuna F (2) — ananutnueckas 8 & u F (2)= LS g’;(z. 0)dt.
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§ 2. Crenennnte psanb. Pap Teiiaopa

1. Teopema AGens. B mnpensinymem naparpade paccmarpusaiuch
obuike (yHkuuOHanbHEE psabl (2.3), npuueM BuA dYHKUUA u, (2) HE KOH-
kpetnanpopascs. OueHb BaXHBIMM fBJAIOTCA TaK HAa3bIBAEMBIE CTEMEHHbIE
panH, AAf KOTOPHIX U, (2)=c, (z—z.,)" rae ¢, — HEKOTODhlE KOMIJIEKC-
'Hhle UMCTIa, a 25 — (PUKCHPOBAHHAsT TOUKA KOMIJIEKCHO! MJIOCKOCTH. UneHbl

fee]

pna )} ¢ (2 —2zo)" SABASIOTCH AHANWTMYECKMMH (YHKUMAMH Ha BCeH
n=20

KOMIUIEKCHO! [JIOCKOCTH, TO3TOMY [/ WCCAENOBAHUS CBOHCTB MAHHOTO

psaa MOryT GbITb NpMMEHeHB OOwMe TeopeMbl Npelbiayulero naparpada.

Kak GHIO yCTaHOBJIEHO, MHOTHE BaXHble CBOWCTBA SBASIOTCA CAEACTBUEM

PABHOMEPHO!  CXOZHMOCTH TeM cambiM NP WCCAENOBAHMU CTENEHHOTO

pana Z € (2 — 2o)"* BaXHO YCTaHOBMTb 0GJaCTb €r0 DAaBHOMEPHOH CXo-
n=20
mumoctu. Cpasy 3ameTuM, yto 06JacTb CXOAMMOCTH CTENEHHOTO psiia
[ee]

onpenenseTCs BHLOM KO3(duiuentos ¢, Hanpumep, pan X n!(z —zo)*
n=0
CXOAWTCA JWlib B OHOH TOUKE 2 = 2, [leHCTBHTE/IBHO, OTHOLIEHHE MOAY-

Unpa | __

as ’ o) | 2 — 20| > 1

npu A060M (UKCUPOBAHHOM 3HAYEHHH z;‘:zo, HauyWHas € HEKOTOpOro

N (2), uTO, COr1aCHO PacCMOTPEHHAM CTp. 58, CBHAETE/NLCTBYET O pacxo-

auMocTy AanHoro pama. C npyroﬁ CTOPOHbBI, C MOMOLIBIO npnaHaKa Hanam-
(z— 20)”

Oepa /IerKo YCTaHOBHTh a0COJIOTHY™O CXOAUMOCTb Psia - mp

n=20

nefl IByX NOCJEAOBATE/JbHBIX 4YJ/ICHOB psaa

noboM 2.

Ilns onpeneneHus o6acTH CXONHMMOCTH CTEMNEHHOTO paAna cymecmeu-
HOW OKashlBaeTcsi cJeAylollias Teopema.

Teopema 2.5 (meopema Abeasn). Ecau cmenennozi pAao

oo

D) en(z— 20 cxodumes 8 Hercomopou mouxe z, 7 z,, mo ox abco-
n=0
amHo cxodumcs 1 8 4060l moure z, y0084emBOPAIOUE YCAOBUID
lz—2zy|<<l21—2,|; nputem 6 Kpy2e |z—zy|<<p paduyca p, MeHb-
we20 |z — 2y |, pAd cxodumca pasHOMEPHO.

INlokaszareabcTBO. BribepeM Mpou3BO/bHYI0 TOUKY 2, YAOBJET-
: [=<]

BOPAIOLY IO YCAOBHIO | 2 — 2o | << | 21— 2o |, 1 paccmoTpum pan Y, ¢, (z —
=0
— zp)". OGosnauam |z — 25| =¢q|2;— 24|, ¢ << 1. B cuny neobxonumoro
-
YCAOBAS CXOAUMOCTA PAfa ) €, (21 — 2¢)" €10 YACHHN CIPEMATCS K ByMo
’ n=y0
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npu n—oco. CnemoBaTesbHO, CyImeCTByeT Takas KOHCTaHTa M, urto
leni-] 21— 20"=<M. Orciona nas xosthdulMeHToB ¢, KaHHOTO CTEMEH-

HOrO psfa MOJYYUM OLEHKY |c,,|<]z——z—ln. Torpa
’ 17 <0
i (z—z)"<%1c| |z =2z 2 275 (2.8)
Cn o= Z16n 0l 21_20 . (2
n=20 n= =
2—2

< 1. Pan 2 q", TpeacTaB-
n=20

asoiuit co6ott cyMMy GeCKOHEUHOR reoMeTpuuecKod NpOrpeccuu co 3Ha-

MeHaTe/NeM, MEHbIIMM enuHuubl, cxoautcs. Torma us (2.8) cremyer cxo-

LUMOCTb U paccMaTpmBaeMoro psaa. UroOwl 10Ka3aTb PaBHOMEDHYIO CXO-
e o]

AHMOCTb psfla Z.cn (z—2g)* B Kpyre | 2—2o | <<p<<|21—2y], mocra-
n=0

TOYHO, B CHAY NpH3Haka Beieprirpacca, NOCTPONTh CXOASILKAHCS YMCTIO-

BOH psO, Mawopupyloutu#t KaHHBIA (QYHKIHOHAABHHR DAl B paccmanu-

[To ycnoBuwo Teopembl 4HCIO ¢ =

2—2,

n
paeMolt oGaactd. OueBMZHO, TAKOBBHIM SBNSETCH Psf MEIT_
1

—z,|*’
TalkKe npeicrasasomnit coboh  cymmy 6eCKOHe'-lH0i>i reomeTpuquKoﬁ
nporpeccud €O 3HaMeHares]eM, MEHbIIUM edMHHIbL. TeopemMa MOJIHOCTHIO
JOKazaHa.

M3 teopembl AGenst MOHO BBIBECTH DS BAaXHBIX C/eNCTBUH.
(o]

Credcmsue 1. Ecam crenemHod pam ) ¢,(2—2g)* pacxomutcs
n=0

B HEKOTOPOH TOUKE 25, TO OH PacXOANTCH ¥ BO BCEX TOYKAX 2, YIOB-
JIETBOPSIOUINX HEPABEHCTBY |2 — 2o | >|2; — 2, |.

[Tpennonaras nNPoTUBHOE, NOJYUUM, YTO 1O Teopeme AGensd pax K0J-
KeH CXONUTbCA B J060M Kpyre pamuyca p<<|z—2,|, B 4acTHOCTA U
B TOYKE 2, YTO MPOTHBOPEYUT YCJOBHIO.

PaccMOTpiM  TOUHYI0 BEPXHIOO rpaHb R paccTosHui |2z — 2| oT

[ee]

TOYKH 2, HO TOUEK 2, B KOTOPHIX CXOAUTCH DS Z ¢, (2 — 2y)* Ecim
n=0

R == 00, TO BO BCEX TOYKAX 2’, yAOBAETBOPSIOLINX YCAOBUIO | 2" — 25| >R,
HauHbi  cTeneHHoR psx pacxomurca. Ilycre R crporo Gosbuie Hyas,
Toraa HanGoJbilelt 0GAACTHIO CXOAMMOCTH HAHHOFO pfina  ABJASETCH
Kpyr |2—2,|<<R. Bcroay BHe 3TOro Kpyra psf pacXoOZdTCs, B TOY-
Kax TrpaHmusl |[2—2,|=R OH MOXKeT KaK CXOAMTBCS, TaK H pac-
XOLHTBCS.

O6nacme | 2—zy|<<R (R>0) nasvsaemca. Kpyzom cxodumocnu
cmenennozo pada, a 4ucao R—e20 paduycom cxooumocmu.
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HUrtak, MBI ycTaHOBHUIH :
Caedcmsue 2. ]lns BCAKOro CTENEHHOTO - PAla CYIECTBYeT Takoe
yucao R, uTO BHYTpU Kpyra |2 — 2,|<C R nauHblff cTeneHHO# psig cxo-
IWTCS, 3 BHE 3TOrO Kpyra pacXOmHTCA. ‘
B kpyre |z—2z,|<<p<CR a060ro pagumyca @, MEHbIIEro, YeM
e o]

panuyc cXoImMocTH R, cremeHHoO#l psn Z ¢p (2 — 29)® cxXoOnMTCA paBHO-
n=0

MepHo. OTmerHM, YTO paanyC CXOAMMOCTU CTENEHHOrO psila B 3aBHCH-
MOCTH OT BHAA €ro KO3 UIUMEHTOB MOXET HMETb Jw60e 3HaueHue
B npegenax or 0 go oo. Ilepsui npenenbHu cayuah GyneT cooTeer-
CTBOBaTh DSy, CXOARIIEMYCS JIAIL 8 TOUKE 25 BTOPOH — cXOoAfEMYyCs
Ha Bcel KOMIJNEKCHOM nockoCTH. IIpuMephl COOTBETCTBYIOUIUX DANOB
yxe Obliu npueneHsl. Pagnyc cxoauMocT# CTeneHHOro psga Mower GHITh
onpejeseH yepe3 ero KO3(pUUUEHTH ¢,

Caedcmsue 3. BHyTpu Kpyra CXOAMMOCTH CTENEHHOH DA CXOLUTCH
K aHaautuyeckoR ¢yukuuu. JleHcTBUTENbHO, YJEHB CTENEHHOrO pala
U, (2)=c, (2 — 2,)* NpeacTaBAsOT COGOW (yHKUMYM, aHaJUTHYECKHE Ha
BCeHl KOMIIEKCHOH TMJIOCKOCTH, pAf CXOAMTCS PaBHOMEPHO B J0GOH 3aMK-
HyToft- momoGaacTh Kpyra cxoaumocTd. CnenoBaTenbHO, NO NEPBOH Teo-
peme Beflepurtpacca cyMMa psiia ecThb aHaanTudeckas (yHKIus.

Caedcmeue 4. Crenennofl psg BHYTPH KPYyra CXOAUMOCTH MOXKHO
NOYJEHHO HHTErpupoBaTh - ¥ AuddepeHunposatb moboe YUCAO pas, npu-
YeM pagHyC CXOAMMOCTH MOJYYEHHBIX PSLOB PaBeH PAaANYCy CXOLMMOCTH
HCXOAHOrO psga. JTO CBOHCTBO TaKKe HBASETCH NPAMBIM CJELCTBUEM

teopem AGeas u Bedtepmrpacca.
- o
Credcmeue 5. Kospuuuentsl CTeNennoro -psma ¥, ¢, (2 — )"
n=0
BHIPAKAIOTCH uYepe3 3HayeHuds CyMmsl paga f(2) 4 ee npoU3BOLHBIX
B LEHTPE Kpyra CXOAuMOCTH 10 (opMyJam ‘

= f (2. 2.9)

Moaoxns 2=z, B BHPaKeHdd CYMMBI CTENEHHOro paga f(2)=
0

= Z ¢ (2 — 2p)?, noayumm f(z,)=ce; npoauddepeHinpoBas psg Mmo-
n=0 -

YJIEHHO W TNOJOKHB 2Z==2, B BHPaXEHUU 1ag npoussomHolt f’(z) =

foe) .

= Z cant (2 — 20)*7Y, noayuum f' (2,) = €;; aHaMOTHYHO, NMOJOKUB 2 = 24

n=1
B BBIPAWEHHH AA5 k-H NPOU3BOAHOH
: [ee]
fO@) =3 can(n—1)...(n—k+1)(z— z0"*,
n=k ’

noayuum S8 (z0) = ¢, - k.
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[><}
Caedcmaue 6. Panuyc cXoLuMOCTH R CTENEHHOrO PAa Y, Cq(2 — 2o)”
. n=0
— ] o e
onpepeasercs  gopmynot ¥) R=L, rae /= lim y|c,| ects Bepxuutt

n—oo

. n
npenen *¥¥) nocnenoBaTeNbHOCTA {V [ Cp |}.
- Ilpeanonoxum BHauane, yto 0<C/<Coo. Ham Hagmo noxasars, uto

B Mo00o# TOuKe 2;, YyAOBJAETBOpsioweH ycaoBRIO |zl—z0|< %, pan

CXoauTcsi, a2 B MoOOH TOUKE 2, YHOBJETBOPSIOUICH YCAOBHIO |2y — 2o | >
] -

= > — PacxoauTcH. Tax xak /—Bepxuu#t mpeses noc/ien0BaTe LHOCTH

n . ’ B

{V}c,, ]}, T0 Aag awboro & >0 MOXHO yKasarb HOMep /N, HauWHas
[ —

¢ xotoporo 1/ |en|<<{4e C gpyroh cropoHbl, 1js TOro Xe € Haft-

n ——
nercs GECKOHEYHO MHOTO YJCHOB MOC/ENOBaTe/NLHOCTU {1/ | ¢n [}, 60abI1IuxX

[ —e. Bo3bMeM MpOW3BOJIBHYIO TOUKY 2, YAOBJETBODAIOWMYK HEPABEHCTBY

1—1ljz1—2

l|zy—29|<<1, n BhOEpEM B KaueCTBe € YNCAO : I > 0.
2j2—2)]

Torna

n ,e— v li2y—
Vieallzs—z0| <o) 2 —z| = HAZBL gy,

oo

—z) -
2
Otciona cnepyet, uto pan E: cn (21 — 2¢)® MaWopupyercs reoMerpuye

n=0
oo

cKkoft nporpeccueH 2 g™ CO 3HAMEHaTe/eM, MEHbIIAM EAUHHUILB, YTO ¢
n=0 .

[IOKa3blBaeT €ro CXoAuMOCTh. B3sB Teneps HEKOTOPYIO TOUKY 25, YILOB-

JETBOPSAIOUIYIO HEpaBeHCTBY /|2y —2y|>>1, u BHOpas B Kauecrse €

[ 2—2|—1
(= 7] > 0, nonyuum

Vil 2o— 20| >(—€)| 25— 2| =1

a9 GeCKOHEYHOro MHoOXecTsa 3HaueHu# n. Otciofa |c¢, (22— Zo)t| > 1,
4TO HAa OCHOBaHWM HEOBXOAMMOro mnpu3HaKa CXOLMMOCTH CBHETEJbCT-
oo
BYET O PAaCXOAUMOCTH DANA D) €, (22 — 2p)™
n=0
3ameuvanue. Mb nposean MOKa3aTe/AbCTBO A4 chayuas 0<< /<< co.
Paccmorpum Tenepb nmpeneabHbE CJAyuaw. )

*) Ora ¢opmysa uacto Ha3blgaeTca ¢opmydoli Kowmn — Agamapa.

**) Hanomuum onpejpefenne noHsTHS BepXHero npejela UHCAOBOH NOCAELO-
BaTeJbHoCcTH. BepXuuM npemedoM X noC/enoBaTelbHOCTW {X,} HasbiBaeTcs Hau-
Gonbliad npelleibHas TOYKa 3TOf NOCAef0BaTeNbHOCTH (cM. BHIN. 1, cTp. 80).
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! o]
Mpu =0 pan ) ¢, (2— 2)" cxomutcs B moGofl TOuKe 2, T. €.
n=0
R = 0o. Jle#cTBHTENLHO, B 3TOM cJyuyae ajs ao6oro & >>0 Moxer OuTb
n pe———
yKazaH Tako#t HOMep NN, HauuHas C KOTOPOTrO 1/| ¢,| <<e Bmbpas B

KayecTtBe € 4HCJIO rge z — npou3BoJbliaft TOYKA KOMHJIEKCHOF"

9

lz—201’

mrockocTd 1 0<< g << 1, noayunM |c,(2—2p)*| << gq", YTO M HOKAa3bl-
[es)

BaET CXONUMOCTB DSima 3| €, (2 — Zo)™

n=0
e

Mpu [=00 PN ) €, (2 — 2,)" pacxonutcs B MOGOH TOUKE 2 5 2,
‘n=20 '
1. e. R=0. [leficTBuTespHO, B 3TOM Ciayuae ajs Jjoboro umcaa M nai-
n

neTcst GecKOHeYHO MHOro KO3(QUUMEHTOB ¢, TaKHX, uTo V |c,| > M.
PaccMoTpyM nNpOM3BOJMBHYIO TOUKY 22, W BhiOepeM M TaK, urtoGhl
M|z—2y|=¢g>1. Torma O6eckoHeYHOE MHONKECTBO UYJCHOB psna
(=]

Z ¢p (2 — 24)* yLOBJETBOPAET YCJAOBHIO | €, (2 — 2p)*| > 1, ut0 u nOKa-
n=0 '
3bIBAET €r0 PacxXOoIuMOCTb.

Wrak, dopmyaa Komn — Anamapa R=—l,-, rae I= lim 1/ Jc, |, cnpa-
v n—oo

BeAJiUBa npu JgoOOM 3HaueHnn L
"B KauecTse npumepa, CyLIECTBEHHOTO [Js JdaJbHEHINEro, paccMOTPUM
[ee]

cTeneHHo#t pan Z (z — zo)", Bce KO3(ULUEHTH ¢, KOTOPOro pasHbl 1.
n=0 :

o npusnaky JlanamGepa noayuuM, uTO JAHHBIH PSAA CXOAUTCH B Kpyre

|z—2¢|<<1 K HexoTOpO# aHanuTMyecko# ¢yHkuuu. YTOOB Hafirn 3Ty

(yHKIIHIO, TPUMEHMM MpsAMOe ONpeleseHue CYMMBl psfa Kak Ipeieaa

YaCTHYHBIX CYMM:

1—(z—2z)" 1
1—(2—2)) ~ I—(2—2)°

F@)=lim S,(2)= lim (2.10)

n—oo

3aecb Mbl BOCMOJb30Ba/AUCh, OYEBWIHO, CIPABEANUBOH W B 06JACTH KOM-
MJIEKCHBIX uHCe] (QOPMYJOit CyMMBbl reOMETPHYECKGH nporpeccuu ¢ KoHeu-
HBIM YHCJOM 4JEHOB W BO3MOXIOCTbIO NMpeesbHOro MepPexoia B YUC/Iu-
Tean 1apobu, 3HAMeHaTeJb KOTOpoH oTauueH ot Hyas. Pasesnctso (2.10)
03HAYaeT, 4TO ¢OpMyna AAa CyMMHl GecKoHeuno yOnBatouieH reomerpu-
ueCKOfl Nporpeccay CHpaBelanBa W B KOMNJEKCHOW obGaacTw.

2. Psn Teiinopa. Vrax, crenenHo# paa BHYTpH Kpyra CXOAHMOCTH
onpenenseT HEKOTOPYIO aHaauTHuecKywo ¢yHkuuwo. EcrecTseHHo mnocra-
BUTb BONPOC: MOXHO /M (YHKUHW, aHAJIATHYECKOH BHYTPH HEKOTOPOro
Kpyra, CONOCTaBUTb CTENEHHOH pAl, CXOAAMMACA B ITOM Kpyre K JaH-
Ho# ¢pyHkunn? OTBET Ha STOT BONPOC NAET CJEAYlOLlAs TEOpeMa.
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Teopema 2.6 (meopema Tedaopa). Dynrxyus f(2), anarumu-

deckas GHympu Kpyea |z—z|<<R, moocem Oums npedcmasrena
o0

8 3MOM Kpyee CXO0AUUMCHA CMenernbM paior f(z)= Z (2 — 200,
n=0
npudesm amom PA0 onpedeser O0HOZHAYHO.

Jokazateabcro. BubepeM NPOH3BOJAbHYI0 TOYKY 2 BHYTPH
kpyra |2—2zo|<<R u noctpouMm OKpywHOCTh C, C LEHTPOM B TOUKE
2, paanyca p << R, comepwauiyr Touky z sHyrpu (puc. 2.2). OueBuiHo,
st moGOR TOUKM 2z panHOW OGNACTH TaKOEe NOCTPOEHUWE BO3MOKHO.
Tak Kak TOUYKa 2 — BHYTPEHHAS TOYKa
obnactn |z—2z,|<<p, B KOTOpOH
dyukuns f(z) dBAfETCS aHaJIWTHYe-
cko#t, To no cdopmynre Kowm umeem

f )—‘271;8 ;‘f%dg- (2.11)
Cp
OcyuecTBUM B MOJBIHTErPaJbHOM BHI-
paxeHuu npeoOpasoBaHue
S S S
{—z [—2 |_2—2
L—2

[ee]

1 (z—2y)*
== C-Zon=0(§—2o)"' (2.12)

Puc. 2.2.

3nech Mbl BOCMOJAb30BaMUCh dopmysolt (2.10) U oueBMIHBIM COOTHO Lue-

HueM lz'—§°‘< I. Tlpu {=C, paa (2.12) cxonurcs paBHOMEPHO 1O {,
]

o
[2—2|"
pVH'l

TAK KaKk OH MaXOPHPYETCH CXOAAUIUMCH UYUCAOBHIM PAAOM

n=>0
(lz—2y|<<p). Noacrasags (2.12) B (2.11) u unrerpupys NoOuseHHO,
roJiyuyaem

di
7@ = 2 omi § (Qf_(_s 2 )Eﬂ — 2o)™. (2.13)
n=0
Beeas o6Gosnauenue
1 .
n= oni § (;.i(zi))nﬂ dg, (2.14)

1)

nepenuwem (2.13) B Buie CXOomdulerocs B BHIODaHHOR TOYKE 2 CTENEH-

HOro psiaa:
[ee]

[@=3 ez =2y 2.15)

a=0
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B ¢opmyne (2.14) oxpywsocth C, MOXHO 3aMEHHTb, B CHJY TEOpEMSI
Kouu, n106bIM 3aMKHYTHIM KOHTYPOM C JIeXNaUNM B 06n1aCTH |2 — 25| << R
M COIEpXallUM TOYKY 2, BHYTPH. Tak -KaKk 2z — npOW3BOJIbHAA TOUYKA
nauHo#t oGaactd, TO OTCIOAa caeayer, uro pan (2.15) cxomutcs K f(2)
BCIOAY BHYTPH Kpyra |2 —2,|<<R, npuueM B Kpyre |2 —2,|<<p<<R
TOT pAX CXOAWTCs paBHOMepHo. Mrak, ¢ynkuma f(2), aHaauTHUeCKas
BHYTpH Kpyra |2z -—2,|<CR, pasnaraercs B 5TOM Kpyre B CXOZAWANCH
crenedHo psg. Kosdduuuents pasnoxenns (2.14) Ha ocHoBaumu ¢op-
myasl (1.72) pas MPOMSBOAHKIX AHANUTHUECKOH (DYHKLNH HMEIOT BHL
)
1 g f(g) dC — f(n (20) (2.16)

PTom Y E—z)r Al "
C

OcTaerca [OKa3aThb E€AWHCTBEHHOCTH paznowenus (2.15). Ipeanonoxum,

YTO UMEET MECTO APYroe pasJiomeHHe:
[ee]

) f@ =3 cn(z =2, (2.15")

n=0
rge XoTd Gbl OMUH K03 uunHer ¢, = ¢, Crenennoit psay (2.15°) cxo-
HMTCR B Kpyre |z—z2¢|<<R, nostomy Ha ocHoBamuu dopmyns (2.9),

f(m (ZO)
, u4TO COBMajaeT C BelpawenueMm (2.16) mna KO3 (puueHTon

[ TeM CaMbBIM €JHHCTBEHHOCTb ONpeae/ieHus Kos3(pGUUHUEHTOB H0Ka3aHa.

Paznoxenue (yHKILM, aHaANTHYECKOH B Kpyre |2 — 2y |<<R, B cXo-
asmuiics creneHHod pan (2.15) uacro HaswBaerca pasaoxcenuesn Teli-
aopa, a cam pap (2.15) —psdox Tedaopa.

JlokasanHad TeopeMa YCTaHaBJNBAaeT B3aUMHO OJHO3HAaYHOE COOTBET-
CTBHE MeXAy (DyHKUuMeW, aHaJAMNTUYECKOW B OKPECTHOCTH HEKOTOPOH
TOYKH 2o, ¥ CTENEHHBIM DSJAOM C LEHTPOM B 3TOH TouKe. JTO 03HAYaeT
S5KBHBAJICHTHOCTb [OHATHUH aHaJHTHUYECKOH (QYHKUMH, KaK (yHKuun, Gec-
KOHeYyHOoe uucao pas auddepennupyemoit, n OyHKiUN, NpPeACTaBUMOH
B BujJe CyMMH cremeHHoro pspa *). Ilociennee umeer He TOAbKO GOJ/b-
1I0e SHaueHue I/ IMOCTPOEHHUS TEOPHU aHAMUTHUECKAX (PYHKUHH, HO H
HaXOIMT WIKPOKOE NPUMEHEHHE NMPW PEleHHd MHOFOUUCIEHHHWX NpPUKIaA-
HBIX BOIIPOCOB.

~

*) 3aMeTuM, uTO aHaNOTHYHAA OSKBHBANEHTHOCTb AN QYHKUHH AeHcTBHTeNb-
HOM NepemeHHOH He MMeeT MecTa. JIeHCTBHTeJIbHO, M3 CYUIECTBOBAHHA Ha OTpe3Ke
[a, b] Bcex npousBopHbiX ¢yHKUUM [ (x) eule He c.nenye'r BO3MOKHOCTb pa3fioxe-

HUS 3TOH (QYHKUWHH B CTeNeHHOH PsAX BHAA [ (x)= Z Cp (X —x0)*, The x, & [a, b],
n=0

1

T4 x2

JoGoM ,IleHCTBHTeJIbHOM X HMeeT MPOH3BOAHbLIE BCEX MOPAAKOB, ORHAKO MpH x0=()

cXoisiuiica Ha BceM oTpe3ke [a, b). Hanpumep, dysruusa f(x)=

CTeNeHHOH Psf E (—-l)"xﬁ" cXopuTcs K RAHHOW GYHKUMM JHIIL Ha UHTEpBaNe
n=0

—l<<x<C1l, a He Ha Bced nedicrautenbHod ocu x. IMogpoGuee o pasiaokenun

QyHKUM IeACTBHTeNbHOH NepeMeHHOH B CTemeHHble PsAALl CM. BRI, 2, M. 8
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3ameTuM, HAKOHEl, 4TO ecau ¢yHKlua f(2) ABASETCA aHAAMTUYECKOH
B obaacth 9 ¥ zy— BHYTPEHHAS Toqxa aTo#i oGaacTh, TO paamyc cxo-

2
puMoct  psaa Tehaopa f(2)= Zf (") — 2 sTOM QyHKIUY He
=0
MeHbLUE, YeM DacCTOfIHHE OT rqun 2o 10 rpauuus obaactun .
ITpumep 1. B kauectBe mpocTeilliero npuMepa pacCMOTPUM pasiio-

weuus B pax Tednopa dyHxuun f(Z)’—:'l—_‘_Lz?. dra QyHKILUA sBASETCA

anaauTu4YecKoh Ha BCeH KOMNJEKCHONH MNJAOCKOCTH, 33 HCKAIYEeHUeM
TOueK 2y,=Tt{, B KOTOpHX 3HaMeHareJb APOOU OOpallaercs B HYJb.
IMostomy B a06OM Kpyre Ha KOMIAEKCHOH IJIOCKOCTH, HE COAEPKalLeM
TOYEK 2y o=/, 35713 dyuxuns B cuay teopemb 2.6 moxer Ourtbh pas-
noxena B pan Te#nopa. Haunem ¢ kpyra |z | << 1. Tlpu ycaosuu | 2 |<< 1

BBIPAXEHHE _‘1_ -5 MOXET paccMaTpuBaThCs Kax CyMMa GECKOHEYHO YObi-
Bawoleld reoMerpuyeckoft nporpeccuu. Ilostomy B cuay (2.10)
A Z (=12, ©@17)
n=Q

YyTO ¥ JaeT WCKOMOE pasnoweHue. 3aMeTuM, uTO Paauyc CXOAMMOCTH
psna (2.17) pased 1, T. €. onpeaeasercd pacCTOSHUEM OT LEHTPa pas-
1

|22
B pan Te#inopa

NOMEHUS 1O Fpanulbl O6JACTH aHAAUTMYHOCTH GYHKUUH f(2) =

1
= 1422
B kpyre |z—1|<<)2. Onpenenetme KO3(hULUNEHTOB ¢, psaa

Hainem rtenepb pasaoxenue ¢yHkunu f(z2)=

Z ¢a(2—1)" no dopmyne (2.16) B naHHOM Ciyuae CBA3AHO C JLOBOJILHO
n=0

- : t
TPOMO3AKMMH BBIYACAEHNIMH. 1109TOMY, NpPEACTaBUB l—_}_—zg-——_%— {;i—l—-
1
—m} ¥ BOCNOJb30BaBWNCL Gopmysolt (2.10), cnpasennusod B nau-

HOM Cayuae npu ycaosun |z —1|<<V'2, noayumm

\ i1 [
N Z (—]_)nfi[(l—iw SR ie by

C NOMOUIbIO NOKa3aTeAbHOM q)opmm 3a0UCH KOMILIEKCHBIX qucen | — /=
1

—i
_.VQ e 4, 1—|—L=V‘2 e 4, J€TKO Tenepb 1oay4uTh

1 °°‘ sin (n4-1) —‘(
l_—]-—z‘iz 2 (—l)"~”+—,—(z—l)". (2.18)
n=0 2 -

] .
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Kak canenyer n3 ¢opmyan Koww — Anamapa, paauyc CXOAUMOCTH psaaa
(2.18) paseH V2, 1. e. onarhb ompenenserca PacCTOAHWEM OT IEHTpa
pasnoxeHns A0 rpaHulbl  06/MacTd  aHAJUTHYHOCTU PAaCCMATPUBAEMOH
DyHKLIH.
ITpumep 2. B xauectBe caexyioulero npmumepa pacCMOTPUM pas-
2

aoxenne B pan Tenopa dyHKuuu f(z)=]nz=§f1r—~c, BBEIEHHOH B
J

1.
ra. 1 (ctp. 45). Boiwe 6bi0 yCTaHOBJEHO, 4TO 3Ta (YHKLUS ABJIAETCA
aHaJUTHYECKOR Ha BCel KOMIJIEKCHOH IIJIOCKOCTH C pa3pe3oM Mo OTpu-
aTeabHOM vacTH [AeHCTBUTEJbHOH oOCH, a CJeA0BaTeNbHO, W BHYTPH
kpyra |z—1|<C 1. IMonaras zo=1 u BeUACAAA KOSPHULUEHTH €, 1O
¢dopmyae (2.16), nmonyuaem
1
Co=ln 1 =0, Cl:?'z:] Sl l,

i _y(n—1)1 1
o= (0t Ol n=2,

z==1

Orcroaa

mz=Y (1 £, (219

n=1

Kak nerko y6enutbcs ¢ nomomibio npusnaka Jlanambepa, Kpyrom cxo-
anmoctn paga (2.19) ssaserca xpyr |z—1|<<1.

§ 3. ExuHCTBEHHOCTb OmpefefeHHs aHAJHUTHUECKOH ¢yHKuuHU

YKe wusyueHunle Hamp cBo#HCTBa (hyHKUu#t KOMnJaekcHO# rnepemensoft
NO3BOMAIOT 3aK/OYWTb, UTO AJA ONpeneeHus (GyHKUUH, aHAAUTHYECKOH
B NaHHOH 06JaCTH, MOXHO OrpaHWUMTHLCS 3aAaHMEM 3HaueHu# 3ToH (YHK-
uuun He BO BCeH oOnactu. Hanpumep, 3anaBas 3HaueHus aHaAWTHYECKOH
GbyHKunY Ha rpaHuue o6aacTu, Mbl C NOMOLIbI0 KHTerpasia Kowwu Moxem
Onpeje/nTh €€ 3HaueHus BO BCEX BHYTPEHHHX Toukax oOaactu. Tem
cambiM  (DYHKLHSA, aHaJIMTHYeCKas B JaHHOH 00sacTd, onpejessercss 3ajia-
HUeM HenoaHo# wuHdopMaluM O ee 3HaueHusx B 3TOH obaactu. Ecrtecrt-
BEHHO MOCTaBUTb BONPOC: KAKOBAa Ta <«MAHMMaabHast» HH(GOpMaLHKsd, KOTO-
pyI0 -Hago0 uMETh, YTOOK MOJHOCTBIO oONlpeaeauTb GQYHKUKIO, aHaARTH-
YecKylo B JaHHOH o6.actu? :

1. Hyau awanutnueckoit dpynxkunu. TpeasaputensHo BseseMm I11OHA-
THE HyJAa aHaauTuueckod dyukuun. Ilycro f(2) sBaserca aHaauTUYECKOH
¢dynkuned B obnactu . Touka 2z, & wnasmsaerca Hysnem f(z), ecan
f(29)=0. U3 paznowxenns f(2) B OKPECTHOCTH TOUKH 2y B CTElEHHOH

[oo]

pag, f(2)= Z cp (2 — 2y)", caedyer, 4TO B JAHHOM Cayyae Kodpduuu-
n=0
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ent ¢, =0. Ecmu He TO/bKO KOSDPUUMEHT €), HO U KOIPDHUUHEHTH ¢y,
€3 ..., Cp_y PaBHB HYJIO, a KO3PPUUUEHT ¢, OTJIAMYEH OT HYyJd, TO
TOUKAa 2, HaswBaeTcs wysesm k-20 nopadxa dyunxuun f(2). Cormacho
dopmyne (2.9) B Hyle A-ro nmOpsAKA HE TOMBKO caMa QyHKUud, HO W
ee nepebie k£ — 1 NMPOWSBOAHBIX PaBHBI HYJIO, @ k-f NPOU3BOAHASA OTJIMYHA
or Hyas. B okpectHocTH Hysaa nopagka R pas/omeHde q)yHKunu f(2)
B CTENEHHOR p4an uMeeT BHUA

f@)= 2 calz —2)"=
n==k

=(@—2)" X Can@—2y=(—2) ()  (220)

n=0
riae cp(z) ABASETCH AHAANTHYECKOH beHKUHeﬂ B OKpGCTHOCTH TO‘-IKH 20

pasJjoxenne KOTOPOH B CTeNeHHOH psm uMeer Bui @ (z)= > Crn(2 — 20)"
n—-O

npuueM @ (2¢) 7= 0. Ormerum, u4TO nNOCAEAHMH DAL CXOQWTCA B TOM XKe
KPyre, uTO M HUCXOXHHBIN,

2. Teopema eguHcTBeHHOCTH. [lepeiinem reneps k q)opmynupoake
OCHOBHOTO MOJIOXEHUS AaHHOrO naparpada.

Teopema 2.7. Ilycmo pynxyusa f(z) ssanemcsa anasumuysecKoll
8 obaracmu G u obpawaemcs 8 HyAb 8 PA3MiHbX moikax z,< G,
n=1, 2, ... Ecau nocaedosamessHocms {z,,} cxodumcs K npedeny
a, npunadaexcauery mol e obaacmu, mo gyuxgun f(z) mogicoe-
cmeenno pasna HyAl 8 obaacmu Y.

LokasateabcrBo. Tak kak a & Y, 1o dynkuuo f(2) MOXKHO
pasIoKUTb B CTENEHHOW pAA B OKPECTHOCTH JaHHOR Touku: f(2) =

fee)

= )] ca(z—a)", npuyem paamyc R, CXOIUMOCTH NaHHOTO psla He
n=0

MeHblUE DPAacCTOfHHUS OT TOYKM @ HO TpaHuub obaactu. M3 onpenenenus

HenpepsiBHOCTH yHkuuu f(2) caenyer, uro f(a)=0. Orciona caenyer,

uyt0 ¢o=0, u pa3noxenne QyHKuAn f(2) B OKPECTHOCTH 2Z=a HUMEET

BUA )

f@=(—a)fi(2), rae fi(2)= Z Cna (2 —a)™.

n=0

Byndem npeanosarath, uto BCE TOYKM MOC/AEAOBATEJbHOCTHs {2,} OTAMYHBI

OT a. JT0 He yMeHbWiaeT OOIHOCTH HaluX PacCMOTPEHUH, Tak Kak

TOJBKO OJHa U3 STUX TOYEK Moraa ObiTh paBHa a. B cumy nocnennero

ycaosus fi(2,)=0, n no onpenesnennio HenpepnisHo# Qyukuuna f; (@) =0.

Orciopa ¢; =0, v pasnoxenue f;(2) B OKPECTHOCTH a NpPUHUMAET BUA
o .

fil@=(z—a)fo(2), trae fo(2)= Z Cpy2 (2 — a@)". AnanoruyHo npean-

n=0
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AymieMy noayuuMm, 4to u fp(a)=0, 1. e. ¢, =0. [Ipogomxas Heorpanu-
YeHHO MaHHBIH MpoLecc, NOJydyuM, YTO BCE KO3(P(UUHEHTH ¢, B pasio-
KeHWH f(2) B CTemeHHOH psn

o]
f@= ] ca(z—a)y
n=0 .
B OKDECTHOCTH TOYKH & paBHel HyJaio. Orcioma creayer, uro f(2)=10
BHYTpU Kpyra |z —a|<<R,. )

OGpaTtumMcst  Temepb K 10Ka3aTeJbCTBY *) TOXIECTBEHHOTO paBEH-
crea  ¢yHxkuun f(2) uyao BO BceH obaactn §. JloctatouHo noka-
3atb, 4T0 f(2;)=0, raoe z; — 1pou3BoAbHAA TOuKa obBnactu ¥, nexautas
BHE Kpyra |2—a|<<R,. Ias 3T0ro coemuuuM TOUKM @ M 2y COPAMAs-
€MOH KpHBOH L, 1endKOM Jexalleft B % un orcroauelt or ee rpaHuLLbl
Ha paccrosnue d >0. ITockosabky mobyio Touxy kpyra |z —a|<<R,,
JeXalyo BHYTPH 06aacTu &, MOXKIO paccMarpuBaTh Kak npejes mocJe-
LAOBATEJAbHOCTH HyaeR ¢yHKIMU f(2), TO, BHOpaB B KauyeCcTBe HOBOro
LEHTPA  PA3NIOKEHUs MOCJAENHIO TOUKY 2 =@, NepeceyeHus Kpuso# L
C OKpyXHOCTbIO |2 —a|=R, noayuuM, uro f(z)==0 BHyTpu Kpyra
|z—a; | <Ry, roe Ry z=d. llponomkas aHanornuseiM 06pasoM, MOKpoeM
BCIO KPuBYKW L KOHEUHBIM HYUC/AOM KDPYFOB, pafMycoB, He MeHbluxX d,
BHYTPH KOTOphX f(2)==0. Ilpn 3ToM TOUKa 2= 2; NOMaaaeT BHYTPb
nocneaHero kpyra, tem camnm f(2;)=0. ITockoabKy 2; — nponssob-
Has Touka obaacti ¥, orciona caeayer, uto f(2)=0 B 4.

IlokasaHHas Teopema uMeeT psi BaXHBIX C/AEACTBHM.

Caedcmsue 1, dynxuus f(2)=£=0 u amanarnyeckas B obaactu ¥,
B JIIOGOH 3aMKHYTOH orpanmuenHod nopoGnaactu ¥ obractn 9 umeer
MWL KOHEYHOE YHCAO HyJaeH. *

Ecan mHOMecTBO Hyael ¢yskumu f(2) B obaacty §’ GeckoHeuHo,
TO0 1O TeopeMe 1.2 M3 HEro MOXHO BHIJENUTh CXOMSILYIOCA MOCJAeNoBa-
TeNLHOCTb {2,} — a, nmpuuem npesen a 3TOH NOCAENOBAaTENLHOCTH MpH-

o
Hapnexut §’. Otciona f(2)=0 B ¥, uT0 NPOTHBOPEUHT YCJOBHIO. .

Credcmeue 2. Ecnu Touka zo& ¥ sBaserca HyneM GeCKOHEUHOro
o

nopsaka **) cyakunu f(2) <T. e. B pasnoxenun f(2)= Z cn (2 — 2"
n=0

B OKDECTHOCTH TOYKH 2, BC€ KOIPDHULHAEHTH c,,EO>, 0 f(2)=0

8 ob6aactn Y, :
Caedcmeue 3. AnannTvyeckas QYHKUAA MOXKET MMEThb GECKOHEUHOEe
YuC/IO ByJaeR fdilb B OTKPHITOH naW HeorpaHuueHHo# obJaactw.

*) ITo 10Ka3aTeNBCTBO MPOBOAHTCS aHANOTHUHO JOKa3aTelbCTBY Ha CTp. 5.

**) OueBHAHO, NPH 3TOM M cama GyHKUHS [ (Z) M BCe ee MPOH3BOAHBIE B TOUKe
2 PaBHB HYJIO.
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PyHKIUA KOMIJIEKCHOH TMepeMeHHOH, aHaluTHYecKas Ha BCell KOM-
NAEKCHON MJIOCKOCTH (2 =% 00), HasbiBaeTcs yesol gynwyueit. 3 npensi-
AyWHUX PAcCMOTPeHMH cuepyer, 4to uenas gpyHkuus B Jobo# orpasuyen-
HOM 4yaCTy KOMMNJEKCHOH NAOCKOCTH HUMEET JAHlUb KOHEYHOE 4HUCJIO HYyJeH.
CrenoBatesnbHO, BCe Hysau LenOR (YHKIMH MOXHO NEpeHyMepoBaTh
B KaKOM-AnG0 NOpsIKe, HanpuMep B NOPAAKE BO3PacTaHusi UX aGCoJIOT-
Heix Beauund. Ha nosxo#t maockoctu uenas GYHKUUS MOXET MMETh JiMLIb
CYeTHOE MHOKECTBO HyJeH, npuueM MpPefesibHOR TOUKOH 3TOr0 MHONKECTBA
apageTcd GECKOHEUHO y/JaseHHas TOYKa KOMMJEKCHo# mnaockoctu. Llessie
(YHKUME WrparOT BaXXHYl0 pPOJb KaK B TEOpHWM (DYHKIHH KOMIJEKCHOH
nepeMeHHol, Tak U B €€ NPUJIOXKEHHsX.

Teopema 2.8. [Tycms gynxyun f(2) u ¢ (2) fsanwmes anasumu-
qeckumit 8 obaracmu $. Ecau 8 § cywecm8yem cxodawasncs x Hexo-
mopoli mouke a &9 nocaedosamensHoems pasMUHsX mouex |z, },
8 KOmMOpsX 3Ha4eHus gﬁymuua f(@ u @) cosna@arom mo f(2)=
=q@(2) 8 5

Ilns noKasaTeabCTBA TEOPEMBl [OCTaTOYHO C MOMOIILIO Teopembl 2.7
yCTaHOBHTb, uTo (yHKUUA P (2)=f(2)—¢@(2)=0 B 5.

Teopema 2.8 nmeer upessbiuafiHO G0.JbLIOE 3HAYeHHEe, MOCKOJbKY OHa
03HauaeT, 4TO B A3HHOH 06JacTH ¥ MOXKET CyWecTBOBATH JHIUb EAUHCT-
BEHHas aHAAMTHYeCKas (YHKLAS, NMPUHUMAoLad 3aJaHHble 3HAYEHUS B NO-
C/Ie10BaTE/ILHOCTH TOYEK { Z, }, CXOadllelics K TOouke a & 9. Ity Teopemy
Ha3bIBAT MEOPeMOil eQUHCHBEHHOCIU Onpedeserlss aHaAMmULecKoll
Gyuxyuu. - :

Yacto npuMeHslOTCA CHAEAYIOIME CJHEACTBUS TEOPEMbl E€NMHCTBEH-
HOCTH.

Caedcmeue 1. Ecan oyuxunn f; (2) u f; (2), aHanuTnueckue B 061aCTH
9, cosnapaiot Ha HEKOTOPOW KpmBO# L, npunapiexamel naHHOH oGnacm,
TO OHH TOXIECTBEHHO DPAaBHH B oGJacTu %

Caedcmsue 2. Ecan dyukunn fi(2) u fy(2), aHasutaueckue coOT-
BETCTBEHHO B O6GjacTax ¥; u 5, umetouwnx obulyio noxo6aacts ¥, cos-
najawT B ¥, TO CyulecTBYeT eNMHCTBEHHAs aHaJIMTHYECKas (QYHKILMA
F (z) Takas, yTo

f;l (Z), e ‘91)

F@)=
(@)= {fg(z), ze g,

TeopeMe eNMHCTBEHHOCTH W €€ CJEACTBHAM MOXHO MpPHAAThL TaKXke
caenytomnine (GopMhl

1° Tlycth B obanactn § BhGpaHa cXoasuIafAca K Touke a & % nocJe-
AOBaTeJbHOCTh PAa3/JHYHBIX TOUEK 2, & %. Tormna B 3TOR 06JaCTH MOXET
CYulecTBOBAaTb JHLIb €AMHCTBEHHAs aHa/JuTHYecKas QyHkuusa f(z2), npmm-
Matollas B TOYKax 2z, 3aJaHHble 3HAYEHUS.

2° Tlycts B oGnactn & mana mekoropas Kpusasa L. Torma B 5 moxer
CYULECTBOBaT, /JNIUb €AMHCTBEHHAs aHaquTHueckad (yHkumns f(2), npuHu-
Malolllas 3adaHHhle 3HaueHus Ha L.
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3° Mycts B obGaacth & mana uexkoropas mnopoGaacts &’. Torpa
B ofaacth § MOXET CYyWeCTBOBaTb JMLIb  €AWHCTBEHHas  aHa-
natuueckas Qynkuus f(2), npuHuMaioulas 3afaHHbe 3HaueHHs B 10406-
nacrtu ¥

Ecau cywecrsyer @yHkius f(2), onpenenentas 8 o6jaacti §, o KOTOpo#
rosopunocs B 1°, 2° u 3° TO oHa MoxeT ObTb Ha3BaHa aHaJMTHYECKUM
npojo/mKeHueM B ¥ ¢ MHOXeCTBa {2, }, auHuM L niam nogoGaactu 5’

OtmeTuM, yTO 3afaHHe 3HAUEHHU AHAIUTHUECKOH (YHKUMM HA COOT-
BETCTBYIOIIEM MHOXECTBE TOYEK HE MOXET GHITb NPOU3BENEHO MPOU3BOJILHO.
Onnako mul 3gech He Oyiaem o6Cy:AaTb TPeOOBaHMA, KOTOPBIM AOJIHBI
YAOBAETBOPATb STH 3HAYEHHA, YTOGHI HUX MOXHO OHIIO aHANUTHYECKH
NpoJO/KKHTE B 064aCTH F.



FJIABA 3

AHAJIMTUYECKOE TNPOAOJIXKEHHUE. 3JJEMEHTAPHBIE
&YHKUWH KOMITNEKCHOI NMEPEMEHHOI

B s3Toff raaBe MH paccMOTPUM psif (PYHIAMEHTaJbHBIX CJAeNCTBHH
TeopeMbl O EAMHCTBEHHOCTU OMpEAENeHHs aHamuThyeckol dyHkunu. Kak
OblJIO  YCTaHOBJEHO, AHANUTHUECKas (YHKUWA OLHO3HAYHO OMpeaenseTcH
3aJaHNeM ee 3HauYeHHH Ha [IeKOTODOM MHOXECTBE TOueK B 06jacTu ee
onpegeneHds. IJT0 OOCTOATENLCTBO [103BOJAET MOCTPOHTH aHaJUTHYECKOE
NPONOJIKEHHE B KOMIJIEKCHYIO 00JIaCTb 3JeMEHTapHHX (yHKUu# nefcTBu-
TEeNLHOH NepeMeHHOH W BBIACHHUTb MX CBOWCTBA B KOMIIJIEKCHON MJIOCKOCTH.
Mbl Take Kparko paccMOTPuM OOLIME NPUHLHMIL aHAJIUTHYECKOTO Mpo-
ROJ/DKEHUS.

§ 1. daemenTapnbie pYHKHUH KOMIIEKCHOM
nepemeHHoil. Ilponomkenue c neiicTBuTeABHOI oOCH

1. Mponomkenue c neiicTBUTEeALHON OocH. Teopema O enuHCTBEH-
HOCTH ONpefeJeHus aHaJIUTHUECKOH (YHKUHMH MO3BOJSET aBTOMATHYECKH
pacrnpoCTPaHuTh HAa KOMIJAEKCHYI0 061acTh 3JeMEHTapHble (YHKLHH Oeh-
cTuTeNbHOR nepemeHHoH. IIpenBapuTeIbHO. OTMETHM CNPaBENINBOCThb CJiE-
LYIOIEr0 YTBEPWKAEHUS: NMyCTb Ha oTpeske [a, b] meltcTBUTENBbHOH OCH X
3afaHa HenpephisHas GyHKuna f (x) nedicTBUTe/NbHOH nepemMeHHOM; TOria B
HEKOTOPO# 06/1aCTH & KOMIJIEKCHON TIOCKOCTH, CoaepiKalliell OTpesoK [a, b
NelfCTBHTENbHOM OCH, MOXET CyWIeCTBOBAaThb TOJNbKO OfHA aHAJIUTHUECKas
¢yukunst f(2) KOMNJEKCHOH nepeMeHHON 2z, NMPHUHUMAOLLAf NaHHblE 3Ha-
yenus f(x) Ha orpeske |a, b]. Hazomem ¢ynkuuwo f(2) anasumuseckunm
npodoascentesm Pynxyun f(x) OelicmsumensHoi nepemeunoti X 8 KOM-
HACKCHYIO obaacmb

TlepeitaeM K pPacCMOTPEHUIO MPUMEPOB NMOCTPOEHUS AHANUTHYECKUX NPO-
NOJKeHUH 3JeMEeHTapHbX (yHKkun# HedcTBurensHo#l nmepemennoft. Cpenu
3JeMeHTapHhX PyHKUUH aeficTBUTEILHON nepeMeHHoR” 0co6YI0 POJib UTpatoT
toKaszaTeabHas PyHKILUA e* ¥ TPUroHOMeTprYecKue (YHKUUM Sin X 1 cos x.
Kax n3sectHo®), a1 dyHKunn MOryT OMTb 3a4aHbl CBOMMH Pa3NOMEHHAMH

*) Onpepenenne © OCHOBHbIE CBOWCTBA 3THX YHKUHI AeHCTBUTENLHON nepemell-
noit cm. Buin, I, cTp. 412.
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B pamsl Teitmopa: - )

e* = 2 ;;T’ G.1)
n=>0 .
21n+1 :
sin x = 2 (—1y (2’; - (3.2)
cosx= Y (—1) (’2‘2”)1, (3.3)
n=0

npuvYeM 3TU PAABI CXOAATCA NPU BCAKOM 3HAYEHUH X,
PaccmorpuM Ha KOMIJIEKCHOH NJIOCKOCTH CJACAYIOINE CTCNEHHBIEC PALBL

o«

2n
Zon—,, (3.4)
e l zBIl 1 3 5
2 g (33)
Oi L, 22
Z (=1 G- (3.6)

0

ES
It

IMpu peficTBUTENBHHX 2 =X BbIpaxeHus (3. 4) (3.5), (3.6) n (3.1), (3.2),
(3.3) cOOTBETCTBEHHO COBMAAAIOT.

Kak crenyer u3 Teopembl AGens, 061acThio CXONMMOCTH PAnoB (3.4) —
(3.6) sBAsercs BCA NJIOCKOCTb KOMIJAEKCHOY mepeMeHHOH, T. €. 5TH paasl
npeacTaBasior coboff nesple  (QYHKUAH © KOMIJEKCHO# NepeMeHHOH =z,
ABJIAIOULNECST aHANTUTHYECKUM IIPOJXO/IKEHHEM Ha BCIO KOMILIEKCHYH ILIO-
CKOCTb 3JIEMEHTapHbIX (PYHKUUH nelicTBuTeibHOW nepemenHo#t e*, sinx u

cosx. Hust BeeneHHBIX (YHKUHE eCTECTBEHHO COXDaHUTh NpexHne 060-
asayenns. ITonoxum

e = 3.7

Z A , @)

(e8]

. 2n+1
sinz = 20( 0K (":-{—l)l , 3.8)

n=

zan

cosz = 2 (=" G- (3.9)
n=0
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C nomombio QyHxuun € nocTpouM runep6oaMuecKue OyHKUHA KOMTI-
NEKCHON NepeMeHHOMH:

chz=e—z—+§f: (3.10)
"
e —e 2 .
shz=—7p—. (.11

B CHle 06X CBOHCTB aHAMUTHYECKHX cpymcuuﬂ 3TH (PYHKILHA TaKxkKe
ABAAIOTCH LEABIMU.

AnanornuHeiM  006pasoM € NOMOIbIO OCHOBHHIX TPHUTOHOMETPHYECKUX
dyHkunit sinz u cosz nytem (POPMaJLHOTO NMEpPeHOCa B KOMIMJIEKCHYIO
00acTb  COOTBETCTBYIOUMX onpefesnenn#t MOryr ObiTb TOCTPOEHH |

sin z 1
OCTajbilble TPUTOHOMETpHueckne ¢ynkuun: tgz= o7 cosec 2 = pre

M T. A OTu QYHKUNH yKe He SBAAI0TCH LeJbIMM, NMOCKOJbKY MX aHaju-
TUYHOCTb HAPYyIIaeTcs B TeX TOUKAX INVIOCKOCTH 2, TA€ SHAMeHaTead
ONpEeAENAOUMX HX BbIpaKeHUH 06palaioTCs B HYy/b.

Kak Oyaer NOKa3aHO HuKe, KA BCEX MOCTPOEHHBIX QYHKUMH KOMM-
JIEKCHOH nepeMeHHOH COXPaHAIOTCA MHOrHME OCHOBHLIE CBOHCTBA COOT-
BETCTBYIOMWIUX 3/EMEHTapPHBIX (YHKUNH JdelcTBATENbHOR nepeMeHHOH. JTo
OyZer yCTaHOBJEHO Ha OCHOBAaHHM HEKOTOPBLIX OOUIUX MOsOXeHuft, a ceft-
yac Mbl TIOCTPOMM TIPOAOJDKEHHE Ha KOMIEKCHYI0 00JacTh euie ABYX
aJeMeHTapHbX (YHKUMH. PaccMoTpuM caenyiomiie CTENEHHBIE PAMLL

Y (& (1Y)
n=I1
41
e -3...(2 1) x2n+1
\ o (2n=—1) x20 .
*+ .l 2n41) (.13

n=I|

Kak wusBecTHO, nepsolft pag ¥) cxoaurcs B uHTepBane 0 << x << 2, a BTO-
po#t — B uHTepBase —1 <x<] K (PyHKIUAM JEHCTBUTENbHOR MepeMen-
Ho# Inx wu arcsinx coorsercTBeHHo. Kak Jerko ycTaHOBUTb, CTeneH-
HBIE pALH

> (—1yr &=t “ (3.12")
n=1
"
N 3. (2n—1) 2nn , ,
\1 9% Al @n+ D) - G13)

*) Cm. Buim. 1, crp. 275, rge upusegedo pasaoxenue In(l-y), 3amena
y=x—1 paer (3.12). ‘
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cxXomsTcs nepsblift —BHYTpH Kpyra |z—1|<C1, a BTOpO# — BHYTpH
Kpyra |2|<C1l W Ha COOTBETCTBYIOHMIHX OTpPe3Kax HeHCTBUTEALHOH ocH
cosnanator ¢ psgamu (3.12) u (3.13). ITostomy ananuTHueckue QYHKUHK
KOMIJIEKCHOH [EepeMeHHOR 2z, onpenesieHuble ¢ noMolbio psanos (3.127)
u (3.13") BHYyTpPH MX KPYroB CXOAHMOCTH, SBJSIOTCS aHAJIUTHYECKUM NpPO-
DOMMEHHEM Ha COOTBETCTBYIOILYIO KOMIIEKCHYI0 06JaCTh 3/1E€MEHTapHBIX
dyskunit Inx wu arcsinx gmefictButesbHON mnepemenno#i x. as 3stux
GyHKUNH MBI TaKKe COXpaHUM NpexHue 0003HAYEHUs, MOJOKHB

mz= Y (e (3.14)
n=1

1-3...@2n—1) 224

Pl @atD) (3.18)

arcsinz =2z )
+ A

n=Il

Otmerum, uto ¢yukuun (3.14) n (3.15), B oTAMuMe OT BBENEHHHIX
Boimie yHrunit (3.7) — (3.9), yxe He gBASIOTCA ULeAbIMH QYHKUMAMH, TaK
KaK onpenensiomiye HX Paabl CXOAATCS HE HA BCEH KOMMIEKCHO# mio-
CKOCTH, @ JWWb BHYTPW KDPYroB emunmynoro paauyca. CsoicTsa 3TuX
Gynkuui Takke GYLYT PacCMOTPEHB HECKOMBLKO no3xe. OTMETUM TOJBKO,
uro ¢yukuus (3.14) B xpyre |2 —1|<C 1 coBnagaer ¢ BBEIEHHOM MHBIM

z
cnocobom B ra. 1, crp. 45, dyuxuwned lnz=8%—t, TaK Kak o0e 3TH
1
aHanuTHYecKhe (YHKUMU ONpENEJEHB B yKa3aHHOR 06,acTH W COBNAAAioT
Ha oOuteM wuntepsane nedcreutenbHo#t ocu 0<<x <2 ¢ opHOH U TOH
xe ¢yHxumelt Inx. Ilostomy nas ofenx (yHKUMH MBI UCNOJNB3YEM OIHO
z

u TO xe obosHaueHne. Tem cambiM u yuxuus f(2)= g %E,
N L ?
. . 1
Hasl Ha KOMMOJEKCHOH M/IOCKOCTH 2, Paspe3aHHO# MO OTpHILaTeNbHOH uacTH
DeACTBUTENbHOH OCH, SBJSETCS AHAJHTHYECKMM MPOLO/IKEHHEM (yHK-
MM In X Ha COOTBETCTBYIOILYID 06JacTb. '
B sakmioueHne 3ameTuM, uyTo ecan QyHxuma f(x) mefcTBUTENbHOR
NepeMEeHHOl X 3alaHa CBOUM CTEMEHHHIM DALOM

onpeneseH-

[ce]

@)=Y an(x—xo)t (3.16)

n=20

cxomsuuMcs Ha otpeske [a, b], TO cyuwecTsyer aHanuTHYecKas (yHK-
uus  f(z) KOMNJEKCHOH MNepeMEHHOH 2, ABAAOIAACA AHANUTUYECKUM
npojo/mkeHneM f(x) B KoMmmnekcHyio o6aacte ¥, comepikaiuyio oTpe-
30K |a, b] neficTBUTENLHON OCH. YKazaHHOe OOGCTONTE/LCTBO NO3BOJSET
HaswmiBaTh (yHKUMIO aeHcTBuTeNbHON mNepemenno#t f(x), mpeacraBumyio
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papom (3.16), amamuruuecko#t dynkumuedt. Hanomuum *), uro dyHkuus
AedCTBUTENBHOR NEPEeMEHHOH, NpeacTaBUMas Ha oTpeske [a, b] creneH-
HeM pagom (3.16), mmMeer Ha 3TOM OTpe3Ke MPOU3BOAHHIE BCEX MOPSALKOB.
OueBN/HO, aHANMTMYECKUM MPOJO/MKeHHeM npoussogHoit f(*) (x) B 06-
nacte Y ssaserca npoussomnas [ (z2).

2. Ilpomomxenue cooTHoweHuit, TlepeHineM K pacCMOTpPEHHIO [alfb-
HefLIMX C/JeACTBUH M3 TEOpPeMbl O €MHCTBEHHOCTH OMNPENE/NEHUs aHainTh-
yecKo# (YHKIMH. IDTa TEOpeMa MO3BOJSAET HE TOJBKO CTPOUThL aHa/MTH-
uyecKue MPOLOMKEHUS YJIEMEHTAPHBIX BYUKUAK NeACTBUTEILHOR NepeMeHHOH,
HO U QHAAUMUYECKI NPO00ANCAMms 8 KOMHACKCHYIO 00AACHE COOMHO-
wennst, uMeKoulne MeCTO MEXAY COOTBETCTBYIOWUMH (PYHKUMAMU AeHCTBH-
Te/MbHOM nepeMeHHOW. B Kauecrse TuUNMMYHHIX TIPUMEPOB DPacCMOTPHM,
BO-NEPBBIX, COOTHOLIEHUst BHAA

sin?x +costx =1, 3.17)
ey = x (3.18)
¥, BO-BTODHIX, COOTHOLIEHHs BHAa
ex1. e¥e = px1+ %2, (3.19)
cos (x1 -} x5) = COS Xy - COS Xy — Sin X - Sin Xy, (3.20)

Coornowenns (3.17) u (3.18) ycTaHaBRJAMBAIOT CBA3b MEXAY DPas3/iMUYHKIMA
GYHKUUAMH OAHON JeHCTBUTE/bHOH MNepeMeHHOH; B coorHoweHus (3.19)
1 (3.20) Bxoadr (yHKUMM HECKOJBKHX NEpEeMEHHBIX. DTO OXHHU U3 OCHOB-
HBIX COOTHOIICHHH [/ 2JIeMEeHTapHBIX (YHKUUA AEHCTBHTEJbLHBIX Nepe-
MEHHHIX. EcTecTBeHHO MOCTaBHTH BOMPOC: OCTAHYTCA JMH OHH CHPAaBeAHU-
BRIMH /Il AHAMATHYECKHX NPOAOJKEHUH DJEMEHTapHbIX (PYHKUHH B KOMII-
JieKCHY10 06/1aCTh?

YcraHoBuM, 4TO TOXaecTso (3.17) ocraercst cnpaBefJnBHIM U B KOMI-
JAeKcHo#t ob6aactu. Las sTOoro paccMoTpuM (yHKUMIO

F(2)=sin* z}cos?z —1

KOMMTeKCHOH nepemenHoit 2. CornacHo OOWMM CBOHCTBAM aHAMATHYECKHX
Gyuxunt (cM. ra 1 crp. 33) F(2) sBasercs uenoi yHkuuedt z, npuueM
0715 JeHCTBUTEbHBIX 3HaueHutt 2z =x (8 cuny (3.17)) F (x)=0. Orciona
no TEOpeMe ENMHCTBEHHOCTH MBI W MOJY4YWM, YTO HAa BCeH KOMIVIEKCHOH
IJIOCKOCTH 2 BBIMOJHACTCS COOTHOWIEHHE

sin?z4cos?z=1. (3.21)

MonoGurie we paccMOTpeHust MOTYT ObITb IDOBENEHBl W 1J1 IOKa3aTeJlb-
CTBa CNPaBeNJIMBOCTH B KOMILIEKCHOH oGaacti Beipaxenns (3.18) u mpy-
rMX COOTHOLIEHWH, CBS3BIBAIOLIMX Pa3/UYHBIE aHAMUTHYECKHE (YHKLUH
OIHOH KOMIJIeKCHO# nepemenHod. OmHAaKO HeT HYyXIbl Kaxublffi pas mnpo-
BOAUTb CIELMaJbHOE MUCCACAOBAHME, a MOXHO CPopMyIpOBaTh OOLLYIO
TEOpeMy.

*) CM. Bem. 2, crp. 328.
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I'chrb mana @yukums Flw,, ..., @,] KOMIJIEKCHBX NepEMEHHEIX
Wy, ..., W, AHAJTMTHUECKAH NO Kawaol nepemenno#t *) w; & D; u TaKas,

YTO OHa caMa U €€ YacCTHhE MPOU3BOIHBIE HeﬂpephlBHbl no coBo-

oF
ow;
Ky[IHOCTH HNEPEMEHHWX Wy, ..., W, OO6AANA0MYI0 YyKa3aHHbHIMH CBOMH-
cTBamu ¢yHkumio F[wy, ..., @,] 6yseM Ha3LIBaTh aHAJIATHYECKOH (yHK-
el MHOTMX KOMMJeKCHex mnepemennbix. "Ilycte gausl n dynxiuf
f1(@), ..., f,(2) KoMnAeKcHON nepeMeHHON 2, Onpese/ieHHbIe B o6nactu G
KOMIIEKCHOH miockocTu 2, npuuem f; (2) € D,

Bynem rosoputb, 4o QyHKuAR f; (2) yAOBAETBOPSIOT COOMHOUEHUID
FlA@), ..., f[(@)]=0 na MHOXecTBE M, €CAM 3TO  COOTHOMIEHHE
YDOBJETBOPAETCA BO BCEX TOYKAaX 2z & M. B nanpuefiiiem Oynmem pac-
CMaTPUBaTh COOTHOUIEHHMS, 3aJaBaeMble TOJBKO aHAJUTHYECKUMH (YyHK-
UMAMM MHOTHX KOMIJIEKCHBIX Mepemennnix. Wmeer mecto

Teopema 3.1. Ecau yuxyun f;(2) R8A810MCA QHAAUMULECKILMU
gﬁymcuumnu 2z 8 obaacmu Y, codepacauseii ompesok [a, b] deiicmesu-
measnol ocu x, mo u3 coomuouenus F(fy(x), ..., fo(x)]|=0 npu
a<< x<<b caedyem coomnouenuie F[f1(2), ..., [o(2)|=0 npu 2z &.

HokasateabcTBo. Iag /[0KasaTenncTBa TeOpPeMbl AOCTAaTOUHO
noKasaTh, YTO NpH CGOPMyanpoBanHbiX ycaoBusx GyHkuus @D (2) =
=F[f1(2), ..., [, (2)] aBaserca anaantuueckodl QyHKIHed KOMIIEKCHOH
nepemenHo#t z B obaactn Y. JloKasaTeabCTBO NPOBEeAEM I CJAydas
IBYX nepeMeHHHx w; T. € koraa D (2)=F[f1(2), f:(?)]: Puxcupyem
B o6nactn ¥ npousBosbHYI0 TOUKY 2o € & u 06o3HauaeM fy (20) =1} u
Jf2(2¢) =wj. CocraBum BIpaxeHne

@ (294 A2) — D (25) = F [0 + Aw,, w0+ Aw,] — F [@), w], (3.22)

rae Aw,, Aw, cyts npupauiends dyukun# fi (2) u f,(2), COOTBETCTBYIO-
une npupamennio Az HesapucuMmo# nepemennoft z. Taxk kak, mo mpex-
NOJMIOXEHNIO, CYLIECTBYIOT YacTHHE NMPON3BOAHbE ¢yHKUUE F, Hempepsis-
HHIE MO COBOKYIHOCTH MEpeMEHHHX, To (3.22) MOxHO npeoépasoaarb
K BHAY

D (z0+ AZ) -@ (Zo) = (w “”3 +A‘w2) Aw, +
+ ﬂlAwl + 6__ (@], w3) Aw, -1, - Aw,, (3.23)

*) HasoBeM (yHKUHIO MHOIMX KOMILIEKCHBIX nepemerubix F (2y, ..., 2,), onpe-
JIeJIeHHYI0 11 3HavyeHHH 2; & D;, aHaluTHuecKoil ¢yHKIMeill KaXIOH H3 CBOHX
nepeMeHHBIX 2z; (i=1, 2 .o, M, m=<n), echn NpH Jnoéou i=1, 2, ..., m cootT-
BeTCTBylOUast GpyHkuus O (z) F(z" a2 2,2 P e 25) omaoi{ KOMII-
JIeKCHO! NepeMeHHOH Zz;, MOJYHYaloLlascs MpH NPOU3BOJNbHEIX (HKCHPOBAHHbIX .3Ha-
UEHHAX OCTaNbHBIX TNepeMeHHBIX zj__z" (j £ i), aBAsieTcst aHANHTUYECKOH (yHK-

uHed ARannof mnepemenxoff. [IpousBosHbie ¢GynkuHu @; (2;) MO COOTBETCTBYIOWHM
nepeMeHHbiM OyJeM Ha3blBaTh YacTHBIMH TNIDOM3BOAHBIMH QyHKUKU F (24, ..., 2,)

OF (2, ..., 2
MHOTHX KOMIVIEKCHBIX NepeMeRHhX B (z‘.)=——(—"a-z—’—i). IoppoGHee cuM. mpa-
i
JoxeHne 3.



§1 SJIEMEHTAPHBIE ®YHKUHH KOMITJIEKCHOM TMEPEMEHHOM 85

.

rae QyHkuMnm 1; B M, GeCKOHeyHO Majn npH Aw; u Aw, crpemsmuxca

K Hymo, a Tem cameM n npu Az —0. Cocrabus Teneps pasHOCTHOE
AD !

OTHOWIeHUE —— U mnepedis K npexeay npu Az—»0, B cuay Hempepus-

HOCTH YaCTHBIX NMPOU3BOAHKX (YHKUKHM F MO COBOKYNHOCTH NEPEMEHHHIX,

noayyuM

. D (zy+A2)—D (2 oF , . .. OF ,
.Alzlm0 ‘ {20+ Al (20 _ &w—l(wf, ) /3 (zo)+~a—w7-2 (@}, @) f1(20)

YTO W JOKas3hBaeT cyulecToBanue npoussoanod @D’ (z,) B Touke 2.
B cuny cpenannnix  npepnosioxenu#t  dyukums @' (2)  wenpepoiBHa
B TOUKE 2, a TaK KaK_2,— NPOM3BO/bHAas Touka o6aacTk ¥, orciona u
crenyer anaautuudocts Qydkuan @©(z) B obaacty 4. B cayyae 6oub-
LIero 4ucaa MNEePEeMERHBIX w@; . JOKa3aTeNbCTBO IMPOBOIAMTCS COBEPIUEHHO
aHaJIOTHUHO.

Teopema 3.1 nosBoaser aHaANTHUECKH NMPOAOKATH B KOMIIEKCHYIO
o6aacTh cOOTHOWeHus Buaa (3.17), (3.18) mexay saementapubiMu QyHK-
LUHAMU ONHOHW AEHCTBMTENBHOR NEpeMeHHOM, UTO CYWIECTBEHHO /A HU3yue-
HHA PasMU4HBIX CBOHCTB 3/MEMEHTaPHEIX (PYHKUHMI KOMIJIEKCHON nepeMeH-
no#. CooTBeTcTBylOlIME mnpUMepH OyAyT NpPHBENEHH HUXe, a 31ecCh
OrpaHUYMMCS UL CJEAYIOUWINM 3aMeuaHueM. K teopeme 3.1.

Caedcmsue. Ecau svnoanenvi ycaosus meopemst 3.1 u gyur-
yuu  f;(2) coomsemcmsenno pasuv: fi(R)=f(2), fo()=f (), ...
vors Jra (R)=Sf"(2), mo u3 coomnowenus

Flf(x), ..., fW(x)]=0 npu a<<x<b (3.24)
caedyem ' - '
FIf@) ..., [P ()] =0, z&Y. (3.25)

D10 03HavaeT, 4TO ecAu (PyHKilus NeHCTBUTE/bHON nepeMeHHOH f(x)
ABASETCA peleHneM mubdepeHnuanbioro ypasHeHus (3.24), To ee aHamu-
THUECKOe mpojpomxenue f(z) B o6aact Y ynosneTopser B 3T0i 06aacTH
aupdepeHuaabHoMy  ypasHeHmio (3.25), sBjsiomeMycs aHaJAMTUYECKHM
npoao/mkenueM ypasHenus (3.24) B obaacrs Y.

Tepetimem Tenepp K OGOCHOBAHWIO aHANNTHYECKOTO MPOAOKEHU
cootHomenuti Buga (3.19) ¥ (3.20). Mur He Oynem paccMaTpuBaTh Kawaoe
¥3 OSTUX COOTHOLIEHWH B OTAEALHOCTH, a cpasy chopmyanpyem obutyio
TEOpEMY. _

Teopema 3.2. [lycmy Pynxyun wy=f1(21), ..., W= [fy(2,) A6-
AAIOMCA  QHAMUNUMECKUMU  BYHKUUAMU  KOMRACKCHBLX NEPEMEHHb X
b ey 2 8 OOnacmax G, ..., 9, codepicauwux ompesxu [a; b
(i=1, ..., n) deticmeumeasnoit ocu x. Ilycme pynxyua Flw,y, ..., w,]
ABAAEMCA aHaaumuteckoll @yrryuell no Kaucool U3 nepemMenHbx
w, ..., W, 8 oOaacmu ux u3mernerus. To20a u3 coomHouleHus
Flfi(xr), ..., fa(x)]=0 npu a;<<x<b; caedyem coomHnouerue
F[fl (zl)r [ERE fn(zn)]=0 npu ziegi-
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HokasarteancrBo. . Jlas 1oKa3aTeabCTBA TeopeMbl (UKCHpyeM
3HAYCHUS TEPEMEHHBIX Xp=X}, ..., X, =X} N PacCMOTPUM (YHKIHIO
koMmekcuolt nepemenHot @ (2)=F [f1(21), fa(xD), ..., [u(xh)]. D1a
(YHKIAS, Kak CAoWHad (yHKUMS KOMIJIEKCHOH fepeMeHHOH 2y, B caay
yrBepxuenns ra. 1, cTp. 33, ABAAETCA aHAAMTUYECKOR QyHKUue# KomM-
NJAEKCHOH nepeMeHHOH zle.‘9 ITosToMy 1O TEOpEME O €AHHCTBEHHOCTH
onpenenenus  aHanuTHYecKod dynkumn us cootHowenns F{fy (xy),
Sa(x3), ...y fu(xR)] =0 npu a; << x;, << by cnenyer Ffi (1), fa(xa) ...
eers fo(x2)]=0 npu z; &%,. 3amerum, uto OTCIOAZ B CHJIY NPON3BOJIb-
HocTH X%, ..., Xp BHTeKaer, 4ro F[f1(z1), fa(xo), ..., fu(x,)]=0
duKcupyeM Tenepb NPOW3BONBbHOE 3HAUEHHE KOMIIEKCHOH NepeMeHHoR
a9, u paceworpun Gywkumo Oy (20)=F | fy (29 fa (ea), f3(xd),
oy f2(x%)] koMnnexkcHOH nepeMeHHOH 2, & ¥y Tak e kak u @ (2,),
dyuxuns O, (z,) 9BAAETCS aHAMUTHYECKOH QYyHKuMeH nepemeHHON 2, &= Y.
Nostomy mn3 coornowenns F[fy(2), fo(xo) fa(x5), ..., fu(x2)]=0

npu ay << xp << by, cnenyer F[f1(21), fo(22), f3(x3)s ..., fu(x2)]=0 mpu
2, Y, ‘B cuny npousBOABHOCTH BHOGOPa 2. Mbl NOJYYHM, YTO COOT-
nowenne F[fy(x1), fa(xo), fa(x3) «o., fu(x2)]=0 npu a;<<x;<<by,

a2<x2\ b, Bneuetr 3a coboit cootHowenne F[f;(zy), fo(22), f3(xh),...

, fa(xD]=0mpn 2,9, €Y,

”pOllOJl)Kaﬂ aHaNOTMYHRIM 00pa3oM, MBI M JOKameM Teopemy. 3ame-
THM, YTO [0Ka3aTeJAbCTBO TEOpEMbl HE SaBUCHT OT B3aHMHOTO pacnono-
xenuss obnacted ;.

Teopema 3.2 noseossier CTPOUTH AHANUTUYECKUE NPOAOMKEHUS COOT-
swowenudt suma (3.19) u (3.20). PaccmoTpum, HanpuMep, coorHoOLueHne
(3.19) u BBeaeM (YHKUMH w@;, Ws, W3 KOMIIEKCHHX NMEPEMEHHBIX 2y, 2o
n 23=21+22:

W, =e%, Wy=e%, Wy=e%k=enT%, (3.26)
PaccMoTpuM (BYHKUMIO TpeX KOMIIEKCHBIX IEPEMEHHBIX
Flwy, w,, wg)=w;— w0, Ws. 3.27)

Iockoasky dyukuu (3.26), (3.27) aBasioTcs LeIBMH (PYHKUMSMA CBONX
nepeMenHBIX, @ F=0 npu 2, =x;, 25= X, 23=x3 (— 00 << x; < 00),
TO BHIIOJHEHB BCE YCJAOBUA TEOPeMBl 3.2, YTO W MOKA3bIBAET CHPABEAIU-
BOCTb COOTHOWeHUs (3.19) npu moOHX SHAUCHHAX KOMILIEKCHBIX nepe-
MEHHBIX 23 W Zs.

3. CeoiicTBa anemenTapubix Gyukuuit. [lepefineM teneps k Gosee
HeTanbHOMY W3YYEHUIO OCHOBHBIX CBOHCTB BBEJEHHBIX BbIIIE 3JEMEHTAp-
HBIX (PYHKUHH KOMI/IEKCHO# nepemenHo#. B cuary teopem 3.1 u 3.2 npu
BCEX 3HAUYEHHAX KOMIIJIEKCHOH MnepeMeHHO#l z WMEIOT MECTO COOTHOILUEHHd

sin? z 4 cos? z =1, (3.28)
ch?z—sh2z=1. (3.29)

W APYyra€ HW3BECTHHE TOXACCTBA I/ PAa3/ryHeIX TPHTOHOMETPHUUYECKHUX H
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runep6oanyeckux  GyHKUXE OAHOM KoMmmaexchno# mnepeMensoft. Tawwe
UMECIOT MECTO COOTHOLUEHUSA

etz = pg21. 2 (3.30)
sin (2y -+ 23) =sin z; cos 2, -} €OS 24 sin 2y, 3.31)
c0s (21 -+ 25) = €0Ss 21 €OS 25 — sin 2; 5in 2, (3.32)

U Ipyrie TPUFOHOMETpPHUYECKHEe OPMYJbl, SABAAIOWHECT aHANTUTHUECKUM
NPOAO/MIKEHHEM B KOMILIEKCHY!O 06JacTb H3BECTHHIX COOTHOIIEHUH Aas
3NEMEHTAPHMX (GYHKUUN AeHCTBHUTENbHOH nepemMeHHOH.

YcTaHOBUM  CBS13b MEXAY MOKA3aTeNbHOH W TPHCOHOMETPHYECKUMU
(yHKUMAMU KOMMJIEKCHOH mnepeMeHHOR. Ilas 3TOro BepHeMcs K Bhipaxe-
muio (3.7) mas pyskunu e’ u cHesaeM B HEM 3aMeHy HepeMEHHOH, 10/0-
wuB 2==1I¢. Toraa '

[ee]
eic_—_ 2 in :f_
nt”

n=0

Pas6us nocsneaunit aGCOMOTHO CXONAUWMACS Psif HA CYMMY ABYX PAIOB
NOJyYHM :

_ 001 n ;2’! . < ), ;2n+1
el = ZO(—I) i 14 20 =1 G
n= n=

T. e
et =cos{+ising " (3.33)

OueBHAHO, 3TO TOMIECTBO MMEET MeCTO 1/ BCeX 3HaueHu# KOMMIEKCHOH
nepemMeHHo# g

CootHowenne (3.33), ycTaHaB/amBawoiee CBA3b MEKLY MOKa3aTeabHOH
¥ TPUrOHOMETPUYECKHMH (DYHKUMUAMA KOMIIEKCHOR NEPEeMEHHOH, HOCHT
Hasganue popmyas. Slisepa. U3 Hero crelywT BecbMa BaxKHbe M
npusoxeHut dopmyast *)

cos 2 == % (e¥ 4 e7%) (3.349)
u
sin 2 = - (¢ — 77, (3.35)

C nomoumbio 3TuX ¢opmyn u dopmyn (3.10), (3.11) nerko ycTaHOBUTb
Clefyouue COOTHOIIEHNs, CBABHBAKOMIME TPUTOHOMETPUYECKUE M runep-
6onuyecKkre QYHKUHMM KOMIVIEKCHOH nepeMeHHOM:

sing=—ishiz, cosz=chiz. (3.36)

*) HanoMuuM, 4T0 B I, 1 Mbl C MOMOWLIO 3THX (GOPMYJ OlpeneNuad PyHK-
HdM cOSZ H sin 2, a TakxKe GopMaJbHO BBeNH COOTHOLICHHe DHfepa.
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B yacrHocTH,
siniy=ishy, cosiy=chy. (3.37)

YcTaHOBUM ellle HEKOTOPHIE BaXKHbIE CBOHCTBA PACCMAaTPUBAEMbIX DYHK-
uuft. Ipensaputensno samerum, uto B cuny dopmyian (3.30) umeer Mecro
COOTHOIIEHNE '

W=e"=e¥+ =¢*. el (3.38)

Orciona caeayer, uto [W|[=e* u argw=y.
' d
PaccMotpum Tenepp oyukuuw w=Inz= S —g, ABJAIOILYIOCH aHaJu-

THYECKMM MPOZOKEHHEM In X Ha KOMIVIEKCHYIO IIOCKOCTb, paspe3annyio
no orpuuarensHoft 4Yactu geficTBuTeabHoM ocu. Tak Kak gas gefcTsu-
TeJbHBIX MOJNOXKMUTENRHBIX X GynKuus In x s8asercs oOpaTHON IKCHIOHEHTE,
TO B cuay Teopembl 3.1 B obnacty — ;< arg 2 << T COXPaHAETCH COOT-
HoleHue -

enz =z (3.39)

SIBJAIOILEEC AHAANTHYECKMM NPOLOIKEHHEM COOTHOWEHHS eMn* = x (x >0)
B KOMIIEKCHY0 o6aactb. TeM cambiM ¢hyuryus lnz ssasemcsa obpam-
HOll K ghynKguu . '

Ormerum BaxHoe caeacrsue dopmyas (3.39). B cuay sroit dopmyan
u dopmyant (3.38) us cooTHoweHns @ =u-iv=Inz crenyer

Z=eW=el+iv=¢l.civ, (3.40)
Orciona |z |=e% arg 2=1, a TaK KaKk & U |2 |— ACHCTBUTE/IbHHEIE Mepe-
MEUHble, OKOHYAaTeJbHO MOAYUUM

n=In|z| v=arg 2, (3.41)
rae cuMsoJ In| 2| o3HayaeT AERCTBUTENBHYIO JOrapuPMUuEcKyo QYHKLUHIO
NEHCTBUTELHOTO NONOKUTENLHOTO aprymenTa. Tem caMbiM Aas dyHKuuHM

KOMIIIEKCHOH repeMeHHOl In 2 moayuuMm aareGpanueckyo ¢oOpMy sanucu
B BHIE

Inz=In|z|+iargz (3.42)
Wz (3.42) nonyunM sHauveHus: Ini=i i , In(1)=0, In(—H)=—1i g ,

n(l+)=1V2+i% ur o
AnanornunsiM  06pa3oM Ha OCHOBaHMM Teopembl 3.1 HeTpyaHO mnoka-
3a1b, uTO ¥ QyHKuuaA arcsin z, onpenesienHas gopmyaoi (3.15), asasercs

obparHott K ¢yHkiuu sinz, 1. e.
sin (arcéin )=z (3.43)

Britue Obina ycTaHOBJIEHA CBA3b MEXIY NOKa3aTeqbHOfl ¥ TPHIOHOMET-
puvecknmn ynkuuamu. OYeBHAHO, # (YHKILAN, OGPATHHIE K LAHHLIM, Ha-
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npnmep Inz u arcsinz, Takke CBA3aHB MEKIy cobo#t onpeneneHHuMﬂ
COOTHOLIEHHSAMM.

B cuny (3.43) u3 BupaxeHus @ = arcsin 2z CJAeAyeT Z=sinw, 4ro
cornacHo (3.35) MQXHO nepenucath B BUAE

=g (6% —e) ’ (3.44)

uau B . '
e¥? _ 2ize'® —1=0. (3.45)

Paspemns kpagpaTHoe ypashenue (3.45) oTHocuTesbHO €'®, moayunm
Y=iz+ VY1 =22 (3.46)

Mu e nuwem 3Hak = nepes KODHEM MOTOMY, 4TO dyHKUHS Vi=2z
KOMMJEKCHO! TnepeMeHHO® 2 CaMa ABJASETCS MHOTO3HAYHOH (yHKLHEH
(cm. ra. 1, ctp. 28). BuiGop BetBn MHOrO3HauHOH pynkunn J/ 1 — 22 sgecs
NPOM3BOJAMTCA M3 YCJAOBHS, uTOOB paccMaTpuBaeMas GYHKUMS W@ =
= arcsinz SBJANACh AHAANTUYECKUM MPOJOMKEHHEM COOTBETCTBYIOUIEH
¢yHKunn neficTBUTE/bHOH nepemenHoi. M3 nmocseauero yc/aoBusi credyer,
YTO [OMKHO OBITH B3ATO TO 3HAYEHHE KOPHs, KOTOPOE IMOJIOWKHTEAbLHO
Npu NOJIOXKUTENbHBIX ACHCTBHTE/NbLHBIX 3HAUEHUAX MOAKOPEHHOrO BhIPAXE-
Hua. M3 (3.39) u (3.46) crenyer

iw=1In[iz+11—2%,
OTKyﬂa OKOHYATENBHO HOJIyLIHM
Cw=arcsine= —iln[iz4+ VT =27 (3.47)

OT0 BHpaXeHHe Ha NepBbfl B3r/A AOBOJBLHO CJOXHO, W HEBOJBHO BO3-
HUKAeT COMHEHue, [deT Jd OHO, B YAaCTHOCTH, AEHCTBHTE/bHEIE 3HAUEHHK
arcsinX and AeHCTBUTEJbHRIX 3HAYeHUH 2 =X, YLOBJAETBOPAIOLWIUX YCJO~
B0 | x|=<< 1. OaHako CcOMHeHue HerpynHO paccedarn, O6osHayuMm { =
=iz4V 1 —2% [lns neficreuTeNbHBIX 3HAYEHMH 2 =X, YAOBJETBOPA-
oumx ycaosmio |x|<<1, noayunm |{| =V ¥ +1—x2=1 u arg{=

— = arc sin X. Orciona B cuay dopmynasl (3.42) mnmeem

= arctg
—X
—iln{= —i[lnl-+iarg{|] =arg{=arcsinx.

Tak kak dyskuus (3.42) onpenenena A BCeX 3HAuYEHUH cmoero ap-
FyMEHTa Ha KOMIUIEKCHOH NJAOCKOCTH € pPaspe3oM [0 OTpulaTebHOH
yacTh paeficTeuTesbHOM ocH, 10 dopmysa (3.47) [aeT aHaAUTHUECKOE
nposo/KeHne QYHKUMH arcsinz Ha HEKoTopyio 004acTb ILIOCKOCTH 2.
Tlpu sroM touku 2Z=F | OKa3HBAIOTCA B ONpPEAENEHHOM CMhIC/E OCO-
6eiMu.  [leficTBurensHo, B pe3yabTare 06Xxoaa MO0 H3 S5THX TOUEK Ha
NJOCKOCTH 2 MO 3aMKHYTOH KPHWBOH, MpuHamJexKalled A0CTaTOUHO Manaoft
£-OKPeCTHOCTH TOH TOYKH, NPH HENpepLIBHOM M3MeHeHnd Qynknuu (3.47)
OHa U3MEHUT CBOE 3HaueHue, TAK KaK MPU OJHOKDPATHOM 06X0AE TOUKH
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z=1wmm z= —1 pynxuns )1 — 22 usmensier ceoe sHaueHue *). [losromy
B KadectBe 00JaCTH OJHO3HAuHOro onpejeneHus (yHxunu (3.47) moxer
OuiTh  BRIGpaHa, HanpuMep, IMOJHas MJIOCKOCTh 2z C paspe3aMd BIOJb
OTpesKoB ae#cTBUTENBHOH oOCH [ — 00, — 1], [1, ©0].

4. OtoGpaxkeHuss aaeMeHTapHbIX (YHKUMi., B 3akamoueHue maHHOro
naparpada, NOCBSIIEHHOrO 3JIEMEHTaPHBIM (DYHKUUAM KOMILIEKCHOH nepe-
MEHHOR, PacCMOTPUM HEKOTOpbie TeoMeTpHuueckue CBOHCTBA OTOGpaxeHuH,
ocymecTsafeMsx 3TuMu  QpyHkuusmu. Haunem ¢ npocrefiinx npuMepos.

ITpumep 1. B ra 1 Owaa paccMoTpena mnpocrefilnas creneHHas
tbyHkuns @ =22 PaccMoTpuM teneph OTOGpaXeHWE, OCYLIECTBASEMOE
dyHKuuei

w=2" (3.48)

TIe 78— NPOW3BOJbHOE Lenoe 4iCA0. Ta (QYHKUHS, OYEBHIHO, SABAAETCH
‘nesnol  dyHkunel. Jlas u3yueHus reOMETPHUECKHX CBOHCTB ee oTOGpaxe-
HUA YHNOGHO BOCMOJB30OBATHCH MOKa3aTebHOM (GOPMOM 3amUCH KOMIIEK-
CHBIX YHuCeN: 2=pe'®, w=reV=p"e"™®, u3 KOTOpPOH ciedyeT, uTo

ok - - 2n !
M0G0 ceKTOp **) ¢ LEHTpalbHbIM YIAOM 0 = —= TIIOCKOCTH 2 JaH-

HOM (QyHKIMEH OTO6pa}aeéTCs Ha MOAHYI0 IJIOCKOCTh . PasanuHbie
BHYTPEHHHE TOYKH 3TOI'O CEKTOpa OTOOPANaloTCa Ha PAa3JUyYHBIE TOUYKH
NJOCKOCTH W. led 3TOM rpaluibl CEKTOpa nepexoasar B OAHUH B TOT
Ke ayy Pp=1py Ha MmIocKocTw w. Jlna yCTaHOBJEHUS B3ANMHO OAHO-
3HAYHOrO COOTBETCTBHA MEKAY 06G/IAaCTbIO OAHOAMCTHOCTH (yHkuun 2* ¥
NJIOCKOCTbIO W 6y11€M CYnTaTh, YTO HA MJOCKOCTH W MNPOHUIBEACH pa3pes3
no Jy4y P =1, ¥ "PaHUIAM [AAHHOrO CEKTOPAa NJOCKOCTH 2 COMOCTAaBJEHH

2n
pasanuHnie Gepera paspesa. Hanpumep, cextop 0 <S¢ << -~ [JIoCKoCTd 2

¢ynkuueit (3.48) oroGpawmaeTcd Ha NOJHYI IJIOCKOCTb W, npuyeM o06e

rpaHuubl aToro cekropa, ayuyun I u II sa puc. 3.1, nepexoast B HoJ0xu-
_ 4n

2n
TEJIbHYIO 4acTh AeHcTBUTEAbHON ocu u naockocta w, Cekrop s
TaKxe OTOGpaxaercss Ha MOJHYK NJIOCKOCTb @ u T. 4. IlosTomy reomerpu-
yecknit oGpas (yHkumn @ = 2" npencrasaser coGofi IIOCKOCTH W, NO-
BTOpeHHy # pa3. Tem cambiM oroOpaxceHUe MOJNHORH MNJOCKOCTH 2 Ha
MOJIHYI0O MJIOCKOCTh W, OCYILECTBJASEMOE AAHHOH (yHKUuMEH, HEe dBaseTcd
B3aUMHO OfAHO3HAyHbIM. OHAKO, €CIU B KayecTBe reoMeTpuyecKoro obpasa
(dyHKUNM @ paccmMarpuBaTh GoJee ChAOXKHOE MHOrooOpasue, ueM OObvHEdA
KOMIIZIEKCHAd NJIOCKOCTb, MOXHO COXPaHUTh B3AUMHYIO OAHO3HAYHOCTb OTO-
Opaxenus. Bynem cuurtath, Ur0 M UMeeM 11 3K3eMOASPOB (JMUCTOB) MAOC-
KOCTH W, pa3pe3aHHOd MO MOJOMKHUTE/JIbHOH 4acTh AEeHCTBHUTEAbHOH OCH, Ha
KaX[IOM M3 KOTODBIX arg @ M3MeHseTcs B mpelenax 27 (k— 1)<Sarg w=<

<2nk, rae k=1,2,..,n Cekropy gnf(k— l)<(p$2’?k MVIOCKOCTH 2

*) Cu. crp. 29—30.
**) 3pech 104 CEKTOPOM MEI NOHHMaeM 3aMKHYTYI0 06J1aCTh BMeCTe C ee Ipa-
HHUAMH.
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¢ynkiua  (3.48) craBuT B cOOTBEeTCTBHE A-# JNCT IIOCKOCTH w; Jyy
21

o= (#—1) nepexomut B BepxHui Oeper pa3pesa k-ro Jucra, a Jyd
2nk

@= = — B HWKHUH Geper paspe3a storo xe Jjwucra. Ilocrpoum u3 atux

JINCTOB HEMPEPHIBHOE reOMETPHYECKOE MHOroOOpasue TaK, yToOs HenpephiB-

HOMY IBHIKEHHIO TOUKH Ha NJIOCKOCTH 2 COOTBETCTBOBAJ/IO HEMPEPHBHOE ABU-

KEHHe TOUKH W Ha JaHHOM MHorooOpasuu. Il 3TOro sameTuM, YTO HUXHUH

Geper paspesa k-ro Jsucta u BepXHuR Geper paspesa (k--1)-ro Jjucra

MMEIOT OJMH M TOT Ke apryMmeHT P, =27 -k Koraa Touka 2 B CBOEM

=7 wl{ﬂ Z . 1/ 4‘
z=0 >~ 7 ///V/ Y /]///;/

\\ 2
b1 T”(” -

Puc. 3.1.

HEMpPEPHIBHOM [BHKEHUH N0 MJAOCKOCTH 2 NEPEXOAMT U3 OZHOrO CEKTOpa
B ADYroil, cooTBeTcTBYyIOULas €l TOUKA W NEePexoauT C OJHOro JUCTA MJI0C-
KOCTH W Ha cocenHuil jnct. OueBHIHO, YTOOB COXPAHUTH HENPEPHIBHOCTD
oTo6paxeHus, Mbl JOMMKHB COEIUHHTb COCENHHE JIICTHI, CKJeuBas HHUXKHMH
Geper paspesa k-ro aucra ¢ BepxHuM Oeperom paspesa (£-+1)-ro aucra.
IMpu sTom ocTatotcst cBOOGOAHBIMA BepXHUl 6eper pa3pesa 1-ro u HuxHUH Ge-
per paspesa 7-ro auctos. IIycTh TOUKA 2 COBEPIINT HA MIOCKOCTH 2 MOJHBIH
060pOT BOKPYT TOukH 2 = 0, NOCAEL0BATEILHO NPORIS uepes Bee # CEKTOPOB
9TOH MJIOCKOCTH, HaYMHAs C NEPBOr0O CEKTOpa, U BEpHETCH K CBOEMY IepBo-
HauasbHOMY TMOJOMeHuto. Torga COOTBETCTBYIoILas ef Touka w LpOHAET
7 JINCTOB, M, YTOOH OHA BEPHYJACh HA NEPBBIH JUCT, HAAO CKJIEHUTh OCTaBaB-
1iecs cBoGOIHBIME Gepera pa3pe3os Ha 1-M u n-M yctax. Tem caMbiM noaHOM
IJIOCKOCTU 2 PYHKLUS @ = 2" CTaBUT B COOTBETCTBUE A JIUCTOB MJIOCKOCTH W,
CKJIEEHHBIX YKa3aHHeIM BhIIE oGpasoM. Takoe reomeTpuueckoe MHOrooG-
pasue npeacTaBiseT cOOOH YacTHBIA Caydalt Tak HasblBaeMOH pu.arosol
nosepxrocmu. Pynuxuus @ = 2" ABAAETCH H-TUCTHOH (yHKUHKEH.
ITpumep 2. PaccMoTpum oTOGpawenue, OCyUleCTBAseMOe (byHRUHeH
w=c¢e’. U3 npencrasaenus (3.38) caemyer, 4TO 3Ta (QYHKUAS KaKIOMY
KOMIJIEKCHOMY YHCAY 2= X-}-iy CTaBUT B COOTBETCTBUE KOMIJIEKCHOE
YUCJAG W, MOLYJb KOTOPOTO €CTh e¥, a aprymMeHT y. IJTO O3HAuaeT, uTo
NoKasaTeJbHas (YHKUKA W = e’ NpOM3BOAHT OTOOpAXKEHHE NpSMOH Y=
=y, MIOCKOCTH 2 Ha Jyu arg @ =y, MaockocTu w. Kak n€erko sumers,
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noJjoca MJIOCKOCTH 2, orpaHnuyeHHas npsMbiMd ¥y =0.1 y= 2m, nepediger
B TIOJHYIO IMIOCKOCTb @, [IpUYeM rpaHuunbie npsamuie ¥ =0 u y = 2n 6yayr
OTOOPaXaTbCs HAa ONMH U TOT KE AYY MIOCKOCTH W — M0JOKHTEAbHYIO
yacrb aedcrBurensHoft ocn u (puc. 3.2). Ilpn stoM ycranasnusaercs B3a-
HUMHO OIHO3HayHnoe OTOoOpaxeHue OTKpuTOoR obaactu O0<Cy << 2m Ha
TIOCKOCTh W C BHIOPONIEHHON MONOWUTENbHON 4acTbio NeNCTBUTENLHOH
ocn u. YroOw ycTaHOBUTb B3aHMHO OIHO3HAYHOE OTOGDaKeuue COOTBET-
CTBYIOUIMX 3aMKHYTHIX o6.sactefl, 6yneM cuuTtath, uTO N{jou3BeNeH paspes
MO MOJIOXKUTEIbHONH 4acTH AEHCTBUTENBHOH OCH # M YCTaHOBJEHO B3aUMHO

4
—— Myt ?
U |\y=2m
7 1z=0 z
e
Puc. 3.2.

OHO3HAYHOE COOTBETCTBUE MEKIY BEPXHAM GeperoM paspesa u NpAMOH
»=0, a TaKKe MeWAy HmKHAM OGeperom pa3pesa M npsMmoft y=2x
naockoctu 2. Urak, noxasamessran gyrxyis e° npousgodum 83auUMHO
00HO3HauHoe omobpacerue nosocet 0=y =< 2 naockocmu 2 Ha noa-
HYI0 NAOCKOCMS W, PA3PEIAHHYIO NO NOA0ICUMENsHOI tacmu delicmeit-
measroll ocu ¥). AHanOrHYHBIM 00pasoM YCTaHaBAUBAEICH, YTO IOKa3a-
TeNbHas (YHKLUUS NPOESBOAUT B3aUMHO OJHO3HAayHoe OTOOpaxceHHe noOOH
nonochl 2n-n<<y<<2n(n-41) (n=0, Z=1,...) naockoctn z Ha Ty ke
NOJHYIO IJAOCKOCTh @ C Paspe3oM BAOAb IOJIOXKWTENbHON 4aCTH NeHCTBU-
TeAbHOR ocu u. Ilpu 3TOM ToukM 2y =Xyt iy, U 21= X, i (Vo -+ 2nk)
(k==1, 2= 2,..)) nepexomar B OZHY H Ty XK€ TOUKY MIOCKOCTH W. ITO
03HaYaeT, YTO NOKA3AMENbHASL PYHKUYUA ABATeMCT OECKOHEHHOMIC MAHOIL
nepuoduveckoll GyrKyuell KoMNAeKCHOE nepemerHoll z ¢ MHUMbLM ne-
puodon 2ni. O6nacThio €e OZHOMUCTHOCTH siBAAeTCA JMoGas nonoca yo<l
<y < Yo+ 2n, oroGpaxaiomascs Ha MOMHYIO IVIOCKOCTh @ C Pa3pe3oM,
0 Jyuy arg W=y, 3aMEeTHM, YTO apTYMEHT W Ha MJOCKOCTAX, COOTBET-
CTBYIOUMX PA3AuuHbIM fon0caM 27 -n< y << 2n(n4-1) (=0, X1, ...)
U3MEHSETCS COOTBETCTBEHHO B DPAa3Ju4HBIX npenenax. Tem caMbiM Mbl 11O-
JydaeM GecKOHeyHbli HAOOP pas/UUHBIX SK3EMIISPOB MOCKOCTH W, pas-

*) Ilpu sToM rpanumla nosocol y==0 nepeXoAuT B BepPXHHi, a rpaHuua
Y == 20 — B HUKIMA Geper paspesa MAOCKOCTH W,
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pesaHHod no mnosoxutenbHo# uacTu nelcTBuTENbHOH ocu #. UTO6H He-
NpepHBHOMY JABMXEHHIO TOYKM 2Z Ha MJOCKOCTH 2, NPH KOTOPOM OHa
nepexojuT u3 oOnfHO# HOMOCH B APYFyl0, OTBEYano HenpepeiBHOE
JABUXEHHE W, COOTBETCTBYIILME 3K3eMINAPH  (MUCTh) IVIOCKOCTH
IOJDKHB  ObITh COENMHEHBI MeXay coGOH, npuueM, OUEBHAHO, BEPXHHH
Geper pa3pe3a n-ro AMCTa JNOMKEH OBITH COEAMHEH C HHUM Geperom
paspesa. (n— 1)-ro JaucTa W HHKHUR Geper paspesa n-ro AuCTa—Coead-
HeH ¢ BepxHuM OeperoM paspesa (n-+1)-ro aucra. IlonyuenHoe reomer-
puyeckoe MHoOroobpasne o6pa3yeT OecKOHEUHOMICMHYIO PUMAHOBY NO-
8EPXHOCIMS, .

Ananoruunbie paccMoTpeHnst MOTYT ObITb NPOBEAEHHI W LAA TPHCOHO-
Merpuueckux (GYHKUHH KomnuekcHo# mepemenxoft. Cpasy samerum, 41O
B cuay dopmya (3.34), (3.35) mpuzonomempusecrue bynryt K820 MK
0eCKOHEHHOMIC MAHbLMIL PYRKLGUAMI ¥OMNAEKCHOL nepemennoll 2, nepuo-
ouveckumu ¢ Oeiicmsumensuom nepuodonm 2;. Tak ke, Kak u B cayuae
dyuxkunu e°, HeTPYZHO pPacCMOTPeTb reoMeTpHuecKue cBOHCTBa 0TOOpa-
»KEeHH#, OCYILEeCTBJASEMBIX TPUIOHOMETpHYECKHMH (QyHKuuAMH. Mp orpa-
HUYUMCA  Jnb  (QyHKUKed cosz. C NOMOINbI0 YCTAaHOBAEHHBIX Bhilwe
CBOHCTB TPUrOHOMETPUUECKMX (YHKLUY noayuyaem

cosz=cos (x-+iy) =u(x,y) +iv (x,y) =cosx-chy — isinx-shy.

OTtciofa ClefyeT, 4TO NpAMyIo X = Xp [AOCKOCTH 2 $YHKIMA COS 2
oro6paxaer B BeIBb Tunep6o.bl
u? v?
— =1
costx, sin?x,

(3.49)

a .
Ha naockoctu @. Tpu 0 <Txp << 5 UpAMas X =X, NEPeXONUT B NpaByio

BeTBb runepGoabl, a npaMas X = — X, — B ee JEeBYI BerBb. Kak Jserko
yCTaHOBUTb, BCe runep6o/bl (3.49) aABAAIOTCA COMOKYCUBIMH, NMPHYEM HX

i 1
dOoKycH Jexar B TOuKax =t 1 pmetictButenshoit ocu u. Ilpamas x0=~‘7

dyHKIueR cos 2z oToOpawaeTcs Ha MHHUMYIO OCb U NJIOCKOCTH W, a Nps-
mMble Xo=0 u Xp=n—B ayun [l,00] u [ —o0,— 1] neticteutenbHoH
OCH ¥ NJIOCKOCTH W, NPUYeM NPH [ABWKEHWH TOYKHM 2 M0 JaHHOH npamof
(uanpumep, no npsMo#i Xo=0) COOTBETCTBYIOWUHY Jy4 MNPOXOAUTCSH
aBaxael. TeM CaMbIM (BYHKGUA COSZ Ocyuecmsrsiem B3QUMHO O0HO-
3HauHoe omobpadcerne nosocst 0<< x << U NAOCKOCMU 2 KA NOAHYIO
RAOCKOCMb W, PA3PE3AHHYI0 no Aydiax Oelicrmsumensroll ocu | 1,00 |
u [— 0o, — 1]. Ilpu sTom Bepxnuss noaynonoca 0 << x<<m, y >0 nepe-
XOAUT B HHXKHIOIO NOJYNAOCKOCTh v < 0, a HkHss mosaynonoca 0 << x << m,
y<<0—B BEPXHIOI MNOJYMIOCKOCTb U >> 0, YTO OTMEYEHO COOTBETCTRY-
loule#t - wTpuxoBko#t Ha puc. 3.3. Kaxk serko BumeTsh, cjaepywonias 10/0ca
<< x << 21 dyHknuedl cos 2 0ToOpaxaercs Ha Ty XKe I10JHYIO IJOCKOCTH
w ¢ paspe3amu 1o JaydaMm aeHcrsutesbHOH ocu [1,00] u [ —o0, — 1] Tax
Kak cos (2~} )= —C0s 2, TO BEPXHss NHOAYNON0CA == x=I 2xm, y >0
NepeXOAMT B BEPXHIOIO NOJAYMIOCKOCTe U >0, a HUKHAA HOAYNOA0CE
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n< x<<2n, y<<0—8 HWKHOWL noaynaockoctb v<< 0 (puc. 3.3). Aua-
JOTUYHOE TOJIOKEHUE, OYEBUAHO, HMeeT MecTo U 1A JMo6o# noJjock
m<<x<<(n+1)n. Orcona caeayer, u4to 006,13aCTbI0 OLHOJIUCTHOCTH
dyHkuAM cos 2z aBaserca monoca nn << x << (n--1)m. Pynkums cosz
npeacras/iser co6oli GECKOHEUHOMUCTHYIO (YHKIHMIO, a ee 06/acTbio 3Ha-
yeHuH fBAseTCS 6ECKOHEUHONNCTHAR PUMAHOBA ITOBEPXHOCTD, TONYUAIOMLANCS
NyTEM CKJIEHBAHHA IJIOCKOCTEH w, paspe3aHHBIX [0 Jy4aM IeHCTBUTE/b-
ot ocu | —oo,— 1] u [1,00], no coorBercTBytouiuM GeperaMm paspesos.

N
N\
NN

NN 4 /]

N

g
7

Z
i

9/

N

v

27

3
N
3

N

%/ NN

Uy=C0STy
Puc. 3.3.

B 3ak/iouenne HalHX paccMOTpeHHH OCHOBHBLIX CBOHCTB NOKa3aTesb-
HO# M TPHUrOHOMETPHUYECKNX (PYHKUHH HCCAELyeM BONPOC O HYJAX 3ITHX
dynkuni. Ilokasatenpnas ¢yHkuus @ =e° He oOpaulaeTcs B HYJAb HU
NpyH KakOM 3HAYEHHH KOMIIJIEKCHOH NepeMeHHOH 2, KaK 3TO CJelyeT u3
dopmyan (3.38). Bce Hynu TpuroHoMeTpumueckHx (YHKUUR JexaT Ha
AefictBuTe bHOR ocu. B camom nene, ecam sinz=0, 10 ¥ —e ¥ =0,
¥ =1. Ho ec/u KOMIIJEKCHbIE UHCJA DaBHbl, TO UX apryMEHTH DaaJu-
YaI0TCA HA YMCJAO, KpaTHOe 27T, OTKyAa 2 ==/Jl, YTO M JOKa3hBaeT BBICKa-
3aHHOE YTBEDMIAEHUE.

§ 2. Asanurtngeckoe npopomkenue. IlonsTue pumanoBoit
NOBEPXHOCTH

1. OcHoBHpie npuHnunbl. IloHfiTHEe pUMAHOBOIl MOBEPXHOCTH.
OcHoBrolt 33jayell aHAIUTHYECKOrO MPOLOJKEHHs SBJASETCS NPOAOMKE-
Hue 3HayeHudl QyHkuuu f(z), 3amaHHo# B HeKOTOpO# 0Giacth &' Ha 60.ib-
wyio 06aactb .
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ITycTs Ha KOMIJEKCHOH MAOCKOCTH AaHbl ABe 06aactv 9y u Gy, umMeto-
e obutyio Yacts *) Fy, (puc. 3.4). Ilycte ogHO3HAauHBlE aHaAUTHUECKHE
dyukunn f1(2) u fp(2) 3anaHsl cOOTBETCTBEHHO B o6nactax &) u 9 u
TOKIECTBEHHO COBMAfalOT MEXAY coGo#t B mepeceueHnn ¥y, Torna dyHk-
uns F(2), onpeseneHHas COOTHOWIEHUSMU

_ fl(z)’ ze"gv
F(z)_{fz(z), I

ABAAETCH AHAMUTHYECKOH B pacmuupeHHod obaactu =9, -+ 9, u cosna-
naet ¢ f3(2) B &, uc f,(2) B &,
Oyukung F (2) Ha3blBaETCAd QHAAUMULECKUM NPOOOANCEHUEH (HYHK-

yuu fi(2) (f2(2)) na obnracms $=3,4 5, ®Pyuxumio f5(2) (f1(2)
TaK)Ke Ha3blBAOT aHANUTHYECKUM IPO-

aomxeHneM  dyHkunn  f; (2) (f2(2)
Ha o6aactb ¥, (%))

Kak 7nerko BuaeTh, aHaARTHYECKOE @
npoposmkenne F (2) dyukuun fi (2) 4
F0

&)

Puc. 3.4. Puc. 3.5.

(3.50)

Ha obaacte ¥ =5, + %, onpenmeseHo enuHcTBEHHEIM o6pasoM. [eficTBu-
TeJbHO, NPEANOJOXKeHHe O CyLeCcTBOBAaHHM B 06/1acTH § IBYX Pas/HuHbIX
(yHKWHH, TOXAECTBEHHO coBmajawwlux ¢ f;(2) B obaactu ¥;, NpuBOAHT
K TNPOTHBOPEYHIO C TEOPEMOH O €AMHCTBEHHOCTH Olpe/eJieHUs aHaIuTH-
yecKoH (yHKUuM, NOKAa3aHHOHW B NpeablAyllel riaase.

HaHsbfl cnoco6 aHanMTUUYECKOro Tnpojo/keHus GyHkuau fi (2) w3
o6aactd &, Ha GoJee IWUPOKyio o6sacTh ¥ npencrasiser co6o#H mpo-
CTeRIyi0 QOPMY MPpuxHGUNA axHaAAUMULECK020 NPOOOANCEHU.

O6patumcst Tenmepb K cayuawo, Koraa dyHkuuu f; (2) u f5(2) 10%-
JeCTBEHHO COBNAAAOT Julib HA 4acTH %), mepeceyeHns ¥y, obGiaacted 9
n %, (puc. 3.5). Paccmorpum obfacth & =59, + %, — ¥, rae 5=
= 5y — 19— Ta_uactb nepecevenus ¥y, B KOTOPOH dyHKuua f (2) u
J2(2) pasanunsl. CorsacHO mpepbAylUM PacCMOTPEHHAM B g onpeaeneHa
€INHCTBEHHas#d aHaJAWTHYECKasd (PyHKuud F (2), 9BAFI0LARACH AHAMUTHYECKAM

*) MNpu aToM Moryr OHITh pasnuunble ‘clyuad. Hanpumep: a) obnacte &,
CoNepXHTCA B obaactn ¥, Torjaa &, oueBmAHO, coBnajaeT ¢ o6JacTeio Fy;
6) nepecedyenne ¥,, 4pJseTCA OJHOCBA3HON{ MM MHOTOCBAI3HOi 006/1acThio; B) mepe-
ceyeHHe &), COCTOMT H3 HECKOJBKHX (MOXKeT GblTb, 1 GECKOHEYHOro yuc/ia) oTiellb-
HEIX CBA3HBIX obJsacreii.
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npogo/mkenueM fy(2), saganHo#t B obaacta 9, — &y, Ha obaacts J. Ita
(YHKUNS TOXAECTBEHHO coBnanaer ¢ ¢yHxumelt f; (2) B obnactu &, — &7,

uc f(2) B obnactn $, — %y, Pynkums F(2) Momer OWTh aHaAMTH-
YeCKH NMPOJO/KEHAa Ha MHOWKECTBO 5, AByMs crnocoGamu:

f’(z), =8,

F“”={ﬁ@)zeﬁg (3.51)

WM

F {F@) ZE7 3.52
; 2(2) f2(2)’ zeﬁig ( . )
3TO Hac, €CTeCTBEHHO, NPUBOANT K HEOGXOAMMOCTH DaCCMOTPEHHS MHO-
203Haunol anaaumuseckol @yuryuun F(2), onpenenenno#t B oGaactu
& =5,+%, u npuunMaiome! pasnnuHble 3HAUEHWA B OZHAX W TEX Ke
Toukax vactn Fj; obaactu Y. B uacTHOCTH, B DaHHOM cayuae Mbl moay-
yaeM JBYX3HayHYIO aHaJWTHUYECKYil0 GyHKUMO F(2), NPHHAMAIONLYIO
B OIHOH M TOH Xe TOUKe 2y & Fj, ABa Pa3IMuHHIX 3HAYEHHs, COBMAAAN0-
mue co 3HaueHusMu dynxuuit fi (2) umi fy(2) B 3TOH TOUKe.

Onepupys ¢ MHOrosnauHoit dynkuueit F(2), umerome# pasanuHse
3HAYEHUs B ONHOR W TOH ke TOUKEe KOMIIEKCHOH IJIOCKO CTH, NPUXOAUTCS
BCTPEYaTbCA C TPYAHOCTSIMU BHOOpA ee 3HaueHn# B JaHHOH Touke. [lng
yao6cTBa BeIGOpa 3TUX 3HAYEHHH 4acTO MOJB3YIOTCS TOHATHEM Bemsu
aHanuTHYeCKOR dyHkunu *), dasomelcs ONHO3HAYHON H HempephIBHOM
¢dyHKUMeR B cOOTBETCTBYIOMEH yacTh 06JacTu onpeneneHns ¢pynkuun F (2).
Onnako Gosee yHOGHKIM OKa3BIBAETCSI HECKOJbKO UNHOE MpEeNCcTaBJeHue,
NO3BOJIAIOLIEE PacCMaTpPHBaTh JAHHYI0 (YHKLUMIO KaK' OJHO3HAUHYIO,
HO ompefeseHHylo Ha 6osee CJOXHOM MHOrooGpasud, YeM HCMO/b30BaB-
wasca 40 CUX NMop OObYHAas IIOCKOCTb KOMIIEKCHOH nepemenHod. Tak,
BO3BPAILAfAiCh K PAcCMOTPEHHOMY BHILE NPUMEPY HBYX3HauHOH QyliK-
wnn F(2), 6yaem cuutath, uTo obaactu &, u F cKjIeeHn no obnied
4acTH Fi5, B KOTOPOH Gynkuuu fi(2) U f5(2) coBUAmAT, a ABAa 3K3EM-
naspa %, NpUHaaJexKaulue obaactaM ¥; n F, OCTaBJEHB CBOGOMHBIMA.

Torma Ha nosyueHHOM reoMeTpuyeCcKOM MHOTOOGDPa3uH, NPENCTaBJsiO-
mieM coGo#t oOGbeauneHne oGaacred §; u b, ckaeeHHHX no i, (Tak
YTO TOYKH, NpHHaAjexammne Fj, NepexpHTh ABawaAn), ¢yukuus F(2)
IBJISETCH OJHO3HAUHOM AHAJINTHYECKOH (YHKIHEH.

IlocTpoennoe TakuMm 06pa3oM MHOroOGpasne HA3LIBAETCHA PUMAHOBOL
nosepxrnocmei0 anasumuseckoli dynxyuu F(2), sBasoleics aHanaTH-
yeckuM mponomxenneM dyukuun f (2) (f3(2)), a ornenbHsle 3K3eMAAPH
NOBTOPAIOILUXCA 006/1aCTeR — Pa3/UUHBIME  AUC/MAMU DHUMAHOBOM .noBepX-
HOCTH.

*) Hanpumep, Taxkoe paccMoTpeHHe Mel TPOBOAMJIH B M. | NpH H3ydeHHM
dyskunn z=} w.
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Takum '06pa3oM, BMECTO DPaCCMOTDEHHS MHOTOBHAYHOR (YHKLUHH Ha
KOMI/IEKCHOR MJIOCKOCTH 2 Mbl MOXEM PacCMaTpPHBATh OJAHO3HAYHYIO QYHK-
uMi0 Ha pUMaHOBOH nosepxHocTH, Tak e Kak u B mpocrefiureM cayuae,
PacCMOTPEHHOM B Hauaje [aHHOTO TNyHKTa, NMPHBEACHHHA €NOCOG. aHaH-
THYECKOTO MpOAO/KeHns dyHkuwn f; (2) u3 obnactd &, Ha Gosee WHPO-
Kyl o6sacTh, NPEACTABASIOWYI0 COGOH yXe pPHMaHOBY MOBEPXHOCTS,
ABJNETCA YacCTHOH (OpMOH OOLIEr0 NPUHKUNG AHAAUNMULECK020 NPOJOA-
oicenun. OueBUIHO, MOXHO AHANOTHUHKIM O6pasOM CTPOHMTH M -aHATHTH:
yeckoe MNPOJNOMKEHHE. ONHO3HAYHHIX AHANNTHYECKUX (PYHKUHR, 3aMaHHBIX
na puManoBo# nosepxHocTu. ITpu 9TOM MH, ecTecTBeHHO, NpuAeM K MHO-
rONMCTHEIM DHMaHOBHIM TOBEPXHOCTSM, NPEACTAaBASIOWHM COGOl reome:
TpUuyeckoe MHorooGpasue, B KOTOPOE OfHa W Ta XKe oénacrb KOMII/IeKC-
HOH NJOCKOCTH BXOAWT YXe He B IBYX,
a BO Muormx 9oksemnaspax. Coorser-
CTBYIGmME fIpuMephi GYAYT paccMOTpeHs
B NyHKTe 3 maHHOro naparpada, a cefinac
paccMOTpuM - emig OfHH CHOco0 aHamuT-
YECKOTO NPONOJDKEHHS. Co
. 2. AHaumiTHYecKOe  HIPOXOKEHHE
yepe3 rpaHuny. B pane caysaes ans
aHAJUTHYECKOTO MNPOAOMKEHHs (yHKUHUA
Jf1(2), nepBoHauanbHO 3alaHHOH. B OG- ]
nactu %, HCNOJBIYETCS TaKkKe CAEAYiO- -
it cnoco6. Tlycts obnactu &, u %, :
UMEIOT B KauecTse OOLIero yvacTKa [paHuib! xycquomanKyto KpH-
Byio Iy (puc. 3.6) u B 5THX OGiacTsX 3ajaHH awanuTHYeCKue (yHK-
uun fy(2) u f(2), HenpepusHuie cootBeTcTBEHHO B 5y 4 I'pp M .92—{—[‘12
u cosnapatomue Ha [y PaccmMorpum MHOXecTBO Touek ¥ = $; 4 5, +
+ Ty Tak xak Touku z & Ty, ABAAIOTCH BHYTPEHHNMH TOYKaMu STOrO
MHOXECTB3, TO MHOXKECTBO 5 sBJReTCA-06aacThio. [lokaxeM, 4to QyHK-
uus F (2), onpegenerHas ¢ MOMOIIBIO COOTHOLIEHHH

fiR), z€ 54Ty,
f:(2), z&€ 54Ty

ABASETCA aHAaNNTHMECKOH B O6nacth ¥ =%, + 8, + I\, Ouesnawo, mocia-
TOYHO [OKa3aTh, UTO AJA KaXAOH TOUKH Zo 06aacTd &, rexauleit Ha Kpu-
so#t I'jp, MOXKHO yKa3aTh Takyl0 OKPECTHOCTb, B KOTOpoR dyskuus F (2)
SBASETC aHaiuTHueckod. BosbMeM npousBoabHyt TOUKy 2Zo&Ty, u
noctpouM OKpyxHOCTh. C; ¢ IEHTPOM B STOH . TOUKe, LEJHKOM Jexa-
wmyio B % PaccMoTpuM nHTerpas THna uHTerpaza Kowwm

D (2)= 2—‘—§ g—i% dg. " (3.54)

Y

Prc. 3;6. oo

F (z)___{ (3.53)

Ju
B cuy yCTaHOBAEHHHIX paliee CBOHCTB WHTENPasoB, 3aBHCALIUX OT napa-
metpa (ra. 1, ctp. 52), dynkuna @ (2) aABaseTcs aHAMUTHYECKOH QYHK-
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uvef z npu moGOM NOJOKEHHH TOYKH Zz, He Jewauied Ha Kpuso# C,
IToxaxem, uTO KOrZa TOYKA 2z JEXWUT BHYTPU OKpyxHOCTH C,, TO
D (2)=F(2). ﬂeﬁcramenbﬂo, npeicTaBuM umerpan (3:54) B Buge

L{f& Ay R© ~
i % 3 dt= 2m S = dl + 5 23'u S Ca—z g, (3.59)
Co i +"’" Yie+Ca

rae C; u C, cytb uactu OKpyxHocTn Cp, nexautue B &3 u 95 (C, = C; + Gy),
a Y2 —uacte kpuso#t I'y,, nomaBwas BHyTph okpykuHoctn Cy. - Ecnu
TOYKa 2z NpUHAJEKHT 06.4actH Fq, TO B cx«my Teopemsl Kown *) nonydum

| BBa-rne 4 § L@g—o  @s50)
1+‘V|2 V12 Cn

OTKyZa (D(z) fi(z2)=F(2) npu z& $,. Auanoruuno O (z) = fz(z) =F(2)

npu z & 9, B Touke 2, npuHamiexaiiedl y;,, B CHAY HENPEPHBHOCTH

dynxuni D (2), f1(2), f2(2) BHyrpu oxpyxuoctu Cy, TaKxe OyaeM UMEThb

D (29) = f1(20) =f2 (20) = F (2), oTkyaa u caenyer, uro F(2) ssasercs

aHanuTHueCKON dyHkuue# B obaactu &.

W B aTOM c/1yyae, Tak e Kak ¥ B NPENBIAYILMX, MBI 6yneM FOBODHTh,
uto ¢ynkunst fy(2) (f;(2)), sananHas B o6aactd $,(¥,), anasumusecku
npodosdcena Ha obasacms $,(%;). IlocrpoedHas swiwe ¢yuxuus F (2)
ABASETCA QHAAUMUYECKUM npodosdxcenuem ynxyuu fr(z) 8 obaacms
$ =5, + &+ ', OnucanHas KOHCTPYKuus NpeACTaBaseT co60H yacTHyO
(opMy 00ue20 NPUHLUNG QHAAUMU4ECK020 NPOOOANCeHUS — AHAAUMIU-
wecxoe npodosdcenue uepe3 zpannyy obaacmu. Ilpu sTOM, Tak e
KaK ¥ B NPeAbAYUIHX CayyasxX, Mbl NpH NPOLO/KEHAW uYepe3 rpaHuiy
MOXeM MPUHTH K HEOOXOAMMOCTH pacCMOTPEHHMs OAHO3HAUHOW aHAJNTH-
ueCKOH (YHKUHM Ha DHMAHOBOH MOBEPXHOCTM B TeX CJAyyasX, KOraa
oGnacta F; u %, Kpome 0O6LIEr0 ydyacTKa rpaHuubl I'y,, MMEIOT HEMYCTOE
nepecevesue Sy, B KOTOPOM OyHKuuMH f;(2) u fp(2) He paBHB TOX-
JeCTBEHHO APYT APYFY.

PaccMoTpuM Temepb psf NpuUMepoB NpHMeHeHHs OGIIMX MPUHIRIOB
aHaNMTHYECKOrO MPONOJ/MKEHHS, NPUBOAAUIMX KaK K MHOrO3HAaUHMKIM, TaK W
OIHO3HAUHBIM (YHKLHUAM.

3. IlpuMepbl MOCTPOGHHA aHAJHUTHYECKOTO NpomoJskeHus. IIpo-
HOoJKeHHe 4epe3 rpaHully. PaccMOTpuM HEKOTOpHIE NpuUMEpHl MOCTpoe-
HUA aHAJWTHYECKOTO MPOJOJKeHHs GYHKuuH f; (2), MepBOHAYaIbHO 3a1aH-
HOR B oOmacTé 5, KoMmiexcHo# maockoctu z. IIpw srom, kax Guso
OTMEYEHO BHILE, Mbl B DA€ C/AyyaeB MPUXOAMM K HEOOXOAUMOCTH pac-
cMOTpeHHs (PYHKLMM, MHOTO3HAYHOH Ha KOMIJIEKCHO! MJAOCKOCTH.

B ra.. 1 Mbl yxe umenu npocTefiiinft npuMep MHOrO3HaYHOH (YHKUHH

KOMI/IEKCHOH~ nepeMeHHol — dyukumo w =}/ 2, ssasioutytocs **) o6pat-

*) INpumennmocTs Teopembl Ko k MHTerpaiam B npasoii uacTH (3.55) oue-
BHJAHA B CHJly CAETAHHOTrO NPEANOJOKEHHS O KYCOYHOH TIJagkocTH Kpuboil I'j, u
BLiGopa kKpHBoH C.

**) Msl HaMeHHJH 3Jech 0GO3HaUeHHA 3aBHCHMOH H He3aBHCHMOM IepeMeHHEIX,
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HOH cTeneHHOH (yHKIMH 2= PaccmoTpuM Tenepb 3Ty M PAX IPYrux
cpym(unﬁ ¢ Gosnee ofLlEeH TOUKH 3peHHs aHaJIUTHYECKOro nponom«eﬂnﬁ.

Mpumep 1. dynkuus w=1/z. CornacHo npasuay u3BJIEYEHUN
KODHS n-# CTeNeHH M3 KOMIWIEKCHOrO YHCJA OLHOMY 3HAUEHHIO 2 COOTBET-
CTBYET # Pa3/HYHBIX KOMIJEKCHBIX YHUCeJ W, BBIYUCJEHHHX MO dopmyse

; @+ 2k ’
w=re®=ype * (=0, 1,...,n—1),  (3.57)

N np—
rie z=pe® u @—omnuo wu3 3Havenu# Argz. Dynkums w=1y z
SB/ASETCS MHOrO3HauHo# ¢yHKuueH, umeomet n pasanyHbix BerBel. Bynem
CUMTaTh, YTO @ U3MEHseTCs B npenenax 0<< @ << 2m, u BHOepeM Ty BETBb

np— .
beHK!lHH w= ]/2, KOTOpas ABJAETCSA aHaNUTHUYECKHUM NpOJO/KeHueM aeh-

—
CTBUTEBHOH (YHKIUU u=1/ X JEHCTBHTENbHOH MOJOXUTEIbHOR nepe-
MeHHOH x >> 0. OueBuano, aro Oyner :

w=ypen (O<o<2n). (3.58)

O6nacteio &, onpenenenus QyHkuue @; SBASETCT IJIOCKOCTb 2, paspe-
3aHHas MO NOJOKHMTEJAbHOR uyacT peHcTBUTENbHOH ocu x. Bepxuuit Geper
paspesa COOTBETCTBYET 3HaueHuIo arg z = 0, HIXHUK — 3HaYeHHIo arg z = 271.
Ouesunno, ¢yHkuus w@,, ssasooulasca obpatHol ¢ypkuun 2z =w", ocy-

LIECTBJSET B3aUMHO ONHO3HAaYHOE OTOOpaNeHHe SaMKHYTOH o6aacTu &
2n
TJIOCKOCTH 2 HAa CEKTOp O<argw<—, niockoctn @. B cuny obumx

CBOHCTB aHAaNUTHYECKUX (YHKIMH (cm. ra 1, crp 33) dyHkuus w,
B ob6aacté ¥y SBISETCS OXHO3HAyHOH aHAJIUTHYECKOH GyHKuueH, Mpous-
i 1
1 -1 1 —=—1

BOJHAA KOTOPOH BHIUHCJSETCS MO dopMyne w;(2) = ——z" =0 p* X

‘Pl—n
Xe ", .

PaccmoTpuM Teneph 3aMKHYTYI0 064aCTh Jy-—Ty e NJNOCKOCTh 2
C paspe3oM MO MOJOXKUTENbHOR 4YaCTH AEHCTBUTEAbHOH OCH X, HO Ha
KOTOPOH apryMeHT Z HM3MEHSeTCs B npenenax 20 << arg 2z << 47. Bepxuuit
Geper paspesa COOTBETCTBYET 3HAYEHHMIO arg z==2J], HUKHUH — SHAUEHHIO
arg z=4n. PaccmoTpuM B 5TOH OGaacTu  PyHKUMIO

Jot2m

w,@Q)=ype "  (O<p<2n) (3.59)
drta QYHKUUA OCYWECTBASET BsauMHo OHO3HaUHOE OTOGPaXEHHE 3aMKHY-
TO# 06MaCcTH &, HAa CEKTOP —< argw<4— MJIOCKOCTH @ W SBJSETCS

ONHO3HAYHOH anannmqecxon tbyukuuet z B obaacta 9, BaMKHyme
obnacti &, 92 uMeT obulyto uacte rpadunb I'y ,— ayu arg z = 2m, —
HAa KOTODOH COBNAZalT (YHKUMH W; ¥ W, HenpepusHue B &y I,
u F,4T'1; cootsercrBenHo, ITostoMy B cuay npuHUMNA aHAaAUTHYECKOrO
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NpojoMKeHns yepes TPaHUIY QYHKUKS W, (2) ABASETCH - AHAAHTHYECKHM
npopomxenneM QYHKUHM Wq(2) B obaacte &, C apyro#t cTropoHn, 9,
# 5, (QaKTHUECKHM COBNANAOT HA NJIOCKOCTH 2, TAK KAK TOYKH KOMILJIEKC-
HOR TMJIOCKOCTH C PpaBHBIMW MOAYJ/ISMH M OTJAHYAMWIHMHCA Ha 27 apry-
MeHTaMH coBnapaioT. Ilockonbky dyukunu (3.58) u (3.59) B ogHo#t u TOkH
%€ TOYKE Z MMElOT Da3JuuHble 3HAaYyeHHs, TO COrJacHO IpeibayLuM pac-
CMOTPEHHUSM, IJi TOro urobbi (yHKuus

w(2), 29,41,

3.60
wy(2), z2z&=5,+T,, (3.60)

F1(3)={

6hina OJHO3HayHOH B OGsactu onpenenenus R;=%,1 9, +I‘L2, MBI
AOMKHb CYMTaTh, YTO MHOTOOGpasue R, ABAAETCS DHMaHOBOH MOBEpX-
HOCTBIO, CK/ICEHHOR M3 JUCTOB F; ¥ &, OUeBUIHO, YTO AaHHOE CK/EUB3-
HHE CJefyeT Npou3BecTH no obwel yactu rpanuusl I'y,, Jayuy arg z=2m,
CKJaeuB HuxHuit Geper paspesa oGaactu 31 c BEDXHHMA Geperom paspesa
o6nactu %, TTOBTOpUB HamM PacCMOTPEHHS, MBI YCTAaHOBHM, UTO (YHKLUs

‘0+2nk .
wpi()=Vpe *  (O<ep<2m), .  (361)

onpene/eHHas B 3aMKHyrou obnactn 8, (2nk<argz<< 2n(k+1))
ABAAETCH AHAJUTUYECKUM MPONOKEHHEM (YHKUHN @y (2), OnpeneseHHOH
B 9. 3ameTuM, uTO (PYHKUHS W,,; (2) TOKAECTBEHHO COBMAAaeT C (YHK-
nue#t w@;(z). TlosToMy ecrtectBeHHO paccMaTpuBaTh OJHO3HAUHYIO aHAMU-
THYECKY10 (PyHKUHIO

wi(2), z& 31 4Ty
W, (2), 253{’2"‘111,2"1‘1“2.3:

® s o o e s e s s e s e

‘wn (z)’ ze ‘9 +Fn-l n

ONpPENENEHHYI0 Ha DPUMaHOBOH IOBEPXHOCTH R= 31+&2+...+§,,+
+Ty54...4Tsi n CKICCHHOH yKasaHHEIM BBIlE CIIOCOGOM M3 1t JIHCTOB,
NPeaCTaBASIOLINX COBOH NAOCKOCTD 2z ¢ paspesoM MO MNOJIOXKHUTENAbHOMH
yacty AeicTButenbHofl ocu x. Ilpu 3TOM OCTarTCH CBOGOAHBLIMU BEDPXHHH
6eper paapesa (arg z=0) Ha mepsoM auCTe ¥; ¥ HmxHu# Geper pas-
pesa (arg z=2mn) Ha n-M aucte 9, YroGH COXPaHUTb HENPEpPbIB-
HOCTb (ynkuuu F(2) BO Bcetl o6macTi ee onpeneseHus, Mbl IPOM3BENEM
CKJeuBaHue 3TUX Oeperos paspesos (puc. 3.7) *). ®dynxkuwuio (3.62) Hazu-

n -
BaIOT - NOJIHOR aHanuTHUYECKOR ¢yHKINEH w=1/ 2, a NMOCTPOEHHOE YKa-
SaHHBIM Bblllle CMIOCOGOM 3aMKHYTOe MHOroo6pasue R — nosHo#t puMaHoBOH

F(z)={ (3:62)

*) Jina Gonpuleli HarAsAHOCTH MOKHO TPOM3BECTH YKa3aHHLIC CKJEHBAHMS He
paspesaHHbiXx Jgucrax Oymard. Ilpy 3ToM moCneAHee CKJEHBaHHE OKa3bIBACTCS
(U3UYECKH HEBO3MOXKHBIM U MOMET ObiThb IPOM3BEJEHO JIHIUL MBICAEHHO, |
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noBepxHOCTbI0 3TOH ¢yHkuun. Ha Kawaom mucTe pHMaHOBOR mnoBepx-
HOCTH OMpejesieHa OTAe/NbHAsds BETBb AAHHOH MHOro3Hauno#t GyHKUuU.

OtMeTnM ewe crenyiouiee o6CTosTeIbCTBO. PUKCHPYEM Ha MAOCKOCTH
Z HEKOTOPYI0 TOYKY 2, M NPOBENEM uepe3 Hee 3aMKHYTYI0 KPHBYIO C
Toraa, ecan arg 2 npu aBnxe- :
HuM no KpnsoH C usMeHseTcs
HenpephIBHBIM 06Pa3oM U Kpu-
Basi C nepeceKaeT JHMHAI pas-
pesa Ha NJIOCKOCTH 2, TO Npd
noJHoM o6xone kpusoi C an-
pPHOPH BO3MOXKHBI 1Ba CAy4as
(puc. 3.8). B nepsom cayuae
Touka 2z =0 nexur BHe Kpu-
ot C. Tlostomy, Buitins w3 __ K

- s/

TOYKH 2 = 2, (arg 2= @,) Ha -7 _/_._.._-,_-
k-M aucte *), mMbpi nocje 006- i
xoia 3TO# Kpuso# BepheMcs —2— /
B HUCXOAHYI0 TOYKY 2, Ha - Puc. 3.7
ToM ke AR-M (arg 2g=q,) .
JUCTE, XOTA B MpOIECCE [ABUKEHWUS MBI, NepeceKkasl JHHHIO paspesa,
liepexonuan W Ha apyrue auctel. Bo BTOpOM cayuae Touka 2 =0 jexur
BHyTpu Kpuso#t C. Ilostomy, Bmi#As M3 TOUKM 2=2, (arg Z,= @)
Ha Ak-M JucTe, Mbl nocse 06xoga KpusoR C BepHEMCH B TOYKY 2=2,

o

Y
N

’

N
[}
va

@

Puc. 3.8.

ye He Ha WCXOMHOM A-M, a Hanpumep, Ha (k--1)-M aucre (argzo=
= o+ 2n). Touka 2, npu ob6xome KOTOpO# no a0GOR 3amMKHYTOH Kpu-
BOH B JOCTATOUHO Ma/JOH OKPECTHOCTH 3TOH TOYKH MPOMCXONUT NEePEeXOf
C OQHOro JHUCTAa PUMAHOBOH MOBEPXHOCTH aHaJuTuuecko# oynkuuu F (2)
HA JpYro#f ee JHCT, HagbiBaercs mouKol passemsrenus oynxuun F(2).
Kak nerko Buaets, 3TO OnpeaeneHue TOUKH DA3BETBJECHUS 3IKBUBA/CHTHO
onpeneaeHuo, AaHHomy B ra. 1, crp. 29. OueBuaHO, B PaccMaTpuBaeMoOM

npuMepe q)ymaum w—1/ 2 TOYKaM; Da3BeTBJIEHHUA ABJSIOTCH TOYKH
2=0mn z=o00.

*) Puc. 3.8 cooTBeTCTBYeT CJaydao k=l.
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Mpumep 2. dyuxuus w=Lnz.

PaccMoTpuM B 3aMKHYTOH o6nactu B, mnpenctasasiomwnt coGoﬂ ni1o-
CKOCTh 2, Pa3pe3aHHyo N0 OTpPUUATeNbHOH YacTH HEHCTBUTEABHOH OCH
—ns<arg z<<®, QyBKUHO In2, 0 KOTOPOH WJa peyb B NPENBIAyLLIEM
naparpade:

wy=1In(2)=1n|z|+iargz, —n<Cargz<<m. (3.63)

Kak ™Mbl sHaeM, 3Ta ONHO3HAYHas aHAJANTHYeCKas OYHKLUNA ABASETCA aHa-
JUTUYECKUM TIPONOJIKEHUEM NEHCTBHTENbHON qyHKIMM & =In X n o6paTHa
dynkunn z=e®. Ilostomy ¢yukuus (3.63) oro6paxaer 06aacTh F
NAOCKOCTH 2 Ha moJjocy -— I <<Imw <7 njiockocTn w. Paccmorplm
B 3aMKHYTOH o6aactu F; (7 << arg z << 3m) dyHKumMo

w,=1n(2)=1n|z| +largz, n<<argz<3m (3.64)

OueBuaHO, PYHKILUA W@ (2) ABASETCH aHAJUTHYECKUM NPOLOIKEHHEM W, (2)
B 06aacTs ¥;. AHanaoruuHo QyHKius

w_i(2)=In_j(@)=In|z|tiargz, —3n<cargz<<—m, (3.64")

onpeneneHHas B 3aMKHyTo# o6Jaactu. ?;1 (— 3n << arg 2 << — ), siBAsETCA
@HA/IUTHYECKUM TPOJO/IKEHUEM QYHKUHH W, (2) B o6aactu.&_;. Takxke
H QYHKIUS @, (2):

wp ()=, (@)=In|z|+ilargz, nREk—1)<<argz<<n(2k+41),
(3.65)

Onpene/eHHas B 3aMKHYTOH obaactu Jp, m(2k—1)<Carg 2 << n (2k+ 1),
*ABARETCH aHANUTUYECKUM NPOJOJKEHHEM PYHKIHH Wy_y (2). PynKUUA Wy (2),
ONHO3HAYHO OTOGpaxatwmas o6xacTe 9, Ha moaocy 1 (2k— 1) <Imw <
< (2k+1), Takke aBasercs oO6paTHOH (yHKuuM 2 =e®. B orinune
OT npeiblayuero, cayuas, HA OnHa M3 yHKuu#t @y (2) (k £ 0) He pasHa
TOXIECTBEHHO (YHKUHH W, (2). [losTOoMy naumbifi npouecc aHaanTHye-
CKOr0 NPOJO/MNKEeHHst CJAEeAyeT BECTH HeOrpaHMYeHHO Kak mas 2 >0, Tak
n s k<<0. TeM caMbiM NOJHAas aHaJuTHYECKas (YHKUUA

H
H

w(2), z2&€5+Ti+Ty,
F@=Lnz=In|z|4+iArgz={ w(2), 2= $,+T4;+T, i
w4 (2), 25 1+ 1+T_

(3.66)

fABAAETCH OECKOHEUHO3HAUHOH Ha OGLIYHOH MNJOCKOCTH 2 H ODHO3HaYHOH
.00

Ha 6eCKOHeqnonncmoﬁ pUMaHOBOM noaepxnocm R= Z %, cocras-
h——OO

NEHHON M3 GECKOHEUHOrO MHOXKECTBA JHCTOB &, MyTEM CKJICUBAHUA BEpX-
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nero Oepera paspesa kawaoro (k- 1)-ro jaucra ¢ HuxHUM OGeperom
paspesa npenmlayuiero k-ro aucra. Kak u B mpeaplaymeM Cayyae, TOUKH
2=0 u z=00 ABJAIOTCA TOUKAMH pa3BeTBJeHHA ¢yHkuma Lnz.

OtMeTuM eiie pa3, yto Qyuxiuus @ =Ln 2 dBaserca o6partHoft GyHK-
LM 2 =e%. DT0 nos3BO/feT ONMpeNe/uTb CMEneHHYI GyuKyuw z¢ iia
M000r0 KOMIVIEKCHOTO 3HauyeHHs o B BHAE '

2% — (eLpz)a = ¢%Lnz, (3.67)

4. Tpumepbl MOCTPOEHHSI aHAJUTHYEeCKOro npomomxenuns. IIpono-
JeHHe ¢ MOMOLIbI) CTeMeHHbLIX pAZoB. B paccMOTpPEHHBIX NpuMepax
Pas/Mu4YHBIE BETBU aHaNMNTHUUYECKOH CI)yHKLlHPI sazaaBaJuCh B BHOM BHAE Ha
BCEH KOMI/JEKCHOR MJIOCKOCTH U NOCTPOEHHME AHAJINTHYECKOTO MPOAOIKeE-
HUS TPOM3BOAWJIOCH IIYTEM COOTBETCTBYIOUIErO0 CKJeuBaHus obJaacTe#
onpeneneHus 3Tux Bersed. PaccMoTpum Temeph elle OAMH METOH KOH-
KpPETHOT0 IMOCTPOEHHsT aHANUTHYECKOro MNpPOAO/DKEHNs aHaJNTHUYECKOH
(byHKUUY, NepBOHauaJbHO 3adaHHOH B HEKOTOpOH o6GnacTn ¥; xommaexc-
HOH NAOCKOCTH 2. . :

-

- Tlycte dyukuns fy (2) asaserca aHaauTuuecko# B obaactd . BriGe-
PEM NPOU3BOJILHYIO TOUKY Zo € &y M DPasJokuM f(2) B CTENEHHOW pax
B OKPECTHOCTH 3TOH TOUKH:

oo 2]

[ (z0) .
A@= Yente—zr= Y= @ —zgn (3.68)
' n=0 =0

Paccmotpum paa, crosummit B mpasoft uactu (3.68). Anpuopu BO3IMOMKHEI
asa cayuas (puc. 3.9). B nepsom cayuae paguyc cxomumoctd R, psana
(3.68) He npeBOCXOAMT pacCTOAHWA OT TOYKH 2, 40 rpanuus I'; o6aa-
ctd §;. B stom cayuae pasnowenne (3.68) He BHIBOAWT 32 TDaHHMILEI
06/1acTn §) NepBoOHauabHOrO ONpENE/EHHs aHANNTHYECKON dyHKUuK f (2).
Bo BTopom cayuae paamyc cxomumoctd R, psina (3.68) Goabiue paccros-
HUfl OT TOUKM Z, mO rpanuusl I'; ob6aactu ;. B sToMm cayuae ofaacth F,,
npeacrasasowas cobot Kpyr |z —zg|<<Ry yxe He sBagerca nomgo6-
AacTbio o6sacTH F;, a Juub uMeeT ¢ Hel obuyw yacth Fq,. B oBnactu
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¥, cxomswputica crenenso#t panx (3.68) onpesenser aHaAMTHUECKYIO (YHK-
unio f,(2), cosnagaomyo ¢ fy(2) B &y, I1a dynkuus f,(2) asasercs
aHa/ITHYECKUM Tnpolo/xeHneM f;(2) B obnacte 9, CieaopateinbHo,
B o6sacTH & = %,+ 5, onpeneneHa aHaanuTuueckad yHKUus :

_fH@ 25,
F(Z)—{'fz(z): ze 8,

Mrak, B paccMaTpuBaeMOM cayuae passnoxenue (3.68) shiBOAWT 32 rpa-
vy T, oGaactu &, nepBoHauanbHOro OMNpENE/]EHUS aHAJIHTHYECKOH
oyukuua f, (2). Tlposeas aHasnoruyHele paccMOTpEHHs /S HEKOTOPOH
TOUKM 2, IOCTPOEHHOH 06/acTH F,, 3aT€M IAs TOUKU 25 06aaCTH Fg ©
T. A, MB TOJYYHM aHa/JINTHYECKOE NpOoJOKeHHe GyHKuuH f, (2) BAOMB
yenouxu obaacmeii’ 9y, %,,..., %, ...IIpH 3TOM BOZMOXHB TaKue B3auUM-
Hhle Ha/oxeHus o6jacTefl 1EMOYKH, KOTOPHE NPHBOAAT K HEOOXOAUMOCTH
paccmarpuBath -PyHKUHIO F (2) Kak ONHO3HAUHYIO AHANHTHYECKYIO (YHK-
1lKlo, ONpele/eHHYIO yxe He Ha OObUYHOH KOMIJIEKCHOH NJAOCKOCTH 2, a
H2 pUMAHOBOH MOBEPXHOCTH.

PaccMoTpum KOHKpETHEI# npumep pasoﬁpaHHoro cnocoba aHaauTHyE-
CKOrO MpPOAO/IKEHHS,

Npumep 3. Ilycts nepsouaqanbuo byHkuusa f (z) 3ajaHa CBORM
CTENEHHBIM pALOM

(3.69)

fie)= Z 2" . (3.70)

n=0
DToT pAA CXONHTCA BHYTPH Kpyra |z|<<1 K aHANMTHYECKOH (YHKUMA
f1 (z).—_—T_—l_;, Berony BHe kpyra |z|<C1 paa pacxoamrics; c/aedosa-

TeabHo, f;(z) He onpeleneHa BHe kpyra |z |<< 1. BriGepem HekoTopyio
TOUKY 2o BHYTPM Kpyra |z|<C1 u nocTpoum pasnoxenue f,(z) s
o ;

cTenenHo#t Pan Y, €n (2 — 2o)® € UEHTPOM B 5T0H TOuke. BHuHC/HB KO3(-
n=0

dunmeHTH ¢, N0 q)opmyne (2.16), nonyunm ¢, = =z Jlerko no-

Ka3aTh, YTO pagMyC CXOAMMOCTH [JAHHOrO psAa p(2¢) paseH |1 —z,|.

Kak caemyer u3 s/eMEeHTapHBX TeOMETDHUYECKHX CcooOpaxeHu#, B TOM

clyyae, KOraa TOYKa 2, He JeKHUT Ha orpeske AedcrBurensHoft ock [0, 1],

KPYT CXOAMMOCTH [aHHOTO psja BHHAET 33 Npefeid NepBOHaYaIbHOrO
o A

(z—2z)"

prra CXOLMOCTH | z| < 1. CnenoBatenbHo, dhyHkums f, (2) = A=z

n=0

SABASETCA  aHAJUTHUECKHUM npononmeunezw dyuxkunr  f; (2) Ha o6aacth

[2—2o|<|1—2,]
3ameTum, 4TO CTEMEHHOH psf, onpegeasowlnit gyHxuuo f, (z), TaKxe

7€TKO CYMMHpPYETCs, IIpHYeM f2(2)=Tl_z' Ilostomy B34B B KauecTBe
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HOBOFO LEHTPA Pa3/IOEHHA TOUKY 2; BHYTPH Kpyra | 2—z,|<<|1 — 2],
(=]
1(%2 zz;l+l , CXOAAWMACA BHYTPH Kpyra -|z—2;|<<

n=0 . :

<[1—2z]| x byHKIAA s (z)=l—_lz-, copnagaouult ¢ f,(2) u f1(2)

B O6WMX uYacTax Kpyra |z2—2;|<<|1—z;| u o6nactefi onpenenenus
coorsercTBylOmuX GYRKUM#. Tem cambiM f,(2) ABAAETCA aHAIUTHYECKHM
nponomkenneM f;(2) Ha HOByI0 - o6nacTe. OrTMeTuM, yTO npU HAo6OM
BHIOOpE TOUKH 2Z; FpaHula COOTBET- N

CTBYIQUIEro Kpyra CX0AUMOCTH IPO#- ‘
aer uepes Touky 2=1 (puc. 3.10).
ITocrynas  aHaqorMyHeIM  0OGpa-
30M, MOXKHO. NMOCTPOWTb AHAJHTH-
yeckoe npoaoJ/nkeHue pyHkumun f; (2)
Ha MOJHYIO MVIOCKOCTb KOMMJIEKCHOM
nepeMeHHOMN, 32 HCKJIIOUEHHEM TOUKH
z=1. Tlpu 3TOM aHaMUTUYECKHM
nponoskenueM f;(2), HOMYYCHHBIM
C NOMOWIBIO CTEMNEHHBIX DSAOB, siB-

asercs pyukuna F(2)= =

peneneHHas U aHaJNTHYECKas BCIOAY,
33 HCKJIOYEHHEM TOYKH 2z =1,
Hrax, HaM ymanoch paclimputb
06/s1acTh NMEPBOHAYaJbHOIO 33aJaHHSA
aHajuTHueCKOH ¢yHkuuu F (2)—
kpyr |z|<<1, B KOTOpOH Gbina
sanaHa QyHKuus f, (2),—Ha 66/b-
wylo 06nacTb. 3aMETMM, 4TO, XOTA M MMEIOT MeCTO MHOFOYUC/AEHHEIE'
B32MMHHIE HAJIOXKEHHS INOCTPOEHHOH lenoykuw obnacTeH, nosyyeHHas aHa-

NIOJyYuM P

orn-

Puc. 3.10.

1 .
MATHYECKasA (QYHKILHUA F(z)=l—_—z ABJISETCS OJXHO3HAuHOH BO Bcelt 00-

JIaCTH CBOEro OMNpEeNe/]eHHs —Ha MOJHOR NJNOCKOCTH 2 ¢ BHOpOWeHHO#
Touko#f z=1. JlanbHeHinee anaantTHueckoe npopomkeHue ¢pynkunu F (2)
Ha 60abuIyI0 00JacTh yxe HeBo3MOkHO. Touka z=1, asasowascs rpa-
Huue#l o6GJaacTH aHaMuTHUHOCTH yHKuun F(2), npeacramaser co6oit B
onpeneseHHOM CMbicjae 0coOylo Touky 310 (ynkuun. IloBeneHne auanu-
THYECKOH (YHKIHKM B OKPECTHOCTH TAKUX TOYEK 3acnyxusaer - 6ojee
noapo6HOro usyueHus, uro u Oyaer NpOBEAEHO B JajbHeliuem.

5. MpasuabHeie # 0coGbie TOUKH AHAAATHYECKOH DYHKUUH.
Mycrs ¢yuxumus f(2) samaHa B o6aactu ¥, orpanuueHHoit xourypom I

Tourka zy= ¥ naswsaemcs npasussnoli mouxol gynxyuu f(2), ecau
. i
cymecmayem cxodsuuiics cmenexnoil pad D, c,(z — z,)", Komopeil 8

n=0
o6uell wacmu obaacmu $ u cgoezo Kpyaa cxodumocmit |z — zy | << p (2y)
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cxodumes K gynxyun f(2). Ha snauenne uncna p (2,) Haknaaeiaercs

€JNHCTBEHHOE OrpaHuyenue: p (z,) crporo GoJbiie Hyas. Touku z € 5, He
ABJAOULUECT NPABUJIBHBIMU TOUKaMK (YHKUUH f(2), HasbIBAIOTCS €€ 0co-
6unmu mourami. SIcHo, uro ecau f(2) — anaautuyeckas B obaactu 5,
TO BCE BHYTPEHHHE TOUKHM 3TOH 06JAaCTH CyTh NPaBUAbHBIE TOYKH (PYHK-
nun f(2). Touxku rpasmusl I' mMoryT GBHITH KaK NpPaBUJIBHBIMH, TAK ¥ OCO-
6bIMH TOYKaMH aHanuTH4YecKoh ¢ynkuun f(2). OueBUaHO, 4TO BCE TOUKH
rpanuus I', aexaumwue BHyTpH Kpyra | 2 — 25| <<p(2,) ¢ ueHTpoM B He-
KOTOPOH NpaBUIbHOH TOYKE 2y & 5 TaKKe SIBJAIOTCS MPAaBUJIBHBIMH TOY-
Kamu ¢yHKuun f(2). Tak, B pacCMOTPEHHOM BbIIUE NPUMEPE BCE TOUKH
rpanuubl | z|=1 o61acTH NEPBOHAYANBLHOTO ONpEneneHUs  (PYHKUUH
(o]

fHR)= Z 2", 3a UCKJIOUEHUEM TOUKH 2= 1, fBASIOTCA NPABUAbHBLIMHA
n=0 )

TOuKamu.  ExuncTBenHoft ocoGo#t Touko#t >5TOH yHKuUuMH MONKerT OHTb

oMb TOuka 2=]. Ona xe sBisercd ¥ o0co60oH TOUKOH QYHKUUH

1
F (z)=l—__—z , 2HaJIUTHYEeCKOro nponomkenus QyHkuun fi(2) Ha paciuu-
peHHyfo 064aCTb. AHaJOrHUHO TOUKH 2=0, ©O ABIAIOTCA OCOGHMH

TOUKamu yHKuuit il/ z u Lnz, pacCMOTpeHHBIX B MyHKTe 3.

HNycty ananutvueckas ¢yukuus f; (2) nepBoHayanbHO 3agaHa B 0Oaa-
ct¥ ¥y, n nycrb Bce TOYKu cBsi3HOro yuactka IV rpanmust I' stoit oGia-
CTH SIBJSIOTCA TNpaBu/AbHHIME TOukaMu (ynkuun f;(2). Torna u3 npose-
AEHHBIX BBILIE paccMOTpeHuit cieayer, uTo ¢yHKuus fi(2) MOmeT ObTh
aHaMMTHYECKH nponosmkena yepes IV wa G6abwyio o6aacte. Moxer oka-
3aThCsl, YTO BCE TOUKM rpamnuusl I' obiactm ¥, nepBoHauaAbLHOro 3ajgaHus
aHamuTHueckoR dyHkuun f(2) sasasiorcs NPaBUIbHbIMAL B atom cayuae
GyHKuHIO f (z) OyneM HashiBaTb QHAAUMUHECKOR 8 3aMKHYmol o0aa-

emu %, V3 npenmmymmux paccMOTpeHnit ClenyeT, uTo PyHKyuI0, aua-
AUMUMECKYI0 8 3aMKHYmOil o6aacmu %y, MOJNCHO aHasumudecku npo-

doancums na 6oasmylo obaacms &, codepacauyio obracms %,
AHanuTudecKoe NpPOJO/DKEHHE uYepe3 YHacTOK TPaHULLBl, COAEPKALUHA
Jullib Oocobble TOUKKM (PyHKUHMH f1 (2), OUEBHIAHO, HEBO3MONKHO.
IpnBeneM npumep aHaauTHuECKOH QYHKUWM, 33JaHHOH B OrpaHUyEH-
HOH 06aacT#, KOTOPYIO HEBOSMOXHO NPOAOMXKUTb Ha O66/bIUYH0 06.4aCTh.
IMpumep 4. PaccMoTpum aHanuTHueckywo ¢ynxuuwo f(2), 3afaHHy0
CTENEeHHEIM PSAIOM p
f@= Z 22" B.7D)
n=0
Kak nerko ompegenuTh C NOMOLIb0 MPOCTEHUIMX NpusHakos, pax (3.71)
cxomutcs BHYTpH kpyra |z|<< 1. Ilpu ne#ictButenbHoM x — 1 cymma
[ee]
Z %" HeorpaHuuEHHO Bospacraer, TEM CaMbiM TOYKa 2 =1 sBudercs
n=0
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. 2m
i—m .
R
ocofo#l Touxo# f(z) TTokaxkem, YTO ¥ TOUKH 2 p,=€ ® »rae m=1,
2, 3, ..., 2%, a k— no6oe HaTypaabHOE UYHC/O, ABAAIOTCA OCOOHIMH T04-

12
: %

KaM# ¢ynxunn f(2). Oas 310ro paccMOTPHM TOUKY zk mn=p-e 2%

(0<p< 1) ¥ mpeacTaeuM 3Hauenue dyHkuun f(2) B aroﬂ TOUKEe B BHIE

f(zk m) = Z 2k.m+ Z Einm (3.72)

n=0

Tlepsoe cnaraemoe B (3.72), sBAsiomeecss CyMMO# KOHEUHOrO 4YHC/Ia CJa-
raeMelx, IO _a6CO/MOTHOM BeJMYUHE OrPaHHYEHO, a BTOPOE, B cuay Bh-

Gopa TOuYKH z,, m» MOXeT ObITh Npeo6pa30BaHO K BUAY
o] ~2fl o]
Z Zam= D, p*" : (3.73)
n=k n==k

ITpu p— 1 cymma BeIpaxeHus, crosmero cnpasa B (3.73), HeOr PaHUYEHHO
Bo3pacTaer. ITO M JAOKA3bBAET, YTO TOYKH 2  ABAAIOTCH OCOOBIMH
Toukamet yHxkuuu f(2). Ho npm %2-—> co aTu TOuKH BCIOAY MJOTHO *)
pacniofioensl Ha OKpyxHocTH |2|=1. Orciona creayer, uto byHKUHS
(3.71) ne#icTBUTENbHO HENPOJAO/MIKUMA HH YEPE3 KaKyio AYTy 3TOH OKpyx-
HOCTH. '
1

CTposi aHaJIMUTHYECKOE NPOJO/MKEHNE (PYHKUUK F(z)=l—_-; ¢ mno-
MOILBIO CTENEHHHIX PAAOB, Mbl BHAENH, YTO IpaHHlla KPyra CXOAMMOCTH
KaXIOro ee sneMeHTa fi(2) nmpoxoaut uepes Touyky 2z =1, ocoGyio Tou-
Ky aTo#t dynkunu. Tem caMbiM Ha rpaHuiue Kpyra CXOAMMOCTH JO6Oro
U3 MOCTPOEHHHIX CTENEHHHX PAAOB JEeXUT 0coGass TOYKA aHaJINTHYECKOH
(GYHKUMH, K KOTOPOH 3TOT Al CXOAMTCHA. IDTO CBOHCTBO sABASETCA OOLLMM
CNeCTBUEM CJELYIOIEel TEOPEMEL

Teopema 3.3. Ha 2pannye xpyea cxodumocmi cmenenrozo pAada
Aeycum xomsa Ov. 00Ha ocobas mowxa anasumudeckoli gyuxyun F (2),
K Komopoi cxooumcs O0arHbl pAao.

IHokasatenbcTBo. IIpeanonoxuM, uTO BCE TOUKH OKDPYKHOCTH

o]
Z cp(z —2,)" sBasoTCA mpa-
n=0

BUABHBIMH, T. €. 1 M0GOH TOUKH 2 e C, cyuecTByer TaKoe p(z)>0
yTo B OOIEH yacTu prra K, u cBOEro xpyra CXOLMMOCTH |z—z]| <p(z)

C, xpyra K, cxoanmoctu psna f(2)=

COOTBETCTBYIOWMH Dsf Z c,,(z)(z—z)" cxoputes Kk f(2). Ilycrs pa-
n=0
auyc kpyra Ky ects R,

*) To ecTe B JI060f &-OKPECTHOCTH KaXZoH TOYKH OKDYRHOCTH |z |==1
HalilyTcsl TOYKH MOC/eJoBaTeNbHOCTH {2p, ). .
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Paccmorpum dyHKiuo p(é) oﬁpeneneuny;o Ha okpyxHoctu C,. Io-

KaxeM, 4To AMd MoObX ABYX TOYEK Z1 M Zy HA okpyxHoctn C, BHIIOA-
HEHO ycnOBHE

Ip (2 —p (22)] | 21— 22] 3749
LleficTBnTeNbHO, NPEANOJIOXHM, YTO 3TO YCJAOBHE HE BHIONHEHO, Hanpm-

wep, p (z) — 0 (z1)=| 21— 2s| + 6, rne § > 0. Tornakpyr | z — 2, | <p (21)

CXONHWMOCTH peaa Z Cn (zl) (z— 21)" =f1(2) JeXuUT BHYTPM Kpyra

|2~ 23| < p(29) cxozmmocm pana Z en(29) (2 — Zo)* =1, (2) (pnc 3.11).
=0

B o6utett uactu sTHX prroa 7t prra K, o6a psama cxomsarcs K OAHOl
u ToRl we oyHkuua f(2). CaemoBarensHo, dyHkuus f;(2) ssaser-
Csi QHaNHTHYECKMM NPOAO/KEHHEM byukuud f;(2). 10 03Hauaer, uto

: B Kpyre |z —2z,|<p(z)+6 on-
peneneHa aHaMMTAYECKAA (YHKLMA
p2 (z) cosnagaiomas ¢ f1(2) B kpyre
lz-—zll<p(zl) B cuny reo-
pemnt  Teltiopa orcloga caepyer,
qTo paauyc cxonumocm paga

Ze,, (z1) (2—z,)" He MeHbIlle ueM
-—0
0 (21) +6, uto NPOTUBOPEUHT UCXOL-
HeiM aauHeiM. Hrak, ycaosne (3.74)
YCTaHOBJIEHO,
' Pue. 3.11. W3 atoro ycnosus cienyer pas-
HOMepHas Henpepuﬂuocrb q)yHKunn
p(z) Ha xpusoft C,. llencramenbuo, COOTHOIlEHAE ]p(zl)—p(z2)|<e
BHUIQAHAETCA AAs A06Oro Hamepea 3amanHoro €=>0, ecau TOMBKO Bbi-
NOJIHEHO ycnoaue lzl—zgf<e. Tak xak dynkuns p(z)>0 TO OHa
OrpaHWYeHa CHH3Y W B CHJY HENPEPHIBHOCTH NOCTHraeT Ha Cy cBoeft Tou-
HOH HKHEH rpaHu*) p(2)== p(zo) po=>0. Tlocnrennee HepaBeHCTBO
MMEEeT MECTO, MOTOMY YTO AJS BCeX zeC, BBINIOJIHACTCA CTPOrOE Hepa-
BEHCTBO p(z)>0 '

B cuny enMHCTBEHHOCT® aHAIWTHYECKOrO NPONOJIKEHHS MOXHO yTBEp-
X[AaTh, 4TO B Kpyre | z—2z,|<<R,-+p, onpeneseHa ONHO3HaYHai aHa-
nutnyeckas oyunxkuus F (2), cosnamaoumtas ¢ ¢ynkuuet f(z) B kpyre
|z—2o| <R, CnenoBatensHo, paauyc CXOAUMOCTH HCXOAHOTO CTereH-

- :

HOTO PRAa D) €, (2 — Zo)* mOMKeH OTb Ry -+py 2 He Ry Ho 310 npo-
n=0

*) Cm. BHmL. 1, ctp. 250.
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THBOPEUMT YCJOBMIO TeopeMbl. MrTak, npeanosoxeHue, yTo0 BCE TOUKH
IPaHulbl KPYra CXOAMMOCTH MNPaBHJbHBIE, NPUBOAMT K TNPOTHBOPEYHIO.
Teopema nokasana. ’

M3 teopemm 3.3 cnenyer, uro paduyc kpy2a cxodumocmu cmenex-
HO20 psda onpedeasiemcsi paccmMosHUEeM Om Yeumpa cxodumocmu 0o
Ganocaiiwelil ocoboii mouxu TtoH aHaNUTHYECKOH ¢yHKuMY, K KOTOPOH
CXOAHUTEA JaHHBIH DA

6. TlonaTue monHoii anamuruueckoft ¢pynxuud. Ilpessiaywmne pac-
CMOTPEHHA MO3BOJMMAN NOCTPOUTb aHAJUTHYECKOE Mpoio/MkeHne (yHK-
unn f1(2), 3anaHHoR B o6aacTu ¥, ua G6éabuyio obaacte §=8,+ %,
H/JH COOTBETCTBYIOULYIO PHMaHOBY MOBEPXHOCTh., Kak Ml BHIeaH, MOXHO
paccMaTpHBATh aHAJMTHYECKOE MPOZOMKEHME BAOJbL LENOYKH obnacted F,
%9 oovy Iy, pMetowtnx obme uacTH ; ;4 B KOTOPHX COBMAJAIOT aHa-
autnyeckue dyukuuu fi(2), f5(2), ..., f.(2), 3ananuvie B obaactax %,
&y v.., 5, Ilpu sTOM MBI MoayunM B obaactn =594+ %,4...4+ %,
WAN Ha COOTBETCTBYIoLiefl PUMaHOBOH MOBEPXHOCTH R OAHO3HAYHYIO aHa-
JUTHYECKYIO QYHKUHIO F (2), ABJASIOULYIOCH aHaNUTHUECKUM nponozmeuueu
byHKan f; (2).

Ecau awanutuveckas ¢ynkuus fi(2) nepsoHauanbHo 3amaHa B 06Ja-
CTR ¥;, TO, CTPOS pa3iHuHble UENOoykKn o6JjacTel, BhXOMslKE U3 06na-
CTH 3, MBl MOXEM NOLYYHTL/ aHANMTHYECKOE NPOAOMKEHNE DYHKUUH f; (2)
Ha pa3auuHsle o6jacTH, cojepxamue oGaacth ;. Ilpu 5TOM CyiecTBeH-
HHM SBJSIETCA NOHSATHE MOJHOH aHANMTHYECKOH (PyHKIUM.

Dynryusn F (2), noaywennas nymem anaaumuyecko20 npodossxcenus
80045 6CLBO3MONCHBLX Uenodex obaacmetl, 8ux00Auux u3 obaacmu
&, nepsonavaasrozo 3adanus anaaumuvecxoli @yuryuu fi(2), Ha3bi-
saemcsl noaHoll anasumuvecxodt gywrxyuel. Ee obaacms onpedesenus
R naswsaemcsi ecmecmsennoi ad.aacmuo CYWEeCINB08AHIS NOAHOY
aHaaumuveckol QyHKyuU.

COFaCHO TOJBKO 4YTO MNPOBEIEHHBIM paccmorpeuum eCcTecTBeHHas
06/1aCTh CyllecTBOBaHHA R MoaHOM aHaautuyeckol ¢yakunn F (2) Moxer
OblTh puUMaHOBOH IOBEPXHOCTbIO. OTMETHM, YTO aHAJUTHYECKOE MPOAoJ-
weHne ¢yHkuun F (2) 3a rpannuy I' ee ecrecTBeHHON 06GaacT# cyuiect-
BoBaHuA R yxe HeBo3aMoxHO. IIpu 3TOM BCE TOUKM 3TOH rpaHHIN SB-
AfI0TCA O0COOBIMH TOuKamu dyHkuun F (2). D10 nerko mokasathb. -[Tpen-
NOJIOXUM, 4TO TOuKa 2y & I' aABaseTcs npasuabHOH TOukOH QynKkuam F (2).
B rakom cayuae, no onpesesieHni0 TPaBUJAbHO# TOYKH, BHYTPH Kpyra
|2 — 20| <<p(2¢) cymecrByer Hexoropas anaauthyeckas ¢yuxuus @ (2),
coBnagawoulas. ¢ F(z) B obue#i yactu nanHoro kpyra u obaactu &. Ho
KpYT | 2 — 2o | << p (2p) 3aBenomMo BexoxuT u3 obaactu ¥, nostomy @ (2)
SIBJISIETCA aHAJHTHUYECKUM NPOJAOJIKEHUEM MOJHON aHanuTHYECKOH (YyHKUNK
yepes TIpaHULy ee ecTeCTBEHHOH o06JacTi CyUIECTBOBAHHA, YTO HEBO3-
MOXHO.

B paccMoTpeHHBIX B npenbmymnx NYHKTax NpuUMepax Mhl nocrpomm
PAA fAOJHBIX aHAJMUTHYECKHX (PYHKIUUR U UX ecTecTBEHHble 00/1aCTy Cylle-
ctBoBaHud. Tak, ecTecTBeHHBIMH 0064aCTAMH  CYLIECTBOBAHHA MOMHBIX



110 AHAJTUTUUECKOE MPONOMKEHHUE. SNEMEHTAPHBIE dYHKUMK ~ [IV1. 3
1

n —
aHaauTHuecKnX OyHkuuh 14z u Ln z SBASiOTCS COOTBETCTBEHHO A-TUCTHAA
H GECKOHEYHONWUCTHAs PUMAHOBH MOBEPXHOCTH; €CTECTBEHHOH 00/1acThiO

1
—— — [I0JIHA KOM-
11—z

NAEKCHas MNAOCKOCTh € BHIOPOLIEHHOH TOUKOH 2= 1; ecTecTBeHHOH OG-
nactbio cyulecrBoBanus ynkuun (3.71), paccmoTpenHoit B npumepe 4, —
eInHNuHBR Kpyr |2z | << 1. ‘
Ilpu s10oM B nocienneM npuMepe o6nacTe ¥, NMEPBOHAYAIBHOTQ 3a-
JaHug aHanuTHuecKo#t QyHkumu f; (2) TaKkoBa, YTO HEBO3MOXKHO aHAMUTH-
yeckoe npojomkenue QyHkuun f;(2) 3a rpaumy I'; obractu 5, 3710
M oO3HauaeT, yTo f;(2)— mo/HAas aHaJlMTHUECKAs GYHKUMA B F,—eé
ecTecTBeHHas o6aactb cyuwiecrsosauus. Ecau ke obnacte ¥, Takosa, uTo
BO3MOXHO aHAaJANTHYECKOe npopomkenue f;(2) Ha 66apwyo 06MaCTH, TO
yHKumMo f;(2) HA3LIBAIOT IAEMEHMOM MOAHOU AHaAUMUUECKOW OYHK-
yun F (2). Anaautnueckoe npoponkenne f,(2) dyuxuun fi (2), saganto#
B o6nacTn ¥;, Ha o6nacTs 5, nMelomyw ¢ 5y o6y 4acTh Fi,, Gylem
Ha3blBaTb HEnocpeOCmBeHNBIM QHAAIMUYECKUM NPOdoAdNCERNeM (YHK-

uun fi (2).

CYMECTBOBaHUS MNOJHO aHaINTHYeCKOR QyHKIUK



TTTABA 4
PSLL JJOPAHA ¥ U30JIMPOBAHHBIE OCOBBIE TOUYKH

B srto#f rnase Gymer u3yueHO MOBEAEHHE OXHO3HAUHOH AHAMUTUUECKOH
(hYHKUMK B OKPECTHOCTH €e M30JHDPOBAHHLIX OCOOHX TOUEK. 3HaHHE 3TOro
rOBEACHHs HE TOJALKO HO3BOJNET riay0xe NPOHHKHYTh B [PUPOAY aHa/u-
THYECKHX OYHKIMHA, HO M HAXOANT NPAMOE MNPAKTUYECKOe NPUMEHEeHue
B MHOTOYHMCJEHHBIX NPUJIOWKEHNAX Teopun pyHKuufk KoMnaeKcHO# mnepe-
MEHHOH. :

B mpeabiaymux riaBax Ml BuAEMH, KaKylo O0JblUYy0 pOJib HrpaioT
CTENeHHbIE PSABl W, B YaCcTHOCTH, pax Tefsopa B u3yueHuu cBOHCTB aHa-
ANTAYECKHX (YHKUu# B 00NACTH, A€ OTCYTCTBYIOT OCOOBIE TOUKH HCCJe-
ayeMmbix (YHKuUuH. AHanOrMYHYIO DPOJb NPH M3YYEHHN CBOHCTB AHAJIMTH-
yeCKUX (QYHKIUH B OKPECTHOCTH WX M30JUPOBAHHBIX OCOOBIX TOUEK MTpaer
psa JlopaHa.

§ 1. Pan Jlopana

1. O6aacts cxopumoctH psina Jlopana. PaccMoTpuM psn BHAa
oo

> en(z—z), &1

n=-—0oo

rae 2z, — QUKCHPOBAHHAS TOUKA KOMIIEKCHOH IJIOCKOCTH, €, — HEKOTO-
pele KOMNJIEKCHBIE YHCJ3, a CYMMHUDOBaHHE BENETCH KaK 110 MOJOXKHTENb-
HHIM, TaK W [O OTPHULATENbHBHIM 3HaueHusM uHmekca n. Pax (4.1) Hocm
nassanue proa Jlopawa. YcraHoBuM oGaacTb CXOAMMOCTH 3TOTO PAnd,
Ilas storo npeacrasum Bhipaxenue (4.1) B Buae

,,=2._°.°° cn(2—2))'= nzo cn(z2—20)*+ nZ. zz%:—o;ﬁ . 4.2)

OueBuaHo, 064acTbi0 cXxoaumMocTu psaa (4.1) asasercs obuias yacTh o6aa-
cTeHl CXOAMMOCTH Kawaoro u3 cnaaraeMeix npaso#t uactu (4.2) O6naactbio
[oe]
CXOMUMOCTH PSS Y, €u(2 — 20)* SBARETCA KPYT C HEHTPOM B TOUKE Z,
: n=0
HEKOTOPOro papuyca Ry (kak ObJIO YCTaHOBAEHO B I 2, 3HaueHue R,
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MOJET, B YaCTHOCTH, PaBHSATbCS Hyno uan G6eckoHeyHocTH). BHyTpu Kpyra
CXOAMMOCTH 3TOT pAA CXOAHTCA K HeKOTOPOH aHaauTUYeCKOR (yHKUHK
KOMIJIEKCHOH nepemeHHOM

o]

A@= Y caz—2) |2—20| <Ry . (43)
. n==0 . :

Has onpezenenus 06/1acTH CXOILMMOCTH psja Z (z——z—);

cienaem  3a-
1 ,

MeHY NepPeMEeHHOH, NoNoKuB §= = Torga stoT pAx npuMer BUR

(o'} . 0 . . .

Z c-x8". To ectb on npeacrasaser coGo# oﬁbmubm crenemroﬁ pag,

n==1
CXOﬂﬂmHﬁCﬂ BHYTpH CBOCFO Kpyra CXOI[I/]MOCTH ‘K. HEKOTODOH aHaauTH-

yecko# ¢ynxunn @ () xomnaexcHoH nepemeHHoft ¢. O6oanaunm paauyc
) A
CXOZUMOCTH MOJYYEHHOTO CTENEHHOTO pflayepes g-. Torna
2

< ' 1 )
PO =3 el [EI<p. (4.4
n=1|
Boaspamasce k crapo#t nepemenHolt u nonaras @ (£ (2)) = f;3(2), noayuum
[e’e]
f2 (Z) - (Z—Zo)'“ l < —7'20 I > R2’ . (4'5)

o

Otciona ‘caenyert, 4To O6JacTbi0 CXOLMMOCTH psila 2 (z—'z—)n no or-
n=1

PHILATE/bUBIM CTENEHAM pPasHOCTH (2 — 2,) ABASETCH 06J4acTb, BHEILIHAS
K OKPYXHOCTH |Zz—2)|=R, (Tak xe xak u R, anauenue R, moxer,
B YaCTHOCTH, PABHATHCA HYJIO UAH GECKOHEUHOCTH)

Wrak, kawae# u3 cTemeHHBX pagoB npaBoi wacTu (4.2) cxoaurcs
B CBOEH 06/1acTH CXOAMMOCTH K COOTBETCTBYIOUIEH aHaMUTHUECKOH ¢yHK-
unn. Ecmu R, <<R,, 10 cyuwiecrsyer ofmas o64acThb CXOARMOCTH 3THMX
psnoB — kpy2o080e Koasyo R, <<|z—zy|<<R; B KOTOpOM psg (4.1)
CXOOHUTCA K aHAMUTHYECKOM (.IJ)’HI{LIMH

oo}

F@Q=fi@+f(= 3 az—2), R<|z—z|<R. (46)

n=-—0o

Tak kaxk pagsl (4.3) u (4.4) aBagoTCA OGLIYHBIMH CTENEHHBIMU DAAaMH,
TO B YKasaHHO# oOnacTu ¢yHkuus f(2) obnagaer BceMu CBOHCTBAMM
CYMMBI CTENEHHOro psaja. 10 03Hauaer, yto pad Jopana (4.1) cxodumcs
SHYmMpU 80820 KOAb4AQ CXO0UMOCHU K HeKOmopoll @yrKyuu f (2),
QHAAMUMECKOIL 8 OQHHOM KOAbYUE,
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Eciu Ry,>R;, 10 psam (4.3) u (4.5) obwelt obractd cxomumMocTy
He wmewoT. Tem cambiM B 3TOM cayuae paa (4.1) uurze ne cXoauTeA K
Kako#t-1u60 QyHKuUMH.

2. Pasnowenne anaauTHuecKoit q;ymumu B pax Jlopana. Teneps
€CTECTBEHHO TMOCTaBHTb BONPOC: MOXHO JH (YHKUAH, aHAINTHYECKOH
B HEKOTOPOM KpPYrOBOM KOJIbUE,
conoctasuTh psia JlopaHa, CXoas-
uuiics K aTo#t QyHKUMH B JAHHOM
Kosbile? OTBeT Ha 3TOT BOMpoC
Iaer cljedylollias Teopema.

Teopema 4.1. yrxyus f(2),
axaAmu4ecKas 8 Kpy2080.M Koab-
ye Ry <<|z—2y| << Ry, o00HO3HAY-
HO npedcmasafiemcs 8 - IMOM
Koasye cx00aUUMCS p;zaom Jlo- -
pana.

ODokasareanbctBo. Puxcu-
DYeM NDOH3BOJLHYIO TOUKY 2 BHY-
TpH Koablla Ry <<|2z—25|<<Ry m
noctpoum okpyxuoctd Cr; u Cr;
C UEHTpaMd B 2g, pPaduyCs KOTO- . Puc. 4.1
PHIX yOOBJIETBOPSIOT YCIOBHAM Ry <
< R;<R{ <R, Ry<<|z—29|<Ri (puc. 4.1). Cornacno ¢opmyne
Kowi nasi MHOrOCBA34OR 06NAacTH MMEET MECTO COOTHOUIEHHE - -

1 t ‘
F@y =g { E g | Bt (4D
R °R;
Ha Cg; BHnoansercs HepaBecholZ:z“ ITostomy, npeacra
BUB 1pO6b g—_l_; B BHIE
L I N N [2—2,
t—z  (—20—(2—2) &t—2 1— z-"‘-'o —30 2 ( —7-0>

C—'zo

W NpOBElS MOY/IEHHOE HMHTErPUPOBAHUE, YTO BO3MOKHO B CHIY paBHO-
MEpHOH CXOJMUMOCTH psia no nepemeﬂuon ¢ (nompoGHee cM. ra.” 2),
NOJAyUYHM

t \ ~
ﬁw=ﬂS§%a=Z%u—mz 48
rae -
en=o \ @ dr n=o0. (4.9)

2mi. 3 (E—2)"™
R



114 PSiJl JIOPAHA U U3OJ/IMPOBAHHBIE OCOBBIE TOYKH [TJ1. 4

, : —2 .
Tak kak Ha CRé BHIMOJHAETCS HEPAaBEHCTBO Is—zi’-l< 1, 1O anano-
<

THYHO NpEeAHAYLIEMY HMEEM
[
=)
{—2 2—2, 2—2zy) °
- n=0

B pesy/abTaTe NOUJEHHOTO WHTEIPHPOBAHHS 3TOTO PANA NOAYYHM

-

A =g | L at= Y 22, (410)
CRS n=1
rae
= =g \ SOG—zprdE (@1D)

Cpr
R2

Wamenus Hanpaaneﬁne uHTerpupoBaHus B (4.11), nepenumeM 310 BhHpa-
KeHue B BHAe ' .
1 j4(9)
Con =5 S T db, >0, (4.12)
R'

3ametuMm, uTO moabIMTerpajbhbie ¢ynxunn B (4.9) u (4.12) sBasoTcs
aHAaMWTHYECKUMH B KPYTrOBOM KoJblle Ry << |2z —2,|<< Ry Ilostomy B
cuny TeopeMmbl Kouin 3HaueHust cOOTBETCTBYIOUIUX, HHTETPAJOB HE H3Me-
HATCH TP NPOM3BOJBHOM NedopMannn KOHTYPOB WHTErpUpOBaHus B 00Ja-
CTH aHaNMTHYHOCTH NOABIHTEr PasbHBIX Q)yHKunﬁ 910 nossoaser obbpenn-
HATB q)opmy.nbl 4.9) u (4.12)

J

_1(_f® —
cn_%gmdg, n=0, =1, £2,..., (4.13)

rae C — npousBo/bHBIN 3aMKHYTHIH KOHTYp, Jaxawluit B Konbué R, <<
<|2—2¢|<<R; u copmepxawnit TOYKy 2, BHyTpu. Boasparusiiuch
K ¢opmyae (4.7), nomyuum

(o [>e] oo

F@= Y =2+ Y gimr= Y ealz—z) (14)

n=0 n=1 n=—00

rae KosguuueHTH ¢, 08 BCEX 3HAUYEHHH HHIEKCa 71 OnpeaenstoTcs
enuHoobGpasHo#i Qopmynofr (4.13). Tak kxak 2z —npousBosbHas TOuKa
BHYTpH KoJblla Ry << |2 — 2y| << Ry, TO oTciona caexyer, uto psa (4.14)
cxomntcs K dynkuuu  f(2) BCIOAY BHYTPH [aHHOrO KOJBIA, IPHYEM
B 3aMKHYTOM Koablle R,<<R,<<|z—2)|<<R;<<R, pan cxomurcs
K ¢yukuuu f(2) pasHomepno. Ocraercss N0Ka3aTb €IUHCTBEHHOCTb pa3-
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aoxenns (4.14). IlpeanonoxuMm, 4TO HMEET MECTO APYrO€ DPas/OKEeHHE:

(o]

f(Z) = Z clll (Z - zo)n»

n=-—o

rie xoTa 6bl omuH KoadduuuenT ¢, 7= ¢, TorAa BCIOLY BHYTPHU KO/bILA
Ry, << |z — 2| << R, uMeeT MecTO DaBEHCTBO

(e o)

3 cz—zr= D) cn(z—z) (4.15)

n=—auoo n=-—oo0

IMposenem okpywuocth Cg pamnyca R, Ry << R<CR;, ¢ UEHTPOM B TOUKe
2o Pann (4.15) cxonpsites Ha Cp PaBHOMEPHO. YMHOXHM HX Ha (2 — 2¢) ™71,
rie m-— QUKCUPOBaHIOE IEN0e YHCI0, W NPOMHTErPHPYEM MOYJEHHO.
Paccmotpum S (z —z9)""™ ' dz. Tlonokus z — z, == Re'®, noayunm
’ CR
on .
: 0, nsE=m
{ =z mrdz =R (e magg= | O PF (446
CRr o 2nl, n=m.

Vura (4.16), natizeM, uTO nocje yKa3aHHOTO MHTErPHPOBAHHMS BHIPAKEHHs
(4.15) OTAMYHBIMM OT HyJS OKAaXyTC JHIIb NO OLHOMY CAAaraeMoOMy u3
GeCKOHEYHBIX CYMM B JIeBOH M NpaBOH 4acTax 3Toro BeipaxceHus. Otcioma
NOAYYHM: = Crp. TaK Kak m — NPOM3BOJBHOE UYMCJO, TO 3TO W AOKa-
3bIBAET €AMHCTBEHHOCTb pasaoxenus (4.14). Teopema nonuocteio goKasaua.

M3 nosayueHHbIX pe3ysbTaTOB C/JENYET, YTO TOYHOH 06/aCThiO CXOAM-
moctu paaa Jlopana (4.1) sBaseTca Kpyrosoe Ko/buo Ry, << |z = 2, | << Ry,
Ha rpaHullax KOTOPOTrO HMeeTcs XOTs Obl MO OJHOR Oco0o# TOuKe aHa-
auTuyeckol diynkmuu  f(2), K koTtopo#t cxomutcs pap (4.1). Tlocnenmee
yTBEDXKIEHHE SBJSETCA CleJCTBHEM TeopeMbl 3.3.

§ 2. Knaccudukauus n3onaupoBaHHBIX 0COGHIX TOYekK
ONHO3HAYHOH aHAJHUTHYECKOH q;ymmun

Toura z, Ha3vBaemcs U304UPOBAKHOL 0c000l mouKoll gHyHKyuu
f(2), ecau f(2) —00HO3HA4HAS U AHAAUMUMECKAS 8 KPY2080M KOAble
0<<|z2—2,|<<Ry, a moika 2z, A8asemcA 0COGOL MO4KOE EYHKUYUN
f(z). B camoit touke 2z, ¢yHkuma f(2) Moxer GHTb He onpeaeneHsa.
Hayyum nosenenne ¢yHkuun f(2) B OKPecTHOCTH TOUYKW 2, CorsacHo
npeabayieMy naparpady QyHKuuw f(z) B OKPECTHOCTH TOYKU 2, MOMKHO
pasnowuTh B pan Jlopaua (4.14), cxomsuuiics B Koabue 0<<|z—z,| <<
<R;. Ilpu 3TOM BO3MOMKHBI TPU PA3NUYHBIX CAyHas:

1° IToayyeHnoid psp JlopaHa He COAEPMKHUT YJNEHOB C OTPHUILATENbHBIMHU
CTEMEHAMH PAa3HOCTH (2 — 2,).

2° ConepKUT KOHEYHOE YUCJIO UJEHOB C OTPUUATE/bHEIMH CTENEHAMH
pa3HocTH (2 — 2p).



116 PSJ1 JJIOPAHA U HU30JIMPOBAHHBIE ‘ocosb'rE TOUKH © [ a

3° Conepxnr. 6ECKOHEUHOE YUCJI0 YJIEHOB C’ OTPHUATENbHBIMK CTere-
HAMH Pa3HOCTH (2 — Z;).

B 3aBucuMOCTH OT yKa3aHHHIX BO3MOXHOCTEH ¥ MPOU3BOAMTCA KJac-
cuduranug N30upoBaHHKX OcOOmx Touek. [lepeiizeM k mocaemoBaTesib-
HOMY PacCMOTPEHHIO Ka¥AOTO W3 YKa3aHHBIX BHILIE CJyYaes.

1° Pag Jlopana ¢yHkuun f(z) B OKDECTHOCTH €€ H30JMPOBaHHOK
0cOGOH TOUKH 2, HE COJAEPKUT UJAEHOB C OTPHLATENHLHBIMU CTENEHAMA

. [oe]

pasHocTH (z2—2p), T. e f(2)= Z €a (2 — 2zy)" Kax nerko. Bupeth, npu
n=20

2 —> 2z, CYyIeCTByer npenenbuoe 3HayeHve QyHkuun f(2), npuueM 51O
npenenbHoe 3HayeHWe paBHO ¢, Ecan ¢yukums f(z) He Ghaa omnpese-
A€HAa B TOYKE Z2,, TO AOOMpENe/nM ee, moJOKUB f(Zy)= ¢, Ecau mepso-
HauanbHO 3alaHHOE 3HaueHue f(z;) HE COBMagaer C ¢, TO W3MEHUM 3Ha-
yenne QyHkuuu f(2) B TOuKe Zz,, noaoxus f(z,)=c, Tak ompeseneH-
Has Qynkuns f(z) 6yaeT aHaJNTHUYECKOH BCIOAY BHYTPH Kpyra |z — 2ol <<
<< R, TeMm cambpiM Mbl ycTRaHunM paspuis (yHKkuuu f(2) B TOuKe 2,
lMostoMy n3oiuposannas ocoGas Touka 2, PyHKuuH f(2), AA% KOTOPOH
pasnoxenue f(z) B psa JlopaHa B OKDECTHOCTH 2, He COJEPIKHMT Y/EeHOB
C OTPHUATENbHBIMU CTEMEHSAMU PasHOCTH (2 — 2,), Ha3BIBAETCH Ycmpari-
Mol 0co0oi mouKoll. ’

TlpoBesennnie paccMOTpeHHs 10Ka3bIBAIOT CAGMYIOULYIO TEOPEMY.

Teopema 4.2. Ecau mouxa z, snsanemcs ycmpanumoli oco6oil
moukoil anasumuteckoli @ynxyuu f(z), mo cymecmeyem npeae/zbuoe

3unaventie lim f(2)=c,, nputen |c,| << co.
2> 2

3amMeTuM, YTO B OKDECTHOCTM YCTPaHAMOH OCOGOH TOUKH (YHKLHA
JS(2) orpaHnyeHa W MOXET OHITb NMPEACTABJEHA B BHUAE

' f@=@E—=2)"0 () (4.17)

rae m =0 —uenoe. uncao, a @ (2zo) 5= 0. ITpu stom, ecm -lim f(2)=0,
Z2—>2y

TO B npencrasaeHun (4. 17)qncn0 m >0 onpenenser NMOpsAOK HyJs (DyHK-
unu f(z) B Touke 2,.

Vimeer Mecto u oGparHas Teopema, KOTOp)'IO MBI JIOKaXeM B yCHJeH-
HOH ¢opMynpoBKe.

Teopema 4.3. Ecau gynxyus f (z), QHAAUMULecKas 8 Kpy2080M
Koavye 0<<|z—2z,|<<R;,, ocpanutena (|f(z)|<M npu 0<|z—

—— 2| <<Ry), mo mouxa z, ecms ycmpanumas 0co6as MOMK& QYHK-
uuu f(2)

Hoxkasarenbcrso. Pasnoxum dpynkumo f(2) B pan Jlopana (4.14)
H pacCMOTPHM BblpaXXeHHE (4.13) ans ko3¢ duUUeHTOB 3TOro paga:

o
= omi j C—z)" 1 %

B kauecTBe KOHTYpa HHTErPHPOBAHUA Bu6epeM KDYT C UEHTPOM B TOUKE Z,
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paguyca p. Toraa B cuay ycn08us TEODEMBl MMEET MECTO MaXé0paHTHas
olleHKa : :

| eal < Mp™ .18)

Bynem paccMaTpnBaTh KO3(@UUMEHTH C OTPHLATENbHKM HHAeKcOM n < 0.
Tak kak 3HaueHue KO3((PUUUEHTOB c, HE 3aBHCHT OT P, To u3 (4.18)
noayynm~c, =0 npu n<<0, 4T0 U HOKAa3HIBAET TEOPEMY. '

2° Psap Jlopana ¢yHkuuM f(2) B OKPECTHOCTH €€ H30/JUDOBAHHOH

ocobo#t TOuKH 2y COHEPKNT KOHEYHOE YUCAO /1 4JIeHOB C OTPHUUATE/IbHBIMH
o .

CTENEeHAMH Pa3HOCTHA (2 — 2p), T. & f(2)= Z cp (2 —2,)". B atom cay-
=—m

yae TOYKAa 2z, Ha3BIBAETCA NOAIOCOM nopsadka m pynxyuu f(2). IloBenenue

aHaNUTHYEeCKON (YHKIWH B OKPECTHOCTH €€ MOJIoCca OMpelessercs cle-

aywouel Teopemot. , ’

Teopema 4.4. Ecau moura z, ssssemcs noawcom anarumuseckol
dyuxyuu f(z), mo npu z —z, Modyas @ynxyuu f(2) Heozpamuyenro
8o3pacmaem He3aBUCUMO Om cnocoba cHpeMAeHUss MOUKu 2 K Zg.

HokasateanbctBo. Ilpeacrasum dyHkunio f(z) B OKDECTHOCTH
TOUKH 2, B BHJIE '

JO=gEgm et TakE—a)=

z2—2,

=@—2) " {cmtC_mr1(z— 20)+- vty (@—z)" Y+
Y-z ==z 0@+ Seaz— 2 (419)
n=0 R n=0 .

dyHkuua @ (2), OUEBHIHO, ABIAETCA OrPAHUYEHHOH AHANMUTUYECKOH QYHK-
upel B OKPECTHOCTH TOukHu 2, M3 npencrasaenus (4.19) caemyer, uto
npu z— 2z, MoAy/ab (yHKUMH f(2) HEOrpaHWYEHHO BO3PACTAET HE3aBHU-
CHMO OT crmocoba CTPEMJEHHS TOYKY 2 K TOYKE Z,, 4TO M JOKAa3hIBaeT
TEOpPeMy. 3aMeTHM, YTO, eCaM AOONpedenuTb QYHKUHIO @ (2Z) B TOYKE 2,
noJOKHB @ (29) =C_p # 0, dopmyna (4.19) Mmoxer OHTb mepenucaHa
B BHle ‘

fla) =29 _ | (4.20)

(z—z)™®

rae P (2) — anaanutnyeckas ¢yHkuua u P (2)#0; uucaA0 m HaswIBAETCHA
NOPSAKOM MOJIOCa. : ’

Vimeer mecto n Teopema, oGpatHas Teopeme 4.4.

Teopev.ua 4.5. Ecau gynwyus f(2), anarumuneckasn 8 oxpecmmo-
CIMu c80el U3AUPOBAHKOL 0cO00H MmouKU 2,, HEOZPAKULEHHO 803pacmaem
70 MOOYAI0 HE3QBUCHMO OM cnocoba cmpeMAeHUs MOYKY Z K mouKe Z,,
mo mouka z, snsanemcs nospcor Pyrwxyuu f(2). :

Hoxasareasnctso. [To ycnosuio TeopeMsl And MoGOro uncaa
A>0 MOXHO yKasaTb TaKylo €-OKPECTHOCTb TOUKH 20 B KOTOpO#
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| f(2)| > A. Paccmorpum yHKUHIO g(R)=+= 7 (z) B yxkasanHo# &-okpe-

CTHOCTH TOYKH Z, 3Ta (YHKIHA fABJSETCS aHaauTuuecko#t u lim g(2)=0
z2—2

ITosTomy Ha ocHOBaHuum Teopembl 4.3 TOuKa 2z, ABAAETCA ycoTpaHpmoﬁ

ocoGoft Toukol dyHkuuu g(z2), u dbysxuns g(z) B cuay dopmyas (4.17)

B OKDECTHOCTH TOYKH Z, MOXET ObiTh -MpeacTasieHa B Buge g(2) =

= (2 — 29)"¢ (2), rae @ (z) — ananuTHyeckas QyHKUMs, npuueM @ (zo) # 0,

a m>0. Torna B OKpecTHOCTH TOlll(H 2o A ucxomHo# dyskuun f(2)

HMeeT MECTO MpeAcTasaeHue f(2) =

Ono B cuay

11’( )
—2Z )m '
najgamoueM ¢ npeacrasiaexdnem (4.20), rae qa(z)—alaanuruqecxaﬂ yHKUHS.
Orcloga u cleiyeT, YTO TOUKA Z, ABJISETICS MOJIOCOM MOpSAKa . (yHK-
uun f(2). Teopema mokazaua.
3aMeTuM, 4TO TOYKA Zo, ABASIOMIAfCA Hy/AeM MOPAAKA M aHAJIATHYEC-
Ko# ¢yHKUMH g(2), ABJAFETCA MOJIOCOM TOrO K& nopsaaka m QyHKUUU

2)=——
FO=5g
MEXAY HYJAMA W MOJMIOCAMH aHAMUTHYECKUX (PYHKLUH.

3° Pan Jlopana ¢yskuun f(2) B OKPECTHOCTH €€ H30/JMPOBaHHOH
0COGOH TOYKH 2, COZEPWUT GECKOHEUHOE YMC/IO YJEHOB C OTpPHUATE/b-
[ee]

(z) E—20" 9@

yc.noam[ @ (29) # 0 Moxer OHTb NepenucaHo B Buae f(2) = COB-

¥ Hao6OpOT. DTO YCTaHAaBJAMBAET OYEHb MDPOCTYIO CBA3b

HBIMH CTENEHAMM PasHOCTU (2 — 2Zo) T. & f(&)= Z ¢n (2 — 2¢)". B aToM
=—0

cnyqae TOYKA 2o HA3bIBACTCA CYUeCMBEHHO Ocob0il moukoll @yrKxyuu
f(2). NoBenenne aHaauTMYeCKOH (GYHKLUHM B OKPECTHOCTH €€ CYLIECTBEHHO
0CoGOH TOYKHM OMHCHIBAETCA CAEAYIOUWIEH TeopeMOoH.

Teopema 4.6 (meopema Coxoyrozo — Beliepuumpacca). Kaxoso
Ov. Hu Gono € >0, 8 410600 oxpecmHocmu cyw,ecmserno ocoboli mou-
Ku 2o Pynxyuu f(2) naiidemcs xoms 6o 00Ha mowKa 2, 8 KOMOPOIL
3naxenue ynrguu f(2) omaunaemcss om npousBoAsHO 3a0aAHHO20 KOM-
naexcrozo wucaa B mensuie vem Ha €. ,

HokasateabcTBo. Ilpeanosioknm, 4To Teopema HeBepHa, T. €.
npy 3aAaHHOM KOMIJIEKCHOM uucne B u 3agaHHoM € >0 Hahimercs Takoe
Ne=>>0, YTO BO BCEX TOYKAX 2 H3 1)-OKPECTHOCTH TOYKH 2, 3HAYEHUE
byHkuun f(2) oTauyaercs OT 3ajaHHoro B Ooablue ueM Ha e

|f(&)—B|>¢, |z—z0|<n0. (4.21)

PaccMOTpHUM BCIIOMOraTe/bHYI0 (PYHKIHIO qJ(z)-_ (z) . B cuny (4.21)

tdyskuus P (2) onpesenena u OrpaHuyeHa B no-oxpecmocm TOYKH 2.
CrepoatebHO, O TeopeMe 4.3 TOuka 2z, BASETCS YCTPaHUMOH ocobo#
TOUKOH ¢pyHKuMu P (2). DTO O3HAuaeT, 4TO pasokeHHe GYHKUMH P (2)
B OKPECTHOCTH TOYKH Z, UMEEeT BHUJ

VE)=E—2)"9@), ¢ (20)F#0.
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Torma, B cuny onpegenenns ¢yukunn P (2), B AaHHOH OKPECTHOCTH
TOUKH 2y UMEeT MECTO CJeiyiollee pasnoxeHue pyHxkuuu f(2):

F@=@E—2)"9@)+5 (4.22)
rae aHaJIHTHYecKas QyHKiug @ (2) = -;l—— OrpaHUYeHa B 1)y-OKPECTHOCTH
2

TOuKn 2, Ho pasnoxenue (4.22) o3Hauaer, YTO TOUKa 2, ABJASETCS HJIH
NOJIOCOM NOPSAAKA #2, uad NMPH 7 =0 npaBuAbHOR TOuKOH ¢Qyukunu f(2),
M paanoxenue B psx JlopaHa nocsaeaHed HOJIKHO COAEpPXKaTh JULIb KO-
HEYHOE YHMCJIO Y/IEHOB, UTO NMPOTHBOPEYUT yC/a0BHio Teopembl. IToayuenHoe
NpOTHBOPEUNE M [OKa3biBAET TEODEMY.

Teopema 4.6 paer caenyroollyl0 XapaKTePUCTHKY MNOBEAEHHsS aHANIHTH-
yecKO# (YHKILUA B OKDECTHOCTH |2 — Zy|<C My CyLleCTBEHHO 0cCo00H
TOUKH: B CYIIECTBEHHO OCOGOH TOUKE 2, HE CYLIECTBYET KOHEYHOrO HJH
GeCKOHEUHOro MpeaesbHOro 3HaueHNs aHaJuTuYecKo# ¢yHkunu. B 3asucu-
MOCTH OT BHIOOpPa NMOCJEAOBATENBHOCTH TOUEK, CXOASUIEHCS K TOUKE Z,,
MBI MOXEM IOJIYUHTb NOCAENOBAaTENbHOCTH 3HAUEHAH QYHKIMY, CXOASLLUECH
K pa3auunbiM npepenaM. Ilpu sTomM Bcerma MoxHO BHIOpaTh nociaesoBa-
TENBHOCTh, CXOAWLYIOCS K /mMoOOMy Hanepej 3aJaHHOMY KOMIJIEKCHOMY
yucJay, BKIIOYas U 0O.

OueBufiHO, HET HeOOXONMMOCTH JOKa3bBaTh TeOpeMy, OGpaTHYIO Te0-
peMe 4.6, Tak Kak ecaud npu 2-—»2, He CYLLECTBYET KOHEYHOro HJu
GeckoneuHoro npeneaa ¢yHkuuu f(z), 10 B cuay teopem 4.2 u 4.4
TOUKAa 2, He MOXeT OhTb HU YCTPAHUMOH, HH NOJIOCOM.

3ameTnM TaKxe, UTO €CAM TOUKA 2, SBAAETCS CYILECTBEHHO ocoéoﬁ
Touko#t ynxumu f(2), npuueM f(2) %0 B HEKOTOPOH OKPECTHOCTH
TOUKH 29, TO U MM QyHKUuH &(2)= 1/f(2) Touka 2z, sBJseTCS CyLECT-
BEHHO 0CO0O# TOUKOM.

PaccMoTpeHHBIE TPH C/ydyasi HCYEPTILIBAIOT BOSMOKHELA 1 BHA DasNoKEH s
aHaNNTHYECKOR QyHKUuK B pax JlopaHa B OKPECTHOCTU €€ M30/MPOBAHHOH
ocoboit TOUKM W MMEIT pewlaloulee 3HauyeHne AJIA BBISICHEHHs o0wero xo-
Ja N3MEHEHHs AaHAJIUTHUECKON QPYHKLUNHI B OKPECTHOCTH €€ OCOOBIX TOUEK.

W3 nposeneHHbX paccMOTpeHMH C/EAYET, YTO BO3MOXKHH [BE pas3auy-
HBl€ TOYKM 3pEHWs Ha KJACCU(DHUKALMIO K30JUPOBAIHBIX OCOOBIX TOueK
OJIHO3HAYHOH aHanUTUYECKOH (YHKIHMW, NPUBOAALIAE K OXUHAKOBHIM pe-
3ysbTaTaM. MBI MCXOLWIM ©3 3HAJTMTHUECKOH TOUKH 3PEHHs, OCHOBaHHOH
Ha XapakTepe pasioxeHus ¢yHkUuun B psan JlopaHa, M YCTaHOBMJM, Kak
Beger cebsi caMa QyHKIuS Npu CTpeMaeHHH K 0co0oit Touke. Bosmoxen
U Ipyro#, reoMeTpHyecKui MoAxXod, NPuU KOTOPOM B OCHOBY KJAacCH(HKa-
UM KJaaercs noBeleHHe (YHKUMH B OKPECTHOCTH €€ M30/IHPOBAHHOH
ocobo#t Touku. Ilpu 3TOM, ecau ¢yHKUMS OrpaHMyeHa B OKDPECTHOCTHU
ocofoit TOUKH, TO 3Ta TOYKa HA3HIBAETCA YCTPAHUMOH H, KaK CJAELYET H3
Teopembl 4.3, pasiomeHue maHHOW (yukuuu B psg JlopaHa B OKpecTHo-
cTd 3TOH - 0cOBOH TOUKM He COHEPKAT OTPULATEJbHHX cTeneHeir. Ecau
npy CTpeMJeHHH K 0co0of Touke QyHKiuud uMeeT OeCKOHEUHHIH mpexed,
TO 9Ta TOYKAa — NOMIOC ¥ pa3noxeHne B pag JlopaHa uMeer KoHeuHoe
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4UC/0 OTPULATENBHBIX CTeneneft. W1 HakoHel, ecan ¢yHKuus npu CTpeM-
neHun K oco0OH TOUKE He HMEET KOHEYHOro uad OGeCKOHEYHOro npeneda,
TO 3TO — CYUIECTBEHHO 0Co0as TOuKa, pasnoxeHue B pan.Jlopana comep-
KHUT OGECKOHEYHOE YHUCJIO OTPHLATENbHBIX CTEreHeH.

B 3akatouenne paHHoro naparpada OCTaHOBMMCH Ha BONpPOCE O MOBe-
IOEHHH aHANNTHYECKOR (yHKIMH B OKPECTHOCTH OECKOHEYHO YAa/leHHOH
Toukd. beckoneuno ydarennan mouxa Komniekcwoll naockocmu sg-
ASTEMCR U30.MPOBAKHOL 0COBOl MOUKOl OOHOHAUKONE aHAMMULECKOL
dyuwyuu f(2), ecan MoOmCHO yKasams mawroe 3xadenue R, 4mo gHe
Kkpyea |z|>>R @ynxyua f(z) ne umeem ocoGeix mouex, Haxods-
wuxcs na Kowewrom paccmoswun om mourxu z=0. Tak kak f(2)
SIBJISETCA © aHAZMTHUECKOH (YHKIMER B KPYroBOM KoJablle R<lz|<oo,
TO €e MOXHO Da3noWuTb B PAx Jlopana

f2)= Z, 2", R<|z|<oo, (4.23y
n=-—00 .
cxonnuiics K f(2) B DaHHOM Koublle. Tak ke Kak ¥ 0as KOHEUHOH
M30/IMPOBAHHOR 0COGOH TOUKM 2, 31eCb BO3MOXHBI TPH CJyuas:
1° Touka 2 ==00 HasblBaeTCs ycmparumoidl o0coboii mouroil ¢yHK-
uun f(2), ecan pasmoxenue (4. 23) HE COAEPKUT lmenon; C MOJIOYHTE b=

HLMH CTEMEHAMH 2, T. e (@)= 2 =1 — co+ 2 Zn» WM ecau npu
n=0 =1

200 cymecruyer KOHEUHOe lIpefe/ibHOe suaqenue PyHKunu f(z)
3aBucqmee or crnocoba npeaenbHoro nepexona. Ecau co-c_l_...
v =C_m1=0, c_p 7 0, T0 GECKOHEUHO YIaJEHHA" TOUKA ABASETCS HYJEM
m-ro nopsaka ¢yHkunu f(2).

2° TouKa .z =00 Ha3HIBAETCA NOAWCOM nopadxa m ¢yukuun f(2),
ecnu pasjoxeHne (4 23) coaepxuT Kouequoe m YKCJO YJEHOB. C MOJO-

KUTEABHEIMH CTENEHAMH 2, T. €. f(2)= Z" at, (m>0) nm ecan
n=-—oo
3Ta (YHKUHMS HEOrPaHHYEHHO BO3PAaCTaeT MO MOAYJIIO MPH Z —-CO Hesa-
BHCHMO OT CNoco6a MpeaenbHOro nepexosa.
3° Touka z =00 Ha3LIBAETCA CYU4,eCMBeHHO 0CO60L Moukold ¢YHK-

uun f(2), ecan pasaoxenne (4.23) conepxut GECKOHEUHOE UHCJ/IO YJIEHOB
[0}

C IIOJOXUTENbHBIMM CTeneHsMad 2, T. €& f(2)= Z c,2", nm ecau
n=—o

B 3aBHCHMOCTH OT BHIGOpa TIOC/€10BAaTENbHOCTH {Z,} — CO MOXHO MoJYy-

yuThb 1OC/AENOBAaTENbHOCTL 3Hauenulh { f(2,)}, cxomsulyioca K mobomy

Hanepen 3aJaHHOMY mpeneny.

OueBHIHO, I0KA3aTeNbCTBO IKBUBAIEHTHOCTH BCEX NPHUBELEHHBIX Bhiilie
onpenenennii XapakTepa W30MUPOBAHHOH OCOGOH TOUKH Z=00 MOXET
ObTb NPOBEAEHO TAaK e, KK W A1 Cllyuas. KOHEYHOH H30/MPOBaHHOH
0co60H TOUKH. .
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o i
KpoMe Toro, Kak Jierko BHAeTb, npeo6pa3oBaHHe 2= 7 TIepeBORHT TOUKY 00

TJIOCKOCTH Z B TOuKy {==0, XapakTep e 0coGOfi TOUKH NpH 3TOM npeoGpasosa-
HHH He MeHfleTCS B CHAY cielyiollleil o6lieii TeopeMbl.

Teopema 4.7. [chmb MouKa 2z, ABAREMCA USOAUPOBAHHOL oc060u moukoti pyn«-
yuu f (z), anarumuueckoid 8 obaacmu §. Iycmo anasumudeckas pynrxyus L= (2)
ycmarasausaem 63auMHO ODHO3HauHOe coomsemcmgue Mexcdy obaacmoo & u 00aa-
cmoto &' xomnaexcnod naockocmu {, 8 komopod onpedesena .obpamuan ¢ymcquﬂ
2=0 ({). Tozda mouxa Lo="p (2¢) ABAAEMCA U30AUPOBANHOL 0COBOL mouKOl arau-
muveckod ¢pynxyuu F ({)=Ff (p(g)] npuiem xapaxmep smod 0cobod mouku mom
e, 4mo u Mmouku 2,.

ra TeopeMa fBJseTCA OYEBHIHEM CleCTBHEM CBOMCTBA AHANHTHUECKHX ‘dyHK-
UHil, YCTaHOBJIEHHOro B . 1, B CHJy KOTOPOro aHA/MTHYecKas QYHKUMA oT
aHaNUTHUeCKOH OYHKIHH ABASACTCH aHAJNTHUECKO!, a TaK)Ke PeOMeTPHUYeCKHX CBOHCTB
aHalHTHYeCcKOH (QYHKUHH B OKPECTHOCTH H30JHPOBaHHOH 0COGOH TOWKH.

1
Viftze
3HauHas (YHKUUA uMeeT ABe TOuku passeraaeHus 2=t i Touka 2z =
= 0O —ee npasusbHas TOuka. [losTomy B KpyrosoM koaeite 1< |z|<Coo
onpejeneHsl ABe BETBU 3TOH QYHKUAW, ABIAIOUINECS ONHO3HAYHBIMH aHa-
JAMTHYECKUMH DYHKUMAME B JAHHOM KoJble. Boibepem BeTBb, SIBJASAIOILYIOCH

HEMOCPEACTBEHHBIM aHANMTHYECKMM MPOLOTKEHHEM AeHCTBUTENbHON DYHK-
i : :

JoxeHue B pap JlopaHa B OKPECTHOCTH TOYKM 2 ==co. Lad 3Toro, no-

. Jlansaa MHOro-

Mpumep. Paccmorpum dyuxuno f(2) =

JefcTBUTE/NLHOR mepeMeHHOW x > 1, u mocTpoum ee pas-

1
JIOXKHAB §=;, 0TOOpa3siM [AAHHOE KOMAbLO Ha KPYr €AUHHYHOTrO paauyca
Ha NJAOCKOCTH { (Mpu 3TOM TOYKA 2 ==00 nepexomur B To4ky (=0} u

1 £
pasnoxuM Qynkunio ¢ () = = 4
14 La ViFE

pectHocTH ee mnpasuabHOR Toukn {=0. IlpensaputensHo 3aMerum, uTto

dynxuns @ (§) asasercsa npoussonHoR QyHkunu P (§) = Vl-{-g2 (Ipu
3TOM Ham BHGOP BeTBM UCXOAHOH dyHKuMH f(2) onpenenser BHGOP TOH
seTBH (ynxkuun P (§), Ana. koropor Y(0)= -+ 1.) Yro6u pasnoKuTe
¢ynxumio P () B pan Te#nopa, nonoxum w={_? u paccMorpum PyHK-

unio ¥ (w) =7 1+ w. Beluacias npouspofHse GyHKILEN Y (@), NOJyYaeMm

8 paa Tefinopa B ok-

I e B

]

(2n—2)!
2271 (n— 1)l *
Toraa pasnoxende BHOGDAHHOH BETBH (yHKUAX % (w) B kpyre |w|<<1
NPHHUMaET BHJ

=1

< o, @rn—2)lwn
r@=VT+w=1+ 2(—1)’”%(7‘—2‘%?

n=1
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Orciona ans dysxumu P () npu |(,|<1 noay4nm

Vo= VTTE -1+ e B

n=|

" Ji:m dynxunn @ (§)

eQ=vy (§)~m = Z( —1)*1 22(2',_"1 (n?)—t 12)';"[ €2n~1;

_ ny__@n—2) ne 2)!
- Z(—l) Bz (o T Z( 1y 22(k (i!)%gzm'

Hakonen, ans BoiGpanHofl setBu QyHKuMu f(2) B komele 1 <<|z|<< oo
noJjyuyaeM pas/OxeHHe B p;m JlopaHa

2k)! 1
= 2( 1 Qa(k (;)eg)z 23R (4.24)
k=0

f(Z)—V]‘l'zz



TrJ1ABA 5
TEOPUS BHIYETOB U WX NPHIOXKEHUSA

§ 1. Buiver aHaauTHYeCKOH (YHKUUH B H30JHPOBAHHOH
ocoGoii Touke

1. Onpenenenne U (GopMyabl BblYHCAEHHs1 BbiYeTa. Beenem Baxunoe
AN NPUNOKEHUH NOHATHE BHIYETA OLHO3HAYIOR auannmqecxoﬁ dyHKILUH
B W30MMPOBAaHHOH OcOOO#t TOuke.

Ilycrb TOuka 2, fBJSETCS M30JUPOBAHHOH OCOGOH TOUKOH OLHO3HAY-
Hotl amanautHueckod @yukuwun f(2). CornacHo nmpemmayliuM paccMOTpe-
1IASM B OKPECTHOCTH 3TOH TOUYKH GyHKuus f(2) MOKeTr ObTb €AMHCTBEH-
HeIM 00pa3oM pasnoxkeHa B pan JlopaHa '

F@= 2 cn(z—2)" G.1)
raoe
S § E—Lgﬁ' a (5:2)
H, B YaCTHOCTH,
Ci= g5 § f® dc (5.3)

Boiwemon awasumuyecroil gyuxyguu f(2) 8 usosuposarrol ocoboil
mouKe 2, Ha3sl8AEMC KOMNAEKCHOE HUCAO, PABHOE 3HAYEHUI0 UHme-

1
2pana 5 S f(©) dt, 83amony 8 nosococumenrsHosn Hanpasaexuu no Aw-

oomy /zeofcaweMy 8 obaacmu anamumuygrocmu @ywxyuu f(2) 3amMKHy-
momy Koumypy v, codepxcaujemy eOUHCMBEHHYIO OCOOYI0 MOYKY 2,
@dynryguu f(2). Ina o6o3HayeHust BblY€Ta OOBLIYHO NMPUMEHAIOTCS BBIpaXxe-
Hna Beru[f(2), 2] wam res|f(2), z,J. Mm B naabHetiineM OGyaeMm noJb-
30Batbcsl nepsniM 0Go3HauenneM. OueBuLHO, YTO €CAM TOUKa 2, ABJSETCS
NPaBAAbHON WAM yCTPaHUMOR ocoGo# Touko# (ynkunu f(2), TO BHYET
f(2) B aTOH# TOuKe paseH HyJio. [laa BhivucaeHHa BhiueTa QyHxuuu f(2)
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B € H30/UPOBaHHOH 0CO6OH TOUKEe MOWET GHTL NpuMeHeHa dopMyna (58.3)::

Buu [£(2), 2o) —~§ fQdt=ci - G.4)

2

OnHako B psame caydyaeB MOXeT ObTb yKasaH Gosee NpocTo# crnoco6
BBHIYNCJEHAS BblUeTa, cBojsAuntics K nuddepeHuuposanno ¢yuxunu f(2):
B OKPECTHOCTH TOUKHM 2, TeM CaMbiM BBIYUC/JEHHE KOHTYPHOIO MHTErpana
OT aHaJNTAYECKOH (PYHKLUN MOXET OBITH 3aMEHEHO BHLIYMCJIEHUEM NpPOU3-
BOAHBIX OT 3TOH# (PYHKIHMH B HEKOTOPBIX TOYKaAX, JeXauluX BHYTPH KOH-
Typa HHTErpupoBaHus. JIT0 OOCTOATENLCTBO ONpPEAEAsieT OJHO W3 OCHOB-
HBIX TIPUJIOXKEHUH# TEOPUH BHUETOB. HepenneM K PacCMOTPEHWIo yKa3aH-
HBEIX C/Iy4aeB.

1° Ilycts Touka 2, sBAsSETCA N0OCOM nNepBoOro Mopsaka @yHKuuu
f(2). Torna B OKpecTHOCTH 3ITOH TOUKU MMEET MECTO pasJoKeHue

FO=ca—a +ataE—2)+ . (55)

Yuuoxus obe wactn (5.5) Ha (2 — 2,) u nepetias K mpeneny npu 2> 2
HOEVETAY
' c_j== lim (2 — 2¢) f(2). (5.6)

22

3aMeTuM, 4TO B MaHHOM Ciydyae ¢yHKuus f(2) B OKPECTHOCTH TOUKH 2,
MO¥eT ObiTb NPEACTaBJEHAa B BHJAE OTHOIUEHHS [ABYX aHANMTHUYECKUX
yHKUM#:

f=28 6.7)

v’

npuyem (p(zo);: 0, a TOuKa 2 sm.rmerca Hynem lepBoro mopsiaka ¢yHK-
uun P (2), 1. e

1|>(z)=(z—-zo)w’(zo)+m(z—zo)3 B @0 G

Torna u3 (5.6)—(5.8) monyuum caenymwuiyio dopmyay.
Dopuysra smducAeHUS Goltema 8 NOAIOCE Nep8O20 HOPAIKQ:

— ‘P (20) ¢ (2)
Bus (), ml =gy (f@=¢ & L (5:9)
Mpumep 1. Ilycrs f(z)= z—n—:l_' Oco6biMu TOYKAME YHKUUH f(2)
, 2k : : '
SBJISIIOTCS TOYKH 2p = 1'1/1_ = ei—;i_ (=0, 1, ..., n—1), npuueM BCe

5TH TOUYKHM -TpEACTaBJAloT coBoft mostockl mnepsoro nopaaxa. Hatinem
Buiu [f(2), 2] Cornacio dopmyae (5.9) noaydum

2 _ 1 1 ik
B [f(2), z"]=nzZ" =—E-z,§=ze "o@Eg=1) (5.10)
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2° . Tlycts TOYKA 2,  ABARETCA IOJIOCOM MOPAAKa mt QyHKuuu f(2).
CornacHo npeapiayuieMy B oxpecmocm 3TOH TOUKH MMEET MecTo paa-
J0xeHUe

f@=cm(z—2) "+ .+ i(Z—20 + 6o+ 61 (z—20) ... ' (3.11)
Ymuoxus o0e vactu (5.11) Ha (2 — 24)™, moayuum
(@ —2)" f(D) = mt o (2= 2) ey (2 — "L (512)

Bass nponaaonuym nopsiaka (m — 1) or obeux uacreit 3Toro pasencrsa
u nepefiia K Mpefeny Mnpu z —-Zg OKOHYATEILHO MOAYYMM C/EAY oLy

¢dopmyay.
Popmyra 8udUCAEHUS B6iema 8 noAlOce NOpAOKa i

Buu [f (2), zo]=—_l_1—)lzlixtzl L~z oI} (5.13)

Kak nerko Buzmerb, ¢opmyna (5 6) BJISETCA YaCTHLIM CJy4aeM HocaegHeh

dopmyasl.

) II 2. H A 2 =—_.
pumep ycre f(2) (Ewor

uuy ABJFIOTCA TOUYKM 2y, o=t i, npnyeM o0e 3TH TOYKH MPEACTABASOT

coGoti nomoch mopsaka #. Beluucaum Bru [ f(2), {). Cornacxo (5.13) mo-
JyYuM )

Buq[

Oco6eiMu TOUKaMu 3TOH cpym(-

1 N 1 ’ 1 l
T H = G i g = <v1+z2>nJ =

L i 7]
= @D, 1 [(z-|-1)"]

_(__1,)11_1” (n4+1)...(2n—2y ) 1 _
- =Dl @I e

_ a1 (2n—2) 1 (@n—2)! .
==h (=D @)1 =—1 T [(n— I (5.14)

3. OcHoBHan Teopema TeopHH BhiueToB. llepefineM Teneps k pac-
CMOTpEHHI0O BaXCHEHIIMX NpUMeHeHn#l BBeleHHBIX NOHATUH. Jlas MHOrHX
TEOPETHYECKHX DPACCMOTPEHMH M NMPAKTUYECKUX TNpPHMeHeHu# BecbMa Cy-
WEeCTBEHHOR SABJSETCH CJeAyIoILas

Teopema 5.1 (ocHo8nast meopema meopuu 8viuemos). [1ycmes
gynruus  f(z) ssagemcsa anasumuveckoli 8¢y 8 3aMKHYMOIL

o6racmu 5, 3a UCKAKOUERIIEN KORELRO20 HUCAQ U30AUPOBAHKELY OCOOHLY

mouex z, (=1, ..., N), sexcaumux suympu odzzacmu &.
T o20a
N N
Vf(©dt=2n1 ¥ Buu[f(2), 2] (5.15)
'+ k=1 :

20e I'* npedcmasasem coGoi noawywo 2panuyy o6aacmu 9, npoxodu-
MYI0 8 NOAOICUMEAbHOM HANPasAerul.



126 . TEOPHUSI BBIYETOB H HX TPHJIOXKEHUA [T &

Hokasateabctso. HanomHuM, yro ecan yukuus f(2) sBasercs

aHaAUWTHYECKOH B 3aMKHYTOH obnactn §, To BCe TOuku rpaHuisl [' sroit
061aCTH CyTb NpaBu/bHbie TOuKW (yukunn f(2). Buoimenum kaxayio us
0coBbiX TOUEK 2, (YHKUUEH f(2) 3aMKHYTHIM. KOHTYPOM 7y, HE COIepxka-
MM BHYTPH IpPYTHX OCOOBIX TOYEK, KPOME TOYKH Zp.

B 3aMKHyTOH MHOTOCBf3HOH 0O0sacT, orpaHayeHHOR koHTypoM TI' n
BCEMH KOHTypaMi 9y, (puc. 5.1) dyukuna f(2) aBasercs BCOLY aHamu-~
THYECKOH.

TloaTomy mo BTOpOii Teopeme Koum NOJYYHM

§f@)d§+ 2 {/@dt=0. | (5.16)
Ilepenecss BrOpOE cnaraemoe B (5.16) wnanpaBo, Mbl B cuay GopMy.st
(5.4) u nonyuum yrsepmnenne TeopeMbr

/@ de=2m 2 Butu | £(2), 24}

BoJblloe NPaKTHUECKOEe 3HaueHne 3ToH GOopPMyJ bl 3aK/IIOYAETCS B TOM,
YyTO BO MHOTHX CJyuyasX OKa3biBAETCs FOPasfo NPOLLe BHIYUCJMTH BHIYETHI
- dyukunu f(2) B 0cobbXx TOUKaAX,
' JIEXAIUX BHYTpH 0G6JacT# HHTer-
pUPOBaHUs, UYEM HENOCPEACTBEHHO
BBIUUCJATbL WHTErpasj; CTOALUH B
neso#t uactu (5.15). B manpnenurem
MB DAaCCMOTPHM PSl BaXHBIX NpH-
JIOXKEHAR TNoJydYeHHOH Qopmyss, a
cefluac BBeNEM ele OAHO MOHS-
THE — [IOHSTHe BHYeTa B GecKoHeu-
HO' yaaJeHHO# TOuKe.

ITycte TOuka 2=00 sBASETCH
H30MMPOBAHHOK  0OCOOO# = TOuKOMH
aHaJuTHYEeCKOH ¢yurunu f(2).

Botwemon anaaumuvecrkoli gynryuu f(2) 8 mouke z=00 Ha3bl-
8aemcsa KOMNACKCHOE 4UCAO, PABHOE SHAYEHUI0 UHMezpala

2ni Sf(C)dC——ﬁ§f(€) dg,

Puc. 5.1.

20e xonmyp C — npoussoasHeii 3¢umuymuu KOHMYp, BHE KOMOPO20
mynrcuzw f(2) nsanemcsn anasumuteckoil u He umeem ocobbx moyex,
omauqnelx om co. OueBHIHO, B Cuay onpeneneHds KoddpHiueHToB
psna Jlopana umeer MecTo dopmyna

B [£ (2), w]————»§f(ﬁ)d§——c (6.17)

25
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Orciona, B YacTHOCTH, CJeAyeT, YTO €CJAH TOuKa Z =00 SABJSETCA
ycrpaunmolt ocoGoft rtoukoi ¢ymxuun f(z), To Bhiu[f(2), co| moxer
OKa3aTbCH OT/IWUHBIM OT HyJs, B TO BPEMs Kak BbUET B KOHEUHOH yCTpa-
HUMOR ocofoff TOUKE BCeraa paBeH HYJIO.

®opmyast (5.15) u (5 17) no3BoJsI0T A0KA3aTh CJAEAYIOLLYIO TEOPEMY.

Teopema 5.2. ﬂycmb dyurygun f(z2) nsasemcs anasumueckoli
HO NOAHOW KOMMAEKCHOL nAOCKOCmul, 30 UCKAKOYEHUEM KOHEHHO20
Hucaa U30AUPOBAHHBLX 0CO0BX mouex 2z (R=1, 2, ..., N), sxA0Han
u z=00 (zN-oo) Toeaa

2 Buu [f(2), 24| =  (5.18)

NokasaTenbcTBoO. [eHCTBUTENBHO, PACCMOTPUM 3aMKHYTHIH KOH-
Typ C, conmepxawutt BHyrpu Bce (N — 1) ocoObie TOUKH 2p, PacHOOXEH-
Hble Ha KOHEeYHOM pacctosHun or Toukd 2= 0. [To reopeme 5.1

'25 § f@dt= 2 Buu [£(2), zk]
k=1

Ho, 8 cuay (5.17), uuTerpan, crosauiuii C/ieBa, paBeH BblUETy GyHKUHH
f(2) B TOuKe Z =00, B3ATOMY C OOpaTHHIM 3HAKOM, OTKYAa U MOJYYUM
YTBEPXKAEHHE TEOPEMbl 5.2. ‘

IlokasaHHas TeopeMa MHOrAa MOSBOJIET YNPOCTHTb BBIYMC/IEHHE HHTE-
rpana oT GyHKUMY KOMMJEKCHOH [ePeMEHHON MO 3aMKHYTOMY KOHTYPY.
Iycts ¢yHkuns f(2) ABaseTcsd ONHO3HAUHOW ¥ AHANMTHYECKOH Ha MOJHOH
KOMNJIEKCHOR NJOCKOCTH, 32 MCKAIOYEHHEM KOHEYHOro uuc/aa v30/HpPOBaH-
HBIX OCOObIX TOUYeK, W TpeOyeTcsi BHIYHC/IMTE HHTErpaa or f(z) no Heko-
topomy 3amxHyToMy KouTypy I. Ecau Buyrpu I' comepxwurcsa. MHOro
oco6hix Touek ¢yHkuun f(2), T0 npumeHeHue dopmyas (5.15) moxer
OBITb COMPSANEHO C BECbMa TPYNOEMKMMH BhiuucaeHasmu. I1pu sToM Moxer
okasaTbcsl, uto BHe I' dyHkuus f(z) uMeer anib HECKOJLKO OCOGHIX
ToueK 2 (k=1, 2, ..., m), 3HaueHHe BHIYETOB B KOTODHIX, a TaKXKe
BRIUET B GECKOHEYHO YNaJeHHOH TOUKE OMPENE/ATCS AOCTATOYHO MPOCTO.
Torma ymoGuee BMECTO NHPSMOrO BHYMC/AEHHS HCKOMOrO HHTErpana no
dopmyne (5.15) Bocnosb30BATLCA OYEBMAHBIM caeacTsueM dopmya (5.15)
u (5.18): .

{ f(g)d§=—-2m§3m [f(2), zx] —2niBuu[f(2), co]. (5.19)
I+ k=1 .

dopmyna (5.19) nossonser Jnerko mnoayuuts ob6obuieHue dopmyasl
Koww (cm. ra. 1, § 6, dopmyan (1.59), (1.60)) Ha cayualh neorpanuueH-
HoH oOnactH. PaccmorpuM ¢yHkunio f(2), aHaIUTHUECKYI0 BHE 3aMKHY-
toro koutypa I, asasiouierocs rpaHuued orpanuyeHHo oGaacta 5.
ITycte Bce Toukn I — npasuabHele TOukM QyHkunu f(2), a Touka z =

=00 —ee ycTpaHnMas ocoGas Touka. OO6osnauum lim f(2) = f(c0).
. . 2—=0
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—2
KOMIIIEKCHOR TIJIOCKOCTH, Oqeammo uTO TOMKA 2= 0O fBJAETCH yCTpa-
HAMOR 0COGOH TOYKOH WM q)ym(unn 9 (2), npuyeM Bru[g(2), oo] =
= — f(c0). .

- Ecam touka 2, nexut BHytpu I', 1O dyHkums ¢ (2) Apyrux ocoGuix
Touek He uMeeT. Ecam Touka z,—sBHe [, TO 2=z, sBAserca nmomocom
He BhILIE NepPBOro -NOpsAKa QyHKUUH @ (z), npuqu Buiu [ (2), 2o] = f (20)-

F‘accm’orpnm HHTErpan cp(g)dt;— . dg, B xo’ropom kontyp I’

Mocrpoum Bue I' dynkuuio cp(z)= , rae zo——npousnonbﬁaﬂ TOYKa

onozmrca TAKHM 06pa3om, qro obaacthb 3 ocraercs caepa. B cuay ¢op-
MyaBl (5 19) nonyunm ,

©0), Zy— BHYTpH I‘, R
1@ gp [ /() 2o sy _(5.20)
2;u T—2 J(00) — f(2y), 2o—Bue T.
dopmyna (5.20) u sBasercs oéocmeﬂném‘ nﬂmrpanbuoﬁ dopmyan Komm
Ha cayya QyHKUMM f(2);, @aHaauTAueCcKO# B HeOrpaHuueHHoft obnacta.

§ 2. Boiuncrenne onpegeNeHHbIX HHTErpajioB C MOMOMIbIO BHIYETOB

IlokazaHHBle B MpeAblAyIEM naparpade TEOPEMh HAXOAST MHOMOYHC-
JIeHHBIE MPUMEHEHHA He TOJBKO NPH BHIYWC/IEHUH WHTErpPasoB OT QyHK-
td# KOMRJEKCHOH NepeMeHHOH, HO H NMPH BHYACAEHHH PasJHYHbLIX ONpe-
NeNEHHBIX WHTErpasnos OT (yHKUMH ASHCTBATENbHOH MEPEMEHHOH, Mmpuuem
4acTo yAaercs AOCTATOYHO MPOCTO HOJYYWTb OTBET M B TEX CAyuasy,
KO[A2 NMPHMEHEHHe ADYruX MeTONOB aHa/AW3a OKAa3hBAETCH 3aTPyAHHTE/b-
HEIM. PaccmotpuM psn mnuqnux C/yuaes.

1. UHTerpansl BHIA SR(cosﬂ sin 0) ds. Paccmorpum HHTErpan
-0
2 - . : .
= {R(cos®, sinf)ds, " (5.21)
] : . .

rie R — paunonanbhas dyHkums cBoux aprymenros. -Wurerpasm Tuna
(5.21) nerko Moryr OHTh CBEJEeHB K WHTerpajaM OT aHaJUTHYECKOH
(YHKIHH KOMIJIEKCHOH MepeMeHHOH no. 3aMKHYTOMy KOHTYpy. Ilas sTtoro
CAe/aéM 3aMeHy NEePEeMEHHOW MHTErpUpOBaHHs, BBEAd KOMIIEKCHYIO mepe-
MEHHYIO 2, CBA3aHHYl0 C nepemeHHofl 6 cootHoweHueM z = e/, OuesnnHo,
3 . . e 1
—_— —_— ele e 19 — . ) _——.
do=—--, cos‘B 2( +e7%) 2(2-}-2), sing = (z z)
Tpu usmenenun 6 or 0 10 27 KOMN/MEKCHAas nepeMeHHas z npoGeraer
3aMKHYThIfi KOHTYP — OKPYXHOCTb |2 |=1 B NOJOXHTEJbHOM HanpasJe-
Hud. Takum 0o6pasom, uxTterpan (5.21) mepexoauT 8 MHTErpan fo 3amKHy-
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TOMY KOHTYPY OT (PYHKUUU KOMINEKCHOH NepeMemioi:
1 1 1]dz
1=--L.—I S R[z +1 z—?JT. (5.22)
2i=1

B cuny o6uiux CBOUCTB aHAMUTHYECKMX (YHKUHUH MOABIHTErpajbHas (yHK-
uus B (5.22), ABAAIOULAACH, OUEBUAHO, PAUUOHAIBbHOH (YyHKIMEH

7 _ ataz4-...+a,2”
RE = bo+b12+...+b,:zm J (5.23)

npeAacTasiaser Cco0oH YHKUWIO, aHANUTHUECKYIO BHYTpH Kpyra |z|=1
BCIOAY, 33 WCKJIOYEHHEM KOHeYHoro N <Cm uuciaa OCOOHX TOUEK 2,
ABASIOILAXCA HyasMu 3HameHatesas B (5.23). ITosromy B cuny rteopems 5.1

N
I=2n Y Buu[R(2), z:) : (5.24)
k=1

Touku 2z, sBasiorca nomocamn ¢yHkumn R (2). Ilycrs o, — nopsimok
N

no/oca 2y (oqesmmo, Nl oy < m|. Torna na ocxoasum ¢ opmyast (5.13)
=1
MOXHO .nepenucatb (5.24) B BHIE

N
1 . dak—l a4,
I=2n lim 2 —2p) kR (2)] 5.25
kgl (ak_' l)l 2oz, dzak_l [( k) ( )] ( )
IIpumep 1. Bouucauts unrerpasn
2n b
]=OS m, |a|<1. (5.26)

Monoxus z = e®, noayuum
1 1 dz
2

i

dz

=7 S a2t 2z +ta’

= lzf=1 1+% <2+'—;—) lzi=1

(6.27)

OcCo6BMH TOYKAMH NOABIHTErPaJAbHOH (PYHKUUM SBJSAIOTCS HyAd 3Hamela-

Teas 2y, 2_-———_]/—-——1 D10 mnoawce nepBoro nopsaka. Tak
KaK 2y-2z=1, TO Juuib OAHAa M3 3TUX TOUEK JEWHUT BHyTpH Kpyra

|z|=1. Kax serxo BHmeTb, 3TO — TOUKa zl————l-V ——1. Tlo-
3TOMy B CHAy Teopemhl 5.1
1

_ o
—_—, = 40—
az*+22+4a J a(z—z)

2=2 V 1—'02

(5.28)

I=4n Bblq[
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[oc]
2, WuTerpans Buna S f(x)dx. B stoM nyuxre Ml paccMOTpUM
—00
NPpUMEHEHHE TEOPHUM BHIUETOB K BBIYUCJICHUIO HEeCOOCTBENIBIX WHTErpa’joB
(o]

nepsoro poxa *) puna S f(x)dx. Mb Gynem paccmaTtpusaTh TOT CAy-

— 00

uaff, korna ¢yukuua f(x) sagaHa Ha BCefl AEHCTBUTENLHOR OCH M MOXET
OHTb aHAJUTUYECKH TNPOJOMKEHA Ha BEPXHIOI NOJYHJAOCKOCTb TaK, YTO
€e NMpOJOJKEHHEe YLOBJAETBOPSET HEKOTOPHIM IOMNOJHBUTENbHBIM YCJIOBHAM.

. Otu ycaosust GyayT apopmynupoaaﬂbl
¥ HIKEe B Teopeme 5.3.
o IOas  panbHeHmux paccmorpennﬁ
® HaM norpefyioTcs HEKOTOPHE BCMOMO-

rateibHble NOJOXKEHHUA.
Jdemma 1. INycme gynxyus f(2)

. R ABASEMCS  QHAAUMUMECKOU 8 8epXx-
: relt noaynaockocmu Imz >0 scrody,

=0 7 30 UCKAlOHeHUeM KOHEYHO20 HUCAQ
U30AUPOBAHHBIX O0COOBLX MOHeK, U

Puc. 5.2. Cyujecmegyom maxKue nOAOHCUMENb-

noe qucaa Ry, M u 8, umo dasn
8cex mouex 8epxXHeli NOAYNAOCKOCMU, YO0BAMBOPAIOUUX CAOBUID
| 2| >Ry, umeem mectno oueuxa

| f(z )l< ]M, | 2| >Ry (5.29)
Toz20a A
lim S f©dt=0, (5.30)
R—o0 CR

20e Koumyp unmezpupogsanus Cg npedcmasasem co0oli NoAYOKPY -
nocme |z2|=R, Im2>0 @ sepxneii noaynrockocmi z (puc. 5.2).
HeticrButensto, B cuay (1.41) u ycaosnil semmnl npu R >R,
{roal< S 17D ds <Rl+6 =0,
Cé CR R—o
YTO W [NOKAa3biBAET JEMMY.

" 3ameuanue 1. Ecau ycioBus seMMbl BHINOJHEHB B KaKOM-1160
CeKTope @ << arg 2 < (g MIOCKOCTH 2, TO dopMyaa (5.30) umeer mecro
npy uHTerpupoBanud no ayre CR OKPYXKHOCTH, JekalleH B JaHHOM
CeKTope.

3ameuyanue 2. YcaoBus JEMMBl, OuU€BMAHO, OYAYT BBINOJHENHI,
ecan byHkuus f(2) 9BAfeTCS aHANMTUUECKOH B OKPECTHOCTH GECKOHEUYHO

*) Onpegesenne HeCOGCTBEHHBIX WHTerpafioB CM. Bbin. 2, cTp. 358.
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YOaNeHHOH TOUKH M TOYKA 2==0O INpEICTaBAseT CO00# HyJb HE HUKE
BTOpOro mnopsaka Qysxunn f(2). Je#ictBurenbHo, B 5TOM cayyae pasJo-
wenue gryHkuun f(2) B pag JlopaHa B OKPECTHOCTH 2 =00 HUMEET BHUJI

FO=2+%2+.. =42,

npuvem | P (2) | <M, otkyna n crexyer ouenka (5.29) npu §=1.

JlemMa 1 wHaxoaur IWKWPOKOE MNPUMEHEHHWE Npu BbIYKUCJACHUHU psAaad
. o

HECOOGCTBEHHBIX HMHTErpajioB BHIA S f(x)dx.

-—00

Teopema 5.3. ITycms dhynxyus f(x), 3adannasn na 8cell deiicmeu-
measHOl ocll — 00 < X << 00, MOgcent Oblms aHaiumu4ecK npodoa-
JiceHa Ha BepxHIO0 noaynaocxocms Imzz=0, npuuem ee anarumu-
yecroe npodorxcenue, pynKyus f(2), yoossemsopsem ycA08UAM NEMMbL
1 u ne umeem ocobvoix mouex Ha Oelicmsumeasroil ocu. Toz20a He-

[oe]
cobcmBennblii unmeapas nepgo2o poda S f(x)dx cyuwecmsyem u
— o
pasex -
. N
{ F(x)dx=2ni Y Buu[f(2), z4), (5.31)
— k=1

20e 2z, — ocobbie mouxu @yuxkyu f(2) 8 8epxell nosynaocKocmi

Hoxasarteabcrtso. [To ycaosuio reopemb dyukuus f(z) B Bepx-
Hel TOJNYIJIOCKOCTM MMEET KOHEUHOEe 4YUCJIO OCOOBIX TOUEK 2, MPHMYEM
BCE OHM YIOBJETBOPHIOT YCAOBUIO |2, |<< R, PaccmoTpuM 3amKHYTHIH
KOHTYD, COCTOAUH u3 OTpeska neHcTBuTenbHOR ocn — R<Sx << R
(R>Ry) u noayoxpyxuoctn Cg,|2|=R, B BepxHel NOAYNIOCKOCTH.
B cuiy OCHOBHOH TeOpeMsl TEOPUH BHIUETOB

R N
{ f)ydx+ § f(2)dz=2ni 3} Bua [£(2), z4]. (5.32)
—R C;? k=1

Tak Kax BBHINOJHEHH YCJOBHA JEMMH 1, TO nmpeiea BTOPOro CJaraeMoro
B nesof#t uactu (5.32) npu R-— oo paseH Hy.o; npasas uacte (5.32)
npu R >R, ot R ue 3asucut. OTCiona cnenyer, uto npefea MepBoro cjaa-
raeMoro CyIeCTByET H €ro 3HaueHue onpefensercs ¢opmyaoi (5.31).
Teopema nokasana.

IIpumep 2. Bouucaurs unterpan

¢ dx =
[= g T (5.33)
—

AHaNNTHYECKOE MNPOJO/MIKEHNE TNOABIHTErpaibHOH QYHKUHUN B BEPXHIOW
1
NOJAYNJIOCKOCTb, (PYUKLLUA f(z)=27-171—' OYEBHIHO, YAOBJIETBOPHET YCJ/O-



132 TEOPHS BBIYETOB M HX NPHJIOKEHUS [T 5
suaM Teopembl 5.3. Ee oco6eMM TOUKaMH B BepXHeH MOJAYNIOCKOCTH
- 21tk
1

ABASAIOTCS TOUKK 253=e * (k=0, 1), npuuem o0b6e 35TU TOYKH —
NoMOCH nepsoro nopsaka. ITostomy

I= 2ﬂi{Bbl'4[l+z4, e ]+Buq[_l_¢1?“ e"?]}:
= onl { ’ + 423] } ‘2/5. (5.34)

423
2=

3ameuanne 1. Ecau dynxuns f(x) 4BaS€TCS YETHOH QyHKUMEH
M YIOBJETBODSET YCJIOBUAM TeOpeMsl 5.3, TO

=) N
{ fx)de=mni Y Buu[f(2), 2] (5.35)
0 k=1

HefictBuTeabHO, ecan f(x) — yeTHas (yHKLMS, TO

o0 oo
1

\reyde=5 | s,

0 —
oTKyna H caenyer dopmyaa (5.35).

3ameuanne 2. OueBumno, MMEET MECTO aHAJOTHYHAs TeopeMa M

B TOM CJ/yuae, KOria aHaJuTUYecKoe npopomxenne QyHKUUM f(x) B HUK-
HIOI0 TOJYMJIOCKOCT YAOBJETBOPSIET YC/AOBUAM JIEMMbl, aHAJOTHYHOM

aemme 1.
[ee]

3. Uurterpann suna S e'**f(x)dx. Jlemma Xopnana. Briuncne-
— 0
HHe CJIELYIOUEr0 BaXIIOrO KJacca HeCOOCTBEHHBIX HHTErpajoB ¢ NMOMOLUIbIO
TEOPHHA BHIYETOB OCHOB3HO Ha NPHUMEHEHWH TaK Ha3bIBAEMOH JIEMMBI )Kop-
JlaHa, K [10Ka3aTeJbCTBY KOTOPOH MBI ceftuac nepeineM.

Jdemma 2 (nemma JKopdana). ITycms ghyurxyusn f(2) faesnemcs
anasumuneckoll 8 gepxreil nosynaocxocmit Imz >0, 3a ucKr04eruem
KOHEYHO20 HUCAQ UB0AMIPOBAHHOLX OCOOBLX MOUEK, Il PABHOMEPHO
omuocumensro arg z (0 << arg z << 1) crmpeMumcs K HyA1 npu | z | — oo.
Toz20a npu a>0

lim { ef({)d=0, (5.36)
R—co Ck

20e CRr — dyza noayoxpyscHocmu | 2| =R 8 sepxHeil noaynaockocmu 2.
IokazarenbcTBO. Ycn0BHE paBHOMepPHOro crpeMaeHus f(2)
K HYJIO O3HayaeT, YTo npu |z |=R WMeer MecTo OleHKa

/@) <pr [z2]=R (6.37)

rae pg—>0 nmpu R—oo. C nomompio cootnowenns (5.37) ouenum uc-
cregyembiit wuterpan. Caesnaem 3ameny nepemenHoi, noaoxus § = Re',
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¥ BOCIMOJB3YEMCS OUEBHIHBIM COOTHOLIEHHEM

‘ sincp;—f?cp npn 0<cp<%. (5.38)
Torga noayunm

§ e%fQ)dL| <pr-R{|e|dp=
0

CR
14 /2
=P‘R'R S-e_aRsinw dy =2”R'R S e—aRSinlpd(p<
0 0
"R,
<2ug R § e * dtp=%uR(1 —e~R) 0, (5.39)
6 R— e

YTO W [OKAa3bIBACT JEMMY.

3ameuanue 1. Eciu a<<0, a ¢yskuns f(2) ynoBiaersopser
ycnoBusmM aemmsl 2Kopnawa B HmxHe# mosynnockoctn Imz << 0, to ¢op-
Myna (5.36) uMeeT MeCTO NP MHTErPUPOBAHHU 1O [yre MOJYOKPYK-
Hoctn Ck B HUXKHEH MOJYnJIOCKOCTH 2. AHa-
JIOTUYHBIE YTBEPXIEHHS HMET MecTo M npu 4
a=*io (2 >0) npu HHTErPHPOBAHUK COOT-
BETCTBEHHO B npasoil (Re z =0, puc. 5.3) unn
aesoit (Re 2 << 0) noaynnockoctn 2. Jlokasa- ,
TENbCTBA THX YTBEP:KIEHu# NpoBOJATCS COBEP- 4
IIEHHO aHAJOTMYHO NLeNBIAyUIEMY, ¥ Mbl lipe- R
IOCTaBJseM WX 4WTaTeNo. BelnueM TOMbKO
BaXXHYIO [ AajlbHEHINNX MPUJIOKEHNH dopMy  z=0 z
semmbl 2Koprnana, OTHOCSILYIOCS K HHTETPUPO-
BaHUIO B MPaBOH MOJYMJIOCKOCTH:

an | e/ dt=0, a>0, (5.40)

rie Cr— Ayra nONyoKpyxHOCTH |[2|=R B Puc. 5.3.
npasoil noaynaockoctds Rez==0. dopmyna
(5.40) u psa nocaenyomyX, B YaCTHOCTH, GYAYT IIMPOKO HCIIO/b3OBAHMI
B ra. 8 nopyd BBHYUCJACHHU Pa3JWUYHBIX mﬂ'erpanoa, Urpamomnx BaXKHYy1O
pOJib B OMEPaUMOHHOM HCYHC/IEHHH.

3ameuanue 2. Jlemma XKoppana ocraercs cnpaaennnaoﬂ U B TOM
cayuae, Korjaa ¢yHKuus f(2) yLOBJAETBOPSET CHOPMYJIUPOBAHHBIM BILLIE
ycjosusM B noaynaockoctu Im 2=y, (¥, — dPuKCHpOBaHHOE YHCAO, KO-
TOPOE€ MOXET OBITh Kak NOJIOXKNUTEJbHBIM, TaK U OTpI/lLlaTeJlebIM), d UHTer-
pupoBai¥e NPON3BOAKTCA MO Ayre NOJyOKpyxnocts | z — iy, | =R B noay-
naockoctu Im 2 ==y, JlokasarenbCTBO MPOBOAUTCHA aHAJOTHYNO Mpebl-
AylieMy, NDUYEM TpPY OUEHKE WHTerpaia CAeAyeT CHEe/AaTh SaMeHy
nepeMenHoi HHTErpupoBaHus § = Re® 4 iy,
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3ameuanue 3. Jlemma YKopmana ocraeTca CnpaBemNMBOH U Npu
ocaabaennbix ycaosusx Ha ¢ynxunio f(2). Ilycrs ¢ynkuns f(2) B Bepx-
ne#t nonynaockoctu Imz >y, npu | 2| >R, paBHOMEPHO OTHOCATE/LHO
aprymenTa z —iy; CTPEMUTCA K HYyJMO NpH | 2 |—- 00 B CEKTOPAX — Py <<
<ag@—iN)<<@, a—@<cag(z—iy))<<n-+@) u pPaBHOMEPHO
OrpaHuueHa B CEKTOpe @y << arg (2 — iyy)=<<m— cp2, rie Qp @1 ¥ @y —

3ajaHHBIE TNOJOMHTEAbHBE uyucaa 0= @, @y, @2\—2— 1 y; >y, Torna

uHTErpan S ei*tf (L) dg no nyre Cg oxpyxuoctu [z —iy; | =R, Imz =y,
Cr
cTpeMuTca K Hymo npn a >0 u R— 0.

Ilas nokasaTenbCTBa PasoGbeM 3TOT MHTErpas Ha CymMMmy [= 11 471+
-+ I3+1,+ I, nuterpanos no pyram C# (y; >>1mz >y, arg (z —iy1) <<
<0) CRO<arg (z—iy)<<@qy), CR(pr<<arg(z—iy)<<m—@y)
CR'(n— gy << arg (z — iy)) < n) u CF' (y1 = Im 2 >y, arg (2 — iyy) > m)
¥ NOKaXeM CXOQUMOCTb K HYJIO Ka}uIOro HHTerpaja B OTAEJbHOCTH.
Ins wuterpana [, noayuum |[;|<Cpge—anL@, rne LA’ — nauHa kpu-
ot C@. Ilpu R—co Beauuuna L3 OCTaercs OrpaHuyeHHoW u crpe-
MHUTCH K 3HadeHuwo yy — 3y, [lostomy |11L—>O npu R —-00. AHanoruuto
I;— 0. CxommMoCTb K HyJMO HHTErpanos /, u /, yCTaHaB/auBaeTcs npu-
€MOM, HCMOJIb30BaHHBIM B [JOKasaTeabcTBe JeMMmbl XKopnawa. ast unter-
pana /3 n€rko noJyuuTb -OueHKy | /3| << Ce~aRsINO*R (v — @, — @), rae
| f@)|<<C w @*=min{@,, @}, n3 xotopo#t creayer, uro /3— 0 npu
R — co. ‘

Wrax,. nemma XKopaaHa umeer MecTo NpU 3HAYUTENBHO GoJke caabmix
orpaHuueHnsx Ha ¢yukuuio f(2), ueM B cayyae JgeMmsl 1. D10 CBsI3aHO
C HaJAWuueM B NOJBIHTErpajbHOR (PYHKIHUM LOMOJHUTENBHOTO MHOXUTEA
%%, xotopmit mpu a>>0 obecneunBaeT N0CTaTOYHO GHICTPOE yOHIBaiie
NOAKHTErpanbHoO# (PyHKUUM B CEKTOpe O<cp1<arg (z—in)n—q,
npu | z|— oo.

Jlemma Yopaawa HaXOZMT MHOTOUMCJEHHBIE NPUMEHEHWMS NPK BHIYUC-
JIEHUH LIMPOKOro KJAacca HeCOGCTBEHHBIX MHTErPaJioB.

Teopema 5.4. [lycme gynxuyus f(x), 3adannas Ha eceii delicmsu-
meabroll oct — co < x < 0O, Mmojxcem Obimb AHAAUMULECKE NPOOOA-
JCeHa Ha 8epXHIOI0 noaynaockocms Ilmz =0, a ee anamimuuecxoe
npodoaxcenne f(z) 8 8epxred noaynaocxocmu y008Aemsopsem ycao-
suaxm semmo. Jopdana u e useem ocobulx mouerx na delicmsumens-

nodl ocu. To20a unmezpas S ei**f(x)dx, a>0, cywecrsyer n pasen
—00
oo} n
{ e f(x)dx=2mni Y Bou[eif(2), 2], (5.41)
o k=1

20e 2z, —ocobuie mourxu yuxyun f(2) 8 sepxneill noaynaockocmu Zz.
HDoxasareabctBo. [lo ycnosuio Teopemb 0coGhiEe TOUKHM 2,
Gyukuun  f(2) B BEpXHEH IOAYMAOCKOCTH YAOBJAETBOPSIOT YC/OBHUIO
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| zp| <Ry PachorpuM B BEPXHelt MONYNAOCKOCTH 2 3AMKHYTHH KOHTYP,
cocTonmuit 3 oTpeska feHcTsuTenbHOH OcH — R<Cx<<R, R>R, un
sayrn CR noayokpyxHoctu |z |=R B Bepxued noaymiockocta z. Ilo
OCHOBHO# TEOpeMe TEOpHH BHIYETOB
R . i n
{ e f(x)de+ { bf () di=2n1 3] Buu[ei®f (2), 24]. (5.42)
k=1 :

—_ Ck

Ilo nemme Xopnana mpeges BTOpOro cnaaraemoro B JeBo# uyactu (5.42)
npu R—-co paseH nymo. OTciofna U cJAeLyeT YTBEPKIEHHE TEOPEMBI.
[Tpumep 3. Bouncautb unrerpan

oo

COs ox

I= S rkdx, a>0, a>0. (5.43)
—c0

Yro6sl HMETb BO3MOXHOCTb BOCNOJb3OBaThbCs Jaemmo#t Koppaua, zame-

TUM, 4TO B cuay GopMyas Dfiepa

1= Re]l—ReS = +aad (5.44)

—o0

AHanuTuyecKoe TPOJAO/KEHHE NONBHTErpapaJbHOR (GYHKUMM HHTerpasna

I, — dyHkuns e — YAOBJIETBOPSET YC/IOBUAM TeopeMmbl 5.4 u umeer

1
2+ 2
B BEPXHeH MNOJYMIOCKOCTH ENHHCTBEHHYI0 O0CO0yio TOUKY 23 =la sBas-
IOLLYIOCSE TOJIIOCOM TIEPBOro nopﬂm(a IMosTomy

,eaa T
aJ:?m———:E—e aa,

Iy =2mni By [ 5

2 + 2
Orciona .
I=Rel, = i‘- 0%, (5.45)

3ameuanue 1. Ecan f(x) sBnserca ueTHOR q:yﬂxuueﬂ YEOBIET-
BOpdIoOUiel ycaoBusM TeopeMer 5.4, To npu a >0

§Of (x) cos ax dx = nRei Z Briy feio? f (2), zk] =
9 k=1

= —qalm Z Buiu [€!9%f (2), 2;]. ~(5.46)
k=l ‘
3ameuanune 2. Ecau f(x) fBagercs HeueTHOW PymHxuuel, ynosie-
TBOpsAOUIeH ycnoBusM Teopembl 5.4, To npum a >0
<0
{ f(x)sinax dx =nRe Z Bru [e%f (2), zk] (5.47)
0 k=1
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Mu mokasanu siemmbl 1 u 2, npennonaras, yto QyHxkuusa f(x) umeer
JNILb  KONEYHOE UHCA0 OCOOhX Touek B BepxHed nuockoctH. Ognako,
KaK JErKo BHAETb, NPH HE3HAYMTEJIBHOM H3MEHEHUH (OPMYJIUPOBOK 3ITHUX
7eMM OHM OCTAIOTCS CNPaBeNJMBBHIME W B Cayuae GECKOHEYHOTO uKCaa u3o-
JARPOBaHHBIX OCOGHIX TOuek ¢yHkuun f(z). [TorpebyeM, yroOnl CylLLeCcTBO-
Baja Takas HEOrPaHWuYEHHO BO3PACTAOWA NPU 72— OO MOCJAEAOBATENb-
HOCTb uyncen R, uTo na ayrax noayokpywxuocred Cr B Bepxue# nouy-

NAOCKOCTH BHIMOAHANNCH Obl ycaoBus (5.29) unu (5.37) coOTBETCTBEHHO.
Torna yreepxuenus (5.30) nau coorsercrento (5.36) nemm 1 u 2 Gyayr
MMETb MECTO NPH YCJAOBUH, YTO MPeAe/ibHbIN NePeXol B PacCMATPUBAEMBIX
WHTErpanax COBEPLIAETCA MO nocaenosatenabHocta ayr Cr, npu n— oo.

OueBUAHO TaKXe, YTO B C/Iyyde CYILECTBOBAHUA COOTBETCTBYIOIUUX HH-
TErpajsoB Mbl MOXEM pacrnpoCTPaHHTb PacCMaTpHUBaeMble METOAB HHTErpH-
poBanud M Ha cayyalh QyHkuw# ¢ GECKOHEYHBIM YUCJAOM H30JHMPOBAHHBIX
0COGBIX TOUeK. BaxHBIM KJACCOM TaKHX (PYHKUMH SBJAAIOTCA TaK Ha3bl-
BaeMble MEpoMOpdHble HYHKLILUH.

DYHKYUA KOMNACKCHOL nepemenHoli f(x) Ha3ssaemces mepomopdh-
Holl, ecau oOHa onpedenena Ha 8Cell KOMNACKCHOW NAOCKOCMI W He
uMeem 8 KOHEHHOU 4acmil NAOCKOCMIl OCO0bX MOHEK, OMANLHbLX Om
noawcos. Kak serko Bunerb, B JOGOH orpaHnueHHoi 06/1aCTU KOMIJIEKC-
HOR MNJIOCKOCTH MepOoMOpdHast (YHKUMS UMEET KOHEYHOE UYUC/IO OCOORIX
touek. JleicTBuTenvHo, ecaum OBl YHCAO OCOGBIX TOUEK B OrpaHUUCHHOH
o6nacTe OO GeCKOHEYHBIM, TO COTJIacHO TeopeMe 1.2 B 3TOH oGaactu
CyuiecTsoBana Gbl npefesbHas TOYKA JAaHHOIO MHOXECTBA, KOTOpas TeM

cambiM He Obiia Obi yxe usoau-
q pOBaHHOH 0OCOGOH TOuKOH, uTO
npotusopeunt ycaosuw. Ilpu-
MepaMu MepOMOPGHHIX GYHKUUH
ABJSAIOTCS APOOHO-pallOHa/IbHbIE
(byHKUMP, TPUrOHOMETpPHYECKUE

R dyukumnn tg 2, secz.
X IIpu pokasarenbcTse TEOpEM
W 5.3 u 5.4 Ml npeanosarand, 4To
R AV Rz odyukuns f(x) He uMmeeT 0coGbIX
TOYEK Ha MAEHCTBUTEJLHOH OCH.
Puc. 5 OpnHako He3HayuTeJbHBIE A0MNO0J-

HATEJbHBIE PACCMOTPEHUS MO3BO-
ASIOT NPUMEHATh NOKa3aHHBIE BBINIE TEOPEMbl K BHIUUCAEHNI0 HECOGCTBEH-
HHIX MHTErpajJioB M B TOM C/ayuae, koraa ¢yHkuus f(X) uMeeT HECKOJIbKO
0CO0BIX TOYEK Ha HelCTBUTENBHOH Ocu.
IMpounmocTpupyeM BHICKa3aHHOE yTBEPXIECHHE HA MPOCTOM MpuMepe.
ITpumep 4. Boluucanrb uHTerpan

00

I= S MG gx, a0, (5.48)
0
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Bocnosbsosasmincy  dopmynot dHiepa u CBOHCTBOM UETHOCTH MOABIH-
TerpaapHoft yHKIHM, OCYIlecTBUM (OPMaabHOE NMpeodpasoBaHue

1 ¢ ¥ 1
I=11m S dx=Iml, (5.49)

3ameTnM, 4TO MHTErPal /; NMEET CMBICA JHIUb KAaK rAaBHOE 3HaueHue
1eCOOCTBEHHOrO WHTErpasa BTOpPOro poaa *):

x} (5.50)
p—0 *
- R-oo \—

: < iox e iox R
[1=V. p. S ex dx = lim S 'e—x-dx+S ¢
(4

Paccmotpum B BepxHeit moayniockoctd Im 2 ==0 3aMKHYTHIH KOHTYp

', cocrosunit u3 orpeskos nedcTBuTeNbHOH OcH [— R, —p], [p, R] u yr
l

nonyokpyxHocteld Cp, |2|=p, u Cg, |2|=R (puc. 5.4). d>ym<uma——

ABJSIOMAACS aHAJUTHYECKUM NPOLOIKEHHEM B BEPXHIOI MONYNJIOCKOCTb

elax
Imz>0 ¢yHxuun ——» SaLaHHOH Ha MOJOXMTEJbHOH yacTW nedcTBu-

TeabHOH ocu 0 << x < oo, B 06aacty, orpaHuueHsolt koutypom [T, oco-
6bix TOuek He umeeT. [ToaToMy Ha ocuosaduu Teopemnl Kotu

§ i §- % e\ E'Z—‘d§=o.

"y
CR

—p
\roa= =
r —R . b 0

(5.51)
[Mocnennee caaraemoe nesoit yactu (5.51) crpeMutcs K HyMo npu R — oo
B cuny saemmel 2Kopaawa. Paccmorpum Tperse caaraeMoe.  3aMeTuB, 4TO
B 3TOM MHTErpajne MNoayokpyxHocTe Cp MPOXOLMTCS B OTPUIATEJbHOM
Hanpas/ieHun (1O 4acOBOH CTPEJKE), U CHENaB 3aMEHy NEPEMEHHOH uHTer-
pupoBaHus §= pe"P NOJyYuM

0
]8= S € Zc dg =i S elop(cos@+ising) d(p. (5.52)
c'- k] ‘

P
IMoasHTerpanbuas cpynimm B (5.52) "aBaserca HenmpepbBHOW (yHKUIUEH
napamerpa p, 1 npu p— 0 ee npepea pasen 1. ITostomy
lim [y = — im. ' (5.53)
p—0
Hepetinn 8 (5.51) k npeaeay npu p—0 u R— oo, coraacHo (5.50)
u (5.93) nonyumm -

fos]
[1=V.p. S ¢

—o0

=in, a>0, (5.54)

.

*) Cm. phim. 2, c1p. 383.
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OTKyZa
w .
S sin otx

Pdx=7, a>0. . (5.55)

TMpu o << 0 uMeer Mecto dopMyna

m .
S ox
S dx

- g , a<O, (5.56)

X

B YeM Jerko yGeXuTbCs Npu [OMOULM W3MEHEHHs 3HaKa y a B dopmyse
(5.55).
4. Cayuait MHorossaunsix ¢ywxuuit. Bo Bcex mpeamaymmux pac-
CMOTpeHusX Mbl (PaKTUYECKH OCHOBBIBaMuCh Ha ¢opmyne Komm, cnpasen-
JUBOH a8 ORHO3HAYyHOH aHaIHMTHye-
ckoit ¢dyukunu. CrenoBarenbHO, pac-
CMOTPEHHBIE METOIB MOXHO Mpume-
HATb JWLWb TOMA3, KOrJa aHaJINTHUECKoe
npogomxenve f(2) oynkunn  f(x)
¢ AeicTBUTeNbHOH ocu B 00JacTh,
OTrPaHAYEHHY) KOHTYDPOM HKHTErpupo-
BaHKA, fBJAETCS OJHO3HAYHON aHaJu-
taueckot dyukuued. B Tex we cay-
yanx, KOrga mo.aHas aHaJuTHuecKas
dyukuna F(2) oOKasmBaerca MHOro-
3Ha4HOH Ha NMOJHOH KOoMNAeKCHOH moc-
. KOCTH 2, H3al0 TaKk BuOUpaTb KOH-
TYpP WHTErpUpOBaHUf, uTOObH BHYTpH
Puc. 5.5. €ro He COAEPXaNOCh TOUYEK Ppa3BeTs-
aenns pyuxkuun F (2), n paccMaTpuBath
JWlb OANO3HAYHYIO BETBb f(2z) nonno# aHaauThueckod oyukuun F(2),
ABASIONIYIOCA HENOCPEACTBEHHHIM aHAJIUTHYECKUM IIPOAOKEHUEM (YyHK-
unn, f(x) B KOMIEKCHYIO 064aCTh. DTH COOOPaXKEHHs MO3BOJAOT Pac-
NPOCTPAHATL PACCMOTPEHHBIE BhiE METOAM Ha PAL  HECOGCTBEHHHIX
WHTErPajos, YacToO BCTPEUAOUIUXCS B MPUAOKEHHRX. PaccMOTPUM HECKOJIBKO
TUIIUYHBIX CJYYaes.
1° HUumezpaast suda.
o
I={x*1f(x)dx, O<a<<l. (5.57)
0
IMycre ¢yHrumng f(x), 3anaHnas Ha NOJOKNTENbHOR YacTH NeHCTBHTEND-
HOR OCH, MOXET OhTb aHANUTHYECKU MPOLOMKEHA Ha BCIO KOMMJAEKCHYIO
nnockoctsb. IlycTb ee aHanutnueckoe npoaosmkeuue f(z) aBaserca OnHO-
3HAYHOM aHaAuTHYeCKOR dyHKUUEH, 33 UCKAOUYEHHEM KOHEYHOrO 4ncJja
U20AMPOBAHHBIX OCOOMX TOueK 2, (R =1, ..., 1), HE JAexauldx Ha Mo.o-
KUTEALHOW 4acTu NEHCTBUTEAbHOH OCH, B 2 == 00 fIBJSETCH HYJEM HE HHXKe
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nepeoro mnopsnka o¢yHxkuuu f(2), a touxa z=0 — ycTpauumMo#t ocoGo#
TOUKOH. PyuKuUnus

@ (2)=2"1f(2) (5.58)

B obnactu ¥ [0<<arg z << 2m], npexpcraBisiowel Co60H NIOCKOCTL 2z
C pa3pesoM TO NOJOXKWTENLHOW uacT¥ REHCTBUTENbHOM OCH, OUEBHIHO,
IBASETCA AHAJMTHYECKUM MNDOXOJDKEHHEM MOABHTErpaibHOH (YHKLMH, COB-
najaomed ¢ He#l Ha BepxHeM Oepery paspesa (arg z =0). Pyuxuua @ (2)
SBASETCS OIHO3HAUHOH (yHKUMeH B o6aacTd &, u ee 0coGble TOYKHM
COBMANAOT C 0COOBIMH TOUKaMH 2, dyHkuuu f(2). PaccMoTpum B 0Gaa-
ctn 9 samxuythi#t koutyp I, cocraBnennm#t us oTpeskoB meHcTBUTENBHON
ocu [p, R] Ha BepxueM u HuxHeM Oeperax paspesa U Pa3OMKHYTHIX OK-
pyxHocreit Cy, |2]|=p, u Cg, |2|=R (puc. 5.5). ITo ocnosHoOl Teope-
M€ TEOpHUH BBHIYETOB

R 0
fo@dt={ x> (x)de+ § Y ©Qdt+ [ (© at+
r P c i R
+ § () db = 2mi kZle. [2%7'f(2), z:)  (5.59)
Co = ,

PaccMoTpuM Kaxaoe wu3 -cnaraeMbix JIeBOH wacTd paseHcTBa (5.59).

S

Ct

R

Ha]=

R—co

LLE (D) dgl =< I_W_B?r—l.QnR =2aMR*1 — 0, (5.60)

TaK KaK [0 YCJOBUIO B OKPECTHOCTH TOUKM 2 =00 i dyukuuu f(2)
. M

UMEeT MeCTO OleHKa | f(z)[<|z—l. Tpetbe cnaraemoe B (5.59) npen-

CTaBAseT COOOR HMHTErpan Mo HUXKHEMY 6¢pery paspesa, rae arg z =2,

T. e 2=X-2(x>0) n 2% = x*1. 201 [Josromy

[ R
S §°‘"1f(§.) di = — eizn(o-1) S X% (%) dx. - (5.61)
R 4
Hakonen,
CS_ LY (5) dt I < Mypi2mp —0, (5.62)
)

TaK KaK B OKPECTHOCTH TOuKM 2 =0 umeeT MecTo oueHka |f(2)|<< M,
no>0. :

Ilepetins x npepeny B (5.59) npu p—0 ¥ R— 00, Ha OCHOBaHUH
(5.60) — (5.62) okonuareabHO MOMyuHM

-

o0

R N )
Sxa—lf(x) dx=l—_2§,:Ta2 Buu [297f(2), 24} . (5.63)
0 k=1 .
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Mpuwmep 5. Bouucauts uurerpan
o
I—S H_xdx, l<a<l. (5.64)

TMonpiuterpanbhas ¢yHkuus B (5.64) yLoBIeTBODSET BCEM NMEepPeUnClIeH-
HBIM BBle ycaosuaM. Ilostomy

I 2o q[ 01 _1]=2meim-v= B (5.65)

eh2ma 142 1 —et2mo sin ast’

2 Hﬂmezpd/lbt suda *)

1
fx* 11 —x)y%f(x)dx, O<a<l (5.66)

0
IMycry gyukuus f(x), 3agmaunas wa oTpeske aeHcrButensno#t ocu (0, 1),
MOXET ObiThb aHAMUTHYECKM MNPONO/MKEHA HAa BCIO KOMIUIEKCHYW IIO-
cxocte. Ilycte ee ananuTuueckoe
4 NPOLO/MKEeHHEe HBJASETCS OXHO3HAU-
HOHM aHa/HTUYECKOH QyHKUuel, 3a
UCKJIIOUEHHEM KOHEUHOro Yucaa uso-’
JINPOBAHHBIX OCOGBIX TOUEK 2p (& = 1,

R & 2, ..., N), He Jexaiunux Ha OTpesKe
O0<<x=<<1, a TOUKa z=00—

7=7 ycTpanuMas ocobas Touka (GpyHKUMM
— = f(2). Torna uurerpan (5.66) nerko
oy Z  MOXeT ObTb BEIYMCACH METOZaMH,

aHa/JIOTHYHEIMUH Pa30GPaHHBIM BHILIE.
3aMeTuM, YTO aHAAUTHYECKOE ITPO-
JO/MKEeHHe NOABIHTErpasblolft PyHK-
uuu D (2) =2%1(1 — 2)%f(2)
MMEET ABE TOUKH pa3seTeHus: 2 =0
n z=1. Touka z=o00 saBaserca
Puc. 5.6. yCTPaHUMOH 0COGOH TOUKOH (yHK-

uu O (2). [ehcTBATEABHO, TOAHBLH

06xX0/1, 0 OKPYXHOCTH LOCTATOUYHO GOJBIIOrO Pafnyca, COAEPKANR BHYTPH
ofe Toukm passersieHusi z=0 u z=1, ne Meuser 3HauehHusa QyHKUHK
@ (2). Paccmotpum o6aacts ¥, npeactasasoulyo cO60# MOMHYIO NIOCKOCTb
Zz ¢ paspe3oM M0 oOTpe3Ky aelictsureapHoit ocu [0, 1]. BerBp ¢yHKuuM
@ (2), cosnamaowas Ha BepxHeM Oepery paspesa C NOLbIHTErPaJbHOH
¢dynkunett (5.66) medcreuTesbHON NepeMeHHON X, ABAAETCH OJAHO3HAYHOH
anaauTvueckod dynkuuesr B 9. BuiGepem B & samxuyTni#t koutyp I, coc-

. x
*) Kak ferko BHjeThb, JAHHBIH MHTETpas C MOMOUIBIO 3aMeHbLI y=y—; Moxer

GuTh CBeJeH K MuTerpady Tuna (5.57), omHAKO B pAAE CJAyuaeB NpPOLIe NPOH3BECTH
HEeMOCPeACTBEHHOE BHIUHC/ICHHE HHTErpana (5.66), uTO M jesaeTCcs B 3TOM NYyHKTe.
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Toswmnét 3 o6oux OGeperos paspesa [0, 1], 3aMBIKAIOWUX HX OKPYIKHO-
crett Cp, |z|=p, u Cp, |2—1|=p, ROCTAaTONHO Ma’aOro pamuyca p
u oxkpyxuoctn Cp, | 2| =R, conepxaumeit BHyTpn orpesok [0, 1] u Bce
ocobuie Touku ¢yHkuun f(z) (puc. 5.6). ITo ocHoBHOH Teopeme Teopuu
BHIYETOR

I—p
Jo@d= § 2t~ (det | DQaz+
A ,
)
+§ o@a+ | oga+ Jo@a=
—p (ol C§

 Buru [2%71 (1 — 27 f(2), 2] (5.67)

M="

= 2mi

x>
I

PaccmorpuM kawaoe caaraemoe B JeBoH uacti pasencrsa (5.67). Tlo
ycaoBuio 2z = 00 — ycTpaHumas ocobast Touka f(2), T. e. B’ OKPECTHOCTH
Z=00 UMeeT MEeCTO Da3/NoXeHue

f@=ap+ 4., (5.68)
rie a, = lim f(2).
Z2—00
Paccmorpum ¢ynkumio
_ a1 2 \&
o) =211 —ye = ({2, (5.69)

ABAAIOULYIOCA yKa3aHHOH Bbiwe BerBbio  Qynkunn D (2)/f(2). Touka

2 =00 $BJSETCS NMpaBUALHON TOUKDH BHIOGpDaHHON BeTBW (yHKuUuM @ (2);

NOSTOMY B OKPECTHOCTH TOUKM 2 =00 (PyHKuUHa @ (2) MOxer OuTh Nnpen-

CTaB/eHa B Buae

v ¥ (2)
22

P@)="—~ (5.70)

p
rae P, (z) — OrpaHuyeHHas aHaNNTHYECKas GYHKUMA B OKPECTHOCTH TOUKH
z=o00. Orcroga nas pasaoxenns dynkunn D (2) B8 pan Jlopana B okpe-
CTHOCTH TOUKH 2= OO MNOJYYaeM BbIPAXKEHHE
| e | b(2)
22

D (2)=a, (5.71)

rae P (2) — OrpaHnueHHas aHaNUTUYECKafA (PYHKUMA B OKPECTHOCTA TOUKH
z=o00. N3 (5.71) naxonum

Bhiu [D (2), co] = — a,e™* (5.72)
IlosTomy no dopmyne (5.17)

C§+ @ (§) dt = 2nia e’ ™e, (5.73)
R
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Tak kak npm 06X0f€ TOUKH 2= | MO yacoBOH CTpe.Ke apryMEHT BHIpa-
wenns (1 — 2) mensercs Ha — 271, 1O aprymenT dynkunu @ (2) na Hux-
Hem Gepery paspesa 6o/bluie aprymesta Ha BepxHem Oepery paspesa Ha
2ne.. [lostomy

1—p

§ Oy di= —erm | D (x)dx. (5.74)
1—0 0

Kak nerko nokasaTe ¢ nomouibio ouenok, anasaorvunbix (5.62), npu 0<C
< a<< 1 unrerpansl no MansiM okpyxHoctaMm C, u Cp CTpeMaATCs K HYJIIO
npu p — 0. Torna, nepexoas B (9.67) K npeaeny npu p — 0, moayuaem

(1 — €27%) [} 2qiein®q = 2mi Z Bhiu [2%1 (1 — 2)f (2), z4)
k=1
oTKyaa

=2l + Z Beiy [2%-1 (1 — 2y %f(2), 2], (5.75)

sin o — pieno.
rae a,=lim f(2).
20
MMpumep 6. Boluncants nuHrerpan *)

1
I={x1(1 —x)%dx, O<a<<l. (5.76)
0

Tak Kaxk BhINOJHEHH BCe CHOPMYIUPOBAHHBIE BbIMIE YCAOBHS H gy =1,
10,

= (5.77)
sSin Ko
3° Uumezpanrs suda '
I=\f(x)Inxdx. (5.78)
0 . '

Mycto dynkuna f(x) asnqerca yetHo#t dynkuued u MOxer ObiTb aHaAn-
TWYECKW MPOAO/IKEHA HA BEPXHIO MOAyNJIOCKOocTh Im 2 >0, npuuem ee
aHaNUTHYECKOE TNPOLOMKEHHE YAOBAETBOPSET ycJosnaM aemMb 1. Pac-
CMOTPUM B8 BEpPXHEeR NOAYNAOCKOCTH 3aMKHymn koutyp I, coctosuiup
U3 OTPEe3KOB NeHCTBHTENbHOH OCH [—— —p), |p, R] u coeanusionux
ux noayokpyxuocret Cp, |2|=p, u Cg, |z|—R dyuxuua D (2), aBas-
10L11a5CH BETBBIO NOJHON aHaANTHYeCKoH (pyHKLMK n coBrnaaatoulas ¢ f(x) Inx
Ha NOJOKWTEALHON vacTu AeficTauTeasnol ocn (x > 0), Ha oTpunarens-

*) 3ameTum, 8TO paccmaTpuBaeMblii  WHTErpaj;  ABAAETCA HAaCTHBIM CaydaeM
B-pyukuun (cM. Buini. 2, cTp 434):

1
B (p, q)=S xP1(l —=x)?"1dx.
‘ (i
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HOH uacTu me#iCTBUTE/bHOK OCH Tpu 2=|z | =xe® = — x (x> 0)
NPUHAMAEeT 3HaueHue

D (2) lmrein =1 (x) In (xe'™) = f(x)[In x + in].

[Tostomy
R R
Yoo =] mrds+ § @Qar+{ 7o) lin x+in]dr+
R
N
s CS_ @ () dt = 2 g{ Bua[f(2)Inz, 2, (5.79)

[\
PaccmoTpum BTOpOE Chnaraemoe B Jaeso#t wactu (5.79)
kU I .
M M
§ D (©) dt |< pry S | Ing jds = oy g [InR+iargl|ds<
3 0

0

< 5 VPR T 73,0 (5.80)

IMposenst aHasorUyHBIE OLEHKH, JErKO MOKa3aTbh, YTO W NOCJELHEE Cha-
raemoe B JeBod uactu (5.79) crpemurca k Hymo npu p — 0. Hakonen,
o0

HeCOGCTBEHHBIR HHTErpas S f(x)dx cyuectsyer n B cuay (5.35) pasen
0

o) . N
{f(x)dx=ni Y Buu[f(2), 2] (5.81)
(] k=1

Tostomy, nepeitns B (3.79) k npeneay npu p—0 u R— 00, noayunm

I= Sof(x) In xdx=m‘ZN Buq‘[f(z)(lnz - %) z,,]. (5.82)
k=1 .

Mpumep 7. Beruncants ubterpan .
¢ Inx

: o
CorsacHO NMPOBEIEHHBIM BHIIIE PACCYXACHUAM

[=mi Buq[ﬁ)?(m z—%), i] =-7. (5.84)

§ 3. Jlorapudpmuueckuii BbIYeT

1. Mouatue aorapudmuyeckoro Boiuera. Ilycrs B o6aactu ¥ 3anana
onHo3HauHaa (GyHKUua f(2), aHaIMuTAYECKas BCIOAY B ¥, 3a UCKJIIOYEHHMEM
KOHEUHOrO YKCJa U30JUPOBAHHBIX OCOOMIX TOYeK Z,(k=1, ..., p), npu-
yeM Bce 25 #sagiorca mnouocamu. [lpeanonoxam, uro wa rpasune T
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o6nactn ¥ Her Hu HyJeH, HU OCOBBHIX TOUEK (DYHKLHH f(z) " paccmor-
pUM BCIOMOraTe/bHYI0 (DYHKIMIO
’(z)

v(=L3. (5:85) .
Dynxnuio @ (2) yacro Ha3LIBAWT L02apugmuyecroll npou3sodHol PyHx-
nun f(2), a BolueTst Qynkuuuu ¢ (2) B ee 0COGBIX TOYKAXx 2, (m=1,...,
M) — aoz2apugpmuneckumu 8soiwemanu dyukuan f(2). Onpepenum oco-
Goie TOuKM QyHKUME @ (2) B obaactu ¥. B cuny obmnx CBOHACTB aHa-
AUTUUECKAX QYHKLUH ACHO, YTO OCOGHIMU TOUKaMU QYHKIMHK @ (2) 6YAYT HY 1
2p(k=1, ..., n) n nomoch z,(k=1, ..., p) dyskuuu f(2). Hattnem
sHaueHue BHUeTa GYHKUHM @ (2) B Kaxao# u3 ee ocobbix Touek. ITyctb
TOYKa 2= 2 SBJAETCS HyJeM nopsumka n, ¢yukuun f(2). Torna B oxpe-
CTHOCTH 3TOH TOUKM OyHKuus f(2) uMeer Bum -

[ =(2=2)"/1(2), f1(24) 0, (5.86)

npuyeM TOYKa 2j WBASETCH TIPABUJALHOH TOUKOH dyHakuuy f; (2). Beruucass
GOyHKNHI @ (2) B OKPECTHOCTH TOUKM 2 =2, 1o ¢opmyJe (5.85), noay-
4aem

@ () =(nf @) =m(in(z —20)) +(n i) = == +ffl (fz))

Orciopa c/emyeT, UTO TOYKA 2, SBJSETCS IOJIOCOM MepPBOro NopsiKa
¢yukuuu @ (2), npuyeM BhYeT GYHKUMM @ (2) B 3TOH TOUKE DaBEH Mp.
Wrak, B Hysne mopsaka n, Qynkuun f(2) ee JOrapudMHYECKHH BHIUET
paBeH 1, T. €. TMOPSOKY HYJst:
['(2)
qu[f(z) ,zk] =Ny, (5.87)
ITycts TOuKa 2, ABJASETCS MOJIOCOM nopﬂm(a Pr dyukuuu f(2). Torna
B OKPeCTHOCTH 3TO# TOUKH ¢dyuxuus f(2) umeer Bup

) = 8, Ailew £, (5.88)

@—2)P°

npuYeM TOYKa 2, ABJAETCA NpaBuAbHOM TOukoH dhyHkuuu fi(2). [Tostomy
aas aorapudmuyeckodt npousBosHo# ¢yHKuuM f(2) B OKPECTHOCTU TOUKH
2 =2, NOJyYuM BHIPAXKEHUE

P)=—

+ fi (Z)
@)

OTC(Oﬂ.a cJenyer, uro TOYKa Z2p TaKXKe dBJAECTCA TNOJIOCOM nepsoro

nopsiika QyHKuMH @ (2), NpuYeM BHIYET B STOH TOUKe paBeH — p,. Mrak,

B roJioce Nopsigka p, (GyHkuuu f(z) ee gorapadMuyeckuit BHYET paseH
NOPAAKY TO0JI0Ca, B3ITOMY CO 3HaKOM MHHYC:

Z—'Zk

Bbm[ff,((z)) zk]z_— — P - (5.89)
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9. MoxcueT yucaa Hyneit aHamuTHyecKoit GyHruun. [lonydenusie
pe3y/bTaThi MO3BOJSIOT N0KA3aTh CAEAYIOULYI0 BAaXHYIO TEOpeMY.

Teopema 55. [lycms gynxgua f(z) ssasemcs anaiumuiecKolt
8ci0dy 8 3aMKrymoil ob6aacmu 9, 3a uckinuennesm KOHEw 020 HUCAQ
nevcauux srympi § U304UPOBAHHBLX, 0COObBLX MOYEK 24, KOmMopbie
8ce ABASLIOMCSE NOAKCAMI, 1L NYCHLb f(z) He ofpaujaemcs 8 HYAb HU
8 odnoil motuxe 2paruysl I' o6aacmu §. Tozda pasnocms mescdy-
NOAHBLM HUCAOM HYACH 1L NOAHBLM Hucaox noawcos yuxuyun f(2)
8 obracmu G onpedessiemcs 8upajceHuem

f (©)
N—P=g FS+ L at (5.90)

IMon nosHBIM yMC/AOM HyJZelt (TMOMOCOB) MOHMMAETCA YuCaO Hyaeh N
(nomocos P) ¢ yueToM MX KpPaTHOCTH:

N= Z Rp, P= Z Pg- (5.9 1)
k=1
HoxasatenbcTBoO. Jlasg [HOKa3arenbCTBa TEOPEMBl 3aMETHM, UTO-
7
2z
nurerpat no I' oT dyskuun @ (2) = ff% MOXeT OBITb BBIUUCJAEH C TO-

MOUIbI0O  OCHOBHOH TEOpeMBI TEODHM BHLIYETOB, NPHUEM TaK KaK BCe OCO-
6eie TOuK GOYHKUUA @ (2) — 3TO Hyau W 1n0/0chl QyHKUuu f(2), a BHIYETHI
B 3THX TOYKax onpene.nmorcs ¢opmyaamu (5.87) u (5.89), 10

m=1 k=l k=1

g o ) di=2ni ZBHq [9(2), 2m]=2mi {Z nk—}_‘pk} 2mi (N — P),

YTO ¥ JOKa3bIBAaeT TEOPEMY.
Otmerum NpOCTOH reoMETpHYeCKUH CMBIC AOKa3aHHOH TeopeMbl, s
yero npeoépasyem UHTErpas, crosu# B npaBo# wactu (5.90):

5 S f}éi) =5y S dinfQ) =55 S d{In|f Q)| +iarg O} =
= oni S dln lf(§)l + 5 o S darg f(0). (5.92)

HetictButenbHan ¢yuxuus In| f(§)| sBasercs omnosHauHo# QyuKuuet,
nosToMy €e Bapuauust (usMeHeHue) npu o6xone TOuKOH { 3aMKHYyTOro
kontypa I' paBHa wnymo. CsenosaresibHo, NEpBOE C/araéMoe B Npasoft
vactn (5.92) pasHo Hymo. Bropoe caaraemoe npeacraBaser coBo#t mou-
Hylo Bapuauuio aprymenta dyukunn f({) npuw obxome Toukoit { samkHy-
toro kourypa I', penennywo na 2m. Hrak,

N—P= %— Var [arg f(2)]r4. (5.93)
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Bysem uso6paxare 3HaueHus OYHKuME @ = f(Z) TOUKAMH Ha KOMIIEK-
cuott nnockoctn w. Tak kak ¢yekums f(2) HenpepsiBHa Ha Koutype T,
TO npu nosHoM o6xoje Touko#t 2z kourypa I' Ha nnockocT 2z coorBer-
cTByollas el TOUKa Ha MJOCKOCTH % ONKHCHIBAET HEKOTOPHH 3aMKHYTHIH
koutyp C. Tlpm sToM Touka w=0 MOXET OKa3aTbCd KAaK BHE, TaK
u BHyTpH obJacty, orpaHuuenHo#i koutypom C. B mepsom cayuae Bapma-
uus aprymeita @ npu noiHoM obxoae C, oyeBnano, pasHa Hymo. Bo
BTOPOM CJyuae Bapwallis apryMeHTa @ ONpeNeseTCs YNUCJIOM NOJHHX
06x010B BOKPYT TOuku % =0, KOTOpHE COBEPINAET TOUKA W NPH CBOEM
nBuxennd no Koutypy C. Ilpum 3ToM TOuKa @ MOXET OGXONUTb TOUKY
w=0 Kak npoTHB 4YacoBOH cTpe/ku (B MOJONKUTEJILHOM HaNmpaBJeHHn),
TaK W MO YyacoBOH cTpenke (B OTPULLaTesJbHOM HampasaeHuu). Mrak, pas-
HOCTb MEXAY NOJHBLIM YNCJAOM HynaeH n noswocos cyukimn f(2) B o6aa-
cru & onpenensercs uuciaoM 06GOpDOTOB, KOTOphie COBEpLIAET TOYKA
w=f(2) Bokpyr Touku @ =0 Npu NOAOKUTEALHOM 00XOIe TOYKOH 2
koutypa I'. ITH coobpaxkeHns YacTO OKASHIBAIOTCH CYIIECTBEHHBIMH NPH
NOACYETE IOJHOTO UWCJAa HyJedl aHaNUTHYECKOH (YHKUMM B 3alaHHOH
obnactu. Ilpu sTOM BO MHOrUMX CayyasX COOTBETCTBYIOUIME BBIYMCJEHHS
MOXHO 3HauuTeNbHO 06seruuTh GJaronaps CleAymwoilel Teopeme.

Teopema 56 (meopema Pywe). [lycme gynxyuu f(2) u ¢ (2)
ABASIOMCA QHAAUMUHECKUMI 8 3aMKHymoll o6aacmu Y, npusers wa
epanuye T' o6racmu § umeem mecmo nepasencmso

/@ e >{9)r. (5.94)

Toz0a noanoe 4ucao wyaeik 8 obaacmu § gynxyuu F (2) = f(2)+ ¢ (2)
pasno noanomy uucay Hysell gynxuuu f(2).

HokasareabctBo. s dysxuutt f(2) u F(2)=f(2)+¢(2)
BHINOJHEHH BCe YycaoBus Teopembl 5.5. IleiicrBurensHo, ¢yHxuus f(2)

He uMeeT 0co6blx Touek Ha I' (oHa ananmtnyecKas B ) u me obpamaercs
B HyJs Ha I' B cuay (5.94). At ycnoBus TaKKE BHINOJHEHB MJ1A PYHK-

wn F(2), Tak k3 [F@)[r = [f(Q)+ 9@ I=1f(D I — [9@)r>0.
IMostomy Ha ocuosaunu opmyast (5.93) noaydum

NIF@) @) =g Varlag (F+9)lr 1 N[f(2)] = o Var [arg / (Ir.

Paccmorpum pasuocTs
NIf@)+9 @I -N[f(@)]=
= o Var [arg (f4 ) — arg flp = 5 Var [arg (1 _}__?)_)]
(arg (/4 @) — arg = arg f'?"’) ,

Beegem dyukuuio w=1 _‘_qfagz; Kak serxko Buzer,, npm o6xoge Tou-

Ko# 2z xontypa I' cooTBercTByomias e TOUKAa W ONUILET 3aMKHYTYIO
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kpusyio C, xortopas B cmay ycnaosus (5.94) Oymer uemKoM JexaThb
BUYTPH HEKOTOPOro Kpyra |w—1|<Cp,<<1 (puc. 5.7). Tem cambim
touka w=0 nexur Bre Kpuso# C. Ciaeposartenbno, Var|arg wlp=0,
YTO M JIOKa3HIBAET TEOPEMY.

M pumep. Hatiru noanoe uncao Hyned dpyuxuun F (2)=28 — 525 —
—2z+41 Buyrpun enmunynoro kpyra |z|<< 1. Ilpexcrasum dyHKuHIO
F(z) B Buge F(2)=f(2)4¢(2), nomoxus f(2)=—52641 wu
@ (2) = 28— 2z. Torpa e

; [f(D)])21=1==]| —525| 2 j=1— 1 =4,
@) 121=1<<| 28|12/ =14+122]12)=1=3,

otkyna |f(2) ] z)=1>>]9 ()] |z =1>0. CrenosareabHo, n0j1HOe YHUCIO
Hyze#t B obaactu |z |<C 1 ¢ynkumn F(2) paBHO MOJHOMY uucJay HyJef
Gyukuny f(2), HO NOCAEAHAA UMEET,
OYEBUJAHO, POBHO MATb HYyJeH:

5 ,— ,2nk

[/

(=0, 1, ..., 4).

BaxHBIM NPUHLUNNAABHBIM CJek-
crBueM TeopeMbl Pyuie sBasercs

Ocnosnast meopema svicueli
anzeopst. Iloaunom n-oli cmenenu
UMEEH HA KOMNAEK CHOE NAOCKOCIIL
posro n Hysel (c ywemom ux
Kpamnocmu).

Hoxaszateabctso. Ilpen- ' Puc. 5.7,
crasum nomuHoM F (2) = a,2" -
+a;2" 1.+ a, B Bune F (2)=F(2)+ ¢ (2), nonoxus f(2)=ag2", ¢ (2) =
= @;2"14...4a, CocraBuM OTHOLIEHHE (,]c‘)%:% . %—i—. . .-I—g;—' A
Kak Jnerko BuUIETb, NPH JOOBIX 3afaHHBIX 3HAYCHHUAX KOIDDUUHEHTOB
@y, @y, ..., @, BCErJAa HaWAeTca Takoe 3Hauenwue Ry, 4TO 119 BCeX SHa-
ueHn# |z |=R >R, uMeer MeCTO HEepaBEHCTBO :

P (2)

f@

B cuny teopemn Pymwe u3 (5.95) caeayer, uTo nosHoe uucao Hyxet
¢dyukuuu F(2) B Kpyre |2z|=R pasHo uncay Hyneft s 3TOM Kpyre
odyuxumu  f(2) =aez” Ho dyukuns f(2)=a,2" Ha BCel KOMIIEKCHOH
NJOCKOCTH MMEeT €JMHCTBEHHBbIH 7-KpaTHBH HyJab — TOuKy z=0. OTciona
B Cuiy npom3BOJbHOCTH R =R, u clefyer yTBEDXIEHHE TEOPEMBI.

0< er <L (5.95)




TJIABA 6
KOH$®OPMHOE OTOBPAXEHHE

Kak npu nocrpoenun obOmeli rteopnn (PyHKUMA KOMIJIEKCHOW nepe-
MEHHOH, TaK ¥ B €€ MHOTOUUCJEHHBIX MDWUJIOKEHHUAX, B YAaCTHOCTH K pe-
IIEHWIO 3a/ay MEXaHMKM ¥ (u3uKH, OO/bIIOE 3HAUEHHE HMEET W3YueHne
reOMETPUUYECKUX CBOMUCTB KOH(MOPMHHIX OTOOPaXEHHH, OCYWECTBAAEMBIX
aHanuTHYECKUMI yHKuuamMu. B ra. 1 Geino BBedeHO MoOHsiTHE KOHPODPM-
Horo orobpaxeHus, 0G6/JanawIero CBOHCTBAMH COXPaHeHUf YIrJOB U
MOCTOSHCTBA pacTskeHuft. PyHnnamentanpbHol 3aaauell Te0puy KOHPOPMHBIX
oroGpaxeHnit sBasercs chaeaywouas. [anl aBe 06/1acTH KOMIJIEKCHOH
NAOCKOCTH, 1 TPeByerTcs ' HAWTW (PYHKUMIO, OCYLIECTBJSIOULYI0 B3aHMHO
ONHO3HAuUHOE M KOHQOPMHOe oro0pameHue OAHOH 00JacTH HA APYTyio.
Ilpu >TOM, KOHEUYHO, BO3HHKAKOT BONPOCH OO YCJOBHSAX CYILECTBOBaHMA
1 ONHO3SHAYHOTO OMpeje/eHus Tako# dyHKuuu.

B sTofi raase OyAyT KpaTKO M3JIOXEHB OCHOBHBIE NOHATHS TEOPUM
KOH(GOpMHOro oroOpaxenus. Mbl Takie PaCCMOTPHUM HEKOTOPhHIE TEOMET-
puyecKue CBoHcTBa OTOOpaXeHuH, OCyUIECTBAIEMBIX PAIOM aHANMTHYECKHX
(yHKUnH, HaxooAmuxX HauboJee IUPOKOE NPUMEHEHHE B MPUJIOKEHUAX.

§ 1. O6mue croiicTBa

1. Onpenenenne xoHdopmHOro oToGpaskeHus. B ra. 1 npm pac-
CMOTPEHMM TFEOMETPUUECKOrO CMBICAA MOAYJsS ¥ apryMenta IPOM3BOAHOH
6bl0 BBe#EHO MOHATHE KOHQOPMHOro oroGpaxeHnus. BrIo nokasaHo, uto
ecnd QyHKUMS @ = f(2) ABAAETCA OAHO3HauHOH M AHANUTUYECKOH B OKpe-
CTHOCTH HEKOTOPOH Touku 2, U f'(2y) =0, T0 0TOGpaxeHue, ocywect-
BJASIEMOE JaHHOH ¢yHKuUueld, B TOUKe 2, oOnafaer CBOHCTBAMU COXpaHe-
HUA YrJa0B M NOCTOAHCTBAa pacTsxennH. To ectb yron mexay aoGuMu
JABYMSl TJaAKAMYU KPUBBIMH, NEPeCeKalolUlUMUCAd B TOUKE 2, DPaBeH M Mo
aGCOMOTHON BEJHUMHE M MO HaNPAaBAEHUIO YrJIy MEXAy HX o6pasamu
Ha MJIOCKOCTH W B TOUKE W,= f(2,), a OECKOHEYHO Majibie JuHeHHble
3JIEMEHTHI, BBIXOASAILNE M3 TOUKH 2, Npeo6GpasywoTrcs NogoGHHIM 0GpasoM.
910 03HayaeT, YTO NPH PACCMATPUBAEMOM OTOGpamenuu JMo6oH Gecko-
HEUHO Malblii TPEYroJbHUK C BEPWHHOW B TOYKe 2, npeabpasyercs
B NOAOGHbIA eMy GECKOHEYHO MaJblit TPEYroMbHNK ¢ BEPIUMHON B TOUKE W),
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Ormeruym, uTO B CHAYy OOWAX CBOHCTB ananuTHYecKux Qyuxunit *)
B OKPeCTHOCTH TOUYKM W, OmnpejeseHa OANO3NAyNas aNaJuTHYecKas QyHK-
nust z=@(w). Tem cambiM MeWAYy OKPECTHOCTAMHU TOUEK Z4 ‘U W,
yCTaHOB/AEHO B3aUMHO OJHO3HAaUHOE COOTBETCTBHE. BBezem cienylolee
(yHIaMeHTaNbHOE OnpeneseHre.

B3saumno odnosnaunoe omobpascenue obaacmu $ romniexcroil
naockocmu z Ha obaacme G KOMRACKCHOL NAOCKOCHIL W HA3bI8ACMCA
KOHPOpMHBLM, ecant 3mO omoOpadcerlle 80 8cex moyrax z & § obaa-
daem c8OlcMBAMI COXPAHEHUS Y2A08 U NOCMOSHCHIBA PACMISIHCEHUE.
IMoauepxHeM, 4TO HaHHOE ONpeeseHue nonpasymeaaer HeNpepHBHOCTD
paccMaTpuBaeMoro OTOGpaKEeHHUs.

M3 npeambigyiiero ficHo, 4To Npu KOHPOPMHOM OTOGpaKeHnu 06J1acTH
% wa o6nacrs (G GecxOHEYHO MaJble IJOCKMe (GuUrypsl ob6aactn & npe-
00pa3yloTcs B nojaoOHbie MM OGecKOHeuHO Manbie ¢urypsl obaactu G.
Take nerko BufieTb, YTO NPU KOHPOPMHOM OTOOpaXKEHHH COXPAHAETCH
CBOMCTBO B3aHMHOM OPTOTrOHa/JILHOCTH CHCTEMBl KDHUBBIX Ha MJOCKOCTH.
HeticrButenbHO, nyctb B 064aCTH § MIOCKOCTH 2 (2= x --iy) 3amaHbl
Ba B3aUMHO OPTOrOHAJbHBIX OJNONAPaMETPUYECKUX CeMeHCTBA KPHBBIX
9 (x, y)=c u P(x, y)=c, upuuem uyepes mobyio TOuKy obaactu ¥ npo-
XOAT MO OAHOW KpuBOH Kaxaoro ceme#ictBa. Torma npH KOHGOPMHOM
oto6paxenun obsactu & Ha HekoTOpyw o6aacth ( MJIOCKOCTH @
(w=u-+iv) oO6pasbl [NaHHHIX KPUBHX Ha TMJIOCKOCTH W — KpuBhe
O, vy=c u ¥(u, v)=c¢—Ha OCHOBaHUN CBOKHCTBA COXPAHEHHS YTJOB
TaKke GYLYT B3aUMHO OPTOTOHAMbHBL DTO 03HAaYaeT, yTo ecau B o6aacrd §
BBEIEHA - HEKOTOpas OPTOroHaabHas KPUBOJMHEHHAs CUCTEMa KOOPAMHAT,
TO Npd KOHPOPMHOM OTOOpaMeHu# 3Ta CHCTeMa KOOPAMHAT mepelaer
TaKK€ B OPTOTrOHAMBHYIO CHCTEMY.

BrisicHiM Temepb, KaKWMHU CBOMCTBAMM [O/MmKHAa 006/1a1aTh GYHKUHA
KOMIIIEKCHON nepeMeHHOH A TOro, 4TtoOH OTOOpaXeHWe, OCYLIECT-
BJfEMOE 3TOH (pyHKuMeH, ObI0 KOH(POPMHBIM.

Hmeer mecro caenmyiomas Teopema.

Teopema 6.1. [Tycmy Gynryus f(2) ssasemcs 00HO3HAUHOL U
odnoAnCMHOE - anasumuteckoill gyuxyueii 8 obaacmu § u f'(2)=£0
npu z = 9. Tozda hyuryusa f(2) npouzsodum rkowgopmHoe omobpa-
aenue obaacmu § Ha o6aacme G KOMRACKCHOL RAockocmu w,
npedcmasagiouyio coboii obaracms 3Hawenult @dynxyuu w=f(z) npu
ze 9. ‘ ’

HokasateabcrBo. [eidcreutensio, B cuay ycaosus f'(2)=%0
upu z & § oroGpaxenne, ocyulectsasemoe dyHkuuel f(2), BO BCex
Toykax obaacth & o6sanaer CBOHCTBAMU COXPaHEHMS Yr/OB M TOCTOSIH-
CTBa paCcTSKEHHUH, YTO M JAOKA3bIBAET TEOpEMY.

Wrak, ycnoBusi aHaAMTHYHOCTH, OAHOJNUCTHOCTH M OTJHYHA OT HyJs
NMPOU3BOJHON (PYHKUMM KOMIIEKCHOM INEepeMeHHOH ABJAIOTCA AOCTAaTOy-
HBIMU YCJOBHAMH KOH(OPMHOCTH OTOODaseHHs, OCYUIECTBASEMOro 3TOH

*) Cm. ra1. 1, ctp. 33.
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¢yukuped. EcrecTBEHHO NOCTaBUTH BONPOC, ABAAIOTCS JM 9TH YCAOBUS
Heo6xoauMeiMu. Ha 3TOT BOmpoc oOTBeuaeT caeayiollas TEOpPEMa.

Teopema 6.2. ITycme gpynxyus f(2) ocyuecmsanem Kongopmroe
omobpagcentie obracmu § KOMAACKCHOU naockocmu 2 Ha obaacms G
KOMNACKCHOI naockocmu w u ozpanuiena 8 5. Toz20a gynxyun f(2)
ABAsemca  O0HOAUCMHOL U anasumudeckoli 8 obsacmu $, npuden
ffR=%=0nu 29. .

IokasarteabcTso. Tak Kak oToGpaxeHue, ocymecmnaemoe PyHK-
unelt f(2), 98agercs KOHGMOPMHBIM, TO OHO fIBASIETCS B32UMHO ONHO3HAY-
HBIM, 1 B JIOGOH TOUKE Zo €& F BBINOJHATCH CBOUCTBA COXPaHEHUs yrjos
H nocrosucTBa pactakeHuil. Cregosatenpro, Afast JOOHX TOUEK 2; ¥ 2,
NPUHAAEKANIMX OKPECTHOCTH TOYKU Zp C TOYHOCTBIO A0 OECKOHEUHO
MaJIblX BEJMYUH BHIMOJHAIOTC COOTHOWIEHUS : '

arg Aw, — arg Aw, = arg Az, — arg Azy -(6.1)
u
[Aw, | LAw |
An] T Tan] 0 €2

rae Azy=2,—2y u Az;=2,—2, cytb GECKOHEYHO MaJjble JHEHHbIE
3/1EMEHTH, BHIXOAAIME U3 TOYKU 2Zg, a Aw; 1 Aw, — ux o6pass (puc. 6.1).

Z
! Wy Awy

Az Z ol
; Az Ale .
aq wy

Puc. 6.1.

3amerum, uto B cnay (6.1) COOTBETCTBYWLIME YIJH B TOUKAX 2, H W,
PaBHB HE TOJBKO 1O, aGCOMOTHOH BEAHUMHE, HO M N0 HAampaBJeHHUIO.

O6o3nauns arg% yepes o, u3 (6.1) Haiizem, utO M arg%:w Heit-
2 1

CTBHUTE/BHO,
A
arg A_zm;z = arg Aw, — arg Az, = arg Aw; — arg Az; = arg %?—‘:a. (6.3)

M3 (6.2) u (63) noayuum, 4TO C TOYHOCTBI A0 6ecx05etmo Manblx

BEJMYMH HMEET MECTO COOTHOLUEHUE
Aw, Aw,
AZQ - Azl

= ke, (6.4)

B cuny npouseosbHOCTH BHIGOPA TOYEK 23 U 2, B OKPECTHOCTH TOUKH 2,
cooTHoweHue (6.4) o3Hauaer, 4TO CyuleCTBYeT MpPEAes PasHOCTHOTO OTHO-

Aw
WeHus " Tpu Az —0. DtoT NHpexea no onpegeneHHIo SBJAAETCS MPOH3-
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BogHO# ¢yHkumu f(2) B TOuke 2, Tak kak k=% 0, T0 3Ta npowssoauan
OT/MYHA OT HYJIs:

Jim G5 =f'@) %0 (63)

Touka 2z, — nponsBoAbHAA Touka objacty %; noatomy us (6.5) cremyer,
yto ¢yHKuus f(z) asaserca anaautuueckod *) B obnactu & u f'(2)5£0
npu z < %. OgHonmucTHOCTh f(2) Creayer w3 B3aMMHOM OXHO3HAUHOCTH
oroGpaxenus. Teopema nOKazaHa.

WUrak, rougopmnoe omoGpasicenne obracmu $ xomniexcuol nio-
cxocmu 2 Ha obaacms (G KOMNAEKCHON RADCKOCMU W OCYWECMBASENCS
MOANSKO OOHOAUCHHBMUE QHAAMULECKUMI HYHKGUAMUE KOMNAEKCHOM
nepeMenHolt ¢ npou3sodHol, omAuuHoll om HyAL B8O 8CeX MOYKAX
obaacmu .

OrmertuM, uto ycaosue f' (2) %= 0 sciony B obnactu § sapasercs Heo®-
XONMMBIM, HO HEZOCTAaTOYHBIM YCJOBHEM KOH(OPMHOCTH OTOGpaKEHUs
obaactu ¥ Ha obaacte G, ocymectsasemoro ¢ynxunelt f(z). Ouesuano,
ecau Qydkuus f(z) ABAfeTca aHaJIATHYECKOR B obaactu & u f' (2) =0
Bciony B ¥, HO dyHkuns f(2) He sBASETCS OZHOJMMCTHOH B ¥, TO OTOGpa-
XeHHe, oCyulecTBaseMoe 3Toft ¢yHkuueH, He 6yaeT B3aHMHO OLHO3HAUHLIM,
a TeM caMpiM He 6yzer ¥ KOHpoOpMHBIM. Takum mpocrefiminM npuMepoMm
aBaseTcs (hyHKuMs w = 2% 3amaHHas B noaykousie 1<<|z|<<2, 0=
<C arg z << ;. I1a QyHKIKA aHAMNTHUHA B KaHHOH obaacT, n w' = 423 5= 0
BCIOAY B [JaHHOM noJaykoJbile. OfHaKo 3Ta (yHKums oroOpaxaer NaHHOE
noayko/abo Ha o6aacts 1 << |w|<< 16, 0<Carg w << 4m, 1. e 06aacTh,
IBAXAB MOKDPBHIBAIOULYI0 COOTBETCTBYIOILEE KOJBIO Ha MJIOCKOCTH W, 4TO
¥ HapyllaeT B3aUMHO OJHO3HAaYHOE COOTBETCTBHE.

WMTaK, OLHONUCTHOCTb OJHO3HAYHOH aHANIMTHYECKOR GYHKUMH B 00-
sacth § aBaseTcs BawHeHWUM YCJAOBHEM KOHGODMHOFO OTOODameHus.
Kak 6yzer nokasaHo nmie (CM. Teopemy 6.3 — npuHUHMI B3aUMHMO OJHO-
3HAYHOrO COOTBETCTBHUSA), 3TO YCJIOBHE ABJAETCA HEOOXONMMBIM M AOCTa-
TOUHBIM YCNOBUEM KOH(OPMHOCTH oTOOpaxeHus.

Kak O6bi0 OTMEyeHO BBIIUE, CBOACTBO COXPaHEHUSl Yr/OB O3HAyaerT,
YTO COXpaHAeTCd He TOJbKO aBCONIOTHAs BEANYUHA YIJIOB MEXAY Kpu-
BBIMY, NEPECeKalouuMiCs B TOUKE Z,, U HX oOpasamu, HO M uX Hanpas-
neHne. Oto6paxenne, NPy KOTOPOM COXPAHSIOTCS aBCOJIOTHBIE BEAUYHHBI
YIJi0B MeXJy KDUBBIMH M HX O6GPa3aMH, HO HallpaBJEHHE YIJIOB MEHSETCH
Ha NPOTUBOMNOJ/IOKHOE, HA3bIBACTCH KOHWPOPMHbLM OMOBPANCEHUEN BMO-
pozo poda. PaccmorpenHoe Belile oro6pa>erne Ha3bIBAETCH KOHPHOP MHbLM
omobpajcenuem nepsozo pooa.

Herpynno nokasate, uro KoHpOpMHOe OTOGpa)XxeHue BTOPOro pona
ocyulectsagercd (yHKUUAMH KOMIJIEKCHO# TNepeMeHHOM, SBAAIIMMACS
KOMINIEKCHO CONPSKEHHbIMM aHAMHTUYECKUM (YHKUUAM C OTJIMYHOH OT
Hyas npoussonuo#. etcrsurenbHo, nycTe yHKuus @ = f(z) ocyumecr-
BiseT KOH(OPMHOE OTOGPaXenue BTOPOro poaa HeKoTopo# obractd &

" *) CM. cHOCKY Ha cTp. 32.
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KOMIJIEKCHO# MJIOCKOCTH 2 Ha o6sacTb G KOMNJIEKCHOH MNJOCKOCTH .
Paccmorpum dynkumio w; = @, oroGpaxatoiryw o6aacts G Ha o6aacte G*
KOMII/IEKCHOHN MIOCKOCTH w;. OUeBUAHO, FeOMETPUYECKHH CMBIC NOCAEAHETO
OoTOOpaXceHusl 3aKJI0YaeTCs B 3epKajbHOM OTpaweHuu obaactu G OTHOCH-
TENbHO JEeHCTBHTENbHON OCH # mnaockocTh w. Ho npu sepkasnbHoM
OTpPaXXEHUU HaNpPaB/JEHME BCEX YIrJIOB MEHSIETCS Ha IPOTHBONOJONKIIOE
NPy COXpaHeHWH WX aGCONIOTHOU BeJMUHHBL IJTO O3HA4aeT, yTo OTobpa-
KeHne ob6aacTe § Ha obaacte G¥, ocywectsaseMoe (yHKuuet

e@=m=w=J(), z&€¥, (6.6)

AB/seTCS KOHDOPMHEIM OTOOpawenneM Nepsoro poaa. TeM .CaMbIM (yHK-
uns @ (2) nomkHa ObTb aHanauTHuecko#h B obaactu F, npuuem @’ (2) 70,

ze 5. Ho us (6.6) caenyer, uto f(2)= @ (2), YTO ¥ AOKa3bIBAET BHICKaA-
3anHoe yrBepxzaenue. Jlo cux mop Mel MpeAnoJaraad, 4TO NPOU3BOAATCA
KOH(OPMHbIE OTOBPaXeHUs OrpaHuyeHHo# obaactd & Ha OrpaHMYEHHYIO
o6aactb G. B HeKOTOpHIX C/Ayuasix NMPUXOLHUTCA paccMarpuBarh orobpa-
MEHUE OKPEeCTHOCTH TOYKH 2, Ha OKPECTHOCTb TOUYKH W =00 (u1d
Hao6opor). [Tpu a3TOM Mbl 6yAeM HaswBaTh AaHHOE OTOGpareHue KoHpopM-
HBIM, €C/IM OKPECTHOCTb TOUKM 2y, KOH(OPMHO OTOOGpa)KaeTcs Ha OKpeCT-

HocTh Touku { =0, rue §=E‘ AHasornyHO omnpegenseTci KOHPOPMHOE

oroGpaxeHne OKPECTHOCTH TOYKH 2 ==CO Ha OKPECTHOCTb TOUKU W = OO.

2. Mpocrteiiwne npumepbl. B npeabiayuinx riaBax Mbl yXe paccMoT-
penn HEeKOTOphble FeOMETPUYECKHE CBOHCTBA OTOOpaXeHHuit, ocyulecTsise-
MBIX PSJAOM 3JEMEHTapHbIX (YHKUMH. BeIiCHAM Temeps, SIBAAIOTCA AN ITH
oTo6paxenus KOHPOPMHBIMH, W €Cnu [a, TO B KaKuX 0O6/aCTSX.

Kak nerko Buaeérs, nunefinag dynkuus w=f(z)=az+b (a5=0 u
b — npousBoJbHbIE KOMIJIEKCHBIE MOCTOSHHBIE) OCYILECTB/AET KOHPOPMHOE
oTOGpaXKeHne MoJHOH KOMIIEKCHOH NIOCKOCTH 2 Ha MOJHYI MIOCKOCTh W,
NOCKOAbKY 3Ta (YHKUMS OJHOJMCTHA U ee mnpoussoiHas f'(2)=a
OTAMYHA OT HYAs BO BCEX TOUYKAaX MAOCKOCTH 2. UYTo6h yGeaurbca
B COXpaHEeHHu KOH(POPMHOCTH OTOGpaXeHHs OKPECTHOCTH TOUKH Z = 0O
Ha OKPECTHOCTb TOUYKH W ==0CO, NOJOXHUM (CAedys CAENAHHOMY BhbILIE

3aMeyaHuIo) t=% u §=%. dynkuus w=az-+40b nepemlér B (PyHKLHUIO

t
§=m, KOTOPAas OCYLIECTBASET KOHGDOPMHOE 0TOOPaXEHNE OKPECTHOCTH

Toukn t=0 Ha okpectHoCTh TOuku { =0 (Touxka £=0 sBagercs npa-
BU/IbHOH TOUKOH 3TOR dyHkuuy, u ' () [,_O=E~;e0). ,
Beliie MBI BHAENH, UYTO reOMeTpuuecku# CmbICaA OTOGpaxeHus, Ocy-
ECTBASEMOrO JHHEHRHOH (yHKLUeHd, 3aK/0UaeTcs B NOA06HOM PaCTsKEeHHN
¥ casure miaockoctu 2. IlosTomy padHas QyHKuus Moxer ObITb npume-
HEHa /A NOCTPOeHus KoHpopMHbix oToOpaxeHuit nogoGHmX duryp.
IMTpumep 1. INocrpoute dyukumio, ocyuiecTsasoulyo KoHdopmioe
oroGpaxenue Kpyra |2— 1 —i|=<2 na epqunnunsiil kpyr |w|<< 1.
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Tax kax o6nacty ¥ u G npeacrasasior cobo# nonoGuse GUrypsl, TO
3afala MOXeT OBITb peliena MpH NOMOUIY JUHEHHOM (YHKIMM, KOTOpas
OCYLIECTBAAET NOAOOHOE DPacTXEHWe MJIOCKOCTH 2 M CABMI HayaJja Koop-
anHaT. Kak Jierko BumeTh, umckoMas (YUK UMEET BHI

w=a(z—1—1i),

1
rme |a|=-, a apryMeHT KOMIIEKCHOTO UMC/Ia @ MOKET HMeTb mMoGoe

3HayeHue, onmpeneass NoBOPOT MJAOCKOCTH @ BOKPYr Toukd @ =0.
Paccmotpum cremneHHyw ¢ynxunio @ = f(2)= 2" rae n>1 —uenoe

uucno. Kak caenyer u3 paccmMoTpeHuf, npoBefeHHbix B ri 1 u 3, aTa

GbyHKIUS OCYWIeCTBJAET  B3aUMHO OJHOSHauHCE OTOGpaxkeHHe 06aacTy

v , .
¥ | b—er
~
/ﬂ’ \\\
N h \\\ /<\5,
~ ﬂ/\g / > A’
3(\ \’\/ // 0\
' 7 — 7

A 7 Pz -
z=0 z w=0 u

Puc. 6.2.

" on
CBOEH OIHOMMCTHOCTM — CEKTOPA Py << arg 2 <Py + =, — Ha NOJHYI0 10~

CKOCTb W, pa3pe3aHHyio MO Jyuy arg @ = my,. Ee npoussomnas f'(2) =
= nz""! OTAMYHA OT HYJA M OrPaHWYEHa BCIOLY BHYTDH [JaHHOrO CEKTOpa
¥ B TOUKAX €ro TpaHMIb, 32 HCK/IOueHHeM Touek 2=0 u 2z=oo0.
Iostomy nannas Qyuxkums ocyuiecTnaser xondopmuoe oroGpaxenne
006J1aCTH BHYTPH YKa3aHHOI'O CEKTOpPa Ha pa3pe3aHHY IJIOCKOCTh .
JlioGass GeckOHeuHO MaJjad MJocKas urypa, Jexalas BHYTPH JaHHOTO
CEeKTODa, MePexoanT B MOJOOHYIO el GECKOHEUHO Malyw Qurypy Ha mio-
CKOCTH w, HanpuMmep mnapaanejsorpamm ABCD, cropoHamu KOTOPOro
IBASIOTCA KOOPAUHATHBIE JMHHK MOJSAPHOH cHcTeMbl KoopauHar (puc. 6.2),
nepeitaer B nopoGHBI# eMy GeckoueyHO Maswiti napaiaenorpamm A'B'C'D’,
CTOpOHaMH KOTOPOro TaKXe SBJISHOTCA KOODAMHATHBIE JIHHUM IOJSPHOH
cucTeMBl KOODAMHAT HAa MaocKocrd @. OpHako B rpaHuyHO# Touke 2==0
KOH(OPMHOCTb OTOOpaxeHust Hapywaercd. JleHCcTBUTENbHO, pPacCMOTPHUM
KDHUBHIE P, W Y, J€XKalUlWe BHYTPM [AHHOTO CEKTOPAa U MepeceKalouiuecs
B Touke 2=0 nox yraom ¢, (puc. 6.3). Kax nerko Bupers, dbynxunei
w==2" 3TH KpuBhle nepeBomarca B Kpussie I'; u I'y, nepecekarownecs
B Touke w=0 mnox yraom D, =ne@,=~ ¢, TeM cambiM Geckoreuro
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Masnblt TPEYroZbHMK C BepwinHoO# B Touke 2=0 naHHOH ¢yHKIUeR
OTOGpaXaercs Ha TPEYrOAbHUK, KOTOPHIE YKE He SBJIAETCSH NOAOGHBIM
ucxonnomy. Ormerum, uTO B Touke 2 =0, rae Hapywaercs KOHPOPMHOCTH
oroGpaxenus, Mpou3BofHas Gyukuuu f(2)=2" pasna Hymo. IIpononkas
HallM PacCMOTPEHHS, JErKO YCTaHOBUTb, UTO (YHKIMS W = 2" OCyLLlEeCT-
BJISET KOH(POPMHOe oToOpaxkeHue O6MACTH KOMIJIEKCHOH MJIOCKOCTH 2,
npencrasasomeil co60R MONHYI NIOCKOCTb 2, KpoMe ToueK 2=0 u
Z2=00, Ha N-JUCTHYIO PUMAHOBY MOBEPXHOCTb OGPaTHOH yHKUMM 2 =

n —
=179 w. llpuueM toukaMm 2=0 U 2=00, B KOTOPHX HapyIIaeTcd KOH-
(opMHOCT  OTOOpaxeHus, COOTBETCIBYIOT TOUKM -w=0 u w =00,
AB/ASIONIMEC TOYKAMHM Da3BETBJEHUA OOPATHOR GyHKIUUH. v

ky ' \v

S
N
N

z=(0,

&)

Puc. 6.3.

B ofweM cayuae creneHHas ¢yHkuns w=f(2)=2% rae o >0—
3a11al-moe }leﬁCTBPlTeJIbHOE 4uCIIo, ocymecmzmer oroGpaxeHHe cekTopa

e k <<argz < = (k +1) (=0, 1, ...) cBoe#t puUMaHOBOH MNOBepX-

Hocm (6eCK0HequnucrHon s uppauuonan‘puoro O, KOHEUHOJINCTHOH
I palliOHa/JbHOrO APOGHOro o U OOBIUHOM NIOCKOCTA Z IJs ILe/OTrO o)

2n
Ha [MOJIHYIO IIOCKOCTb W <nyq argz=3-k oTo0paxaercs Ha IMOJ0XU-

TEJbHYI0 4acTb AEHCTBUTENBHOMH ocn>. Ee mnpoussoanas f'(2)=az*1

CYUIECTBYET W OT/IMYHA OT HYJd BCIOAY BHYTPU HAHHOTO CEKTOpa, Kpome
Touek 2=0 u 2=co. TeM caMbiM u 5Ta (PYHKLHS OCYLIECTBJISET KOH-
¢opMHOE OTOOpaXeHue NaHHOFO CEKTOPa Ha Pa3pesaHHyl0 MIOCKOCTh .

- B Toukax z=0 m 2z=00, TAaK Ke KaK U A1 PyHKUMH @ = 2",
KOHPOPMHOCTb OTOOpaXeHNs Hapyuiaercs.

MDpumep. 2. Iloctpoutrs ¢yHKUKIO, KOHPOPMHO OTOGPANKAIOLLYIO
nepBhi# KBampaHT nJaockoctu 2 (Re 2> 0, Imz>0) Ha BEPXHIOKW IOJYy-
nmnockocTs w (Im w > 0).

Jlerko Bugerb, 4TO QyHKLUA

w=az*1b,
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rne a >0 u b— npoussosbHbEe NEHCTBUTEAbHbIE NMOCTOAHHEIE, J3a€T pelie-
e 3TOH 8amaun. B TOukdx 2=0 M 2 =00 KOHPQPMHOCTb OTOGpaNKe-
1M Hapyuiaercs. ’

B rn. 3 M ‘paccmoTpenn oro6paxeHue, OCyLIeCTBJASEMOe TIOKa3a-
Te/bHOR  pyHKuneR w = f(z)=e€". Bbto nokasaHo, yTO 3Ta (yHKuUHA
OCYILLECTBJISIET B3aUMHO OHO3HauyHOe orobpaxkeHue wboit cBoeft obaactu
OAHOJHCTHOCTH — NONOCH Yo << Im 2 << yy+ 27 niaockocTH z—Ha noa-
YK IJOCKOCTh W, PpaspesaHHy MO Jyuy arg @ =y, laKk Kak npoms-
BOAHAA paccMaTpuBaeMol ¢yukumu f' (2)=e€° OTAMYHA OT HyAs BCIONY
BHYTPH [A3HHOH NOJOCH, TO 35TO OTOOpaXKEHUEe SABASETCH KOHPODMHBIM.
Kax nerko BUEETb, NPH [JaHHOM OTOOPAXEHWH OPTOrOHaNbHas CeTKa
JIeKapTOBBIX KoopauHat x =Cj, y =C, BHyTpH pPacCMaTPUBAEMOH MOJOCH
IEPEXOAUT B OPTOFOHAJBHYIO CETKY MOJSPHBIX KOOpAMHAT |w |= eCy,
arg w =C, Ha maockoctd . Iloanas amamutnyeckas gynxuus F (2)=é?,
SIBJNIOMAACS 1eno# (PyHKUMeH Ha NMAOCKOCTH 2, OCYMECTBASET KOHGOPM-
110¢ oToGpaxkeHne MOJHOH IJIOCKOCTH 2 Ha GeCKOHEYHOJUCTHYIO DUMa-
OBy NOBEPXHOCTh OOGpaTHOR dyHkunu *) z=Lnw. 3aMeTuM, 4TO KOH-
(hOpMHOCTb OTOGpaMEeHus HapyllaeTcs B OKPECTHOCTH Touek w =0 u
W=00 IUIOCKOCTH @, SBJAIOIUNXCA TOUKAMH pa3BETBJCHUA (HYHKIHM
Ln w, roe oTto6pameHne He ABJACTCS B3aMMHO OXHO3HAUHBIM.

MMpumep 3. Iloctpouth GyHKIMIO, KOHPOPMHO OTOGPAKAIOILYIO
nosocy 0<CRez<Ca Ha BepxHOIO NOJAYMIOCKOCTh Im w > 0.

13
dyHkumns n=_2z oToOpaxaetr Hcxoauyw noJocy Ha nosaocy 0<<

<C Re z; << . Pynkuus 2z, = iz; NepeBOANT NOJAYYEHHYIO MOJOCY B NOJOCY
0<<lm 2z, <<m. Hakonen, ¢yHKuuA @ = €%z OCyuleCTBJSET KOH(POPMHOE
oroOpaxceHHe [JaHHOH T[0JOCHI HAa BEPXHIOW MOJYHNAOCKOCTh Im w > 0.
ITostoMy yHKLMSA, OCyulecTBASIONAA 3afaHHOE KOH(OpPMHOe OTOGpake-
HUe, MOXET OBbITb B3STa B BUAE

i

1
i~z
w=e 2 .

3. OcHOBHbI€ NPUHOMOBIL. MBI DacCMOTpENM HEKOTOPHIE NPOCTEHLIne
npuMeprl -PyHKUUH, OCYMIECTBJIAICILUX KOHPOPMHBIE OTOOpaXeHUd, u
C UX TMOMOILBIO peIUJM OCHOBHYIO 33aAauyy KOH(QOPMHOro oro6paxeHus
aas papa npoctenux obaacteit. PaccMotpenne Gostee CNOXHBIX OpiMe-
poB TpebyeT HCHO/Ib30BaHUS OOIIMX NPHUHUMIOB KOHGODMHOro oToGpa-
KEHUA, K H3JIOXKEHHIO KOTOPHIX MBI NEPEX0AUM. I'Ipn 3TOM B pane CJay-
4aeB OrpaHHUuMMCA Jullb GOPMYJIUPOBKOH COOTBETCTBYIOUIMX I1OJNOKEHHUH,
e NPOBOAS HMX CTPOroro OOOCHOBAHMA, YTO ' 3HAYUTEJIBHO BHIXOAMT 32
paMKy HaCcTOfIIEro Kypca. .

a) BzaumHo oanosHauHoe cooTBeTcTBue. Kak 6uio
OTMEueHOo, NpH KOHPOPMHOM OTOGpakkeHnd 064acTH & KOMMAEKCHOH mo-
CKOCTM 2 Ha 004acTb G NJIOCKOCTH ), OCYUIECTBJAEMOM aHANUTHYECKOH

*) IlocTpoeHye pHMaHOBOH noBepXHocTH ¢yHKUMH Lnw, cm. ra. 3, crp. 102,
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B Y ¢ynkumett f(2), yCTaHaBauBaeTcs B3aUMHO OJHO3HAUYHOE COOTBET-
crBue 3Tux o6Oaactefl. TeM cambiM yc/a0BUE OJHOMUCTHOCTH (PYyHKIUH
f(2) B obnactu Y sBasercs HeOGXOAMMBIM YCJIOBUEM KOHPOPMHOCTH
otoOpaxenns. OKkasbiBaeTCs, YTO 3TO YCJOBHE SIBJSETCA M AOCTaTOYHBIM.

Teopema 6.3. [lycme Gynrgus f(z) sasigemcs O00HO3HAYHOU
anamumuveckoil oyrKulell 8 obracmu G, ocyuecmsasiouell 83auMHO
00HO3HAUHOEe omobpadscenue obracmu § Ha o0racms G Komniaerxcroi
naockocmu w. Toz0a amo omobpadsicerue SBAAEMCS KOHPOPMHbLAM.

IloxasaTenbcTBO. JlNA [0Ka3aTe/NbCTBA TEOPEMbl, OUEBUIHO,
IOCTaTOYHO TNOKa3aTh, YTO NPH BHINOJHEHUM YCJOBHH TEOPEMBl NpOU3-
Boanas QyHkuma f(2) OTaMyHa OT Hyas Bcioay B obaactu 9. ITpenmo-
JOXKHM, UTO 3TO HE HMEET MecTa, T. €. 4TO B obaactn ¥ cywecTsyer
Takas TOYKa 2, B KOTOpo# f’(2zy,)=0. Tak kax f(2) sBaseTcs amanu-
THYecKO# B 06nacTn &, TO B Cuay CAENaHHOrO MNPELNOJNOKEHHs €€ pas-
JIOXeHUe B CTEMEHHOH DS B OKPECTHOCTH TOUKU Zp NO/DKHO HMETb BHL

F@)=a+a,(z —20f + apa (2 — 2 ..., (6.7)

npuyeM 2=2 n a, =% 0. Ecau f' (2)5£0, To TOuKa 2z, HE MOXeET ObITb
npefenbHON TOYKOH Hysded oynxumuu f'(2). DTO 03HAYAET, YTO MOKHO
yKasate Takoe 3Hauenue &', uto f'(2)5=0 BO BCeXx TOuUKax 2z = 2,
BHYTPH Kpyra |z —z,|<C8'. Kpome TOro, oueBnaHO, MOXHO BHIGPaThb
Takoe 3Hayende 0", uTOGH HMENIO MECTO HEPABEHCTBO

Y(@)=artara1(z—29)+...5%0

npu |z — 2| < 6",
Bri6pas & = min {§’, 6"}, nonyuum

J (2)+#0 npn z % 2,
Y(R)=ap+api(z—29)+...50

W3 nocaennero COOTHOIIEHHS CHENyeT B CHJIY HEPEPHIBHOCTH (YHK-
unn P (2), utTO

} mpu |z—2,|<<8.  (6.8)

min l (z—zo)kq?(z)llzfzol=6= m>= 0.

BriGepeM HEKOTOpOE KOMIIEKCHOE YHUCJO O, YAOBJETBOPSIOIEE YCJOBHUIO
|| << m. Cornacno rteopeme Pywe aHasiuTmyeckas (yHKius

PR)=(e—2)p () —a=rf()—a—a (6.9)

UMEET BHYTPHM Kpyra |z — Z,|<< 8 cTonbko ke HyneH, CKOJABKO U QyHK-
uns (2 —2o)* P (2). Iocneansis B cuay ycaosuss (6.8) umeer B 5TOM
Kpyre k& Hysnel —TOuKa 2z =2, ABJSETCs ee HyJeM A-ro nopsaka. Torna
u3 (6.9) caexyer, uTO ypaBHeHue

f@=a+a (6.10)

uMeeT k KopHe#t B Kpyre |z —z,!<< 8, npuuem Bce 3TH KOPHH ‘MPOCTHIE,
TAK KaK TOUKA 2 =2, HE sBAAETCA KOpHeM ypasHeHus (6.10) u B cuay
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(6.8) f'(2)=0 B OCTaJBHEIX TOYKaX AAHHOrO Kpyra. DTO O3HauaeT, uTo
B £ pa3giuuHBIX TOYKAX Kpyra |2z —2,|<< 6 ¢yukuns f(2) npunnMaer
ogHO ¥ TO e 3HaueHne f(2)=a,+o. Ho nocresnee nporuBopeuut
YCJOBHIO B3aMMHOH OJHO3HaYHOCTH OTOGpakenns o6aactm & ma obnacthb
G, uTO W [OKa3BIBAET TEOpeMy.

Wrak, u3 mOKa3aHHOH TEOPEMH C/EAyeT, YTo HEOGXOJIPIMHM W HoCTa-
TOYHLIM YCJOBMEM TOro, YToOH OAHO3HAauHas QyHKuus f(2), aHaanTnye-
ckas B obnactu ¥, ocyuiecTisna KOH(DOPMHOE OTOOpaxeHue 3TOH
06sacTH Ha HeKOTOPYI0 06sacTh G MJIOCKOCTH W, SBJASETCA YCJAOBHE OXHO-
auctHOCTH f(2) B ob6nactu Y.

6) Mpuunun coorBercTBud rpavnu. Ilpn peweHnn Kou-
KPeTHHIX 3a1a4 KOH(POPMHOrG OTOOpaxenus 3amaHHoR obGaactu ¥ ma
3aganHy10 06jacTb G OOBIYHO CAENSAT JHIIb 332 TeM, YTOOH HCKOMas (YHK-
uua f(z) npoussomuna oroGpaxkeHue rpanuubl y obaactd § ma rpa-
nuny I' obnactn G, ne paccmaTpuBas CrenuasibHO OTOGPAXKEHHUst BHYTPeEH-
HHUX TOYEK. DTO MOXHO MeaaThb B CHAY TaK HAa3hBAEMOrO IPUHILANA COOT-
BETCTBUA TpaHull, [AOKa3aTeJbCTBO KOTOPOro OyIeT NPOBELEHO HHKe.
IMpensaputensHo cienaeM crenyiowee 3amevanne. Ilycts B obaactu &
3ajaHa OJHO3HauHas HenpepsiBHas ¢yHkuus = f(2). Ouesnano, sta
(yuxnus nepeBomuT JMmoGYI0 3aMKHYTYI0 KPHBYIO Y, LENHMKOM JeXallyio
B ofmactd ¥, Takke B SaMKHyTY® KpuByio I' Ha maockoctu w. Mul
6yneM TroOBOpHTb, YTO NPU OTOGPAaXEHHMH KPUBOH Y, OCYILECTBJISIEMOM
tyukunett f(z), coxpansercs HampaBaeHne o0X0na, €CaU NPH HelpephiB-
HOM [BHXEHHH TOUKH B INOJOXMTEAbHOM HaNpaB/ieHHH BIOJb KPUBOH y
cooTBeTCTBYyIOImas e# Touka o6xomut kpusylo I' rtakxe B nosowmu-
TEJbHOM HanpasjeHnd. IlepeiineM Ttemepp K PaccMOTpeHnio  camoro
NpUHIKNA.

Teopema 6.4. [Iycms 8 wonewnoli o6racmu G, ozpamweﬁnou KOH-
mypos ¥, 3a0aHa OOHO3HAYHAS aHaawmuieckas Gynkyusn f(z), Henpe-

poigras 8 G 1 ocyuwecmeasou,ans 83aUMHO OOHO3HAYHOE omobpasice-
Hue Konmypa y Ha Hexomopul Koumyp I' womniexcuol nrockocmu w.
Toz0a, ecau npu OaHHOM OMOOPANCEHUN KOHMYPOS COXPAHAEMCS
Hanpasaerue obxoda, mo Pynryus f(z) ocywecmsasem Kon@oOpmHOE
omobpasicenue obaacmu &, na snympennwio obracms G, ozpanuten-
xyro rwonmypos T. :

HDoxkazateabctBo. OueBugHo, .A/n8 [0KA3aTENbCTBA TEOPEMBI
AOCTAaTOYHO NOKasaTh, 4To ¢QyHKumns f(2) ycraHaBJIMBAaeT B3aUMHO OLHO-
3HayHOE COOTBETCTBHE Mexay obxacTsMu & u G, T. €. HaoO MOKa3aTb,
yto ¢yHkuusa f(2) KakKaOMy S3HaueHMI0 2 & ¥ CTaBAT B COOTBETCTBHE
HeKoTOpylo TOUKY w & (G ¥ mad Kakiao#d Ttoukd w, & G Haipmercs, u
NPUTOM TOJILKO OfHA, TOUKA 2; & ¥ Takas, uto f(z,) = w,. Las sToro pac-
CMOTpMM JBE INPOM3BOJbHBIE TOUKH W (0 u w, &£ G (puc. 6.4) u
nocTpoum B 061aCTH & BCHIOMOratenbhbie (yHKUHM

Fi@=f@—w, z&€9,

Fa@=f(2)—w, z&9. (6.11)
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TloncuntaeM umcno Hyae# STux ¢yukun#h B o6aactu ¥, nas yero Boc-
nosb3yemcs opmynoft (5.93). Tak xak B cuay yc/a0BuH TeOpembl MOJO-
KUTEJIbHOMY OOXOLy xourypa Y COOTBETCTBYET IOJOXHUTEJbHHH 06X0J
koutypa I', noayuum

N[Fy (2)] = o= Var [arg (f —wp)ly =1 (6.12)

N{Fy (2)] = o Var [arg (f — wy)}y =0. (6.13)

Us (6.13) B cuny NpOUSBONBLHOCTH BHOOpa TOYKM W, BHe O6nactu G
caeayer, YTo Bce 3HaueHus GyHkwun f(2) npu z & Y npunamnaexar
obaactn G. Ha (6.12) caenyer, urto
a5 n060oH Touku wy; & G B ob6aactn G
HallgeTrcs OoJHAa W TOJBKO OJHAa TOU-
Ka 2y, LJs KOTOPO# f(2;) =wy, uTO M
NOKa3LIBAET B3aUMHYIO OJAHO3HAYHOCTH
AaHHOrO oToOpaxeHns. Teopema go-
Ka3aHa.

3amevanne  Ecim  dyuxuus
f(2) saBaserca anaanTuyeckol B o6na-
cti Y, 3a HMCKAOYEHHEM eNUHCTBEH-
HOHt oOco6oft TOouku 2, sBAAOWEHCS.
MOJIOCOM TNePBOrO  NOPSIAKA, U NpH
OTOGpaXeHUH Trpauuubl  obaacty 9,
KOHTypa v, Ha koutyp I' mnockocrnm w Hampasienue 06XOla MeHeTcs
Ha NPOTHBOIOMOXKHOE, TO (QyHKuUUS f(2) OCymecTBaseT KoiihOpMHOE OTO-
6paxenue obaactu ¥ wa obnacts G, BHewHiow K koutypy I', Ha muo-
CKOCTH @ (TIpU 5TOM TOYKa 2y COOTBETCTBYET TOUKE W = CO).

Janioe yTBepxAeHHE NOKA3LIBAETCA aHAJOTHYHO Npeablaylneil Teo-
peme, npuuem smecto (6.12) u (6.13) noayuum cooTHouieHUsT

NIFy ()] =1 = o Var [arg (f— wy)}y = —1 6149

Puc. 6.4.

N[Fz ()] — 1 = o= Var [arg (f — wy)ly =0, (6.15)

¥3 KOTODHIX M CJEAyeT CNPaBeNJMBOCTb BHICKA3aHHOTO YTBEDXKAEHHUS,

Tlpusegem Ge3 10Ka3aTeNbCTBA YTBEPKAEHHE, B H3BECTHOM CMbICAE
o6parHoe [OKa3aHHOH TeopeMe.

Teopema 6.5. Ecau ¢pynruyus f(z) ocymecmm;zem KoHgopmHoe
omobpagenue obaacmu G KomnaexcHoll naockocmu z Ha o2paHuten-
Kyl odaacme G naockocmu W, 2paHu4a Komopolk He codepacum
mouku w=o00, mo Pyuxyusn f(2) nenpepmsna na 2panuye obracmu G
U OCcyu,ecmsasiem HenpepbisHoe U 83aUMHO O0HOSHAHLHOE COOMBENLCM-
sue 2panuy y u I' o6aacmeli 9 u G,
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B) IpuHununm cuMMerpuu IDIOT NPUHIUMI HAXOAUT MHOTOYMC-
JeHHBle TNPUMEHEHHUS INPU PpelleHWd 3a4ay KOH(POPMHOro OTOOpameHus
o0/aacTe#f, rpaHullbl KOTOPHIX HMEIT NpPSAMOJNHEelHbIEe Y4acTKH. Iycrs
rpannua p o6aacT Y umeer npsmoauHedubiit yuactox y' (puc. 6.5).
O6aactsb .‘9 NOJIyYEHHYIO NyTeM 3epKaJbHOro OTpaKeHus obnacrn g
OTHOCUTEJbHO NPSMOM, Ha KOTOPOH JEeXUT OTpe3oK 7', 6y11eM Ha3bIBaTh
00/1aCTbI0, CUMMETPHYHOH 0GracTH 9% ornocurensuo 7y’ Cumme'rpmo

1ouex obmactet G u 9 Oynem 0003HauaTb CUMBOJOM 2 <> 2. Ilpunuun
CMMMeTpuUM MOXeT ObTb COPMYJHUPOBaH B
e Ccaeayoileid TeopeMsl. .
Teopema 6.6. [lycms 8 3amrnymot
o6racmu G, 2panuya y romopol uimeem
npamouneiinsill yuacmor y', 3adana He-
npepoisras ynxyua_ f(2), ocywecmeasio-
wsas KORgop MHoe omolBpadcerue o6racmu G
Ha o6aacme G Komnaexcrol naockocmu W,
npu Komopom ywacmor y' epanuys y ne-
pexodum maroce 8 npamosureldnul yta-
cmox IV 2panuyl I’ o6aacmu Q. Toz2da 8
obracmu §, cummempuunoii § omnocu-
measHo ompe3Ka Y', MOJNCHO nocmpoums
dyuryuwo f(z), ABAAOUWYIOCH AHAAUMU- Puc. 6.5,
ueckum npodoaxcenuen Pymicyuu f(z) u3 -~
obaracmn G 8 odfzacmb 9 ocyuecmeARIO Y10 KongiopMHoe omobpa-

acenue obaacmu % na o6racms G xomnaexcroli naocxocmu w, cunm-
mempuunyo obaracmu G omuocumensno. ompesxa I'.

3aMeTuM, 4TO MOJYyueHHasi TakuM 06pasoM 06.acTh 9= ?—]-9 MOXET

UMETb YYacTOK . ¥y, NpuHagnexauui onxoBpemenHo obaactam g u g.
Torpa nomsas ananuTuueckas QyHxuns F (z), nosydeHHas aHaIuTHYECKUM

uponomxenneM ¢ydkuuu f(2) B o6aacth 9 IO/MKHA PaccMaTpUBaThCA
Ha COOTBETCTBYIOILEH pHMaHOBOH MOBEPXHOCTH (TO Xe OTHOCHTCA H

K obnactam G u Q).
IlepeiineM Tenepr K MOKa3aTE/JbCTBY TEODEMEL
OokasateanbctBo. ConocraBum KaxIol Touke 2 & & cummert-

pUuHylo € OTHOCHTE IbHO OTpe3Ka Y’ TOuKy =9, a Touke w =G —
CHMMETPHYHYIO el OTHOocuTeabHO oTpeska IV Touky wel

A

2oz, Wew - (6.16)

OnpenenuM B 0G6nacTu g cpym(umo f (z) 3alaBaf €e 3HAYeHHS LI
kaxaoro z 9 no cxeme 2oz 2orw= f() w e, f(z)—w.
Kak nerxo BuaeTs, MOCTPOEHHAA (PyHKUMA f (z) AIBJIAETCA aHAJUTUYECKONR
B obnactu %. HeicTBuTebHO, B cUIy coorBetcTBuit (6.16) u3 cymecr-
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Aw ’
BOBAHUSl IIpeae/la Pa3HOCTHOrO OTHOWIEHUS A, CYIENyeT CyuleCTBOBAHHE

A

Aw
npejena pasHOCTHONO OTHOLLEHUs AL Anannrnueckue Qynxund f(2),
- 2 .

=9 u 7 (2), 28, COBMAJAI0T W HENPEPHIBHE Ha OGWIEM yuacTe
v rpannu obaactrett ¥ u Y. IlosToMy B CHJY NDHHINNA AHAAUTHYECKOTO
NPOAOMKEHHS (PYHKILUSA 7 (%) M SIBJSETCS aHAJHUTHYECKIM IMPOLO/IKEHHEM
dynkunn  f(2) ua obnacru § B obnactb . [TepBas 4acTb yTBEpWKAEHUA
TeopeMnl joKa3aHa. B cuay (6.16) oroGpaxenue obaactu @ na obnacte G,

ocyuiecTiseMoe Qyuxuuet f’ (2), sBasercs p3aumuo omHosnaunsim. Cre-
JOBaTeNbHO, HAa OCHOBaHMM Teopembl 6.3 5T0 oOTOOpaxeHue fBJASETCA
KongopmusiM. Teopema NOJMHOCTBIO MOKa3aHa.

3ameuanue JlokazaHHad TeopemMa OCTaeTCsi CHpPABEAJHBOH H

B TOM Clyyae, e€CIn B (ODMYJANDOBKE TEOPEMhl NpAMOJnHEHHBI# OTpe-
30K Y’ 3aMeHuThb HAa OTPE30K AYru OKpyxHoctd. [Ipu sTOM cuMmerpuio
OTHOCUTEJBLHO OTpe3Ka Ayrd OKPYMKHOCTH HaAo MOHMUMAaTh KaK 3epKasb-
HOE OTPaXeHne B JaHHOW OKPYXKHOCTH, OCYLIECTBJseMOe npeoOpa3oBa-,
nuem uHBepcuu. Kak OGyner MOK33aHO HUXKe, BCErla MOXHO OCYUIECTBUTD
xoHdopMHoe oTOGpawxenue o6aactn & ua HoByo 064actb &) rtak, uro6Hl
OTPe30K ' HYr# OKPYKHOCTH, ABASIONIMHCA 4aCTBIO rPaHuilbl Y obnactn 9,
nepelles B NPSMOMUHEHHBIH OTPE3OK y;, ABAAIOUIMACS YACTBIO FPAHMLBL Py
obaactn Y;. D10 W [OKaXeT CNPABEAINBOCTb BBICKAa3aHHOTO YTBEDK-
JeHUS. .
4, Teopema Pumana. Ilo cux nop Mbsl NPOBOAMJIM HAIUM PaccMOTDE-
HUs, NpeanoJaras, uTO CymecTByerT ¢yHkuns f(2), ocymecTsasiouias
Koudopmuoe oToGpaxeHue naHHOH o6aactd & KOMIAEKCHOH MaocKocTH 2z
na sagaHnyo obiaacte G kommiaekcHo# miaockoctd w. Ceituac Mbl cop-
MyJupyeM yCJOBHS, TrapauTHpyoLlMe CylecTBOBaHHE M eIHHCTBEH HOCTb
Takoro otobpaxenns. COOTBETCTBYIOLLA TeopeMa, SBJAIOWAACS (yHAa-
MEHTaJIbHO# TeopeMO# Teopuu KOHMOPMHBIX OTOOpaweHnH, Gblia moKa-
3aHa Pumanom B 1851 r. Jloka3aTenbCTBO CyuleCTBOBaHHA KOH(OPMHOrO
oroGpaxeHus] BBIXOJAWT 3a pPaMK# HaLIEro Kypca, MOITOMY Mbl OTpaHiu-
yuMCs ML (POPMyAUPOBKOH TeopeMsl ¥).

Teopema 6.7 (meopema Pumana). Bcesrxyw odHoc8s3nyn o6-
nacmes § KOMHAEKCHOR NAOCKOCMU 2, 2paHuya Komopoh cocmoum
Goqee uewm U3 OOHOE MOUKU, MONCHO KOHEPOPMHO omolpas3ums Ha
8HYMPeHHOCMs eduruU4HO20 Kpyza |w|<< 1 naockocmu w.

OueBnaHo, M3 NaHHOH TEOPEMHl CJEAyeT BO3MOXHOCTb KOH(OPMHOrO
oToGpaxeHust NaHHOH OHOCBA3HOH o6aactn ¥ maockocTd 2z Ha 3amaH-
HYI0O ONHOCBA3HYI 0064acTb G KOMIJEKCHON IVIOCKOCTA @, €CJM IpaHula
Kaxao#t u3 3Tux o6aacteft coctour OGoJsee ueM M3 ogHOM Touku, [left-
CTBUTENBHO, OTOOpasuB ofractu & u G Ha BCoOMorateabHbift Kpyr

*) IlogpoGHoe pHOKa3aTenbCTBO CM., Hanpumep, A. B. Buua nae, OcHoskl
TeOPHH aHaNHTHYECKHX QYHKUKH KoMNJeKCHoOro nepeMerHoro, «Hayka», 1972,
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|Cl<<1 (4To BO3MOXHO B cuny Teopembl Pumana), Mbl U HOJNYYHM Tpe-
Gyemoe ortobpaxerne.

Ycnosue “onuocssisHoctn obaacteit ¥ u G ABAAETCS CYLIECTBEHHDIM,
TaK KaK MPEeANoJOXeHHEe O BO3MOXHOCTH KOH(OPMHOrO OTOOpaxeHus
MHOTOCBSI31OH o6nactu & Ha omHocesisnyio o6aacte G NPUBOAMT K 1pPO-
tuopeunto. JleficTBuTenbHO, BO3bMEM B & 3aMKHyTHH KOHTYD ¥, BHYTpH
KOTODOTO J€XaT rpadnuble TO4KM o6aactu §. Kouryp y oroGpawma-
eTcs Ha HEKOTOPYIo 3aMKHYTYy0 Kpuyw I, nemuxoM sexamyio B 0AHO-
casHoRt obnactu G (puc. 6.6). Bynem ctaruBath I' K HEKOTOPOH BHYT-
pennelt Touke w, o6aacte G; Toraa B CuJy HEnpepHIBHOCTH OTOGpaKe-
Il KOHTYD P TaKike [NOMKeH CTATUBAaTbCA K HEKOTOPO# BnyTpenneft
TOUKE 2, obaacti ¥, ocrasasch BCe BpeMs BHyTpA 3TOH oGaacrd, uToO,

OUEBUAHO, HEBOSMOKHO B CHAY MHOTOCBASHOCTH obnactu ¥ u ykasau-
noro BHOGOpa KoHTypa Y. Mrak, KondopmHoe oroGpaxeHue MHOrocssa3-
1ot 06nacTu Ha OJHOCBA3HYI HeBOaMOxHO. Ommaxo, kax Gyaer IOKa-
3aHO HUKE, B PAje CAyyaeB BO3MOXHO KondopmHoe orobpaxenune ob.aa-
creil oJuNaKoBOH CBS3HOCTH.

[lepefinem Tenepr K oOnpefeseHdio yCAOB¥H, OAHO3HAYHO ONpeneJs-
IOUIHX (PYHKUHIO, OCYIIECTBJSIONLYO 3a1aHHOEe KOHPOPMHOE OTOOpaxeHue.
SIcHO, 4TO TaKue ycaoBusi HEOOXONMMBI, NMOCKOJIbKY, KaK BMAHO W3 mpe-
ABIAYIIUX [PUMEPOB, €IHHMUHBIA KPYr C NOMOUIbI0 NMPOCTEHWwEro JuHen-
HOTO NpeoOpasoBanusl, 3aKJIOYAIOLIErOCs B IMOBOPOTE KOMIJIEKCHOW I110-
CKOCTH, MOXHO KOHdOpPMHO oroOpasuth cam Ha cebs. [losTomy, ecan
(pynxuns f(z) ocyuectsasier KoHopMmHoe oTOo6GpaxeHue 3agaHHON 06.ja-
ctu ¥ Ha elMHUYHBIH KPYT, TO U Jw06as (yHKUMS, NOJyyeHHas us f(2)
C MNOMOLLbK YKa3aHHOro JMHEAHOro mnpeobpasoBanus, OyaeT ocyulecTs-
75iTh KOH(opMHOE oTQGpaxenne o6aactd ¥ Ha TOT Ke eAUHHUHBIH KDYyT.

Teopema 6.8. D@yuxyun f(2), ocywecmsagouas KoHGOPpMHOE
omoopasicerue 3adanHoli 00HOC8A3HON obOracmu § (2panuya romopol
cocmoum Gosee Hem U3 00HOU mouxu) Ha edunuunwli kpye |w|[<1
mak, umo f(z)=0 u argf'(zp)=a, (20e 2, Y u og— 3adannoe
Oeiicmeumensroe 4ucao), onpedeneHa eOUHCMBEHHbLM OOPA3OM.

Hoxasarteabcrro. Ilpeanonoxum, uro B obaactu cyniecT-
BYIOT ABe pasauuiible QYHKUMA @; = f1 (2) u Wy = f, (2), ocyulecTBasONME
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3aJlaHHOe KOHGOpMHOEe OoToOpaKeHue, T. €.
N ‘ Si(z0)=0, argfi (z)) =y, i@ ly=1,
f(z)=0, argfz(z)=0a |fa(2)ly=1

3ameruM, uTO B cuay TeopeMb 6.5 dynxkuny w@; = f; (2) 1 wy=f;(2)
yCTaHaBAMBAOT B3aWMHO OJHO3HAYHOE U HENPEpPHIBHOE COOTBETCTBHE
Mexay rpaHuuedt y obaacty & uw okpyxHocTaMu |wy|=1 n |wy|=1
COOTBETCTBEHHO.

Tak xak npu KOHGOPMHOM 0106pa>i<eﬂnn yCTaHaBJMBAETCA B3aHMHO
OJIHO3HAUHOE COOTBETCTBHE, TO TEM CaMBIM YCTaHOBJEHO M B3aHMHO OJHO-
3HAauUHOE COOTBETCTBHE MEXIy TOUKaMM CIMHMYHBIX KPYroB |w@; =<1
}ws| =< 1. 3Hauut, YCTaHOBJEHHBIE COOTBETCTBUS OMPENENSIOT AHANHTH-
YecKyI0 (YHKUUO W, = ¢ (@,;), OCYUIECTBASIOMYI0 KOHPOPMHOE oTOOpa-
KeHUe eAuHMYHOro kpyra |w;|<<1 Ha emunnuHbHl Kpyr |w,|<<]l,
npuuem

90)=0, |o@)|jw,j=1=1

3ameTuM, YTO, KPOME TOrO, B CWJY B3aHMHO OJHO3HAaYHOrO COOTBETCT-
Bud obnactell |w, |<<1 n |wy|<C 1 nmeer mecTo ycsoBue

Q@) #0 mpu ;0.

2

dw,
Briuucads 3sHaueHnne MpOHU3BOJHON ~@. 10 TNpasuay onpeneseHus npous-
1

BOAHOH OT CJOKHOH (PYyHKUMH, MOJYYaeM

pwy
49 dw? = 1 Ai-——’fﬁ—’i‘-’_>0
dwilw, =0 d@ fw,=0 000 g% By )
Az

dw
OTciopa cnellyeT, YTO NPOMU3BOMHAS %3
1

KUTEJbHBIM JEACTBUTENbHBIM YHMCAOM. PaccMOTPUM  BCIOMOraTe/bHYIO
dyHKIWIO, ONPEAENCHHY0 Npu |w; | << 1,

P ()= u—f; @ (@y). (6.17)

Ouesrano, dyHkuus Y (w,) ABIAETCS OJHO3HAUHOH aHANMTHUECKOH (YHK-
uved B obmactn 0<<|w;|<<C1. Touka w;=0—ycTpanumas ocobas
Touka sTo# (yukumn. [oonpemenum P (w,) npu w; =0 10 nempephs-
Hoctd. Paznoxum @ (w,) B oxpecmocm w,; =0 B pan Te#tnopa:

B Touke w; =0 sBAsIETCS MOJO-

d
w=g@)=¢O)+4| @t =g et
IMepexons k mpeneny npu w1—>0 nonyqaeM
— Q@) _ _ k2
P (0)= wl,‘To = dwl 0=k >0. (6.18)
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bynkuus P (w;) HenpephiBHA B 3aMKHYTOR o6aactd |w;|<< 1, npuuem
B ato#t obaactn P (wy) =0 u

|9 (@) |jw, ) =1=1. » (6.19)

B cuny npuHmuma MakcuMymMa M MHHMMYMa MOAYAS aHaJAHTHYECKOR (PYyHK-
nuy w3 (6.19) caenyer, uro

b)) =1 nmpn |w|<1,
OTKyla B cuay samedanus Ha ctp. 51 (ra. 1) noayuum, uro
P(w)=const nmpm |w;|=<l. (6.20)

UroGH mHafiTa 3Ty MOCTOfIHHYIO, 3aMeTuM, uTo B cuay (6.18) ona pasua
'Z—f—, T. € SIBASETCS TOJIOXHMTEbHBIM AeficTBuTeabHbIM uncaoM. Cornacuo
(6.19) wmoayap »toro uucaa paseH emuanne. Ortcioma caedyer, uToO
P(w;)=1. Caegosarenbuo, w,= @ (w;)=w;. IT0 n J0Ka3biBaer, UTO
1€ CyulecTByeT JBYX Pa3aHYHBIX (YHKIMH, OCYLIECTBJMIOWAX 3adaHHOE
KolgopmMuoe otobpaxeHue AaHHOH obnactn & na BHYTDPEHHOCTb eauHMY-
HOro *Kpyra.

3ameuanue. CdopMmyruposannsie BhllIe ycnoann OHO3HAaYHOrO
onpenesenus @yHkuun f(z), ocywecTsasouiet kondopmHoe oTobpae-
HUE 3alaHHOH ONHOCBA3HOH O6GnacT ¥ Ha BHYTPEHHOCTH ENMHUYHOLO
kpyra |w|<<1l, MOXHO 3aMeHUTb TPEGOBAHMEM COOTBETCTBUS TPEX rpa-
HUYHBIX TOYEK TPaHHUL Y 06nacTu & TpeM TOUKaM OKpy)HOCTH || = I.

Mpr orpanuuumca Jnmb  QOPMYJTHPOBKOHK NaHHOTO YTBEPKASHUS, He
IIPUBOAS €ro NOKasaTeabCTsa.

Mbnr paccmMoTpesn psA OCHOBHBIX OOIIHX . cBolicTs KOH(OPMHOrO OTO-
Opaxenns. OpHako NpOBEICHHBE PAaCCMOTPEHMs He NaloT oOmHX pelen-
TOB DelUeHNs OCHOBHOH 3ajaud MOCTPOECHUN KOHPOPMHOrO OTOOpPaWeHHs
naHnoft o6aactu ¥ KOMIJEKCHOR MNOCKOCTH 2 Ha 3amauHyio o6aacte G
uiockocTy w. B camom ofweM cayuae yKasaTh TakoH peuent u He
MPEICTABASACTCA BO3MOMHBIM, NS PEII€HHST KOHKPETHBIX 3a1ay NPHXOANTCA
npuberatb K pasauyHbIM crneuvansHeiM Merofam. Ilpu stom Gosbuiyio
110,163y, OKa3bIBaeT NOCTATOYHO MOJHOE NPENCTaBJEeHHE O FeOMETPHYECKUX
cBOWCTBAX paaa GYHKIMR KOMIJEKCHOH nepeMeHHOM, HanGoJ/ee 4acTo uc-
110/Ib3yeMBIX NpH DPEIIEeHAW NPaKTHYECKUX 3ajau.

§ 2. OpoGHo-nuneitnas dyHKuus
Taxk Ha3HBaeTCs (PYHKIUS KOMIVIEKCHOH MEPEMEHHOH, uMelollas BHL

w=f@) =22, 621)

rae a, b, ¢, d—3anaHHble KOMIIEKCHHIE TOCTOSHHBIE, KOTOpHIE, Oue-
BUAHO, AOJIKHH YLOBJETBOPATb YCJAOBUIO

b
2%, (6.22)
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TaK KaK B NPOTUBHOM cayyae Qynkuus f(2) TOXIeCTBEHHO PaBHA MOCTOSH-
Ho#l. Bes orpanmuennst oGUWIHOCTM MOXHO CuuTarth, 4r0 &340 u d £ 0,
160 B MNPOTMBHOM CJydyae @ NEPEXOAUT B YXE WUSYUEHHble JHHeHHYI0

dynxunio ¥ QyHKURIO w=—é—.
JIEHTHOH ¢opme: s

a2 _ b _a _c
w=f@)=hgy7, A=z, a=3, b=7, o#p. (629

dyukuns (6.21), (6.23) siBaserca 0AHO3HAYHOR aHAMUTUYECKOR (yHK-
nueit Ha MOJHONW KOMIJIEKCHOH 1JIOCKOCTU 2, KMQIOLU.eﬁ €/MHCTBEHHY IO

Mrak, moxuo sanucarb (6.21) B 3xBuBa-

A -
0co0y0 TOUKY — MOMOC MEPBOFO MOPAAKA 2o = — == —p. O6pariias
(pyHkuus

A.a Ao —fw
Titw (6.24)

TaKXKe §BJAETCS ApoOHO-AMHEHHOH QyHKUMeH, onpeseneHHOH HA NOAHOH
4
maockoctn w. Ilpu stoM Touka 2o = —g = — B nmepexoauT B TOUKY

b
W=00, a TOUKa Z =00 MEPEXOMMT B TOUKY Wo=h=-7.
Hafizem npoussomsyio (yHkIuu w— f (2):

F)=nr L% a2 0 (6.25)

B cuny ycnosus (6.22) npoussomHas ApOOHO-IuHeHHOH (YHKUUH OT-
ANYHA OT HYJS BO BCEX KOHEUHBIX TOYKAX IJIOCKOCTH 2. DTO O3HAYAET,
uTO JpOGHO-AUKelHAsT PYHKYUS OocYwecmsasiem KoHgPopmHroe omolbpa-
Jcentie naockocmu z Ha naockocmes w. KoHpopMHOCTh OTOGpameHus
B GECKOHEUHO YAaJeHHHIX TOUKAX JETKO MPORBEPSETCS YKA3aHHBIM BhILIE
cnoco6om.

B Bhipawenne npoOHO-JTHHEHHOH (YHKUMHM BXOAAT TPU TPOU3BOJb-
HBIX TapaMerpa A, o, , TéM caMBIM CyLiecTBYeT GeCKOHEMHOE MHOMKECTBO
IPOOHO-JINHEHNBIX (PYHKUHH, OCYIECTBATIOUMX KOHGOPMHOE OoTOOpaXeHue
NOJIHOH MIOCKOCTH 2 HAa MOJHYI0 IJIOCKOCTh . EcTecTBeHHO mHoCTaBuThH
BONPOC 00 YCJAOBUAX, OJHO3HAUHO ONpPEAE/SIOUHX APOOHO-NUHERHYIO
dyHKUMI0.

Teopema 6.9. 3adanuer coomeemcmsus mMpem pa3iutHbiM MoY-
KaM NAOCKOCMU 2 mpex pPA3AUMHbLX IMOYEK nAoCKocmu W O0poCHo-
minelinan YHKyUs onpedeseHa O00HO3HAYHO.

HLoxkasarenbcTBo. Mb NOMKHB 10Ka3aTh, YTO YCJAOBHS

f(zl) =Wy, f(z2) =Wy, f(23) =Ws, (6.26)

TAe 2y, Ry 23 N W;, W, W3— 3aA3HHBIE KOMIICKCHBIE YUCJA, ONHO3HAY-

HO ollpegessioT 3HaueHus napamerpos A, o, P. Cocrasum BeipaxeHus

)\‘ (Zl _23) (ﬁ a) (6‘27)
B+z) (B+2)°

(22—25) (p—)

(B+z) (B+23)°

Wy, —

Wy — Wy =M (6.28)



§ 2] JPOBHO-JIMHEMHASI ®YHKLUA - 165

Paspeans (6.27) Ha (6.28), noayuum

W, —Ws 2 —23 Btz
Wy— Wy 23—2y Bz . (6.29)

Ona NPOU3BONLHOW TOUKM 2 MOXEM 3anucaTtb aHaJOruuHoe COOTHOIUEHUE:

w—w _z—2 Btz '
wy—w 2,—2 Ptz (6.30)

Wcxmouns u3 cootnowenn#t (6.29) u (6.30) napaverp [, OKoHuaTenbHO
1Oy 4™

W, —W W—W H—2 25 —% (6.31)
Wy—W " Wy—Wg  2Zp—2  29—23° ’

Coornouienne (6.31) u npencraBaser coBoft HesBHOe BHPAXEHUE HCKO-
Mol gpobuo-nunekno# ¢yukuun. OueBuano, paspewns (6.31) oTHOCH-
TEJBHO W, MBI NOJYYUM sIBHOE BEIpaxeHne Koddduunenros A, o, B, apob-
110-1MHERHON (YHKUMK uyepe3 BalaHHBIE YNCHA 2p, 29, g Wy, Wa Wi,
UTO Y JOKa3biBaE€T TEOPEMY.

3ameTuM, YTO MOCKOJbKY APOOHO-nHHeHHAsd (YHKUHUS OCYLLECTBISET
KoH(OPMHOE O0TOGpaKeHue NOAHOH MIOCKOCTH 2 Ha MOJHYIO 1JI0CKOCTh W@,
TO OJIHAa M3 TOYEK Z; ¥ OJfHA U3 TOYEK w; 3alaHUEM KOTODHIX onpefe-
Asgercs APOOHO-MMHeRHana (yHKUus, MOryT ObTh GECKOHeuno yJaaneHHBIMU
TOYKaMHU. )

PaccmoTpum reoMerprueckde CBOHCTBA OTOOpDaMeHHs, OCYIIECTBJS-
eMoro ApoOHO-IuHeHHOH ¢yskuuel. Ilas 3TOro HECKoOJBKO Npeobpasyem
sripaxenue (6.23), npeicTaBuB €ro B BUJE

f@=r(zz+1), (6.32)
W BBEEM BCIIOMOTaTe/bHHE (DYHKUMH
1
a=p+z 22=51—‘,' zg=h(a—f) 2o+ A\ (6.33)

13 cootHomennit (6.33) caepyer, urO OTOODa)eHue, OCYLIECTBIAEMOE
npoGHo-aunetHOl dyHKIHeH, npeacrasaser co0OH COBOKYNHOCTb IIPOC-
rTefimnx oTO6paMeHHH, OCYMECTBASEMBIX JNUHEeHHBIMA (DYHKHHSAMU 2q H 23

1
1 ynKuen -;» PacCMOTpenHbMu B riL. 1. Tem caMbM paccmaTpuBaemoe

orofpaxeHue charaeTcsi U3 NOAOOHBIX pPacTHXEHUil, MOBOPOTOB H CABU-
rOB KOMIIJIEKCHOH IJIOCKOCTH, a TaKke Npeo0pa3oBaHusi HHBEPCUH B Kpyre.
[Tpu aTOM manHoC oTOGpaxceHue OOJajaeT psZOM BaXKHHIX CBOHCTB, Ha
KOTOPHIX MbI OCTAHOBUMCHl NoOApOOHee.

Teopema 6.10 (kpyzosoe csoiicmgo OpolHo-miHelnol GYHKGUL).
HApobro-aunelinas POYHKGUS nepesodunt OKPYICHOCIMI HA NAOCKOCIU Z
8 OKpYdCHOCMIU Ha naockocmu . IIpy 3TOM MBI BKJOYaeM NpsMBE B
ceMeliCTBO OKPYXHOCTeH, paccMaTpuBas MpAMbIE KAk OKPYKHOCTH 6ecko-
HeyHo GOJbUIOro pasuyca.
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HoxasateabcTso. OueBuaHO, I/ XOKa3aTEJAbCTBA TEOPEMH O~
CTaTOYHO IOKa3aThb, 4TO NPeoOpa30BaHUE UHBEPCHH, OCYHIECTBASEMOE PYHK-

1 .
uuett w =, 06/1aa€T KPYroBEIM CBOHCTBOM, TaK KaK COXpaHeHue OK-

PYXHOCTH NpH JAUHEHHOM NPeofpa3oBaHiN HE MOXKET BHIHBATh COMHEHMH.
PaccMOoTpyM NPOUSBOJIBHYIO OKDYKHOCTb, YPaBHEHH€ KOTODOH Ha ILIOC-
KOCTH 2 MMEET Buf,

A(x*+y)+Bx+4Cy+ D=0, (6.34)

rae A, B, C, D— peficTBUTE/bHbIE YHCJA, YAOBJIETBOPAIOILUE YCJIOBUAM
A=0, B*4C*>4AD.Tlpu A=0 wMbl, OYEBHIHO, NOMYYUM HPAMYIO;
npu D=0 oxpyxuocts (6.34) npoxomur uepe3 Hauaxo KOOPAMHAT (TOY-
ky z==0). Ilpu npeoGpaszoBanui, ocymectpaseMoM (yHxuved w=u-}

—}—_i’o-':?, KOODIMHATH X, ¥ CBS3aHB C KOODAMHATAMH 4, U COOTHOLLE-

HAIMHU

(6.35)

= u . v
=ete VT T et
Iosromy okpyxHoCTh (6.34) B HOBHX KOODAWHATaX NPHMET BHA
D@+ v*)+ Bu—Co+ A=0, ’ (6.36)

YTO ¥ JOKa3biBaeT YTBEPKACHNE TEOPEMHI
3ametnM, uto npu D=0 ypasnenne (6.36) npeacras/iser ypasHeHue
PSAMOH, T. €. OKPYXHOCTb, Npoxodallds yepes TOuKy z=0, dyHxuueH

1
w=_ oTtofpaxaercs B NPAMYIO.

PaccMoTpenHoe CBOHCTBO APOGHO-IMHEHHOH (PYHKUHM HAaXOZMT ILHPO-
KOe NpPUMEHeHUe NPH PElIEHHH MHOTMX KOHKPETHHIX 33fa4 KOH(pOPMHEIX
oToOpaxenutl, CBA3aHHBIX C OTOOpameHueM oOJacTett ¢ KPYroBbiMu rpa-
nuamy, JlefdcTBuTeNbHO, MYCTh HAZO OCYIUECTBUTh KOHGOpPMHOE OTOOpa-
WeHue o6aacTy ¥, OrpaHuueHHOR OKPYKHOCTHIO Y, HA MAOCKOCTH 2 Ha
o6aacte G, orpaunuennyro okpyxuoctbio I', ma nnockocrn w. Kak usse-
CTHO, MOJIOXEHHE OKPYKHOCTM Ha NJOCKOCTH MOJHOCTbIO ONpeaesieTcs
3ananneM tpex rtouek. C Apyro#t CTOpOHBl, B cuiay teopems 6.9, 3aaas
COOTBETCTBUE TPEX TOUEK 2, MJOCKOCTH 2, JEXKAWMHX Ha OKDYXKHOCTH ¥,
TPEM TOYKaM W, IMOCKOCTH @, NeXalluM Ha OKpyxHocty I', MBI nmosHoc-
Tbl0 ONpENeauM NPOGHO-MuHEHYI0 PYHKIINIO, OCYILECTBIAONLYI0 KOH(OpM-
Hoe oToOpax<eHue MJOCKOCTH 2 Ha maockocth . Ilpm sToM coraacho
Teopeme 6.10 okpywHOCTD y mepefinet B okpyxHocts I'. Ecau nipu sTom
COOTBETCTBHE TOUEK 2, U W, BHOPaHO TaK, YTO COXPAHEHO HaNpaBJAEHUE
o6xona, TO B cuny Teopemb 6.4 nannas QyHKIMs OCYLIECTBJSET KOHPOPM-
Hoe orobpaxenne obaactn ¥ na obaacte G. 3ameTuM, 4TO NpPH 3STOM
0021aCTb, BHELIHAS OKPYMXHOCTH Y Ha IJIOCKOCTH 2, koHdopmio ortobpa-
waeTca Ha obnacTe, BHEWHOW OKpyxHOCTH I Ha naockoctn w. Ecam
COOTBETCTBHE TOUEK 2, W W, YCTAHOBJEHO TaK, UTO HanpasJeHUA O0X0AA
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okpyxHocte#t y u ' nporusononoxusl, 0 obnacts & koupopmuo oro-
OpaxcaeTcs Ha 00JaCTh, BHEIUHIOW OKPYxHOCTH [T Ha NAOCKOCTH w@.
IMpumep 1. Hatttn ¢ynxunio, koHPopMHO OTOGPaNAIONLYI0 eguHAY-
ublft Kpyr | 2| << 1 Ha BepxHiol0 moJaynaockocts Im w > 0.
s peweHus MOCTaBJEHHOH 3afaud YCTaHOBUM CJelyiolliee COOT-
BETCTBHE TPaHMYHBIX TOYeK AaHHBIX objaacrteft (puc. 6.7):

2= 1 —>w1=0, (6.37,)
Zy=i—>Wy=1, , (6,37"")
23=—1—>w; =00, ' (6.37""")

n Hahpem kosdduunentsl A, o, B ApoOHO-iHHERHON GYHKUMH, OCYHIeCT-
sasolle#t uckomoe orobpawxeunne. Kak nerko sumets u3 ycaosut (6.37')

. Pue. 6.7.

n (6.37"'"), cpasy onpenensiorcs 3nauenns o v P, mocne uero uckowmas
(pyHKINA NPUHUMAET BHL

z2—1
Mocnenuutt xosdpduuuent A onpeaeasercs n3 ycaosus (6.37°'):
‘ i—1
U=ArT
oTkyna A= —i. TeM cambM (YHKUUS, OCYLIECTBIAWILAS HCKOMOE OTO-
Opa)keHne, UMEET BULI '
1—2
= — .3
W=y T2 (6.38)

O1meTuM, uto byHsKuus (6.38) ocymectsaseT KOHPOPMHOE . 0TOOpaneHne
obaacth | 2| >>1 Ha HmXH©0WO noaynaockocts Im w <O0.

Kak caenyer wu3 pacCMOTPEHHOrO MpuMepa, MOCTPOEHHE HCKOMOR
1PpOGHO-AuHENHON (PYHKLMY NMPOBOANTCA HauGoJee MPOCTO B TOM CJyuae,
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KOT/1a 33JaHHBIMY TOYKAMHU MJIOCKOCTH W@ ABJASIOTCA TOUKH @ =0 0 @w = 00.
B stoM cayyae cpasy onpeaeasiorcs 3Hauends rodpduuumedtos o u P.
Crexnywoluee CBOKCTBO APOOHO-TMHEHHOH (PYHKUMM 3aKJIOYAETCH B CO-
XPAHEHUY TOYEK, CHMMETPUUHBIX OTHOCHTE/JBHO OKpYkHOCTH. HanmomHum,
4TO TOYKH P U P’ Ha3bIBAIOTCH CHMMETPHYHBIME OTHOCHTENLHO OKPYHOCTH C,
eC/M OHM JIeXaT Ha oﬁmem Jyue, mpoxoasiieM uepe3 unentp O OKpYx-
Hocrd C, ¥ NpousBeneHne UX pacCToAHuH
OT WEHTPa PaBHO KBajgpary paamyca OK-
pyxnocri: OP-0OP' =R? Vumeer mecto
Teopema 6.11. [lpu omobpascenut,
OCYUWeCmBATEMOM dpobro-aunelinol
dYHRYuel, modku, cuMMempuirse om-
HocumeasHo 400 OKpysCHOCHU, nepe-
X00m 8 MO4KU, CUUMEMPULHBLE OMHO-
cumeAsHo o00pa3a 3Mof OKPYHCHOCHUL.
IlokasaTeascTso. Bocnombsyem-
Puc. 6.8. Cfl CJEAYIOLIUME BCIIOMOraTe/NbHEIMH YT-
BEPKIAEHUAMH SNEMEHTAPHON TeOMeTPHH.
YTBepmneHue 1. Jlobas oxkpyxuocts C', npoxozmm.aﬂ yepes
Toukn P u P’, oproroHaisia okpywnoctu C.
ﬂeﬂC’er‘eanO nposeast ayd OP’ u pamuyc OA B TOuUKy nepeceye-
nis okpyxuocret C u C’ (puc. 6.8), Mbl B cuay cummerpud Touek P u P’
OTHOCUTENbHO OKpYwHOcTH C noayuum

OP.-OP' = (04 =R?

Ho 310, cornacHo u3BeCTHOR TeopeMme s.JeMeHTapHOH reomerpuu *), osHa-
yaer, yTo OA sBASETCA KacareabHoOH K OKPYKHOCTH C’, nposeznennoit u3
toukn O, oTkyga u chaeayer, uro C' | C.

Yreepwaenune 2. JIe B3aumuo nepecekawouuecs okpyxuoctn C
u C”, opTOroHa/AbHbIe OAHOK M TOH e OKpyxHOCTH C, mepeceKarorcs
B TOukax P u P, CHMMETPHUYHBIX OTHOCHTEJBIO OKpyxHOCTH C.

ITposenem uepes touky P nepeceuenust okpyxuocreft C' n C”, nexa-
wyio BHytpu okpyxuocru C, ayy OP. Ilpennonoxum, uro ayy OP nepe-
cekaer okpyxnoctu C' u C” B pasnuuHbIX TOYKAX, COOTBETCTBEHHO P¥*
u P** (puc. 6.9). Tak kak okpyxkuoctd C' 1 C” OpPTOroHaJbHB OKPYK-
woctn C, 10 MmO YKa3aHHOfl Bhille TeopeMe 3JEMEHTApHOH reomerpuu
HMEIOT MECTO COOTHOLIEHUs

OP.0OP* =R? : (6.39)
OP.0P** =R2, (6.40)
Ho, tax kak touxku P* u P** newar Ha omHOM .yue, paBeHcTBa (6.39)

u (6.40) BO3MOXKHBI TOMBKO B TOM Cjydae, KOraa touku P* u P#* cos-
nagawt, P* = P** =/ yro u [0Ka3blBaeT YTBEDKIEHUE.

*) TlpousBegenne OTpe3KOB ceKyllel, npoBeleHHOH W3 BHellHell TOUKH OK-
PYXHOCTH, paBHO KBajpaTy OTpesKa KacaTelbHOil, IPOBeJeHHOH W3 TOH JKe TOYKH.
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Iepetinem Temeps K JOKa3atenbcTBy Teopemnl. ITycte Touku P u P
CHMMETPHUUHBI OTHOCHTENbHO OKpYxHocTH C. ITpoBeseM uepe3 3Tv TOUKH
nBe Bcnomoratenabhsie okpyxuocty C' u C”. B cuay yreepxamenus 1
okpyxHnoctd C' u C” oproronansier C. Ilpu koupopMHoM oTOGpaxeHuw,
OCYlEeCTBJASEMOM KaKoH-1m60 ApOGHO-IuHeRHOH (yHKUNEH, OKPYKHOCTHU
C, C' n C” mnepenyt coorsercrBenno B okpywnoctd K, K’ u K”, npn-
uem oxpyxnoctd K’ u K’ 6ynyt oproronasusl okpyxnoctd K. Touku
P u P nepeceuenns oxpyxHoctre#t C" u C”" nepeitnyTt B Toukn Q u Q
nepeceuennss ux o6pasos — okpyxnocte#t K” u K”. Ho B CHle )’TBep)K-
geHuss 2 Touku Q u Q' nmoa-
JKHbl OBITh CHMMETPUYHEI OTHO-
CUTENbHO OKpy®HOCTH K, uTO
¥ IOKa3biBaeT TEOpeMy.

QueBuaHO, NOKA3aHHAS TeO-
peMa OCTaeTcs ChnpaBenauBOH W
B TOM CJayyYae, Korja paccmat-
pUBAOTCA W OKPYXHOCTH Oec-
KOHEeuHO 60JIbIIOrO Pajnyca, T.e.
pSAMBIE.

IlokasaHHas TeopeMa HaxOaUT
MHOrQYMCIEHHBIE TPUMEHEHNUS [1PHU
pelesny KOHKPETHBIX 331ay KOH- Puc. 6.9.

(pOpMHBIX OTOOpaXeHMH, U Mbl
OyzeM B HajibHeflleM HEOTHOKPAaTHO K He#t npuberatb. 3aech ke orpa-
HUYMMCH JIMIIL ABYMSI TIpUMEpamu.

IMpumep 2. Hattru Pyukuuo, KOHPOPMHO OTOOPAKAOMWYIO eXUHNY-
neil Kpyr |2|<< 1 cam na ceGa Tak, uTOGH 3a/aHHAdA BHYTPEHHSAS TOUKaA
2, Nepewisa B LEHTP Kpyra.

OueBuno, NS pEIIeHHs 3aJaud MOXHO BOCMOJb30BATbCA APOGHO-
JnHeRHOH (pym(uueﬁ ITpu sTomM TOuKa 2, M TOYKa 2y, CUMMETpHUYHas el
OTHOCHTEJBHO OKPYXHOCTH |2z |=1, nepe#gyr B TOUKH, CHMMETPHUYHbIE
OTHOCHTEJILHO OKpY)HOCTH |[w|=1. Ho NOCKO/NbKY TOuKa, CUMMEIpuy-
1asi IWEeHTPY OKPYXKHOCTH, €CThb OECKOHEYHO YAA/NEeHHAas TOYKa, a TOUKA 2,
no/mkHa nepeiity B BoYKy @ =10, T0 TOYKa 2z; NO/MKHA nepeHTH B TOUKY
w =00. CiefoBaTeqbHO, UCKOMasd APOOGHO-JMHEHHasT (PYHKUUS HMEeT BUL

2—2,
w=Az—;). (6.41)
Tak Kak zl'=-_—l«, 10 (6.41) MOXHO nepenucarb B BUIE
2
W=z, 2 (6.42)

zzo—- I
Ias toro uroGel npu oroGpawenuu (6.42) oxpywmuocTs |2 |=1 nepe-
IIJIa TaKXke B OKPYXKHOCTb | |=1 elunnyHoro panuyca JO/KHO BBITOJI-
HSITHCS yC/IOBUE

|AZo |

el
etvz, ——1

17‘7o|

=1 = 1.

z—-e
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Orcrona AZy=e'% rue e — nponsBoAbHOE AEHCTBUTEJbHOE YHCIIO, U peLle-
HUe Hallled 3ajJayu MOoJyyaeM B BHIAE
_ ia Z2—2,

3aMeTuM, UYTO Mbl NOJYYMJIH peEleHHe, ONPENeJeHHOe C TOYHOCTbIO [0
ONHOTO INPOM3BOJBHOTO MapaMeTpa o, KOTOPBIH, OYEBUAHO, ONpelre/ser
NOBOPOT OKDPYXHOCTA |w|=1 BOKpyr ueHTpa. 3alaHue SHaueHHs apry-
MeHTa Npou3BOAHOR (PYHKIMHM @ B TOUKE 2 =2, MOJHOCTbIO ONpeienser
dynkuuio w.

IIpumep 3. Haittu dynxunio, KOHPOPMHO OTOGPANKAIOULYID 3KC-
LEHTPUYECKOE KOMBbLUO Ha KOHIEHTPHYECKOe. :

[Tycte TpeGyerca moctpouth KoHdopmHOe oTOOpawenue 06aacTH,
OrpaHUYEHHOH MABYMS OXPYKHOCTSIMH C HECOBMAJAIOLIMMM LEHTPamu (puc.
U 6.10), na Kakoe-mu60 KOHLEHTpHUe-

ckoe KoJjbno. Ilockoabky Mbl uMeeM

. Ien0 ¢ IBYXCBSI3HBIMU 006/1aCTAMH, TO

¢ Teopema PuMaHa o0 CyILeCTBOBaHAU

R KOHGQOpMHOrO  OTOGpaxeHus  31ech
yKe HE MMEeT MeCTa W, KaK Mbl YBH-

@ %4(2=7,) _ 1M, Heab3s NPOU3IBOJILHO  3a1aTh
o Z OTHOLIEHHWE paauyCcoB OKDPYXROCTeH
Y (z=z,) KOHIEHTPHYECKOFO KOJblla, Ha KO-

Topoe Tpelyercsi KoHPOPMHO OTOGpa-

3UTh  3alaHHOE  JKCHEHTPHUYEeCKoe

koablo. s ymo6ersa - pasibHeRuimx

Puc. 6.10. paccMOTpeHu#t MOJOXHUM, YTO MEHTP

Goabweit okpyxuocty C HaxomurTcs

B Touke z=20, ee paamyc pasen R, a uentp MeHsue#t oxkpyxwnocts C',
pazmyca r, JEXUT B TOYKe 2=a Ha IeficTBurenbHOH ocu. Hattnem TouKM
P; n Py, KOTOpHIE SBASIIOTCA CUMMETPHYHBIMHA OJHOBPEMEHNHO OTHOCHTENbHO
obenx okpyxuocreR C wu C. OueBniaHo, 3TH TOUKH JIEKAT Ha AeHCTBU-
Tesbno#t ocu (puc. 6.10). Torma wux abcumcchl Xy U X HOMKHB YIOB-
JIETBOPATb COOTHOLUEHHSM

(1 —a) (a—a)="r2, (6.44)
XXy =R2 (6.45)

M3 (6.44) u (6.45) caemyer, uTO X; U X SIBASIOTCA KODHAMHU KBajapar-
HOro ypaBHEHUs

x2—(R2—r*4-a?yx+aR2=0. » (6.46)

IluckpumuHant sTOro ypasHeHus (R2—r?+ a?)? —4a2R? nonoxurene,
TaK KaK WUMEET MEeCTO OuYeBHAHOE COOTHOmeHne R —r > a. Iloctpoum
APOGHO-/MHEHHY IO (PYHKUMIO

_a2—x .
w—hz_xa, (().47)
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rie x; u Xy — abcunccel Touek Py u Py, Hahnennsie u3 ypasuenus (6.46).
Ilpu oroGpaxenun, ocyuiecTiaseMom ¢yHkuued (6.47), okpywuoctn C u
C’ nepeitnyt B Hekotophie OkpywHocT K u K’ N10CKOCTH w, BHEIIHSA
k okpyxuoctaM C u C’ Touka P, —B TOuKy @ = oo. CummerpuyHas
oTHOCUTeAbHO oOKpyxHoctet C u C’ Ttouke P, Touka P, nomKkHa mpu
3TOM Mepe#Td B TOUKY, CUMMETDHYHYI TOYKE W =CO OTHOCHTEJLHO
okpyxnoctet K u K’. Ho Touka, cuMmmeTpuuHas GeCKOHEUHO yaaJeHHOH
TOUKe, eCTb 1eHTP OKpyxHoctu. Cienosare/bHo, npu otobpaxkenuu (6.47)
Touka P, nepeitzer B 06wt nentp oxpyxuocrer K u K'. Tem cambim
UCKOMOE OTOOpaxKeHHe mnoCTpoeHo. 3ameTuM, uTOo B Bhpawenuu (6.47)
Yy Hac OCTa/CcX NPOM3BOJ B ONpeNe/ieHHH NapaMerpa A, OLHAKO H3MEHeHue
NOC/AeHEr0 MPUBOAUT Jullb K NOLOGHOMY pacTSKEHHIO NJIOCKOCTH W,
YTO HE MOMET W3MEHUTb OTHOIIEHUS DPAAUYCOB OKPYWHOCTEH NOAyueH-
HOTO KOHLEHTPHYECKOro KOJbla.

Puc. 6.11. ' _ Puc. 6.12.

B 3axmouenne pannoro naparpada paccMOTPHM BONPOC O NpHUMEHe-
HAM JIpOGHO-JAMHEHHOW ¢YHKUMM 145 MOCTPOeHus KOHQOpMHoro orobpa-
MEHUs NBYYroAbHUKOB. Jl8yy204sHUKOM HA3bl8AEMCA NAOCKAS (uzypa,
o0pasosanHas nepecedenuer 0yz 08yx OKpyscHocmel, Boobuie roBops,
pasHeix papuycos (puc. 6.11). OueBuaHO, yriel Npyu BEPIINHAX ABYYrOJb-
HUKa pasHbl Apyr Apyry. IlycTe maun ABYYroAbHUK C BEPIUMHAMA B TOY-
kax A(zy) w B(2;) u yraom o npu BepuinHe u TpeGyercs MOCTPOUTDH
KoHQOpMHOEe OTOOpaxeHue BHYTpeHHe# 006sacTH AaHHOIO ABYYroOJbHHKA
Ha BepXHIO© noaynnockders Imw >0. Paccmorpum BcnomoraresbHyio
GyHKUHIO

: —2

g=2=2  =t+m. (6.48)

Ipo6Ho-nnHetiHas (QYHKIHS (6.48) Npou3BOAUT KOHPOPMHOE OTOOpaNueHue
TI0/IHOH MAOCKOCTH 2z Ha MOJHYIO MJAOCKOCTb {, P KOTOPOM TOUKA 2 =2;
nepexondT B TOuKy [ =0, a TOuKa 2z=2,—B TOYKYy {=oco. B cuny
KDPYTOBOro CBOHCTBA APOGHO-nMHeHHOR (dyHKuun npu oToOpaxenun (6.48)
OKDYXHOCTH, 06pa3yiolue ABYyro/JbHUK, NEPEXOAST TAKKE B OKPYKHOCTH.
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Ho oxpyxHocth, nmpoxonsuias uepe3 Touxu (=0 u {=oco, umeer Gec-
KOHeuHo OGoapwolt pamuyc. DTO o03Hauaer, uTo npu oTobpamenuu (6.48)
CTOPOHB ABYYroJbHuKa nepefiayT B ayuu (/ u /), BHXOAAUME K3 TOUKH
=0, npuyeM yron Mexmy STHMH ayyaMu DaBeH YrJy O NpH BepIUHHE
nByyrosbunka (puc. 6.12). Uraxk, dpynxuns (6.48) ocymwectsaser KoHpoOpM-
HOoe OToGpaxeHNe NaHHOTO [ABYYro/AbHMKAa Ha IJIOCKOCTH 2 Ha CEKTOp:
C UEHTPaJbHBIM YIJIOM ¢ Ha MJOCKOCTH §, npuuem Jjyd / cocrasaser
C MOJOXUTENbHBIM HanpasieHueM ocu E yrom o, SHaueHHe KOTOPOro
onpeneasieTcsl nonoxennem sepumun A u B aByyrosbHuka. Kax Me Bugenn
solwe (ra. 6, crp. 155), dynkuus

19
w=F% (6.49)
ABJAAIOLLASACA HENOCPENCTBEHHBIM AHAANTHUECKUM MPOAOIKEHHEM NeHCTBH-
, o .

TeAbHOR dyHKIME X %, x >0, ocymiecTBAsSET KOHPOPMHOE OTOGPaXeHHe
07
061aCTH BHYTPH CEKTOpa Oty << arg << oy o Ha MOJYNAOCKOCTh 5‘9 <

a,
<argw<a“n—|—n. Ocraercs nepeBecTH MOJYYEHHYIO IOJYIVIOCKOCTh
B NOAYMAOCKOCTb Imw >0, 114 4ero AOCTAaTOYHO MPOU3BECTH IOBOPOT
e/
BCell MIOCKOCTH KaK Lea0e Ha Yroia —EO T, YTO MOXET OBITb oOcyle-

CTBIEHO nyTeM yMHOMeHus ¢ynxkuuu (6.49) Ha KOMILIEKCHOE uHCA0
Qg

—in

e ™ Mrak, oxoHuaTeabHO, HCKOMas (YHKIUS, OCYILECTBAMONLAA KOI-

cdopmioe orobGpaxeHue ABYyroabHuka AB Ha BEPXHIOWO NMOJYMJIOCKOCTb

Imw > 0, npunuMaeT BuI

_ﬁ‘lﬂ 2, —2 =z

w=c '@ <1—)a , (6.50)
22—_2

O1MmeruM, 4TO KOH(OPMHOCTb OTOOpAXKEHUA HAPYIUAETCS B TOUKAX 2; U 2.

ITpumep 4. llocrpouth KOHPOPMHOE OTOGpaxeHHe BepxHed NOJO-

BUHB Kpyra |z|<<C1, Im z>0, ua Bepxuiow noaynaockocts Imw > 0.

OuesuHo, naHHast 06JaCTh NpencTasaser CoOGOH ABYYroJBHHK C Bep-

) f21
IIHHAMU B TOYKaX 2= —1 n 2,=1 u yriom a=—2— Npyu  BEpilInHe,

Bcnomorareabnas ¢yHkuus

g=112 (6.51)

1—2

ocyuiecTsaseT KOHGOPMHOE OTOGpaXKeHHWe. 3TOro IBYYro/lbHUKA Ha mep-
BBIH KBaApaHT miaockocrd {, a dyHxuns

w= (%)2 (6.52)

4 JaeT UCKOMOE OTOOpaxeHue.
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§ 3. dynknus Xykosckoro

Tak HaszeBaeTCst (DYHKIUST KOMIIEKCHOH nepeMeHHoft
1 1
W=f(z)=7(z+-z—). ‘ (6.53)

ra dyskuus Geina wupoko ucnoas3osana H. E. XKykosckum npu peue-
HUM MHOFMX 3aJay THAPO- M adPOJAMHAMUKH.

dyuxuns (6.53), ouernpHO, SBJITETCS aHANUTHYECKOH Ha Bcel KOM-
NJIEKCHOR TJIOCKOCTH, 3a UCKJIOUEHHEM TOUKMW 2 =0, npeacraBJjaolLeH
coboff 1moAOC NepBoro nopsiaka aalHo# ¢(ynxuuy. Bhiuncass npoussos-
uytwo dyuakunu (6.53), momyuaem

1 1\

r@=5(1-z) (6:54)
Orcioga caenyer, uto npoussoiHas ¢ynkuun 2KyKoBckOro OT/IMYHA OT
nyast BO . BCEX TOYKAX IJIOCKOCTH 2, KpoMme Touek —= 1. Tem caMmbim
oto6paxxenne, ocyulecTsaseMoe 3TOH (yHKUMER, snaseTca KOHPOPMHBLIM
B OKPECTHOCTH JOGOH TOUKM 2, 32 HCKJIOUEHHEM. 3THX ABYX TOUEK.
Hatizgem o6nactu onnoauctHocTu Qyukuuu XKykosckoro. [Tpeanonowum,
UTO JIBE DAa3/MUHBle TOYKUM KOMIUIEKCHON MAOCKOCTU 2y £ 2, NEPEBOAATCS
¢Qyukuveir f(2) B OAHY ¥ Ty Xe TOUKY NJIOCKOCTH @, T. €.

1 1

do =7 -
214 2 2 Jf 2 ’
I
21 —2y
2y — 29 = . 6.55
1 2129 ( )

Tak Kak 2z; 5= 2, T0 U3 cootHouwenus (6.55) caemyer
. A=l (6.56)

[TonyueHHO® COOTHOWEHHE O3HAYaeT, UYTO OO6JACTAMH OZHOJAUCTHOCTH
dynxunu HKyKoBCcKOro SIBASIOTCS, B 4aCTHOCTH, 061actu BHYTPU (| 2 | << 1)
u Bue (|z|>1) enunnusoro kpyra. O6e 1M o6nactu dyuxuuett (6.53)
0T06paxaTcsi KOHPOPMHO HA OAHY M Ty Xe 06JacTh MAOCKOCTH .
Yto6bl onpenenutb 91y 064aCTh, PACCMOTPUM OTOGpaxeHue OKPYXHOCTEH
| 2| =rg ocymectpasemoe dynxuuest (6.53). ILaa sroro nepeinemM x noxa-
3are/bHOM opMe 3aminCK KOMIIEKCHBIX YHCeN: 2 =rel® — p HaliieM Bhipa-
KeHue neﬁmameanﬁ 1 MHUMOH uacreft yHKUuu (6.53):

u(r, ¢)= % <r +%) cos Q v(r, @)= -é (r - %) sing.  (6.57)

ITonoXuB r=r, U WCK/IOUNB napamerp ¢, NOJayyuM
u? V2

1 l2+1 1)2
Tt 1y

=1 " (6.58)



174 KOH®OPMHOE OTOBPAYXEHUE [TV 6°

W3 coorHowmenns (6.58) caemyer, yto dyukuus (6.53) oroGpawaer KoH-
HENTPHYECKHE OKPYXKHOCTH |2z |=r, B aamunce. Kak nerko BuIeTs,
dokycm Bcex siaauncoB (6.58) sewar B OAHHX M. TE€X XKe TOYKAX HeHCT-
BUTEAbHOH ocwm It

c==+1. , (6.59)

Tem cambiM ¢ynkuus (6.53) npoussomur orToGpaxeHue CeMEHCTBAa KOH-
HEHTPHUECKHX OKpYXHOCTed |2 |=r, mIockocTH 2 Ha cemeficTBO cogo-
KYCHHIX 3/JHMNCOB maockoctw @. Ilpu stom, ecim ry <1, TO mosoxu-
TeJLHOMY Hanpas/eHdio 06X0Ja OKPYXHOCTH |Z|=r; COOTBETCTBYET

1
OTpHlIaTE/BHOE HanpasJeHue obxona saaunca (6.58); ecanm r2=g >1,

TO TOJOXWTEJNbHOMY HANpaBJeHHI0 006X0Jda OKDYWHOCTH |Z|==ry COOT-
BETCTBYET MOJOKHMTEIbHOE HanpasJjeHue o6xoga samunca (6.58). Ilpu
ri— 1 sanunc (6.58) sripoxnaerca B otpesoxk [—1, 1] ne#icrButenpHON
OCH U, NPOXOAMMBIA NBAaXIBL. HOpn r;— 0 samnc (6.58) nepexoaut
B OKpyXHOCTb GeckoHeyno Gosbuioro paauyca. Tem cambiM ghynryus
(6.58) npousgodum wongopmuoe omobpasicenue obaacmu 8Hympu eou-
Hu4HO20 Kpy2a |z|<<1 Ha naockocmu z Ha naockocme W, paspe3ax-
uyto no ompesxy |— 1, 1] deiicmeumeasnoit ocu. I'panuia obaacta —
OKPYXHOCTb |2 |=1— OTOOpaxaeTcs Ha ITOT OTPE3OK, MPUUEM BEPXHA
NOJNYOKPYKHOCTb OTOOpaXaeTCs "'Ha HUMWHUN, a HUXHAS — Ha BepXHUH
Geper paspesa. AHaIOrMuno 06JacTb |z |>>1 BHe envHUYHOrO Kpyra Ha
IJIOCKOCTH 2 0To0paxaeTcs Ha BTOPOH 3K3eMIIAp NJIOCKOCTH @, paspe-
saHno#t no orpesky [ — 1, 1] meficTBuTe bHON OCH, MPUUEM BEPXHAS MOJY-
okpyxHocTh |2|=1, Im2z >0, otoGpawaercq na BepxHutt Geper, a HIX-
Hiisl MOAYOKPYXHOCTh |2z|=1, lmz<C0,—mHa Hmkuuil Geper paspesa.
Tem cambim ¢ynxuna 2Kykosckoro (6.53) ocyuwiectsaser koHdopmHOe
oToGpaxeHne NOJHON MIOCKOCTH Z HA PUMAHOBY nOBerHOCTb o6paTtHoit
(yHKILMHA

z=¢@)=w+} w—1. (6.60)

Pumanosa nosepxxocTs pynkumun (6.60) npeacrasaser co6o# ABYAUCTHYIO
N0OBEPXHOCTb, COCTaB/NEHHYI0 U3 OBYX 3K3EMILIAPOB [MJOCKOCTH W, pas-
pesanHo#t Bmoab oTpeska [— I, 1] meficrButenshoit ocu. Huxuutt Geper
paspesa OMHOrO JWCTa CKJAeeH C BeDXHUM OeperoM pa3spesa ApYroro
aucra, n HaoGopor. Pynkuus (6.60) ssaseTcs OJHO3HAYHOM aHAAUTHYE-
cko#f QyHKuue# Ha CBOeH pHMaHOBOHM NMOBEPXHOCTH, UMEIOLIEH [BE TOUKH
passeTsieHns w =X 1, npn o6xome KawiOH M3 KOTOPHX NPOUCXOAWT
nepexoj € OAHOTO JWCTAa 3TOfl PHMaHOBOH NOBEPXHOCTH Ha ee APYroi
JINCT. 3aMeTHM, 4YTO NPH OJHOBPEMEHHOM OOX0fe OGEHX TOUEK pa3BeTs-
nenns w =~ 1 no 3aMKHyTOH KPHBOH, He nepeceKarlel orpeska [— 1, 1],
Mbl BCE BPEMS HaXOAUMCA Ha OJHOM H TOM XK€ JIACTE.

Hrak, dynkuun (6.53) u (6.60) ycranasnuBaloT B3auMHO OJHO3HAYHOE
COOTBETCTBHE MEXAY NOJHOH MNIOCKOCTbIO 2 W JaHHOH PYMAHOBOH NoBepx-
nocTbio. OTOGpaXeHUe, OCYLIECTBAAEMOE STHMH (QYHKUUSMY, ABAAETCH
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BClOAy KOH(OPMHBEIM, 33 MCKIIOUEHHEM ToueK 2=t 1, B KOTOpBIX npous-
noaHas  ¢yuxuun (6.53) paBHa Hymwo. 3aMETHM, YTO 3THUM TOYKAM COOT-
RETCTBYIOT TOYKM @ =& 1, SBJASIOWNECS TOUKAMH Da3BETBACHUS (yHK-
nuy (6.60), oGparHoit mo orHowleHuto K Qyukuun (6.53).

B 3akmouenue Haiigem o6pa3 ayuef arg 2= (@, npu OTOGpPaXEHUH,
ocymectsaseMoM ¢yHkuueit 2Kykosckoro. [las 3TOro MCK/AOYMM U3 COOT-
nowenut (6.57) mapameTp r ¥ NOJOKUM @ = ¢, Torga

u? v2
CooTHowenne (6.61) o3wauaer, utro npu otobpawxenuu (6.53) orpeaku
ayuelt arg 2=, nepexomar B Bersu runep6oast (6.61). Ormerum, uro
npu A060M . 3HaYEHUH @y POKYCH STOH runepGO/B HAaXOAATCA B TOU-
kax = 1. Tem camum yHkuns 2KyKOBCKOro ocymecTiaser npeoGpaso-
BAHNE OpPTOTOHANLHON CUCTEMBl NOJSPHHIX KOODAMHAT Ha MJIOCKOCTH 2
B OPTOTOHANbHYIO KPHBOJHHEHHYI0 CUCTEMY KOOPAMHAT, KOOPAMHATHBIMH
JMHUAMM KOTOPOH sBAAOTCH CcOdOKycHbie cemedicTBa sanuncos (6.58) u
runep6os (6.61).

Kak yxe ormeuanoch, pynkuns 2ykoBCKOro HaXoauT BecbMa WINPO-
KOe MPUMEHEHWE NP PELEeHHH MHOTMX KOHKPETHBIX 3a1aY KOH(OPMHbIX
oToOpaxeHuit, OCOOEHHO CBS3AHHBIX € UCCJENOBAHHEM THAPOAWHAMUYECKUX
npo6aeM. Ha sTux BOMpOCaX MBI OCTaHOBMMCH HECKOJNBbKO TO3kKe, a ceft-
Yac pacCMOTPHM €Ile onHy Q)ymcumo HaXOJIAULYI0 MHOTOUYNC/EHHBIE MpU-
NOKEHNS.

§ 4. Unterpan IlIsapua — Kpucroddeas. Orobpakenue
MHOTOYT'OJbHUKOB

ITycts Ha KOMN/EKCHOH MIOCKOCTH @ 3alaH 7-yrOJbHUK C Beplly-
naMp B -TOYKax Aj, A, . A, 1 BHYTpeHHUMH yr.uamn npu 3TUX Bep-

[KHAX O T, OLM, ..., &,7 cooTBercTBeHHO. (OueBuIHO, 2 o;=n—2,
=}

n>2.) Ilycrp TpeéyeTcn NMOCTPONTh KOH(OPMHOE OTOGpaXeHHe BepXHeH
1I0/YMIIOCKOCTH 2 HA BHYTPEHHOCTh TaKOrO MHOrOYrosbHuKa. JTa 3amaua
pellaeTcs C MOMOLIbIO TaK HaswiBaemoro wunrerpana lllsapua — Kpucrod-
(bess, u3yueHne HEKOTOPHIX CBOHCTB KOTOpOro H COCTaBASET COAEPKaHUE
nacrosiuero naparpada.

PaccmoTpuM ¢yHKIHMIO KOMNJIeKCHOR nepemeHHoﬁ 2, OlpeaeeHHYyIo
B BEpXHeH NOJyMnJ0CKOCTH 2 C NOMOUIbIO BbIPAKEHUA

w=f@=C{C—a)u—1...¢C—e)% ' d+C. (662

3nech 25, C, Cy—3amanHbie KOMIJIEKCHBIE HOCTOSIHHBIE, Gy, ..., @, —
HEHCTBUTE/NbHBIE 4KMCJA, PACTOJIONKEHHBIE B MODPANKE BO3PAcTaHus; Oy, ...
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« oy Olp — MOJOXKHUTEIbHBIE INOCTOSIHHBIEC, YAOBJETBOPSIIOIIUE YCIOBUAM

n
Z ouy=n—2, ‘ (6.63)

i=l1
0<<oy<<?2. (6.64)

B nonpinTerpaabHOM BHIPAaXEHHH BEIGPaHH Te BeTBH (QyHKuuH (§ — ;)% 1,
KOTODHIE #IBJSIOTCA HENOCPENCTBEHHHIM AHAMUTHYECKUM MPOIOJIKEHHEM
B BEPXHIOIO NOJYNNOCKOCTh AEHCTBUTENBHBIX (YHKUMM (v — @)% —! ned-
CTBUTE/NbHOH mNepeMeHHOH x >>a;. B Tagom cayvae ¢ynkuus (6.62)
SBASETCS OINHO3HAYHOM aHAMUTHYECKOH QynKIne# B BepxHeH IOy /IO
ckoctn Im 2> 0. Touku @;, nexamue Ha AEHCTBATENBHON OCH, ABAAIOTCA
0ocoGbiMu  TOuKaMu 3TOoH QyHkuun. Pyuxuus (6.62) u nasweiBaeTcs uuTe-
rpanom Ilsapuna — Kpucropgens. ®ynxuus (6.62) npu coorsercrsyomen
BEIGOpE TOUEK @; OCYLIECTBISET KOHPOPMHOE OTOGpaxeHue BePXHER noJry-
naockocty Imz>0 Ha 067aCTh - BHYTPH HEKOTOPOIO 7-yroJbHHKA
Ha MJIOCKOCTH W. DyaeM BHauaje CuUuTaTh, YTO BCE YHCJIA @; OrPaHHYEHHL.
[oxkaxem, uto npn s1oM ¢pyHKuus (6.62) ocTaeTcs orpaHuyeHHOH BCiomy
npu Imz=0. B cuny ycnosus (6.64) unrerpaa (6.62) ocraerca orpa-
HUYEHHBIM B OKPECTHOCTH OCOOHIX TOueK a@; YOemuMmcs, 4YTO HHTe-
rpan (6.62) ocraeTca orpaHuyeHHHIM W mpu z — co. IIpeoGpaayem nmoapiu-
TerpaibHy0 (QyHKUUIO, UCNOAb30BaB ycsaosue (6.63):

¢(§)=§al+...+an—n( __c_g)mﬂ ( _%>a,,—1= X

.13 monyyennoro BelpaeHus U CAEAyeT CXOAUMOCTb UHTErpaa NpH 2 — 0o.
Takum o6pazoM, unrerpan (6.62), asagomuics OJHO3HAYHOH AHAMUTM-
uecko# QyHKUueR z B Bepxue# noaynaockoctu Imz >0, ocywectsaser
oTo6paxeHne 3TOH NOMYMIOCKOCTH Ha HEKOTOPYIO OrpaHMYeHHY0 06/acTh &
IJIOCKOCTH W.
ITocmoTpuM, B KaKylo KDHBYIO MDY 3TOM NEPEXOAUT AEUCTBUTENBbHAS
oCb MJIOCKOCTU 2. PaccMoTpum BeIpaxenue nponssonnoft dyuxuuu (6.62):
f@=Clz—a)ua—!...(z—a,)% 1L (6.66)
W3 3TOro BHIpameHus CAefyeT, uTo nmpoussopHas (yHkuuu f(2) oTauyHa
OT Hyas Bcloay B BepxHe# moaymiaockoctd Imz==0, 3a uck/moueHuem
0cOGBIX TOUEK @; B KOTOPHIX OHa oOOpamaercs B HyJb HJAH GecKOHeu-
HoCcTb. IIpM M3MEHEHMH 2 Ha KaKAOM M3 HHTEPBANOB Qp < X < Qp+f
(=1, ..., n—1) pe#icTBuTesbHOH OCH aprymMeHT I[IPOUSBOIHOHK He
mensiercst. JleRcTBUTENBHO, B CHJAY YKa3aHHOTO BhIlIE BHIGOPa BeTBEH
byHKIHR (z—a,»)"‘f_l apryMeHT 3THX (YHKUUH Ha JAHHBIX WHTEPBaJax
IeHCTBUTENLHOR OCH MPUHUMAET 3HAYEHHS

arg(x—a,)"‘z—‘__{ n (e — 1), x < a;
; =

6.67
O, X > ai’ ( )
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yTO W JOKa3hiBAaeT BbICKa3aHHOE yTBepxieHue. B cnay reomerpumyeckoro
CMbIC/ia apryMeHTa NPOM3BOAHON *) 3TO O3HAYaeT, UTO OTPEsKHM AeHCTBH-
TenbHOH oOCH a, << & < Qp+i OQyHKIMENR [(2) OTOGPaKaTCA TaKxKe
Ha NPAMOJIMHEHRHBIE OTPE3KH MIOCKOCTH @. IIpw 3TOM TOUKM @, neHcTBH-
TenbHOH ocu (ynkuueid (6.62) mepeBomsTcs B TOUKM Aj, MIOCKOCTH W —
KOHIIB COOTBETCTBYIOUIUX NPAMOJMHEHHBIX OTPE3KOB ApAj, 41, HA KOTOPHIE
dynkuus (6.62) oTo6Gpaxaer OTpe3KH HeHCTBHTENbHOH oCH [a@p, @piql-
Tem cambim ¢bynryus (6.62), nenpepsi8ras u 00HO3HAUHAA Ha Oelicmsi-
meAasHol ocu, npousgodum omobpascexue OeicmeumessHold ocu nao-
CKOCIIL Z HA HEKOmMOPYI0 3AMKHYMYI0 A0MAHYI0 AjAs ... A, 38eHbaMIL
Komopoi 8ALIOMCA  npamoAunelinve ompe3xu ApApiy (puc. 6.13).

‘A_7

a) .
Pﬂc. 6.13.

[Ipun 3TOM, KOFZAa TOYKA 2 NPOXOAWUT BCIO MAEHCTBUTEJBHYIO OChb B I10JO-
XKUTEJbHOM HaNpPaB/IeHNH; COOTBETCTBYIOWIAs €M TOYKA @ COBEpLIAET 110Ji-
usift  06x0n 3aMKHYTOH Jsomano#t AjA,... A, 3amerum, uro, BooGuie
ropops, Jomanas AjA,...A, MOXET . UMeTb TOYKH CaMOIlepeceyeHus
(puc. 6.13, 0). v

OnpepenuM Tenepb BENUUHHY YI/IOB MEXAY COCENHHMH OTPE3KaMH
nonyueHHoi somano#t. [as” 3TOro paccMOTpPHUM, KaK MEHseTC apryMeHt
npoussogHo#t (6.66) npm nepexose 2z uepe3 TOuKy q; M3 (6.67) caenyer,
YTO NMPU ABMKEHUW TOUYKH 2 MO AECHCTBUTEJBHONH OCH B NOJIOXHTEIbHOM
Hanpas/JeHUH, NPH KOTOPOM ocofas TOuKa @; 06XoauTcsl 10 ayre GecKo-
HEYHO MaJoro pajuyca B BEPXHEH MNOJYNIOCKOCTH, apryMeHT MPOU3BOA-
HOH M3MeHsieT CROE 3HaueHWe Ha BeJnunHy — i (o; — 1). B cuay reomer-
PUYECKOTO CMBIC/JAa apryMeHTa MPOW3BOAHOM 3TO 03HAYAET, YTO BEJIWUMHA

yraa Mexay HanpasjeHHaMd BekTopos *¥*) A;_;A; u A;A;+i pasHa

*) AprymeHT npowzBonHoli GYHKUHH f(2) B Touke 2, ONpelesseT BeJHYUHY
yrJia, Ha KOTOPbIi HYXHO MNOBEPHYTh KacareJbHYIO K Jii060#f rJagkofi KpuBoii v,
npoxofsiies yepes TOUKY Z;, YTOOBI MOJYYHTb KacaTe/lbHYI0 K 06pa3y 3Toil KpH-
BOi B TOYKe wWy= " (2,).

**) Ilpn 3TOM TO) YI/IOM MRy HanpaBlleHHsIMH MepeceKalolMXest NPAMBIX by,
b, Mbl NOHHMaeM BeJMUHHY YIJla HaMKPaTYaillero MOBOPOTA, COBMEILAIOUIEro Mpsi-
MyI0 by ¢ npamoit by.
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[N

— :rc(oc,— 1) TIpu atoM npu a,<l nepexoj OT HanpaBJjeHUs BEKTOpa
A 1A K HalpaBJeHWIO BEKTOpa A;Z ;A;+1 TPOUCXOAMT B NOJIOMUTEALHOM
(puc. 6.14, a), a npu o; > 1 B orpunareasHoM (puc. 6.14, 6) nanpasneHuu.
Kak nerko Bupmerh, B 000OMX cCJayuyasXx BeJUYWHA yrjia Npa nepexoje
B MOJIOXUTE/LHOM HANDaBJCHUH OT HANDABJEHUA BEKTOPA A741+1 K Hanpas-
JeHnio  BeKTopa A;A;-i pasHa me; (puc. 6.14). Ecan 3amkHyTas JOMaHas
AjAs ... A, He uMeeT camomepeceueHH#, TO OHA OrpaHUYUBAET HEKO-
TOpH# n-yronbHuk. Ecau, Kpome TOro, ABHKEHHIO TOYKH 2 B MOJIOWM-
TENLHOM HanpasJeHun AeHCTBUTENBLHON OCH COOTBETCTBYET OGXOML JIOMaHOM
AjAy ... A, B NONOXUTENLHOM HanpaBJeHHH, TO BHYTPEHHUR yroa

Ai+e

Ay Airt

b) a;>1
Puc. 6.14.

NAHHOTO 7f-yroJbHMKAa npu Bepiiue A, Ha KoOTopylo oToGpamaercs
TOUKA @; NEHCTBUTENLHOH OCH NJOCKOCTH 2, paBeH fix. B cuny ycaosus
(6.63) npn 3TOM CymMMa BC€X BHYTPEHHHX YrJOB AAHHOrO H-yroJbHUKa
pasua (n— 2) T, KaK ¥ JOMKHO OHITh.

Ha ocHoBaHuu npuuuuna COOTBETCTBUs rpanuit (teopema 6.4) moxHO
YTBEPKIATh, UTO ec/u JaoMaHas A;A, ... A, Ha Kotopyio dyHkinsa (6.62)
0TOGpakaeT [OEHCTBHTENBHYIO OCb IUVIOCKOCTH 2, HE HMEET TOYeK CaMo-
nepeceyeHuss W COXPaHseTCs HanpasjeHne o0xona, TO dynkung (6.62)
OCyIeCTB/IsET KOHPOPMHOE OTOGPaxeHe BepXHel noaynaockoctu Imz >0
Ha BHYTPEHHOCTb A-yrO/NbHHKA, OrPaHHYeHHOro JoMaHo# AjA, ... A,

Kak nokasbiBaeT AeTaNbHOE WCCAENOBaHME, €CJAM Ha IIOCKOCTH @
3afaH MPOU3BOJbHBIA A-YrOJbHUK (M3BECTHO MOJIOXEHHE ero Bepiuud A,
Ag ..., Ay M Yram npu 3TuX BEPILMHAX), TO BCErja MOXHO 3alaTh 3Ha-
yenust nocrosHuelx C, C; W TOUKM ay, ..., @, ASHCTBUTENBHOH OCU TaK,
yToGBl COOTBEICTBYMIOUMM 006pa3oM nocrpoenHas ¢yukuus (6.62) ocy-
mecTsaAaa KoH(GOpMHOe oTo6Gpaxenue BepxHel noaymiaockoctd Im 2z >0
Ha BHYTPEHHOCTb [AHHOrO #-yroJibHMKa. Mbl He OyneM OCTaHaBJWBATHCH
Ha [OKasaTeJbCTBE 3ITOrO MOJOXEHHd *), a OrpaHHauMCs JHWb HEKOTO-
PHIMU 33aMEUAHUAMH Y NIPHMEpPaMH. '

*) Cw., nanpumep, U. V. [TpuBanos, Beenenue B Teopuio QyHKUuH KOM-
IVIeKCHoro nepeMernHoro, «Hayka», 1967,
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3ameuanne 1. B popmyay (6.62) sxoaut paa nocrosunnx. Onuaxo
npu noctpoenun KOHGPOPMHOTO OTOGpa)eHHs BEPXHEH MOAYNIOCKOCTH
Im z>0 Ha 3apanHblfl MHOTOYroabHuK A; ... A, NIOCKOCTH W MOXNHO
NPON3BOJILHO 32[aBaThb JIMUIb TPU TOYKH Q; aj, @ AECHCTBUTEABHON OCH X,
nepexoidulie B Kakue-An60 TpM BHIGPaHHBIE BEPIUMHBI MHOTOYIOJb- -
uuka A;, Aj; A, Ilpu 3toM ocrtanbHbie mocTosHHbe B dopmyse (6.62)
ONpeAenstoTcs OAHO3RauHo. [leitcTButensHo, (6.62) onpenenser ¢yHKUUIO

2

f(2), cBasaunyo ¢ dyukunes f(2) =S C—a)t—!... (€—a)—1dg
. 5

JuHeHHBIM npeo6pa3oBaHMeM, NPEACTaBAAIWUM CO00H mnpeobpa3oBanue

noAo6HOro pacTiKeHHs, NMOBOPOTa ¥ NapanenbHOro nepenoca. CremoBa-

TeJNIbHO, ecan PyHKkuus f(2) oTo6paxaeT BEPXHIOW NMOAYMIOCKOCTh [m 2 >0

Ha 33adaHHBIR MHOrOYroJbHUK ILIOCKOCTH w, TO ¢yHkuusa f(2) orobpa-
aeT 3Ty MNOJYNJAOCKOCTL Ha MHOTOYrOJbHHK, MOLOOHHH HaHHOMY. Ilpu
33[aHHBIX 3HAYEHUSX O; AAA TOTO, YTOOH n-3BEHHAs 3aMKHYTas JOMaHas,

Ha KOTOpYl0 OToGpaxaercsi QyHKuueH f(z) ne#cTBuTeNIbHas OCh, Mpel-
ctaBasna Obl COO0H MHOTOYroJbHMK, NOAOOHBIA HaHHOMY, HOCTATOYHO,
yT0GHl 71 — 2 3B€HA 5TOH JIOMaHOH OBIIM MPOMOPUUOHANLHE COOTBETCTBYIO-
UM CTOPOHaM MHOroyrosbHuka. (/IBa KpattHux 3BeHa MOJHOCTHIO OIMpe-
HeNsIoTCa 3ajanueM MX HanpasieHn#.) Tem cambiM M umeeMm n— 3 ypas-
HEHHs! OTHOCHTEJBHO A MOCTOSIHHBIX @; Ecau npoussosbHO 3ajaTh TPH
U3 3TUX MOCTOAHHMX, TO OCTaJbHBE H3 COOTBETCTBYIOIUMX YpaBHEHHH
ONpEeAeNSTCs ONHO3HAuHO. JlaHHOE OOGCTOATENLCTBO ABJAETCS TAKKE Cled-
cTBieM Teopemhl Pumana o6 oaHO3HauHOM ompejeneHun (yHKUUH, OCY-
wecrsanomell KOHPOpMHOE OTOGpameHne OMHOCBSI3HBIX oO6AacTed, npu
3aflaHH¥ COOTBETCTBUS TPEX TOYEK TrpaHullkl oaHoH 06.1acTé TpeM Tou-
KaM TpaHuLBl Apyrod o6aacTu. 3aMeTuM, KPOME TOrO, 4YTO IOJIOXEHHE
33aaHHOrO MHOTOYTOJbHMKA (3afanbl JAJAMHBI CTODOH W BEJAHYNMHA YrJjOB
NpU BEPIIMHAX) HA MJOCKOCTH OAHO3HAYHO OMPENEJSETCH MNOMOKEHUEM
TPeX ero BEepLIuH. _

3ameuanue 2. Mu npeanosarasy, uyro BCE uYuCAa o; B (PoOp-
myne (6.62) sBasioTcs nosoxurtenbusiMu. Ilpu stom wHTerpan (6.62) cxo-
auTc npu Bcex 3Hauennsx Im z =0. Ecan kaxkoe-1n60 4uca0 o OTpPU-
HaTeNbHO, TO NpH 2 ~> @, uuterpas (6.62) pacxomurcs. IATO O3HAYaer,
YTO COOTBETCTBYIOIIAA BepluinHa A, MHOroyroabHuka A; ... A, nexur
B OGECKOHEYHO yJaJeHHOH Touke @ =co. Ilpu 3TOM BenuuuHy yriaa npu
BepuidHe A, MBI [OJaraeM paBHOW B3ATOH CO 3HAKOM MHHYC BeJHYUHE
yraa Mexay npoio/mxedneM orpeakoB ApA,_; U ApApi; B KOHEUHOH
TOYKe ux nepecevenus. Kak Jerko BugeTs, Npd TaKOM ONpeneaeHud YroJ
npu BepiunHe Ay, paBen q,m (o, << 0), u B cuay ycaosus (6.63) cymma BHYT-
PEHHHX YTJIOB MOJYUYEHHOTO 71-YTO/NbHKKA C BepnHO# A, B GECKOHEYHO yjaa-
NEHHO! TOuKe Mo-npewmHeMy paBHa (7 — 2) n. JlaHHOe 3aMeyaHHe OCTaercs
B CAJIe U B TOM CJyyae, KOIa HECKOJbKO YHCEN Oy OTPUILATEeJbHBI.

3ameuanue 3. Ilpu wuccnegosanuu dopmyas (6.62) bl nmpeamo-
JAarad, 4TO BCE TOYKM @; KOHeyHb.  Jlerko ocBoGOANTbCS OT 3TOro
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ycaoBus. BpeneM HOBYHO KOMMJEKCHYIO TNepeMeHHYlo f, CBS3aHHYIO C 2
COOTHOLIEHHEM

Z=a,—

7 (6.68)
Npu stoM TOuKa z=a, NEPexXoNuT B TOuKy f¢=oo. JlaHHoe npeo6pa-
30BaRME 031aYaer, 4TO NMpu OoToGpaxeHun sepxHed noaymnaockocty Im ¢ >0
Ha BHYTPEHHOCTb MHOroyrosbhnka AjA, ... A, MIOCKOCTH W GECKOHEUHO
yhajennas TOuKa ¢==00 OTOOpaxaercs Ha Bepuidy A, Ha xomnnekc-
HO# nuockocTy ¢ dynknms (6.62) umeer Bun

1
1\, —1 1\e, ,—1 1\ —1dt
w=0‘§<an'——a1—‘t—>l ...(an—an_l——?)." t (—‘?>n -:C-E-}-

9

4 .
1C =4 S @—a)n—" ... (T—ap_)Pn1—1di+Cp. (6.69)
f )
3aeck UCMOJABL30BAHO ~coOTHOLUIeHMe (6.63) u BBeseHsl 0003HaueHus
1
a,—2y’'
A=C(a,—a)*1~ LI (@n—ay-1) % -1~ ! (— 1)~ L

Cootnouenue (6.69) o3nayaer, yro B TOM CJayyae, KOrga npu KOH(pOpM-
HOM OTOGpaEeHNH BepXHel IONYNJIOCKOCTH Ha BHYTPEHHOCTb MHOTO-
yroabHuka A; Ay ... A, OSCKOHEYHO ylaJleHHa TOYKa {=CO MePeXOauT
B oaHy u3 Bepuins (A,), 9T0 OTOOpaxeHue OCYUIECTBJSETCS WHTErpanoM
Lsapuna — Kpucropdens (6.69), B noabiHTerpaabHol (yHukuuu KOTOPOro
ONyIeH MHOXHWTENb, COOTBETCTBYIOIUA mHanno# Bepumnue (A4,). 370
00CTOATENLCTBO YACTO MCMOJB3YETCH HA IMPAKTUKE, IOCKOJbKY, KaK MbI
OTMETU/U BHIIE (3aMeuaHue 1), Npu pelwleHuu 3azay O NOCTPOEHHH KOH-
¢opMHOro oroGpaxeHus BepxHe# nmoaymaockoctd Im 2z >0 Ha 3aganHbIi
MHOTOYTOJBHUK IJIOCKOCTM W INIPUXOAMTCH, B cAy4yae OOJBUIOrO Yuc/a
BEPILMH MHOTOYTOJBHUKE, ONpelensiTh OOJbLIOE YMC/JIO HEH3BECTHHIX.

Paccmorpum HexoTopbie npocTefiue npuMepsl.

MMpumep 1. Hatttn dyHKiu©0, KOHPOPMHO OTOOPAKAIOLLYIO BEPXHIOW
noaymjaockocts Imz >0 Ha cektop O <<argw <<am, 0<<oa<<2.

Tak Kak JaHHBIH CEKTOP npeicraBiseT cOOOH MHOTOYroJbHUK C Bep-
wuHamMn A; (@ =0) n A, (w=o00), To ajs pelieHHs 3agayd MOKHO NpU-
meHuTh unrerpan llsapua — Kpucrodgess. Ycranosum caepymomiee coort-
BETCTBME TOYEK AEHCTBUTENLHON OCHU 2 BeplIMHAM JAHHOI'0 MHOTOYTOJ/bHUKA:

a1 (2 =0)— 4, (w=0),
ay (2 =00) = Ay (w = o0).

at" =(ap— ai)—l’ to=

(6.70)

Torpa cornacuo (6.69) oroGpaxaromas (GyHKUUs NPUHUMAET BUX
F4

©=F@)=C{* 1 d+C,

2y
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IToaoxns 2,=0 u ncnosvzosas (6.70), HaigeM, uro nocrosuHas Cj
pasua nyJjwo. Orciona

2
w=CS ety =S o (6.71)
0

dynkuua (6.71) onpeneneHa ¢ TOYHOCTBIO A0 HOCTOSHHOTO MHOXKHTENS,
onpeaeasoilero npeoGpasosaune nomobus. [lauHelff npoussos CBsi3au
c teM, uto ycaosus (6.70) comepwar TpeGoBaHMe COOTBETCTBHS JHIIb
JIBYX TPaHWYHBIX TOUYEK, 3, KaK MBI BuAEAM (CM. 3aMeyaHue Ha cTp. 163),
(byukums, ocyumecTsasiomas KoHGopMHOe 0ToOpaneHue, OAHO3HAYHO ONpe-
AenseTcsl -3afaHHeM COOTBETCTBHA TPeX TrpaHuuHbix Touek. Ilorpe6opas,
nanpumep, 4ro0bl Hapsaay ¢ (6.70) uMEIO MECTO HONOJHUTENBHOE COOT-
BETCTBHE rpaﬂuqumx TOYEK

2=1->w=1,

onpenesuM 3HaueHue ocraswetica B (6.71) npouaaonbuoﬁ NOCTOSHHOM
C=a.
HMrak, oxonuarenabho, QyHKuus

w = 2% (6.72)

ocyiuecTsaseT KoHPOpPMHOe oToGpaXkeHue Bepxuel noaynnockocra Im 2 >0
1a 3aJaHHBl cexTop maockocty w. Ilpu 3TOM B CHAYy yKAasaHHOro BhIlle
BoIGOpa BeTBEH B MOABIHTErpanbHOH (yHKudu wuHrerpaia [lsapma —
Kpuctoddens (6.62) momkHa ObiTh B3Ta Ta BETBb MHOIO3HAUHOH (PyHK-
uun (6.72), KoTOpas AB/SETCA HEMOCPEACTBEHHBIM AHAJTUTUYECKHM IIPOAOJ-
weHueM AEHCTBHTENBHOH (QyHKunA X% QeHCTBATENbHON TNOJOMUTENbHOM
HHEPDEMEHHOH X,

MMpumep 2. Hatirn dpyuxuuio, KOHPOPMHO OTOGPAKAIOULYIO BEPXHIOW
noaynaockocTs Im 2 >0 Ha npsmoyrosbHuK A;AyAzA, (puc. 6.15).

[lycrs BepmuHE NPSIMOYrOJIBHUKA Ha MJOCKOCTH W PAaCMOJIOKEHH!
B TOuKax A (w=a), Ay(w=a-tib), As(w=—a-ib), Ay(w=—a).
ITonoxnm, wT0 ¢ NMOMOUIbIO HEKOTOpPOU GhyHKUUU f; (2) NPOM3BEIEHO KOH-
dopmMHOe oTOOpaxenwe mnepBoro Ksanpanta Iockoctn 2 (Rez >0,
Im 2> 0) na npasyio noaosuny OA;A,0° npamoyroabhuka (puc. 6.15),
npu KOTOPOM TMOJIOKUTENbHA YacTh MHUMOH OCH MJOCKOCTM 2z nepeulia
8 orpesok OO'. Torga Ha OCHOBaHMM MPUHUMNA cUMMETPHU (CM. cTp. 159)
(QYHKLHS, SBAAOLIAACS aHAJUTHYECKUM npomomkenueMm fy(z) B o6aacts
(Rez2<C 0, Imz>0), ocymecrBrder KOHPOpDMHOE OTOGpaX<€HHE AAHHOH
006/1aCcTH Ha JIEBYIO 4acTb MCXOAHOro npsmoyroabHuka. Ilpn sTOoM B BEp-
mebl A; M Ag NEpexoasT COOTBETCTBEHHO CHMMETDPMUHBIE TOYKU AEHCTBU-
reqpHofl ocu 2. To xe uMeer MecTo A BepwinH A, u Ag. Hoaromy
MOXEM YCTaHOBUTb CJEIYIOLIEE COOTBETCTBUE TOYEK:

oy (z=1)—> A (w=a),

a(z=—1)—> A (w=—a). (6.73)
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Kpome TOro, 0ueBMaHO, NOMKHO MMETb MECTO COOTBETCTBUE :
2=0—>w=0. ) 6.74)

Cootuoutenns (6.73), (6.74) ycTanHaBAuBaIOT COOTBETCTBME TPEX TPaHMY-

HHX TOueK. [T03TOMy mpOU3BOMBHO 33aHaTh TOUKY Ay Ha JAeHCTBHTEbHOH

ocd z, mepexoadinyo B Bepwudy A, NPAMOYrOJNbHUKA, YXE HENb3d.
IMonoxum, utro B BepuIMHy A, NEPEXOAUT TOUKA @ HACHCTBUTEABHOR

OCH 2, WMElollas KOOPAMHATY —-, 3HAaueHHE KOTODOH 6yner omnpeneneHo
B paabHeHweM. OueBnano, 0 << k<< 1.

_ \v _
=-q+ib |0 w=a+ib
Ay 142
% 4 2, & . _|w=a w=a| _
7 A g 4, «
L gt gep z=7 z=d 4 !
 Ze-y -/z—ﬂziz,(
Puc. 6.15.

Wrak, ¢yHkuns, ocymecTsaswomas KOHPOPMHOE OTOGpaKeHHe BepX-
Hell MOAYNJOCKOCTH Ha 3aJaHHbBIf NPAMOYrOMBLHUK, MOXeT ObiTb nped-
CTaB/leHa B BHJE

: / 1_ 1_ 1_
wor@=c { =17 " (1= D)7 T e T e T

\
2

2z
. dg
c =CS % ____.c. (675
+ 1 | P V(l‘—cg) (1—k2§2) + 1 ( )
IMonoxus 2,=0 u ucnons30BaB coorHourexue (6.74), noayuum Cy =0.
Torna ’ -

el a |
=0\ yim G0

Ocraerca onpemennts noctosHuele C U B M3 COOTBETCTBHS TOUYEK &;
M ay #eificTBUTEAbHOH OCu 2z BepuwuHaM A; u A, OTMeTuM, UTO HUHTErpan
(6.76) He BblpaxcaeTcs B JEMEHTApPHHIX (PYHKUMAK. ITO TaK Ha3bBaEMbIH
saaunmuveckuil unmezpas®) 1 poda, KoToprit 06HYHO 0603HauaeTCA

z
. . d
Fe 0=\ ygos

0

(6.77)

*) Cm. Bmim. 1, crp. 236.
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Ycnosus (6.73) maot

o
dg :
=\ Vs 79

Wuterpan, CTOSMUH Cupasa, TaK HA3bIBACMbId N0AKsLE dasunmuteckul
uxnmeepaa 1 poda

| .
. dg
K@=\t 6.79

( ) JVI=DT—r2)" ©.7%
ABASETCS XOpouWo wu3yyeHHoH mn Tabyauposannofl dynxune#h. Coorser-
CTBHE TOYEK ag <z=—,1€~)<—>Az (w=a+ib) nossoaser samnucarb

1
. o

a}ib;c \ @4

dz
) V-0 (1—#) (6:80)

&
D VIT= -5y’

orkyaa, yursa (6. 78), nonquw

~ b=C

cF(i, k>, (6.81)

—1)(1—-/e2;2 k

S P

rae qepe&F(—k—, k) o6Go3nauen uHTrerpan B dopmyae (6.81). U3 (6.78)

u (6.81) npy 33KaHHBIX BEJMYUHAX @ ¥ D MOXEM, PEIlUB TPAHCUEHAEHT-
HOe YpaBHEHHE

of (% k)=bK(k),  (6.82)

onpeneautb 3HaueHus NOCTosHHBIX k£ u C. Tem cambim dyukuus (6.76),
ocyuecTsasomas KoH(POPMHOe OTOOGpaxeHHe ~BEPXHER MOAYMAOCKOCTH
Imz>0 nHa sagauHbil NPAMOYrOJMBHHK TJIOCKOCTH %, TOJAHOCTHIO ONpe-
nenena. C apyro# croponsl, ecnu B dopMyne (6.76) 3amanbl BeAUUuHBl £
u C, TO 3Ta QyHKUAs OCYLIECTBJISIET KOH(POPMHOE oTOGpaeHnue BepxHeH
noaynaockocty Imz>>0 Ha NpAMOYroAbHUK INVIOCKOCTH W, OTHOLIEHUE
2a\

CTOPOH («b—).xomporo onpeneasercs Qopmystoh (6.82), a aGcomornas
pemuuuna cTopoH — nocrosauHo#t C. I1pou3soiabHO n3MeHsd 3HaueHwe ITUX
NOCTOSIHHBIX, MOXHO TIOJIY4HTh KOHQPOpPMHOE OTOGpakKeHne BepxHeH noay-
naockoctd Im 2 >0 Ha a000# NPAMOYrONbHUK MIOCKOCTH .



FrTABA 7

MPUMEHEHUE AHAJUTUYECKUX SYHKLLUA
K PEINEHHIO KPAEBBIX 3AIAY

Meroap Teopuu (PyHKHUR KOMIONEKCHOH NepeMeHHOH BEChbMa 1UHPOKO
n 3QdeKTHBHO NPUMEHAIOTCE M8 peleHus OOJbUIOro 4UCIa MaTeMaTd-
YECKMX 3aJay, BO3HMKAIOUIUX B Da3NMYHBIX 006JacTX €CTeCTBO3HAHMA.
B yacTHOCTH, MpUMEHEHME aHAaAWTHYECKHX (PYHKUHUH naeT BO MHOTUX Cay-
yasfix MOCTaTOYHO NPOCTHIE CMOCOOGH peileHus KPaeBblX 3ajayu AJs ypas-
Henust Jlansaca, K KOTOPHIM NPUBOAATCH Da3NHYHHIE 3a7auM FHAPO- i ad3po-
IUHaMUKH, TEOPUHA YNPYTOCTH, 3JAEKTPOCTATUKM U T. 1. DTO ONPEneaTcs TeC-
HOH CBH3bIO, CYMIECTBYOMEH MEXAY aHANMUTUYECKUMH PYHKIUAMUY KOMIJIEKC-
HON mepemMeHHOH M TapMOHMMECKHMH (PYHKUHAMUA OBYX NEHCTBUTENBHBIX
nepemeHubix. B Hacrosimiefl riaBe Ml ‘OCTAaHOBUMCS Ha HEKOTODHIX OOLIMX
BONPOCax NPUMEHEHUS aHAAMTHYECKHX (QYHKUUHA K pELIeHHI0 KpaeBhIX
3ajay nJa9 ypasHenus Jlannaca w npuBeneM DAl NPUMEPOB pemeHnﬂ
(pu3nNUECKUX N MEeXaHHYeCKUX 3aaad.

§ 1. O6mue nonoxeHus

1. Ceass aHaNUTHYECKHX H rapmMoHWuYeckux ¢yHkuuir. Ilycrs
B o6aactu ¥ koMmAeKCHOH MJAOCKOCTH 2 3adaHa aHaIuTHYecKas (PyHKuus
f(@)y=u(x, y)+iv(x, y). Torga Bcroay B 3TOH 0GNaCTH GYHKUMA U U O
cBsi3aHbl ycaorusMu Kouwn — Pumana:

ou _dv ou dv
o ay oy ox , @0

Tak kak amanutuyeckas (yHxuust umeer B obaactd & npouasoaHbie BCEX
MOPSIIKOB, TO U HeHcTBUTENbHBIE QyHKuun 4 (X, y) u v(X, y) WMET
B COOTBETCTBYOUlEH 0O6/MACTH TJIOCKOCTH X, Y YaCTHBE NPOU3BOLHBIE
Mo6oTo nopsaka. 1o T03B0JA%ET auddepeHituposats BhpaxeHus (7.1)
no nepeMeHHuiM ¥, y awoboe uucao pas. [Iponuddepenunposas nepsoe
13 paseHCTB (7.1) mo x, BTOPOE —1NO y U CJOXKHUB, MOJyuYUM

02
x‘; + ayzA—_O, nyey (7.2)
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Anasoruyno npoauddepenunposas nepsoe u3 pasencts (7.1) no y, sro-
poe—no X U BBIUTHA O,IIHO H3 Apyroro, noJayyum
a%v \

axg +ayé 0, x,yes9, (7.3)
0TKyna cnenyer ure pyHrunn u(x, y) v v(x, y) 9BAAOTCA FapMOHM-
yeckuMM B JaHHOH 00JaCTH NJIOCKOCTH X, y. Mrak, neficrButenbnas
W MHEMas yacTh (Qyskunu f(2), aHaauTHYECKOW B o6aactu ¥, sasasiorcH
rapMOHUYECKUMU (YHKUUSAMH B COOTBETCTBYWOIWIEH 0064acTd NAOCKOCTH
x,.y. Ilpn sTOoM pnaHHele rapMoHnyeckne (YHKUHH CBA3AHH YCJOBUAMH
(7.1). C npyro#t cTOpOHB, ecau B 06aacTH & MAOCKOCTH X, y 3aaaHbi
/iBE rapMOHHYecKue PyHKUuN 1 (X, y) u (X, y), yLOBJIETBOPSAOULIE B STOH
o6aactu ycaousm (7.1), To dyukuusa f(2) =u(x, y)=+iv(x, y) Komuaekc-
1ofl nepeMeHHoN 2 = x -|- [y ABAAETCA aHAIUTHYECKON B COOTBETCTBYIOLLEN
06/1acTH "IAOCKOCTH 2. TeM caMpiM HeoGxo0umbim 1t 00CMQMOUHbIM
ycaosuem anammudarocnu yuxgun f(z)=u(x, y)+iv(x, y) 8 obra-
cmu G seasemca mpeGosanue, 4molu @Gyukuuu u(x, y) u v(x, y)
Ob.al 2apmonudeckumu 1w yoossemsopamt ycaosuam (7.1) 8¢ coomsem-
cmeyomel obaacmu nrockocmu x, y. B ra. 1 (cm. crp. 34) Guao
1I0Ka3dHO, YTO 3ajJaHMeM JHlIb OAHOH AelCTBAUTE/IbHOH (WKW OAHOH MHU-
MOH) 4acT¥ aHaJNTHYECKOW (PYHKLUM KOMINEKCHOR NepeMeHHOH NOoCaeRHas
onpenenseTcd C TOUYHOCTbIO [0 MNOCTOSHHOrO caaraemoro. OTcrona cae-
AYET, uTO BCE aHaJuTUYecKne (yHKIYM KOMIJIEKCHOH NepeMeHHOH, 14n
KOTOPBIX 3aJaHHas rapMOHuuecKas (YyHKIMA ABYX JeHCTBUTE/NbHLIX nepe-
MEHHBIX ABJSETCA NEHCTBUTENLHOH (MM MHEMOH) YacTbio, pasanyaoTta
TONbKO Ha AIUTUBHYK MOCTOSHHYIO,

YcranoBaenHast CBA3b MEXAY aHAJIUTHYECKHMH M TaPMOHMYECKUMY PYHK-
IUSMH  MO3BOJIET HUCMOAb30BATh [JS M3YYEHUs DPAa3/JUUHBIX CBOUCTB rap-
MOHMUECKUX (YHKUMH cBOHcrBa ananutuueckux ¢yuxkumit. Taxk, nanpnwmep,
u3 (GopMysBl CpelHEero 3HaueHWs aHaJWUTHYeCKO# GyHxuun (cM. ra. 1,
crp. 48) HenocpeaCTBEHHO noJyyaercs GOPMYJaa CPEAHEro 3HaueHud 1A
rapMOHHUECKOH (yHKIMK

u (o, y0)=WlRo S u (& m)ds, a4
CR‘1
roe TOuKa X, J, fBaserca ueHrpoMm kpyra Cg, pamiyca R, LEIWKOM
Jexaulero B o6actn rapMoHHUHOCTH yHKUMH u (X, y).
2. CoxpaHenue omepatopa Jlamnaca npd KoHdopmMHOM OTOOpa-
wenud. Ilycts B obaactu & nuockoctd X, y 3aaHa rapMOHMYECKas
dynkumna u(x, y); T. e

Au=04 4 gfy% =0, x,y=9. (1.5)

C MTOMOI11bI0 HEBBIPOWKIAECHHOTO npeoépaaoaannﬂ HE3aBUCHUMbBIX MEPEMEiHbIX
E=E(x 3, n=n(x ) (76)

DE M x,ye¥, (7.7)

D(x,y)



186 MPHMEHEHHE AHAJIMTHYECKHX ®YHKUHHA . [ra. 7¢

oToGpazumM o6aact & na0CKOCTH X, y Ha HOBYW obaactb & nuockocry
£, m. 3amernM, uro 3amaHue ABYX AeHcTBuresnbHbIX (ynxumit (7.6), asyx
IEACTBATENbHBIX NEPEMEHHBIX X, ¥, SKBHBAJEHTHO 3aiaHuio B ofgactu 9
KOMIJIEKCHOH MJAOCKOCTH 2 OnHOH dynkunu § = f(2)=E&(x, y)+ M (x,y)
KOMI/IEKCHOU mepemeHHO# 2= x + iy. [Ipu atom ¢ynkuus f(2) ocyute-
CTBASET OTOOpakenue 0671aCTH ¥ KOMIIEKCHOH MJAOCKOCTH 2 Ha 06./1acTb
&' xomnnekcuo#t naockoctn §. B cmay ycaosus (7.7) ypasuenns (7.6)
OJIHO3HAYHO Pa3pelINMbl OTHOCHTENbHO CTAphIX NMEPEMEHHBIX, U TeM CaMbiM
B o6nacta &', naockoctn & m onpenenena ¢yukuns U E, n)=u[x E 1)
Y (& m)) BusacHmM, npu Kakdux ycJoBusxX Ha npeoGpasoBaHue (7.6) dyHK-
uus U(E, M) Oymer rapmoHuyeckofl ¢yukuuedt nepemennsix E, 1. Ilpen-
noaarad, uyro ¢ynxunn (7.6) nBawab HenpephHBHO AuddepeHuupyemsl
B 06nacTu &, BBIPa3MM YyaCTHHE MPOM3BOJHbIE BTOPOr0 NOPAAKA OT (YHK-
uun u (X, y) MO CTapLIM NEPEMEHHBIM uepe3 NpPOM3BOAHHIE OT (PYHKLUHK
U (& m) no HOBBIM nepeMeHHBIM: :

0% 2U 02U ol ou U
B = T O+ 2 Bt G (1 + 5 £t 5 e
u ) U (7.8)

U kRY U U
5!/—2 = O—E{ (E,y)2 + 2 a—g_aTq‘ gyny + W (1]),)2 -+ 7& §yy + 5;] Nyy:

Ioacrasus 5T BHpawenns B (7.5), nonyunm CaeAyIolee ypaBiieHne s
Gyuxuna U (§ n):

S € HE)+ 250 Gane B+ S (i )+
+ 5 Cor - 8) + 5 s T M) =0, (7.9)

IOas toro uro6e 3TO ypaBHeHue Obi1o ypasueuueM Jlanaaca, NO/KHH
BBITIONIHATBCS CAeAyIOmie COOTHOLIEHUS: :

E-xx + gyy = O) nxx +‘ nyy = 0, (7.10)
Exne+Eymy =0 , (7.11)

" . .
E+E=nct+ny #0. . (7.12)

CoorHouenus (7.10) o3uauaiot, uto dysxuum E(x, y) u 1 (X, y) AODKHE
OnTh rapMoHuueckumu B oGaactu ¥. IMepenumem (7.11) B sume
gx Ey '
'}];_—'E,;_”(x’ y), (7.13)
rae M (x, y)— Hekoropas, noka HeussecTHas Qyukuusa. Toraa coorHouse-
Hue (7.12) maer
E+E=p?[ny+nil=ni+mn;#0.

Orciona p2(x, y)=1 npu x, y = Y. Takum 06PasoM, HEH3BECTHAA (YHK-
nus p (x, y) onpenenena: w =t 1. Ilpu p =1 coortHowenus (7.13) naior

Ex=ny &=—MNxn
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1. € rapMoHWYeckue B o6nactn ¥ QyHkunu § ¥ v AOIKHB YIOBJAETBO-
piuTh B 3TOH OOnactH ycaosusm Komm — Pumana. 10 o03Hauaer, 4To
(pyuruns f(2)=E(x, y)+in(x, y) A0omKHA ObITb aHaNUTHYECKOH (PyHK-
nwed B o6aacty ¥ xommaexcHoH mnaockocTH 2. 3ametuM, uto u3 (7.7)
n (7.12) crenyer, uto otoGpaweune obaactn § na ¥’ nomxuo Guth B3a-
IIMIIO OJXHO3HAUHBIM, a NpoussoaHas QynkuAn f(2) LOMKHA yIO0BJAETBOPSTH
ycaosuio f'(2)£0 Bciony B obnactu F. Tem cambiMm oTOGpamenue
obnacty ¥ naockoctd z Ha 06nacTb ¥’ maockoctn {, oCywleCTBJsieMOe
(Pyuxiue f(2), L0MKHO GBTb KOHGOOPMHLIM.

Ilpu = —1 cootHomeHus (7.13) namwor

gx—'—ny’ gy—'rlx-

Kak nerko Bmaeth, B 3TOM cayuae dyukuusa f(2)=E (x, y)—m(x, )
NMoMKHa OBITH aHAJAWNTHYECKOH, a OTOoOpa)KeHHe, OCyllecTBaseMOe (yHK-
et f(2)=E(x, ¥)+in(x, ¥), ROMKHO GbITb KOH(POPMHBIM oro6pa>xe-
uuem 11 pona.

Wrak, Ml 10yynad OKOHUATEJbHEIH OTBET Ha BONPOC, MOCTABJEHHBIH
I Hayane 3TOro nynkTa. [lpu omoGpascenun obracmu § naockocmu 2z
Ha obaacms G’ naockocmu G, ocywecmersemon @ynxyuei f(z) =
=§(x, )+ in(x, y), ypasuenue /lanraca 045 yrxgun w(x,y) nepeii-
dem 8 ypasuenue Jlanaaca 042 @ynrg U E n)=u[xE 1) yE n))
AUWs 8 MOM cAYy4iae, ecan 0aHHOE OmoOpajxrcerue s8Asemcs KOHEHOp M-
noat omobpasenuen 1 uan 11 poda. 3ameTum, 4TO npM JaHHHX OTOGpa-
wenusax oneparop Jlanaaca Ay, nepexoaut B onepatop |f’(2)[2 Ay, =

TE®) FA%“’ rae  z= () —o6paTHan QyHKUEA, OCYLIECTBASIOWAN

KoHpopmuoe otobpawenne obaactu &’ na obnacte &, Tem cambim naxe
pocTefililee ypaBHEHHE 3JJHMNTHYECKOrO THMA € IOCTOAHHBIMU KO3(pdu-
wnentamu Au-+cu=0, ¢=const £ 0, npu KonpopmHOM OTOGpaXEHHU
nepeiiaer, BOOOILE FOBODS, B ypaBHEHHE C NEPEMEHHBIM K03(duiueHrom
Mg Uclo’ QP U=0.

3. 3amaua [Jupuxuae. ITonyuenHsie B nmpeablIywieM NyHKTE pe3y.ib-
TaThl N0O3BOJIAIT NMPUMEHUTb METON KOH(POPMHHX Npeobpa3oBaHutt K peuie-
M0 KpaeBbIX 3alay JJs rapMOHMYecKHX ¢yHKuui. Paccmorpum OcCHOB-
Y10 W€ STOTO MEeTOAa Ha npumepe pemtenvs 3amauu [Lupuxie.

[lycmey mpeGyemcs nalimu gﬁyﬁxuzuo u(x, z),  y0o8.4emeopsaiOU4yI0
ypasrnenuto Jlanraca

Au—

8 obaacmu G, Henpepwsnyio 8 3aMmKHymoii oGracmu ? g -|-I‘
I npuruMawyo 3adannsie 3navenus xa 2paxuye I

u(P)r=0a(P), (7.14)

roe o (P)--3anannas HenpepoiBHas QyHkuua Toukn P koutypa I'. Kak
nzsecTHo *), peweHne ITOW 3aZaud METONOM pasfesieHus NepeMeHHBIX

*) Cm. A. H. Tuxonos, A. A. Camapckuii, YpaBHeHus MaremaTu-
yeckol Qusnky, «Hayka», 1972,
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MOXET ObiTb MOAYYEHO JMIIb M OFPaHWYEHHOro Kaacca obsacredt ¥
€ A0CTaTOYyHO mpocrofl rpanunedt I

Merton KOH(OPMHHIX Mpeo6pa3oBaHAN HaeT NOCTATOUHO YHUBEPCAJb-
HbIll aaroputM pettenns. 3agaun dupuxae ana naockux obaacteft. Haunem
¢ pewenns 3agaud dupuxie ana xpyra paanyca a. BseneMm noaspuyio
CHCTEMY KOOpAMHMAT r, @ C HauaJqoM B ueHTpe Kkpyra. Torpa ¢ynkuus
o (P) 6yner dyukuuel auwb nepemenHoit . IlocTapaemcs BhIpa3uTh 3Ha-
YeHHe HEN3BECTHON (PYHKUMHM u(r, () B NPOU3BOJbHOH BHYTPEHHEH TOuke
(re @o) Kpyra.uepes ee rpanuudsie 3Hauenus o (¢). s 3T0r0 mocrpomm
KOH(OPMHOE OTOGpaXKeHHe 3aAaHHOro Kpyra Ha eauHuuHbit Kpyr |w|<<1
N/0CKOCTH W, TNpPU KOTOPOM TOYKA ry, ¢, mnepeiiger B ueHrp w=~0.
Pewenne 3TO# 3amaun JIEFKO MOJYYUTh C MOMOLLBIO IPOGHO-IMHERHOH
¢dynkumny, paccMorpennott B ra. 6 (cMm. § 2). Ortobpaxaoman dyHkuns
uMeeT Bup

2—2, 2—rye
w=/@) =1 "G =r = (7.15)
z2—— z—— ¢
<9 ro

rae 10CTOfNHHAA A BHIOMpaeTcs u3 YC/AOBHs, 4TOGbI TPAHHYHBIE TOUKH
2=ae'% 3ajaHHOrO Kpyra Tmepelin B IpaHMyHbie TOUKM |w|=1 enu-
HUYHOrO Kpyra MJOCKOCTH W; NpPHU 5TOM ]M:%, a arg A, onpenensio-
wn# nosopoT Kpyra |w|<<1 Bokpyr ero uentpa @ =0, MOXeT ObTh
BhiOpaH NpPOU3BOMbLHEIM. B pesynbTaTe NMpousseneHHOrO NPeoGpasoBaHust
uckoman dyukuus u(r, ¢) nepetaer 8 dyuxuno U (p, Pp)=u[r (p, ¥),
@ (0, )|, roe p, P — noaapHbe KOOPAHHATH HAa MJOCKOCTU W, CBSI3AHHBIE
C KoopauHatamu r, ¢ coorHouwennem (7.15). Ilpu stom samawnas rpa-
HuuHas QyHkiua o (@) nepeizer B dynkuuio A (P)=a[e (1, P)]. Tak
Kak Qynknus U (p, ) sBAsgeTcd rapMOHHMYECKOH (yHKuuMe#t cBOMX mnepe-
MEHHBIX, TO €e 3HaueHWe B LIEHTPEe Kpyra MOeT OnTb HaiJIeHO no ¢op-
Myne cpeanero 3uaueuus (7.4), orkyna

0o 90 =U lamo=5s \ A () d¥. (7.16)

0

(e}
4

M3 (7.16) Mbl nonyuuM siBHOe BhlpaxceHue peweuns 3agauu Lupuxsae ans
Kpyra, ecam BupasuM ¢yHkuuio A (P) uepes nepsoHauanbHO 3aNaHHYIO
¢dyHkuuo o (¢). 3aMeTuM, 4TO AAf COOTBETCTBUS TPAHUUHBIX TOYEK Kpyra
|z{<<a u kpyra |w|<<1 dopmyna (7.15) maer

i iq
ei\p___iae (v._roe Po
T

_ 7.17
) aeiq,_?_z_ £l%o ! ( )
ro
OTKyna
at—r3 '
a4 r3—2arg cos (P — Qo) d(p.

dp =
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[Tostomy, cnenas B unrerpane (7.16) 3ameHy nepeMeHHOR HHTErpupoBa-
g P=1y (@), TAe CBSI3b MEPEMEHHHIX P U ¢ ONpeAeaseTca Gopmy.ToH
(7.17), nonyuum -

271
a?—r3

' 1
u(ro, ®o) = on S a2+ ri—2ar; cos (1p — @g) o (¢) dg. (7.18)
b

dbopmyna (7.18) u paer fBHOE aHAJNTUYECKOE - BHIPaXKEHHE pelleHns
3anaun Jlupuxsie 02 Kpyra pajnyca a ueped QyHKUMIO IDaHUYHBIX YCJIO-
puit & (). d1a dopmyna, HocAmas HasBauue uHTerpasna IlyaccoHa, mMoxer
OLITh MOJYYEHa W pAIOM ADPYrux cnoco6oB, HanpuMep METOLOM pasfe-
JeHus NepeMeHHBX WM C NMoMowblo (yHKuun HCTOYHHKa *).

[TonyuenHsle pe3yabTaThl MO3BOJAIOT B NPHUHIMIE pEWUTb 3anavy
Nupuxae nas moboit obaacrtd F, KOTOPyw MOKHO KOHPOPMHO OTOGpa-
3UTb Ha emnHnuHBl Kpyr |w|<< 1 naockoctu w. HdeicrsurensHo, npu
koudopMHOM OTOOpaeHnu ypasHeHue Jlamiaca coxXpaHsercsd, a pelueHne
samaun [wnpuxne mas kpyra uamm noayyeno. Cosepiuus B MHTErpase
(7.18) nam (7.16) 3ameny mepeMeHHOH VMHTErpupoBaHUs, UCXOAS U3 CBSI3M
rpaHMuNbBIX TOUeK 06aactn ¥ W eauHuYHOH OKpYxHOCTH |@|=1 npn
JIAaHHOM KOH(OPMHOM OTOGpDaMXeHUy, MBI W MOJYYHUM BhIPaXCHUE pelie-
nua 3amayd Jupuxse BO BHYTPEHHHX TOYKax oGJacTH yepes rpaHHuHYIo
¢ryuxunio (7.14). »

Mpumep 1. Pewenne zamaun Jdupuxse pas noaynaockoctd. Ilycrs
Tpebyercs ONpeAeauTh OrPaHUUCHHYO Ha 6ECKOHEYHOCTH PYHKUM© 1 (X, V),
rapMOHUYECKYI0 B BepXHel MnosynmiockocTd y =0, HenpepeiBHYI Npn
y=0 u npuHAMaULYI0 3aAaHHBIE 3HAUCHUS: '

u(x, 0)=a(x) npu y=0. (7.19)

Or06pa3uM KOHGOPMHO BEPXHIOI MOJynaockocTs Imz >0 na BHyT-
peHHOCTh €AUHUYHOTO Kpyra |@|<< 1 Tak, 4ro6bl 3aQaHHas TOUKA 2z, =
= Xo+ ¥, (yp>>0) nepemna B nenrp @ =0 storo kpyra. Kax serko
Buaerb, 3T0 mpeo6pasoBanue OCYLIECTBAAETCH APOGHO-AUHEHHOH QyHK-

e i:
z2—2,

w=f(z)="-2=". (7.20)
Z‘—ZO .
[Tpu 3TOM rpaHMUHBIE TOUKH CBSI3aHHl COOTHOIIEHHEM
: X —2,
eV =2""°0 (7.21)
x—Z,

¥ rpaHuuHas QyHkuus o (x) nepexoadt B QyHkuuw A (Pp)=a[x @),
rae x () omnpesgeasercs u3 cootHowenus (7.21). 3amerum, yTO COOTHO-
wenue (7.21) gaer

— 2y

*)Cm. A. H. Tuxonos, A. A. Camapckuil, YpaBHeHne MareMaTuue-
ckoit ¢usuky, «Hayxa», 1972, .
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3uauenne nckomolt (yHKIMU u (X, ¥) B TOUKE Xg, Y, ONPENeNsieTcs MHTEr-
pasom (7.16). Ilpoussens B HeM 3aMeHY nepeMeHHOH HHTEI‘pHpOBaHHﬂ no
tdopmynam (7.21), (7 22), nonyuum

oo

l Ll
.u (xo, Yo) = w S _(«‘:f:)ZTy[’i a(x)dx, (7.23)

—o00

uYTO W [aeT pelleHHe nocraaeHHOH 3amauu. Popmyna (7.23), maromas
pewenne 3amaun [lupuxie [as MOJYMJOCKOCTH, HOCHT TaK)Ke Ha3BaHHE
uHterpana Ilyaccona.

4. TMocrtpoenne GyHKUMH HCTOYHHKA. MeToan KOHGDODMHOTO OTO-
Gpaxenns TNO3BOAAIOT MOCTPOMTb (DYHKIMIO UCTOYHWKA NepBodt KpaeBoH
sajgaun Aas ypapHeuus Jlansaca B maocko# obaacte ¥, kotopyio MoxHO
KOH(OPMHO O0TOOPa3nTh Ha eauHuuHH#t Kpyr |w|<<1 mnaockoctd .
Kak wusBectno, dynkuma ucrounnka G (M, M) paHuoH 3amaum ompene-
JSETCA CIEAYIOIHMHU YCAOBUAMH:

)

AyG My, M)y=0 npn M#£ M, (7.24)

2) B OKpecTHOCTH TOoukn M,
1 1
G(My, My= g 0 — + v (M, M), (7.25)
MoM

rae ¢ynkuua v (Mg, M) sBiseTcs rapMOHHUeCKOH ¢yHKUHeH Touku M

BClony B obaactu Y
3)

' G (Mg, M)|Mer=0, 1 (7.26)

rae ' —rpannua obnactn §. Mmeer Mecto caeayiomas Teopema.

Teopema 7.1. Ecau ¢ynxgua w= f(2,, 2) ocywecmsasenm Kox-
gopuroe omolbpasicenue 3adannoli obracmu § naockocmu z na 8nym-
pennocms edunnyro20 Kpyza |w|<<1 mak, umo mouka zy= ¥ nepe-
xodum 8 yeump w=~0 smozo xpyea, mo @yHKyuS

1
'f(zo' 2)|

seassemen Qoyaryueld ucmodnura nepsoll Kpaesoil 3adauu 04 ypasHe-
nus Jlanaaca 8 obaacmu §. 3pech KoopamHath Toukn M & & cytn
x,ynz=x-+iy

NlokasatenbcTso. Jam IOKasaTeqbcTBa TEOPEMBI 1IPOBEPUM, YTO
¢ynkuus, onpeneneHHas dopmyaoit (7.27), ynoBJeTBOpSEr YC/JAOBUAM
(7.24)—(7.26). ®ynxuua f(2, 2z,), OCYWECTBASIOMAsA 1aHHOE KOH(OPMHOE
otobpaxenue, ABAAETCA aHaANTHYeCKOH dyuKiuel, npuuem f(z, z0)¢0
npu z #£ 2o Orciofa caeayer, 4to u GyHKUHUS

Inflz, 20 =1In[f(z 20)|+iarg f(z, 2)

G(Mo M)=-- (7.27)
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SBASETC aHAJAWTMUECKOR dynkuued BClopy B o6aacTu 9, 3a McKaOuenueM
TOYKHM 2, TaKk Kak AeHCTBHTENblIaf 4acTh aNaJUTHYeCKOH (DYHKUUN eCTb
(yHKUUSs rapMoHuMuyecKas, TO - ycaosue (7.24) sumnontseHo. ITockoabky
f' (2, 20) # 0 Bcrony B 06aacTu ¥, BK/OYadA U TOUKY 2 =2, 2 f(2, 20)=0,
TO TOYKA 2, SBJSETCH HYJeM NepBOro MOpsaka AaHHOH (YHKUUH, T. €.
B OKDECTHOCTH 3TOH TOYKH MMEET MECTO Pa3soXKeHue

F(z, 20)=(2—29) 9 (3, 2),

rae @ (2, 2,) — aHaJIUTUYECKAs B OKPECTHOCTH TOYKH 2, BOYHKLUA, MpHyeM
¢ (29, 29) %~ 0. Orciona cnenyer BsimonHenue ycaosus (7.25) mns dyuk-
wnn (7.27). Hakonen, tak kak | f(2, 2o)r=1, T0 dyukuus (7.27) yaos-
netBopseT u ycaosuio (7.26). Teopema nokasaua.

[TpuBenem nmpumep NpUMeHeHMs HOKa3aHHOM TEOPEMBI.

Mpumep 2. Iloctpoure GYyHKUMIO UCTOYHMKA MEpPBOH KpaeBOi 3a-
naud paa ypaBHeHus Jlannaca B mosoce — oo <C x < oo, 0Ty <<m.

CornacHo TOJ/IBKO YTO AOKa3aHHOH TeopeMme [/ PeureHuss 3aiayd Hamo-
NocTPOuTh KOHDOPMHOE OTOGpaMeHHe AAaHHOH MOJOCH MAOCKOCTH 2 Ha
BHYTPEHHOCTh €AMHHYHOrO Kpyra |w|<<1, npu KOTOpOM 3aAaHHas
TOYKa 2, mepexoauna Ol B ueHTp Kpyra w@=0. Kak userko Bumers,
yHKUMS, OoCymecTBAfLLIas TpebyeMoe OTOOpaweHue, UMeeT BHI

(]
f(zo 2)= —i. (7.28)

—e?

I]ocxonbl(y HMEEeT MECTO COOTHOILEHHuE

lez et l — {(ex cosy — et cosy0)2 + (e"' sin y — e*o siny0)2}‘/2 =
X+ Xo .
=e 2V 2{ch(x— x)—cos(y—yo)}'s

TO 1OCJE 3JEMEHTAPHHIX NpPeoGpa3oBaHuil MOJAYUMM HCKOMYIO (YHKIMIO
B BUIe

1 1 ch (x — xo) — cos (¥ + Yo) :
G (Mo M= 50 [ 51 = 3510 Rl ey (129

§ 2. Ilpuaoxenns Kk 3amavaM MeXaHHKH U (HU3HKH

1. Tlnockoe ycTaHOBMBINEeCs MABMKeHHMe MKHUAKOCTH. Bysem pac-
CMaTpuBaTh [IJIOCKOE NOTEHIUaJbHOE YCTAHOBHBILEECH TEUEHHE HECKHUMA-
eMOil MieanpHOH KugkocTu. Kak u3BECTHO, B C/ydyae MOTEHLHAALHOrO
IBHXEHUus B 001aCTH, CBOOOIHOH OT MCTOYHUKOB, BEKTOP CKOPOCTH V (X, y)
yAOBJETBOPAET ypaBHeHusM ¥) ‘
rotv=0,. _ (7.30)

divv=0. (7.31)

*) CM. A, H. Tuxonos u A. A. CamapcKHii, YpaBHeHHs MaTeMa-
THYyecKoli ¢uauku, «Hayka», 1972,
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Tak kak nBuKeHHE NOTEHIHAJbHOE, TO CYLUIECTBYET CKaisipHas (YHKIUS
u(X, y), HasbiBaeMass NOTEHUUANOM CKOPOCTeli, CBA3aHHad C BEKTOPOM
CKOPOCTH V COOTHOILENHEM

v=grad u(x,y), (7.32)
T
* 7 ox Y "oy’
Ilpn sTOM BEKTOP CKOPOCTH V B KaXIOH TOUKE TEUEHHS HANPaBAEH IO

HOPMaJH K JHMHHM yposHA u (X, y)= const norenuuasa cxopocreit. Iloa-
crasus (7.32) B ypasHenne (7.31), moayuum

Fu | ' :
o+ ay_‘; =0, (7.34)

v (7.33)

T. €. B paccMaTPUBAEMOM CJAYyYae NOTEHLMAJd CKOPOCTEd fBJASETCS rapMo-
HUYECKOH (yHKUHnEN. i

IMocTpoum aHaauTUYECKY0 DYHKUUIO KOMIAGKCHOH llepeMeHHoOR f(2) =
=u(x, y)+iv(x, y), Ana koTopo# noreHuuan u (x, y) pacCMarpuBaeMoro
TEUEHNd fBARETCA AeHCcTBUTENpHOH uactbio. Kak OGbno orMeueHo (Cwm.
crp. 34), npu s1oM dyHKuns f(2) onpegeseHa ¢ TOYHOCTbIO [0 MO-
crosiudoro ciaaraemoro. Panee (cm. ctp. 35) Gouto nokasaHo, 4To JMHUH
ypoBus u(x, y)=const n v(x, y)=-const geiicTouresLHON K MHUMOH
yacrel aHaANTHYECKOM (pyHKuMM B3auMHO opToroHajsHbl. [ToaTOMy Bekrop
CKOPOCTH V B KaX/[IOH TOYKE TEUEHWs HampaBJEeH MO KacaTeJbHOR K Ju-
HUW YPOBHsA v (X, ¥) = const, mpoxoasuled yepes pauuywo Touky. PyHxuus
v (x, y), ABAfIOLLAICS MHUMOH 4YacTbl0 NOCTPOECHHOR TakuM oOpa3oM aHa-
auTAYeCKoi (yHKuMn f(2), nasbiBaeTcs (yHKumed TOKa, a caMa QyHKumMs
f(2) KOMNJEKCHBIM NOTEHUMANOM TEYEHHUs.

OGnacrb Teuenus, OrpaHuueHHas AByMs auuuaMu ToKa o (X, y)=C;
n v(x, y)=C,, HaswBaeTcs TPyOko# Toka. Tak Kak CKOPOCTb XUAKOCTH
B mo000H TOuUKe HampaBJeHa IO KacaTeJbHOM K JIMHHM TOK3, TO B CHJY
HECXKUMAEMOCTH XUAKOCTY W CTAHLHOHAPHOrO XapaKrepa ABWXKEHHUS KOJMH-
YeCTBO KHMAKOCTH, MpOTEKalollee 3a eAUHMIly BPEMEHn uepe3 Jiolbe IBa
nonepeyHslx ceveHuss S; u Sy TPyOKM TOKa, OCTaercsl mMOCTOsHHbIM. Ta-
KHM 00pasoM, PasHOCTb 3HaueHu#t mocrosHHbIX C; v C, ompejenser pac-
XOJ XHUAKOCTU B JaHHOH TpyOKe ToKa.

U3 ycaosuti Komn — Pumana u dopmyn (7.33) crenyer, 4To Kommo-
HEHTBl CKOPOCTH MOT'YT OBITb BBIPAXEHB UEPE3 HaCTHbIE MPOU3BOAHBIE OT
GyHKUMM TOKa:

ou  Ov ou ov
Vx=5)2='a§’ Vy=@=—&. (7.35)

Kak Owbio ormeyeHO B ra. 1, KOMIJIEKCHOE YHCAO W@ =V, iV,
MOXHO MHTEDPNPETAPOBATL KaK MJOCKAN BEKTOP C KOMMNOHEHTaMH Vi U Vy.
ViMeeT MeCTO OYEBUAHOE COOTHOLIEHHE '

. Ou | .0u __Ou .0 7 : ;
w=Vx+1Vy=a—x+l@=0—x—la\;}=f (z), (7.36)
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KOTOPOE CBSA3BIBAET BEKTOP CKOPOCTH U npoussonnyio OT KOMIIJIEKCHOFO
NOTEHUUANA TEYCHU.

B ruapoiavHaMuKe CYUIECTBEHHYIO POJIb nrpalor NOHATHS HUPKY AALKIA
M TOTOKA BCKTOPa CKODOCTH. [laguM BBHIpaXeHWe 3TUX BEJUUUH Yepes
KOMIUIEKCHBIH MOTEHUNAN TeyeHus.' ‘

PaccMoTpuM  KycCOYHO-T/IafKyio MAOCKYlo KpuBylo C (Pa3OMKHYTYIO
WM 3aMKHYTYIO) M BBeleM Ha He#t Bekrtopbl auddepenunanos ayru ds
i HOpMa/lM dn C MOMOILBI0 COOTHOILEHUH

ds=idx+jdy, (7.37)
dn=1idy—jdx. (7.38)

Umeer wmecto oueBnaHoe coorHowenue nds==dn, rge n— eInHAYHAs
HopManb K Kpusoi C, a ds— pudpepenunan AauHb Aym 5TO# KpHUBOHL.

ITpu nonoxure sHOM 06X01€ 3aMKHyTOH kpusoit C dopmyna (7.38)
JA€T HaNpasJeHWe BHElHeH HOpMasu.

IMoToxom BekTOpa CKOpocTH V uepe3 xpusywo C (pasoMKHyTy}o iy
3aMKHyTy!0) Ha3bIBaeTCSl KPHBOJUHEHHBI# MHTErpas OT HOPMaJbHOM COCTaB-
JSIOIER CKOPOCTH ' . '

' : NC=S(v~n) ds- (7.39)
PAN
OueBniHO, STOT MHTETpPas ONpPENENseT KOJAMYECTBO XKHAKOCTH, NPOTEKalo-
me#t uyepes kpusywo C 3a enuHully Bpemenn. Murerpan (7.39) sanmwem
B BHAE

o fvan= Yt dem NGy e Nt 0
¢ ¢ . . ¢ .
(7.40)

IMpn onpeageneHun noABEMHON CHIBL, IEHCTBYIOLIEH CO CTODOHB IO-
TOKA MKUAKOCTHM Ha obOTekaeMoe UM Teso, OOJbIIOE 3HAUCHHE KMEET CTe-
neHb 3aBUXPEHHOCTH MOTOKA, KOTOPas XapaKTepu3yercs 3HayeHUEM IHp-
kyasuuu. LHupkynsuued BekTopa CKOpPOCTH BROJb Kpusoit C HaseBaeTcs
KpUBOJMHEHHKIA WHTErpas OT KacaTe/bHOH cocCTaBidwolleit BEKTOpa CKo-
pocru:

Ic={v-ds . (741)
P :
Bripaxas CKOpPOCTb V uepe3 KOMI/IEKCHHIHl MOTEHUMas, MOJy4nu
.Fc=Svds=Sv;vdx-|*vydy=S = dx —|— [y ,S : dx—~cly
A < C '
(7.42)

Paccmorpum H2 KOMIVIEKCHOH TJIOCKOCTH WHTErpan BIOJb vamon C or
MPOU3BOJHON KOMMJIEKCHOro MOTEHUUana:

’ 0 9 . (¢ 0 a .
Sf (2)dz = Sai;dx—b;dy—l—tﬁs Rax+Lay. a4
& B -
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Cpasuenue (7.40), (7;42) n (7.43) npvmo;mf K Qopmyae
{f (2)dz =Tc+iNc. o T (14%)
¢

dra ¢dopmyra, mawouias BhpaxeHHe WUPKYJIAUNM M NOTOKa BEKTOPA CKO-
pPOCTH uepe3 NMPOU3BOJAHYI KOMIIEKCHOrO [MOTeHIHana;, HaxONUT MHOTo-
YNCJIGHHBIE NIPUMEHEHNs B IMAPOAMHAMAKE. ‘3aMeTuM, yTO ecau o6aacTs ¥,
B KOTODOH DacCMaTPUBAETCS ABWIKEHHE, AB/AETCH OLHOCBA3HOH, TO MHTEr-
pan (7.44) mo moGo#. samkiuyTOoH Kpusoit C, ueankoM Jexauied B G,
paBeH Hya o B cuny TeopeMsl Kowmn. B cayuae pgBuxedna B MHOrocBsis-
Ho#t o6nactu ¥ uuterpan no samkHyTof Kpuso# C, uemukom Jeaniett
B Y, Moxer OHTb OT/AHMYeH OT Hyas. D10 OyJeT WMMETb MECTO, Korjia
BHyTpH Kpuso# C cogsepxntcs obracte &', He npunamnexamas g, B Ko-
TOPOH HAXOAATCS MCTOMHHKHM M BHXPEBHIE TOYKH pacCMaTPHBAEMOrO Te-
yenus. B sToit 0GracTu, OueBUIHO, HapywawTcs ypasHerns (7.30)-u (7.31).
B uacTHOM cayyae 0GaacTb &' MOXET COCTOSTh W3 OTAE/IbHHIX TOUEK,
KOTOpHIE MPY S5TOM ABJAAIOTCH HM30OAMUPOBAHHEHIMH OCOOBIMM TOUKaMH aHa-
MUTHYeCKOR (yHKIMK f(2) — KOMAJIEKCHOTO II0TEHIMaNa TeYeHHU .

Wrak, scakoe naockoe nomexyuassnoe mewerue 8 o6aacmu, 8 KO-
MOpoll oMcYmMCcmeEYIOm UCMOYLHUKI U 8UXPeBble MOYKU, MoxHCem Oblims
OMICAHO ¢ NOMOWSLI0 KOMNAEKCHO20 NOMEHUUAAA, SBARIOULE20CH AHA-
aumitieckoll  @ynxyneli xomnaexcnold nepemernrod. Tem caMbIM A5
W3YYEHNs NaHHOTO KJacca TedyeHu# MOKeT OHTh HCIOJb30BAH BECh anma-
PaT TEOpHH aHANUTHUECKUX (YHKUUH. .

PaccMorpuM psil NMpUMepoOB NPOCTEHIIAX TEUYEHUR,
ONMCHBAEMHX SJNEMEHTAPHHMU QYHKUUAMU KOMIOACKC
HOH mepeMeHHOH.

a) IlycTh KOMNMEKCHBIY MOTEHUMAN TEYEHHS UMEET BUA

Jf(2) =az, ’ A (7.45)
rae a=a; -} ia, — 3anaHHOE KOMIJIEKCHOE yucao. Toraa
' u(x, Y)=mx—ay, V(X Y)=ax+ay
H JMHEM TOKa v (x, y)-——C NPEACTaBAIIOT COGOH MpsAMble, YTOaA HAK/IOHA
KOTODBIX K OCH X ‘6npe11enﬂercs{ BEIpAXKEHuEM tgo=— -Z—f—. dop-
myaa (7.36) maer
' W=V, +iv,=F (D) =a=a, —iay - (7.46)

OTKYZla CAENYyeT, UTO CKODOCTb TEUEHHA MOCTOAHHA W HANpaB/JeHHE BEK-
TOpa CKOPOCTH COBNAjder C MpAMBIMH v(x y)=C. Hrax dynxuas (7.45)
ONpene/IACT  NJ1IOCKOMNapaaielbHOe TEeueHue.

6) MycTh KOMNAEKCHBIH MOTEHUMAN TEUEHWs WMEET BUA

L f@=alg (7.47)

roe a — nelicteatenstoe uucao. Toria, nepefiis K MoKasaTenbHOH (opme
danucy 2z =re'%, nojyuuM BHPaKEHHE NOTEHUMaZa W (YHKUHH TOKa
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B TIOASPHHX KOODIUHATAX: S ‘
B u(r, 9)=alnr, v(r, ¢)=aQ.

OT1crofa CAefyer, uTo JUHUM TOKA NPEACTaBJAT cOOGOH ayud, BHXOAAIME
M3 HayaJa KOODAMHAT, a 3KBHIOTEHUWAJbHBIE JIMHUU — OKDYXHOCTH
€ IEHTPOM B. Hayake KoopauHaT. AGCOMIOTHAs BeJUYUHA CKOPOCTH MPH
5TOM paBHa . s

IWI=If’(z)I=}%:=’%'., (7.48)
a BEKTOp CKOPOCTH HampasJieH mo Jyuy ¢ = const. U3 (7.48) crenyer,
YTO B Hauate KOOPAMHAT CKOPOCTh o6pauraercs B GeCKOHEYHOCTH. TouKa
z=0, ocobast Touka (yHKUMM f(2Z), B ITOM CJAyuae ABJIAETCH MCTOUHHKOM
TeveHns (MOJNOXHUTENbHBIM HCTOYHMKOM IpH a >0, KOPIa CKOpOCTb Ha-
npasieHa OT Hauala KOOPAMHAT, M OTDHUATENbHBIM HCTOUYHHKOM WJIU CTO-
KoM npu a << 0, Korga CKOpPOCTh HanpasieHa K Hauaay xoopaudat). Bass
NPOU3BOMBLHEIA 3aMKHYTHI!I KoHTYp C, coflepalugt TOUKy z2=0 BHyTDH,
no gopmyae (7.44) moayunm

a . . \

§f () dz = g 2 dz=i2na=Tc¢ +iNc.
¢

Orciona Ng=2na. TeM cambiM B pabcmanﬁBaemom CJiyuae NOTOK IKAM-

KOCTH 4epes MoBO# 3aMKHYTHI# KOHTYD, COAEp aumui#t BHYTPU HCTOYHHK,

TMOCTOSIHEH U PaBeH 271a. Ty BeMMUMHY HASBIBAIOT MOLIHOCTBIO MCTOYHUKA.
B) TIycTh KOMMJIEKCHBI# MOTEHLMAN MMEET BHI

- f@@)=ialngz, | (T:49)

rae @ — jeficTBuTenbHOe uncao. B aTOoM ciyuae - JHHMM TOKa NMpPENCTas-
AAI0T COOOH KOHIIEHTPHYECKHe OKPYKHOCTH C LEHTPOM B Hauyajae KoOOp-
munat. M3 dopmyns (7.44), Tak ke Kak M B TNpeabiAymleM CJydae, Mo-

ayunm Ng=0, I'c = —2na. Touka z2=0 B 3TOM c/ayyae Ha3biBaercs
BUXpEBOH TOUKOH TeueHus.
r) IIycTb KOMNAEKCHBI# NOTEHUMAN TEYEeHAs UMeeT BUI N
f(@)=aln(z+h)—aln(z—=Hh), . (7.50)

rie a— NMOJIOXHTENbHOE AeHCTBUTENbHOE YHC/IO, a f — HEKOTOpast KOMI-
nekcHast noctosHHas. CorsacHo mpefsymeMy STOT NOTEHUMAan Onpene-
N5ieT - TEYEHHE C TOJNOKHUTENbHHM HCTOYHHKOM B TOYKE 2 = — ki U CTOKOM
B TOUKE z = - h, NpHYeM "MOIIHOCTb HCTOUHHKAZ ¥ CTOKa OAMHAKOBA U
pasuna 2ma. Ilepenuuem (7.50) B Buge

In (2-+h)—In (2 —Fh)
- » f(2)=02h 2h

u rnepefineM K npegeny npu h—- 0, monaras, 4TO MOILHOCTb HCTOYHHKA
B CTOKa MpHW 3TOM BO3PACTaeT Tak, 4YTO BeauuuHa m =a2h ocraerca
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noCTOSHHOH. B pesyaprate moayyum

fo(=". (1.51)
dyuxuua (7.51) npencrasnﬂei co60ff KOMIJIEKCHBI TMOTEHLNAN AUNOJs

MOULIHOCTH M, HAaXoAdUIerocsi B HayajJe KoopauHar. JluHuu TOKa ANNOJIS,
OUYeBHIAHO, ONPEACNAIOTCA YpaBHEHUAMU

my
~w ¢
Win
C(x24+y¥)+my=0, (7.52)

T. € TPEeACTaBAAT COGOH OKPYXKHOCTH C LEHTPaMM Ha OCH Y, Kacalo-
muecs ocu x B Havane koopauHar. ITpm sTom aGcosoTHas Beanunua
CKOpOCTH, paBHas )

m m

EIEE A (7.53)
CTPeMUTCA K HYMO0 Ha GECKOHEYHOCTH.

n) PaccmoTpum Teyenue, KOMIJIEKCHBEIH NOTEHUMANT KOTOPOrO UMeeT

|w|=

BUL
F@)=vez+2, (7.54)

TIe Ve, W 7 — [ONOXHTEAbHBIE HeHcTBhTENbHBE yucaa. OueBHAHO, 3TO
TEUEHNE NPEACTABALET COGOH CYMEPHO3ULMIO MIOCKONAapasie bHOro Teue-
HUS CO CKOPOCThbIO, MApayeNbHOM OCH X W PaBHOH V., M TeueHus, COS-
N4BaEMOrO [MIMOJEM MOULHOCTH 72, HAXOISWMMCA B Hayajle_ KOOPANHAT.
JIMHNH TOKAa 3TOrO TEYeHHs! OMpele/sioTCs ypaBHEHUAMA

Voo — -;_g? =C, : (7.55)

3unauetnio C =10 COOTBETCIBYET /JMHHA TOKA, YPaBHEHHE KOTOPOH nMeeT
BUIL :

m
O L
Ona pacnanaerca na npmv[yxo y=0 u oxpymnocrs x2-+y2=a? rge
a2——f—n—. Tak kak
Voo
‘ 2
F@A=vo—r=va(1—%), (7.56)

22 )
TO Ha GECKOHEYHOCTH CKOPOCTb TEUEHHS PaBHA Ve M HANPaBJEHA BAOJDL
oct x. B Touxax oxpymHoctH x2-y?=q? aBasowelics nunneft Toxa,

CKOPOCTb HampaB/ieHa MO KacaTenbHOH K 3To#t OKpyxHoctu. Ilas a6co-
MOTHOH BEAWYHHEL CKOPOCTH B TOYKaX OKPYXHOCTH 2 == ae'® u3 dop-



§9 MPUJIOKEHHS K 3ALAUAM MEXAHUKU U ®U3UKH . 197

My (7.36) u (7.56) nomyuum
|w|’12i=a=\f'(z)i|121=a=V00l1"eziq)|=2"oo15m(l)':{ (7.57)

B paccMoTpenHsIX NpuMepax MbI'MO 3aAaHHOMY KOMITIEKCHOMY HOTEH-
nMany onpeieasnd TUAPOAUHAMUYECKHE Xapakrepucruxu tevenus. Ilepeit-
IeM Termepb K pEelIeHHI0 B ONPEeNeJeHIoM CMbicae oOparHOW 3amauy,
3ada%lit 00 onpedeseHlll KOMIACKCHO20 NOMEHUNAAa MEULEeHI RO €20
2udpodunamntecKum XxapaKxmepucmurait. 3aMeTHM, YTo MOCKOJbKY (Pusn-
yeckas CKODOCTb TEYEHHs BHIDAMAETCS YEPE3 MPOU3BOAHYIO KOMIIEKCHOTO
noreHimana (cM. dopmyay (7.36)), To caM KOMIIEKCHBIH MOTEHUMAN /s
3a141IHOrO TEYEHus1 onperenterca HeoAHo3Hauwo. OAnaKo €ro mpomssos-
Has SIBJISIETCS OIHQ3HAUHON aAHANUTHUECKOW - pyukuwed, IDro oO3Hauaer,
YTO B OKPECTHOCTH JIIOOOH NpPaBUABHON TOUKM TEYEHHst UMEET MECTO pas-
N0KeEHNE "

o0 .
f, (3) = Z an (z - Zo)nr ' (7'58)
n=1|
a B OKPECTHOCTH H30/JUPOBAaHHOHN ocodoit TOYKH — PA3JIOKECHNE
. © Al
F@= 3 baz—2)" (159
na=—o0

s (7.59) nns KOMMJIEKCHOTO IMOTEHIINA/A B OKPECTHOCTA 0COGO# TOUKH 2,
no.IyuuM pasnoikeHne

F@O=batn@—z0+ 3 cu(z— 2z (7.60)

B uacthocTH, ecin GeCKOHeYHO yiaseliHas TOUKA 2, NPUHALIEKUT O6ma-
CTH TEUeHUsT U KOMIIJIEKCHash CKOPOCTb

Weo = (V)oo+ L (Vy)oo

TeueHusa B 3TOH TOYKE OrpaHuyeHa, TO pa3jiokeHue KOMMJAEKCHOro Io-
TENIlHana B OKPECTHOCTH TOYKU 2y HMEET BUM ‘

. . ‘
f(2)='f¢—'¢oz—|—b_1 In Z+ 2 .Z‘,'zi"'. (7.61)
n=0
Otciofa  moJyyuM
S fl (3) dz = Qﬂib_i, (762)
CR

rae Cr— okpyxioctb |2 =R pocraroyno 6Goaboro painyca R, BHe
KOTOpPOH HET OCOGBIX TOYeK (YHKUuU f(2Z), 3a UCKIIOUEHHEM TOYKH Zeo
C apyro#i cropousl, B cuiy (opmyanl (7.44) unrerpan (7.62) onpenenser
NOTOK ¥ LMPKYJASIUIO BEKTOpa CKopocTu yeped kpusyro Cp. Tak kak
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CKOPOCTD B TOUKE Zc OTPAHMYEHA, TO 3Ta TOYKA HE ABJAETCA HCTOYHHKOM,
NOSTOMY NIOTOK BEKTOpPa CKOpoOCTH uyepe3 KpuByw Cg paseH HY 110, U
¢dopmyna (7.62) naer

21tib_; =Too

BhinnuieM okoOHYaTe/bHOE Pa3vioKEHNe KOMIJIEKCHOrO IOTEHInana B OKpe-
CTHOCTH GECKOHEYHO ynaJIeHHoﬂ TOUYKH, ABJAIONIEHCA NMPaBUIbHOR TOUKOH
TEYSHHUS:

. r ) ) s
@) =Tz + g5z + 2 S (7.63)

Paccmorpum Tteneps 3adawy olmexanus 3aMKHYMO20 xonmypa nao-
cKonapannreisHalyit NOMOKOM. l'[ycu: [MOTOK, MMEUIni Ha 6eCKOHEYHOCTH
3alaHHYI0 CKOPOCTh We U umpkyasuwnio I's, ofrexaer Teno S, orpaiiu-
yeHnoe 3aMKHYTHIM KOHTYpoM C. TpeGyercs onpenenuts CKOPOCTb B M0GOH
TOYKE MOTOKA N0 3aJaHHBIM T'MIPOAUHAMHUYECKNM XapPAKTEPUCTHKAM Ha
6ECKOHEYHOCTH npyu yCJ0BHUM, UTO B TOUKAX KOHTypa CCKOpOCTb TE€YCHHUd
HanpasaeHa 1o KacaresabHoi K koutypy C. Ilocaennee ycnosue osnauaer,
uro kpusaa C npeacrtasaser co0OH JHHUIO TOKa PacCMaTPUBAaEMOro Teye-
HUs, T. €. MHUMas 4acTb KOMIUIEKCHOTO MOTEHLHA/Ia, ONUCHIBAIOLIErO AaHHOE
TEYeHHe, N0/NKHA COXPaHATb MMOCTOSIHHOE 3HaueHue Ha Kp_I/lBOﬂ C

‘v (x, ¥)|c= const. " (7.64)

3agaua CBOAMTCA K ONpeaeneHuio BHe KOHTypa C Ha KOMMJIEKCHO# mMmio-
CKOCTH aHaJnTH4ecKo# ¢ynkuun f(2), B pasnoxenuu (7.63) KoTopoi 3a-
NaHBl 3HAueHUs @We U L', @ HAa KoHType C BHMOAHsETCH ycaosue (7.64).
Taxk Kak KOMMNJEKCHbIA NMOTEHUMAN OnpeleseH C TOYHOCTBIO A0 MOCTOAH-
HOTO CJ/IaraeMoro, TO 3HaueHWe MNoctosHHo# B ycaosun (7.64) moxHo mo-
NOXKHUTH PaBHBIM HY.JTIO.

Haynem ¢ 3apaum o6TexaHus KPYroBoro WHJAHHAPA paauyca R C HEHT-
pom B Hauane xoopauHaT. IlycTe CKOpPOeTb NOTOKa Ha GECKOHEUHOCTH
paBHA Ve H HanpasJiena napaienbHO OCH X, 3 WUPKYJISLHSL OTCYTCTBYET,
I'eo=0. MBl n0o/XHB HAalTH KOMMUIEKCHBIH MOTEHLMAN, Pas/oKeHHe KO-
TOPOTO B OKPECTHOCTH OECKOHEUYHO yNAaNEHHOH TOUKH MMEET BHIL

F(@) = Ve + 2 =B | . (1.65)

¥ MHHMas 4acTh KOTOPOro 00pamlaercs B HYJb IpH [z]=R. Komnnekc-
HbIl NIOTEHUWA/l TAKOro THMa OBl HAMH YXKE€ PacCMOTpeH B Npumepe 1)
Ha crp. 196. Tloatomy pelleHue NaHHOH 3ajaunm UMeeT BHML,

f(2)= voo'<z‘+ 5:-2-) . ‘ . (766)

Tlpn sTOM CKOpPOCTb B TOYKAX, JNEXamUMX Ha o6TeKaeMOM WuAWHIpE, Of-
peneasercs ¢opmyaoit (7.57), oIKyma cJaeayer, uyTo OHa 0Opamaercs
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B HY/lb B JABYX KPUTHYECKHX TOUKAX: B TOuKe 2= — R, B KOTOpQ# Jau-
HUA TOKa y=0 pa3BeTBJAAETCA Ha ABE JINHHM TOKA, COBHajawIune ¢ Bepx-
Hell I HIKHeH monyokpymuocTaMu |z| =R, n B Touke 2 == R, B KOTOpO#
3TM JIMHWM TOKa CXOAATCA oOnaTh B mpamyio y=0. ITH TOuKH Ha3bl-
BAIOTCH TOUKOHW Da3BeTBJAEHNS M TOUKON CX0[a COOTBETCTBEHHO. 3aMeTHM,
YTO €C/X CKOPOCTb MOTOKa Ha OecKOHEeYHOCTH He Mapaji/jefbHa OcCH X,
2 HMEeT BHA W = Voe'®, TO ¢ NOMOUII Npeobpasosanus { = ze %
MH TIPUXOJMM K YyiKe paccMOTpeHHoil 3amaue Ha miaockoctd §. Torma mas
pellleHHs MCXOAHOH 3afaud MOJY4YuM BHIPAKEHHE

3
W R
z

f(2)=B0z+

Mycts Tenepp unpkyasumi I, He parua nymo. Kak mbl Bumenn Bhiwe
(cM. mpumep -B) Ha CTpP. 195), MMHHKM TOKa y TEUEHHS C KOMIMJIEKCHhIM MO-
TeHuuaoM ia ln 2z (a — DeACTBUTENbHOE UYHCHO) NPEACTABASIOT COOOH KOH-
LEHTPUUECKME OKPYXKHOCTH “C LIEHTPOM B Hauane KoopamHat. ITosromy
KOMIIEKCHBIft TOTEHUMAA TeueHus, OOTEKAIOMero Kpyroso# MHAHHAD
paanyca R ¢ 3agaHHOH CKOPOCTbIO HA GECKOHEUHOCTH - Voo M 3a[aHHOH
unpkyasunelt T, nmeer. Buz

. R2 l" ’
F(@) =V (z )+ g (7.68)

. ‘ (7.67)

Ha#em KpUTHUeCKWe TOUKH TEueHus, B KOTODHX CKODOCTh TedeHus o6-
pamaercs B Hyab. CornacHo dopmyne (7.36) umeem

_ , ) ./ Rz‘ T -
B=f (z)=vw\1—gg)+§%=o.

Orcrona .
224+ 2;;‘;&; —R2=0 ” (7.69).
1 . .
" =
Zgp=1 4:53‘; - ‘/R2 - m:j—w . - (7.70)
Mpn R= %‘;— vnomlcopemloe BBIpAXKEHHE B (7.70)‘l'lO.’lO)KHTeJIle). ITo-
3TOMY

T2 T

S

L . B
lzxpi—]/R vy, T Temvn T Y

T. e. 06e KPUTHYECKWE TOUKM HAXOMAATCA HA OKPYMKHOCTH |z|=R oﬁre-
KagMoro UMAuHApa, npuueM npu I'e >0 (v >>0) ofe rouku Jexar Ha
pepxnel, a np I <0 (Voo =>0) —Ha HukHEH [01YOKPYKHOCTH. Tem
caMbIM Ha/JMu¥e UMPKyasauuy cOamKaeT TOYKM pa3BeTsJeHud 4 CXoiaa Jd-
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r :

na#t Toxa (puc. 7.1). Hp14‘4n“:° ’=R o0e KpHUTWYECKHE TOUKH COBINa-
S .

nawot (¢ Touxo#t 2 =IR npn 'y, >0 umu toukoit 2= — IR npu 'y, < 0).

r
Haxkoueu, npu }T—‘”L >R B obnactn |z|>R ocraerca Jullb OlHa

v
KPHUTHUECKAs TOUKa, Aexaulas ua MHuMOH ocu y. (Kak caeayer us ypas-
senust (7.69), npoussesenve KopHe# 3TOro ypaBHeHusi paBHO — R2, mo-
3TOMY BTOPas KPHTUUECKAs TOUKA JEKHT BHYTDH OKPYXKHOCTH |2 |=R.)
Hepes 5Ty TOUKY NPOXOANT JIHHAS TOKA,

OTAE/AIAA 3AMKHYTHIE JIMHUK TOKa \/‘

TEYeHUd OT He3aMKHYTHX (pnc. 7.2).

_ .
\'\\—__/

~NOF @

Puc. 7.1. : Puc. 7.2.

ITonyuenHsle pe3y/bTaThl MO3BOJIAOT B MDHUHIMIE PElINTb 3amauy oG-
TeKaHus NPOH3BOJLHOrO 3aMkHyroro koutypa C. JleicTBurennHo, nycrb
yukiust {= ¢ (2) ocymecrsaser KOHPOPMHOE OToOpawkeHnHe obnacri &
KOMIIEKCHOH naocKocTH 2, Blewnelt kourypy C, Ha obaacts &' mnuo-
ckocTd {, BHEWHIOW efuHMyHOH OkpyxmHocty |{l=1, TaKk yto @ (0O) =
= co. Torza, oyeBMAHO, DacCMaTpHBaeMasi 3aJaya OKAa3hBAETCH SKBUBA-
JIEHTHOR 3amaue OOGTEKaHU KPYrosoro WMJAMHADA €IWHUYHOrO pajpuyca.
ITpn 3TOM CKOpOCTb MOTOKA Ha GECKOHEYHOCTH, KOTOPasi, BOOOGILLE TOBOPS,
M3MEHUTCH, MOXKET GHIThb JIETKO onpeuenena. KommaekcHslth moteduuan f(z)
VCXOLHOrO TeYeHus NP NaHHOM KOH(DOPMHOM npeoGpasoBaHuy nepenaer
B ynxuno F ()= f[z ()] TTostomy no cdopmyne (7.36) nanoem

Wl | e
Oo—dc, ;:w—dz z=cod§ ‘g=oo~ ood; =00
I/I.
dz
Wgo'———’wmag‘ oo

B cuny ¢opmyxn (7.67) u (7.68) pewenne npeoGpasosanHO# 3amaun
nMeer Buj

__w, T,
F@@)= \Voc'c—!__;— + g In&
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Orciona nJs peleHns HCXOIHOR samaum NnoJyuyuM BBIDAXEHUE
dz

d )
F@=Fle@l= ], g@+—Sk=m g, @)

B xauectre mnpuMepa pPacCMOTPHM OeCLMDPKYJALUOHHOE OBTEeKanue
GecroHeulof NAaCTUHKYE TJIOCKUM NoTokoM xuaxocrtd. Ilycrs nimockocts
X, y NepeceKaeT NJACTHHKY M0 OTPe3KYy — a <C X< @, a BEKTOP CKO-
pPOCTH HOTOKa JeXUT B MJIOCKOCTH X, ¥.M Ha GECKOHEUHOCTH UMEeT 3a-
HaliHOe 3HaueHHe Wy Kak cseayer M3 paccMOTpeHust CBOMCTB (yHKILMH
Kykosckoro (cm. ra. 6, ctp. 173), dyuxuns

—5(t+p)=v0  am

ocyiecTsaser KoHpopMHOE OTOGpaXeHne BHENIHOCTH EAUHHYHOTO Kpyra
I/0CKOCTA { Ha NJIOCKOCTh . 2, Pa3Pe3anHyl0 M0 OTPE3KY — a << X << a.

Ipu stom P (c0)=00 u g-z- = _,g_' IlosTomMy paccmarpuBaemas 3a-

Jaya SKBUBAJEHTHA 3ajaue oérexaxmn 6€3 UMPKYJIAUMH KDYTOBOrOo LH-
AMHAPA eNMHHYHOTO ~Panyca Ha IJIOCKOCTH [ ITOTOKOM, HMEWOWUM Ha

a
0ECKOHEYHOCTH KOMIJIEKCHYI0 CKOPOCTh W = 5 Weor Kommnaekcusii  1o-
TEHIIMaJ Mocaefvel 3amauM UMeeT BHUI '

: ol o
FO= (@t +77).
IToacrasum cioga BMECTO § H é Haitneuuste u3 (7.72) BennuuHsl

g_z—l—Vz?—aZ 1 _z—VzZz—g

- a YT a
3aech ]/zz—- a>>0 npu z=x>>a. PazoObeM Wy, HA AEHCTBUTENBHYIO
1 MHUMYIO 4acTH:

Woo = (Vi)oo 11 (V y)m'

Torga mias KOMMJIEKCHOTO MOTEHUHaska HCXOAHON 3amayd MOAYy4HM OKOH-

yaTe/bHOE BLIPAXEHHE
; Vg

() =)oz —i(Vy)w' ) 22 —a% (7.73)

B sakaiouenne HaijeMm cuiy, IEHCTBYIOIMYIO CO CTOPOHH TOTOKA 11a

obrekaemoe uM rteno. Cusa nasneHus, neicreyoumiast Ha sxemeut ds myru

kontypa C, MpONMoOpLUOHAJbHA FUAPOAUHAMUYECKOMY [aBJEHWUIO p B HaH-

HOHl TOUKE MOTOKA M HANPAB/IEHa MO HAlPABJIEHUIO BHYTPEHIEH HOPMAIH

—dn=—idy-} jdx. ITlosTomy snisi KOMIIOHEHT CHJB, ACHCTBYIOMICH Ha

KOHTYD C, MoJayuaM BhIpaXeHus .

Rx='~—vSpdy, Ry-—-Spdx.
¢ ‘ ¢
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Onpenenup ruipoAvHaMuUYECKOe Aasacuue p u3 uurerpana Bepmynmu:
= pv?
pP= A— 9

rie A — noCToAHHAA, a P — IVIOTHOCTh JKUIKOCTH, H BBENS KOMIITEKCHY 10

Beavundy R=R,-iR,, noayyum

R_~—§y2(dx~idy)=———g-gvzd_z._ (7.74)
c S ¢

(Muterpan ot noctosHHo# A No 3aMKHYTOMY KoHTypy C, OuYeBHAHO, pa-
Ben nymo.) TlpeoGpasyem muterpan (7.74). Tak kak B Toukax kourypa C
CKOPOCTb HANpas/eHa Mo KacaTeJbHOM K KOHTYDY, TO KOMIIEKCHas CKO-
pPOCTh TEUEHHs @ CBSI3aHa € BEAMYHHON (PHU3UYECKOH CKOPOCTH V COOT-
HOUIEHWEM W ==Ve'®, Tie @ — yroa MeXLy KacaTejbHO# K KOHTYpYy H
ocvio x. Toraa gopmyna (7.36) maer ve 9= f’(z). G apyro# cTOpOHHI,
dz=ds e . Tloatomy v2dz=v%%dsei®=f'2dz,’ u ¢opmyna (7.74)
NpUMeT BUA ‘ :

R=_-g_g F2(2) dz. - (175)
0 - é .
Ot1o0 Tak HasmiBaeMas ¢hop.iysa Yanasienra, Bepaxawoias cuiy, geHcr-
BYIOLLYIO CO CTOPOHBI MOTOKAa Ha OGTEKaeMOEe UM TeJO, uepe3 NpOusBoa-
HYI0 KOMIJIEKCHOro moTenuuana. M3 sepaxenns (7. 63) A/ KOMIIIEKCHOTO
I0TEHIMaNa BHE OOTEKaeMOro Tena NIy M

e ‘
\Y ¢’
. @)= 2m z Z e
. : . n=2
‘oo, @, T \ b, ,
A=+ 7 - |
Gnenoaareni:-uo,
{ /2 (2)dz =2 T

C

IMoncraBus 3TO BHIpaweHue B dopyyay (7.73) u ormenus HeHCTBUTEb-
HY10 ¥ MHUMYIO 4acTd, Hafgem

Ry=p (Vy)oor'oo, R; =—p (Vx)ool-‘oov ‘ (7.76)
Orciona " .

" IR=p{Veo | {Tel: ~ @17
dopmyaa (7.77) npencrasaser cobolt Teopemy . XKykoBckoro © moabvem-

HOH cuiie: cuaa dasaenus 6e381Xpegoz0 Nomoxa, Umenuse20 Ha GecKo-
HewHoCmU CKOopocms Ve U oOmerxawuezo Kowmyp C ¢ yupxyasyued
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T, sopascaemes gpopmyaoii |R|=p | Ve |- |T'. Hanpasnenne stoit cul
MoJsyuaeTCcsl NOBOPOTOM BEKTOPA Voo Ha npsuwoﬁ yroa B cropony, NpoOTH-
BOTOJNIOKHYIO WHPKYIALUH.

Wcnonb3oBanue annapata aHaTHTHYECKHX cpymcunn KOMIEKCHOH Te-
pemennot nossoanao H. E. XKykosckomy u C. A. Yanasiruay pazsuts
METOABl PELUEHHst 3aZau THAPO- ¥ a9POMMIIAMAKY, MOCAYKHUBLIHX Teope-
THYECKOH OCHOBOM 1A NPAKTUKK aBUacTPoeHus. TeM caMbiM MeTOmbl
Teopu# (YHKLUAH KOMIIEKCHOTO MEPEMEHHOTO -ChIrpaay OTPOMHYIO POJb
B pPa3BHTHA COBPEMEHHOH aBHAIlMH.

2. Ilnockoe 2aekTpocTaTHYECKOE noze. Meroan reopnu yHKILHR
KOMIUVIEKCHOH NepeMeHHOH, uCMO/b30BaHHBIE B .MpEIbIAyUEM NYHKTE AAf
M3yUeHHUs MJIOCKOrO MOTEHUHANbHOrO TeYeHHs HAeadbHO! KHAKOCTH, MOTyT
GBITb CTOJb JKe YCNEeWHO NPHMEHEHB U NpH MCCASAOBAaHAU  /11060r0
MJIOCKOTr0 BEKTOPHOTO MOJs MHOK (usuueckod npupoan. B sToM nyukre
Mbl DaCCMOTDMM NpHMEHEHHE JaHHBIX METONOB K DEIleHHIo Hexoropmx
3aflau 3JEKTPOCTATHUKH.

3agaun 37EKTPOCTATHKM 3aKJIOUAIOTCS B ONpPEAE/IeHAN craunonapuoro
9JIEKTPUYECKOro MOJif, CO31aBaeMOro B Cpele 3a1aHHKM pachpene/aeHueM
3apsifoB. B 3aBUCHMOCTH OT MOCTaHOBKH KOHKPETHOH (PH3NUECKOH 3amaun
330a10TCA WX TJOTHOCTb pacrpeje/eHud 3apsamaoB Kak (yHKUUA KOOpAu-
HAT, WAW MOJHBIA 3apsi, pacnpefeNeHHbI Ha NOBEPXHOCTH HIEaAbHOro
npoBOAHNKA. B nociesHeM ciyyae OCHOBHAs leJb HCC/IELOBAHHA 3aKJIO-
4aeTcs B ONpENENEHHH IVIQTHOCTA pacnpeneseHus sapfmoa Ha ToBepx-
HOCTH TNPOBOAHHUKA.

Y1065~ 10/1yunTh OCHOBHbIE ypaBHeHna AJA BEKTOPA HaNPAKEHHOCTH
3/1EeKTPOCTATHYECKOTO MoJs, OyneM #cxoauTs u3 ofuien CHCTEMbI ypas-
Henu#t Makcseana *) B u30TponHo# cpeze:

o o TotE=—25

divD= 4np, divB =0,
. . D=¢E,: B=pH
B cnyqae cTaU.MOHapHOFO 3/IEKTPOMarHUTHOTO MOJs1 ypaBHeHus Maxc-

Beana Ana BekTopa E HanpsikennocTn 9J1epruqecxoro noas B OLHO-
POIAHOH cpeje NMPUHMMAIOT BUIL

rotE=0, divE= “—;‘p, (7.78)

ot He L 6D+ 4n o 1,0B

rie € — AW3NEeKTPUYECKas MOCTONHHAs CPeldbl, a P — MJIOTHOCTb CTaTH-
yecKuX 8apaioB, CO3JAICIIMX NaHHOE Ione. B nanpHedwem Oyzem cyuTarh
e =1 u Gynem paccCMaTpuBaTh MJIOCKYI0 3313y, KOrJa 3apsijibl, CO3AamwlLie
noJe, pacnpesesieHbl B NPOCTPAHCTBE TaK, YTO OVIOTHOCTb HUX pacnpene-
JIeHUsi HE 3aBHCHT OT OIHOM M3 KOOleHHaT (HanpuMmep, OT KOOPAHHATH 2),
a ABJseTcss QyHKUMeH ML ABYX APYTMX KOOPAMHAT, T. €. P =0 (X, ¥).

*) Cm. U. E. T amwm, OcHoBul Teopuu snexTpuuectsa, «Hayka», 1966.
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Ouesuano, npn  s10M BekTop- E nmeer auump gBe oTiMuHbHE OT Hy/s
KOMITOHEHTB, KOTOPHIE TAKKE SIBJSIOTCS (PYHKUMAMM JINLb KOOPAUHAT X, Y

E(x, y)=iE. (%, ¥)-+ By (%, ). (7.79)

B cuny nepsoro u3 ypasuennit (7.78) nose E spaserca noreHunaibHbiM:
a 01

E(r, )=—gudv(x y), Ee=—g, E=—g, (180

MpUuYeM I1a OCHOBAaHHW BTOpOTO u3 ypasHenu# (7.78) dyuxunsa v (x, ¥)
YAOBJAETBOPACT YPaBHEHHIO ’

Av=—4np (x, y). (7.81)

WUs (7.81) caenyer, uro B oOGJjactd, cBOOOJHOK OT 3aps0B, MOTEHLMAJb-
Has Qyuxuns v (x, y) asasercsa rapmounyeckod. ITostomy B 3TOM 00JacTh
MOXHO MOCTPOUTH aHAJUTHUECKYI0 (YHKLUHUIO KOMIAEKCHOH nepeMeHHof

fR)=u(x, y)+iv(x, y) (7.82)
I/ KOTOPO# IoTeHuunanblias GyHkuus v(x, y) LaHHOTO anempocmm-
YEeCKOro MoJist #BJIIETCS MHUMOH 4acTblo.

Gynxunsa (7.82) Ha3bIBACTCH KOMHACKCHOLM NOMEHGUAAOM INEKIMPO-
cmamuyeckozo noas. Jluauu yposHsi v(x, y)=C Ha3nBaeTCd 3SKBUIO-
TEHUMaNbUBIMY JHHAAME LauHoro noas. M3 ¢opmyn (7.80) crenyer, urto
BEKTOP HampsbkenHocrd E B KaxI0# TOYKE SKBUIIOTEHLHANbHOH JHHUH
v(x, y)=0C nanpasnen no HopMaad K 3ToH Junuu. Tak Kak JMHWIH
v(x, y)=C u u(x, y)=C B3auMHO OpPTOrOHaJbHb, TO HAaNpaB/eHHE
sekropa E cosnagaer ¢ kacareapnoi K Juunn u(x, y)=C B Kaxmoh
touke sToH kpuso#. ITosromy munud u(x, y)=C ABJAFIOTCA CHIOBBIMH
JUHUAMH JaHHOTO IOJs. »

Conocrapum pektopy E xomnaekcuoe uucio w = E,-+iE,. Toraa ua
ociosannu (7.80) n ycnosutt Kown — Pumana noayuum

s dv ,0dvu oo 0u
sz""}—lb)’z_é}E lOy o tox T _
. [0 6
~—i{E -t ”) —if (). (1.83)
Orcona
El={f" )\ (7.84)

dopmyawr (7.83) n (7.84) mawor BhIpaXEHUE KOMIOHEHT BEKTOpa Ha-
NPAKEHHOCTH 3JEKTPOCTaTHYeCcKoro moas B obJjactd, cBoGOmHOH OT 3a-
psinoB, uepes fIPOU3BOAMYIO KOMILIEKCHOrO ITOTEHLMAJa.

IlycTe 3apsanbl, cosgawniue NaHHOE 3JEKTPOCTAaTHYECKOE MOJe, Cocpe-
JOTOYEHBI B HEKOTOPOH 00sacTH, OrpaHumyeHHOH 3amkHyTOH KpuBo#t C,y *).

*) JT10 03HAYaeT, YTO B NPOCTPAHCTBE 3apsifbl pacrpeleseHsl BHYTPH Gecko-
HEYHOro IMIHHAPA, KOHTYPOM IONEpeyHOro CCYEHHST KOTOPOro sBJISIETCS] KPHBAs
C,, TpHueM NJOTHOCTb PAaCHpPCACNEHHs 3apsAOB HE 3aBHCUT OT KOODAMHATLI 2
BIOJb o6pasyioilleil UWMWHApDA, a fABAAETCst JulWb (YHKUMEH KOOPJHHAT X, y B
TIONIEPEYHOM CeYEHHHU. ’
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Torna murerpan no mwoGoMy samkuytromMy Koutypy C, comepxaiemy C,
BHYTPH, OT HOPMaJbHOM COCTaB/SIOMEN HANPSHKEHHOCTH 3JEKTPUUYECKOTO
noss, cornacHo TteopeMe I'aycca *), pasen cymmapHoMy 3apsay (OTHe-
CEHIIOMY K ElUHMUE A/MHBI UAMHIPA, B KOTOPOM pacmpefeensi sapsan
B npOCTpaHCTBe)
\Ends= 4ge, (7.85)
o

Ha ocuosanun copmya (7.80), (7.37), (7.38), yunthiBass COOTHOLIEHHUS
Kown — Pamana, nonyuum

ou o
S E,,ds—LS B":de —a—xdy.
¢
Tak Kak 37E€KTPOCTaTUYECKOE TMOJE BCIOAY MOTEHLUAABHO, TO LUUPKYAALUS
3TOro M0Js 110 JOGOMY 3aMKHYTOMY KOHTYDY DaBHA HYJIO, T. €.

g Esds=—§ dx——--—dy 0.

C

PaccMoTpuM MHTETPAJ NO 3aMKHYTOMY KOHTYPYy C OT Npou3BoaHO# KOMII-
JIEKCHOTO MOTEeHUnana:

, (o v d a
g'f (2)dz = S %t~ dy i S Pax+%day.  (1.86)
d > ¢

CpaBHeHue TpUBEAEHHBIX  BHINE GOPMYys HaeT
(/" @) dz=\E,ds=4xe, (7.87)
c c

T. € 3apf0, 3aKAIOHEHHbII 8HYMPU 0OAACMU, 02pPAHULEHHOE KOHMYPOM
C, onpedeasienicsl UHIMEPAAOM NO SHIOMY KOHMYPY OM NPou3sodHol
KOMNACKCHO20 NOMEHUUAAL dACKMPOCIAMULECK020 NOASA, €030a8aeM020
dannsim pacnpedesenuenm 3apsda. Ecan Cy npencraBaser co60#t KOHTYD
MONepeyHoro Ce4YeHus HACaNbHO TNPOBOAALIECIO UUAMHIPE, TO BEChb 3apsn
COCPEJOTOUEH HAa €ro MOBEPXHOCTH C MOBEPXHOCTHOH MJIOTHOCTBIO O (S);
npuyeM

So (s)ds=e. E (7.88)
C, :
Kak usBectHo **), HMeeT MECTO COOTHOLIEHHE
o(8)= 4ln E, 0= »‘:—n‘(grad Uy " (7.89)
C apyroit ‘CTOPOHbI, u3 (7.83) u (7.89) noayuum
o)==+ 51/ @l @)

*) Cm. cHocky Ha crp. 203.
**) CM. cHocky Ha cTp. 203.
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3uak B dopmyne (7.90) onpesenserca 3HAKOM CyMMapHOro 3apsia e,
pacnpeeneHHOro Ha MOBEPXHOCTH JAHHOTO MAEaNbHO MPO3OIAILEro 1po-
BoaHuka, Popmyna (7.90) .HaXomuT MHOTOYHMCJEHHbBIE NPHIOKEHHs NpH
pelieHny pas/MuHLIX 3alad 3JEKTPOCTaTUKH.

~ 3ameTnM, HakoHel, uTO, TaK Xe KaK ¥ B 33auyaX rUAPOAUHAMUKH,
NPOU3BOAHAS KOMIIEKCHOrO noTeHuuana f'(z) va ocosauuu (7.83) ss-
NISETCA OJHO3HAYHOH aHanuTHyeCcKoH ¢yHKuued 2. Ecau HanpsixeHHOCTH
L@RHOTO 9/IEKTPOCTATUUECKOTO 110/ OFPaHUYEHAa Ha GeCKOMEYHOCTH, TO
pasnox(enne f' (2) B oxpecrHocTH TOUKH 2= CO AMEeT BHUA

f(z)—wm+2

n=1

OTCIOJ_J.a ‘AJsg  CaMOro KOMIAECKCHOro mnoTeHunasa IIO.’IY'-IHM pasnoxeHue

f(z) wwz+c0+b11nz+ 2 23 (7.91)

n=1

Tak Kak

‘,m Sf (2)dz,

CR

roe KoHTYp Cp CONEDXKHUT BCE 3apAMbl, CO3LAIOLME AAHHOE 10Je, BHYTDH,
1o u3 (7.87) MOAyudM OKOHUATEe/JhHOE Pa3NOXKEHHE KOMNAEKCHOrO IMOTEH-
uMana B OKPECTHOCTH TOUKM Z=0CO B Bije '

f(@)= wooz —i2elnz 4 Z ‘_ (7.925

n=0

Kak ™Mbl BUAMM, KOMIIJIEKCHBI MOTEHUMAJ 3JeKTPOCTATHYECKOrO NOJS
MMEET Ype3BBIYaliHO MHOrO OOLLEro C KOMILIEKCHBIM THAPOAUHAMHYECKHM
notenuuanom *). IloatoMy HcCrefOBaHHE MJAOCKOTG 3/SKTPOCTaTHUECKOrO
NoAA C MOMOILBIO KOMIJIEKCHQTO IOTEHWUNaNa MOXET OhiTh MPOBENEHO
TEMH X€ MEeT0AaMd, UTO ¥ DPEeLIeHHe COOTBETCTBYIOUIMX TCHAPOAHHAMUYE-
ckux samad. Tak, Bce nmpumepnl Teuenuil, pacCMOTpeHHbie Ha cTp. 194—
196, HOMyCK3OT NPOCTYIO NEKTPOCTATHYECKYIO WHTEpPIIPETAIMIo.

Hanpumep, paccMOTPMM 3JIEKTPOCTAaTHYECKOE I0JIE, ONUCHIBAEMOE
KOMIIJIEKCHBIM MOTEHIL1a/I0M :

f@)=—i2%nz e>0. : (7.93)

*) OueBupiHo, TO, YTO NOTEHHMAMbHAR (YHKINA B 3JeKTPOCTATHKE SBJAAETCS
MHHMOH YaCTbi0 KOMIVIEKCHOrO MoTeHNuasa, a B THAPOAMHAMMKE NOTeHIHA] CKO-
pocTu sBASIeTCs JEHCTBHTENIbHOA 4YacCTbi0 KOMIUIEKCHOrO MOTENHasa, MNpeicTaBaseT
Co60it HECYUIECTBEHHOE DA3JIHYKE, KOTOPOE MOXET OHITb YCTPaHEHO BBENICHHeM I0-
NOJTHHTENLHOTO MHORUTENS, PABHOTO —i. Onsako Mbl TpHJepKHBAEMCS YCTAHOBHB-
IefiCA TEPMHHOJIOTHH, DM KOTOPOI HMEeT MECTO YKa3aHHOe paslHume.
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Beens nossprele KOODAMHATH 7, @ 1 yuTd, uro z =re'®, moayunm

v(r, q))=52e1n]z|=23111%, Cufr, @) =2¢ arg z = 2eQ.
Orcrona creayer, 4I0 SKBHUMOTEHUHAALHBIME MOBEPXHOCTAMH  JIAHHOTO
MoJsst SIBASIOTCA KOHUEHTPUYECKHE OKDPYMKHOCTH C UEHTPOM B Hauane Ko-
ODIMHAT, a CHJIOBLIMH JuHusMH —myqn ¢ = const. Bektop E B kampott
TOuKe 2z % 0 HanpasjeH no ayuy ¢ = const, a no abCOMIOTHOH Be/AUYUHE
B cuay topmyast (7.84) pasen '

=] @)=2.

Tak Kag wHTerpan mno moGOH OKPYXHOCTH |2z |=r OT HOpPMaibHOH
COCTaBAAIOWEH HAMPHKEHHOCTH [AHHOTO MOJST MMEET NOCTOSHHOE 3Haye-
11e, paBHoe 4me, TO, OUEBHIHO, 3TO NOJE CO3[AETCd TOYEUHHIM 3apAIOM
BEJNYUHBl e, HAXOJSULUMCS B Hayajie' KOOPAWHAT (B MPOCTPAHCTBE 3apsibl,
CO3JalLMe JaHHOe TMOoJe, pacmpeieneHsl € MOCTOSHHOH IMJIOTHOCThIO €
BAO/Mb NPAMOH, nepneﬂnnkynapﬂon NAOCKOCTH X, ¥ U Npoxonsuie#t yepes
Ha4aJo KOOPAMHAT).

PaccmoTpumM HeKOTOpHE TURNMUHHE 3aJaUYH BMAEKT-
POCTaTHKH, KOTODHE MOTYT OBTh PEIIEHH C MOMOILB IO
KOMMJGKCHOTO NoTeHUHuana. )

a) Onpedenenue nAOMKOCHUL paACNPeCeieHUsT 3apAOa Ka 10eanbHO
nposodauesr npogodrure. Ilycte GOKOBas MOBEPXHOCTb WAEANLHO MPO-
BOASIIEr0 NMPOBOAHUKA NMPEACTaBaAeT co6oi GeCKOHEeUHSHI HUAUHID, MOomNe-
peuHoe ceueHwe KOTOporo orpanuueHo xontypom C. Ilpemnoaopum, uto
TJIOTHOCTb pacnpeieneHus 3apsijga NMOCTOAHHA BAOJb 0OPasyoLIMX WHJHH-
Ipa M Ha elMHULY JJIMHB LWIYHIPa npuxoautca 3apax e. TpeGyercs
oNpefeauTh TMOBEPXHOCTHYIO MJOTHOCTH 3apsiaa ofs) Ha xoutype C mnome-
peunoro ceyeHus. OueBHIHO, PelIeHUe NaHHOK 3ajaunm AaeTcs GopMynoH
(7.90) npu nopmuposounom ycnosuu (7.88). Tem cambiM 3agaua cso-
NUTCT K MOCTPOEHUI0 KOMILIEKCHOTO MoOTeHudana f(2), sBJSOIErocs
asanuTnueckoft dyHxkumell sre KoHTypa C, npu YCJOBHH, UYTO MHUMas
yacth f(2) UMEET NOCTOSHHOE 3HAaueHue Ha KOHType C U B ‘OKPECTHOCTH
TOUKM 2 =00 pagnoxenne f(2) maerca dopmyaoit (7.92), rae we =0,
a Kod(pdHIUUEHT e PaBeH B3apany, NPUXOAAILEMYCS Ha EIUHUILY [AAVHBL
NPOBOJHHUKA.

Haunem ¢ npocreftiiero ciaydas, KOraa npoBOLHUK npencraanﬂer “cobott
KpyroBoH IUMIMHAD eIMHUYHOro pamiyca. Brile Ow/i0  MOKa3aHO
(cm. -ctp. 206), ATO  9KBHMOTCHUWAAbHLIE JHHUK KOMIJIEKCHOFO MOTEH-
unata (7.93) npeacraBasiorT COBOH KOHUEHTPHYECKHE OKPYKHOCTH C LEHT-
poM B Hauajse KoopauHar. IlosTomy, uTOGBI YHOBAETBOPUTH YCJAOBHUIO
Ha TrpaHyLe. NPOBOJAHMKA, €CTECTBEHHO HCKAaTh NOTEHUMAA NAHHOTO NOJAS
B BHIe .

f(z2)=—iClnz,
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rae C — nocrosHHas, Momnexauas onpenesenn. M3 ycnosus Ha Gecko-
neunocty (7.92) nonyunm C==2e. Toraa dopmyna (7.90) naer oueBnAHbIR
pesy/bTar

Ecau KOHTYp moOMepeyHoro ceueHus MPOBOAHMKA NpPENCTaBAseT CoGOH
NPONU3BOJIBHYI0 8aMKHYTYIO KpuByio C, ‘TO OCYILECTBHB C [OMOILbIO
¢yuknun =@ (2) xonbopmHoe orobpaxeHue obaacTu BHe KoHTypa C
Ha BHEWIHOCTb eAnHMyHoro kpyra |{|>>1 Tak, uroObl yAOBJIETBOPANOCH
ycaoBue @ (00)= 00, - Mbl CBEIEM 3a4adyy K TOJbKO 4TO peleHHo#. Tem
CaMblM KOMILIEKCHBIH NOTEHIMaN OyaeT MMEeTh BUX

f(@R)=—i2elng(2), (7.94)

a 119 MJOTHOCTH MOB2PXHOCTHBIX 3apagoB corsiacHo (7.90) nosayuyuu Bhl-
paxenue «

_ 1,4 __e‘l ag| e |dt] _ e |dz]-t
c@O= | @le=50 |5 Gl = |alc = | @t oo
B kauectBe npumepa paccCMOTpHM 3agauy o6 OnpeneneHuy MIOTHOCTH

gapsga Ha nosaoce wwmpudel 2a. IlycTe maHHas nosoca mepecekaer mJo-
CKOCTb X, J MO OTpe3ky —a << x << a. Pynxuus

=3+

Npou3BOAUT KOHPOPMHOE OTOOPa)XEeHHe BHEIIHOCTH EXWHMYHOTO Kpyra
AIIOCKOCTH { Ha MJAOCKOCTb 2, Pa3pe3anHylo Mo OTPE3Ky AeHCTBUTENLHOH
ocn —a < x << a. Ilostomy copmyna (7.95) naer

(7.95)

e |dz|—! e 1
=gz | ag fig1=1 Tam e lyo (7.96)
Tak kak
24Vzi—a
=t
n

. 2 -\ 2V _a®
po1=2 (e VA @) =T ),
T0 opmyna (7.96) maer . ‘

o(x)—E‘L ———1 : ; —'1
‘.211 Vaa—x2 |x+il/a2—x2|-—-a<x<a

e, 1
o Va—x '

3aMeTuM, uTO MJOTHOCTb 3ap$ia HEOrDAHMYEHHO BO3PACTAET Npu npudau-
WEHHH K KPaw MJIacTHHBL IJTOT (haKT MUMEeT NMpoCTOH Puaniecknti cMbC.I.
Kpa#t nsacTunmel _uMeeT 6ECKOMEYHYI0 KPHUBM3HY, U 1S TOFO, YTOGLI 3a-
pSOUTh €ro A0 HEKOTOPOro MHOTEHWHasda, Hago NOMECTUTh Ha Hero Gecko-
HeuHbll 3apad. "

(7.97)
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6) Onpedesenne 1oas OeCKOHE4HO20 NAOCK020 KOHOEHCAMOpaQ.
Iyctb Tpebyercst HaHTH 3MEKTPOCTATHYECKOE MOJE MEXLY JABYMS 3apshKeH-
HBIMK [0 HEKOTOPOTO MOTEHIBaNa HAEaNbHO NPOBOASIIUMH HEIEPECceKaro-
ILMMHCSA IJIMHAPUYECKHIMH TOBEDXHOCTAMY, 06pasyiolMe KOTOPHIX Mapas-
nenbHbl Mexay- co0oft, a HanpaBAdIOIME NPOXOAST uepe3 GECKOHEUHO
YAANEHHYI0 TOUKy RAOCKOocTH 2z (puc. 7.3). B stom cayuae 3ajaua co-
CTONT B ONpeNe/eHur B KPUBOJWHEHHOH nosoce & KOMMIEKCHOro NoTeH-
nuasa f(z), NPEACTaBASIOIEr0 COBOH aHATUTHYECKYIO (YHKUUIO, MHAMAS
4aCcTb KOTOPOH NPHHUMAET NOCTOSHHBIE 3HaYeHds U; U Uy HA KPUBBIX
Cy u Co. OueBnpHo, amaaurudeckas ¢GyHKuus @ = f(2) ocywecrsaser
Kondopmioe 0TOOpaxeHUe AaHHOW KpuBoauHeHHOR MONOCH MJIOCKOCTH Z
Ha MOJIOCY - IOCKOCTH W@, OrPaHUYEHHYI0 NpAMbIMH Im @ =17y, Im @ = v,.
Tem cambiM st pelueHnss LaHHOM 3aiauu NOCTATOYHO MOCTPOMTH yKasau-
HOe KOH(OPMHOE OTOOpaMeHue.

Puc. 7.3. . Puc. 7.4.

B kauecrse npumepa HaliieM noJie KOHAEHCAaTOPd, W306PaKEHHOro Ha
puc. 7.4, ecsn 3HayeHus norenuuana Ha KpusmX C; u Cy COOTBETCTBEHHO
pasuet 0 u 1. IlpeapapnrenbHo Hangem dyHunw 2z =@ ({), ocymect-
BJSIIOULY IO KOHGOPMHOE oTOGpaxenne sepxuedt noaymiockocti §, Im {0,
Ha JaHHYIO KPUBOJWHEHHYIO nosocy & miockoctn 2. Tak Kak 06aactb &
npexncras/iser co6oét Tpeyrosbhuk *) A;A,A; TO uckomoe OTOGpamenue
MOXHO TIOAYyYHTh NIPU moMoutn unrerpana llsapua — Kpucroddens (cm.
ra. 5, § 4). YcranosuM caeyiomiee COOTBETCTBHE TOUEK AEHCTBUTENbHOH
OCH MJIOCKOCTH { ¥ BEPIUHH TPEYTOJbIINKA:

Al ’—>€ = 0)

A2 - C =0,

AS _ C = — 1 .
Tak Kak yrasl NpH BEpUIMHAX Tpeyronbum\a COOTBETCTBEHHO DPaBHbI
ey =0, Ny, =—mna 0 Tog=71 (1 -+ ), TO UCKOMBIA MHTErpan HOJxeH
UMETb BHA

=C S E1(+9*df+-Cy. (7.98)
o '

*) BameruM, 41O BepwHHH Ay H A, HaxomArcsad B 0eCKOHEYHOCTH.
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U3 cootsercrBus TOueK Az (2=ih) u ;=-—1 c/lelyer, uTo NpH Co
=—1 noay4uM

a |\ ’
z=CS (-‘-.—*ig-)—dui_h.- - (7.99)
—1 ’

Yro6u onpenenuts nocrosuuyo C, sametnM, uro o6xoay TOuKH § =10
B BEPXHE# NOJYNIOCKOCTH MO Lyre NOJYOKPYKHOCTH GECKOHEIHO Masioro
paimyca p B HampaBJeHHM MPOTHB 4aCOBOH CTPEJIKH COOTBETCTBYET fepe-
X0 CO CTOPOHMI Ay,A; Ha cropony A;As Tlpu stom npnpauleﬂne 2 paBHO

Az = ih!

C npvroﬁ cropons, u3 (7.99), H0A0XKHUB = pe'® u mepefas K npepeny
npu p — 0, noayuum ,

-

14
Az =iC 1im { (1 4 pe’®)® dg = inC. -
p—09§ )

’

h
Orciona C=—

.4 OKOHYaTeJbHOE .BhIpPaXeHWe Aad uHTeérpana (7.99)
UMEET BUI '

—~

¢
ig 4% yr yin,
I
Dynxuns §=e™® ocyuiecrsiser KoHPOpMHOE OTOOpakKeHue NnoJ0CH
0 << Im @ << 1 N110CKOCTH W H3 BEPXHIOIO MOAYIIIOCKOCTE §. [Toatomy dyHkmus
: i : o
a
=2\ ﬁ‘-ﬂ—d§+zh | (7.100)
) ) g o

OCyueCTB/SeT KOH(pOpMHOE OTOOpaNEHHe NOJOCkH O<Im w<<1 nio-
CKOCTH @ Ha AaHHYI0O KpHBOJuHeHHywo nosocy ¥ miockocth z. ITpu sTom
npsmas Imw =0 nepexoguT B HXHIOW OOKAAAKY KOHIEHcaTopa A;A,,
a npsimas  lmw=1—3B BepxHOK0 OOKJIAIKY, NPEACTABIAOMYI0 COGOH
nomaHyo A;AzA;. Vs dopmyan (7.100) npu v=Im w = const nonyunm
NnapaMeTPUYecKHe YPaBHEHUs NOTEHUHANBHHX KPUBBIX HAHHOrO 3JEKTPO-
cramuecxoro noas. Hanpumep, B uactHom cayuae npu a =1 unTterpax

(7.100) BBIUMC/SETCSI B 3JEMEHTAPHBIX (PYHKLHUAX:

z=i(1-{-nw+e“”’).

Toraa napameTpuueckne ypaBHEHUsS 3KBUNOTEHILUAABHOH }(puaoﬂ V=" =
= const (0 =< v,<< 1) npuHuMaioT BUL

x= R(l -+ nu - cos o, - 7))

A —00 < 1 < 00,
y=y (mvy 4 sin oy, - €7™%), ‘
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B uacTHOCTH, ypaBHeHue CpenHel SKBHIOTEHLUUAALHOH JHHMH (vo = %)

UMEET BHA '

OKBHMOTEHUMAIBHbBIE JUHHH, COOTBETCTBYIOIME PA3JUUHLIM 3HAYEHHSIM 7,

: 1 5
npusenessl Ha puc. 7.5. Tlpm Tp=> JerKO ONpPERenseTcs 3uavenue
Xmax N0 dopmMyne ’

h 1 ' g=1 v<f
s = 0= ) wxf W S
[onyuennsie pesyibTaThl : T // /S
JIETKO ITO3BOJIAIOT ONPENETUTH v=/ Ay } S
TO PAaCcCTOSiHME OT KPas KOH- ; 4”/;1// e
geHcaropa,  u300pameHHOro ——————T S
Ha puc. 7.5, Ha KOTOPOM noJe 4 ——— ——— ——,-":/,]/.
KOH/ieHCaTOpa C  3ajaHHOH —_———— |
CTENEHBI0 TOYHOCTH MOXKHO Y
CUMTaTh TJIOCKHM. ‘ "v=l0 2= Tma, z
BooGiie, meToasl KOH- ’ . '
¢opmubIX 0OTOOpaxeHn# uiu- Pue. 7.5

POKO WCMOJB3YIOTCS NPU pa-

cyYere MJOCKUX 3JIEKTPOCTATHUECKHX M MarHMTOCTATHMECKHUX JIMH3, NpH-
MEHSeMBIX /1 (DOKYCHPOBKH 3JEKTPOKHBIX My4KOB, YTO He06xonnmo anst
pa6om MHOTHX QJnantIecxnx yCTPOHCTB.



FJTABA 8
OCHOBHBIE NOHSATHS OINEPAIMOHHOIO MCHVCJIEHUA

MeTons OMEpalMOHHOTO WCYMUCHEHHS NPEACTABATOT CcOoOOH CBOEOG-
pasHnifl cnoco® pelneHus Pas3UUHBIX MaTeMaTHYeCKUX 3ajlay, B MNEPBYIO
ouepedb auddeperurasbHLX YPaBHEHUR, noayunBmiud AOBOJBLHO WKPO-
Koe pacrpocrpaHesude. B ocHOBe 3THX METOJOB JIEXKHT WAEA HHTErpa’b-
HHX npeobpasoBaiiuil, CBA3aHHAA C COMNOCTABJIEHUEM DEIUEHUI0 HCXOAHOH
3anayu, dynxunu f(¢) nelcTBUTENLHOH NEepeMeHHOM, HEKOTOpOH dYHKIUHA
F (p) xomnaekcHo#t nepeMeHHOH Ttak, 4TO OOBIKHOBeHHOE AuddepeHLnalb-
HOE€ ypaBHeHue mas (QYHKUMK f(f) nepexogut B aarebpauyeckoe ypas-
newne aas F (p). AHaJoruuHo YpaBHEHWIO B YaCTHBHIX IPOM3BOIHBIX AJi
byHKIEY ABYX ACHCTBUTENLHBIX MEPEMEHHBIX MOXET ObiTh COMOCTaBJAECHO
oObKHOBEHHOE nudpepeHalbHOe ypaBHEHHE H T. A. ITO NO3BOAAET
obnerunTs TexHUKy BolYuC/AeHn#. OCHOBHYH pOJb B ONEPALMOHHOM WC-
uucaeHuM prpaer npeobpasosaHue Jlamiaaca, C U3yueHus CBOHCTB KOTO-
POrO MBI W HAYHEM H3JOKEHHE.

§ 1. OcHosnblie cBoiicTea mpeoGpasosanun Jlanaaca

1. Onpenenenue mnpeoGpasosauus Jlansnaca. [TpeoGpasosanue Jlan-
Adca CTaBuT B COOTBeTCTBHE (yHKumu f(f) nefictsurenpHoOl nepeMednoit ¢
pyHKuo F(p) KOMIJIEKCHOH [EPEMEHHOM p C [OMOILLI0 COOTHOIUEHUS

[eo]

F (p)={ e”f(t)at.

0

EcrecTBeHHO, UTO He s BCAKOR (yHKuu# f(f) STOT uHTErpaa uMmeer
cmbica -[losToMy Mb- HauHeMm ¢ ompefeneuus kJaacca dynxuui f(f), misd
KOTOPHIX JaHHOe npeobpa3oBaHue 3aBelOMO peaamsyeMo. Dygem pac-
cMaTpuBaTh (pyHKUnM J(f), onpegeneHHsle NS BCEeX 3HAYEHAR AEHCTBU-
TEALHON nepeMeHHON —oo<t<CCoO M YAOBJAETBODAWULHE cjeay ouuM
yCAOBUAM:

1. Mpu £ << 0 f(t)=0.

2. Ilpn £2=0 dyskuus f(f) Ha 1060M KOHeuHOM, yuactke ocu £
uMeeT -He 00J/1€e UM KOHEYHOE YuCAO TOUEeK Pas3phiBa Mepsoro poja.
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3. lpn t—co ‘dynkunss f(¢f) umeer OrpaHMyeHHylo CTeneHb pocTa,
T. € 141 KaXno# (yHKIMHM paccMarpuBaeMoOro KJacca CyIecTBYIOT Takue
[OJIOKUTE/NbHBIE NOCTOSHHBIE M 1 a, uto naa Bcex ¢ >0

f@)] < Meot, 8.1)

Tounas HHXHAA IPaHb TEX 3HAYEHHH a, A/ KOTODLIX HMEET MeCcTo
nepasenctso (8.1), naspiBaercs noxazameness cmenerit pocma QyHKUUHA
f(#). Jlerko, B uyacTHOCTH, BHIETb, YTO IOKa3aTeAb CTENEHM DOCTa CTe-
1EHHO i q)ymcuvm f{&)=1t" pasen unymo.

Ormerum, uto (yHkuud f(f) MOXKET OHTDH KOMI/IEK CHOM dhyskanei
neficTBUTEbHON NepemeHHON f: f(f)=f; (t)-l—zf2 ®), rae fi(t) u fo(t)—
AeHCTBUTENbHBIE PyHKUIH.

Beenem octiosnoe onpeapeneune,

Hpeodpasoeamteﬂ Janaaca 3adannoii gyuryun f(t) deiicmetme.ns-
Hoil nepemennoll t Ha3vi8aemcs ~npeoOpa3osanue, CmMagsauee § Coom-
semcmeue ¢hyuryun f () gyuryio F(p) Komuniexcnoll nepemerHoil p,
ONPEOEeNEHHYI0 € NOMOULI0 UHME2PAAAQ

.00

F(p)=§ e P (t) dt. 8.2)
0 C .

_ 3ameruM, uto uHTerpan (8.2) sABASETCH HECOOCTBEHHBIM WHTETrpasIoM,
3aBUCSUIIM OT MEpPEeMeHHOW p kak or napaMerpa. OuesugHO, uHTErpal
(8.2), BooOuie roBops, CXOAUTCH HE MPH BCEX 3HAYEHUAX Tapamerpa p.
IefictBurenibio, ecan QyEKiUsa f(f) cTpeMuTca npu f—- 00 K OTINYHOMY
or Hynas npexeny, a Rep<C0, to unrerpan saBenomo pacxoanrcs. Ilo-
9TOMY eCcTeCTBEHHO IOCTaBUTb Bonpoc o6 06.JacTé CXOAMMOCTH HHTErpasna
(8.2), a 1em campim 06 oGuiacTu onpegesienus QyHxiuu F (p).

Teopema 8.1. Humeepaa (8.2) cxodumcs 8 obaacmu Rep > a,
20e a —norasamens cmenenu pocma Gywxyun f(t), npuser dasg aio-
6020 xy>a uumezpanr (8.2) 8 obaacmu Rep=x,>a cxodumcs
PABHOMEPHO.

IokasarenabcTBO. Hﬂﬂ Mo6oro p=x-iy npu X >>a MOXHO
ykasatb ¥) Takoe £€>0, ur0 x>a;=a-te¢, npuuem |f(f)| << Meni.
Torga, pocno/ab308aBIINCE NPU3HAKOM CpaBHEHHs CXOMAUMOCTH HecoOCr-
BEHNHBIX MHTErpajos **), moayuum

e-xtea,t dt = M
x—a '’

|F(p)|= S e Pt dt | << M x>a,  (83)
0

S

*) OTo MO3BOJAET PAaCCMaTPUBATh M HEOrPAHUYCHHblE PYHKUMH, uoxaaarenb
CTeNleHH pocTa KOTopmx PaBeH HYyJIO.
**) CM. BBID. 2, ctp. 367.
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YTO M QAT OCHOBAaHME CHENATh 3aKJOUEHWEe O CXOAMMOCTM HMHTEerpasa’
(8.2) mpn x >a. Ecau x == x,>a, TO aHaJOTMYHAd .OlEHKA AAET

o]

[F(p)l<M g e o=t t = 1
0

Xo—'

8.4y

YTO W JIOKa3wBaer B CAJY Ipu3Haka Be#tepwirpacca*) paBHOMEpHYIO .
cXomuMOCTh uRTerpasa (8.2) mo mapamerpy p B obaacti Rep = x, > a.

IMpuBefeHHOR NOKA3aTENLCTBO CyIUECTBEHHO onppaloch Ha yeloBHA 2 u 3
onpeleNieHHsl PaccMaTpHBAaeMOro kKJacca (yHKHMA f(f) IeficTBHTe/IbHOW . MepeMeH-
Holf ¢. OfHAKO MOXHO pacwMpHTh KjacC (yHKUMil f(f),” Aomyckapouwux npeopa-
adeanue Jlannaca. [ina 3Toro mpeAaBapHTEJpHO JOKaXeM CJeIYIOWYIO JeMMY. ;

Jemma. Iycrmo pynxyus [ (t) deticmsumenbroti nepemennol ¢ onpedesena Gasi
écex =0, u nycms cywjecmeyem maicoe KOMNAEKCHOE HUCAO Py, 4O CXOQUMCA UH-:
mezpan :

§oe_p°tf (B dt < M. (8.5).
0

Tozda Ora 6cex p, ydosaemsopaowiux ycaosuro Re p > Re p,, cxodumes K-
mezpanr v

Te‘P’f () dt. (8.6)
0 i

Noxasarenscrno. OGo3HauNM ()= Polf (f) M BBENEM BCIOMOTATEIp-
= [e<]

HYI0 QYHKUHIO F(t)-_.—-—ﬁ @ (v) dt. 3amersM, uto F’(f)=¢ (f). Kpome toro,
t

B CHJAY CXORMMOCTH uHTerpasa (8.5), oueBUZHO, a4 3ajaHHOro &' >0 MOKHO

yKasaTh Ttaxoe Tg, ut0 | F (2) | <e'Tnpn t=T, o

2
PaccmotpuM Teneph HHTErpal 73 ePf(f)dt, rame Ty ¥ Ty— NPOH3BONbHEIE

. . }
AeHCTBHTENIbHEIE YHCAa, yroBMeTBoOpAllKe YCJoBuio Tp>> Tp, n mpejcTaBuM ero
B BHJe ‘

T, 7, T,
\ ePtyar= { e~ PP g () at= 75 P —PITE (1) dt.
7 : .

1 Tl 1

Bblunc/sisl MOCAeHHi HHTErpaj 0O YacTsM, NOayuaeM

T, -
{ e o=rlF (ty gt =
T,

T,
== =PI Tap (7 _e=P—=P)Ts F(T))+(0—p0) 15 e~ PP IF (1) dt,

*) CM. BHIN. 2, crp. 424,
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Orciona npu Ty, To>To 4 Re (p'—[;g) > 0 noayuum

[’% e Pf () dt'\(e“r""” =P Tsy —Re(p=po Ty g

1

‘ . | P—po! ] ~Re(p—po) To,
o |2+ rip gl "

OuerHHO, BCETHA MOXKHO TaK Bl>]6paTb 3HaueHHe To, yTOGH! IOJTyYEHHOE BHIPAXKe-
HHe ObLI0 MeHblue JIoGOro HamepeX 3aaaHHOro € > 0. 3T0 HA OCHOBAHHH NPH3HAKa
Kowwu *) ¥ fokasblBaeT CXOZUMOCTL HHTerpasa (8.6).

MoXXHO JOKa3aTb ¥ PaBHOMEPHYIO MO INapamMeTpy p CXOAMMOCTb HHTerpaJa
(8.6) B cbnactn Re p = Re p; > Re p,.

Ha ocHoBanun ROKa3aHHOR JieMMbl MOXHO B KAuecTBE OCHOBHOMO Kilacca
dyHkuuit f(f) meficTBuTeNIbHOR nepeMeHHON f, A KOTOPBIX CTPOUTCS Tpeobpaso-
Banue Jlannaca (8.2), paccmMaTpuBaTh (YHKUHH, YROBACTBODPAIOULNE YCJACGBHIO (8.5).
DyHKUNH, yAOBJETBOpSAIOIUIHE HaHHOMY yCIIOBHIO, GyleM HasblBaTb NpHHALJIENKa-
wuMu kaaccy A (po)-

Mrak, ¢ nomomipio npéoﬁpasoﬂaﬂm (8.2) dyukuns F(p) xoMmniexc-
HOH# TiepeMeHHOH p Ompene/eHa B NOJYMIOCKOCTH KOMIIEKCHOH NJIOCKO-
cTu p npasee npsmoft Rep =a, napaanenpHodl mMuuMo# ocu.

3amerum, uTO0 U3 Qopmyss (8.3) caemyer, uto |F(p)|—0 mnpu
Rep — co.

dyuxuus F (p), onpenenennas yepe3d ¢yuxunio f(¢) ¢ nomoutlsto npe-
obpasosanus (8.2), HasbiBaeTcs u3obpascenuers Jansaca dyuxkunn f(f).
Oyukuns f(f) naswisaercst opuzunasorm dynkuud F (p). Csasb QyHkuni
f(#) n F(p) 6ysem cumBoanuecKy 0GO3HauaTh CAelyouum obpasom **):

-f(f).——'F(P)' n F(p)=f(®). v (C))

OtuernyM, YTO B npaxmqecmlx MPUJIOKEHUAX YaCTO nom:syxorca TaK
Ha3HBAEMBIM npeobpa3osarues Xesucailda:

F(py=p § e Pf () dt, (88)

OTAMYAOIUMCS OT npeoGpa3oBanns Jlannaca AOMG/IHUTENLHEIM MHOMXHTE-

aem p. OueBugHOo, 06/aCTb oOnpejeseHus QyHKILUH ﬁ(p) Ta XK€, 4Yro u
nas ¢yukumn F (p). B panbHedmiem Mbel GyneM paccMarpuBaTh TOJIBKO
npeo6pasoBanue Jlanaaca (8.2). Csoficrsa npeoGpasosanns Xesucaina (8.8)
JETKO MOryT OBITb [OJNYYEHB Ha OCHOBAaHYH DPAaCCMATPUBAEMBIX HHKE
cBoifcTB npeoOpasosanus Jlamiaca.

*) Tpuauak Kowu CXOZUMOCTH HeCOGCTBEHHbIX HHTEFpaJ]OB CM. BHII. 2,
cTp. 364.

**) B amteparype BcTpeuaiotes W Hpyrue cano.rmqecxne oﬁosaaqeum Ha-
npumep: F(p) —[ (), £F(p)=>[ ), F(p)lIf{f) un T & '
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Kak mn Bugeny, HanGo/iee BaWHBIM KJIaCCOM (DYHKIUH KOMILIEKCHOMH
nepeMeHHol SBASIOTCS auaJuThyeckue GYHKIMK. BriscunM, aBiasercd Ju
¢dyuxuns F (p) aHaamTuyeckoi. :

Teopema 8.2. H3obpasenue Janraca (8.2) gyuryuu f(¢) aganemcs
anaumuieckoil (OyHKYUel KOMNACKCHOI nepesenHoll p 8 obaacmu
Rep > a, 20e a — noxasameas cmenenn pocma gysxuun f(¢).

IokasatenbcTBO. B cuny Tteopemb 8.1 necoOCTBeHHBIH HHTET-
pan (8.2) cxomnrcs B o6aactu Rep >>a. Paso6brey uHTEpBan HHTErpH-
poBaunst Ha oTpe3ku [f; f;,;] NPOM3BONBHOH KoneyHoH MJIMHBL, NpHYEM
ty=0, t,—>oco npn n—oo. Torpa ¢yukuns F (p) npu Rep >a npea-
CTaBJsieT COOOH CyMMy CXOAsulerocs psaia

t

© ‘pgi1 ’ © - '
F(p=Y, fS ePf)dt=Y u,(p). (8.9)
n=20 n n=0

[}
3aMeTuM, uTO NOCKOAbKY #-# ocTaToK psina (8.9) pasen ‘ e P () dt,
¢
n4l
TO coriacho Teopeme 8.1 pan (8.9) cxommtcs pasHoMepHo B ofJacTu
Rep = xy > a. Kaxnpan u3 dynxuni

Lusi
u, ()= { ePf(p)at

tn
onpeaencHa Kak WMHTErpaj, 3aBuCsIlUit OT napamerpa p, N0 OTPE3KYy KO-
HEYHOU IJIMHB HAa KOMIAEKCHOR naockoctn f. Ha ocHoBaHum o6umux
CBOWCTB MHTErpasioB OT (YHKLUHH ABYX KOMIIIEKCHHIX TMepeMeHHHIX, 3aBH-
camux OT napamerpa *), QyHKuuH u, (p) ABAAIOTCA UEABIMU (PYHKUUIMHA P,
V3 nposeneHHnX paccyxiesnit caeayer, uro psa (8.9) B o6nactu Rep>a
YAOBNETBOPSET BCEM YCJAOBUAM Teopembl Beliepmrpacca #%), a auauyur,
¢ynkuus F (p) asasercs aHaanTHyeckodl B obaacta Rep>>a u ee mpo-
M3BOJHBIE MOXHO BBIYMC/IATH, HNGPEPEHUUpys NOABIHTErpadbHyI0 (PYHK-
unio B (8.2) no mapamerpy p. :

2. H3olGpamenne sJeMeHTAPHBIX cpyﬂxuuu. I[Tonbsysacy onpegene-
niem (8.2), nafineMm usoOpakenue psama 3JEMEHTaPHBIX (YHKIH ,ueﬂcmu—
TeALHOU IlepemMeHuo.

a) Eannuunaa pyuruwns Xesucatma Ilycrs

0, t<C0,
f@=%@={

1, ¢=0. (8.'10)

Torna

&)= F (p)= § e~

*) Cm. ra. 1 crp. 52.
**) Cm. 1o, 2 crp. 62.
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npuuem dyHkuua F(p), oueBuaHo, onpesenexa B obaacrn Rep > 0. Hrak,

0, <0

cro(t)_—_{1 (0T " Rep>0. (8.11)

Ormerny, uTO ecsau BMecTOo npeoGpasosanus Jlansaca (8.2) nosb3osaTbes
npeoGpa3sosannem Xesucatiga (8.8), To nsobGparceHneM eAUHUYHON (YHK-
uun o, (t) oyner dyuxkuns F(p)=1. Dtum 06DBACHIETCA ZOCTATOYHO ILU-
pokoe mnpumenenue npeoGpasosanus Xesucaiima. Oxxako B cayyae mpe-
oOpazoBanus Xepucaiua (8.8) ycaowuserca psi Apyrax Qopmy., B yacr-
Hoctn (popmyna oOparHoro npeoGpasosanus, (opMyna H306pakeHus
CBEepPTKH (CM. Hike cTp. 223).

Ycnosumcs BCIOLy B jAasibHefilneM, €CAM 3TO HE OrosopeHo 0coGo,
noa ¢yunkuuest f(f) nounmars npousseseune f(f)-0y(f), T. e dyukino,
TOXACCTBEHHO paBHylo HyJlo. npu f<C 0, He OrMeuyas 3TO CHELHaJbHO
B COOTBETCTBYIOWUX (popMyaax.

6) [ToxasarenbHas dyHKUUSA

fE)y=e". (8.12)

Briuncass wuterpaa (8.2), noayuaem:

) ¢ _ 1 )
P(P)=§6‘p’€°‘tdt=p—_j¢, Rep}Rec@
1

% -~ — Rep >Rea. (8.13)

c. p_a’
B) CTenennas QyHKUEAS
FO=1, v>-—1. (8.14)

B sTtom cayuae unrerpan (8.2) mmeer BHE

o] [oe]

F(p=\ e?f@)dt=\ ePdt, Rep>0. 8.15)
o 0

3ameruM, uto npu v<< 0 dynxuua (8.14) yxe He ynOBJETBOpSET YCAO-
BuI0 2 crp. 212 (rouxa t==0 sBifeTCd TOYKOH paspriBa BTOPOro poaa
91O (PyHKUNW) W TEM CaMbIM HE NPUHAMJIEKUT OCHOBHOMY PAaCCMaTpH-
BAaEMOMY KJaccy (yHKUuM OeHCTBITENbHOH NEPEeMENHOH, HJg KOTOPHhX
cywectsyer nsobGpawenne Jlannaca. OaHako, Kak Nerko BUAETb, IPH v >
> —1 »ra QyHKUMS NPUHALIEKUT DPACIUMPEHHOMY KJAcCy, BBEAEHHOMY
na crp. 214 (uurerpan (8.15) cxoamrcy npu Rep >0 u v> —1).
IMoaromy u B cayuae —1 << v << 0 nzoGpawenne Jlannaca dyuxuun (8.14)
B obaacrd Rep >0 cywecrsyer u onpenensercs gopmysoit (8.15).
[Mepeiinem x sriyncaenuio uHrerpana (8.15). Haunem co cayuas, koraa
nepevMeHHas p NpUHUMaeT AeHCTBUTENbHOE 3nauenne p=x > 0. Cuenas
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B uHTerpane (8.13) sameny nepeMeHHOH WHTErPUPOBaHHa Xf-== S, HoJAy4uM

F()= S et df = —b § essds = 0D (g16)
. b |

rae T (v+ 1) —rauma-dpynxius *) ddnepa. Tak kak dyskums F (p),
onpepenenHas ¢opmyaodt (8.13), sBasercs  anaauTHuecko#t B 064acTH
Rep > 0, umeromelt Ha nOJOKHTEALHOH YacTH AEHCTBUTEALHOR OcH x > 0
3Hayenne (8.16), T0 B cuiy eXMHCTBEHHOCTH aHANUTHYECKOTO MPOAOMKEHHS
ana pyukunn F (p) B obnactu Rep>>0 noayunm BhipakeHue

(=]

F(p);ge-wt'wmll”—l“ﬂ. | @1

V1
p p
Ilpu sToM B cayyae APOGHHIX v CreAyeT BHOGUPATh Ty BETBb MHOTQ3HAy-
. 1 . -
HOR yHKIMK v, KOTOpas fBJSETCA HENOCPEACTBEHHHM aHAMHTHYECKUM

: 1
npogomkenneM B 061acth Rep >0 aeficTsutenbHo#t dyHKiun v Aef-
crBuTenbHOR mepemeHHo#t x > 0. Hrak,

thL-ll(;’ﬂIf—l'), v>—1 Rep>0. (818
JLas nensx v=_n 13 QopMyasl (8,18) N0y UuM
' T (n+1
n=lUE) S5 Rep>o (8.19)

Briyucass uuterpan (8.2), moxHo noayuuth nsoGpamerme eule psana
yHKUME JeHCTBUTEIbHOH NepeMEeHHOMH, 0HaKO BO MHOrMX Cayyasx 114
BHIYKCHEHNS w300pamenus 3ajgaHHOR QyHKuUMUM yaoOHee, OKasHBaeICH,
10/1b30BaThCA OOWUMHU cBOHcTBaMU H306paweHus Jlanjaca, K paccMOT:
PEHUIO KOTOPHIX MBI K Iepe#uem. ‘

3. CpoiicTBa u3zoGpaxeHns.

a) JlunedHocTh M3006paxeHus B cuay u3BeCTHHX csoﬁcra
ONpENE/IEHHBIX HHTETPasoB, HMEET MeCTO

Csosicrso 1. Ecan F P)=/fi(@t), Rep>a; (=1, ..., n), 10

n

Fy= Y aFi(p)= 3 afi(®), Rep>max @  (820)

i=1 i=1

rAe o; — 33JaHHble MOCTOSHHbIE YMCAA (IEHCTBUTEbHBIE MM KOMIIEKC-
HbIE), a,»—nor(aaare.rm crenenu pocta QyHkumni f; (£).

- Jannoe CBOJICTBO 103BOASAET 1O HafileHHEIM H306paxenuam ¢yukuuit (8.13),
(8.18), (8.19) mailtu u3oGpakeHHst MHOIOYJEHa, TPUTOHOMETPHYECKHX H CHnepso-
JIMYECKHX yHKUHH.

*) Onpegesienye u CBOHCTBA raMma-GyHKLHH CM. BbIl. 2, CTp. 434,
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Hanpumep, ¢ nomoiteio (8.13) moayuum

) _ l_ i ’ —i . 17/ 1 1 . p
cosof=g @) "2'\p-tw+p+im>'p*+m2'
Rep>|Imow; 8.21)
Aunanoruygo ]
sin mt;-’.:;z—_‘%, "Rep>|Imo]. (8.22)
~6) CrostctBo 2 Ilycts F(p)==f(¥), Rep > a, Torna
1 aph A ' A
;'F\-g )= f ) >0, Re p>a. . (8.23)
Ile#icTBuTENBHO, ' ‘
© 1 © ;ﬂ‘c 1 .
§e“"f(at)dt=~5 S‘e o f(r)d‘t:-—-a-F(%).
0

B) Caoficteo 3 (Teopema sanasansanusn). Ilycrs F(p)==
= f(t), Rep>a n samana dyuxuns

70 ={ Of(: = oy (8:24)
Torna _
} Je () =F¢(p)=eP"F(p). . (8.25)°
ﬂeQCTBPlTe'JIBHO,

Fr(P) S —ptft(t)dt-osoe_ptf(g_f) dt.

T

CgenaeM B TOCJAefHEM HHTErpaje 3aMeHy MepeMeHHOH, MOJOoXKuB
t—t=t. Toraa

Fe(p) =\ P+ f(¢)dt" =% F (p),

0

YTO W HOKa3blBaeT CBOHCTBO 3.

B xauecrse nepBoro mpuMepa paécmm‘pﬂm u3oBpakeHHe CTyneHyaTod ¢yHKUHH.
, t<r,
f(t)_{ nfe, nr<<t<(n+17, n=1,92, ..
IpencraBuM f (f) ¢ MOMOILBIO €IHHUYHOIM cpglﬂxnnn Xesncaiiga o,
F()="Fo 06 (t—T)+ 0o (t—20)+-...]. '
Hcnonb3oBas cBORCTBO IMHEHHOCTH M TeOPeMy 3aMa3jhbiBAHHSA, TOJYUHM
e~pt

FOEF =R +fe-m +...='i°—-—-—~. B.27)

(8.26)
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AHaJIOrHYHO JIETKO MOKa3aTh, YTO H306paeHHEM NEPHOZUYECKOH QyHKIuK
R 2nt <t <<(2n+ 1),
f(t)={ fo @tDT o2 .., (828)
—fo @rtDr<t<@nt2)7
ABaseTcs GyHKIUS

F0F ()= b . (8.29)

Teopema sanasppiBaHus nossonser NOJY4HTb ¥ JOBOJLHO OGILYI0 GOpMyny mnst
H300paXKeHUS TePHORUUCCKOH (YHKIHK. HpenBapmcano paccMoTpUM TOT caIyuaii,
Korga GyHkuus f(¢) KefiCTBUTENbHOH NEPEMEHHOM { WMeeT BUJ )

e, O0<<t<rm,
H= s 8.30
o={"" =, (©:30)

OGo3nauuM nsofparkeruss Gyukuuit @)= D (p) u @ (¢ H7) = O, (p) Ilepe-
numem (8.30) B BuAe

0, 0<<i<n,
fo=o0+{ _ Celd—n,  fmm,

Bocrnonb30BaBINCh JMUHENHOCTBIO 11306pamel-ma n T\"‘O]}Q'\IOH 3alnasfiblIBaHUsI, NMONYYHM

FO)=2F(p)=D () —e P Or(p). - (8:31)

ITycTe Tenepe dysKUHA ¢ (f) sABAAETCH NEPUOLHYECKOIl ByHKLHeH £ C nepuou.om T
T. €.

¢ t+1) =09 (). : (8.32)

Torna @, (p) O (p), n dopmyna (8.31) mosponsieT BuIPa3uTh H3oGpaiceHue @ (p)
niepuopnueckoll GyHKIMK ¢ (f) uepes uszobpaxenue F (p) obyukuun [(f), paBHOH
¢ysxuug @ (f) Ha nepsoM mepuofie 0 < f << T M HYMIO BHE €ro IpH [ = T:

© () =7 i (e’f)m.' (8.33)
B kauecTBe mpuMepa HailijeM usobpaxKeHHe QyHKUUH
@ ()=lsinwt|, ©>a. k (8.34)
Ora byukuus sBASETCH TIepHOANYECKOl NpH t> Oc nepuonom -. TIpegBapuresnso
HaiieM n306paxeHue GyHKUHH
. sin wf, Ogtgg, :
)= . - (8.35)
0, o< ¢
C nowmotupio q;opmy.n (8.31), (8.22) u pasencrpa sin 0! t g) — sin ¢ nmomyuum

T .TII
. [0} —Ps 0] — =P
f(t)-;_—F(P)—‘:m'Fe © = <l+e © )
Orciona no ¢opmyae (8.33) noayyum

) L. O 1+e—
| sin i | 5= P

- © __.cth gf; ) (8.36)
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r) Mso6paxenune npoussonxHoh Ceituac 6yzer nokasauo
onub W3 OCHOBHBIX CBOHCTB U300paxeHus, MO3BOJAIOILCE 3aMEHHTD ang-
depenurposanue opurutana YMHOXeHHEM H300paKeHns Ha HesaBncnmyw
nepeMeHHYIo.

Csoitctro 4. Ecau ynxyus f (3] yaos/zemaopﬂem ycao8usaM
cyuecmsosanus usoopaxcenus u f(t)==F (p), Rep>a, mo

F®O=pF(p)—s©0), Rep>a (8.37)
Ileﬂcmmenbﬂo, VHTETPUPYS MO 4YaCTAM, nonyqae'vx :

f’(t).——'S “"f’(t)dt-e"‘f(t) S'-P‘f(t)dt——pF(p) — (),

uTO U JIOKa3KIBAET JIAHHOE CBOWHCTRO.

AHanornyHo Moxer GHITb 10Ka3aHO

CeotictBo 4. Ecau pynxyus f* (t) ydosaemsopsem yC/lOBllﬂ.M
cyuecmgosanun usobpascenus u f({)=F (p), Rep>a, mo

. 0 0 =1 (0 o
o @)=p {F(p)—M—Lp(T)—...—i——p#}, Rep > a. (8.38)
dopmyana (8.38) ocobeHHo ynpomaercs B TOM CJayuae, Koria f(O)
=f 0)=...=f"10)=0:
W (@) =pF (p). (8.39)
[ToayueHHbI# Pe3yAbTAT HAXOLMT MHOFOUMC/IEHHBIE TPUMEHEHNUS.
Paccvorpum, Hanpumep, pelenue craegytoutelt 3axadu Komu aas o6bik-
HOBEHHOro Ju(depeHunansbHOr0 ypaBHEHHS, JIUHEHHOrO € MOCTOSHHBIMU
KO3 duiueHTamu:

2,y +a "V 4+t a,y O =F(), (8-40)

yO)=y' (0)=...=y"1(0)=0, (8.41)

rae f(f)—sapanmas npu £ =0 dysxuns £ Ionoxus, uto f(f)=0 npn

t<<0, MBI B TOM Ciayuae, eciu f(f) yIOBJAETBOPSIET YCAOBUSM CYUIECTBO-

Balligd M300paXeHus, MOXEM NOCTPOUTh u3oOpaxenue F(p) cpym(uvm F(@).

IMpengnonoxnM, 4ro ynkuns y (f), ssasomancs pemeHneM 3agaun (8.40),

(8.41), m BCce ee NpPOM3BOAHBIE OO N-TO MOPSAAKA YAOBJIETBODPSIOT yCJO-

BisiM CyILECTBOBAHMA uzobpaxcenus. Torna,” ymHOxuB 06e yacTn ypasue-

Hus (8.40) ua e u npounrerpuposas mo £ or 0 g0 ©o, B cuay
JUHEHHOCTH u306paXeHns W Haualpublx ycaosu#t (8.40) mosyuum

Y(p){awp" +ap +...+ a} =F (p),
. -
rge uepes Y (p)= S e y () dt 0603naueno u306paNeHue HCKOMOro pelle-

0
Hus 3aadu (8.40), (8.41) OGosnaums P, (p)=aop"+ap"*+...4a,
MOJ/yYHM

F
Y (p)=p%. ' (8.42)
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dopmyna (842) maer NOCTaTOMHO MPOCTOE BHIPAKEHHE H306PaKeHNs
nckomoro peuneHus y(f) uepes musBectuble (yHKUnu-moanuom P, (p),
KO3 (HIUIEHTH KOTOPOro onpenenstorcs ypasHenueM (8.40), n usobpaxe-
une F(p) sananHO# npaso#t yacTu ypasHeHus.” Tem caMBIM, €CAU MBI
CMOXEM ONpeneauTh HEusBeCTHHH OpurnHan y(f) no ero u3BECTHOMY
nsobpaxennio ¥ (p), TO 3anaua (8.40), (8.41) Gyner. pewena. Huxe Ml
pPaccCMOTPUM pa3inuHBIE CNOCOOH ONpefe/eHus OPUrHHaJla N0 3aMaHHOMY -
nzoGpawennio, a ceHuac NPOAOMKHUM pacCMOTpenue. eule pspa obuwux
CBOHCTB H306paKeHus. .
x) UsobGpaxenue uurterpana .
Ceoiicrso B. Ilycts f(f)=F (p), Rep>a. Torna
)
eO=\s@dr==2F(p), Rep>a _(843)
§

NeHcTBATENILHO, JIETKO NPOBEPHTh, YTO (YHKHHS @ (f) YIOBAETBOPSET
BCEM YCJAOBUsY CYIIECTBOBAHUS H3006paweHus, npuueM ¢ (f) uMeer TOT Ke
NoKaszateqab creneHu pocra, uro u f(f). Bbmncnna usoépame}me yHK-
oun cp(t) no topmyne (8.2), noayuum

Sf(r) dr=4§ P it Sf(r) dr.

Menss B NocsefHEM WHTErpa’e MOPANOK MHTErPHPOBaHUs ¥), moay-

uaem
© o

t S ’ 0
f@a=\f@dr \ eat=1\ er fyar="LFp),
T T e e

T

uTO U JOKa3wBaer (opmyny (8.43).
Anasornuybiv 06pa3’oM MOXeT ObTh J0Ka3aHO -
Csoitctso 8. Ilycts f(t)=F(p), Rep>a; torna
[ ?, o tn—l

S dt; %-dtz. . S Fitydt, = b—‘,,F (7)) Rep>a.  (844)
0 b B : '

Ceofictea B n 5’ HAXONAT MHOrOYUC/IEHHBIE TIPUMEHEHUS NMPHU BEIYUCICHUHN
‘u306paxeHult PasauuHBIX PyHKIuH. .
Hanpumep, naiinem H3o6paxenue nunoo6pasnoll GyHKuUuH f (f), npefcrapmsiomes
CoGOii NePHOAMWeCKHN TOBTOPSIOUIKICH PABHOGEAPEHHbI TPEYrOIbHUK C OCHOBAaHHEM
2v 1 BhicoTol fT. KaK serko BuieTs, 3Ta QYHKUMA MpejCTaB/iseT coGoit nn-rerg
?_}‘ 0 no ¢ or dynkuuu (8.28), msoGpaxkeHne KOTOpoii Haercs opmyJioir (8.29
o3T0MY

RIGES f“ th ”27 . (8.45)

*) BoamoxuocTs M3MeHeHus nopsigKa HHTETPUPOBAaHHS CllejlyeT H3 Teopemul 10.9,
BBIN. 2, BHITIOJHEHHE YCJOBHH KOTOPOW B JIAHHOM C/yyae JIETKO NpoBepsiercs.
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"e) Msobpawenue cBeprkm. CBepTKdﬁ byoxuuit f, () 1 fo ()
HaselBaeTca (yHKUus @ (f), onpejesieHHag COOTHOLUEHHEM

t , :
o) = § @t =rydt =it —71) L (D) dv. (8.46)
" ) :

B cnmpasenmBOCTH TOCAEAHErO DPAaBEHCTBA JIETKO YGeauThCsd, CAEAAB
B NePBOM HHTErpaje 3aMeHy NEPEeMEeHHOM HHTErpupoBauus f—7T= t.
Hmeer Mecto cneayoulee
~Csoncrso 6. Ecau f1(t)——F1(P) Rep>ay, fz(t)’.—‘.‘-Fz(P):
Rep > a,, 10 . '
t

() = Sfl(T)f2 (t—7)dT==F,(p) Fa(p), Rep>>max {‘11» a2} @ 47)

CBepma byuxuut  fy () u fz(t) ¢ OrpaHHYEHHOH CTENEHbI0 POCTa
TAKKe ABAAETCA q)yﬂxuueﬁ C OPPaHUYEHHOH CTEMeHbIO POCTa. Hencran-
TEJbHO,

. It v
g [L(@) fo(t — 1) du| << MM, { eoTen =0 g7 = 2
0 : '

MM S MM, ‘ '
I ) 2O oty )

\

Crenenp poCTa CBepTKH, OYEBHIHO, pPaBHa HanGOJblIEH# CTeMeHH pOCTa
Qynkunh f1(®) n fy(f). Jlerko supetn, 4TO @ (f) yNOBJETBOPAET M OCTalb-
HBIM yCJOBUAM - CyUIeCTBOBAHHUSA u3oGpaxenns. [L1s BHUUCIeHUs U306pa-
EHUd CBEPTKHM BOCNOAb3YeMCs cdopmyaoit (8.2) u u3MEeHHM TOPSLOK.
HHTEr pupOBaHus =~)

§ e P dt g fi (1)» fit—1)dt= §° FAGYA c§° e? fo(t —1)dt.

0

Cnenas 3amedy NepeMeHHBIX f —T =1 BO BHyTpeHHeM uHTErpae, OKOH-
YaTeJqbHO MOJMYUUM
-

§f1 (0 fot =) du == S e fi(v)dr\ e P fo (') dt' =F,(p) Fa(p),
. 0 .

YTO W AOKa3bIBAE€T CBOHCTBO 6. -

B npunoxenusx dopmyna (8.47) uacto ncnoiabsyercs Ans onpenene-
HUA- OPUr¥Haja MO 3afaHHOMY H306paxEeHHI0, KOrda 3agaHHoe n3o0paxe-
HUE ygaeTcs pa3éuTb Ha COMHOMXHTENH, A/ KOTOPHIX OPUrHAaMEl U3BECTHHL

Hanpumep, nycte TpeSyerca HaHTH OpUrkHall hyHKIUH

F O =Gt

. *) O BO3MOXHOCTH H3MEHEHHS [iOPALKA MHTErPUPOBAHUSA CM. CCHUIKY Ha CTp. 222,
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Panee mbl Hawmy (cM. GOpMyJIBI (8.21‘) H (8..92)) uTO

v pT_i—mz;'_-'coswt, 2+ 2_smcot
Tostomy
¢

F(p)= g sin T+ cos @ (£ —T) dt =£ sin wf.

PaccMorpuy eute psia oOmiux CBOHCTB H306paeHui.
*) Juddepenunposanue uzobpaxenuns.
-Ceotticteo 7. [Iycte F(p)==f(¢), Rep>a. Torna

F" = —1f(), Rep>a. " (8.48)

JelicTBiTEbHO, BBIUIE MBI -OTMEYaJaH, YTO IIPOU3BOLMYIO aUANUTHUECKOH
dyuxnun F (p) B obaacru ee onpenenenus Rep = a MOXHO BHUNCAATH,
duddepenmupyst NOABHTErPalbHYI0 (YHKIMIO B HECOGCTBEHHOM HHTErpaJje
(8.2) no napamerpy. Ilponenas sr0, mOJAyUNM

Fl(p) = —\ e tf () dt = —tf 0

0

uTto W 10Ka3kBaeT cBoHcTBO 7. 3amerus, yto ymHOXeHue yuxuud -f (£)
Ha o0y crenennyo QynKUMo I He MEHsSeT ee CTENMeHH POCTa, NOAy4uM
Cso#icteo 7. Ecan F(p) =f(@#), Rep>a, 10

(8.49)

dopmyant (8.48) wu (8 49) MOryT OHITb npumeﬂenm ]S BBIYUCJIEHHS
n306paxeHns or npousuenenuﬂ t* wa ¢yuxkuno f(£), maa Koropoti
n3ofpaxenne ussecTHo. B panbuefiem Mbl nosyuuMm obuiyio qopmyny,
BRIDAXAIOULYI0 N300paXeHne MpousBefeHns yepes u3o0paxeHusi COMHOKH-
TeJel, a cefluaCc paccMOTPUM emle OAHO CBOHCTBO U300paweHuit.

3) Murterpuporanue usobpaxenus.

Csoticrso 8. Eciu dyukuns f—(—)
cTBOBaHHMsl usobpaxeuns n f(f) == F(P), Rep>a, 10

VIOBJIETBOPSIET YCJAOBUAM CYyLle-

10 S e L) g — 3 F(q)dg. (8.50)
0 14
O60o3Hayum
1=\ e ar (851)

]

ITo rteopeme 8.2 dynkuna /(p) sBasercs auaauTHUeCKO# B o6Jaacru
Rep>a, npusem B cuay 3ameyauus Ha c1p. 215 [(co)=0. Hatinem
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NPOU3BOAHYIO q)yﬁxuun 1(p), nudoepenumpys unrerpan (8.51) no napa-
METDY: '

’

I'(p)=—§ e fO)ydt=—F(p).
0 .

Orcrona, yuntsiBas ycaosue /(co)=0, noayuaem

P [=<)
I(py=1I(0)—§ F(g)dg =T F(g)dg,
© P

YTO W JOKa3niBaeT CBOHCTBO 8.

1 .
B kauecTBe mpumepa HaiigeM H306pakenHe ¢yHKUMH — sin wf.

t
Tak kak sin of = ;s—_%, T0
] o]
—[sin of = S pzflj—coz dp= %—arctg 5 (8.52)

C nomowsto cBoiictBa 5 u3 Bhipaxenns (8.52) mosmyuaeM
¢

. sin © Ry
sit= | M ar s (5 —arctgp). (8.53)
0

\

@yHKUMA Si# HOCHT Ha3BaHWe HHTETPaJbLHOTO CHHYCA.

u) Ilocnennee cBoficTBO u30Gpaxenuit, KOTOPoe GyAeT PaccCMOTPero
B NaHHOM maparpade, HOCHT Ha3BaHUE TEOpEeMbl CMEUleHHH.
Csoitcteo 9. Eciu f(t) =F (p), Rep>a, 1o a1 moboro kommn-
JIEKCHOTO 4Huc/aa A
F(p4+MN)=eMf), Rep>a—Rel. (8.54)

HletictButensho, dyHkuus @ (£) = e f(£), ouesnaNo, y10BAETBOPSET yCIO-
BUSIM CYLIECTBOBAaHHUS U306paxKeHus, KoTopoe no gopmyae (8.2) onpeseneHo
B o6sactu Rep>a—Rel, no

(o] oo

§e? e ftyat=\ @M fOdt=F (p+ M),

0 0

YTO U HOKAa3bIBAET TCOPEMY CMELICHUS.

dopmyna (8.54) Moxer GbiTe MpUMEHEHA A1 OMpelesieHHsl H300paKeHHs NpOH3-
BefcHHsl QyHKUHH e M Ha dynxnuio f (f), L1 KoTopoil H306pakeHHe uspecTHo. Tak,
¢ TMOMOILBIO 3TOH (OPMYJIbI M YXKe MOJYYEHHbIX M306DaXKeHUH MOMKHO HAHTH

toot = (7:1?)2, Rep>Rea, +(8-55)
{ret — (an;)'Fi' Rep>Rea, (8.56)
! e‘at sin (Dt'_—-; (F-_{—_%)gm s Rep > ”m LDI—Re [« (8‘57)

HT. I
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B saksouenne panHoro .nmaparpada npuseseM TaGanily PacCMOTPEHHBIX
cBoicTe m3o6parkeHndt U Tabauilly M306paXKeHHH PsiAa SNEMEHTapHBIX H
CreuuanbHeix PyHKUnK, HanGoaee yacTO HCMOMNBL3YEMHX B NMPUAOKEHHSX.

4. Ta6auua cBoiicTe Hn3oGpawenuil. Ilycte f(f) = F(p). Torma

1) Zn: o fi(t) = é o;F;(p),  a;=const;

=1 =1

2) fat) = %F (—Z—), o =const, a>0;
0, T>1,
3) ft(t)={f(t— )y 1<t 'f‘t(t) fpfF(P)»

9 1m0 (o) 0. 50

5) Sf(v) dr <= F (p)

6) §f1(T)f2(t~T)dT=§tf1(t—'T)fz(T)df‘.‘—"Fl(P) Fa (p);
7) F® (p)z= (=1t f(t);

) SF(p)dp =L,

9) F(P+7v)'.—*e'”f(f)-

5. TaGanua usoGpaxeHnii.
1

1) 17—'.—, Rep>0;

2) V= P—%—’h-l—)-, v>-—1, Rep >0
3) tn_'_g.p;‘_’ﬂ, 71— 1enoe, Rep>0; '
4) ea’.z';—_%, Rep >Rea;

5) sinmte—éﬁ@, Rep>|lmal

6) cosmt-,—i;z,—_%ﬁ, Rep>|Imo|;

7 shktj_'zi)z—_}—iﬁ, Rep > |ReAj;

8) chMT._‘—.pT:ﬁ, Rep>|Reld};

9) e __  Rep>Req

(p —_ a)n+1 1]
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L . . 2po .
10) tsipwt,—-m, Rep>|Imaol;
. pr—w?
11) tcosmt;:m, Rep>|Imol;
12) e7~'sinmt¢m?;?m, Rep>Rer+|Imal); .
. =i
13) e”coso)t.:-(—p—_pT)-zw, Rep>ReA+|[Imao )
14) mitm—t;_.‘—%—arctg %, Rep>|Imol;.
: 1, Qb <t<<(2k+1)1
15 . p‘r .
%) {_1 (2k+1)17<t<(2k+2)17} 7%, Rep>0,
k=01, 2 ...;
16) |sinwt|= 2+m2Cth g@,, Rep>|lmo|;

17) e—wtrt V" e‘“’ cD >>
e_’i‘__: 1 :
Vat " Vpta'
—2aV7i a?

199 & = a1/ 2).
) Ve 'Vﬁ”(l °(7%))
20) Jy (ot) ==

18)

21) J0(2Vt)=':—e_7’

22) J (t)_w:_"l_—_ﬂ'f_
Vet
23) sit=‘1 (T——arctgp>
24) Q)(V_t)—— ;
+a
_ . —eVp
25) 1 (2 Vt> Leme??,
Ipyu meHCTBUTENbHBIX 3HAYEHWAX NapaMeTPOB, BXONSWHX B (YHKUUH

f(t) B - dopmynax 17)— 23), usobpaxeHus COOTBETICTBYIOUIUX GYHKIUH
3aBeJOMO omnpeaeseHs B obaactu Re p > 0.

’

§ 2. Onpexenenue opurHHaga no H3oGpa)eHHIO

B 3ToM naparpadge MBl PaccCMOTPUM METOXHW ONpeleneHus OPHrMHaNa
MO 3203HHOMY H300DaXeHHIO, a TaKXe IMPUBEJEM HEKOTOpHE HOCTAaTOY-
Hsle YCJOBHS, TPU KOTOPHIX 3agaHHas ¢yHkuus F (p) KOMNaeKcHOR nepe-
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MeHHO# p sBaserca usoGpaxenueM ¢yHkunn f(f) neficTBuTenbHOH mnepe-
MeHHO! £.

Bo-nepsBiX, OTMETUM, YTO HMEIOTCH pa3JjnuHble TabJaubl n3o06Gpaxe-
Hul HauboJIee YacTO BCTPEYAIOIHXCH B MPUIOKEHMAX (YHKUMH, Tak 4TO
npu pelleHnn KOMKPETHBIX 33afay YacTO YAAETCH HakTh B COOTBETCTBYIO-
IEM ClIPaBOUHHMKE ¥*) BRIPaNeENne OpHruiiaia s IOAYYEHHOrO H306paxKe HilsL.

Bo-BTOphIX, npuBeennbe B NpeibldylleM naparpade CBOHCTBa u3006-
paxenu# 1)—9) BO MHOrMX CayYasx NO3BOJAIOT peIldTb U OGpaTHyIo
3aJauy NOCTPOEHNS OpPWTMHaja Mo 3anaHHOMYy u3ob6paxenuto. B nepsyio
oyepeab 3TO OTHOCHICH K TEOPEME CMEINEHHS, WHTErPUPOBAHHI0 U And-
(bepeHLpOBaHHI0 U300pakKeHus ¥ n300paweHuo cBepTkH Gyuxkuni. Pax
npumepoB 61 ywe paccMorpen B § 1, HekoTopme mnpumepst GyayT
NPpUBEAEHH B JasbHEeHIIEM.

OnHako BCE 3TH METOMBI, 1O CYWIECTBY, SBJASIOTCA METOLaMH NOAGOpa.
OcHoBHOM 1lle/b10 JaHHOFO naparpada sBAAETCS H3JOWEHHe OOuLero
MeTojla MOCTPOEHUA OpUrHHaNa Mo KM306paxeHMUIo.

1. ®opmysa Meanuna. Haunem ¢ Toro caydas, korma 1o ycJjo-
BUSIM 33/1a4M W3BECTHO, YTO 3afanHas ¢ynkuns F(p) komuaexcHo# nepe-
MEHHOH p sABASETCS M300paXEHHEM KYCOUHO-TAAAKOH dyuxuuu f(f)
¢ OpraHuyeHHO# cTeneHblo pocta | f(f)|<< Me®, npuuyem 3uauenwe mnoc-
TosinHO# a samano. Tpebyercs no sagannoi dyuxuuu F(p) nocTpouts
uckomyio dynkuno f(f). Jra sajgaya peulaeTcs ¢ MOMOWBIO Caepyiouiedt
TEOpeMbl.

Teopema 8.3. ITycms ussecmuo, umo 3adannas gynxuyus F (p) 8
ofaacmu Re p > a seasemes u3obpaxcenues Ky couHo-2Aa0K 0l ghynryu
S (t) deiicmeumensroii nepesmennoi t, o6aadanuei cmenensio pocma a.

Toz0a

x+4ioo
()= S e F(p)dp, x>a. (8.58)

X— i

HNorkasarenvctso. Ilo ycnosuo Teopems dynxumus f(f) cyuwe-
CTBYET ¥ HaM H3BECTHAa €€ CTeNeHhb PocTa. PaccMOTpUM BCIOMOraTesb-
nylo dynkunio @ (f)=e* f(t), x > a. d1a dynkuus sBasercs KYCOUHO-
r713AKOH, Ha JTIOOOM OrpallYeHHOM YYaCTKe OCH f NMEeT KOHEYHOE 4uCJI0
TOYeK DPa3phiBa NEPBOrO POAA U SKCMONEHUHANBHO CTPEMUTCS K HYJI0 NpPu
t = o0o. OHa MOXeT ObITb NPEACTaBJEHA C IOMOIIBIO HHTErpana Pyppe #*)

o(O== | @&\ omesc—nam (8:59)

*) Hocratouro moapoGHbIC TAGNHUE YHTATENb MOXKET HaliTh B KHure B. A. Jlur-
kusa u A. I1. TlpyauuxoBa «HHTerpajbHbie mpeo6pasoBadust n onepaiHoHHoe
ucyucsenne», @usmatrns, 1961. Tam ke npusegen u NoApoGHbI CNHCOK cnpa-
BOYHOH JIUTEPATyphbl MO ONEPALHOHHOMY HCUUCIEHMUIO.

**) Onpepentenne uHrerpaja dypve u 060CHOBaHME HHTETpaJibHOH  hopmy bl
(8.59) cM. Bmim. 2, ctp. 510.
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Ioncrasnas B (8.59) Bripawenue ¢ynkuuu ¢ (f) 4epes UCKOMYIO GBYHK-
uuio f(t), nonyuaem

(<3

e_"‘f(f)=—2—ln— S dg S e~ f(m) el €= gy =

‘—oo 0 [ond
= | wa{eenman @
— 0 .

Tak Kak f(n)=0 npun<<O.

O6osuauum p = x 4 i u 3amernM, 4TO BHyTpPeHHuM uHTerpan s (8.60)
npeicTasaser codol 3anaHHoe uzobpawenue I (p) uckomoit yuxuuu f(f).
Torpa soipaxenue (8.60). npunnmaer BuL

x+ioo

f(t)=% Se(x+f5>fF(p)d§=2—Ild— S e?' F (p) dp,

— 00 X —ico

yTO ¥ [OKa3blBaeT TeopeMy. 3ameTuM, yto B opmysae (8.58) uurerpu-
poBaHue MPOU3IBOLNTCH Ha KOMIJIEKCHOH NJIOCKOCTH p MO MpsMOH, napaJ-
JeJbHOM MHHMOH OCM W npoxonsuiei npaBee npsMoRt Rep=a. 3uaue-
Hue uurerpana (8.58), oueBHAHO, HE 3aBHCUT OT BEJNHUYMHB X NPH YCJO-
BUM, YTO NpsAMas MHTETPUPOBaHHUs JEXKNT npasee npsmoi Rep=a.

dopmyna (8.58) uacto HaswBaercs hopmysol Measuna, ona aBJs-
eTCs B ONpeje/JEHHOM cMmbicjae obGpaTHOH mpeoGpasosannio Jlansaca (¢op-
mysa (8.2)), Tak Kak BBIpaxKaeT OPUrWHA/J Yepe3 3afaHHOE U30OpaNeHue.
O1mernM, 4TO NOCKOJNBKY MBI B Npouecce BbiBoga ¢opmyasl MeanuHa
OT caMmoit HeudBecTHOH ¢yHKuuK f(f) mepewmu k ee uHrerpany Pypoe,
cxomsiueMycss K Gyukuuu f(f) JAdnlb B TOUKaX HENPEPHIBHOCTH ITOH
¢yHkuuy, To 1 uurerpan (8.58) cosnagaer ¢ pynxuuelt f(f) auup B TOY-
KaX ee HENpepHIBHOCTH.

B kauectBe npnMepa NpHMEHEHWs MAOKA3aHHOH TEODPEMBI PacCMOTPUM
Bonpoc 06 onpeiaeneHAn u300DaXKeHUs MNDOUSBEXEHUSI IO U3BECTHBIM
n306paxeHusIM COMHOXHTEeH.

~ Teopema 84. [lycms fi(t)=F;(p), Rep>a; u f,()=F,(p),
Rep > a,. Toz0a
x+ioo
FO=hOLO=FP =55 \ R@FRe-9d=
X — i
) x+ioo
=S Fi(p—q)F.(g9)dg, (8.61)

x—Loo

npuues gynryus F(p) onpedesena u anasumuina 8 obracmu Rep >
>a,+a, @ uumezpuposanue npouzsodumcs no AwW60E NpIMol,
napasnessnoll MHUMOW ocu, Jaexcauseli npagee npamsx Rep=aj
u Rep=a,.
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Iokazarteabctso. Tak kak ¢yukuus f(¢f) yaoBneTBopseT BCEM
YCIOBUSM CYUIECTBOBAHHS MSOOpaxeHHs, TO IS HEe HMEET MeCTo
npeo6pasopanre Jlansaca

o]

foy=Fp=\er i f O (862)
. i}

Mpeacrasass B (8.62) dynkuuio f; (f) B Buae ee uHrerpana Memiuna
(8.58) u MeHsn NOPAAOK MHTErpUPOBAHHUS, YTO BO3SMOXHO B CHJY PaBHO-
MEpHO# CXOXWMOCTM NaHHBIX HECOOCTBEHHBIX WHTErpajoB, 3aBUCAWIUX OT
napameTpa, noayyaem

1 ¢ xie
F(P)=W%e‘ﬂf2(t)dt S et F, (q) dg =
0 X —iw .
x40 0
. 1 * _
=m0 S Fl(q)d(1§e (p-0 f, (¢ dt =
e ) x+ioo
=S Sl Fi(9) Fa(p—q)dgq. (8.63)
X — 10

3ameruM, uto B (8.63) Re ¢ = x > a;, a dyHkunsa F,(p—¢q) onpeneneHa
npu Re(p — q) > a,, otkyaa Rep > a;+ a, 3amenns B (8.62) dpynxuuio
fo () no dopmyne obpaineHus, MOXHO INOJYYHTb BTOPOE DaBEHCTBO
B (8.61). Teopema nokazawa. OTMeTHM, YTO [OKasaHHas TeopeMa B
H3BECTHOM CMbICAe oOpaTHa cBOHCTBY 6.

IMMpumep 1. Nycts f; (f)=coswt, f,(t)="t Haitnem wusobpaxenune
dyuxunu f(¢) =t cos ot. '

- p _‘_lv .
Tak KaK cos cot,_——-—p2 vt t= 7 10 e
i x41co P )
—_—— 949
FO =2m Si (@+0¥) (p—q)*° (864)
X =100

rae Rep>|Im |, a nHTerpupoBanue NpousBOAMTCA N0 MioGOH nPsMOH,
napannenbHO# MHMMO# OCu u sexamel npasee npsmo#t Reg=|Imw|
B xauectBe Tako#t npamo#t uHTerpuposanus BHGepeM NpPAMYIO, NPOXO-
IAIYI0 JIEBEE TOYKH ¢ =p, 0 PaCCMOTPHUM HA KOMIVIEKCHOHA MJIOCKOCTH
q samkHyTH#t Koutyp I', cocrosuui u3 orpeska [x —IiR, x4 iR] nan-
HOH MpsAMOH M 3aMbiKawule ero B mMpaBo# MOJIYMIOCKOCTH AYTM N0ay-
OKPYXHOCTH |¢ — X |=R. BHyTpm naHHOro KOHTypa RNOABIHTErpajbHas
dynkuus u3 (8.64) srnseTcs BCIOAY aHANNTHYECKOH, KpOMe TOYKH ¢ =p,
KOTOpad €CTb MOJAIC BTOPOro nopsaka KaHHO# dyskuuun. Touka ¢ = co
ABAAETCS HyJEM TPeTbero nopsuaka 3To# dyukuuu. Iostomy B cuay
aemmbt 1 ra. 5 3Hauenue wuHTerpana (8.64) onpeseaserca  BHIYETOM
B 0COOOH TOYKE NOABIHTErpabHOH (yHKUMU. -3aMETHB, YTO OBGXOAL
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KOHTYpa T COBEPLIACTCA B OTPULATENbHOM HAMpaBJ/EHHH, NoJAy4uM

_ p2 - (02
FO=— | wtar] ., =G
Urax,
2 — 2
t cos af = —(}-,”,_,—Jr-m“’—,)z-. (8.65)

2. YcaoBua CyWECTBOBAHHSA OPHrHHAJA. B HacTosmieM NyHKTe MEI
DaccCMOTPHM HEKOTOpPhIE [OCTAaTOYHBIE YC/OBHS, NPU KOTOPHIX 3a4aHHAA
¢yHkuns F(p) KOMIVIEKCHOH mnepeMeHHOR p saBAseTCs H300paxeHueM
HeKkoTOpoH ¢yHkuun f(f) AeHCTBMTENbHOW mepeMeHHOM f, W MNOKaKeM,
KaK HafiT# MOCACAHION.

Teopema 8.5. [Tycms Gyuxyun F (p) womnaexcrol nepemenuou
p=x-+iy ydosaemsopsem caedy0uuIs YCA0BUAM:

a) F(p) — anasrumuveckan @yuxyua 8 obaacmu Re(p) > a;

6) 8 obaacmu Rep>a @ynxyus F(p) cmpemumca x wyaw npu
| p| = co pasnosepro omuocumensro argp;

B) 042 scex Rep=x>a cxodumcs unmezpar®)

x4 ico :
{ IF@Pldy<M, x>a. (8.66)

x—i 0

Toz20a dyuryua F(p) npu Rep>a sasinemcs usobpaxceruers GyHK-
yuu  f(t) delicmsumeasHoil nepemennoli I, womopas onpedeasemcs
8oipadcenten

x+ioo

ft) == S e? F (p)dp, x> a. (8.67)

2 )
X—=1xQ
OokasareabcTro. Mrak, Hano nokasats, uto uHTerpanl (8.67)
apaserca opuruHaaoM ¢yuxuuu F(p). ITepsuy OgenoM BO3HUKAaeT BOMPOC
0 CYUIECTBOBAaHHM 3TOrO0 HecoGCTBEHHOro uHrerpana**). OyesnaHo,

xtio x+i0
lar \ @ Fod|<g | |Fo) o=
- T e u
= gn 5 |F(p)|dy<<5—e, (868

X—io

*) Huterpan (8.66) npejcTaBaser coGo#t Hecoﬁc'rseuﬂuu Hﬂ'rerpan nepBeoro poja
no npsaMoil Re p==x oT jeficTBHTeNbHON QYHKUKH | F (p) .

**) HecoGcTBeHHbi HHTerpasnt (8.67) BblyHCseTcs Bnonb npsaMoit Re p.-x
W NOHMMaeTCHs B CMbIC/e [aBHOTO 3HAYeHHd, T. e,

" ox4io x4 A

§ eP’F(p)dp=Alim § er!F(p)dp.

X =i >R x—~iA
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OTKyla W CJEAyeT CXOmXuMOCTb uuterpana (8.67) mpa moGom x>
OtmeTuM ans panbHeliiero, 4TO W3 OLEHKu (8.68) caenyer paBuomepuas
CXOIMMOCTb uHTerpasa (8.67) no napamerpy ¢ Ha moGoM KOHEUHOM npo-
MexyTke 0=<<f<S 7. ,

Ilnsa Toro uro6sl nokasare, uTo uHrerpan (8.67) smaserca opuruHa-
70M B3ajanno# dyukuuu F (p), clieLyeT ycraHOBHTb, uTO:

1° Vuterpan (8.67) we saBucut or x u onpenenser dynxuuio f(f)

JUlIb OJHOH mnepeMeHHOH f, npuueMm 3Ta QyHKUMA 00JagaeT OrpaHHYeH-
HOH CTEneHblo pocra.

22 Mpu t<<0 f(t)=0.

3° Wsobpamennem Jlannaca dynxunu f(t) saBnsercs -samanHas QyHk-
uus F (p).

JlokaxeM Kawaoe 3 BBHICKA3aHHBIX YTIBEepH AEHNH.

yr Z+iR
J Z+iA Zp+iA . .
p: =0
p=0 |z-2 z
‘Zl .
Z~iA . Zp-id z-ik
Puc. 8.1. Puc. 8.2.

1° PaccmoTtpuM B oGnactd Rep>>a samxHyThit koutyp I, cocros-
Ui ¥3 OTPE3KOB npaMmbix [xy —IA, X1-+IA] u [x3—IA, x,+id4],
napaneNbHBIX MHUMOH OCH, U COENMHAIOMIAX WX OTPE3KOB MpPAMBIX
[x1—14, x3—iA], [x1+ A, x3+4iA] nmapannenbHeIX AeHCTBHTENBHOH
ocu (puc. 8.1). 3peck A>0, x;, X~ NPOU3BOJBHBIE YKCIa, GoMbUINE a.
Tak kak ¢ysxuus F(p) asasercs aHasuruyeckod B o6aactu Rep>>a, 10
B cuay Teopembl Kowwu wuHrerpan or ¢ynxuum e F (p) no xoutypy I'
paBeH Hymo. YcrpemuM A K 0GeCKOHEUHOCTH, OCTaBJAd (PUKCUPOBaH-
HBIMH X;, X, Torga no ycnosuio O) TeOpeMbl WHTErpajbl MO FOPH3OH-
TAaNbHBIM OTPE3KaM NyTH MHTETPUPOBaHus AafyT B mpeaesne Hyab. B 1o
e BpeMs MHTEerpajsl II0 BePTHKAJbHBIM IIPAMBIM NEPEXONAT B MHTErpan
(8.67). Orcrona

x4+ i xz—itioo
| e Fpyap= | e*F(pap,

X1 —io X3 =i
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YTO B CHAY MPOU3BONBHOCTH X; M X, JOKasbiBaeT yTBepxaeHue 1°.
Hrak, unurerpan (8.67) sBaserca Qynxuumel aumb oxaHoH nepemenno# .
OrmeTuM, uto nmpn 3T1oM U3 ouenkr (8.68) cpasy caemyer, uTO MHTErpan
(8.67) npencrasisier coGott (yHKUMIO OrpaHUYEHHOR cTeneHm pocTa no f,
npuyeM NOKa3aTelb CTeNeHW POCTa 3TOH (DyHKUWM paBeH a.

2° PaccvoTpuM sHayenwe wunterpana (8.67) mpu £<CO0. Jlas 3TOr0
B oGaactu Rep>>a paccMorpum 3aMKHyTb#t KouTyp C, cocrosuiuit u3
oTpeska npaMmo# [x — iR, x+iR], x >a, v 3amukawowed ero ayru C'p
NOAYOKPYKHOCTH |p — x|=R (puc. 8.2). llo Teopeme Kowm wuurerpan
oT ¢yHxiu eP? F(p) no RaHHOMY KOHTYPy paBeH Hysmo. B cuiy 3ame-
yanus k Jemme Koppana (cm. ra. 5, crp. 133) npu R —> 00 wuHTerpan
no nyre C'p crpemurcs x Hymo npu £ << 0. ITostomy

x4foo -
f()—2m S eMF(p)dp=0, t<<0, Rep>a,  (8.69)
x—ioo
U yTBepxaeHue 2° 10Ka3aHo.

3° IMoctponm u3o6pawxenne Jlannaca dyukunu (8.67) u paccmorpum
ero 3HaueHue Nnpyd HEKOTOPOM NPOM3BOJBHOM p, rae Rep, > a:

o x+ico

S et f() dt_— % e Pt dt S e” F(p) dp.' (8.70)
[

x—ioo

Buytpeunnti uaterpan B (8.70) me sasucut ot x. BuiGepem 3naueuue x,
yaoBAETBOpAIOUEE yCnoBUl0 a < X < Rep, u uaMeHuMm nOpagOK uHTe-
IPUPOBaHKs, YTO BO3MONHO B CHJY PaBHOMEPHO! CXOAMMOCTH COOTBETCT-
BYIOILUX HHTErPaJoB; NOJYYHM

o0 x + ioo x 4~ ico

§ e=p f(t) dt = 5 S F(p)dPS emrP it = S

X — {00 x — [oo

(8.71)

Muterpan (8.71) MOXeT GHTL BBUNCACH C NOMOIbIO BHYETOB, TaK Kak
B CHAY ycnoBua 6) TeopeMbl MOABIHTEr PaIbHAR (YHKIUA CTPEMUTCS K HYJIIO

npu |p| — oo OICTpee, ueM (PyHKUHUS R Tostomy, yurs, uto eauunctsen-

Hoit 0co00i#t TOUKOH NOABIHTErpa/bHOH (YHKIUM — OAIOCOM MEPBOFO I10-
pAlKa — ABJAETCA TOYKa p=p, u npu 3ameikaunuuy (8.71) 8 npaso#t no-
JYNAOCKOCTH HMHTErpHPOBAHWE NPOM3BOAMTCA B OTPULATENbHOM HampasJje-
HUY, MOJYYHM

fOy= e f(O) dt =F (p,). (872)
0

TMockoneKy po— npoussoabhas Touka B o6aacti Rep > a, Teopema moka-
3aHa. Ecrectsenno, yro usrerpan (8.67) cosnagaer ¢ ¢opmynoi Messu-
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Ha (8.58), BEiBeleHHBIH B NPENNOJIOKEHHH CyulecTBOBaHuS opurunana. Mrak,
HaMi YCTaHOBJIEHbHl HEKOTOPHIE [OCTAaTOUYHbIC YCJOBHS, NPYU KOTOPHIX 3a-
naHHas ¢ynkuus F (p) KOMIJEKCHOW nepeMeHHOH p saABAneTCA u300paxe-
HUeM. _

3. Boiuucaenue unterpana Meanuua. Bo mMHoOrux npakruyecku Bax-
HBIX cayvasx wuuTerpan (8.58), (8.67), naowu# BHpaxenne opuruHana
no saganHoit dyukumn F (p) komniekcHo# nepeMeHHOH, MOXeT GHITh BHI-
YYCJEH C TOMOULBIO PACCMOTPEHHHX BHILE (CM. I'M. §) METONOB BHIYHC-
JeHnst KOHTYDHbIX HMHTErpajoB OT (YHKUNH KOMMJEKCHOH nepeMeHHOH.
Iycte dysxuns F (p), nepsoHavaabHo 3aganHas B o61actu Rep = a, moxer
ObITh aHaJUTHYECKH NPOMOJ/AEHA HA BCIO IJIOCKOCcTh p. [lycTh ee anamu-
THYECKOE MPOAOIKEHHe YINOBJETBOpseT npu Rep <Ca ycaoBusMm Jemmsl
XKopaaua. Torga npu ¢ >0

(e F(p)dp—>0, R-—>o0, (8.73)

R

rpe Ci— Ayra NOJYOKPYXHOCTH |p—x|=R B JeBOH MONYNIOCKOCTH.
B 3toM cayuae unrerpasd (8.67) MoxeT GbITh BBHIYHC/IEH C MOMOUIbIO TEO-
puH BeiueToB. PaccMoTpuM psad 11puMepos.

Mpumep 2. Ha#itw opurunan ¢yHkuuu F(p)_p3+wz,
w?>0. Tak Kak yc/0BuA TeopeMbl 8.5 BHIIOJHEHH, TO

Rep >0,

x +'ioo

. 1
FO=/O=55 \ e imdn x>0

X — [0

AHanuTHyeckoe npojomkeHue ¢ynxunn F(p) B JAeByi0 HOAYIIOCKOCTb
[0 .
Rep <0, dynxuus yo ynosJaeTBopser ycaosuaMm JgemMs Kopaana

U UMeeT ABe 0COGble TOUKH— MOJMIOCH MEPBOro MOPAAKA Npu p;, = =lo.
IMoatomy npu ¢ =0 -

welw! we ~iof -

2
- t_ 9 =0 9
f(t)_-kZBbw [eP pEmT ,pk] 37 50 =sinwf, ¢==0.
=1

Vcnosua Teopembl 8.5, B UaCTHOCTH YCJIOBHE B), ABJSIOTCA AOCTATOY-
HBIMM YC/IOBHAMH CYUIECTBOBAHHS OpWrMHANa aHAJIUTHYECKOW B oBaacTu
Rep >a ¢ynkunn F (p). HerpynHo npusecTd npuMepsl, NOKa3bIBaiolLME,
4TO, €C/IM ITO YCJOBHE lie uMeeT MecTo, (yHKumus F(p) moxer Bce xe
6bITh U300paxKeHUeM HEKOTOpPOH (yHKUuH AeHCTBUTEIBHON NepeMeHHOH.

ITpumep 3. Ha#ttu opuranan dyHkuun F(p)=pr+T, —l<a<,

Rep > 0. Dta ¢yHKuUR 9BASETCS MHOrO3HauHOHK B paccMarpuBaemoil obua-
crd. Mol Gynem nouwumate nond dyskuued F(p) Ty BeTBb HAHHOH MHOrO-
3HaYHOH (YHKUMM, KOTOpas ABAACTCA HENOCPEACTBEHHHLIM auaNUTHYECKUM
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: ' 1
npopoaxeHueM B 061acTh Rep > 0 nelicTBuTebHOR PYHKILUK m—lneﬁcrnu-

TenpHoOl mepemenHod x >>0. Tlpu 3TOM Mbl, OYEBMAHO, ZOMKHBI CUMTaTh
argp=0 npu p=x, x>0. ynkuus F (p) ne YAOBAETBOPAET yCI0BHIO
B) Teopemnl 8.5, HoxameM O/IHaKO, YTO (PYHKUUA

x+ico

1 1
FO=55 S eF Sz dp, x>0, (8.74)

X—ioo

ABASETCA OPHUTHHANOM 3agaHHO# ¢yHkuun F (p).

Ananutnueckoe npogo/mxenne pyHkuun F (p) Ha JeBYIO NOAYNAOCKOCTD
Rep << 0 sBasercs MHOrosHauxolt (yHKIHeft, uMelomen TOYKaMH pa3BeTB-
aeuus Touku p=0 u p=o0. Bynem
paccMatpuBath B 061aCTH §, npeacTas- : 4
agioulel co0oft KOMNMEKCHYI0  MAoC- | Z+iR'
KOCTb p C pa3pe3oM MO OTPHUATENbHOR
yacTH JeHCTBUTENBHOH OCH, Ty BETBb

MHOTO3HAYHOK QyHKUUK KOTOpad

pa+1;
SIBJISIETCA HEMOCPENCTBEHHbIM aHaJNTH-
yecKuM npono/mkenneM Qyukuun F (p),
NEPBOHAYAIbHO 3alaHHOH B MpaBoit
noaynaockocti Rep > 0. B obaactn &
paccMOTpuM 3aMKHYTHi# koutyp I, co-
CTOALINA H3 OTpesKa npaMol [x —iR’,
x+iR’}, x>0, orpeskos—R<C
<< x<{—p Ha Oeperax paspesa H
3aMBIKAIOINX HX AyrH OKpYyxHOCTH Cp,
|pl=p, m nyr okpyknoctn Cg,
|[p—x|=R’, coenmnsomux Gepera
paspesa C BEPTUKAMbHBIM OTPE3KOM
[x—iR’, x+iR'] (puc. 8.3). Tak kak ' ~—J -5’

dyHKuUns e —— pl B obnactd ¥ ocobrx Puc. 8.3.

Lo Rep=z

TOYEK He uMeer, To no teopeme Kowin

uHTErpan oT 3To#t QyHkuuu mno Kourypy [ pasen Hydio. Ycrpemum R’
K 6GecKOHeuHOCTH, a P K Hyawo. B cuny snemmpt YKopaaHa unTerpanst no
kpuBhiM Ck JagyT B npefene Hyab. OueHuM MHTErpaja 1O OKPYKHOCTH
Cp, NONOKHB p = pei®:

3
dp 1
pt f0 cos @
2ni CS 2:np°‘ S efp s tdg.

-7

Tak kak — 1 <Co<C0, To nurerpan no C, Takwke crpémmcn K HyJw
npn p—0. Tem caMbiM OCTAIOTCA AMIIb MHTErPasbl MO NPAMOJHHERHBIM
y4aCTKaM KOHTypa HWHTerpupoBaHHd. 3aME€THM, YTO Ha HHXHeM Gepery
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paspesa arg p=— g, Ha BepxHeMm argp = . [losToMy noayuum
x+ico
1 dp
= — pt L
FO=gg |
X —ioo
L d I d
- .. — ... -
= omi _Sooex (— x)%H1 gin + OS et (— x)oF1 gmima (T

<o
- 5117 emina § et 01 gy gine \ pmxt a1 gl

Sll'l (— na) e~¥t 301 f 4 (8.75)

)
=

Cpenas B unterpane (8.75) 3aMeHy nepeMEHHOH HHTErPUPOBAHUA X = §,
noJayunMm

FOy=t 2T (g

Bocnom;éoaamuucn: paBeHCThOM *)
FrN—o)I'4+a)=

OKOHYaTeJbHO MOMYYHM q>opmyny
,,aﬂ =fO=ra1o (1 +a), (8.76)

ABJSIOLLYI0CS o6pateHueM dopmys (8.18), urto u 1OKa3LBaeT Halle yTBep-
WAEHHE.

Mpumep 4. Haiitu opurusan dyHKuuHA F(p)=%e-°“/5, o >0,
Rep>0. Tlpn sToM, Tak e Kak W B NPENbULyLIEM NPHMEPE, Mbl pac-

CMaTpMBAeM Ty BETBb MHOrO3HAYHOH (yHKUUAH Vp, KOTOpas fIBJAETCA He-
NOCPeACTBEHHBIM AHAINTHYECKUM Npojdo/mKenueM B obaacts Rep > 0 me#i-

CTBUTENbHOM (YHKIAK Vx JdedcTBuTeabHOR nepemendHod x > 0. Hanowm-
HAM, YTO B 3TOM CJyYae Mbl JOJKHBI MONOXKUTb arg p=0 npu p=x > 0.
Ananntuueckoe npopomxenne QyHkuuu F(p) B NeBy© IMOAYMNIOCKOCTb
Rep << 0 onaTe uMeer TOuKamu pa3serBieHus Touku p=0 u p=oo.
Bynem paccmatpusats 06/4acTb ¥ — MIOCKOCTh p C Pa3pe3oM BHOJb OTPH-
nateabHOH yacT AeicTsuTensHol ocu. B sToRt o6GsacTu ompeneneHa opHo-

sin ( mer)’

1 —
3HauHas aHaJAuTHYECKas QYHKUuA — e—%Y P, spadiomancs HemoCpescTBeH-

HBIM aHaAUTUUECKUM mpogomkeHuem ¢yrkuna F (p). OtmeruM, 410 QPyHK-
uua F(p) npu Rep>0 ynosnersopser ycaoBusm teopembl 8.5, a ee
aHaNnTHYeCKOe Npofo/MmKenne B o6sacTh § B JeBOH MOJYNIOCKOCTH

*) Cm. Baim. 2, cTp. 441.
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Rep << 0 npu £ >0 ynosnersopser yciosuam jdemmnl XKopaana. ITostomy,
BHIOpaB TOT K€ KOHTYp wuurterpuposauus I, uro u B mnpeamimyuwem npa-
MEpPE, W 3aMeTHB, YTO Ha BepxueM Oepery pa3spesa arg p =7, 4TO JAaeT

p=ten=—¢ Vp=Vie T =i)E a Ha HmkHeM Gepery paspesa

;X _
argp=—um, uto naetr p==Le it =—t Vp=Vt 2=—i)EE>0)
noayyum

x-ico v
1 Tl
F()=/0=g5 \ = Ldp=
x—lOO
w (=] —_
7777777 —&te zalf . . _]_g te"an
= Sqi § % +,131.Toi’nlc., e P ap.
0
Tak kak

1 ¢ V5
e 2
lim 5 g e""e—pep—l.o' dep=1,
p—»O .

T0
mn

fOy=— 1 ev S E ey
0

CuenaeM B 5TOM WHTErpaie SaMeHy NepeMeHHo#, nonowmus J E =x, yu-
T€M, UTO

sin ox _ S cos P dp,
b

¥ USMEHUM nNOPsaoK uurerpupoBanus. Iloayuum

X in ol E % % '
S e® ﬂ%‘_‘é dg=2 S dp § e cos Px dx. 8.77)
i 0 '
Buytpennu#i unterpan B (8.77) Aerko Moker ObiTh BhluicaeH *). O pasen
§ e cosPxdx = —é—‘/%

Orcioaa
o

F=1——7= ‘/I OS R ap.

*) Hanpumep, Auddepenunposanuem no napamerpy. Cu. Bbin. 2.
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[Tonoxus %:n, OKOHUYATeabHO HOMYUHM

F(p=ge/Psl— ( V”) a>0 Rep>0 (79
rae GyHkuns

O@=7r=\eman (879)
0

€CTb TAK Ha3biBaeMas QyHKiusa owubox *).

4, Cnyuait peryaspHoil Ha GecKOHEYHOCTH ¢YHKuMH. PaccMoTpum
elle OJWH 4aCTHRI} cayuai, KOrja Onpeac/ieHHe OpuruHaza A8 33JaHHOH
¢dynkunn F (p) KOMNIEKCHOH nepeMeHHOR NMPOU3BOAMTCA OCOGEHHO NPOCTO.
[MycTh anaianTHyecKoe NPOAOJKEHHE NePBOHAYaNbHO 33afaHHOH B 00MACTH
Rep>a ¢ynkuun F(p) sBAseTcs OIAHO3HAYHOH dyHKuueH Ha MOAHOM
NAOCKOCTH KOMNJAEKCHOW MepeMenHo# p, mpuuyeM TOUKa p = 0O — MPaBUb-
Has Touka ¢yHkund F (p). D10 o3Hayaer, yto pasnomenne dyHkuun F (p)
B8 pad Jlopana B OKPECTHOCTH TOHKH p =00 VMEET BUJ

00

F(p)= (8.80)

pn
n=0
[Tpa paccmoTpernn co#cTs usoGpaxenns GulJI0 OTMeueHo, uto | F (p)| — 0
npn Rep — + oco. Ioatomy B pasnoxenun (8.80) kosadduuueHt ¢, paseH
HyJI0 H
OO

F(p)= (8:81)

P"'
n=1
Nerko watity dyukunio f(f) nedcTBuTENHHON mepemeHHOH t A9 KOTOpOH .
¢dynkuus (8.81) ssasercs u3oGpaxeHneM.

Teopema 8.6.Ecan moura p=oco ssasemca npasussnoli mouxoil
dynryun F (p) u F(c0)=0, mo dyuxyun F (p) npedcmasagem co6oii
usobpascenue Jlanaaca gynxyuu Oeldcmsumensroli nepesmernol

0, t<<0,
f(f)= ZC " s, (8.82)

n4l nl?
n=0 -

20e ¢, cyms Kosppuyuenme padaoxcerus gynxyuu F (p) 8 pad Jlo-
parna (8.81) 8 oxpecmnocmu mouxu p = oo.

*) Onpenenenne u cpoficTBa  GyHKuuH ~ @ () oM. A H. TuxoHos,
A. A, Camapcikuil, YpaBienusn mareMaTHueckol ¢uauxu, «Hayga», 1972,
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ILoxasarteabcTBo. Beliue 6b0 110Ka33aHO, UTO KOIDPULHEHTHI
pasnoxenns (8.81) onpeneasiorcs dopmyaos *)

m§ F (p)p dp,
C

rae -Cr — OKPYXHOCTb |p|=R, BHE KOTODOH HET OCOGHX TOUEK (YHK-
uuu F (p). Tax KaK TOYKa p==00 saBJseTcs HyaeM dyHkuuu F(p), 10

lF(p)|<~- npH | 2| >R. Tostomy ¢opmyra aas ¢, aaet
|ea] < MR
Hs srott OLEHKH CJeAyeT CXOAMMOCTb psiia (8.82). HeiicTBuTebHO,

chu,: = Zlfndl' <M anltl = MeRI¢I,

n=0 =0 =0

OT1ciona e CJlenyeT, 4TO B Kpyre MoBOro KOHEYHOro paanyca psaa (8.82)
CXOIMTCH PaBHOMEPHO, TEM CaMBIM OMpEeNe/As HEKOTOPYIo Leayilo ¢yHK-
UYI0 KOMIIEKCHOH nepeMeHHo# 7
[oo]
~ i t’l
f@®)= Z Cntl e
n=0
(3ameTuM, uTo dyskumo f(f), onpesenenuyio dopmyaoh (8.82), Ma MOxXeM
paccMaTpUBaTh KaK npoussesenue Qyuxuuu f(f) Ha eaunuusyo dyHKuu0
Xesucatina g, (¢).) ,
Ymuoxus gpyskumio f(£) na e n npouHrerpuposas no ¢ paBHOMEPHO
cxonsumuBics pan (8.82) nouseHHo, Ha OCHOBAHMH COOTHOLIEHHS *¥)

n_. n
'."'"‘;‘,,T;.T
oIy ynuM
- n S ~ .
Fewitr= Y owigrr = Jew™ =F@) (@8
n=0 n=0 =l
YTO U MOK33bIBACT TEOPEMY.
Mpuwmep 5. Ilycrs
= . 8.84
FO)=mr (8.84)

Ar1a dyHKuus uMeer IBe 0COObie TOUKH p12=+l U BJASETCH OLHO3Hay-
HOK aHaauTHYeCcKO# (yHKUWeH B OKPECTHOCTH TOYKH p == 0O, MNpuueM
B OKPECTHOCTH 3TOH TOUKH, KaK GbiIO NOKa3aHO Bbiwe **¥), dynxuus F (p)

*) Cm. crp. 114,
*+) CM. cpopmyny (8.19).
¥x¥), Cm. npumep Ha ctp. 121.
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moxer OwlTh pa3noxeHa B psap Jlopawa:
i o0
(2)! 1
F(P)=kzo(—1)k 52 (I | pEE -

[Tostomy ¢dopmyna (8.83) maer
o / d )”*
1
—_— = Y (=1 k = ¥ (—1)f e, (8.85)
Virrl kzo 2 (kl)3 Z (kl)z

Pan, croswmti cnpasa B (8.85), nmpenctasaser coOo#t pas/oxeHdHe BecbMa
BaXHOH creunasbHod yHKUMM — Tak HasbiBaeMo# ¢ynkuuu Beccens®)
HYJE€BOro nopsaka

t \2
Jo ()= Z( 1y ((k,)l :

Urak,
|

—_— = Jy (O). 8.86

VE+1 o ‘ (8-86)
3amernM, 4TO, NPEACTABHB

111
P+l VT Ve

W BOCMO/B3OBaBIMICH W306paxeHuem dynkumuu sint (cv. dopmyay (8.22)),
Ha OCHOBaHUM TEOPEMbl O CBEPTKE MOJAYYUM

t
{46 (@) Jo ¢ —7) dv =sint.
0

Ipumep 6. Mycrs :
. 1

F(p)=—})—e;lf;‘

OTa dyHKUMSA, OUEBUIHO, YLOBJETBOPSET yCIOBHSIM Teopembl 8.6, mpuuem

oor . . 1
F(P)='2("“1) 1(—,;_—1),;,7-
n=I1

1 “*l' . v n
*p—e F;Z(—' ) (n!)“ 2( (kl)3 '—JO(QV‘t_)‘ (8‘87)

*) Onpeneneswe u csoilcTsa ¢yuxknuu Becceas cm. ‘A. H. Tux O HO B,
A. A, Camapckuii, YpabHeHns MaTeMaTHYecKoil ¢dusuky, ¢Hayka», 1972,



§ 3] PELIEHHUE 3AJAY IJIs1 JIMHEMHBIX JU®PEPEHUHAJIbHBIX YPABHEHWUM 241

§ 3. Pemenne 3anay nuas auHeiineiX NHGpQepeHIHATBHBIX
YpaBHeHU#l OMepPaALHOHHBIM METOILOM *

B sToM maparpade Oyayr pacCMOTPEHH TpHMEHEHUS MEeTOAOB ole-
PALHOHHOrO MCYMCJAEHUS K pEIleHHo psiaa 3ajay Ajs JuHEHHBIX andde-
pEeHUMa/IblIX YDaBHEHUH,

1. OGeikHOBeHHble nuddepennuanpHble ypasHeHus. B § 1 Mol ywe
BAEY, KaK C NMOMOULbIO ONEPALMOHHBIX METOAOB MOXHO CBECTH 3alayy
Ko ¢ HyneBBIMM HauyaJbHBIMW YCJAOBHAMH [Js JHHEHHOrO anddepeH-
1l1aJbHOrO YypaBHEHUs K mnpocreituieit anreSpanueckoit sadaue Aas u30-
Gpaxcenus. Paccmorpum Gosiee ofmyio 3amauy Komw:

@y O +ayy" Y O+ FayO)=f(), (8.88)
yO) =y, Y O=y, ..., y"V(0)=y,4, (8.89)

TAE Qg Ay, --+s Ay Yoo Y1 +++» Vp_y — 330aHHBIE TNOCTOSIHHbIE, f(f) — 3a-
AanHas pyHKUus He3aBUCUMOHN NepeMeHHOH £, koTopylo Mel OygeMm rmo.a-
rath yAOBJETBODSIOIIE BCEM YCJOBUSAM CYLIECTBOBAaHUS H300paxeHus ¥),
TMockonbky 3amaua (8.88), (8.89) sBasercst AMHEHHOR, MOKHO OTAEABHO
paccMaTpPUBaTh pelleHne OAHOPOAHOTO YPaBHEHUS! € HayaJbHBIMHU YCJIO-
suamu (8.89) u pewenne HeomHopomuoro ypasuenus (8.88) ¢ HyseBbIMH
HayaabHBIMK YCAOBUIMH.

HauneM ¢ peweHuss nepsoit 3amauu. Kak ussectHo **), mas ee pelue-
HUS JOCTaTOUHO [OCTPOMTH (YHIAMEHTAJBHYIO CHCTEMY pelieHu#t oaHO-
poanoro ypasHexus (8.88). B xauectse TakoBOH BEIOEpeM peleHus OXHO-
POIHOTO yPaBHEHUA , :

ap? @)+ oy TV O+ e (=0, k=0, 1, ..., n—1, (8.90)
ynoaneraopmoume Ha4yaJabHbIM ndOBHﬂM

' k=0,1, ..., n—1,

(/) )
1pk (0)“"6’3.1’ j=0) 1, e, n—1, (8.91)
rae
1, k=),
O ={ 0, k.

Ouesunuo, dyukuun Py, (f) 06pasy0T PyHIAMEHTANbHYIO CHCTEMY, TaK KaK

ux onpesenureab Bpouckoro npu f=0 3aBeOMO OT/IMYEH OT HyJ.

Pewenne sanaun (8.88), (8.89) mpu f(f)=0 uepes s1u QyHKUMU BBHIPA-

#aerca HauboJiee npocTo: '
n—1

yO= Y yipe (.
k=0

*) O6 ycnosusx cyuectsoBanus u3oGpamenust cM. crp. 212,
**) Cum. B 3, C'rg‘ 99, P TP
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Ona onpenenenus ¢yHxuu#t P, () NpuMeHUM ONEPAUMOHHBIA METOL.
Wmes B Buay, uro ¢yHkuus P, (f) u BCE ee NPOU3BOAHEIE IO M-TO MO-
pAlKa YAOBJETBODSIOT  YCJAOBUAM  CYILECTBOBaHMA  usoOpaweHus *),
B cuay (8.91) n dopmyan (8.38) noayunm

P O=10), W O= U@ —ot], J=12 .. n

rie -
0,/<k
Al N DO
VMHOX%uB 06e uacTH ypasHeHus (8.90) na e ” u npounterpuposas mo f,
NOJAyYUM . '
Y (p): Pn(p)=Pr(p), : (8.92)

rae noauHoMsl P, (p) u P (p) COOTBETCTBEHHO PEBHEI
Pr(p)=ap"+ap" ... +a,

Pr(p)=ap" F*D fayp" E*D L@, ki) (8.93)
Us (8.92)

le(P)=§:((5)) y k=0’ lv ey n—‘l . (8.94)
H, B YacCTHOCTH, .
Py_y (p) Qy
¥, 1(p)= = . (8.95)

Py (p) P (p)

dopuyna (8.95) Oynmer ucnonpzoBaHa B HadbHefiweM. OpuruHanbl GyHK-
unit ¥, (p) moryr OmTh HatizeH no dopmyne Meanuna:
x+ioo
V) =hO=5; \ P2 Ddp, x>a (899
xX—ico P
rie npaMas x = a NPOXOAUT NpaBee BCeX OCOOLIX TOUEK MOIbIHTErpasb-
Ho#t dynkumn us (8.96). Tax kak dynxuus (8.94) npeacrasaser cobo#
OTHOIIEHNE IBYX NOJMHOMOB, TO €€ OCOOHIMH TOUKAMH MOFYT OBITH /ML
Hyau 3HameHatens P,(p), npuyem BCe OHU ABAMOTCA nomocavu. Kpome
toro, npu ¢ >0 noabiHTerpaipHas ¢ynxuus u3 (8.96), ouesunHo, ynos-
JETBOPSET yC/a0BUAM neMMbi 2KopaaHa B JeBol moaynaockoctd Rep << a.
Ioatomy

Pp (t)=2 Bhiy [eP‘ P” 83 , pz] (8.97)

=1

rae p; — Hyau noauHoMa P, (p).

*) HeiicTBuTenbHo, QYHKUUH Py (£), Kak pewleHHs ypaBHenus (8.90), sB.a-
1QTCSE  TJIagKUMH q’yﬁxnnamu pacTyllMH Ha GeCKOHEUHOCTH He OhICTpee, ueM
IKCIIOHEHTA C JHHeHHHM moKkasareseM. ([TogpoGHee o cBoiicTBax peuleHHH JHHeH-
HHIX YDaBHEHHH C NOCTOAHHBIMH KO3((MHLHEHTAMH CM. Bhill. 3.)
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Ecan Bce Hyan p; noimHoma P,(p) sBASIOTCA NMPOCTHIMH, TO, Mpes-

n
crasus ero B suie npomssenenns P,(p)=ao[[ ¢ —p,), us dopuyas
j=1 -

(8.97) noayyum

. n . .
Y= Yawe’”, - (898)
i=1
FJle
Q= —k ) (8.99)
a [] (ei—p) )
i

Ecan Hynm p; nonunsoMa P, (p) fBNIOTCS KPATHBIMHA, TO Pa3/OKEHUE
m

nosMHOMa nMeeT BHA P, (p)= aol |.(u— p)%, rae o; — KpaTHOCTb COOT-
i=1
m

BETCTBYIOLLErO HYJsl, NPHYEM Zai=n. B stomM cayuae, mosb3ysch mpa-
- i=1

BUJIOM BBIYHC/EHMS BBIYETA B NOMOCE NOPAAKa £2>>1 U BHIUMCAAS MDO-

M3BOAHYIO OT MpoussefcHus no ¢opmyae JleOxuna, moayuaem

m
P ()= qus (1) 7, (8.100)
i=1
rie MOJHWHOMEL qp; (f) MMeT BHX
Gu ) =bo 4t™ T byt T b b e (8101)

npuyeM KO3(DHUUEHTHl by, p, ; BBIUMCASIOTCA 1O DOPMYJie

_ 1 am Pr(p)
b, kT o —m =) 7 = - . (8.102)
Qo H Pp—p)’
JFi p=p;

OTMeTHM, 4TO Hyau p; nojuHoMa P, (p) COBNagalT C HyJsiMu Xapak-
TEPHCTHYECKOro MHOrouneHa JAnas ypasneuns (8.90). ITostomy cdopmysl
(8.98) u (8.100) maoT npeacTaBAeHHE KaXAOrO H3 YAaCTHHIX peLieHHH
ypasHenus (8.90), yaosneTBopAOLIMX Ha4aJbHBIM - ycaoBuaM (8.91), uepes
yacTHble pewenus - ypaBHeHus (8.90), mosyueHHbie ¢ NMOMOINLbIO XapaKTe-
PUCTHYECKOrO ypaBHEeHus *),

INpumep 1. Peumnts 3agauy Kowm
W42 4y=0,  yO=y @©=y"(0)=0, ¥ (O)=1.

*) O XapaKTepHCTHYECKOM ypaBHEHMH CM. BHN. 3, cTp. 107.
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Ouesnjido, peileHueM 3ajauu siBasieTcss GYHKIUA Pg (f), KoTOpas MomeT ObITh
HalifeHa no ¢gopMyJse (8.96):

1 x + ioo d -
J’(t)=‘l’3 (t)=Tm S ept';4+_2£2-_|:l—. (8]03)
x—ico

Moneinterpanshas dynxkuns B (8.103) umeer nBe ocobble TOYKH Py, 9= A i, ABJA-
Iolymecs noMocaMu BToporo nopsaaxa. ITosTomy

d [ 1] d 1 |

= | Pt —— - _[ePf—-—,—] = — (sinf—fcost). (8.104

YO= 45| GFF lomiT ap [T =R T 2 » G104

IMepetinem Teneps K pewennio 3azaun Kown ¢ HyaeBeIMH Hauaib-
HBIMH YCMOBHSMH AJIS HEOZHOPOAHOro ypasHeHus (8.88):
Lly®l=/f®.
B cuay HyneBbX HauaibHHX ycsoBud, nepefiida k  u3oOpaxeHuam *¥)
Y(p)=y (@), F @)=/, nonyunu

Y(®)P,(p)=F (p), .
OTKYyAa '
: = ' 8.105
Y(P)—pn(p)- ( )

Tak xax ¢yuxuusa Y (p) geasercs u3oOpaxeHneM, TO €€ OPUTHMHA B CHJIY
teopemsl 8.3 moxer OwhThb Hailen ¢ nomomblo uHrerpasa  MessnHa.
Onnaxo B ganHOM c/ayuae MOxHO OOOHTHCH 0€3 BBIUMC/IEHHS 3TOrO HH-

terpana. [lecrsurensHo, corsacio (8.95) dynkuus P a("p) NpeacTaBseT
n

coboti nsobpaxenue dynkunu P, ; (f) — pewenus sagaun Koww ans oauo-
poaxoro ypasHeHust (8.90) ¢ HauaJbHBHIMM YCJOBUAMH CIHILMAABHONO BUAA:

Y (0)=8,1, Jj=01,...,n—L
Tlostomy no teopeme o cseprke us (8.105) momyunm

¢
Y=y O=7 st =D @

0

*) 3aMeTdM, 4TO AJsl CYIeCTBOBaHHS H30GpaxkeHust I (p) npaBoii yacTH ypas-
HeHust (8.88), ¢yHkumu f(f), BO MHOrux ciayyasX HeCyUIeCTBEHHO MOBefeHHe 3TOi
¢yuKuud npu ¢ — co. JlefCTBUTENIBHO, HAaC YaCTO HHTEPeCYeT pellleHHE YpaBHeHHS
(8.88) nmmb Ha orpaHMueHHoM orpe3ke BpeMeHM 0 << {¢<T, KOTOpoe MHOTHOCTbIO
onpejensercs 3afaHueM (QYHKLHH }J(t) Ha 3TOM OTpe3Ke M He 3aBHUCHT OT MOBejeHHS
Gbyukuuu f (f) npu £ > T. Tloatomy Mbl MOXeM H3MeHSITb 3HaueHHst GyHKUHE f (f)
npu ¢>T Xak yrofiHo, Juwis Gbl yCJAOBHSl CYIeCTBOBaHWSI H3oOpaxernua F (p)
¢yukuum f(f) 6eutn Boinoviersl. Hanpumep, Moxuo monoxute f (¢)=0 npu ¢ >T.
(Tlonuepknem, uto aas onpenenennst uzobpaxenns F (p) ¢yukuua f(f) nomxua
ObITh 3a/laHa Ha BceM GECKOHEUHOM MpomexyTke 0 << ¢ <Cco.) Ilpu 3ToM MBI, KOHey-
HO, OyneM nodyuaTh pas/lHuyHble U300pa)keHHs, ONHAKO UX OPHrMHAJbl, eCTeCTBEHHO,
coBnajaor npu f=<T. Craegyer uMerb B BHAY, YTO YKa3aHHOe [0JIOXKeHHe OT-
HOCHTCSl He TOJIbKO K C/ydaio ypabHeHus (8.88), HO H KO MHOTHM ApYruM ¢usuue-
CKMM 33jlauaM, B KOTOPEIX pelIeHHE HUIETCA HA OF PaHHUEHHOM MPOMeKYTKe H3MEeHeHHs
BpeMeHH.
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dynkuna P,_; (f) 4acto yasvisaercs GyHKUNEH €IUHHYHOrO TOUEUYHOrO
WCTOYHNKA O/ ypasHeHus (8.90) u oGosnauaercs g(¢). Ipuuss sro o6o-
3HaueHue, nepenulleM pelleHue 3agaun Koww ¢ HyJeBHIMU HAYaAbHBIMH
ycnoBusmMu 1/4 ypasHenus (8.88) B Buge
¢
y(t)=~5-6 S g(t —1) f(v)dr. (8.106)
)

<

dopmyna (8.106) Hocut Ha3saHne unHterpana Hworamens *).
Mpumep 2. Pewnts 33mauy Kowwu

Y'+y=sint, y(0)=y" (0)=0.
Hatinem ¢yHkuwiio g(f): .
g'+g=0g0)=0, g O)=1
Hns ee n3o6pawenns G(p) nmo dopmysae (8.95) noayuum

1
O(P)—bﬁ_—l-

Orcrona ¢ nmomomisio Tab/uibl uzobpaxeHutt Haxonum G (p) ==sinf u Tem
CaMbIM - :
t
y= S sin (¢ — T)sintdr = ; (sint — £ cos ).
0

2. YpaBHeHHe TemIONpoBOXHOCTH. Paccmorpum npumeneHune onepa-
IIMOHHOTO METOJa MPU pellieHdd KPaeBhX 3ajay AJAA ypasHeHUS TerJo-
NPOBOAHOCTH HAa MPUMEpPEe PAacNpOCTPaHEeHHs KPaeBOro pexuma Mo MmoJay-
6eCKOHEUHOMY CTEPMKHIO.

Ilycte TpeGyercs Halitu pacnpeneseHue TeMmmeparypsl B nosayGecko-
HeuHoM crepwie 0 << x <C 00, ecau HauuHas ¢ MOMeHTa BpemeHn t=0
Ha ero JeBoM KoHue x =0 noamepxuBaercd 3afaHHBI{ TeMmeparypHbIi
pexum. HauanbHas temuepatypa cTepkHs paBHa Hyawo. Maremaruueckas
3aJaua 3aKJouaeTCs B oOlpedeneHdd orpaHudyeHsHoro aag 0 << x < oo,
t =0 pewenus u(x, f) ypaBHeHus

Up=aly,, x> O’ t>0, , < (8.107)
C JONOJHUTEJbHBIMU yCJlOBVlﬂMH '
u@, 0=0, a(0, H=g (), (3.108)

rae g () —3apaHHasd QyHKUUA BpeMeHd, KOTOpylo Ml OyldeM npeanoJa-
raTh YAOBJETBODSIOUICH YCJOBUAM CYyLIeCTBOBaHMs npeoOpa3osanus Jlan-
naca. Ilpeanmosnoxum, uyrto uckomoe pewenue u (X, t), a TaKxKe €ro mpo-

*) O nXHMeHCHKH uHTerpana J[iooramenst B 3ajayax MareMaTHueckoi (H3UKH
cm. Takxke A, H. Tuxounos, A. A. CamapckHuil, YpaBHeHHA MaTeMaTHY€-
ckoil ¢usuku, «Hayka», 1972,
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H3BOAHBIE, Bxoasuine B ypaBHedue (8.107), ynOBJIETBOPSIOT YCJIOBHAM
cyulectsoBaHus npeo6Gpa3osanus Jlansnaca no £, NpuyeM ycJOBUS OTpaHu-
YEHHOCTH CTeneHn pocTa no f GyHkuuu u (X, £) 1 ee NpPOUSBOJAHBIX HE
3aBicAT OT x. Toraa moayuum

u(x, ) =U(x, p), v
ut(x: t)'-—;'PU(x, P): (8‘109)
Uye (%, 1) == Ure (%, P). ‘

Bropas u3 dopmya (8.109) noayuesa ¢ yyeToM HyJ€BOr0 HauyaJbHOro
ycnosus (8.108). IMocnennss u3 gopmyn (8.109) umeer mecto B cuay
TOr0, YTO CHAENaHHBIX FAPENNOJOMEHHH NOCTATOUHO HJs BHIYKC/IEHHA MpPO-
M3BOJAHBIX HECOGCTBEHHBIX WMHTErpajoB, 3aBUCALIMX OT MAapameTpa, myTeM
audpepeHnpoBaHis N0 NapaMmerpy MOABIHTErpaibHBIX (yHKUMH ¥).
[Mepexons k wusoOpawenusm, BMecto 3agaun (8.107), (8.108) nas
¢byHKUMA u (X, t) MONyyaeM KpaeByio 3agauy Ajs u3ob6paxenus U (x, p).

, Ues (%, P)— £ U (x, P)=0, (8.110)
UO =@ U pi<M (8111

9710 —KpaeBas 3ajaya A/ OOGHIKHOBEHHOrO AU(depeHIHanbHOrO ypaBHe-
HUS, B KOTOPOW nepeMeHHas p urpaer poab napamerpa. Kak Jaerko
BUAETh, pelueHne 3adaud (8.110), (8.111) umeer Bupg

_Ye,
U, p=Q@e ° - (8.112)

Pewenne u(x, f) ucxonHo#t 3amaun MoxerT OBITH HAWAEHO N0 €r0 M30-
G6paxenuto (8.112) ¢ nomowsio ¢opmyasi MennuHa, ogHako B cJayuae
npoussoabHoi dynkuun Q (p) BHUNCIEHHE COOTBETCTBYIOLLErO MHTErpana
MOXET NPUBECTM K 3HAuYMTeNbHBIM TpyAHOCTaM. ITosToMy ecTecTBEHHO
nonuTaTbCs OGOATH NpsMOe BhIYMC/EHHe WHTerpaia MeanvHa ans onpe-
genenus opurnHana Qysxkumn (8.112). 3amersM, uTO BhHIIIE MBI HAWIH
opurdHan aas Qysxuud (cm. npumep 4, crp. 236)

(22}
1 —aVp _. o 2 —nt
- =10\ \=_- ndn, 11
e <2Vt/ = f e (8.113)
a
W
FEh
Mostomy, npeacraeus U (x, p)=Q (p)-p-e\ ¢ o B YuTd, uTO CO-
raacHo (8.113) ‘
1 Ve, x
—e ¢ =1-0 — | = t), 8.114
Fid = <2al/t> G(x, ¢ ( )

*)y Cm. Bmm. 2, ctp. 416.
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Ha OCHOBaHUM TeOpeM 00 N300paKEeHUH NPOM3BOLHOR U CBEPTKH 110/YYUM
. , :
U(x, p)=ulx, t)=.S a%G(x, t—1)q (1) dr
0

Mogcrasus asHoe Bhpaxenue (8.114) dyukunn G(x, f) u npousséns
anddepenurposatre, NOJNyYaM Boipawedne pewenus 3agauu ¥) (8.107),
(8.108) B BHIE :

]

u(x, f)=—2 S e w0 _10_gp (8.115)

2y n (t—1)'
0
‘3. Kpaepasn 3amaua nam ypaBHeHWSs B YAaCTHHIX NMPOU3BOXHBIX.
Hsnoxennbift B npemblymeM MyHKTe MeTOA MOxeT ObhTb (OpMabHO
lepeHneceH ¥ Ha pelenue KpaeBoﬁ 3ajauyun A1 ypaBHEHUA B UYACTHHIX
npousBoAHEIX OoJsee ofuiero ByUIa.
Paccmorpum ypasHenne

P.u(x, ) —Ly[un(x, D] =f(x, £, (8.116)

roe P, [u]'—nuueﬂumu nupdepeHnrasbHblii  Oneparop € NOCTOAHHHIMU
KO3 hunreHTaMu B1IA

"u o1y _ du
Pulu]= Gogm T hgmT -t 5

Ly [u] — nunednni#t  nuddepeninanbuelf onepaTop BTOPOro nopsaKa *¥)
BUaad

Lo [u] = by () 2% 4 by ()% 48y () (v, )

KoadduunenTs b; (X) KOTOPOro ABAAOTCA (YHKUWAMH JULIb ONHOH He3a-
BUCHMOH fepeMeHHOH Xx; f(x, f)—3anaHHad (yHKOUA NEepeMeHHHX X,
¢, A1OCTaTOYHO rJaiKas B OO/MACTU pepieHus 3agauu. Byaem uckarb petue-
nue u(x, ) ypasuenus (8.116) B oGnactu ¥¥%) f >0, a << x < b, ya08-
JETBOPAIOLIEE HAUAJbHBIM

2 (% 0= 90 (x), 5 (5 D=1 (¥), -+, Forow (2, 0) = i (#)

*) 3ameTuM, YTO HAaHHOE BHIPAKEHHE MOJIYYEHO B MPEAMNOJIOKEHHH CyLIECTBOBA-
HUA DEUICHHS, TeM CaMblM NPOBEJEHHbIE PACCMOTPEHUS SIBJAIOTCT (QAKTHHECKH JOKa-
3aTeJIbCTBOM €QMHCTBEHHOCTH pellleHHs JaHHOM 3aJayil B paccMaTpHBaeMOM KJacce
¢ynruuil. Ecin 3apanee ne 13BeCTHO CYlleCTBOBaHHE pellleHHs TIOCTaBJICHHON 33[auH,
TO HeoBXOAMMO IOKa3aTh, YTO (OPMajbHO MOJYYeHHOe Bbipaxenue (8.115) peficTsu-
TeJIbHO TIpeACTaBJsieT Co6OM pelIeHHe paccMaTpUBAaeMOH 3ajauqd.

**) PaccMaTpHBaeMblii MeTO] He 3aBMCHT OT MOpsRKa audpepeHUIHaNLHOrO one-
paTopa L, Tak e Kak ¥ P, ognaxo jisa GoJbllell HAarJsAAHOCTH H3JIOKEHHS H BBULY
0co00ii BaXKHOCTH ISl MPUJIOKEHHH Mbl OFPAHMUMMCS ClyuaeM onepatopa L BTOpOro
nopsajxa.

***) PaccmatpuBaeMblil MeTo, MOXeT ObiTb NMPHMEHEH W B TOM CJydyae, KOrja
g= —00 WM b= --CO WU OJHOBPEMEHHO @= —CO, b= 00.
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B TpaHAYHBIM YCJIOBUAM
0 . d .
e (@ O+ Bi(@ = (t), ud (B, )+ But (b, )= (O).

Bynem npennosaraTh, UTO liauyajbHblE ¥ TPaHUUHbIE YCJAOBUS 3a1ayn,
a rakwe ¢yHkuua f(x, f) TaKOBB, UYTO CYIMECTBYIOT u300pareHus
Jlannaca no ¢ ¢ynkuun u(x, ) U BCeX ee MNPOM3BOAHBIX, BXOASILUX
B ypasuenue (8.116):

o) (o]
u(x, H=U G, p=\ ePulx, Hdt, 2= ge—p‘g—‘;(x, fydt (8.117)

U T. A, TNPUYEM MNDENNOJOXNM, YTO YCJAOBHS OFPaHUYEHHOCTH CTENEeHU
pocra mo t (yHKuMK u(x, t) 1 ee NPOU3BOIHBLIX He 3aBucar or x. Toraa
B CWJIy paBHOMEPHOH CXOAMMOCTM MO INapamerpy X uHrerpania (8.117)
noaAyuYUM '
du . oU 0%u . oty
a_x(xr t)—-; OT(x’ P), ox (x, t);w(x’ P)
Y
0*u . .
o (6 D= U (6, p) = PP @y () = P2 g (0) — . — @pei (). |

Kpome TOro, NpEAMOJOKUM, YTO CYWIECTBYIOT H300paxeHus no ¢ QyHk-
unit f(x, £), P () u Y2 (t): '

flx, )=F(x, p), p1(O)=¥1(p), ()= Ya(p)
Torna, nepetias B ypasuenun (8.116) x usoGpaxennsiM, noayunM OGHIK-

HOBeHHOE Nu(pepeHlnalbHOe YPaBHEHNe N0 He3aBMCUMOH NEepEMEHHOH X
ans dynxkunn U (x, p):

'—Pn(P)U(P)"FLz[U(x, P)]——- "'F(x: p)-—Fo(x, P), (8‘118)

n—1
Fo(x, p)= kgopk (P) Qr-r—1 (),

a nommuoMul Pp(p) onpensensiorcs dopmysol (8.93).
Ypasuenne (8.118) Hapo pewarb ¢ rpauduHbIMM YCJIOBHSME

U (a, p)+ iU (a, p)="¥1(p),

Uy (b, p)+BaU (b, p)="T; (p). (8.119)
Kpaesas 3apaua (8.118), (8.119), B KoTOpO# p urpaer poJb napaMerpa,
peluaercs OOBLIYHBIMH METOAAMU pelUeHUsi KpPaeBbiX 3alay A48 OBBIKHO-
BEHHBIX AuddepeHlnalbHbX ypaBHeHn#i ¥). OO6parusit nepexoi OT u30-

Opawennsa U (x, p) K pelwleHu0 HCXOAHOH 3agaun MOXET OblTb NpOu3Be-
AeH ¢ nomouisio ¢Gopmyasl obpamenns (8.67).

*) Cm. Bbim. 3, crp. 159.

roe




-IIPUJIOXEHHE I
METO/ IMEPEBAIJIA

Meroa nepesana MWHUPOKO MNPUMEHAETCS AJA NMOCTPOEHNHS aCHMMIITOTH-
YECKNX pa3jiokeHAl *) HEeKOTOPHX KOHTYPHBIX *¥) uHTerpasos ot QyHk-
LU KOMINEKCHOR nepeMenHoit. Mpl OymeM paccMaTpuBaTh WHTErpabl
Buaa

FR={o@e! @ dz, (1)
¢

rae @ (2) 1 f(2) — dpyHKuuy KOMMJIEKCHOH NEepEeMEHHOH 2, aHAIUTUUeCKHe
B HeKOTOpo# o6aactin ¥, comepxaimed kpusyio C, KOTOpPas MOXET OulTb
H HEOrpaHMueHHOH; A — Go/blIOe MMOMOKUTENbHOE 4Yiciao. Byaem npeano-
narate, 4ro wuurerpas (1) cyllecTByeT, ¥ NOCTaBHM CBOEff UEABIO NOJY-
YNTh ACUMNTOTHYECKOE pasioxenne ¢yHkuuu F (A) no oGparHEIM cremne-
HaM napamerpa A. C wuurerpanamu tnna (1) uacTo MPHUXOAMTCH BCTpe-
4arbCsd NPHU HUCCACAOBAHAHU HHTErPAJbHBIX npencmaneuun paoa cneuuasnb-
HHX (yHKOu#, a Takke NpU pEEeHHd MHOruX 3afay MarTeMaTUyeCKOH
(pU3MKKM ¥ Apyrux pas3gesnoB MaTeMaTHKH.

1. BeogHble 3amedaHHsn. HauHeM C HEKOTOPBHIX MaBOAAWMX COOOpa-
weunih. Paccmorpum mHTerpan, ompenensiouluit ramma-QyHkunio - iiae-
pa *m*)

Pp+1)={xterde, @
0

n nonpolGyem HalTH I/ Hero mpub/NUKEHHOE BhIpaXeuue npu GOMBILNX
MOJOXKUTENbHEIX 3HAYEHHAX p. 3aMETHM, 4TO, MPEACTABHB XxP = eP 10 ¥ Mpl

*) HanomnuM, YTO acuMNTOTHYECKHM pasJiokeHHeM (QYHKUMM f (x) B OKpect-
N

HOCTH TOYKH X, Ha3blBAeTCA MNpefCTaBleHHe BUia [ (x)= Z ap@p (x) o (pn (1),
= l
Tle a,—TOCTOSIHHBIE KO3bMHUHEHTH, a QYHKHHH @ (X) TMPH X — ¥, YAOBJETBOPSIOT
YCNOBUIO  Qpq (X) =0 (@ (x)) (mogpoGHee 06 aCUMOTOTHYECKHX pAa3JOKEHHAX CM.
BHIN. 2, c& . -
*E €lysl YCTAHOBHBLIEHCSA TEPMUHONOMHH, Mbl 3JeCh 110J KOHTYPOM HHTErpH-
POBaHHA NOHMMaeM He O0S3aTe/bHO 3aMKHYTYIO KPHBYIO.
**%) Cm. BHI. 2, cTp. 434.
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nprBeeM pacCMaTpHBaeMbli umerpan (2) k sugy (1). ITogbiHTerpaabHas
¢ynxuna B (2) ctpeMutcs K Hymo nmpd x — 0 u x — oo. [Nostomy Bean-
YWHA 3TOMO WHTErpaja B OCHOBHOM OINpPEAensercs 3HAYeHHeM MOJABIHTEr-
paibHO# (YHKLME B OKPECTHOCTH ee Makcumyma. IIpeoGpasyeM MOAEIH-
TETPafbHYI0 QYHKUWIO K BUAY

xPe* =epinx —x=ef (0, 3)

Makcnmanbroe 3HaueHne dyHkuun f(x) AOCTAraercs mpu X =p, NpHueM

F@=pnp—=p, [ (D emp=0, F (D emp= =L @

Pasnoxus “dyuxuuo f(x) B §-okpecTHOCTH TOuKM X =p B psx Tehnopa
U, OrPaHUYHBIUUCH NEPBHIMU YJeHaMH PAa3JOKEHHd, MOAYUUM

pio Inp — o p+6 _ (x—p)?
Tp+1)= § LSNP Ty P dx=ple? { e 2 dyox
p—6 p—29d
© _ (x—py
~pre? { e % dx. (5)
—

ITpubanskenusie paBeHCTBA MMEIOT MECTO BCJAEACTBUM TOCO, YTO MOIbIH-
TerpanbHas (pyHKuUuA npu | x —p|>>38 Mana u GLCTPO CTPEMUTCA K HYJIO.
Caenaem B unterpase (5) 3aMeHy nepeMeHHOH nmerpx«lpoaauua MOJIOXHUB

V2; (x —p)=y. Torna
D(p+ 1)V Tpre | e=vdy =V Tap( 2] ®)

— co

dopmysa (6) u naer npubanmeHHOe BhHpaweHue uurerpaia (2) npu 6oisb-
wux 3dauenuax p. Kak Gyger nokasaHo Huke, OHAa nNpexcraBiaser coboi
nEePBHIR YNEH ACUMNTOTHYECKOrO pasnoxeHus HHTerpasia (2). dra ¢op-
Myna 4acto HasbiBaercs opmysaoit Crupagra,

Ilpu BhHIBOmEe 3TOH (OpMYJbl Mbl He OUEHWBAAW TOUHOCTH CHAE/dHHBIX
npubnukeHuil, NMO3TOMY Hall¥d PaCCMOTPEHHS HOCAT JMLb HJMIOCTPATHB-
Hbit xapaktep. B naspuedtitem Gymer npoBeaeHa OleHKa TOYHOCTH (op-
Myan (6), a,ceflyac caenaeM elle HECKObKO 3aMeyaHul, MO3BOJAOUINX
Jerue NOHATh OCHOBHYIO ufei MeToga nepesasia. Popmyna (6) seipaxaer
npubaMKEeHHOE 3HaueHuwe uHTerpasta (2) uepe3 3HAYEHUE MOABLIHTErpab-
HO# (yHKUMK B TOuKe ee MakcuMyMa (pPe~P) U HEKOTODbIH JOMOJHUTENb-
HBIl MHOXWUTe/b, COOTBETCTBYIOMMH AAuUHE TOrO OTPE3Ka WHTErPUPOBaHUd,
Ha KOTOPDOM 3HaueHue MOAbIHTerpanbHoH (YHKUMM NOCTaTOYHO O/H3KO
K MaKCHMa/JIbHOMY.

O6parumcst Tenepe k wuHTerpaay (1), B KOTOpPOM MOABIHTErpa/ibHas
(YHKUMA SBASETCS aHAAMTHYECKOH B 064aCTH ¥ KOMILIEKCHOH MJIOCKOCTH
2. OTOT uHTErpasj TaKie MOXeT OhlTh NPUGIHKEHHO BBHIUKUC/AEH yepes
MaKCHMaJbHOE 3HayeHue MOAy/st MOABIHTErpasbHOH @yHKUWAM C noOmpas-
KOt Ha GbICTPOTY ee yGhiBaHHA HAa KOHType uHTerpuposanus. Ecam nyts
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HHTErPUPOBaHKA, COENUHSAIOIANA TOUKH 2; W 2, TaKOB, YTO Ha He6OJb-
IOM €ero yuacTke a6COMIOFHAsA BEMUYMHA MOMBIHTErPaibHOH. (yHKLUY
AOCTHraeT HanGoJbINero 3HaueHus, a 3areM ObICTPO cCnagaer, TO ecTecT-
BEHHO TNPEANOJOKUTh, YTO HaldeHHas BeJWYyWHA HaeT Xopouiee npub.au-
wenne. Tak Kak QyHkuua f(2) ssasercs aHanwTnueckoRd B obGaactu 5,
10 B cuay teopembl Kown 3sHaueHue unterpana (1) onpepensercs Jwb
3alaHHeM HayaJabHOW 2y M KOHEYHOH 2, TOUEK NyTW HHTErpUpOBaHUA,
a ne sugoM kpusoi C. Orciopa caemyer, 4TO AJA 3a4aHHOrO HMHTErpana
(1) BO3MOXHOCTD €ro NPUGIUKEHHOrO BHIYUCIEHHS C NOMOILBIO paccMat-
pUBAaEMBIX METOJZOB CBA3aHa C BO3MOXHOCTbIO BEIGOpa TaKOrO KOHTYpa
UHTErpupoBaHus, 4TOOB OH YIOBJETBODS/A YKa3aHHHM BhlE Tpe6oBa-
HuaM. Hac nHtepecyloT 3nayenus wHrerpana (1) npu GOAbWIMX MOJIOKH-
TEJbHbIX 3HAUEHHAX NapameTpa A, CTOfILLEro B NOKa3are/e Y oKCMOHEHTH.
TTostomMy  ecTecTBEHHO OXWAaTb, YTO OCHOBHOH BKJaa B 3HaueHue HHTe-
rpana RalyT Te YYacTKH MyTH UHTETPUPOBAHNS, Ha KOTOPHIX (YHKUHMA
u(x, y) — neitcreutensnas uacth ynkuun f(2)=u(x, y)+iv(x, y)—
gocturaer Hauboubiunx 3sHaueHu#h. ITpm atom caeayer umerb B BUAy, uTO
GyHKLHA (X, Y), 9BAAACH FaPMOHMYECKOH B 06aacTé §, He MOXET LOCTH-
ratb a6GCOJMIOTHOrO MaKCMMyMa BO BHYTPEHHUX TOUKax 3TOH o6naacty, T. e.
BHYTpH 06sacTy & HeT TOYEK, B KOTOPHX dyHKuus u(x, y) BO3pacraia
Ob nam yGbiBana no Bcem nanpasaehusiv. Ilosepxnocts Qyuxkumn u (x, y)
MOXET MMeTb Auuy cedaogsie mouru *).

Ilycte TOUKA 2(= X~} iy, ABAsIETCH €NUHCTBEHHOH CeXNOBOH TOUKOH
noBepxHOCTH u (X, y) B obaactn . PaccMOTpUM AMHMK MOCTOSHHBIX 3Ha-
veHu#t u(x, y)=u(x, ¥o)=const dynkuun u(x, y), npoxoasiue yepes
3Ty TOUKy. B cuay nmpuHumna MakcuMyma /sl FapMOHUYECKnX (YHKUmH **)
3TH NMHUHM HE MOTyT 00pa3oBbIBaTh SAMKHYTBIX KPHUBBIX (MBI HE. paccMmar-
pHBaeM TPUBUAJLHBIM Cayyalt f==const B %), T. € OHU 16O yNUPAIOTCA
B rpanuly obnactn 9, nu60 yxonsT Ha GeCKOHEYHOCTb B CaAyuae Heor-
paHUYEHHON 06/acTH. Kpmable u(x, y)=1u(xy ¥,) paszéusawor obractb
Ha CEeKTOpH, BHYTDU KOTOPHIX 3HaueHns GyHKuuu u (X, y) COOTBETICT-
BEHHO WJM MeHblue, uiu Gosblue 3HAueHus u(x, y,). Ilepsbie cekroph
OyaeM Ha3biBaTb OMPULAMENbHBLMU, BMOPBE — NOAOHCUNENs HbLMUL.

Ecin rpannuHele TOYKN 2y U 2, KPUBOW MHTErpUPOBaHUA JEKAT B OLHOM
ceKTope M GYyHKUus (X, y) NPUHUMAET B STHX TOYKAX DPas/HYHHIE 3Ha-
YeHH, TO, OYEBHMIHO, MOXHO TaK AedOPMUPOBATH KOHTYD, UTOGH Ha HeM
byHxuus u(x, y) wuaMeHanacb MOHOTOHHO. [Ip:n 3TOM OCHOBHOH BKAAX
B 3HaueHWE WHTErpasia HaeT OKPECTHOCTb TOH rpaHUYHOH TOYKH, B KOTO-
po#t 3nayenne ¢yHkunu u(x, y) HaunGosbmee. To ke MOJOKEHNE UMEET
MECTO W B TOM CJy4ae, KOTMa TOMKH 2y M 2 JeXaT OQHA B TMOJNOKH-
TENBHOM, a jApyras B OTPHULATENbHOM cekTopax. Meron nepesana mpume-
HSETCH B TOM CJyyae, KOrga TOUKH 2; M 25 JEXKAaT B PasAHuHbIX OTDH-

*) Onpenienenne Cep/ioBOfi TOYKM NMOBEPXHOCTH CM. BhIM. 2, crp. 137.
**) Cu. A. H. Tuxonos, A. A. CamMapckuli, Ypanﬂeﬂuﬂ MaTeMaTH-
yeckoli ¢mu3nku, «Hayka», 1972.



252 MPHUJIO)KEHHE 1

HarelbHHX CEKTOPaX, YTO JAaeT BOSMOXHOCTb BHIOPaTb TaKOH KOHTYp
MHTErPUPOBAHNS, NPOXOAAILUH uyepe3 CeAJOBYIO TOYKY X, V, Ha KOTO-
poM 3Hauenue GYHKUWK u (X, y) fABJASETCS MaKCUMaJbHHIM B TOUKE X, V,
1 OBHICTPO CMajaeT MO HaNpaBJeHHI0 K TPaHMuHBIM ToykaMm. OuesumHo,
B 3TOM CJyuyae OCHOBHOH BKJajs B 3HaueHHe uHTerpana (1) Oyaer nasath
Ma/bif y4aCTOK B OKPECTHOCTH CEAJIOBOH TOYKH, TPHYEM MOCAEAHINH MOXHO
BhIOpaTh TEM MeHblue, ueM ObICTpee cnaialT 3Haveuus yHKuun u(x, y)
BIOJb KQWBOH uHTerpupoBaHus. Meron nepemasa TaKkKe HHOrIa HasbiBa-
eTcs METOAOM Haulsicmpeliulezo CnYcKa. DTa <aJIbIAHUCTCKAS» TEPMH-
HOJIOrUsl, OYEBUAHO, CBf3aHAa C Tomorpaduei nosepxHocT QyHkuun u (X, y)
B OKDECTHOCTH ee CeijoBOH Toukd. MBI OrpaHuuuMca 31echb 3TUMH
BBOOHBIMU 3aMeyaHuAMU, a cefiuac nposeseM OUEHKY TOMHOCTH MeTOoja,
Npu NOMOILH KOTOporo OhlIa mojyueHa acuMmnroTuueckas dopmyna (6).
ITpn aTOM Oyjmer ycraHOBJIEH DS MOJOXKEHWH, JeKallUX B OCHOBE METOAa
nepepaJna.

2. Merton Jlannaca. [lokamxeM psa BCIOMOTaTEAbHBIX I10JIOXEHMH,
JiekalluX B OCHOBE TaK HaseiBaeMoro merona Jlansnacca acuMnroTuueckoh
OLIEHKH HHTErpajoB OT (PyHKUMH AEHCTBUTE/IbHOH NHepeMeHHOM.

Jdemma 1. [lpu p>0 u A—co umeem mecmo acumnmomude-
cxan gopmyra )

4 _4
S xPle¥*dx =T (p)+ 0 (e 2 > : )

0

IHokasatenbcTBO. Ouenum npu p > 1 unrerpan**)

0 o A
(e xr-ldx=e=4{e? (y+ AP1dy <e4 {S (24)P1eYdy +
A 9 o

+{ @)leddy} = e=4 {24)1 (1 —e=4)+ 27T (p)}.  (8)
0
Orciona npn AP < eA? n caenyer (7).
B naspuetienm 6osbuiyto poab GyayT urpaTh HUHTErpa’bl BHAA
a .
DM= o etd, 0<a<<oo.
—a . .

Vimeer mecto caeaymomas JeMmMma.

*) Cumpon O (£2) uau, Gosee obwo, O (t") B pasnokeHuH BHAa @ (f) =
n—1 ,
= ¥ cpt®+0 (") o3nauaer, uTo NPH | £ |<< & HMeeT MeCTo paBHOMepHAs OLECHKa
F=0
n—1
@ (0)— 3] cpt

=0

< C'it{" rge C—nocrosigHas.
i i bt -

o] [ee]
*)Ipr 0<p<1 }e*"xﬂ‘ldeSe'xdxze‘A.
A
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Jdemma 2. IMycms npu |t]| <8 qiymcuu;z Q (f) soscem Oome
npedcmasena 8 sude

¢ (&) =cotcat+0 (&) M

u 048 Hewomopozo hy>>0 cxodumcs unmezpanr

§ | @ (B) | et dt < M. (10)

—a

To2da sz A>> M\, umeem mecmo QacUMNMOMULecKas Popmyia

@ ()= S Q@) e—M dt=c, V%+0(x—3/2). (11)

DokaszatenbcTBo. I'naBubit uynen copmyast (11) aerko moxer
ObITh MOJIyueH U3 CJAELYIOUIMX HaBoasWuX cooOpaxennih. Ecan dyukuns
@ (f) orpanuuena npu |f|>>a, TO €CTECTBEHHO OXHAATh, UTO 3HayeHue
unterpaia (11) usMeHUTC HE3HAYUTENBbHO, €C/U 3aMEHHTh Npeaenbl uilTe-
TPUPOBaHUs — @ U @ Ha — OO, OO COOTBETCTBEHHO. Toraa nepseli yseH
pasanoxenus (9) naet ruasHbii yaen ¢opmyast (11), uirterpan ot BTOporo
yjaeHa B CUJAY HEYeTHOCTH IMOABIHTErpaJbHoR (PYHKUHH paseH HyJi0 u
OCTaeTcsl OLEHWTb OCTaTOUMBIA uJieH. DTa OUEHKa M BO3MOXHOCTb YKa-
3aHHOH 3aMeHBl 1IPEJesioB HHTErPUPOBAHUN W COCTABJSIOT OCHOBHOE
cozjepxaHue nemmbl. [lepeitneM K ee CTPOroMy MOKa3aTelbCIBY.

Paso6bem unterpan @ (A) Ha Tpu caaraembix:

—6 ()] a
M= o@eMdt+ { gye*at+{o@®)edt, (12)
—6 8

L—a

rie 8> 0— HekoTopoe uxcuposauHoe uucao. OueHnM NocC/eaHee CJa-
raemoe:

a

a
(@Ot dt l < em0-=m0 (| @ (1) oot dt <
] 6

<< Mehod* . g=28 = O (e—20%), (13)
3necs Mbl BOCMOJb3OBaauCh yciaosueM (10) U oueBMIHBIM HEPABEHCTBOM
M2=A02 - A (12 — 6%) > A6% - Ay (12 — 6%) = (A — X)) 8% - Aet%,

UMEILMM MecTo mpu A > A, ¢ 8. AHaJlOruuHo OLEHMBAETCS H NEPBOE
cnaraemoe B (12). Orctoma caeayer, yTO TNPU ZOCTATOYHO GOJABIIUX A
OCHOBHOM BKJaa B 3Hauenne wuHrerpata @ (A) naer BTOpOE Ciaraemoe,
B TO BpeMs Kak KpaiHue caaraembie B (12) SKCMOHEHUNAILHO ' CTPEMATCA
K HyJI0 Npu A —> 0O,
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IMepetinem x paccMoTpennio raasHoro uiena B (12). IToacrasus BMECTO
tdyukunu @ (f) ee pasaoxenne (9), noayuum
)
D)= o)e M dt=

—8
[}

] 8
=co§ eMdtto § eMtdt+ {O@)e—rat. (14)
ik’ =6 =6
Bropoft unterpan B (14) 8 CHJy HEYeTHOCTH MOXHIHTErpajbHOl (yHK-
und pased Hymo. JL/s OLEHKW MEPBOro MHTErpasa CAe/1aeM B HEM 3aMeHY
népémenHo#t HHTerpupoBanus, noioxus Af2=-+. Tlomyunm
) 8 A8t
S =Mt =2 g e f = L S T Ze—dn. (15)
=8 9 Vi 0

Ho B cuay nemmsl 1 npu A—> 00 HMeeT MECTO acHMNTOTHYecKas dopmysa

AS’t—%e—“dt-— (% )+0( ¥ _yrole A;’) (16)
Ab2

Tak kak npu J06oM ¢ukcHpoBanHoM & dyHKuus e 2 npun A— o0
cTpeMuTCs K Hymo GpicTpee, ueM A—3/2, 10 MOMXeM 3amucatb
s ,

co S e—Mdt=c, ]/3;_-+ 0 (7\,—%). (1'7)

Ocraercsa OUEGHHTDb nocnem-!ee cnaraemoe B (14):
6 8
§ O#)e~Mdt <C | =4 dt =2C | 2e—2" dt. (18)
-8 -9 0

B wunterpane (18) onste crenaem 3aMeHy nepemeHHon HHTEr pupOBaHUS,
nonoxus Af?=v. Toraa nonyan
8 A8

o\ et =L ¢e—vgr. (19)
A3
p .

Hurerpan (19) Takme yIoBJeTBOpAET yCJOBUSAM JeMMbl 1. Hoaromy
OKOHUATe/IbHO NOJYYHM

3 2 .
§0(t2)e-~'dt_ F< >+0( %6):0(7»’3). (20)

3/2
s N

dopmyan (13), (17) n (20) nocne noacranosku ux B (12) u NOKa3BIBAalOT
JaeMMmy.
ChenaeM psn saMeyaHui K [JOKa3aHHOH Jemue.
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3ameuanne 1. Tlosropas npoBeeHHHE pacCyxAeHHA, MOXHO
IoKa3aTh, 4TO ecau GyHkuna @ (f) npn |¢|=< 8 pasnaraercs B CTPOKY
Te#taopa
n—1

k) (O
o)=Y att+0¢), =220, @1)
k=0
TO HWMEET MECTO aCHMITOTHYECKOE pa3JOXeHHe

] =]
o=\ pwerdt= ¥ e
—a m=0 A'rn+2

n+41
—

'\m+">+0(x‘ ™). ©2)

n—1
TIe CHUMBOJ [———2—-]'03Haqaer HauboJ/blllee UEN0€ YHCAO, MeHbllee HJIH

1
2 .

B uactHoctn, npu n=1, Koraa pasnoxenne QyHxuun @ (f) uveer
BHA @ (f) = ¢y O(f), ocraTounnhh uneH B ¢opmyne (22) umeer nOpaAOK
A"l mMOCKOABKY NpH OLEHKE OCTaTKa TI/JaBHYI POJb Hrpaer HHTErpan

8 ) !
fowerdt<C  |t|e=*dt =2C | te="" dt.
-6 -6 0

n ——
pasHoe

3ameuanue 2. Jlemma ocraercs cnpaBeasMBOH M B TOM CAyuae,
KOI'la WHTErpHpPOBAaHHE NPOBOAUTCA NO OTPe3Ky [a;, a@p], rae a; <O,
a; >0 u —a; # a, Cnenyiouiee 3ameyane HaCTO/NbKO CYIIECTBEHHO AJSA
JajbHedlIero, 4YT0 Mbl CHOPMyJHpPYeM €ro B BUAE CaMOCTOATENbHOH
JIeMMBL.

Jdemma 3. Ilycms wa ompeske |t|<<§, dywxgun @) u p ()
npedcmasumsv. 8 8ude

PO)=co+ et +0 (), ®
> B (@)=cst?+ 0@, (23)
u nycme npu h—-oo yuryun & (M) << 8, yoosasemsopaem ycaosusis *)
AB2(Q)—>co, AB3(L)—0. (24)

To20a npu A—cO umeem Mecmo acuMnmomuveckas gopuyasa
100 —_ 3 .
M=\ q@el—r+rm dt=c0]/ %+o(x‘5). (25)

. —&)
"JokasaTeabCTBO. Kak Jerko BHAETb, NPH BHIMOAHEHUH YCJIOBHM
(9), (23) u (24) Ha orpeske |f|<<O(A) UMeeT MECTO PaBEHCTBO

@ (£) MO = ¢+ c1f 4 coch® 4 O (12) + O (M8 + 0 (MrD).  (26)

*) Kak nerko Bupgets, Hanpnmep, oyHRuHA S (A)=A =25 yﬁoa.neraopaer
ycaoBHAM (24). }
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Toraa, noBTopsas paccyxAeHus, NPOBEIEHHBIE DU 10KAa3aTeAbCTBE JEMMBI 2,
NOJyudM, YTO NMPH MOACTAHOBKE pa3noxenus (26) B dopmyny (25) nep-
BOE C/4raeMoé B CHjy yc/aoBis (24) macT raaBHbIA ujieH NpaBoi wacTy
(25); sTOpOi#t M TpPeTHH ujeHbl MONYYEHHOrO BHIDaXeHHs OGpaTATCs B HY/b
B CUJTy HEUYETHOCTH MOABIHTErPAIbHAIX (QYHKINH; MOCAIHUE TPH ClArdeMhxX
HMEIOT OMHAaKOBHIY .nopanok Manoctn O (A—3%72). Jlemma nokasana.

JlokaszaHHsle JeMMBl NO3BOJAIOT J[OKa3aTh CJEAYIOLIYIO TEOPEMY,
SBJSKIOLLYIOCS OCHOBHOH B MeTode Jlammaca acHMNTOTHYECKOTO pasnomennﬂ
UHTErpaJoB OT (PyHKUMH Ne{CTBUTEABHOH nepeMenHo.

Teopema 1. Ilycme yurxyus f(t), 3ad0annas na ompe3ke [a, b),
docmuzaem c80e20 abCOAIONMHO20 MAKCUMYMA 8 HEKOMOPOI SHYM Pex-
Hell mouke ty, npusem f'' (t,)<<O0, u nycms cywmecmsyem maxoe 8,0,
umo npu |t —t,|<<§, umeem mecmo npedcmasiexue

FO =1+ ¢ —tgr 4 n ). @7)

Toz20a, ecau gynxyun @ (f) u n(f) npu |t —1t,| << 8, ydossemsgopsiom
YVCA0BUAM AeMMbL 3, m. e.

PO =cot e (t— L)+ Ot — 1)), ‘ ©)
p(B)=ca(t — P+ O[(t— 1)), : (23)

Mo uMeent Mecmo acUMNMOmMu4ecKas gopmyaa
b S— 3
O S v e dt=ciio (] M,,(,)cp(to)+0< e

ecml BbiNOAHEHb. CAeQYIouue 0OHOAHUMENbHbLE YCA0BUA:
a) 048 0anH020 8, OOHOBPEMEHHO BLINOAHSIIOMCSA COOMHOWEHUS

npu |t —t,| <8, lﬂ(t)1<—Lf0)(t—to)2»

(29)
npu |t—1t,1>8, [f(t)—f(O=h>0;
6) 048 nexomopozo Ay >0 cxodumcs unmezpan
b
(@] 0dt < M. ~(30)
a

HokasateabcTBO. PasoGoem nHrerpan B (28) Ha cymmy crenyto-
ILUX CJaraeMbix:

b to—08o t,—8()
Y={o®yervdi= | oeyeivdt4 § q@eMhdts

to— 0o

to'l‘ﬁ(;) toa+50 b

+ § ewelod+ | ewevdt+ | e@eitia, (1)
to—06 () t+06(A) to+ 60
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roe dyukuns 6 (A) ynonnemopner yenouam (24) semmbl 3. Kpanuue'
muterpansl B (31) OUEHHBAIOICA Tak e, Kak n B Jemme 2. Heﬁcran-
TEJBHO, HCNOJb3Ys OYEBHIHOE HEPAaBEHCTBO

M) — Ol = =) [f () = F O+ ho [ f ) — () =
=h(h—d)Fhoft)—hof ) (D)

UMEIOIee MeCTO npw a<t< ty—08, u A>A, momydaem
2,— 00 N e ’n—bo ' :
S @ (t) MO df | < Mt S L@ (f)] e Mt —F0] dt <<

a a

fo— 8o,
< elh—ho)F (o) —h(h—hi) : ) 0|q>(t){ eMf () dt <

. . a
< Mezvf'(to)"l"lo [h—T(t)] e—hh — el’f (2379 (e'—lh), ‘ (33)

Tak e OUEHWBAETCA U uHTErpan no orpesky [f,-+8, &]. Ias ouenxu
BTOPOro HHTErpaja BOCHOJbB3yeMCs yciiosuamu (27), (29), B cuiy koro-
pHxX npu fy— 0, <<f=<?t;— 8 (M) nMeeT MecTO HEpaBEeHCTBO

feo—=fO>-TW ¢ tp=-UBeay @y

TTosTOMy, MOBTODHMB BBIK/IAAKY, NPOBeleHHbIE NPH BbiBOAE QopMyst (33),
noayyum o ' :
fo—8 (1) N _ . : :
\ e eMOdt| =M (e—Cr M), C>0. (35)
Cte—0 - o,
Ho B cuay ycnosua (24) senuyuna B. npasoit uwactu (35) Takxe nmeer
SKCMOHEHINAbHLIA NOPALOK ManocT *). AHajJOruyHbIM 0O6pa30M OLEHH-
B2€TCA Y. YeTBEPTHIH MHTErpaJ.
Hepeﬁnem K PAacCMOTPEHHI0 OCHOBHOTO HHTErpana QopMmybl (31)

to+-6(0)

¥, ()= RER10) e” Wat. (36)
-—6(7»)
B cuny ycnosus (27) 5TOT MHTErpal MOXeM NEpenucatb B BHAE -
th+6() 17" (20) PRY] ’
-LP-a (}‘) — eM(fo) S‘ (P (t) e l (t to) +u'(t)J dt. . . (37)
1, —06(A) :

HleBe,LLEM umerpan 37 BUAY (25), cienas 3ameHy nepeMeHHoH
) (t") (t —ty? =12 Kak 7nerko Buaers, nonyquHbm np¥ 3TOM UHTEr-

paa ynosneraopﬂer BceM ycaoBusim aeMMbl 3. ITosToMmy OKOHYaTENBHO
noMyyuMm

‘Ps(x)=é”<fo>{|/ FESeE) 00— @)

*) Tlpu 5 (A =2"%" nonyuam 0 (e'c’"l/s)
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TMockonsky Ws(A) oTnuuaercs OT OLEHUBAEMOrO HHTErPana Ha BENUUUHY
SKCMOHEHIHAAbHOTO MOpAAKa Maaoctd, opmyaa (38) u  nokassiBaet
TEOpEMY.

Sameuanue 1. Teopema OCTaeTcsl CNpaBelMMBOH U B TOM CJayuae,
KOrjaa OAvH uad o0a npeneia HMHTErPUPOBAHMS DaBHB GeCKOHEYHOCTH,
‘TIOCKOJIbKY OU€HKa mnHTerpana (33) OCTaeTcA COPasefauBOM u NpU a =
= —00.

3ameuwanne 2. Mpl noJdyynau JMIIb NEPBBIH YJEH acHUMITOTH-
uecKoro passowenus wunrerpaia (28). AHazormyusiM 06pazoM MOMCHO
NOJYUHTh BLIpAXEHHE U s MOCJEAYIONIHX HYJIEHOB aCHMOTOTUYECKOTO
pas3NokKeHHs, ONHAKO MBI Ha STOM OCTaHaBJHBaTbCA He Oyaem.

3ameuaune 3. Fposemennoe [p0KasaTeAbCTBO MOXET OHTL mepe-
HECEHO W Ha TOT CJyual, Kkorja MakcuMmaibHOe 3uadenue dyunxuun f(f)
DOCTHraeTcst B Kako#-in60 W3 TpaHduubix TOueK otpeska [a, &) Ilpn
aToM B opmyse (28) NOSBJSETCS AONOJHNUTENbHBIH MHOXKUTEJb R

3ameuanne 4. B Tom cayuae, xorpa dhyuxuns f(f) BHyTpH OTpE3Ka
[a, b] nmeeT HeCKONBKO MAKCHMYMOB, PaBHBIX IO BEJHYHHE, aCHMITOTU-
yeckoe pasnoxeHne uHrerpana (28) no o6paTHEM CTenmeHsM GO0JbIIOrO
MapaMeTpa A MOXHO IOJYy4uTb, OlEHuBas wHTerpais Ttuma (36) mo 6-
OKPECTHOCTH KaX/JIOH U3 TOYEK MaKCHUMyMa W CYMMHDPYsI Pe3yJbTaThl.

PaccmoTpuM npumep npuMeHeHHs NOKa3aHHON TeOopeMbl.

ITpumep 1. Tonyuurb acMMOTOTHYECKOE Ppa3J/IOKeHHE TaMMa-(pyHK-
unu ditaepa :

I'(p+ 1)=°§x”e‘" dx. (#))]
0

IMpeacTaBuM MNOABIHTErpaibHyl0 (yHKUWIO B BHie XxFPe ¥ =eplni—x
¥ CHeNaeM 3aMeHy INepeMeHHOH, moaoxuB x =pf. Torma unterpan (2)

npeobpasyercs K Buiy
loe]

F(p+ 1)=pp+1 S ep’(lnt—t) dt. . 39)
.0

dto wmurerpan Ttuna (28) ¢ (=1 n f(t)#lnt—t. Ddynkuus f(f)
JOCTUraeT CBOErO MAKCUMANbHOrO 3HaueHus npu ty==1, mpuuem

FW=—1, FOli=0 f Oli=—1 (40)

ITostomy no dopmyne (28) noayuaem

Pt =er{)/ ZtoE-}prr=ym(L 2P {t+o(4)}-an

TeM CaMEIM MBl MOMYYHAH - ACHMITOTHYECKYIO OLEHKY TOYHOCTH MOJIyUEH-
HO# paHee M3 HasoaAmux cooOpaxenuit copmyasl (6). Kaxk 6pi10o yia-
8aHO BHILIE, PAaCCMOTPEHHHIE METOHAb! NO3BOJIAIOT [0AYUHTD U NOCAEAYIOITE
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YJI€HBl acCAMNTOTHYECKOro pa3siowenus. IIpusenem Ge3 BHIBOAZ HECKOMbKO
NePBBIX 4naeHoB dopmyasl CrupanHra:

e (p\fy 1 1 139 } C
F(p+1)—V2“p<e> {1 Fiop T 588 — BTsa0E T ool (42
3. MeTox nepeBaJsa. Ilepetinem Tenepb K PpAaCCMOTPEHHUIO CaMmoro’
MeToa mepesana nonyqemm acHMNTOTHYECKHX Pa3NOKEHNH HHTErpasos
Buga (1)
F) = S @ (2) et gz,
¢

B cnny HaBomsumux paccMOTpeHuB nyHKTa 1 €CTECTBEHHO NPEANOJONKUTD,
4TO ecan KOoHTyp C TakoB, YTO Ha HEOOJBLIOM €ro yYacTke 3HaueHus
acicrButenpon uwactn u(x, y) dyukunn f(2)=u(x, y)-+iv(x, ¥)
JOCTHraoT - HanOoJbIle BeJMUHUHBl M 3aTeM ObLICTPO CNajalT, a MHHMasd
4acTh v (X, y) OCTaeTCs MOCTOAHHON (UTOOH 0OeCrneunTh OTCYTCTBHE HEXe-
JATEeNbHBIX OBICTPHIX OCUUMANUN TMOABIHTErpaibioi (hynkunu), To OCHOB-
HOH BKJAlL B BeJnunHy unHrerpaia (1) u gaer uuTErpupoBaHUE MO AaH-
Homy yuactky kourypa C. TlostoMy nas nmpuG/anmeHHOro BBIYMC/IEUUS
unterpana (1) caenyer pedopmuposate KOHTYp C Tak, uro6bl MOmbIHTE-
rpaneHas Qynkunus Ha weMm oGsagana ykasauHbiMu cBoitcrsamu. ITpu stom,
KaK ObIO YCTaHOBJEHO HAMIUMM TIPEABIAYHIUMH PacCMOTPEHUAMH, HEOO-
xozumas pedopmauusi Koutypa C onpemensercs B INepByl0 ouepelb
Tonorpaduelt MoBepxXHOCTH YpoBHS (yHkmuu u (X, y). B uactHocTh, Kou-
TYP HHTErPUPOBAaHHA AOJAXEH NPOXOAUTb uYepe3 CeNJOBYI0 TOUKY MOBEpX-
HOCTW (YHKUHH u(x y) B ~Hanpas/eHnu HanObICTpEHero u3MeHeHus
9TOH PyHKUMH.

OcranoBumcst nonpo6uee Ha Tonorpaduy MOBEPXHOCTH FapMOHUYECKOH
yHkunu u (x, y¥) B OKpeCcTHOCTU ee cefqoBOH TOukn M, (xy, Vo). Oupe-
JenuM Hanpas/eHud HanObICTpeHiero HU3MeHeHUs 3TOR (PyHKUUH, NMPOXO-
fsulge uepes TOUKY My DTu HanpaBaeHus, 'KaK M3BECTHO, ONMpPEAESIOTCS
nanpaBnaenneM Bekropa gradu. Ilycts graduw £ 0. Tax kak ans auaau-
tinyeckot dynxuun Vu-Vou=0 (cMm. ctp. 34), TO HampasjeHue BeKTopa
gradu ompenenser Kpusylo v(x, y)=const. Hrak, ecan Ha xpusott
v(x, yy=const, gradu 0, TO dyHukuus u(x, y) uU3MEHE€TCs BIOJb
3TOH KpuBoi Haubosee Owvicrpo. OpHako B camMoOit CeAnOBOH TOYKe
My (xq ¥o) nosepxHocTu ¢dynxunn u(x, y) sextop grad u (My)=0. Pac-
cMoTpuM mnoapo6GHee noseaeHne Qynxkuuit w(x, ¥) nu v(x, y¥) B OKpect-
Hocti 3TO# Toukd. OuesngHo, B TOuKe M, nponssoausie yHKuu# u (x, y)
1 v(x, y) no HanpaejeHnto [ Kacateibiloii K KpuBOH v(x, y)= const,
npoxoasuieit uepes Touky M, paBHB HYJIO:

0 . G,
5 o 30 =0, F(xy y)=0. (43)

Tak Kak npou3BOfHAas aHAJUTHYECKOH (YHKUHMM HE 3aBHCHT OT HANPaB-
JIEHAS, TO OTCIOAA CJEAyeT, 4TO

' (20)=0. (44)



260 . TMPUJIOKEHHUE. 1

CrenoBatenbHo, pasfioweHue @YHKUHE f(2) B OKPECTHOCTH TOUKH 2

uMeeT BAA . .

F@=fz)+E—2P {cotaz—2)+...} (45)
roe p=2 u ¢, #£ 0. Tonokus ¢, =r,e%, n=0, 1,..., 2—z,=pe'®,
101y YiM co

f(2)— flzp) = PP {roel 7o +80) Lprieiltp+ o164 J. (46)

3anumeM ypasuenus KpuBHX u(x, y)=const u v(x, ¥)= const, npo-
XOAAWMX uepe3 TOuKy 2, C MOMOMlbI0 BBEIEHHHX 00o3nauenud. Vimeem

U(p, @)=rocos(po+8y)+pricos[(p+1)@+bi]+...=0, (47)
V(p, @)=rosin(pg--8p)+prisin[(p+ 1) o+ 8]+...=0. (48)
3necw o
u(x, y)—u (xg, Yo)=pPU(p, ¢),
v(x, ¥)—v (X, Vo) =07V (0, ¢).

Tak kak ¢yuxuus cos(p -+ 6y) npu usmenennu ¢ or 0 10 27 MeHseT 3HaK
2p pas, To. u3 dopmyasl (47) caenyer, UTO OKDECTHOCTb TOYKH 2, pa3bu-
BaeTcsi Ha 2p KPHBOJUWHEHHBIX CEKTODOB, BHYTDH KOTOPHIX (PyHK-
uua U(p; @) coxpausier 3Hak. [paHuilbl 5TAX CEKTOPOB ONpeaesstiorcs
u3 pewennst ypasuetus (47). Cexropsi, B koropux U(p, 9)<< 0, 6ynem
NO-NpeXHEMY  Ha3plBaTb  OTPHIATENbHBIMH, @ CEKTODH, B KOTOPHIX
U(p, ¢©)>0,— nonoxurensusimu. Hanpasaenns -HauGbicTpekimero- yGrisa-
Hin  (HauGbicTpettmero crmycka) QyHkumanm u(x, J), OYEBUAHO, JeXaT
B OTDHIAaTE/MbHBIX CEKTOPaXx M ONPeAe/sioTCs TeMH SHAUeHMAMH Yraa ¢,
pU KOTODEIX B OKPECTHOCTH TOUKH (%6 Vo) Ve, @)=0uU [CS (p)<0
T. € cos(p@-}0y)=— 1. DT 3Hayenuss pPaBHbI

B(] 2”1—‘—1
Pm=—""+——
p
OrMernM, YTO HampPaBJCHNUS nau6mc1peﬁmero cmycka coBnajaior ¢ Guc-
CEKTpUCaMu OTPULATENBHBIX CEI(TOpOB.
" B manbHefiiem Mbl OyzeM paccMaTpysaTh JMWb CaAyyal p =2, Koraa

S (29) # 0. Ilpn sTOM c0=%f” (z0) 1 By=arg " (zo). B atom cayuae

HUMEITCA JHIUb [BA OTPHUIATEbHBIX CEKTOP3, BHYTPH KOTOPBIX HPOXOMUT
JuHUA HauGHCTpefimiero cnycka ¢ynxwau .u(x, y). Hanpassenne kaca-
TENLHOW K 3TOH JuMHAM B TOuKe z, cormacHO dopmyae (49) onpene-
JSeTCH yriamu ‘

n, m=01,...,p—1. (49)

—8 L 83 L
o= i g =T ET g (50)

OueBumHO, BHOOP Yraa (, WAH @; ONpenesseTcs 3aJaHHeM HampaBieHUs
WUHTETPUPOBAHNA BJOJbL JIMHAKM HauGwIcTpefiliero cnycka.

TMeperineM tenepp K [OKa3aTe/ibCTBY OCHOBHOM TeOpeMbl MeETOHa
nepesaJa. : .
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Teopema 2. [ycme Gyuryuu ¢ (2) u f(2)=u(x, y)+iv(x, ¥)
ABARIOMCA  axasumudeckumuy 8 obaacmu § u ‘yaomemsopmom cre-
OYI0UWUM YCAOBUAMS

1) Hoaepxuocmb dyuryuu u(x, y) umeem snympu 5 eduncmsen-
RYI0 cedao8yl0 MoKy Zo=X,-+iy, nputesm f”(2) £ 0. .

2) Cywecmsyem marxoe 8>0, wmo na auwun L nocmosgruo20
3navenus @yuxyuu v(x, y)=1v(xy Y,), Hpoxodsueil 1epe3 moury z,
8 0060UX OMPUBAMENLHELX cexmopax dmoll moixu Byrryus wu(x, y)
sne B-oxpecmrocmu mouru z, ydosaemsopsaem YcA08UI0

u (X Yo)—1(x, ¥)=h>0. (81

3) 7Ipu nexomopom 3Hanenun Ay=>0 cxodumca Kpugosureinsii
uxmeapas

{lo@)| et nds < M, - (52)
(o4

20e xpusas C yeruxos sexcum 8 obracmu 9, npudesm ee Hawans-
Has (z1) U KOHeYHAs (23) MOUKI PACHONONHCEHb. 8 PAIAUUHBLY OMPIL-
YAMmeAbHbLX CEKMmOopax mMOYKNE 2, MAK, 4MO IX MONHO COCOUHUMb
¢ kpugoll L wpuseimu Yy, 1 Y, KOHEHHOL O0AUHb, HQ KOmMOpslx (HYHK-
yus u(x, y) yoossemsopsem ycaosuio (51).

To20a O/z;z scex A= 7»0 uiteem mecmo acumnmomirieckas gopmyaa

F(h) S ¢(2)eM @ dz = M (20) {]/M a1 ? (20) e"“’m+0(7\,‘3/2)},
(83)

+ma(m=0, 1) u 8,=argf " (2,). Buibop 3snauenus @,

onpezgenser 3Hak B (opmysae (53) n, ecrecmemlo, 3aBUCHT OT HanpasJje-
HAS WHTErpupoBaHus BAOJMb KoHTypa C.

Jokasareabctso. Murerpan (53) He usmenut caoero 3HauEHHUS,
ecau 1eopMUpOBaTh KPUBYIO uHTErpuposadus C B KpHUBYO P=L+7y 47
B cuny ycaoeus (51) AJisl WHTErpajos mo KPHBBIM y; M y; UMEET MECTO
olleHKa

208 Qp= ;6"

{ 9@V @dz=eM@ 0 (e~ M). (54)
P1r2 ’

[

Paccmorpum mHTErpan _
Fi)={¢@et@de. (35)
i -
Beemem Ha kpuBoR L HarypanbHbift napaMerp ¥) s, npuueM 6yaem

CuYuTalh, YTO TOYKE 2, COOTBETCTBYyeT 3HaueHue §=0. YpaBHeHHe Kpu-
Bo#t L samuiueMm B Buge z=z(s). [lpoussens B uurerpase (55) 3ameny

*) TonsTHe HaTypasNbHOrO NMapaMeTpa CM. Bhim. 1, ctp. 359,
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nepeMeHHOR HHTEr pUpOBaHHS, nonbyxua 2 =2(s), noaysum
, \
Fr®)=etote w \ @ (900 Zas, (56)
. —a
rae
DE)=¢[z()), U@E)y=ulx(s), y(©)}
0<<a<<oo, O0<<b<Too.

Wnterpan (56) ynoBiersopsieT BCeM YCJOBMAM TeOpeMH 1, mprueM
dynxuus U (S) mOCTHraeT CBOErO MaKCHMaJbHOrO 3HaueHHs B Toyke § =0,

dU
_(i-s_z- s=0 < 0.
Torpa cornacho (28)

Fy (A= e @ {]/ — 5 PO ©+0@4- 3/")} (57)

W OCTaeTCsl BHIPasuTb BXofsiuue B (57) BesMuHHB yepe3 3HayeHus (PyHK-
und @ (2) u f(2) B TOouke 2, Ouesugno, @ (0)=¢(z,). Tak kak
%4 : : )

) L-"=0, TO )
d2U d2 ” dz\2 , dz
Tl =T = (S +r @ % 58)
Orciona B cuay (44) nonyuum :
_avvu
o=/ 0)[<ds S_O] (59)

Tak Kak B OKPECTHOCTH TOUKH 2, C TOUHOCTbIO 1O BEIMYHH BHICUIErQ
NOpsAAKA ManoOCTH HMEET MECTO COOTHOWIeHHE 2 — Z,=Sei?, To
dz ;
% s=0
ot L B Touke 2, Ho mo camomy cnocofy nocrpoeHust xpuso# L Kaca-
TeAbHas K 3TOH KPUBOH B TOUKE 2, COBMANAET C HANMpPaBJEHUEM HanbHICT-
petuero  namenexns ¢ynxuun u(x, y). Torma us (50) nas yria @
noayuum Qopmyay

=¢!% u oCTaeTcs ONpeaenuTh HaNmpaB/IEHHE KAaCaTeNbHOH K Kpu-

¢m=“—29°+mn, m=0, 1, (60)

rae Bp=arg f” (), a sHayeHue # ONMpPeNENAETCS HANpPaBJIEHUEM HHTErpH-
' a2y ' dz
BaHUA. 3aMeTuM, UTO —— Ou (= =1 T -
po ’ . ds? s=o< ds |3==0 oraa  dopmy
ay (59) MOXHO 3amucaTh B Buie

% o= | )| (61)

Wtak, OKOHYaTeNbHO MOMYYHM

Fay=erel)/ e em o), 6
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rie 3HaueHue yraa @, naerca ¢opmynod (60). 3Hak riaBHOrO ujieHa
B npasofl wyactu (62) onpemensercs BHIOGOPOM 3HaueHWs # U 3ABHCHT
OT HalpaBJeHHS WHTErPHPOBaHUS BAOAL Kpusod C.

Cuenaem psim samMedanuii 1o NOBOAY AOKA3aHHOH TEOPEMEL’

3ameuanne 1. V3 gokasaunoit Teopemn cjeayer, 4To ecan oGe
TPaHUyYHbIE TOUKM 25 M 2, KPUBOH HHTErpuposanus C JieXaT B OLHOM H
TOM K€ OTPULATEJIbHOM CEKTOPE CEAJOBOH TOUKH 2, TO AAf nmerpana )
MMEeT MeCTO ouenka (54).

3aMcuanue 2. B npunoxennix 0COGEHHO yacTO MPUXOAWTCH pac-
cMarpupaTh uHrerpasn tuna (1) B HeorpanunuyeHHoH ofaactu € KpusBoH
urrerpuposanus C, yxofsuedl 8 OeckoneuHocTs. V3 nposenennsix pac-
CMOTpPeHHH OUEBUIHO, YTO B ITOM CJiydae AJs CXomumoct uurerpana (1)
HeoOX0AMMO, YTOOH KpPHBas WHTErpupoBalud YXOamia B OECKOHEUHOCTDb
B OTPHLATEJbHBIX CEKTOpax CcemnoBoH Ttoukn 2z, Ilpn sTom Teopema 2
1 dopmyna (53) coxpausior cuay.

ameuanune 3. Teopema 2 Onila JOKasaHa B NPEANOJIONKEHHH, UTO
TOYKA 2, fIBJIAETCS edHIICTBEHHON CeAOBOH TOUKOH MoBepxHOCTH (YHK-
wnn u{x, ¥) B obaactn & u f"(z,) £ 0. Ecau a1u mpeanosoxenus
HE BHIIOJIHEHB, TO MOryT OBITb IPOBEAEHH aHAJOCMUHBIE PAaCCMOTPEHHUS,
KOTODBlE MNPUBOASIT K aCUMITOTHYECKUM pasaoxendsiv. . uurerpata (1),
nono6usiM dopmyse (53). Oanako xorga B o6aactn ¥ uMeeTcst HECKONBKO
CEJJIOBLIX TOYEK, TO BLIOOD KOHTYPa MHTErpHUpOBaHUA TPeOyeT clielnalb-
HOrO uccaegoBanus. Ecau KOHTYD MHTErPUPOBAHHS NPOXOMMT Yepes
HECKOJBKO C€JI0BBIX TOYEK, TO AaCUMNTOTHUECKOE pasjOKEeHUe UHTe-
rpaza (1) MOXeT comepxaThb HECKOJbKO CJIaraeéMhx Tuma MNepsoro
uneHa (53), UMEWLIUX OLMH W TOT Ke MOPSIOK, YTO MOXET CYIECTBEHHO
U3MEHUTb OKOHYATe/bHBIH peayJibTaT.

PaccMoTpuM psil MpUMepOB NpPUMEHEHHs MOJYUEHHBIX De3y/bTaToB.

[pumep 2. Acumnmomuuecxas gopmysa 045 Gyrryuu XaHKeas.

Kak wusBecrno *), ¢yuxkuns Xaukens mnepsoro poja Hy'(x) moxer
ObITh NPEACTABJEHA C MOMOLIBIO HHTErPaa

tll(x)____ g eixsinz—ivzdz, : ‘ (63)
d )

rae KOHTyp unrerpuposauus C Ha KOMIJIEKCHOM IMJIOCKOCTH 2 NEPEXOLUT
4 7 fad 3
U3 MoJAynonocH — 5 < Rez <y, Im 2 > 0 B noaynosnocy 5 <Rez<ym,

im 2 << 0 uepes TOUKy 2,= g (puc. 1). d1a TOUKA ABAAELTCA CNOBOH TOU-
Ko# QyHkuum f(2)=isinz B nmonoce 0 <<Re 2z << m, Tak Kak f’ (g) =0,

EA . :
I (—-2— )=——z¢0. YxasaHHble BhIIE MOJIYNOJOCH MPEACTaBAsiOT coOoH

*yCu. A. H. Tuxonos, A. A, CamMmapckui, YpéBHeum MareMaTtHye-
ckoil (H3uKH, «Iayka», 1972,
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OTpHIlaTeNbHBIE CEKTODH 3TOHM CeNJIOBOH TOYKH, YTO, B YaCTHOCTH, oGe-
CMEYNBAET CXOAMMOCTh MAAHHOrO HecoGCTBeHHOro uHTerpana. Hafgem
aCUMNTOTHYECKOE 3HAYEHHE STOTO WHTerpaia Npu GOJBIIMX MOJOKHUTE/b-
HbIX 3HaueHudx x > |v | [aunwit unterpal,
rae f(z)=isinz, @(2)=e"?, oueBunHo,
yIoBJETBOPSeT . ycaosuam Teopemsl 2. Ilo-
STOMY [/151 €10 BBIYHC/IEHUS MOXET OBITh MpH-

4 ' MeHeH MeToA nepepaia: Tak kak f'(2)=

- n 3

=0 2= =icosz, 10 B nosoce — 5 <Rez<<5m
7

T HaXOAHTCA JHMLlb OJHAa CeN/OoBas TOYKA

zo='g. Mpu stom f(zo) =i [f'(20)=0

| f"(ze) =1, 60=3§. YunthiBas Hanpasie-

Hue uHTerpuposaHus, u3 (50) noayuum

Puc. 1. . 1 g
B Po=— - OTMETHM, YTO 3TO HalpaBJEHHE

COBMAafaeT ¢ OHCCEKTPUCOH OTPULUATENBHOTO CEKTOpa CEAJIOBOH TOYKH
1 o _ . .
2=y - OxonuatenbHo Ha ocHoBanul (opmyab (53) mosyuum

Cm L)/ B o(e )

_]/2{ x—-"%)_,_o’(%)}.. - (64)

dopmysa (64) naxomuT BecbMa WIMPOKOE NPUMEHEHHE NMpPH PEIeHHHd pas-
JUYHBIX 3aJay, B KOTODHIX IPUXOAUTCA WUCIO/IbL30BAaTh aCHMNTOTHYECKHE
npeiacrasieHns UHIMHIPHUYECKUX (QYHKUHNRA,

MMpamep 3. Acumnmomuuecran gﬁopMy/za 041 NOAUHOMO8 ./Ie-
acandpa *).

Byaem wucxomurb u3 VIHTeI‘paJleOFO npencraanel-ma **) nommHomOB

Jlexaunapa
0

n—l-—
Py (cosb) = S dg, 0<b<m. (65)
2~ V cos ¢ —cos 6

Kak nerxo BumeTs, nonbm"rerpanbﬂaa (yHKUUS HMEeT HHTErpupyeMmyio
0COOEHHOCTb Npu @ =~ 6. Hawe# uenpto gB/seTcd MOJyyeHHE acuMmnro-
THYECKOro BblpakeHus Iad ¢yskuud P, (cosB) npu Goabluux 3Hayeuusx
nHaeKca n. PaccMOTpHM aHa/MTHYECKOE NMPOJOMKEHHE NMOABIHTErpabHOM

*) OnpegencHue nomHomoB JIe:kaHapa K X ocHOBHHe cBojicTBa cM. A. H. T u-
xoHoB, A. A. Camapckuil, ¥Yparnenua maremaruueckoii ¢usnku, «Hayxkan,
1972,

##) Cu. H. H. Jle6egen, Creudaibhble QyHKUAd ¥ HX NpHIOKEHHA,
Focrexnagar, 1933, crp. 76.
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GYHKHME HA KOMIUIEKCHYIO MJOCKOCTb 2 =X - iy
i (n-l——!?—-')z
W(2) = e : ' (66)
V cos z—cos 6
DyHKUMA W ABJISETCH aHAMUTHUECKOH B BepXHel noaynaockocrd Imz > 0.
osTomy unTerpan mo JoGoMYy 3aMKHYTOMY KOHTYPY, UETHKOM JIexalueMy
B BEpXHEH [MOJYIAOCKOCTH, OT 3TOH, ,
¢yuxuun pasen Hymo. BoiGepem 3am- . /4
KHyTHH KoHTYp *) T', cocrosuinit u3
orpeska (y =0, —0<CTx<I0) nedh- - -g+i4, 6+iH
CTBUTE/BHOK OCH, BEDTUKAJIbHBIX OT-
pesxoB (x = — 0, 0 <y << H), (x =86,
0<Cy << H), ‘napaanenbHbHX MHIMOR
OCH, W 3aMbIKAIOUIEr0 TOPH3OHTANb-
noro orpeska (y=H, —0=<<x<=0)
(puc. 2). Kak serko Buaerb, Ha Mo-
cleiHeM OTpPesKe MOAy/b
(n.'.__._ ) . —0 Z=ﬂ v . LZ’
w 67 - ‘
l » | [Vcos(x-i—zH)—cosBl ( ) Puc. 2.

SKCIIOHEHLNabHO CTPEMUTCS 'K Hymio npu H — oo. ﬂoaromy, nepenasn
Kk npegeay npu H — oo, nonytmm

0 n+__ : .
S Vcosq>~—cose dop=1I+1, ‘ (68)
rne '
7 — - )v ) .
L ()" \ e 4y - (69)
1 l/cos (6—iy)—coso Y
"
© I
l_ g —(lz+~2—»—>,v
12=—-ie"("+ 7 \ e dy. (70)

'V cos (8 iy) —cos B
Ins npnénux\enﬂoro BBIYUCAEHUS uuTerpanos /; u [, npu 6oabuwINX 3Ha-
yeHUsIX 7 TIPUMEHHM MeTOA nepesana. Paccmorpum wnterpan /) (/, Bbuu-

caseTcs  aHanornyHo). Iloaoxum y=12 u 0603uaunM 1+ =Ah. Torna
n3 (69) nonyuum
_MQ .
V()= —zefksll..zj e tdt an
Vcos(

6 —it?)—cos 6

*) Tpu 3TOM 0COBble TOUKH 2=+ 6 06XO}1HM no AyraMm OKpyXHocTeit 6ecKo-
HEUHO MaJloro pajuyca, KOTOphIi 3aTeM YCTpemaseM K HYJQ. )
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Wnrerpan (71), oueBUnHO, YHOBJCTBODSIET BCEM YCJNOBUSIM TeopeMmhul 1,
npuuem f(f)= —¢* u touka #{,=90, B xoTopo#t Qyukuns f(f) mocruraer
cBoero MakcumaabHoro 3Hauenus f(0)=0, coBnajaer ¢ rpaHu4HOH TOU-
kol unTeppana unterpuposauns. Ilpu atom f"(0)= —2, a

—i

- e * '
¢ (to) = ] VCOS (6 —it?)—cos b V sin§* (72)

[Tostomy no dopmyne (28), B KOTOPOH HANO BBECTH NONOJHUTENbHEHIH

MHOXMCHUTEND o TaK Kak TouyKa f, cosqaaaeT C rpaHnyHo#t TOYKOH WMHTEp-
Baja MHTEr PUPOBAHHUSA, " TTOAYUHM
Y= E Sl +O(R—32) (73)
A Vsine T .

OTKyIna - '

]1=ie_i(”+_;“>e{‘/——élgf—e_i%+0(n—a/2) (74)

’ (n +—§)sin6 ‘ }

AnanornuHo (

Iy= gie {v/ ( sme "?‘4_0(;1_3/2)}. (75)
1
Vot

4/ 1
yaercsd OT ]/—7 Ha Besuuudy nopsigka O (n—%2), noayuuM OKOHuaTelb-

HYI0 aCHMOTOTHYECKYIO (OPMyay I MHOrou/ieHos JlekaHipa, cripasen-
auBylo mpu n>1 n 0<<H <<

Py (cosb) = mee {cos [(n + -;—) 6 — %] +0 (n—l)} . (76)

OTJ/IN-

Torpa mociae mNpPoOCTHIX npeoﬁpaaoaaﬂuﬂ, yuTs, uTO




NPUJTOXKEHHUE 2
METOJ BUHEPA — XOII®A

JlaHHBIE METOA HaxXOANT WIMPOKOE MDUMEHEHHe NPH DEelIeHHH HEKO-
TOPHIX MHTErPaJbHBIX YPaBHEHHH W Pa3MMUYHBIX KpaeBBIX 3ajay MareMa-
THYECKOH (M3UKM C TNOMOILBIO WHTErpa/JbHbIX npeoOpasosanuit Jlansaca,
dypee u psaga apyrnx. llepBoHauasbHO ‘3TOT MeTOL GBI NIPUMEHEH
B coBMecTHo#t pabGore H. Bumepa u 3. Xonda (1931 r) k pewenuto
WHTErPabHBIX YPaBHEHUH C SIPOM, 3aBUCANLUM OT PasHOCTH aprymeHTOB
B C/yuae MoJyGecKoHeYHOro npomemyma

u(x)=7»Sv(x—s)u(s)(is—i—f(x).
0

B nasnpuefiiem ypasHenys nopoGHOro Buja paccmarpusaiick B. A, do-
KoM ¥),- HecluuM GOJbIION BKJAA B pa3BuTae OOMWIUMX METOAOB HX PEUICHHS.

O6mu#t MeTox peweHust (YHKUUOHANBHBHIX YDaBHEHUH, MOJYuYHBIINH
Ha3Banue MeTona Bunepa — Xonda nan meToaa axropusauny, Obul ¢ ycre-
XOM WCIIONb30BaH MpPU pEUEeHUd MHOTUX 3amay AudpPakudd ©u TEeopuu
ynpyrocts, KpPaeBblX 3aga' st YPaBHEHHs TEMJIONPOBOLHOCTH, UHTEr Palb-
HBIX YpaBHEHWH Teopud NepeHoca usayuexus (TaK HasbiBaemas poGJema
Musna) u MHOrMX Apyrux 3ajau Mmartemaraueckoil dusuku **). He craes
CBOEHl LeJbI0 CTPOroe MareMaTHyeckoe 00OCHOBaHME MeTona BuHepa —
Xomndga, M UW3JIOKHM €0 OCHOBHYIO M0 Ha NPUMEPax pelieHus pana
NPAKTHYECKH BaXHBIX 3a/auy.

1. BBognbie 3ameuanus. Hauynem ¢ nHaBomsiux cooGpaxeHu,
WAMIOCTPUPYIOUIAX NPUMEHEHHE METOAOB HMHTErpajibliblX NpeoGpasoBaHuit
NpPH pElueHnY HMHTErpajbHHIX ypaBHeHuH. PaccMoTpuM MHTErpasbHOE ypas-
HeHue BUAA

u(@)=>A \ v(x—s)u(s)ds+ f(x) 1)

*) B. A. ®oxk, O HexoTOphIX HHTel"paJIbelx YPaBHEHHAX MaTeMaTHYecKoi
¢usuku. Mamem. cboprux 14 (1944), crp.

**) BoJblLoe KOMHYECTRBO NPHMEPOB anM&HeHHﬂ MeToxa Buﬂepa — Xonda MoxKHO
Haiitu B kHure B. Hofna, rpe npueepena mocTaToyHo mogpoShasi 6u6auorpadusi.
(B- Ho6 x, Ipumenenne metona Bunepa — Xonga st pemenus auddepeniuansHbix
yPaBHEHHil B HacTHBIX NpousBojHbix, MJI, 1962.
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C- sApoM U (x — §), 3aBMCAIUM OT DA3HOCTH aprymentoB. Mu ne Gynem
31eCb HCCAENOBATH YCJAOBHH paspemiuMOCTd 3TOTO YDaBHEHHs W NPOBO-
INTh OGOCHOBAaHME METONOB €ro pelleHus, a Juilb YKaxeM, 4YTO AJS
JEHCTBUTEIbHBIX 3HAUEHHH 7» npyu BHNOJHEHHH ycnoenn

[ l/@par<a 2 S lv@®]dt <1, )

—00

rie A--npouspoibHoe dHKcupoBanHoe uucnao, ypaswenne (1) wumeer
eAuHCTBEHHOe pelledne *) u(x), UHTErpupyeMoe c KBajpaToM B Gecko-
HEUHOM IIPOMENKyTKe

o)

S | u(x) [2rlx<oo. 4 o 3)

—Qo

Bynem cuntath, 4TO CYyWECTBYIOT npecGpasoBahus Pypbe *#) pcex
(yHKUnH, BXOAMIMMX B ypaBrenmne (1)

S u (x) etk* dx, 4)
n—-co
L g ikt |
V(k)=7~: S v (f) e dt, ®)
. ‘00
F®) =15 5 F(x) et dx. (6)
Torpa, ymHoxus (1) na Von ek* y npoumerpnposaﬁ no GecKOHEYHOMY
Tom . ) A
NPOMEXYTKY, MOAYYUM ' .
| ' « @ :
U k) =F (k) +'l’;_n et d x S v(x—8)u (S)ds=FFk)+1kR). (T)

Vamenys B nocnepHeM €JaraeMoM nopsioK HHTEI‘pVIpOBaHHﬂ npeacTaBuM
3TOT HHTErpaj B Biae

1(k) - ;-%_n- _S u(s) d_?_scoemxv'( — 5 d. o ®

s

Cnenaem 3aMeHy nepeMeHHOH WHTErpupoBanus, NONOKUB X — § ==f. Toraa

*) [MonpoGHO 3TOT BONPOC H3NOKEH, HATIPHMED, B KH.: B. Turuma p lu, Beegetve
B TCOpHIO HHTerpanos Dypee, l'ocrexus,uar 1948.

**) Onpenenenne NpeobpasoBannd Pypbe 4 ero OCHOBHbIe CBONCTBA CM. BHIIL. 2,
crp. 518.
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B cuay (4) u (5) R

](k)——/—_- S u(s) €S ds ;S vt e dt=AVIRUE VE. (©)

dopmyna (9) dakruueckn o3Hayaer, y4TO B CAyyYae NpPeoOpPA3OBAHUA
®ypse cnpasensnpa GopMysa NMpeoGpa3oRaHus CBEPTKH, NOJNYyYEHHasd HaMu
479 OJHOCTOPOHHEro npeoGpasosanns Jlamnaca (cM. cTp. 223).

_Tenepp (opmyy (7) moxuo nepenncath B BHAE

UR=F (k)21 2nU (k) V (k). | (10)

I/ITaK c nomommo npeobpasosanus Pypbe HaM ymaa0Ch CBECTH pelle-
HUE HCXOIHOTO HHTErPANbHOTO ypasuenns (1) k peulennio anreGpanieckoro
ypasuenuss (10) nna npeoGpasosanns Pypre HCKOMOro pelUeHHS. Peme-
HUe TIOC/AE/HEro YpaBHEHUs HE NPE/CTABAFET TPyaa:

F ()
1—AV2nV (k)
Tem cameM npeoGpazopanne @ypoe (11) peweHus HCXOAHOTO uHTE-
TPajbHOTO ypaBHeHus OKa3aNoCh BHPAKEHHHM uepe3 npeoGpasosanus
dypbe 3agaHHbIX  (QyHKUMH —appa v npaBod uactu ypasHenus. Camo
petllenne MOXeT GhITb JIerKo BhIpaXeHo uepes ero npeotpasonanne Pypoe
¢ NMOMOHIbIO H3BECTHOH QopMY/ni 06paTHOro npeoGpasosaHusa *):

U k)= (n

[oe]

°§ Py eier
V2 ‘ FW%V(k)

1 (x) = e \ U (k) é-** d — dk.  (12)

dopmyna (12) dakTHueckn pelIaeT 3ajauy, OAHAKO OHA He Bceria yaobHa
1715 UCMOJIb30BAHKA, Tak Kak TpeGyeT BeluncieHns npeoGpa3oBaHus Pypobe
F (%) nna wawpoil npasod uactu f(x). Bo MHorux cayuasx 6osee yio6-
HHIM OKAa3BIBAETCS MPEACTABJAECHHE PELIeHUS HEOAHODOAHOTO WHTErpasb-
HOTO ypaBHEHHS yepe3 aipo (pe30.66€HnYy) UCXOLHOTO ypaBHEHUS:

Cu(x)=f(x)+h § g(x~s)f(s)ds. (13)

—0

YroGe noayyuth TpeOyeMoe NMpPENCTAaBJAECHHE, 3aMETHM, 4TO d)opwyna (10)
MoXeT OWTb Npeo6pasoBaHa K BULY

U(k)—F(k)—xV QnF(k)G(k), (149
rae '
V (k)

1—AV2n vV () (15)

G (k)=

'*).Cm. BHO. 2, cTp. 518.
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M3 coornomenus (14) ¢ TIOMOLIIB [0 topmys o6paTHOro npeo6paso-
Bavna (12), samevas, uTo B caay ¢opmyan (9) OpHUIUHANOM (YHKIUU

V2a F (k)G (k) swasercs dynxuns

§ g(x—s)f(s)ds
rae ‘
2= Vlé _Swa (k) e-i#t dF, as)
Oy 4iM '
u(x) F) 44 S g(x—9)f(s)ds. - (13)

Takum o00pasom, [/ ONpelesieHns pPEIEHUs HCXOAHOTO HMHTErpajbHOro
ypasrenus (1) pocrarouno Haiitu cpymmmo g(?), onpenenennyo gopmy-
aofi (16).

dynkuna g(f) npencrasaser coﬁon pewenne ypasuenus (1) npm cre-
nuanpHoM Buae dynxkunm f(x). Hékcreurenbno, uz gopmyn (11) n (15)
cnenyer, uro npu U(k)=GCG (k) dynxuns F (k) pasna V (k). dto o3Ha-
yaer, yTO pewenneM ypasHeHus (1) npu f(x)=v(x) ABisgercs QyHKIUs
u(x)=g(x), 1. €. pesosbBeHTa ypashenus (1) yZrOBJeIBOpsAET HHTE-

rpajbHQMY YPaBHEHHIO
[o o]

gx)= {v(x—9)g()ds+v(x). (17)

—0

Mpumep 1. PeI.UHTb MHTETrpaibHOE ypaBHEHue

Cu(x)=A4 3 v(x—s)u(s)a’s—]—f(x), (18)
rae
pt)=e=%", >0 | (19)
Hallnen: dyHkumio g (f), anst yero BHUUCANM
. ©
1 ‘ 1 2a
VB)y=—= \ e—*I! ekl ft =
By =175 _.\ eelfle dt Ternnt (20)
Torga no dopmyne (15)
V (k) 1 20,
GR)= ~ = 1
®) 1—AV2nV (k) Von k24-a2—2ar’ @1)
OTKyZa - _ .
1 3 1 o e ikt -
=t ikt gp 1 L
8= \ Geye-dr = \ Frai— o 22)

—00 —o0
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IMonoxum, uro 7«,<-~~ Torga marerpan (22) umeer CMbICA H JErKO

MOXET OBITb BBHIYMCJEH C NOMOIIbIO TEOPHHM BLIYETOB NyTEM NDUMEHEHHS
nemmbl XKopaauna. Ilocne mpocTex BBIKJIAZOK Halaem

(t)—oce_[tlvahmx ©23)
) g = Var—20h '
H, OKOHYAaTeNmbHO,
- :
u (%) = () + e S e lVETAf(s)ds. (24)
Vot —2ah _

Wrak, npuMeHeHWe pacCMOTPEHHOrO METOLa, CBOMASAILEr0 peuieHue
HCXOMHOrO MHTErpasbHOro ypasHenus (1) K pemiexuio aare6panueckoro
ypasHeH#dsi, ObII0 CBA3AHO C BO3MOXHOCTHIO NpUMEHeHUs npeoOpa3osa-
nug Pypbe K BXOASIWUM B 3TO ypaBHenHe QYHKUUAM U MCNOJAb30BAHUA
dopmyasl  cBeprku. Hamel 6nunkaitlimed uenpto spagercs nepeHeceHue
paccMaTpPHBAEMBIX METOLOB HA PEIUEHHE MHTErPasNbHLIX YpaBHEHUH C SADOM,
3aBUCALLMM OT PpasHOCTM apPryMEHTOB, B Cayyae MNoJyGecCKOHEYHOro mnpo-
MexyTKa ' ‘

u(x)=»A °§ v (x — 8) u(s) ds + f(x). | (25)
0

Opnako IJs 3TOro HaM NOHamoGsITC HEKOTODHIE aHaJUTUUECKHe CBOMH-
ctBa npeobpagoBaHus - Pypee, B YaCTHOCTH onpegeaeHne o6JacTeih aHa-
JUTAYHOCTH npeoGpasosanns Pypre QyHKUMH AEHCTBUTENLHOH NepeMeH-
1oH, Kak yOBIBAWIINX, TaK U BO3DPACTAOWNX Ha GECKOHEUHOCTH.

2. AnanuTuyeckne cBojicTBa npeoGpasoranns Pypoe. Ilycts
dynknus f(x) onpeneneHa npu BceX 3HaueHmsX — oo << x < oo. Pac-
cMotpuM rnpeo6pasoBanue Pypee 3TOH yHxuMH

[o8]
F (k)= —— S f(x) eit* dx. (26)
V2 A :
Tlpu sTOM OydeM cunTarb, 4TO MapaMerp kX, BXOAfUMi# B npeoGpasosa-
une (26), BooOuie roBopsd, MOXKET IPUHMMATb M KOMIVIEKCHBIE SHAYEHMS.
Iloctasum BOTpOoC O cBoHcTBax (yHKuun F (k), paccmarpusaeMol Kak
(YHKIKA KOMIIEKCHOH nepemeHsofl k. [lns 3TOro npencrTasuM ¢yHKUUIO
f(x) B Buge

F(x0)=Ffr () +f-(x), 27
rae dynxunn fo(x) u f+ (x) COOTBETCTBEHHO DaBHEI
[ f), x<0, {0 x<0,
‘f’(x)—{ 0, x>0, Fr= {f(x), x>0,
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Ipeo6pasosanne Pypve F (k) dynunn f(x) npu 3TOM, OYEBUIHO, paBHo
cymme npeo6pasosanuit ®ypve Fi(k), F-(K) dynxkunt fi(x) u f-(x).
Mel BHIICHUM aHaJuTHYECKHe CBOHCTBA (yHKUnu F (k), ycraHoBuB aHa/u-
THuecKkue cpofictBa (yukuuit F. (k) u F- (k). Vrak, paccmoTpum dryHxiiuio

{ 0, x<<O0,
28
| P =\ fo) x>0, (28)
Ee npeoﬁpasoaaﬂnew d)ypse ABJIAETCA (YHKIMA
Fy(B)= g fo(x) et dx. (29)
2n 5 : .

ITosTopsAs paccyxaeHus TeopeM 81 n 8.2, sergo 1oKasaTh, 4TO €CaH
cpyuxum f+(X) ynoBIETBOpSET YCJOBUIO

| £+ ()| <Me™* npu x — oo, . (30)

10 dyukuns F. (k), onpenenennas dopmysoit (29), ssaserca aHanuTHye-

CKOH (hynkiue#i komnaexkcHo#t nepemenno#t k=co it B o6aactu Im k>

>1_, npuueM B 3710H O6nacru F.(k)— 0 npu |k|— co. C nowmotibio

paccyxneHuii, dnaNorMuHBIX MPOBEAEHHLIM B Teopeme 8.5, MOXHO MOKa-

3aTh, uto Qynkunu fi(x) n Fi (k) cBg3aibl 0GPATHEIM COOTHOIIEHUEM:
co+-iT

1 —ihx :
& (x) - i/_Q_T: _o§+nF+ (ke * ((k’ : @1

rA€ UHTErpupoBaHUWe TNPOU3BOMUTCA MO 6o mpsmod Imk=1>1_
napanneabHO#t NEeHCTBUTENLHOH OCH Ha KOMIIEKCHOM M/IOCKOCTH A.

Ipu ©_<< 0 (1. e. 445 yGbHIBAOUIMX HA G2CKOHEYUOCTH yuxuutt f(x))
o6nacTb aHaJUTHUHOCTH GYHKUuKM F, (k) comepxur NeHCTBUTENBHYIO OCb
1 B dopmyse (31) MOXHO HIPOBOAMTL WHTErPHPOBAHWE BLOJb AeHCTBHU-
tenbHOH ocu. Ecam 1_>0 (1. e. dynxuus f, (x) pacrer na Geckoney-
HOCTH, HO He OBICTpee, YeM 3SKCIOHEHTa C JMHeHUbIM [OKas3aTesleM), TO
00s1acTh amanuTuinocTH  dyHkyun F, (k) JAeKuT nag IeHCTBUTE/bHOH
OCbI0O KOMIIIEKCHOH MJOCKOCTH £ (IIpH 3TOM HA OEHCTBHTSbHOH OCH A
unterpan (29) Moxer pacxomuTbes). AHaJNOTHUHO, eCau (yHKiLus

f("r)" x < O’
f_(x)={ o v=o (32)

YAOBNETBOPSET YCJAOBHIO ' . ’ _
(%) << Me™* npn x — — oo, (33)

T0 ee npeo6pasopanue Pypre, yHKiLuA
' 0

F_ (k)_T/T S fox) e**ds, 39
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SIBASETCS aHaNyTNuYecKo# dynkuuedt KommiekcHoR mepemeHHOH A2 B o6uia-
crn Tmk<C 1. ®yukiws f-(x) Bepakaercs uepes ¢yukumio F_ (x)
C NOMOILBIO COOTHOILEHHS
; o+ it . :
) = F_ (k) e"i** dp, (35)
V 2# —co+ It '
rie Imik=1<<t,.
Ecan T, >>0, To 061aCTh aHANMTHUHOCTH (YHKUMH F- (k) conmepxur
JEeNCTBUTENBHYI) OCh. »
OueBunHo, mnpu T-<<t,. ¢ynkuus F(k), onpexenaeHHas 1o .¢op-
myse (26), faBasercs aHanUTHYECKOH QYHKLHEH KOMIJEKCHOW MepeMeH-
noii- £ B nonoce T-<<Im k<< 7:. Ilpn stom dyuxunn f (x) u F (k) cBa-

3aHbl 00OpaTHbIM npeofpasosaHueM Pypbe:
o4t

1 \ —i;
f(x)=m \ Feemsarn (36)

—oo+it

. N

rae MHTerpupOBaHue nponsaonmcn no mo6o# npamoﬁ napannenbnoﬁ
NEHCTBUTE/NBHOH OCH KOMILIEKCHOH TJIOCKOCTH £, Jexauled B mosoce
t-<Imk=1<<7, B vacrnocrs, npu t-<<0 u 7.>>0 dyuxuus F (k)
ABASETCA aHAaJUTHYECKOH B noJsoce, colepkauieil <aeHCTBUTENbHYIO OCb
KOMIJIEKCHOR MJIOCKOCTH A. .

Taxk, (:lJyHKLmﬂ V(x)=e—%!* npu o>0 o6ragaer npeoGpasoia-
HueM d’ypbe

20 -
V()—w“-m, _ (_31)

ABAAIOUINMCS  aHaNUTUYECKOH  DyHKIMEH - KOMIIEKCHOH TnepeMeHHOH k&
B nonoce —a << Imk<<a, conepxaueh neHCTBUTENBHYIO OCh.

[TepedtneM Temepb K H3JIOXEHHIO OCHOBHOH nuen Mertoaa Bumepa —
Xonda. Msl npoeMOHCTpUpyeM ee cHauaia Ha npuUMepe pemenuﬂ nurer-
pajbHOro ypaBHEHMs CMeElNa/JbHOro Tuna.

3. MurerpaibHbie ypaBHeHHs C SAAPOM, 3aBUCANUM OT pasﬂocm
aprymenTtoB. Haunem ¢ paccMOTpeHHs OZHOPOIHOrO WHTEr PajbHOTO
ypasHeHus Buia

u (x)=k§ov(x—;s) u(s)ds, - (38)
’ 0

SIPO KOTOPOro, (QyHKmus v (X —5), 3aBUCHT OT PAa3HOCTH X —S.=E u
‘onpefeseHO I BCEX 3HAUCHHH: CBOETO apryMmeHra — o0 << § < oo.
PelleHne TOro ypaBHEHHS, OYEBHAHO, HAXOAHICH C TOYHOCTBIO LO [PO-
W3BOJLHOFO MHOXUTEAS; OH MOXeT ObiTb HailleH M3 AOIONHUTENbHbIX
ycaoBu#i  3ajadd, Hanpumep ycJaosu#t HopmupoBku. DBynem cuuTtarts,
yTo ypasuedue (38) oupemeaser ¢yHKuuio u(X) A9 BCEX 3HayeHuH
nepeMeHHON X, KaK I110JOXUTENbHBIX, TaK W OTpHUaTeAbHBX. Bseaem
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qaynxlmn U- " Uy . )
u(x), x<<O0, 0, x<<O,

u- (%) = { 0, x>0 W= { w(x), x>0.

QOuepnano, u(x)=u; (x)+u-(x), u ypasxenue (38) MOxHO HepemucaTth
B BHIE

(39)

wy(xX)=A

v(x — sj u, (s)ds, x>0, (40)
v(x

u_(x)=A v —8)uc(s)ds, x<<O. 41

[ee]
0
foe)
0
To ectp (hyHKuus u, (X) ONpeaenseTcs U3 peuleHUs UHTErPalbHOro ypam-
nenus (40), a' dyskuma u_(x) BuIpaxaerca uvepes QyHKUnK u, (X) u.
v(x) ¢ moMowbio KBaapatypHol ¢opmysas (41). Ilpu 31OM umeeT mecro

COOTHOLUCHUE
oo

1y () Fu- (1) =1 v(x—9)u (s)ds, (42)

0

SKBHBAJIEHTHOE HMCXOAHOMY YypaBHeHuio (38).
Mycts dyukuus v(§) yroBJAETBOPAET yCAOBUAM
|v(E)| < Me™% npn E—>oco ,
" . (43)
|v(E)| << Me™% npuw E— — oo,
rae 1< 0, 1, >0. Toraa ¢yHxuns

o :
V== | o@ettd - (44)
V2n
—o0
ABJSETCS aHaJTHTHYeCKo# B mojaoce T_<<Imkek < T..

Bynem uckarb peuweHue ypaBHenus (38), ynossieTBopsiomiee ycaoBuio *)
|, (%) | < Me** npn x — oo, (45)

rie p<<T,. IIpu sToM uHTErpansr B NpaBhIX YacTaX - cOOTHomweHu# (40)
u (41), KaKk HECAOKNO MNPOBEPHTH, SABJIAIOTCA CXOAAIMMHUCH, NPUYEM /A
¢yHKuu# @_(X) UMEeT MECTO OleHKa

|u_(x) | << Moe™ npu x — — oo. (46)

W3 ycnosutt (45) u (46) cnenyer, uto npeoGpazosauue ®ypve U, (£) u
U_(k) dynxunit 1, (x) u 1 (x) ABAAIOTCA aHAANTUHECKUMH (YHKUUSMU
KOMIJeKCHOR nepemenHodt 2 npu Im 2> u Im k< T, cooTBeTCTBEHHO
(na puc. 1 paa ONMpeNeNeHHOCTH 1ON0KEHO U =>T_).

*) Mbl He OCTaHAB/HBaEMCS Ha JOKa3aTellbCTBE CyIIECTBOBaHHS pellleHust
ypaBuenus (40), obnanawoumero ykasansbim cpoiictsoM. [TogpoGuee cM., Hanpumep,
IMTHPOBAHHYIO Bbie cTaThio B. A. ®oka,
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TMepeitaemM Temepp K pELIEHUI0 MHTErPaJbHOrO ypasuenus (38) wan
KBMBAJIEHTHOrO €My YpaBHeHusi (42), nas uyero BOCMOJb3yeMcs npeobpa-
sopanneM Pypne. C momownio opmyast (9) npeoGpasoBanus CBEPTKY,
B CMIPaBeMJIMBOCTH KOTOPOH B paccMarpuBaeMoM CJydae nosy6ecKOHeYHOro
NPOMEXyTKa JIErko yOeauTbCs HEeMOCpeACTBEHHO, MmoaydyuMm u3 (42)

U, (k) + U_(k) =V 20 MV (k) U, (),
HJIn

L(F)U, (k) +U_(k) =0, | (47)
rae

L) =1 __V%W(k). (48)

Wrak, ¢ nomomsio npeoGpasosanns Pypbe Ml ONATh NEPEUH OT
MCXO/HOrO MHTErPAJAbHOTO YpaBHEHNUs K aiare6paniueckoMy ypaBHEHHIO AJIsi
npeoOpasosaunit. Oxgnako Teneps B ypaBHedue (47) BXOZAT yxe OBE He-
ussecTubie QyHkilng. Boobue rosops, U3 omHOro anreSpauyeckoro ypas-
HEHHUS HEJb3d OJHO3HAUNO OMNpEeaNTh ABE
HEU3BECTHHIE  (DyHKILHHL. Meros Bunepa — Up (), Lo(K)

Xondga nossoaser pelwuth 3Ty 3agavy A
onpenesneHHoro kJaacca ¢ysxuui. OH B mep-
BYIO Ouepeib CBf3aH C u3yueHueM obJacreit
AHAJIMTHUHOCTH  BXOAALWAX B  YpaBHEHHe
(QyHKIRH # CcheuualbHBIM NPEACTaB/ACHHEM
sroro ypasHenus. OcHoBHas wWaes Merona
Bunepa — Xonda 3ak/1104aeTcs B CIEAYIOIIEM. V()

Ilycte ypanmoch npeacraBuTh ypasHe-

nue (47) B Bune Imk= 7.

Ly(R)U,(k)=—L_(k)U_ *), (49) U (%), L)

rAE JeBas uaCTb SBJIAETCA AHAAMTHUECKOH

B BepxHel moaymjockoctn Im k>, a npa- Puc. 1.

Baf — aHAJUTHUYECKOR B HUxHeH nosymnaoc-

koctn Im k<< T, npuyeM p<T,, TaK 4TO CYIUECTBYET 06Luaﬂ noJsoca
auaIMTAIHOCTH 3TUX QynKimi u << Im £ < v,. Toraa B cusy e3nHCTBEHHOC TH
aHAJNTHYECKOI'O IPOMOJIKEHHS] MOXHO YTBEPXAATh, YTO CYULECTBYET €Aui-
CTBElHast Lenas (YHKIUS KOMIJIEKCHOU NepeMeHHON, cosnasatoulas ¢ JeBoi
yacThio (49) B BepxHeHl u npaBol uacrhio (49) B HikHEeH MOJYIIOCKOCTH
cooTBercrBeHHo. Ecau npu aToM usBecTHO, 4ro dyHKNUH, BXOAsILME B (49),
pacTyT Ha GECKOHEUHOCTH He GBICTpee, YeM KOHEYHas cTeneHb &", TO B cuiy
Teopembl JINyBUMAA AaHHas unesas (YHKUAA ONpPENENSeTcs € TOYHOCTHIO
L0 MOCTOSIHHBIX MHOXHTesedl. B uacTHOcTH, B Cayuyae OrpaHHYEHHOH
Ha GeCKOHEUHOCTH (PYHKUMM NOJYyYHM

L, (k) U, (k)=—L_(k)U_(k)= const. (50)

[”7/{-:7*

Imi=p

Orciona dynxunu U, (k) u U_ (k) onpenensiorcs 0LHO3HAUHO.
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Wrak, npumMenuM. JaHHYI0 CXeMy K pelienuro ypasHenus (47). M3 npo-
BELEHHBIX BHLIE paccMOTpedull caeayer, uro 0GJaCTH aHANMTHYHOCTH
dynxunt U, (%), U_(k)yn L(k)=1 —V 20\ V (k) cootsercTsenno mpes-
CTaBJAIOT COOOH BEPXHIOK. NOJYIIOCKOCTh Im & >> |, HEXKHIOWO M[OAYNIO-
ckocTh Im & <Ct, w monocy T_<<Imk <1, Tem cambiM 3TO ypaBHeHne
ciipasefBo B notoce *) p<<Im k<< t,, asasouledcs obuiett - 06.1acTbio
AHAaMWTUYHOCTH BCEX BXOAAIMX B 3T0 ypasHenue dyHkuud. [aa npeoG-
pasoBaHua ypasHeHns (47) k suay (49) npemlonoxcum YTO BO3MOXKHO
pasnoxeHue Qyuxuuu L (&):

_Li® )
L(k)_L__(k)’ - o (51)
rae dyukuun Ly (k) u L_(k) 98As0TCA aHaauTAuecKuMu npu Im 2 >p
n Imk << 1, coorBercTBeHHO. KpoMe TOro, mpeminosoxuM, 4To B 00/a-
CTSX CBOEH aHaNMMTHYHOCTH 3TH (PYHKUUM HA OECKOHEUHOCTH pAaCTyT He
GnicTpee, ueM K", rle 1 — HEKOTOpOe MOJONKUTERLHOE LENoe uuciao. Paz-
Guenue (51) amaautuyecko#t ¢ynxkumu L (k) OObIUHO . HaskBaeTcs gpaxmo-
pusayued. BoaMoxHOCTe (DAKTODH3AUMM 33[aHHOH AHANNTUYECKOH (YHK-
HHA KOMNAEKCHOH - mepeMeHHo#t OyaeT OGOCHOBaHa Huke (eM. JeMMmbl 1
12 wa crp. 279, 280).
HMtak, B pesy/ibTate (aKTOPU3ALMA HCXOZHOE YPaBHEHUE NPUBELEHO
K Buay .
' Li(R)Us(R)=— L (k) U_(k). (49)

V3 npenmaynux paccMOTpeHuH C/eNyeT, YTo OHO onpenenser HeKo-
TOPYIO Ueaylo (QYHKUUIO KOMIJIEKCHOHM TiepeMeHHOH A.

Tax kak Ux (k) — 0 npu |k|—>co, a L+ (k) pactyr Ha Geckoneu-
HOCTH, KaK KOHeuHas crenedb k", TO JAaHHas lenas q.))’HKuVIH MOXET GHITb
AUk noauHoMoM P,y (%) crenenu He Bhiwe n— 1.

Ecan dyskuun Ly (k) pacTyT Ha OGeCKOHEYHOCTH, /ML KaK nepsas
CTeNeHb nepeMeHHOW k2, TO- u3 coornowenutt (50) B cuiy Teopemsr Jluy-
BUMA CAELYET, UTO COOTBETCTIBYIOMIAs Lenad PYHKUU. ecTh nocrosauuas C.
Toraa nus HEW3BECTHBIX U+(k) u U_(k) nosyunM BHEIDaXeHHs

! C
UsB)=r» U-B=—175,
onpepeasonLue npeo6pasoaamm dypbe HCKOMOro pelieHHs ¢ TOYHOCTHIO
AO MOCTOSHHOTO MHOXHTENA, KOTOPH MOWeT GbiThb HaigeH Xora Obl M3
ycaosuft HOpMupOBKH:- B o0lieM cayuae BeIpaxeHus

vey =128, Uy —— 12 - 63)

onpefensior npeo6pazoBaHus Pypbe UCKOMOTO pPEMICHUS HHTErPaJbHOrO
ypasHeHusi (38) ¢ TOYHOCTbIO [0 HEONPELENEHHHX MOCTOSAHHEIX, KOTOpHIE

*) Ml JJist OnpejeieHHOCTH TOJOXKUM W > T_. B mpoTuaBHOM cnyqae obel
o6/acThI0 dHAJIHNTHYHOCTH GyfeT nojdoca T_ << Imk < 1,.
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MOKHO HallTH W3 KONOJIHMTENLHHX yCa0Buil-3agaun. CaMo peleHue . onpe-
JeNseTca ¢ nomoubio o6GpatHoro mpeo6pasosanus ®ypee (31) u (395).
PaccMoTpum npuMep npuMeHeHWs H3/0XEHHOTO MeToAa.
- ITpumep 2. PaccmoTpuM ypasheHue

u(x)= -7»°§ e—lx—sly(s)ds, (54)
-0

AAPO KOTOPOro umeeT BuA U () = e—IEl
Haitnem npeoGpasosanue ®ypoe dynkunn v (§):
[ee]

S' V() et di =2

Ven D (%9)

X V= V 21

dyukuusg V(&) (65) sasaserca aHanuTyuecKoit QYHKUUER KOMILTEKCHOM
nepeMesHoOlt k& B moaoce — 1 <<Im k& < 1. TlpeacraBum BHpaxeHue

k2 — (20 —1)

L=1=V 2V (k)= Py (56)
B Buge (51), rue ' | , |
L+(k)_f—,§—%:‘i“—1f Lo(B)=h—i | (57

dyukuus L, (k) B (B7) siBASETCS aHAJINTHYECKOH M OTIMYHOM OT Hy:as
dynkiue#t £ B obnactu lmk>Im )/ 24— 1. Tlpu 0<%<% 31a  06-
NacTb ONpENeNseTcs ycnoauem Imk>VT1=2A npuuem }J1—2%<

=p<<l Hpu 7\,> Gynxkuns L, (k) sasasercs aHaJUTHYECKOH U OT-

JUUHOH OT HyJs B oé.nacm Im k> 0. dyukuna L_ (k), oueBunHO, npes-
crapasieT COGOH OT/IMYHYIO OT HYAsl aHANMTHUECKYIO (YHKUUIO B oénacm

Im &2 << 1. Tostomy npu 0 <<A<< l obe dyHkLun yuoaneraopmor rpe-
GyeMbIM ycnoamm B noJjoce p << Imk<1
ITpn <). obiuelt 06s1acThi0 aHAMUTHUHOCTH cbyHKuuﬂ L.(RyuL_(k)

ABJSAETCS nonoca 0<<Imkik<<l. Taknm oﬁpaaom HeobxonuMas anKTopu-
sauns dyHkunu (56) npousseseHa.

Paccmotpim  Bupaxenus Ux () L4 (k). Tax xak Us (B)—0 npu
| R|—00, a Ly (k), cofnacuo (57), pacTyT Ha GECKOHEYHOCTH, KaK mep-
Bas CTeNeHb A, TO .uenas Qynkuus P, (k), cosnamaomas ¢ U, (k) L, (k)
npu lmk>p u ¢ U_(k)L_(k) npu Imk<1 MO¥eT OBTb JKUIb NOJH-
HOMOM HyJeBo# cremenu. ITostomy

U,(k) L, (R)=C. ) N 1))
Orcoaa ’ ‘

ki ,
U+(k)=ckz___~2+—;:+~7' ‘ (59)
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H, coraacto (3 1),

I .

1, (%) = V% S EE%JK_L‘W‘?"” dr, (60)
—o0 -7

rae p<<t<l.

Ilng Belyucaenus uwHTerpana (60) MOXHO mMpUMEHATH METOAL I 5.
3aMKHYB KOHTYD HHTErpupoBaHus npu x >0 1yro#l noJayoOKpyKHOCTH
B HHXHEH IOJYNJIOCKOCTH M OUEHHUB HHTErpaJl Mo 3TOH Ayre ¢ NOMOILLIO
nemmel YKopaana, nocse sJeMeNTapHbIX BBIYUCJEHHH MOAY4HM

sin | 2A—1 x}

yaa—1 1)

u, (x)=D {cos]/)?u 1 =

1
rae D — HoBas nocrosuHas. Ilpn 0<< ?»<7 3TO pelleHne SKCMOHEHIIH-

1
a/blO BO3PACTAET C POCTOM X, MpU 5 <C A << 0O — orpanuyeno Ha Oec-

KOHEUHOCTH. .

Wrak, yxe npumep peuleHns - OAHOPOAHOTO HHTErPANbHOTO ypaslie-
Hust (38) BHIABJISET OCHOBHYIO uiel MeToda Buuepa — Xondga, sax/mouato-
ILy10Cs B MPEACTaBJEHAM C TOMOMIBIO (aKTOPH3allMM MCXOLHOTO (PYHKINO-
HaJbHOrO ypaBHeHus (47) B Bume uenoit Qynkuwmu (49). Hagum Tenepb
000CHOBaNNE BOSMOKHOCTH (PAKTOPU3AUMM AHANUTUYECKOR DYHKUUM KOM-
MJIEKCHON nepeMeHHod, npuueM OyiueM HCXONUTh M3 HECKOJIbKO GoJee
ofulero (hyHKUHOHAJBIOIO YypaBHeHus, ueM ypasuenue (47).

4. O6maa cxema Metoaa Bunepa—Xonda. B oGwmem cayuae 3a-
nauya, pemaemas meroaoM Bunepa — Xonda, cBoautcs Kk caepyomed.

Tpebyercsa onpenemuts dynkuun ¥ (k) u W_ (k) kommniexkcHodt mepe-
MEHHOH kA, aHanuTHYecKue cooraexcheHHo B NOJIYMJIOCKOCTSX ImA>T_
u Imk <<ty (T_<<T4), CTpeMsiuueci K Hymo npu |k|—>o00 B cBOUX 06-
JaCTAX AHAaJNTUYHOCTH W YAOBJETBOpsiowuMe B moaoce (T_<<Imk<<t,)
(YHKILUOHAJILHOMY YDPaBHEHUIO

ARV, (&) BR)¥_(k)+C (&) =0. (62)

3aecy A(k), B(k), C(k)—3amanusle (yHKUHH KOMIIEKCHOH nepe-
MeHno#l &, anamuTayeckue B nosoce T_<<Imk<CT,, npuyem A(k) n
B (k), orauuHbl OT Hyns B 3TOH moJioce.

OcnoBHas ugmest pelleHHs 3TOH 3ajaul OCHOBAHA HA BO3MOKHOCTH
tdakropusaunn peipaxenus A (k)/B (%), T. e. BO3MOXKHOCTM NPEUCTABATH
€ro B BujIe

Ak _ L. (k)
B® = L& (63)
rae dysxuud L, (k) .u L_(k) 9Bag10TCA aHaINTHUYECKMMHU ¥ OTJAHUHBIMU OT
HyJI1 COOTBETCTBEHHO B noaymaockocrsx Im k>t u Im & << 1), npuuem
noiocel T_<<Imk<<t, u 7. <Imk<{7t_ umeoT obuwyto yacts. Toraa



METOI BUHEPA — XOIIdA 279

¢ nioMoLLbIo (63) ypasuneHne (62) MOKHO Nepenucarh B Bume
CK) _

L (12)‘5[r (k)-l-L (R)Y_(R)+L_(k) 5o B = (64)
Ecan nocaennee ciaraemoe B (64) MOXHO NpeNCTaBHTh B BHAE
k .
L®F =D, (+D_(%) )

rae ¢yuxuan D, (R) n D_(k) fBASIOTCS aHANHTHYECKUMH B MOJYIJIOCKO-
crax Imk2>1" wu Im %<7 COOTBETCTBEHHO, M BCE TPU NOAOCH T_ <
<lmi<t, ©_<Imk<<t), w ©Z <Imi<t} umelor ofmywo yacrh
— nosiocy 1 << Im & <14, T0 B 3TOHf moJOCE HMEET MeCTO (YHKILUO-
Ha/IbHOE YPaBHEHHE ‘ '

LB, (&) +D, ())=—L_(&)¥_(k)— D_(#). (66)

Jleasn uactb (66) npeacraBaser co60fl PYHKUMIO, aHATUTHYECKYIO B NOJY-
miaockoctn 1 << Imk, npaBas — QyHKIMIO, aAHAJAMTHYECKYI0 B OOsacru
Im £ << 7%. V3 pasenctBa atux dysxuuit B nosoce v << Im & << 1Y cre-
IyeT, uTO CYLIeCTBYET eNMHCTBeHHas uenad ¢ysxuus P (&), coBmapatowas
COOTBETCTBEHHO ¢ JeBoff M mpaBo# uvacTamu (66) B 06.aacTaX MX aHajH-
tuunoctd. Eciu Bce dynxuuu, Bxomduie B mpasbie wactu (63) n (65),
pactyt Ha OSCKOHEHHOCTH B CBOMX O0JACTAX aHaJUTHYHOCTH He GwICTpEe,
uem A" 1o n3 ycaosus Wi (k)—0 npu |k|—> oo crenyer, uto P (k)
apasetca noaunomoM P, (k) ctemeHu He Bhiule n. TeM caMbiM paBeHCTBA

Pp(®)—D, (k)

L O=""Tm

(67)

—Py () —D_ (k)
L_(k)

onpenensioT UCKOMble (YHKLMH C TOYHOCTbI0 M0 nocrosuunx. [Tocnemune
MOTYT GHiTb HaHIeHB W3 IONOJHHTE/bHBIX YCAOBMH 3amaum.

Wrak, npumenenne meroaa Bunepa — Xonga ocCHOBaHO Ha npencras-
sennsix (63) u (65)."B03M0)KHOCTB 9TUX NpeACTaBaeHui o0GecrneunBaeTcs
CAELYIOUIUMHA JIeMMaMHU.

Jdemma 1. Ilycms hynryus F (k) seagemes anarumniecioil 8 no-
aoce tT_<<Imk<<T, npuwen 8 smoii nosoce F (k) pasnosepro cmpe-
smumes K Hyaio npu |k|—o0o. Toz0a 8 0annoll nosoce BO3IMONCHO
npedcmagaerie

Y_(k)= (68)

F(R)y=F,(B)+F_(k), - (69

20e - goyuxyus F, (k) — anasumuiecras 8 noayniocxocmu Imk >t
a gynxyus F_(k)— 8 noaynaockocmu Imk <<t,.
IHokasartenscTBo. PaccMoTpuM npoOU3BOJABLHYIO TOUKY kg JeiKa-
Uyl B JaHHOH nosoce, U NMOCTPOHM NPAMOYFOAbLHUK abcd, copepiauini
TOUKY ky, BHYTDM U OrpaHHueHHbI# OTpeskamu npambix Imk=17_, Im & =
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=71, Rek=—A4 Rek=A4, rre 1. <1_ <t} <7, (puc. 2). Io ¢op-
myJae Kowmu ) :
’ Ativ " A+n:
F@© F (f)
Flb)=gs \ popdb+yy \ Z9dc+
—A+it A+t
S —Adiv, —ALit

4+ L S {i%chJr—: S {—‘%dc (70)

Mepetinem B (70) K npeneay npn A co. Tak Kak Mo yCJA0BHIO AEMMBI
F (k) paBHOMepHO CTPEMHMTCR K Hysio npu | k|—>-co, To npemen BTOporo
M YETBEPTOrO ClaraeMbIX B 1pao# uactu (70) pasen Hymo, u MB mo-

AYUHM _
F (ko) =F, (ko) + F_ (ko) 2
rne + o’ ‘
. . o0 4T
N T F®
F, (k) =37 g ;—(7% dg, (72)
— o0 it :
@+ i, s
1 F :
F (k)= — g S o - L. (73)
—co it N

Wnterpaasl (72) un (7'3) KaK WHTEerpajel, 3aBUCALLME OT "mapamerpa *),
OTpenessioT aHaIUTHYECKHEe (YHKUHH KOMIIEKCHOH nepemeHHo# R, mpu
ycl10BuHM, UTO TOYKa kK, He
JEXUT Ha KOHTYDE UHTErpu-

, poBaHus.
Ty ) B uactoctH, F, (ky) siB-
4 7 c JAeTCA aHANMTHYECKOH (PyHK-
uued B noNynJA0CKOCTU
oKy Imky>1_, a F_(k)—s
-A K=0 4 —=  TOAYNAOCKOCTH  Im ko < Ty
B cuny npousBoapHOCTH BHI-
. a A J4 60pa TOUKH ky U NPAMBIX T_
1z- HTy coomomeum (T1H)—(73)

U IOKa3hIBAIOT JEMMY.
| . 3ameuvanue 1. 3awme-

Puc. 2. THM, YTO H3 CXOANMOCTH Wuil-

: terpanoB (72) n (73) cne-

AyeT OTPaHHUYEHHOCTb NOCTPOCHHBIX TakuMm oOpasoMm ¢yHkund F, (k) n
F_(%) npu |k|— oo B panHo#t nonoce.

Jdemma 2. Ilycme @pynxgus D (k) ssasemcs anaaumusecroli u

omauyrnoli om Hy/z;z 8 nosoce T_ <Imk<1:+, npuses @ (k) pasro-

*) Cm. etp. 52,
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MepHO 8 3moil nosoce cmpemumcs K edunuye npu |k |—>oco. Toaaa
8 Oaunoﬁ nosoce uxmeem mecmo npedcmasienue

D (k) =D, (k) D_(k), 5 (74)

20e gynrguu @ (k) u O_(k) ABARIOMCA  QHAAUMUHECKUMI U OMANH-
HbLMU OM HYAsL COOMBEMCMBEHHO 8 noAynaockocmax Ilmi>t_ u
Imk<T,. :

HNokazateansctBo. Paccmorpum dyuknmio F (k)= In D (&), koTo-
pas, OueBHIHO, YHOBJAETBOpseT BceM ycaosuaM Jemmul 1. [loatomy mas
¢dyukuun F (k) Bosmoxuo npeacrasaeHne (71)—(73). Ilonaras

D, (k) =exp {F, (k)}, @_(k)=exp {F_(h)}, 75y

' {
roe- gyHkunn F (k) n F_(%) onpeneneHs dopmynanu (72), (73), no-
ayuaeM

| O, (k)=F, k), Wnd_(k)=F_(k). (76)
Toraa dopmyaa (71) maet '
" In® (B)=1n @, (k) +1n D_(k), ' (17

OTKyAa u caenyer cootHowenue (74). Tak kak ¢ynxkunn F (k) u F_(k),
COrNacHO JieMMe 1, SBJSIOTCA aHAJUTHYECKHMH B NIONYIIOCKOCTAX Im A>T _
u Im k<7, coorsercrsenno, To n ¢ynkunn @, (k) u O_(k), onpenenen-
ueie no ¢opmynam (75), Oyayr oO6naagath TpeOyeMBIME CBORCTBaMHU.
Jlemma nokasaHa.

3amevanue 2. Boamoxnocts dakropnsanun (74) coxpaHsercs B TOM
cayuae, korga ¢yHkuus @ (k). uMeeT KOHeuHoe uncno HMyJde# k; B mo-
noce T <Imk<‘t+

Ins 1OKA3aTeéNbCTBA JEMMBl 2 B 3TOM CAydae NOCTaTOYHO BBECTH
BCIIOMOraTeNbHY0 (QYHKUUIO

‘ > N2 .
F(k)=1n {% @ (k)], (78)

rae o; —KPaTHOCTb HyJAe#t k; N — noiHoe yucno HyJeH C yyeTom ux
KPaTHOCTH; MOJOXKUTeNbHas MNOCTOAHHasA. &> |tT_|, |T,| Bbbupaerca u3
ycaosrs, uroGbl (YHKUHUS, CTOAILAA MOA 3HAKOM JOrapugMa, He HMesaa
JONOJIHNTENbHHX HyJe#l B noJoce T_<<Imk <7T,. Nocnennss ¢yHxumns,
OYeBUAHO, CTPeMHTCE Ha GeckoHeyHOCTU K enumuue. ITocTpoennas Takum
o6pasom OyHkuusi F (k) mo-mpemHeMy YHOBJETBOPAET BCEM YCAOBUAM
aemmbr 1.

JlokasanHsle eMMBl ¥ ONpPENE/SOT BO3MOXHOCTB NpeacTaBaeHut (63),
(65), cocraBasiomux ocHoBy Meroia Bunepa — Xonda.

Mbl paccmoTpend npumeHeHue Merona Bunepa — Xonda nas pewenvd
(yHKUKHOHaAbHOrO ypaBHeHus (62). Jlerko BMAETb, YTO K 3TOMY ypapHe-
"HUIO CBOAMTCA M HEOJHODOJHOE HHTErpanlbHOE YyDaBHEHUE
Ha TNONYOeCKOHEUHOM NPOMEXYTKE C $ADOM, 3aBHCALUM OT pa3HOCTH
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apPryMeHToB: -

1(x)=A§ v(x—s)u(s)ds + f(x). (79)
0
Byaem npeanosaraTb, 4T0 SAPO. yPaBHEHHUA (79) n ¢yukuus f(x)
yAOBAETBOPSIOT yCaoBUAM (43), ¥ OymemM HCKaTb pelleHne ypaaueum
79), YHOBJIETBOPSIOIEE YCAOBHIO *)

|, ()| << Mye"*  mpm  x—o00 (80)
(n<7,)

Torpma, mpoBoAs pacCyX/A€HAS, auaJOTHYHBIE PACCYXAESHHAM NDH BHI-
BOAe (YHKUWOHAJNBHOrO ypaBHeHus (47) /s OZHOPOLHOTO HHTErPaJbLHOrO
ypaBHEHus, NOJTyuaeM, YTo B cydae ypaBHeHus (79) B noJoce p<lmk~<1:+
JOMKHO yNOBETBOPATHCA (PYUKUMOHA/IbHOE ypaBHEHHE

U, (B))+U_ (k) =1 V2n V(R U, (k)4 F, (A +F_ (k) (81)

nJan
LR U, (R)+U_(k)—F (k)=0, (82)

rae
L(k)=1-=)2nAV (k). _ (83)

Ypasuenve (82) sBagercst uyacTHbIM caydyaeM ypasHeHns (62). ®Pywuk-
nuag L (k) 8 monoce T_<<Imk <7, ABASETCA aHAIUTHYECKOH W paBHO-
MEPHO CIpeMUTCs K eauHuue npu |k|-—co, Tak Kak | V(&)| — 0 npu
| k| — co. Ecau, xpome toro, dgynxums V (k) umeer. KOHEUHOE 4YUCJO
HyJell B 3TOH I1I0OJIOCE, TO-BCE YC/IOBHUS JEMMBI 2 BBIUIOJHEHB U (PYHKUMIO
L (k) MOKHO IPECTaBUT B BUME

L, (k)

Ly=1-3,

(84)

rae L (k) sBAsieTcs aHaJINTUYECKOR (yHKUHEH B BepXHEH MOJYNIOCKOCTH
Imk>1, a L_(k)—B nmxuelt nonymiockoctu Imz <<ty Torma ypas-
nenue (82) mpuHAMaer BUL

Ly (R U (R)FL_(R)U_(B)—L_(R)F_(R)—F. (k) L_(k)=0. (85)
Ilnsa npusereHust MocaefHero ypasHeHus K Buay (66) mocrarouso passno-
HUTb IOCJAEIHEE CJaraeMoe:

Fy(R)L_(k)=Ds(k)+ D_(k), (86)

na cymmy oyskunit Dy (£) u D_(k), 9BJSIOIAXCA aHAJIUTHYECKAMH B
noayniockocTsx Imki>p n Im & << T4 COOTBEICTBEHHO.

*) Mbl onfATh HE OCTaHABJIMBAeMCA Ha OOOCHOBAaHHH CYUIECTBOBAHHSA peLIeHHS
ypaBHeHHs (79), yxoB/eTBopsiollero yc/josuio (80).
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Ilns oBocHOBaHUsS BOSMOMXCHOCTHM TaKOrO NpPEACTaBJIEHHS 3aMETHUM, UYTO
B cuay ycaosus (43) dyuxuus F.. (k) gBaseTcs aHAJHTHYECKOH B BEPXHEH
NoAYNAOCKOCTd Im % = T_ 1 PaBHOMEPHO CTPEMHTCH K HYJIIO IpH | £ | — oo.
dynxung L_(k) sBasgeTcs aHaJMTHYECKOH B HIXKHEHf [OJYNIOCKOCTH
Imk <7y, u mo crnocoby ee MOCTPOEHHUS B CUJAY JEMMBl 2 U ‘3aMeyaHHs
K semme 1 MoxHO tak nposecTd dakropusauuio (84), urobm L (k)
OCTaBanach OrpaHuyeHHot B nosoce T <Imk<C7T. nmpu |k|— co.
Ortciona caexyer, uto aas ¢yuxuuu Fi (2) L_(£) B noaoce T_<<Im k& << 1,
BBIMOJIHEHB!  BCE YCJOBUS® JeMMbl 1, YTO W HOCTAaTOUHO M OGOCHOBaHUsS
npencrasaenns (86).

TIpoBeneHHble PAaCCMOTPEHHs MO3BOASIOT NMPH JOMOJHHTENBHBIX YCIO-
BuAX, uto (yHkuuM L4 (R) pacTyr Ha GecKOHEUHOCTH He OLicTpee, yeM
E", npeicrasuTh NpeobpasoBaHus dypbe pelHeHus HEOZHOPOIHOIO UHTEr-
pansnoro ypasHenus (79) B Bupme

Uy =TaBEDB) ) = P2 BELOE DG ()

Camo pewedue Moxker OwTh mnoayyeHo u3 (87) ¢ nomowsio Gopmyn
(31) u (35) obGpatHoro npeoOpasoBanus Pypoe.

6. 3amaud, mpuBOASLIME K UHTErpajbHLIM YPaBHEHUSM. C SIAPOM,
3aBUCAIIMM OT PAa3HOCTH apryMeHTOB,

5.1. Brgod ypasnernun Muarna. K UHTErpaabHEHIM YPaBHEHHAM C SAPOM,
3aBUCSLIIM OT PAa3HOCTH apryMEHTOB, CBOAUTCH O6O0JbLIOE YKUCAO (H3U-
yecKMX 3amay. B kauecTse NepBOro TNpUMepa YKakKeM KJacCHYECKYIO
npobaeMy MunHa, OMUCHIBAIONIYIO TPOLECC nepenoca HEHTPOHOB (HaK
U3JIy4YeHUs) '9epe3 BellecTBO.

ITycts B moaynpocrpancrse X >0, 3ano/JHeHHOM OJHOPOIHHIM Bellle-
CTBOM, IIJIOTHOCT KOTODOrO ONpeienseTcs 4UCAOM 7, YaCTUL, B efuHule
06'LeMa, pPaCHPOCTPAHAETCS ITOTOK HEHTPOHOB. byJaeM CUHTaTh, UTO YACTHILHI
BELIeCTBA WBJINIOTCA TSDKEJBIMH aTOMaMH, PAcCEUBAIOLIUMH HEHTPOHBI TaK,
yto alCOMIOTHas BEMUYMHA CKOPOCTH HEHTPOHOB OCTaeTcs IOCTOSHHOMH,
a_ MeHdeTcs JWWb ee HampaB/eHue. PaccMOTpuM craluoHapHBIA npotecc
¥ UDEANOJOXHNM, YTO BCE HEHTPOHBH MMEIOT OAHY U Ty Ke abGCOJITHYIO
BEJIMYMHY CKOPOCTH Uy=1 M NJIOTHOCTb WX pacnpereneHus 3aBACHT JHLIb
OT onHOH KoopiwHaTel X. Bpemem dyHskumio f(x, L)y XapaKTepusymouLywo
NJIOTHOCTh HEHTPOHOB - B CEUEHUM X, CKOPOCTh KOTOPHX COCTABJSET
C TOJIOXKUTE/NbHBIM HanpasjeHueM ocu x yroa 0, rae p = cosf *). Yucao
HEWTPOHOB B eiuHulle 00bEMa B JAHHOM CEUYEHHW, HANPasJeHHe CKOPOCTH
KOTODHIX JNEXUT B npeaeaax (W, b -+-du), OnpenenseTcs BeaHUUHOM
S (x, n)dp.

IMoanast nAOTHOCTD HBHI‘pOHOB P (X) B DaHHOM CEYeHUH paBHa

1
px)= § f(x, wdp (88)

*) OueBugro, — l=<<p<<1 nmpu 0<<f<<m.
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Hawe#t OnmkatimeR neavio gBASETCS 'BHIBOA YPaBHEHus A1 (Y HKUHUH
pacupenenenus f(x,p). Jlig 9T0ro COCTaBUM COOTHOMIGHWE MOJHOrO
6asnanHca yucia HeHTPOHOB, MMEIONIUX HalpPaBJEHUE CKOPOCTH B HMHTEDBase
(W, p+du) n HaxONAIUMXCA B CJAOE MEKAY CEUEHHSMH X U X dx:
B cuay cranuoHapHOCTH . mponecca MOTOK HEHTPOHOB, BBIXONAIMX U3

J3aHHOro ¢Jo01 » .
RS (x4 dx, p) du—pf(x, p) dy, *(89)

onpenensercss pPasHOCTbIO MEWAY YUCAOM HeHTPOHOB, MPHOGPETIUNX CKO-
pOCTh B 3aJaHHOM HanpasjeHuu (U, W -}+dp) B pesyabTaTe paccesHus Ha
YacTHIIAX BEUIECTBA B [AHHOM CJIO€, ¥ YHCJIOM HEHTPOHOB, HMMEBIUHX
CKOpPOCTb B 3aJZaHHOM HANpaBJEHMM W W3MEHMBIIMX 3TO - HAaNpaBJeHUE
nocne paccesHust. Mpl OymeM CuMTaTh, UTO pAacCesHUE HEATPOHOB ua
YaCTHLAX BEIUIeCTBA SBJISETCH W3OTPOMHHIM, T. € OHO DPaBHOBEPOATHO
BO BCEX HANPaBJEHUSIX, ¥ BEPOSTHOCTb paccesHUs HEHTPOHa Ha OXHOM
yacTHue XapakTepusyercs 3ddexTuBHHIM ceyeHueM paccesHus Q. Torna
YyC/JA0 HEHTPOHOB, MMEBLIMX B3aJdHHOE HampasieHue CKOPOCTH (W, Y+ dp)
M PacCesHHbIX B JAHHOM CJIO€, OYeBHIHO, PaBHO

J (% p) dp - Qnydx, (90)

a uuciIo Hempouos, npuoGpeTIINX B pesy/bTaTe paccesHns CKOPOCTb
B TpebyeMoM HanpaBJeHuY, PaBHO
1

Q- nodx \ 0o wydw. ©1)

Ha ocHoBanun (89), (90) u (91) ypasuénne GanaHca 3amMINETCS B BUJE
wf(x4-dx, w)dp — pf(x, p) dp =
. . 1

—Qwumwu+“wwxymwwn 92)

Pasnesnm o6e wacTu paseHcTBa Ha dy dx u nepeneM K npeneny npu
dx —> 0. Yuara (88), noayuum ypasHeue ana dyHKLUuE pacnpenesneHus
HEATPOHOB B BUE

b or=— Qo (5 W)+ 2 0 (). @

JTO ypaBHeHHE YacTO HA3LIBACTCA YPABHEHUEM MEPEHOCA WJH TPaHC-
nOpTHHM YypaBHeHueM. OHO crnpaBeasMBO HE TOJBKO B C/AYyY4ae paccMOT-
peHHON KOHKpeTHOH ¢u3uyeckodl 3ajaud, HO W AN MHOTUX apyrux
(u3UYECKNX MPOLECCOB, CBA3aHHBIX C IEPEHOCOM BEILECTBA MJH usny-
yenusa *).

Ias nmanbHetimero yno6HO nepenncarb ypasHenne (93) B HeCKOJIbKO
MHOM BHIe, BBeAd OGe3pa3MepHYyI0 NPOCTPAaHCTBEHHYIO KOOpauHary &,

" *) TlonpoBHbI BHBOX ypaBHeHUs: MepeHoca IS Gosiee oGLIMX CJAy4aeB CM.,
HanpuMep, Mopc n ®eméax, MeTogel Teopernueckoit ¢usuku, 1. 1, WJI, 1958,
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1
‘CBASAHHYI0 C X COOTHOWweHHeM X =AE, rie A=— — cpemuas AauHa

. nQ,
€BOGOAHOTO npo6era. Torna ypaBHeHue nepeHoca npm?er BUA *)
af o . .
Bag=— FE M)+7P(§)~ ’ (94)

$yukuus f(E, p) DomkHa ObITh IOAYMHEHA TPAHUYHBIM YCIGBHUAM,
pHITeKaouM ©u3 (u3nyecKod NOCTaHOBKM 3ajayd. BydeM cuuraTs, UTO
MOTOK HEHTPOHOB u3 BHeWHero nonynpocrpancrsa §<C 0 paseH Hyao,
a npu E-—> 0O MMEETCS MOCTOSHHBIH MOTOK HEWTPOHOB €IMHMYHOM MOILL-
HOCTH B OTDHUATEAbHOM HanpasieHn ocu § (1. e. mpu § — 0o OTCYTCT-
BYIOT HEHTDOHH, HanpaB/eHHe CKOPOCTH KOTOPHIX COCTaBJSET C OTpHUa-
TEJbHBIM HanpaB/ieHHEM OCH § OCTPHH# yroa, oramunbit ot uyns). Toraa
rpaHuyHbIe yCAOBMS LIS cpymumu fGE, W 3armmyrca B BHIE

O, w=0o, p=0,
f(oo, p)=0, —1<p<<O.

YcraHOBUM BaxHble cJencTBust ypasHenus (94) u ycaosuit (95), ans
yero cHayaJza npouurerpupyem (94) no p:
1

o |76 wudn= _‘1 & u)du+——p(§)§ dp = |
| ‘=—p(§)+p(§)— . (96)

“'>(95)

: 1
Tak kak unterpan j(§)= S fE p,)pdp. paBeH MOTOKY HEHTPOHOB Iw.pesx

IaHHOE CEeyeHue, TO ypaBHelme (96) maer
ag——O i (E) = const. . 97)

B cuny ycnosuit HopmupoBkn (npm §-—>00) moayuum f(E)=—1
(eAMHUYHBIH MOTOK Npu § —-}- 0O HanpasJeH B OTPUUATENLHOM Hanpas-
nenun ocu ).

"Teneps ymHoxuM (94) ua p, N CHOBa IpouHterpupyem or —1 gmo 1.

Beens o6osHauenne K €)= S fE p)p?dp, noayunm

| F=1 wm K®=KO+E (98)
rae B cuay (95)
0

K@—SHOMM@ q 99

-1

*) Mot coxpannau pas_dynxuun f (€, u) crapoe oGosHaueHHe.



286 . : TMPUJIO)KEHHE 2

Ypasuenue (94) sBasercs uHTer po-iuddepeHnanbHeEIM, TaK KaK Heus-
sectusie pynxumn p (§) n f(§ 1) CBA3aHH HHTErpaibHBIM COOTHOLIEHHEM
(88). OmHako Js€rko nOJNYuYWTb HWHTErpajibHOE YpaBHeHWe Mg (PYHKUMH
o (). Pewas o6sixHOBeHHOE auddepenuuanbHoe ypasrenne (94) oTHocH-
TeapHO Qyuxumuu f(E, p), B cuny (95) nonyuum .

E n-t
1 fe pmdn, — p>0, ‘
f&w=5:1" _ (100)

, —few pmadn, p<o.
E * .

Ipounrerpuposas (100) no p‘or —1 no 1, noayumm wuuTerpanbHoe
ypaeuenue miaa dyuxunn p (E):

| qE=nl

p®=7\ {pme™ ® . 101y

00

Wamenus B (101) nopsamox wHTErpupoBaHus, MOJYYNM OKOHYATE/bHOE
ypaBHEHUE s MJIOTHOCTH HEHTPOHOB B ceueHnu §&:
[ee]

pE={vE—mpmdn (102)

0

Kak BuInM, 5TO €CThb MHTErpanbHOE YpPaBHEHUE B NOJNYOECKOHEYHOM IMpO-
MEXYTKE C SAPOM, 3aBUCAIIMM OT Pa3HOCTHU:
: o lE—m] :
’0(§—”’l)=é— S e » 'iiE. - (103)
W
-0
YpasHenne (102) oOhlyHO HaseBaeTCH ypasHeHueM Munta, KoTopwIft
BNEpBLIE INOJYYHI 3STO YPABHEHHE NPH WCC/IELOBAHUM NPOIIECCOB Nepe-
HOCa M3JMYyYeHUs B 3Be3dHOH arMocdepe.
OTmeTnM, YTO BO MHOTHMX CJyyasX YAOOHBIM OKAa3BIBAETCS HECKOABLKO
HHOE nNpencTaBieHue fApa, IMOJydalolwleecs DU 3aMeHe B HHTerpase
: - Ly ' I
X(t)= S e W Fu NEPEMEHHOH HHTErDUPOBAHKA == v Torma

X(t)=Se_'””%Y. | (104)
1

Hurerpan (104) vacro nasbiBaetcs ¢ynkuueid Xonda. Unterpupona-
HHEM M0 YacTAM JIETKO MOMXET OBTb INOJYY4EHO €ro acHMITOTHYECKOe
pas3JjoxeHude npu 60JbUINX MOJOXUTEAbHBIX 3HAaYEHUAX f:

xO={1—j+5-% 40 (105)
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6.2, Hccaedosanue pewenus ypasnewus Muana. Ypaenenne (102)
NPHHALJIEXHT K THNY YpaBHEHul, DacCMOTPEHHBHIX B 1. 3, M 19 €ro
peuteHuss Moxer OblTh NpumeHeH o0wpi aaropurM Meroza Bunepa —
Xondga. Mu ne 6ygeM. npoBoduTh 34eCh NOAPOGHOrO DELIEHUS HTOTO
YPaBHeHHs W HUCCNeNOBaHUs ero (uUaniecKoro cMbiC/aa *), a OrpaHaunMcs
JUllb PSAOM 3aMEyaHuil. ’

Bo MHOrHMX npaKTHYECKUX 3a/auaX- OCHOBHOH WHTEPEC NPEACTaBASET
ONMpee/eHue JMLbL (PYHKUMH paclpeie/enus HEHTPOHOB, BBIXOAANLUX W3
AaHHoi cpeant, 1. e. pyuxmun f(0, p) npu p << 0. Coraacro (100) sta
$YHKIUS ONpeNenaeTCs BRParkeHUeM

o [se]
1 ¢ 1
s, u)=-——2;\el‘p(n)dn=2-—-w ge '“'p(n)dn, u<<0. (106)
: 8 ’ i

Kax sierxo Bugets, B cuuy (29) noc/efHuit UHTErPa €CTb He UTO UHOE, KAK
OAHOCTOPOHHEE npeoGpasosanue Pypoe- dysxunn P (V) npu k——l—i,r. e.

f(’“)—2IMIVQ“R <Iu|> - 0D

TeM camMbIM B YKa3aHHBIX 3a1auaX AOCTAaTOYHO HAHTH He CaMO peue-
Hue ruTerpaabHoro ypasuenus (102), a suwb ero npeo6pasosatue Pypoe.
CornacHo ofwe#t cxeme Merona Buuepa— Xoncda mad peulenns mno-
crefHeR 3amaun ciegyer Hartu npeoGpasoBaHue Pypwe sApa WHTErpasb-
HOr'O ypaBHeHust, a 3ateM npounssectd gaxropusauuo (51) dyukuuu L (k) =

=1—=)2rnAV (k). B nawem cayuze A=1 u

(<] ) 0 | S 4
it — ik STl
y_(k)__-V_J" e xﬂo(x)dx—QVﬁ{ j‘ etxdxy‘u b
— — 0 :
. l | 1 \ 1 dp. 1 arctgk
+ § eikx.dx S e 29 ——”—} = — S v == — =
‘ § . p V?ﬂ 5 kﬂ-l——&; llz V?R k '
1 1+ik.
= Vin 2tk e (109)
TosTomy
L(E)=1—V2arV (k)= F=arclek ©(109)

k

Dynxuus L (k), ouesnnHO, ABASETCA aHAMNTAYECKOH B nosoce —1 << Im & <<
< 1, cTpemsmefica K Hyno B 3TOH monoce npu |k|—-oco. Touka k=10
ABJISIETCS HyJeM BTOpOro nopsaka srto# ¢yuxuuu. IlocrenHee obGcrosTens-
CTBO HECKOJbKO 3aTpyaHseT ¢akropusauuio ¢yHxkunu L (k). '

*) ToxpoGuee cM., HampuMep, WHPOKO W3BeCTHYIO pabory Xompa: Hopf,
Mathematical Problems of Radiative Equilibrium, Cambridge, 1934.
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Cornacno 3aMeuanHio 2 (ctp. 281) mocTpouM BCMOMOraTENbHYIO (PYHK-

A + !

L (k), y1OBNETBODSIOULYIO BCEM YCJOBUSM JEMMb 2, H PacCMOT-
puM cpyHKumo

TR 21 arctg B\ - o

(D(k)—ln[ L(k)]-l [ (1— ! )] (110)
KoTopyio serko mpeacrasuts B suge D (k) =D_ (R)+ D, (%), roe dyHk-
uun @_ (k) n O, (k) ABAAIOTCA "aHANATHUECKUMI COOTBETCTBEHHO B HUXKHEH
Imk<’r+<1 u pepxtedl Im k& >1T_ >—1 nonynnocxocrax IMpu atom
. oo—]-rt

1 \ ’
@ (k)—‘—, S ED(C).C—_—k. ' (110,/)

— oo+ it

a dynxuna L, (&), aBasowiages qucaIuTeneM B'q)op.uy.ue (haxTOpHU3aUNK
(B1) dynkuun L (k)

_Li(®
_ L_(k)’
MOKeT ObiTh BhIOpaHa B BUAE ' =
L. (k)= e@—(’?) ' 111)

dyuxiua L, (k) #BASETCA aHAJIUTHYECKOR B BepXHE# NOJyNNIOCKOCTH
Imk>1t_ u npu |k|— o0 pacTer, Kak Hepsas cTeneHb X, MOCKOJAbKY
B cully cxomumoctu unterpana (110°) @, (k) orpannuena npu |k‘—>oo
Tostomy ¢yHkups R, (k) onpesenserca no dopumyae (52):

R =115 (k)_A-’Eiie—mm a1y

Orciona crenyer, 4To And onpeneeHns dyHKuMn pacupeseneHus HeHt-
pOHOB, BHXOAAWMX U3 noJympocTpancTea x >0, HeoOXoauMo HafTH
@, (k). 10 MOKeT OmTh caenauno ¢ momowsio dopmyast (110°). Ias Bhi-
uHCIEHNs 5TOTO uHTerpaza nonoxuM T =0 u npusenem ero x caepyio-
HieMy BuAY:

«© ) » 0'

—
(113)
Bocnoan3osasucek ‘{eTHOCTle dyukunn D () u cgenas B nepsoM uH-
Terpane 3aMeHy NEDEMEHHOW HHTerpupoBaHus ' = —{, OKOHYaTENLHO
MOy HHM , :
; k
) (D+ (B)=—

DO 525 (119)

f1 1

Oz/bg

[Mocnenuuit vHTErpan MOweT GHITh JAerko TaBynupOBAH, YTO U MO3BO-
aser Haita f(0, u) npu p<< 0 ¢ TOYHOCTHIO [0 MOCTOSIHHOTO MHOXHU-
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teas A. Ilas onpenenenusi MOCAEIHEro BOCHOJB3yeMC YC/JIOBHEM HODMHU-
poeku (97) m ciaexywouuMu cooGpaxeHusMA. ¥YMHOKHM ypaBueHue (94),

1
cnpasensnsoe npu & >0, Ha —— e*% u npowmurerpupyem ero no & or
419

0 no co. Ilycts k—KoMnJeKCHas BEJYMHA C MajJOH NOJOKHTENbHOH
MHEMO# wactbio. Torma, npuMeHuB (GOpPMyay HHIErPHPOBAHUA IO YACTAM

,/12n S""“ dE=— I%f(oy’ W) —ikF, (&, ), (115)
0 B

MONy4HM

—ikF, (b W)= = fO, W=—F. (b W+gR.(*), (116)

Fulh w=[/570 w+ R, <k)]1_,k (117)

I

Pesyasrar muterpuposanns (117) mo p or —1 g0 18 Cuny OueBun-
1

HOro cooTHomeHus R, (k)= S F_(k, p)dun u ycnosua (99) naer
~1

’ 1 —1 0
R+<k)=(1—é_311_,.kp) 7 (ke we
Tak kak
P\ dihomet
TO OKOH‘laTeJll;rHO noay4um
R+(k)=1/12?‘; (1_érczgk>—l S{‘.‘izéﬁ“"” (120

Pasnoxum npasyw uyacte (120) B psx Jlopana B OKDECTHOCTH TOYKH
k=0. Bocnons3oBaBmucs paBeHCTBOM ¥)

0 . 1
{ 70, wudp= S‘f(o, wpdu=j0)=—1 (121)

U BBeJeHHHIM paHee oGosHauenneMm (99), nomyunm

Ro(W)=— g {1 HIK(©) -+, k (122)

*) PapercrBo (121) uMeer mecto B cuay (95) H ycjosusi HOPMHPOBKH (97).
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C npyrofi CTOPOHBI, MOXHO HAaWTH MEPBBIE YJEHH DAa3/ONEHNs B PAX
Jlopasa B OKpeCTHOCTM Touku k=0 QyHKuun, CTOSWEN B NpaBoit yacTa
dopmyan (112).

Boiuncany cravana @, (0). O6patumcs k dopmyae (110") u BriGepem
B KauyecTBe NyTH uHTerpnpOBaHm AeHCTBUTENbHYI0 OCh ¢ OOXONOM TOUKH
=0 nmo ayre NOJYOKPYXHOCTH B HWXHEH MNONYMJIOCKOCTH. ¥CTpEMUB
pamMyc moC/AemHeH K NYJ U YYTd, YTO B CHJAY HEUETHOCTH MOAbIHTEr-
pajbHOH (DyHKUHH HHTErpas Mo ydyacrkaMm JAEHCTBUTENbHOH OCH PaBeH
HyJII0, MOJMYYNM

) (0)_~ lim In [g +‘< a“tgg)]_l 1 (123)
£/ V3
Hcnoansys (123), vaxomum, uto pasnoxenne dyuxuuu R, (k) B OKpecT-
Hoctu Toukn k=0 wumeer Bug

R, (H)=AlV3 g {1+1Ck+.. ). a2

Cpasune (122) u (124), onpeneaum 3HaueHne NMOCTOSHHOH A:

3 .

A= V_. i 125

Vs (125)
[ToncraBus mosyuenHble pesyabratsl B (opmyast (107), (112), (114),

OKOHYATEJbHO noayuuMm npm M << 0

fO, W=
l/3(1+|Ml)exp“g lgg;I(l”.arcégC)]ﬁnga’-—l’ (120

U4TO M JaeT QYHKUMIO YrJAOBOrO pacnpemeneHus HeHTPOHOB, BHIXOASLINX
U3 NoJynpocTpancTsa x > 0.

5.3. [ugbpaxyus Ha naockom skpawe. PaccMOTPEHHblE O CHX TOP
MHTETpaNbHBIE YDABHEHHS ABJASIOTCA YypasHeHHsMH PpearoJbMa BTOPOro
poma. OpHako psA QUSHYECKMX 3343y €CTECTBEHHBIM OGPasOM IPMBOLHT
K WHTErpajibHeIM YDAaBHEHMAM INEPBOTO poja B NOJYOECKOHEYHOM NPO-
MEKYTKE C fNPOM, SaBUCALIMM OT pPasHOCTH apryMeHToB. B kauectse
npaMepa pacCMOTPUM 8afauy AudPaKuMy 3SJAEKTDOMArHMTHBIX BOJH Ha
n10ckoM akpase. IlycTh B 0OZHOPOZHOM NPOCTPAHCTBE MOMELUEH MJIOCKHit
WAEaJbHO NPOBOASUIMK 3KPaH, COBMAAAIOLIAN € MOJYNIOCKOCTHIO x>0,
¥y=0 —oo<<z<Coo. Ilycte BHe 5KpaHa pACMOJOXEHH JIOKaJbHbIE
HUCTOYHHKH H/IEKTPOMArHATHOTO 110/, CO3JAIOIIKE NIEPUOANYECKUE B/IEKTPO-
MarHATHHE KOJEOAaHWS 4YacTOTHl (@, [OJAPHU30BaHHBIE TaKuM 0GpasoM,
uTo BekTOp E HampskeHHOCTH 2JeKTPHUECKOro NOoJjs Napale/eH ocd 2
¥ He 3aBACHT OT KoOpAuHathl 2. Torma Ansa aMniwTyAsl u (x, ¥) BeKkTOpa
E nonyunm ckansphyio sagauy

Au+Ru=—f(x, ¥),
u(x, 00=0, x>0.

(127)
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Kpome toro, dyuxkuus u(x, y) LOMKHA YAOBAETBOPATH YCJOBHAM U3AY-
yenust Ha GECKOHEYHOCTH, ONPENessiOUM OTCYTCTBHE BOJIH, NPUXOISIINX

()
u3 OGeckoneunocta *¥). 3pecs k= ~ — BOJHOBO® 4HC/IO (¢ — cxopocTh

CBeTa B cpelme BHe 3KpaHa), f(X, y)— sananHas QyHKUuUs, Onpenensionas
IJIOTHOCTG HCTOUNMKOB. BymeM uckaTe peuwrenne 3agaun (127) B suxe
u(x, y)=uny(x, y)+v(x, y), rae pynxuus u,(x, y)— none, cosnasae-
MOe 3alauHHMW WCTOYHHKAMH B OTCYTCTBHE 3KpaHa, KOTOpOe uepes
¢dyuxkumo f(x, y) BHpPaxKaerca B BHAE BOJHOBOTO NOTeHUHnasta *¥*)

w(x, 9= \ \ H @0 f & mdzan (128)

S

rae Hy' (2) — dynxkuna Xankens neproro pona, r =[(x — £)2 4 (y — n)?]',
a MHTErpupoBaHue BeLeTCs No Bcef o6aactu S, B KOTOPOH PacionOKEHb!
nctounuku. aa dyskumn v (x, y) noayuum sagauy

Av+-kv=0

v(x, 0)=—uy(x, 0), x>0. (129)

Kpome Toro, v(x, y) HO/KHA YIOBJETBOPATh YCJAOBHSM U3JIYUEHHd Ha
GeckoneunocTH. Pemenne 3agaun (129) GyaeM HCKaTb B BHAE BOJHOBOIO
NOTEHIMAJa NPOCTOro CJO05

v(x, y)= S Hg'' (k') p (8) @&, (130)

rae r'=[(x—ER+3?%]"/,, a p(E)— HeusBeCTHAas NJOTHOCTh, AAs ONpe-
AeJeHUs KOTOPOH C NOMOUIbi0 TpaHuyHoro ycjaosus npu y=0, x >0
NOoJy4YdM HHTErpasbHOC YpPaBHEHHE nepsoro pona

SH‘“(k|x—%\)u(&)d§=—uo(x, 0), x>0. (131)

Mbl ondTh MOJYUM/IN HEOAHOPOJHOE MHTErpajbHOE YPaBHEHHE B IOMY-
GECKOHEUHOM MNPOMEXYTKE C $APOM, 3aBUCAILUM OT PASHOCTH apryMeH-
toB. Oanaxko, B orauune ot (79), 3T0 yxe ypaBHEHHE NEPBOro pona.
[aHHoe ypasHeHUe TaKxKe MOXeT OhTh pelleHo C NOMOULbI0 MeToxa
Bunepa — Xonda, onHako Mbl He OyIeM OCTaHAaBJIMBAaTbC Ha JeTansx
3TOTO HCCJEL0BaHMA. :

6. Pemenue KpaeBbIX 3anau AJf ypaBHeHWit B YACTHBIX NPOU3-
BOAHbIX MeTogoM Buuepa — Xomda. Meron Bunepa — Xonda moxker
ObITh C YCHEXOM IPHMEHEH He TOJbKO AJf PeHIeHHs HHTerpajbHHIX ypas-
HeHuH, HO M /AJd PpPEUIEHAd KpPaeBblX 3ajay AJs YPaBHEHUH B YaCTHBIX

*) TlonpoGHee mOCTaHOBKY 3aja¥ AMQPAKUME CM. A. H. Tuxownos,
A. A.Camapckui, ypaBHeHHﬂ MaTeMaTnueckoit ¢usuku, «Hayka», 1972.
**) OnpegejeRHe ¥ CBOHCTBA BOJNHOBHIX NMOTEHIIMAJOB CM. TaM XKe.
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npouspoaHuX. IIpm 3TOM KOHKpeTHas ¢opmMa NpPUMEHEHHS JaHHOIO
METOZA MOMET- HeCKOJBKO OT/MYATBhCA OT H3/I0MEHHOH BhILIE, XOTA 00m1as
mies, 3aK/aouaolascs B dakTopusanun Bupaxennit Buna (63), (65), Bcerna
COCTaBJsieT OCHOBY MeToja. B kauecTBe THNHYHOTO NPuUMEpa PacCMOTDHM
CHEAYIOULYI0 KPaeBylo 3aiauy Aasd ypasHenus Jlamaaca.

Mpumep 3. B sepxne#t noaynnockoctu y >0 HaHTH rapmMOHHye-
CKylo (yHKIHIO, yiosaersopsiomylo npun y =0 CMELWaHHLIM KpPaeBhIM
YCaA0BUAM : : : :

u(x, 0)=e**, a>0 x>0, (132)
3 ,
a—;(x, 0)=0, x<0, (133)

M CTPEMAWIYIOCS K HyJo Ipu y —» oo.

Has peileHus STOff 3ajauydl Mbl BOCHOJb3YEMCS NPUEMOM, YacTO YMOT-
pe6aseMbiM B MareMaTnuecko# ¢usuke. Peluum cHauana Kpaesywo 3amauy
(132), (133) ana ypasHeHus

Au—%2u=0, (134)

rne #2=Ivy, vo>>0, a sareM B mnoJyueHHHX ¢opMyJax nepehaem
K npemeay npu % — 0. C nomompio mMetola pasmesenus NepeMeHHHIX *)
JIETKO TIOJIYUHTb WHTErPajbHOE TIPeACTaBJeHHe OOUIero peuleHHs ypaBHe-
Hus (134), yOniBaomiero npu y — 0o, B BHIE

_ o —

u(x, )= § f(k)eveit=dk, . ' (135)

— 0

rae f(k)— npoussonbHas (yHKuus napamerpa k, a p =1, k%4 x% npu-
YeM B3ATa Ta BETBb KODHS, KOTOpas SIBASETCS HENOCPeICTBEHHBIM aHAJu-
THYECKUM NPOAO/NKEHHEM apH(METHUECKOTO 3HaueHns KOpHd w=|k| npn
% =0. Ortmeram, uto npu 3toM Rep > 0 mpu — co<< k<< 00, utO H
oGecneynsaer yOmBanue dynkumu (135) npn y — - co. dynxunsa (135)
Oyner ynOBJETBODPATL FpanuuHbiM ycaosmam (132), (133), ecam dyHkuns
J(k) ynoBreTBOpsSieT (QYHKIUOHAILHLHIM YDaBHEHUsIM

OSO f(R)eth* dk =e-2% x>0, (136)
oSQf(k)L(k)e"’“‘a!k=0, x<<0, , (137)

rAe pseneno obosnauenne L (k) =p (k)= V E? 4+ %2 Pewenne saxauu
(136), (137) nerko MOxeT ObiTb NOCTPOEHO, ecan Qynxiua L (k) sBasercs
aHanuTAYECKOH GYHKIUe# XOMIJEKCHOH mnepemenHo# 2 B mnoJjoce T_ <<
<Imk<<1+(t_<<0, T+ >0) u B 3TO# NONOCE MOKET ObiTH NPENCTABIEHA

*) CM. A. H. Tuxonos, A. A. CamapcKHil, YpasHeHusl MaTeMaTu-
yeckoii ¢pusvkn, «Hayka», 1972.
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B Bue : ‘ i
L (R)y=(k?4a?) L+ (k) -L- (), (138)

rae L. (R)— QyHKuMs, OTAMYHAS OT HYyJA M aHaJUTAYECKas B BepXHeH
nosynaockoctu Im & > 1., npuuem npu | 2| — 0o L (k) cTpeMaTcs K HyM0
MenJsennee, ueM k-2, a dynkuus L_ (k) — amanutnueckas B HMXHEH nony-
naockoctd Im & << 7Ty, PaBHOMEDHO CTpEMsILAsCd K HY/A10 Ha GECKOHey-
HOCTH.

Ilpu BEIMOJNHEHHH STUX YCAOBHH HENOCPENCTBEHHOH NPOBEPKOH nerko
ybenutncs, yto ypasnennsm (136), (137) ynmosnersopser ¢yHxuus

c _CL_(®)

IR =mraLm = To (139)
rae nocrosigHas C onpeneasaeTcd us yCHOBP]H
C =2 Ly (la) . (140)

Ilefictutensuo, noacrasnss B uxterpan (136) nepsoe us pasencrts (139),
3aMbIKast KOHTYD HHTErDHPOBaHHS HYToff MOJYOKDYKHOCTH O6ecKOHEuHO
60/bWIOT0 paiuyca B BepXHefl MOJYIJIOCKOCTH, WHTErpajl IO KOTOPOH
B cujly semmbl JYKopaaHa pasBeH Hyso, Ha ocHoBanun (140) mosyuyaem,
yto uHterpat (136) pasen e™®* mpu x >0. AnanornyHo ¢ NOMOWIbIO
nemmbl 2Kopnana, NpUMEHEHHON K WHTErpajdy No AYre HOJYOKPYIKHOCTH
6eCKOHEUHO GOJBIIONO paguyca B HDKHER MOAYMNOCKOCTH, npu x <0
JIErKo ycraHosutb crnpaseniuBocte (137) mns ¢ynxkuuu f(%), onpenenen-
Hoht Bropo# dopmyno# (139). Mrak, peuwenue paccMarpusaemMo# samayu
CBSI3aHO C BO3MOXKHOCTbIO mpeacTasieHus (138). B manuom cayuae dyHk-
wnst L (k)= %%+ %% B cuny yKasaHHOro BHIlIE BHOOpPa BETBU KOPHS
‘ABJISETCS OLHO3HAYHOM aHamuTUYecKOd QyHKUueH, OTIUYHOH OT HYJs B NO-
noce Im(m)<<Imik<<—1Im(ix) (Im(in)<<O0). PaccMorpum dyHKuMIO

> o L) _VEI® '
L, (k) = Vers - VETa (141)

dta dyHKuus npu a > — Im (ix) TaxKe SABAACTCT aHAIUTHYECKOH M OT/INY-
HOH OT HyJs B jaHHOH moaoce, mpuuem L (k)—1 mpu |k|—co. Ilo-

5TOMY B CuJy JeMMB 2 TpeGyemas ¢akTopu3auns (yHKUAY L (&), a cne-
nosaresbHo, n L (£) Bo3MoXHa. JIerko BHIETb, YTO (DYHKIUH

VEFin Vk—m
LW=S L= (142)
YAOBJIETBOPSIOT BCEM NOCTABJEHHBIM TPeGoBaHMAM. Torxa Ha OCHOBaHHH
dopmya (135), (139), (142) nosyuum HHTErpasbHOE INPEACTaBJIEHHE pe-
wenust ypasuenus (134), ynosaersopsiomero ycaosusm (132), (133) u
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yOriBaiollero npu y —-+0oo, B BUle

o]
c .
= jay—————aunsana L ikx dk, 143
(%, y) _Sw e Ca#)
rae nocrosuHas C Ha ocnoBanuu (140), (142) pasua
Viatix
C="—1 (144)

IMepettas B (143), (144) k npemeny npu x— 0, nOAYunM HHTErpaibHOE
npeacraBienre pelieHds NCXOJHOM 3amaun

(o]
u(x, y)~1/—” i S Y ks gy —

A V& (k—ia)
_Va [e-—-i%’! § S —i% §° ohy+iks (145)
2% 1 9 V=R (k' —ia) g Vk (k—ia) (k—ta)

Cnenaem B nepsoM murerpane (145) sameny nepeMeHHOH HHTErpPUpPOBa-
Hus, NONOXKUB R = —k. Tax Kak

0 e o :
el ytik'x e~ ky—ikx . e ky—ikx
———dl == \ ————dk ="\ ————dF, 146
_gol/—k' (%' —id) §Vk(k+ia) ¢ SVk(k—l-ia)dk (16)

10 (145) npnHaMaer BHI

Va + omky—ikx 741 & e~ ky+ikx
=g { §Vk(k—|—t) ke /E(k—m) o
]/__ ".4_ ¢ e~ kytikx
~n { §Vk(k—¢a)dk - 4D
s BBIYMC/EHHsST MHTErpana (147) paccMOTPUM HHTErpadf
e ok
d 148
= B)= S V§(§+ﬁ) 5 (149)

10T uHTErpan 3aMEHOR nepeMeHHO# uuTerpuposaHus §- P =1 Moxer
ObITb NPUBEAEH K BUAY

J (@ B)=e®(a, B), (149)
rae

1‘ ) =m—-e—-i.—d . |
@ B) §Wn_ﬁ n (150)
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Hurerpan (150) MomeT GbITh BEIYUCACH C IOMOLIBIO naddepeHunpoBanns

no mapamerpy *):

al e~an _ T
Tax kak
¢ dn n
1(0 = —_ = =,
OB §nVn—ﬁ Ve

10, npouxterpuposas (151), noaydanm

(151)

(152)

I B)= --~—-V§ da= Sli—o (/B s

2

V

rae @ (z)= e—* dx — QyHKrunA ouméox. Orcmna

a
OCwoN

J py=n [1 —@(Vap)]

Bosspatuslnce x (147), noayuam

u(x, y)=Refeo[1—0 (/= az)]},

rne z=x-1.

(154)

(155)

*) BeluncieHne nmerpanoa ¢ noMolbio AMdPepeHLHPOBAHHA RO napamefpy

cM. BhIN. 2, crp. 409



NPUJOXEHHE 3
SYHKIIUK MHOTMX KOMIUIEKCHBIX NMEPEMEHHBIX

Teopusi QyHKUMA MHOMMX KOMIIEKCHBIX TEPEMEHHBIX, SBJAIOMIANC
€CTeCTBEHHBIM pa3BUTHEM TeOpHH (YHKUWH OLHOW KOMILIEKCHOH rnepemeH-
HOB, B TNOCJEAHEE BPEMS MPEACTaBJAET 3HAUUTEJBHEIH nHTEpec Gaaromaps
3(PEKTUBHHIM NPUMEHEHMSIM METOLOB 3TOH TEOPHH B DPasAnyHBIX 06jac-
TAX €CTECTBO3HaHWs, B YACTHOCTH B KBAaHTOBOH Teopuu mois. B Hacros-
IEM [NPUNOKEHHH [AETCH KpatKku#h 0630p OCHOB TEOpHMH PyHKUIR MHO-
THX KOMIJIEKCHBIX NEepPEeMEHHHX.

1. OcHoBHBIE OmMpeneJeHus.

ByageM ~ paccMarpuBath /N-MepPHOE KOMIJIEKCcHOe npocrpaucrso CH,
TOYKH KOTOPOro 2= (2y, 2y ..., Z2y) NPEACTABMUOT COO0H YNOPAXOUCHHYIO
COBOKYITHOCTb KOMIJIEKCHBIX T€pEMEeHHBIX 2, = X, -} iy, Komnaexcuoe npo-
ctpaHcTe0 CN MOXHO UHTEPIPETHPOBATH KAK OGHYHOE EBKAHUIOBO MPOCT-
PaHCTBO [EHCTBUTENbHBIX NEPEMEHHBX Xy, Uy, ..., Xy, Yn PasmepHocTH 2N.
ITosTOMYy NOHSTMA OTKPHITOM U 3aMKHYTOH 06JacTd, BHYTPEHHEH, BHELU-
Hel W TpPaHuyHON TOYKH, O-OKPECTHOCTM U T. X. BBOLATCA TaK xe, Kak
H B Teopun QyHKUMH MHOrux JeicTBuTe]bHBIX nepemeHHmx *). Tak,
§-okpecTHOCTBIO TOukH 2° OymeM HasbiBath MHOwecTBO C (6, 2¢) TOuEk
zeCN, yROBAETBOPAOILHMX YCAOBHIO

|2s—24| <8 k=1, 2..., N.

MMox cumBonoMm §=(8;, ..., Oy) Mb noHuMaeM ynopsaoOueHHyI0 COBOKYyN-
HOCTh feficTBaTenbHBIX yucen O, >0. Muoxecrso Touek ze& CV, ynos-
JIETBOPAIONIMX YCAOBHIO |2, — 2% | << rp (rp > 0) HaswIBaeTCA NMOAMKPYroOM
K(r, 2% _pagayca r=(ry, ..., ry) C LEHTPOM B Touke 20=(2{, ..., 2%).

Dynryuag w=f(2)=f(21, ..., IN) MHOUX KOMNAECKCHOLX Neperer-
Holx z2=(24, ..., 2Zn), 3a0anHas Ha Mroxcecmee E < CV, onpedeasemcsn
3AKOHOM, CMABAWUM 8 coOmeemcmeue Kaxclosy 3rasenunw ze&E
onpedesennoe Komnaexcroe uucao we CL Tak Kak KOMIJEKCHOe
YHC/IO W NPeAcTaBAfeT coO0o# napy HEHCTBHTENbHHX YHCEN & 4 U
(w=u-iv), 10 samauue Qynxuuu f(z) Ha mHOMecTBe E — CV ectp
OJHOBDEMEHHOE 3ajaHue Hd COOTBETCTBYIOIIEM MHOWecTBe 2/N-MEpPHOro

*) CMm. BB, 2.
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1 4
€BK/INAOBA NPOCTPAHCTBA [BYX JEHCTBUTENbHBIX GyHKun# u(xi yi, ...
cees XA N U(X Vi o..r X YN) O 2N JeRCTBUTENbLHBIX NMEPEMEH-
HBIX X1, Viy ooy XA, YN

f@=u(xi, ..., ym)+iv(xy, ..., Yn) Y

dynxunn u(xi, ..., Yy) 4 v(Xi ..., Y§) HA3HIBAOTICH COOTBETCTBEHHO
neHcTBUTENbHOM W MHHMOM uacTaMmu GyHkuun f(2).

OuyeBugno, yTo psin MOHATHH  CBOHCTB yuKiLu MHOTHX AeHCTBU-
TEeNbHHX NEePEeMEeHHBIX MOXEeT OBITh nepeHeceH ¥ Ha (YHKUUH MHOTHX
KOMIUIEKCHHIX  nepeMenHbiX. Tax, GyHxums f(2z), 8amaHHas Ha MHOXKeCTBe
E < CV, muenpepuiBHa B TOuKe 20& E, 1O COBOKYNHOCTH MEPEMEHHbBIX

21, <.., 2N, €Cau fas moGoro € >>0 MOXKHO ykasate rTakoe 6= (8, ...
«o.y Op), uto mas Bcex z & C(§, 2% wMeer MeCTo HEPaBeHCTBO
@Y <e ()]

B naaburefiiiem bynxuwmio f(2z), HENPEPHIBHYIO MO COBOKYMHOCTH NEpe-
MEHHBIX 2y, ..., 2y, MBI 6yeM HPOCTO Ha3wulBaTh Henpepul8rol gynxyuel.

Ecan dyuxuus f(2) HenpepoiBua B Kaxno# Touke 2 & E, TO oHa
1a3biBAETCS HempepHBHOH Ha MuowecTse E. Crpasensmsa

Teopema 1. HeoGx00ursis 1w 00CMAMOLHbLM JCAOBUEN HENPEPHLE-
nocmu ghyuruguu f(2)=u(xy, ..., yy)+v(xy, ..., Y§) HQ MRONCCCMBE
EcCN  sgamemcs Henpepul8HOCMb N0 COBOKYNHOCIMIL NEPEMEHHBLX
deitcmaumensholx byrryul 1w (Xy, ..., Yy) 8 V(X1 ..., Y&) 2N delicm-
BUMENBHOLX NEPEMEHHbX HA COOMBENCMBY IOULEM MHONCECIEE EBKAl-
dosa npocmparncmea pasmeprocmu 2N.

CBo#icTBa HenpepHIBHHIX (PYHKUMH OJHOM KOMIJIEKCHOW HepeMeHHOH
HEMOCPEJCTBEHHO II€PEHOCATCH Ha CJAydal MHOTUX KOMIJEKCHBIX nepe-
meHHbX. Tak, pasHOMepHO cxojsmmuiica B oGaactu G psin HENpepHBHBIX
(yHKUMH MHOTHX KOMIJIEKCHHIX TIEDEMEHHEIX CXONWTCA K HENpPEpHIBHOM
(pyHKUYH.

2. llonsaTue anaiuTHyecKo (QYHKUHU MHOTHX KOMIJIEKCHBIX
nepemeHHbIX. Tak 2e KaK u B CiAyyae OHOH KOMIJIEKCHOH NepeMeHHOH
B Teopnu (YHKUU# MHOrUX KOMIIEKCHBHIX NEePeMeHHBIX OJHHM H3 OCHOB-
HBIX MOHATUH ABJAAETCA MOHATHE aHAAUTHYECKOH yHKIHH.

IMycte B ofnactu G < C¥ 3agana QyHKUus @ = f(2) MHOrHX KOMI-
JIEKCHBIX nepemeunmx. Ecau MBI (PUKCHDYEM 3HAYEHUsi NEPEMEHHBIX zf,
vooy 21, 2141, ey 2, TO MONYUHM (YHKIHIO

fi@)=f( ..., 20—y, 2 201, ooy 2X)

‘OJHOH KOMNJIEKCHOH#l nepeMeHHOH 2; 3alaHHYl B HekoTopo# obaactu G
KOMIIIEKCHOH MIoCKOCTH 2; IlycTth npu moOwX (QUKCHPOBaHHHIX 3Haue-
Huax 2%, ..., 2i-1, 241, ..., 2y Kaxdaa pynxkwus f; (2;) (=1, 2, ...
..., N) sBaserca aHaauTuuecKo# (QyHKUHER KOMINJIEKCHOH NEpEeMeHHOH
2; = G;. B atoM cayuae ¢ynkunio f(2) 6yneM HaSHIBaThb GHAAUMUYECKOU
no waodoi nepesmennoli 8 obnactu G. Ilpoussommbie f;(2;) Pynkuun
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/i () no nepemenHo#t z; GyneM HA3LIBATL YACTHHIMM NMPOM3BOLHBIMH PYHK-

nun f(2) n. o6osHauaTh %, OueBuaHo,
13
0 24y vees 251y 20025, Zingy ooes Za)—T (21 +o-s 2 .
l= lim f(l ‘zl 1+ i +1 ‘]\,) f(l{ N). (3)
az,- Azi"’o AZi
YacrHele NpOU3BOAHBIE gﬁ— MOTYT OBITb BBIDaXXEHBI Yepe3 YacTHhE MpPO-
2
U3BOLHBIE QYHKUHA U (X1, ..., YN) ¥ V(Xp ..oy YN
of Ou ov
ad =2 — 4
0z,- 6x,~ 0x,-’ . ( )
NpUYeM A7 HUX BHIMOJAHsOTCS ycaosus Komn — Pumana
ou Ov ou ov
A T T A A ©)

BeeneM Tenepb OCHOBHOE ONpENEJCHHE:

Dyrxguio f(2) MHOUX KOMNICKCHLX NEPEMERHBLY 2= (2], ..., ZN)
6yOem Ha3vigams anasumusecrkoli *) 6 ooaacmu G, ecau 8 smoi odracmu
dynryusn f(z) anasmuuna no Kaxcooil nepesennoil z;, a 6ce ee wacm-

Hble Npou3soonsie Bf?i HenpepuoLeHbi.

AnanuTnueckne QyHKILHM MHOMMX KOMIMJIEKCHBIX NEpPEMEHHBIX 00nafaoT
pPsAOM BaMeyaTeJbHBIX CBOHCTB, NOAOOHBLIX CBOKHCTBAM aHAJNTHYECKOH
dyHKIHN ONHON KOMNJEKCHOW nepemeHHoH. Huxe Oymer nmaH kparkui
0630p 3THX- CBOHCTB, MpUYeM 117 TMPOCTOTH W3J0xeHus Gyxem paccmar-
puBaTh chayyalt OBYX He3aBUCHMBIX nepemeHsbrx. s Goabuiero uucia
NEPEMEHHBIX BCE PacCYXAEHUS COXPAHSIOT CHAY.

3. ®opmyna Komu. ITycrs f(2y, 2p) ABASETCS] aHAMUTHYECKOH (PyHK-
nuet B obnacth G=G; X0, npuuem obaactu G; n G, SBIAOTCA On-
HocBsi3HbIMM. Bosbmem B o6Gaactax (O; u (G, NpOM3BOJIBHBIE 3aMK-
HyTHe KOHTYpH C; W C, COOTBEICTBEHHO M pPacCMOTPNM HOBTOPHBLIH
UHTErpan

. [ (STRD)
I= S s S (21—81) (22 —8) &, )

Tle 2y W Zy— IPOU3BOJILHHIE TOYKH, Je€Xallue BHYTPH KOHTYpoB Cj u
C, COOTBETCTBEHHO.

*) Tak Xe KaKk M B c/yyae OfHOH KOMILJIEKCHOil NepeMeHHOf, MH C Le/bio

of/eryeHusl MOCACAYIOWUX OKA3aTeJbCTB BKJIOYKIM B ONpeleNeHde aHaJHTUYECKOM
GYHKUMM MHOTMX KOMILICKCHBIX NepeMeHHBIX JIHIIHee YCJIOBHE HENPEepLIBHOCTH YacT-
HBIX [pOHM3BOAHBIX, UYTO, OJHAKO, HE CyXaeT pacCMaTphUBaeMOro Knaacca ¢yHKLUMiL,
KaK 3To C/lejyeT M3 Tak HasbiBaeMoil Teopembl 'aprorca (cm., Hanpumep, B. C, B a1 a-
111 QHG xzx)u poB, Merojll TeopyH PYHKIMA MHOTHX KOMIMIEKCHBIX NMepeMenHeiX, «Haykan,
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ToabinTerpaipHas ¢yHkuns B (6) HempephlBHA MO COBOKYIHOCTH NEPEMEHHBIX,
YyTO sABJATCA JOCTATOYHBIM YCJHOBHEM JJIsi BO3MOXKHOCTH H3MEeHeHHA MNopAjKa
MHTErPHPOBaHUA B LaHHOM MOBTOPHOM HHTerpane *). CnefoBaTelbHO,

e, 5
‘CS 4 § @) T o ©)

2

Tak kax dyukuus f(l;, ;) aHaIMTHYHA MO KAXIOR NEePEMEHHOM,
BHyTpeHHul uHTerpas B (6) B cuny dopmyast Kown (1.59) paseH

f &, L) f (&1 20)
S (21—81) (2a—0Co) § =2 (21 C ) ™

Bocnosb3oBaBliuch eme pa3 dopmyiaoft Komm, moayydM OKOHYAaTENbHO

_ f G &) e ant
1= S,dcl§ ey =S D ©
YTO MOXHO NEpenucatb B BRIAL
e 2 =—gz | db (—2;-_%—~;'(z§i§—2)—dcz. ©
Gy

Amnanoruudo B caydae N l'IepeMeHHle umeer Mecto (opmyna

F@=FGu e 2n) = \ e - FEEL o)
oA ey I (2, —Cp)

. k=1

FI€ TOUKH 25 JEeKAT BHYTPH 3aMKHYTHIX KOHTYpOB Cj, NpuHagiemamux
onHocBsA3HbM obnactaM (g, ¥ QyHxuna f(2) ABASETCS AHAJUTUYHOH
B obnactu G=0G;X...XGy. Popmyanr (9) m (10) u npeacrasasor
coboit o6o6uienns dopmyan Kowwu (1.59) na cayuyaih MHOrHX KOMIJEKc-
HBHIX TIePEMEHHBIX.

V3 31tux ¢opMys MOXKHO MOMYUUTh Dsif BAXHBIX CBOHCTB aHaJHTH-
YyeCKO# (YHKUMH MHOIMX KOMIIEKCHBIX nepeMeHHmX. B uactHocTh, Kak
1 B CJyyae OJHOR KOMIIEKCHOH nepeMeHHOH ¢ nomouibio dopmyus (9)
MOXHO I10Kas3alb, YTO aHaANTHYECKas QYHKIHUS IBYX KOMILIEKCHBIX
nepeMeHHbIX MMEeT YacTHble NMPOKU3BOJHBIE BCEX MOPSAKOB, [J KOTOPBIX
CpaseuBE BHIDAXKEHUSA

otmflenz) _ _ niml f (G L) dt
azfzdzg:' t=— 4n2 S dglg (zl_.gl)nlﬂ (;2_22)m+1 . (1)
Ci C,

AHanoruuHO YCTaHaBJNBAETCA CNPaBEMIMBOCTD NPHMHLAMNA MaKCHMyMa
MOy B T. A

CootBeTcTBYIOIUE DPE3YJBTATH noAyualoTcs 3 tdopmynsr (10) nnsa
aHaMNTHYECKOH (YHKUMH MHOTHX KOMIUIEKCHBIX MNEDEMEHHBIX.

*) CM. BBHI. 2.
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4. CrenmeHHble paapl. B cayuae ABYX HESaBUCHMBIX NEPEMEHHBIX
CTEMEHHBIM PsAOM HA30BEM BHIPaKeHue

[o] o
Y 3 Cumlzi—a) (= an 12)
n=0m=0 )
rae Cp, m @i, Gy— 33aNaHHbBIE KOMIJeKcHsie uncia. Vimeer mecro yrtsep-
aeHne, aHanoruyHoe teopeme AGeas (teopema 2.5). .
Teopema - 2. Ecau psao (12) cxodumcs abcoaromno 8 moure
29=(2} # a3, 284 ay), mo OH abcoaomHo cxodumcs BHYympu HoAl-
kpyea K(r° a) paduyca r®=(2Y—a;| |28—ay)), npusern 8 awboru
noauxpyze Mmensuiezo paduyca ™) ¢ yenmporm 8 mouke a pao cxodumcs
pPasHoMepHO. .
HDokaszateascTBo. B cuay aGconoTHOR cXonuMOCTH psaa (12)
B TOuke 2° BCe 4YJEHB psSAa B 3TOH TOYKE DPAaBHOMEPHO OrpPaHUYEHHL.
IMosToMy uMeeT MecTO oueHKa Ko3¢uinentoB psma (12).

M
IC"’”’I<lz'i’-all”'lzg—azlm; 13)

c obumel KoHcrantot M aaa Bcex KoadduuueHToB. BosbMeM nponspoJis-
HYI0 TOYKY 2 =1(2y, 23) BHYTPH noaukpyra K(r% a) u nonoxum

lzs=ay|=q |2t —a1], |z2——a2[.=q2|23——a2|,

rie 0<<g;<<1, 0<<¢qy<< 1. Torma, moab3ydcb ouenxo# (13), aag Be-
OpanHO#t TOYKH 2 MOJAYYHM ’

>3 Crm (1= 0" o= e <mY Y qrop=
n=0m=0 n=0m=0
M
ST=n 0= a9

YTO ¥ JI0Ka3hIBAET CXOAMMOCTb paxa (12) B Touke 2.

Tak kak 2z — npoussoabHas TOouka noaukpyra K (r% a), 10 orciona
caenyet abcomoTHas cxoaumocts pama (12) smytpu K (r° a). PaBuomep-
Has cxomumocTs pana (12) B moBom noamkpyre K(r ), a) meuswero
paauyca HOKa3blBaeTcs ¢ momowpio (14) Tak Xe, Kak W B CJlyuyae OAHOH
KOMIIJIEKCHOM nepemenHo# (Teopema 2.5).

-JloxasaHHas' TeopeMa I03BOJAET YCTaHOBUTb, YTO O0AACTBIO CXOAM-
MOCTH CTENEHHOro psna ssasercs noaukpyr K (R, a) pamnyca R =(Ry, Ry).
Buyrpn K (R, @) pan (12) a6GconOTHO CXOAWTCS, BHE [AAHHOrO MOJH-
Kpyra — pacxoautcs, B moGol samxuyro#t nompobaactu K (R, a) paa (12)
cxonurcs pasHomepHo. OtMernMm, uTo pdmuycsl Ry m R, onpegensiotcs
COBMECTHO u He MOryT ObiTh, BOOGUIE TOBOpS, ONPEACTCHB KaxAbi B
OTAE/bHOCTH.

*) Byaem roBopHTs, uTo papuyc rt! moamkpyra K (r’, a) MeHblue paguyca
72 nomukpyra K (r®, a), ecau ril'<<r®, ..., rif) <r.
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B xauecTse mpuMepa pacCMOTPHM CTENEHHOH DAL .

=Y N Ctmlan (15)
n=0m=0 .

K03hhHIHeHTH KOTOPOro MNPeACTaB/AsIOT co6oit GHHOMHaJbHble KOI(QOHUILHEHTH.
Tak kak BHYTPH CB0Oer0 NOJHKPYra CXOAHMOCTH pPAL CXOZUTCH abCOJIOTHO,
TO PSR C MNOJIOKHTENbHBIMH YJIeHaMH

o

P IE=C PP (16)

nim!
n=0m=0

SIBJISieTCS  CXOAAIIMMCS B MOJHKPYre cxogumoctu psja (15). CrpynnupoBas uneHsl
paga (16), y KoTopblXx cyMMa CTeNeHefi fi-ni==Ss, NMOJNYYHM

D dal+lzs, (16))
S=0

OTKyHa CJeAyeT, uTo paguycel R; u R, monukpyra cxopumoctd pana (15) ompe-
ZensioTcs M3 ycnoBui Ry+4-R,=1, T. e. npu ymeHbileHnH R; 3HaueHue R,
yBeJIHYHBaeTCAd U HaoGopoT. '

Pacecmotpum psan (12) suyrpm €ro moamkpyra cxogumoctu K (R, a).
Bocnoab3osasiuce aGcomoTHON CXOANMOCTbIO PSAAa, CTPYNIUPYEM Te €ro
YJEHBl, Y KOTOPHIX CyMMa creneHedl n-m =s,

oo

f@ =121 2= D) us (21 2o). an

s=0

Bripaxenne (17) maetr mnpencTaBJeHME HCXOJHOro psaa B BUAE psAfa
ONHOPOIHBIX MOJIWHOMOB OTHOCHTENbHO NEPEMEHHBIX 23 =2y — @y, 2g =
=2—a
s o
Uus (21, 29)= Z Cr, s-r2E25 k. (18)
. k=0

Taxk xax dyHKUER g (25, 2) ABJAATCH aHAJIUTHUECKUAMH IO KaXmAOH
NnepeMeHHOR W PAX CXOAWTCA paBHOMepHO BHyTpu noaukpyra K (R, a),
TO B cuay Tteopemnl Beltepmrpacca (teopema 2.3) dyuxnus f(z) rakxe
ABJSETCS aHAJMTUYECKOH no Kawao#t mnepemenno#t suyrpu K (R, a),
NPUYEM €€ YacTHble NMPOM3BOAHBIE MOXHO BBIYHC/JAUTE MYTEM MOYJEHHOrO
nuddepenunpoanus psna (17). Kak Jerko BumeTs, Npu 3TOM pajguyc
CXOLMMOCTH NOJIYYEHHOTO Psfa PaBeH paguycy CXoaumMocTd psga (12), u

a .
YACTHBIE NPOUSBONHHE 5 4 5 - uenpepsiBbl BHYTpH K (R, a). Orciona
2

CNEAYET, 4MO BHYympu noaurpy2a cxodumocmu cmenennoll psd (12)
cxooumess K QHAAUMU4ECKOW QEOYHKLGUU MHOUX KOMNACKCHbLX nepe-
MEHRBLX. :

Tak xe Kak ¥ B cayyae OLHOH KOMMIEKCHOH nepeMeHHOMH, 1erko ycra-
HOBHTb, YTO KO3(puuueHTH CcTeneHHOro psaa (l12) smpaxaioTca uepes
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3HayeHHss YaCTHHIX NMPOU3BOAHKIX €ro CyMMbl B LEHTPE NOJUKPYra CXOIH-
MOCTH — TOUKe @ == (41, ay)— 110 HOpMy./IaM
1 ontm .
Cn,m=maznasz(z) z=a. (19)
1 2
6. Pan Teitnopa. ITokaxem Teneps, YTO (YHKIUHU, aHaTHTUYECKOH
B HekoTopoM noaukpyre K (R, a), MOxeT GHITb COMOCTAaBJEH CTENEHHOH
psig, cxoasmuiics Kk daHHOM Qyukumu Buytpu K (R, a). Mmeer mecto
Teopema 3. Dyunxygus f(2), anamunuseckas BHYMpH HOAUKpY2a
K(R, a), eduncmeennuis obpason npedcmasasemes sHympu K(R, a)
8 gude cyMmb. AOCONNMHO CXO0AUE20CH CMENEHHO20 pAla

f@=>X Z Co, m (21— a1)* (25— @)™

n=0m=0

JoxasaTteabcrtBo. BosbmeM mpoussonbnyio Touky z & K (R, a).
ITo dopmyne (9) numeem

=1 [ & &)
1@ =g | do § e Sy e @0

1 2
rie C; n C;— OKDYWHOCTH C LEHTPaMH B TOYKAX ai U a, PAAnycos Rj
n Rj, yIOBJeTBODSOWMX YCAOBUSM |2) —ay | <RI <Ry 1 |2,—a,| <<
< Ry<<R,. U3 npeamaymux pacCyxAeHni#t CAEAyeT, YTO DPalUOHAJbHAs
f .

A 00 —m————
PO TGi—2) G2
MEPHO CXOASWUHCA OTHOCHTENBHO ; M L, CTeneHHo# psig

1 — SERS (21 —ay)" (22 —a))™
G2 Gz n2='0 mzo (Ci—a)"*t G—aym*t” @0

TMoxacrasasis passoxkenne (21) B (20) ¥ noBTOPHO NPOU3BOASA MOUJEHHOE
HHTErpUPOBaHHE COOTBETCTBYIOUMX PABHOMEDHO CXONSMIIMXCH  DSIOB,
f0Jyyaem

MoxeT OHTh pasioxeHa B abCOMIOTHO U PaBHO-

f)= > D Cum(zi—ay) (za—a)™, (22)

n=0m=0

rae yepes C, , 0OO3HAUECHH BhHIPAXKEHHUS

Crm=—g | dh | et S dta @3)
<

& G—a)rtl (Le—ay)m !

yro B cuay (11) MOwkHO nepemucars B Buge

__ 1 ommf@)
= nlml 0210z

Cm @9

z=a’
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Tak kKak z—npoussoabHaa Touka K (R, a), T0 n3 dopmyan (22) u
cneayeT pasaoKMMOCTb (PyHKuuMHm, aHanuTuuecko#t B moaukpyre K(R, a),
B CXOIsUIMHCA CTENEHHOH DsA.

Conocrasnenne dopmya (24) u (19) npusoanT K 3aKA04YEHMI0 00 €1MH-
CTBEHHOCTH pas3joeHus. TeopemMa HOKasaHa. ‘

ITo ananoruu ¢ pesy/bTaTaMu, MOJYUYEHHBIMH MJiS (PYHKUMA OLHOH KOM-
naekcHoit nepemeHHOR (cM. Teopemy 2.6), pasnoxeHue (22) ecTeCTBEHHO
nassate psnoM Te#nmopa dyuxunu f(2).

B sakmoueHne 3ametuM, 4TO pammyc cxomumoctd RC psna (22) moxer
okasatbcst Goabwe pamuyca R moaukpyra K (R, a). B atom ciyuae cymma
3TOT0 psAfa OydeT nmpeacTasiaTh coG0# (YHKIMIO, aHANMTUYECKYIO B IOJIK-
kpyre K (RS a) ¥ cOBNajamwilyl0 C HCXOHHOH aHAJIUTHYECKOH (yHKumned
f(z) B nomxpyre K (R, a) menswero paauyca.

IMpoBenenHpie paccMOTpeHHsT HEMOCPEACTBEHHO MEPEHOCATCA U Ha CJy-
yal MHOTMX KOMILJIEKCHBIX NEPeMEeHHBIX.

6. AnamuTuueckoe mnpopokenue. IlpencrasieHne aHanUTHYECKOMH
$YHKUAN MHOTHX KOMIIEKCHBIX NEPEMEHHBIX C MOMOINILIO CTENEHHOrO psna
NI03BOJIAET, TaK e Kak M B CJyyae OAHOM KOMMJEKCHOH nepeMeHHOH,
BHIAACHUTH BOMNPOC 00 €IMHCTBEHHOCTH ONPENEe/]eHHS aHATHTAYECKOH (QYHK-
unn (cM. Teopemy 2.8). Tak, ecan B o6aacty G 3amaHH. 1Be aHany-
Tueckne QyHKunn fi (21, 29) 1 fy (21, 25), coBnanawooume B nopobaactu
G' o6aactu G, TO nerko noKasarb, uTO0 f; (21, 29) = f5(21, 2,) npm
z2=(21, Z3) = G. Ha ocHoBaHWM 5TOr0 NOJOXKEHUS MOXHO B Ciedyloulett
dopme BBECTH )

[Mpungun anasumudeckozo npodoasicenus. Ilycrs B oGaacrax GO
u G©2), umeromux obuyio nonoGaacts GV, sanaHbl aHaIMTHYECKUE (BYHK-
uan f; (2) v f2(2), copnanaomne B G'V*. Torga 3Tu (YHKUHH SBIAOTCA
aHAIUTUYECKHM NPOLOMKEHHEM O/IHA IPYTOH, T. €. B 06nactu G = G1) 4- G2
CyHeCTBYeT eIHHCTBEHHAas aHaauTHuecKas Qynxuua f(2), cosnasaromasn
¢ f1(2) B GO u f,(2) B G2,

Tax ke Kak ¥ B CAyyae OJHOHl KOMIJIEKCHOH TNEPEMEHHOH, MOXHO
CTPOUTh AHANUTHYECKOE MPOJLO/IKEHNE NEPBOHAYANBHO 33JAHHOH B HEKOTO-
po#t obnactu GM) ananuTHueckOM PyHKLUMU f) (2) BAOJMD BCEBO3MOMKHBIX
BHIXOASIX U3 oOaactn GV uenouex o6aacTedt, MMEIOMIUX NONAPHO O6MmKE
yacr.

Takoe aHa/NMTHYCCKOE NPOAOJ/LKEHHE MOXHO, HAmpHMep, MOJYYHTH, pasdsaras
oyukumio f{z) B crenennoit psx Teisiopa (22) B OKPecTHOCTH Pa3/IHYHBIX TOueK
29 = GY, Eciu paguyc MOMMKPYra CXOZMMOCTH KAaKOro-jin6o M3 5THX pa3nokKeHHid
oxkaXercsl GOJblle PacCTOSIHUS TOUKH 2P 1o rpanuipl obnacty G, 10 MBI M TOJTydHM
aHaJINTHYECKOe Tpofo/KeHUe f(2) Ha Goabuiylo obnacte G, copepxamyro G4,

[Ipu sTOM MBI NPUXOLUM K MOHATHIO IMOJHOH-aHAAHTHYECKOR (YHK-
unn F (2) u ee ecrectBedHo# oGaacti cymectBoBavust (G, u/d, KaK roso-
par, 00/1acTd aHAANTAMHOCTM (WJM, KaK HHOrJAa roBopsT, 001acTH roJo-
mopduoctu). Boobuie rosops, aHaAUTHYECKOE NPONOJKEHHE MOMKET MpHU-
BECTM ¥ K MHOrO3HauHO# (yHKUMM, 00JIaCTbIO aHAJIUTHYHOCTH KOTOPOH
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ABJACTCS HEKOTQPOE HEOJHONUCTHOE MHOroo0pasue, moJyyaiouieecs nyTeM
BBEJCHNS TaK Ha3biBaeMblx oOnacTeft Hajsoxeuus *).

B mpunoxeHusx Teopud PYHKIMH MHOTMX KOMMAEKCHBIX NMEpPEMEHHBIX,
B YaCTHOCTH B KBAHTOBOH TE€OPUH MOJIf, CYIIECTBEHHBIM OKa3bIBAaeTCs BOI-
poc, sBaseTcs an 3amaHHas 064acth G 06/1aCThI0 AHANUTHYHOCTH. JIpyru-
MU CJ0BaMu, HalgeTcs Au Takas QyHKuus f(2), aHamdtuueckas B G, ans
KoTOpo# 06sacts G ABASETCA eCTeCTBEHHOH 06aCTbIo CymecTBoBaHus. Ecau
obnacte G He saBaseTcs OGMACTHIO aHAJINTHUHOCTH, TO BCSKAs aHAMUTH-
yeckas B G dyHkuus f(2) MOXeT ObITb aHANUTHUECKW IPONOMKEHA Ha
6oabityio obaactb G*, comepxamylo obaacts G.

Kak mpr Bugenn (cM. npumep 4 § 2 ru1. 3), B cayuae oZHOH KOMIJEKC-
HOH mepeMeHHOH exuHWYHBE Kpyr |2 <C 1 ABiAerca 06/1acTbIO aMaJARTHY-
nocra. ITosnbsysich Teopemo#i PUMaHa O BO3MOXHOCTH KOHPOPMHOrO OTO-
GpaxeHusi NPOUSBOJbHOK 06/MACTH HA €IHHMYHBIA KPYT, JErko MOKa3aTh,
YTO 8 cAyiae 00HOW KOMHAEKCHOI nepe/uem-toti scaras obracms ecms
064acms QHAAUMULHOC L.

B cayuae MBOTMX KOMIIJIEKCHBIX nepemeunmx JaHHOE YTBEPKIEHUE YiKe
HE UMeeT MecTa.

Yro6el 3TO HOKa3aTh, MOKaxeM, Yyto yxe B C? obaactsh

G {z=(2p2) 1 <|z|=(]|21+|2: )" <5}

HE sB/AeTCH 06/1aCThI0 aHAMUTUYHOCTH *¥*), Jlas 9TOro MOCTaTOYHO 10KA3aTh,
yTO BCAKAs (yHKIWSA, aHaanTHueckasd B G, MOXET GbITb aHAMUTHUECKH TIPO-
nomxeHa B Goubiuyio obnacte G*, comepxautyio G, Hanpumep B wiap
|2|<<5.

Urak, nycts f(2) —npoussoabHas ¢yHkuns, aHaaatuyeckas B G. Pac-
CMOTPHM (PYHKIHIO

?()=0 (4 )= Q}U. S w2 g (25)

Li—2
v§11'=

dyuxuns @ (2) NpeAcTasaseT CoOO0OH MHTErpaJs, 3aBUCSUIHH OT nepemeH-
HBIX 2y U 2, Kak oT mnapamerpos. ITonoGnacts {[§;|=14,]|2,| << 3} npu-
Hagnexnt G (cm. puc. 1). ITosromy dyHKuns ¢ (2) 9BISETCST aHAMATAIECKOH
Mo KawaOH nepeMeHHOH 2y U 2, B noaukpyre K:{|z;|<<4, |z, <3}
Jlerko BUIEThb, YTO YACTHBIE NMPOUSBOMAHBIE (PYHKUUU @ (2) NPH STOM Hempe-
peiBHEL Otciona caenyet, uro B nomukpyre K: { |2, | << 4;| 2, | < 3} ¢yHxk-
uus @ (2) aBAfETCS aHAAMTHYECKOH (YHKIUEH NBYX KOMIJIEKCHBIX Nepe-
MEHHBIX 2y U 2, B yacTHOCTH, @ (2) AB/IAETCH AHANUTHYECKOH U B 3aMKHY-

*) INoapobiee cm. B. C. Bmagumu p o, Merogsl Teopun $yHKIHH MHOTHX
KOMIVIEKCHBIX TiepeMennbix, «Hayka», 1954,

*#) JlaHHBIT IpHMep SBJsieTC He3HauyMTeJbHOH MopHbuKaumuei mpumepa, pac-
cMotpenHoro B kuure C. Boxuepa n Y. T. MapruHa «PyHKUHH MHOMHX KOMIJIEKC-
X nepeMennbiX», WJI, 1951. Cm. Takxe B. C. Baagumupos, Merogsl teopus
GYHKUMH MHOTHX KOMIMIEKCHbIX mepeMeHubix, Hayka, 1964.
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Tott oBnactu (31 { | 21| < 4, 1 <<| 2, | << 3}, npunannexauetl 0IHOBPEMEHHO
noauxpyry K n ucxoguot obaacru G. B cuay dopmyast Kown (1.59)
B G’ uMeeT MeCTO DPAaBEHCTBO z,]

b

L S Ha ) gr — £z, 2. (26)

2m —z

TR AL 5
Orciona caeayer, uto 8 G’ auanurnue-
ckue ¢yHkuuu f(z) u @ (2) coBnapaior.
Tem caMbiM B pacuinpeHHo#t obaacty G* &
(wape |2 |<<95), comepxauieit UCXORHYIO
obaacte U, onpeneseHa aHaMUTHYECKas

¢ynkuns F (2), pasHas f(2) B G u ¢ (2) I\

B K, ABJFOUL3ACA aHAMNTHYECKUM 11pO-

ot

nomkennteM f(z) B G*. Yrto u tpeBosa- 1 4 4 /2,
JIOCH  [JOKAa3aTh. ) :
Hrak, 8 caywae muoeux xomniexc- Puc. 1.

HbLX NepemeHHblX He 8CsKas obaacins

28AR€MCST 00AACHL6I0 GHAANMUYKROCMU. DTOT (AKT CYUIECTBEHHO OT-
AY4aeT TEOPHIO (YHKUMR MHOTMX KOMIJEKCHHIX MEPEMEHHBIX OT TEOpUM
(pyHKUMH OJHOH KOMIIIEKCHOH nepeMeHHoH.



NPUJJTOXEHHWE 4
METOJl BATCOHA

Meron Bartcona npumensercs riaBHBIM 0OOpasoM NpPH CYMMHPOBAHHH
1 4CHMIITOTHYECKOM anainse psaaos. IlepBoHauasbHO STOT METOX Gbia mpen-
noxen [, H, Barconom 8 1919 r. npu uccnenosanun 3agauv O nudpax-
UMM PagHOBOJH Ha cdepe. MeTomoM pasieseHus MePeMEHHBIX JIerKo INoJy-
YUThb aHAJMNTHYECKOE TNPEICTABJAEHNE peuleHns STOH 3afaud B BUAE DaANa
no coGcTBeHHbM yHKuusaM., OaHaKO NPy -IJMHE Nafalouled BOJHBI, MHO-
FHM MeHblleHd pamuyca cdepsl, YTO UMEeT, HalmpuMep, MECTO B 3amauax
0 Iudpakuuu PagHOBOJH Ha NOBEPXHOCTH -3eMJH, NMONYUYEHHBIH PAA CXO-
AWTCS upe3BbiYaiiHo MemieHHo. Barcony ynanock paspa6oTarsh MeTox, N0O3BO-
AAOWAR peoGpa3oBaTh 3TOT MEMJEHHO CXOISUIWACS DSA B IPYro#t psi,
CXOAAWMHACT AOCTATOYHO OGBICTPO. DTOT METOX M MOJYUHJ BHNOCJAEICTBUM
Haspauue Mertona Barcona.

OcnoBHas wges merona BatcoHa HeoGBUaHHO NMPOCTa U OCHOBBIBAETCS
Ha TOM (DaKTe, YTO NpU BHIYMCJAEHMH HHTErPajga NO KOMIIEKCHOH mepe-
MEHHOH C MOMOIINbIO TEOPUM BHLIUETOB MOXKHO, PA3IHUYHBIM OGPa3’oM 3aMbi-
Kast KOHTYD MHTErpupOBaHus, NOJY4aThb NPEACTaBJEHHE MCXOAHOTO HHTEr-
pana B Buie pasauuublx pagoB. O@HAKO, HECMOTPS Ha NMPOCTOTY OCHOB-
HO#t uped Merona Barcona, ero peanusanus BO MHOTHMX KOHKDETHHIX C/y-
yagx Tpebyer GO/IBLIOrO HUCKYCCTBA.

[TponanocTpupyem OCHOBHEIE MOJOXeHns meroga Barcowa Ha mocra-
TOYHO npocteix mnpumepax®). Ilycte Tpebyercs npocyMMUpPOBaTb DAL

co

1

n=—oo

rie @ — HEKOTOPOE II0/OXKUTEIbHOE YHCIIO.

3ameruM, 9T0 npu @ > | uuciaenwoe cymmupoBanue psaga (1) ¢ BH-
COKO{l TOYHOCTbIO NpeacraBiseT coO0OH He cOBCeM TPUBHAJBHYIO 3ajauy.

Paccmorpum BCnomorarenbHbI# MHTErpan -

1 1 gty

I= g S va?  sinaw dv, @
Lr+-L
*) TpuBesenHLe HUKe IpAMephl NpUMEHEHHsT MeToa Barcona 6biH TIpesyIoNKe bl

C. 5. Cexepx-3eHbKOBHYEM, KOTOPOMY aBTOpbl NpHHOCAT HCKPEHHION
6/s1arogapHOCTh,
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rAe UHIErPUPOBAHHE MPONSBOAMUTCA HA KOMILIEKCHOH IJIOCKOCTH Vv IO
npsMeiM L+ u £~, NapasjeabibiM AeHCTBUTENBHOH OCH M OTCTOSIIHM
OT Hee Ha paccTosHun d B BepXHEH M HUKHEH MOMYIIOCKOCTAX, NPHUEM
d << a (puc. 1). Tlo npaMoit £+ unrterpuposaHue BEIETCS CNPABA HAJIEBO,

Imv
G
Hia
ra 1
A, L id 4.
L " 1 A | 1 1 1 LREV
Vet Ven Y Y, [ vV, Y, Yo | Your
N B - N
oI A
--ia
Puc. 1.

a no npsMo# L~ — B MPOTUBONOJIOKHOM Hanpasiennn. HecoOcreenusitt
unrerpasn (2) ssaserc abCOMOTHO cxopsmuMmcs. JledcTBuTe/bHO, HMEET
MECTO YUEBUAHAA OLEHKA

el 2 ‘ 2
= . < 3)
: —2I7 == g% .
sintw | |jmymg 11— € WV [|py_y &W—1
Awanoruynas oleska umeer Mecto u npu Im v=—d. Vrak sropoft

COMHOXHNTEJb B MOABIHTErpasbHOM GYHKUMM (2) orpaHuyeH, a NEpBBIH
CTpPeMHTCS K HyJo, Kak 1/|v [%, uro m obecneyusaer aGCOMOTHYIO CXOAU-
MOCTb HHTErpana (2).
IlokaxeMm, uro unrterpan (2) pasen cymme wucxoaHoro psza (1)
Ilocrpoum BCIOMOraTe/bHBIA HHTErpa }
1 1 ety .
—dv 4
In= % vVEfa?  sinmv *)
I'n
N0 3aMKHYTOMY KOHTYpY [y, COCTaBJEHHOMY M3 OTpe3KOB JZ? u Ly
NPAMBIX $+ u L= MRy TOUKaMH

A e ]

=<N+—;~-, —d)

COOTBETCTBEHHO U COEMMHAMIINX WX BEPTHKAAbHHIX OTPeskoB yy (AN AVN)
n Yy (ANANY (puc. 1). Buayrpu ofaactu, orpannyeHHo#t kourypom Iy,
noiulTerpanbHas  pyHkums (4) EMeeT MNOJMIoCH Mepsoro nopaaKa B
ToukKax vy =k (=0, ==1,...,3= N). ITosromy, Beuncasas uurerpan (4) ¢



308 , " MPUNOXKEHUE 4

NOMOIILIO TEOPHH BHIYETOB, IONAYYUM

N .
2ni ety

., \
\ 1 1
=g L B v s #]= ZNm' ®

-~

OTKyZa cJaeayer, uto cymma § pama (1) pasHa lim Iy.
N -

C npyro#t cropous, npeaen unterpana /y npua N — SO paseH uHre-
rpany (2). He#icTBuTenbHo, B cuay aGCOJIOTHOH CXOAUMOCTH HecoOCTBEH-

HOro uHTerpana (2) mveem =
im L L W - .
Jmog N s wwd=l ©
Ly+Ly

a VHTETpajsl TO NPAMBLIM Yy U Yy CTPEMATCAs K Hydo npu N — 0o, uto
JETKO YCTaHOBATb Ha OCHOBaHWU OUEHKHU

einy e— T Imv et Imv ;d
sin av yN= | sinw (Rev+4-iImv) | yN= ch(n Imv) vNée - M
Hrak '
s= X wra=h @
n=—c0

U UCXOAHAas 3ajava cymMMmapoBaHus psgia (1) CBOAMTCA K BBIUACJAEHUIO
unterpania (2). Tlocnegusas 3amaua MoxeT OBITh pelleHa ONATb C MOMO-
IbI0 TEOPUM BHIYETOB. 3aMETHM, 4TO MOALIHTErpajbHasw GyHKuHA B (2),
KpoMe OcOOBIX TOUEK Ha [JedCcTBUTENbHOM oCH, UMEeT ewme [ABa MoJoca
B Toukax v =t ia. Jln9 BbHuMCICHMA UHTErpana mo mnpsmoit L+ pac-
CMOTPUM B BEpXHEH MOJYNJIOCKOCTH 3aMKHYTH# KoHTYp Cp, cocTosmiui
U3 OTpe3Ka £Ljy W 3aMblKalowle# ero Ayra moayokpyxuocta Cy. Jlerko
BuAeTh, yTo npu Im v =d umeer MmecTo oOlEHKa, aHajJoruyHas (3)

elny 2

Imvzd = AT ®

sin v

OTKy#a CJefyer, uyro wuHTerpan no jayre Cy CTPEeMHTCA K HYJIO npu
N — co. TTosTomy, BRuUMCAAS UHTErpa] Mo NpsAMoi £+ ¢ MoOMOMbIO Teo-
PUH BBIYETOB, MOJYYUM ’

1 1 elny 2ni 1 einy
2 g vifar sin:wdv—_—meq[v?-}-aﬂ "sinqv? la]-—
L* '

1 @ n e 10
=N Sning % shnaa’ (10)
Ananoruuso - : )
LQ__l__._E”‘_” N il (11)
2 v2-4qa2  sinqv 2a shmna’
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OTKyZa X
1 1 eV Frd
=g\ wya =t 2

2
Zr 3 -

YTO M PEIIaeT UCXOAHYIO Safadyy cyMMupoBaHus psaa (1).
~ Paccvmorpenunt npumep, HECMOTDA Ha ero NPOCTOTY, COAEPIKHUT BCe
OCHOBHBIE 3JeMeHTH MerToda BaTcona. DTOT MeTOA acUMNTOTHUECKOrO MC-
CNeOBaHNUs PALOB COCTOMT M3 psiga srtamos. Ha nepeom srtane Hago no-
CTPOUTH HMHTErpana MO KOMIJIEKCHOH nepeMeHHO#, paBHHI CyMMe HCXO/I-
Horo psga. IlopsiHTerpanpHasi (YHKIHAS STOrO HHTErpaja MOMKHA CO-
JepxaTh MHOXHTEJNEM aHaMUTHYECKOE MpOoJo/DkeHne ofliero ujieHa psoa
B KOMIUIEKCHYIO IJIOCKOCTb ero Homepa. Crenylomu#t sTam 3aKJ/IouaeTcs
B HE3aBHCHMOM BHIYHCJAEHHH MOCTPOEHHOTO WHTerpasa. Bo mmuormx cay-
Yasx yHaeTcs MOJAYYHTb BHIDAXKEHHE HCKOMOrO HHTErpajsa uepes CyMMy
BRIYETOB NOJABIHTErPajbHOH (PyHKIMKH B OCOOBIX TOUKAaX aHANUTHYECKOTO
npono/mxenns obwero uneHa psga. Ecam uucao Takux OCOGHIX TOYEK
KOHEYHO, TO MBI [MOJy4YaeM $BHOE BHIpaXEHHE MAJS CYMMHB HCXONHOrO
pana, ecad YuC/aI0 3THX O0COOBIX TOYeK OeCKOHEeuHo, TO MBI IpeobpasyeM
HCXOOHHH PsL B HOBHIH, KOTOPHIH MOXeT OKa3aTbCsi 60Je€ NPOCTHIM AJA
aCUMIITOTMYECKOro  HCCIEAOBaHHUS.

B kauectBe crefyioulero npuMepa pacCMOTPHM 33jauy BEIYHCACHHA psa

Fo=3 1 coord oy

rae 0<C6<Cm, a o — 3a[aHHOE MOJOKHUTENbHOE YUCO, YAOBAETBOPSIOLLES
ycaosuio o << 1. Pap (13) aBadfercs THMMYHBIM A% MHOTUX 3alay maTe-
MaTHuecko#t (U3uKH, pelleHHe KOTOPHX CTPOMTCA METONOM pasieseHus
nepemennbix. Kax Jjerko Bugers, B cuiy ycaoBus & < 1 60/IblIOE HUCIO
NEPBBIX YJEHOB psAa WMEeT OAMH M TOT Ke NMOPAAOK (Hampumep, MHpH
o=10"% n 6 =0 nepssle 1000 useHoB psama nO aGCOMOTHOH BEJMUNHE
uamensiorcs o1 1 go 0,995). ITosromy npsiMoe uYUCIEHHOE CYyMMAPOBaHHE
pama (13) npn o <1 oOKaswiBaeTCsi BeCbMa 3aTpyaHuTEAbHBIM. OnHako,
npumeHss Metop BarcoHa, MoxHO npeoGpasoBath psif (13) B HOBHIH psap,
AJs KOTOPOro JErko MOJYyuYHTb acHMITOTUYECKOE IPEIACTaB/JCHUE [MPH
o < 1, —=--
PaccMoTpuM BCOMOraTeJbHBEIR WHTErpal

1 cos v0
1O=7 | e O (14
. II
rae koHtyp wumrerpuposanus II Ha xomnzexcHo#t niockocrm v mpen-
craBsisieT co0ol GeCKOHEUHyI0 NeT/I0, OXBAaTHIBAIOILYIO MOJIOXKHUTEIbHYIO
yacTh HeficTBUTENBHOH oOcH (puc. 2) ¥ nepecekaomyn AeHCTBHTENbHYIO
ocb B TOyke v =1/2. Wurerpuposanue no xourypy Il npoussopurca
B TOJIOXUTEJAbHOM HanpaBJIeHnu TaK, 4YTO JEHCTBHUTE/NbHAdA OCb OCTaeTcs
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C€Ba OT HanpaBieHms mABixeuns. Jlerko Bugets, uro Hurerpan (14)
pasen ucxoanomy paay (13). HleHcrButenpHO, PacCMOTPUM HHTErpan

cos vo

1
In @)= S ch o sin va dv (19)

1,

no 3amkHyTOMy Koutypy II,, cocrosuemy us KoHeunoro yuyactka nerau II
¥ 3aMBIKAIOUIEr0 €ro BepTHKaAbHOro orpeska A,A,, nepecexawomero aett-

1
CTBUTEJBHYIO OCb B TOUKE v=n+—2—. [onsinterpanbHas Qyukuusg f(v)
B (15) gBasderca aHanuTHYECKOH QYHKIMEN KOMIJIEKCHOH NepeMeHHOR v

Imy

4

Puc. 2.

BHYTPY KOHTypa MHTErDUDOBANHA, 33 HCKIIOYEHUEM KOHEYHOro uucjIa
M30IMPOBaHHbIX OCOGBIX TOUEK V;==i({=1, 2, ..., n) NPeACTaBJMOMUX
cobol nostocel nepsoro nopsgka. [TosToMy, npumenss TeopemMy B BblUeTax,
1oJyynm

n
\ cos k6
LO= Y (—1F 5. (16)
k=1
Ouenum snauenne dyukuun f(v) B (15) Ha orpeske A;A, Tak Kak
Ha 3TOM orpeske Rev=rn-1/2, 10, BOCNO/NL3OBABUIMCH COOTHOLIEHHEM
Sin VIt | Re y=n+ 1/2=sin(2n+l)%ch (v Imv) 4

+ish (@ lmv)cos (2n+1) 5 = (—1)"ch (nImv), (17)



METOJi BATCOHA : 311

MOy YnM :
) Isinvm 4,4, =ch( Imv). v (18)

ViMeeT MeCTO OueBUAHAA OLEHKA

|COS’V9 IAnAz évee, Imv] |A1Agv N (]Q)
OTKyZa
cos v8 I Imv|
—_ <_.— — | Im~v | (t—86)
sin vt (4,4,  ch (i Imv) |aua, <2e laga, <2 (20)

C apyro#t CTOpDOHHI, OUEBUAHO,
[chav]a,a, =-;—é“ P14 e72% | 4,0, >

>_;_l 1 _e—a(2n+l)|ea(n+l/2). (21)

B cuay (20) u (21) noxeiuTerpanbuasn ¢yuxuns B (15) Ha orpeske A4,
3KCrnoHeHnaabHo y6uiBaer npu n—-co. Ilostomy, mepexoas K npepeay
npu n—-00 B BhipaweHuu (15), moayuum

\ 0 |
) Ccos
10)= Y, (1) Far =F O) 22)

> k=1

YTO ¥ [JOKa3elBaeT PaBEHCTBO HCXOAHOrO psama (13) unterpaay (14).
[Mepeitaem teneps K Bblukc/aeHuto uurerpana (14). Has storo auaau-
THYECKVM MPOMOIKAM TNOABIHTErpatsiylo ¢yHkuuo (14) Ha BCWO Komm-
JIEKCHY!0 MJIOCKOCTh V U ONMpPeAe/anM OcCo6he TOuku dynkuun f(v)=
cos v
T chavsinva

Vomn (n=0, —1, =2, ) ve =l (2k+1)F (k=0 =1, £2,..)

npuyeM BCE 5TH TOYKHM — NOMIOCH MEPBOr0 MopsaaKa. 3aMeThM, Kpome
TOro, UTO TNOJbIHTErpanbHas QyHxuust f(v) ABAAETCA HEUETHOH (yHKuued
KOMIIJIEKCHO!l nepeMeHHoH v.
[TocTpouM Ha KOMMAEKCHOH MIOCKOCTH V 3aMKHYTHIH KOHTYD T\
‘coctosiuiuft u3 koneunoro yuactka I, mernu IT meway Toukamu A, u A,
1 (m+1D=n
(cM. puc. 2), npAMONUHEHHBIX OTPe3KOB ApAj, {A3= ”+'§, )0
' 1 (m-}-l)n 1 (m+1mn
s o= D) (o}, 502
n konrypa A,A;44; npencraBnmom.ero coboit npsamoJsuuelHLl  oTpe-
30k AyA4; ¢ oOxonoM TouKM v =0 110 Ayre 110AyOKDPYKHOCTH AOCTATOUINO
Manoro paauyca Q.
PaccmoTpum uHTerpain

1 cos v
han®=g5 \ G (23)
Ta,m

»

pue neran 1L O'-lEBVJﬂHO, TAKOBBIMH  SIBJASIOTCA TOUYKH
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Tle MHTErpUPOBAaHHE MPOM3BONMTCS B OTPHUATENbHOM HanpaBaeHud. Ouye-
BUIHO, )

Inm@®=—n{Bus[f() 0]+ ¥ Buu[f®), vl}.  (29)
E=0 _

C nmpyroft ctopoHn (cM. puc. 2),

: Aj A,
hm® =5 1§ F®) dv+§ f@ydv+ { feyav+

Hu 7
A, A,* A
+ S J(vydv+ S F(v)dv-+ S F(v)ydv S f(v)dv}‘ (25)
cp As A, A,

B cuay neuernoctu dyHkumu f(v)

A, A,
{fmyav+ § fmdv=o0.. (26)
A, A,
Kpome Ttoro, ouesnaHo,
. cos vO . .
Jim \ v v =—1 27)
o

OueHnM OCTaBLIMECH HHTErpanasl. B cHay NpOBENEHHBIX BHILE OLLEHOK
(cm. dopmyas (20), (21)) dyHKuus f(v) SKCIOHEHUMAABHO CTPEMHUTCH
K HyJIO NpU #—> 00 Ha orpe3kax A;A; u Agd,. Jlaq onenku pyuxunu f(v)
Ha orpeske AzA, 3ameTuM, yTo aHanoruuno (17)

chav |imy—mne=ch(xRev)=1. (28)

Kpome TOro, ouesusHo,
mIt

L
ICOSVBILImv=mu/a§.e @ ' (29)

1 | :
]sin VIt Ilm v = mmja = - |1— e—2mn3/u | emt/a _‘11_ emmi/a (30)

Ws (29) u (30) noayuum

ma
— g @9

<de . | (31)

cos vl
sin vt

Imv=mn/a

B cuny (28) m (31) sakmouaem, uro ¢yHkuus f(v) Ha orpeske Azd,
SKCMOHEHIUAMLHO CTPEMUTCS K HYMO npu m—>o0 u 6 << m.
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ITepexona B (25) k npegeny npu n, m—»~co n p—0 u yura (24)
a (15), monyuum B CAMy NpDUBENEHHBIX OLLEHOK

10— g =—a{Bus[f) 01+ Y Bua[FG) ). (32)
k=0

Tak Kak ‘
cos vf 1
Bb[q[ chav sin v ° O] s (33)
u
sv - .1 -1k ch 2 (2k-|—l)
TO OKOHUATEJbHO NOJYYUM
[ (2k—|—1)]
IO=F@=—5+2 2 (=1 ——— (35)

sh [2 (2k+1)]'

»

OueBuaHo, uJMeHH paga (35) UMET aCHMNOTOTHYECKUH IOPSAOK

T 1
—E(k+3) =0
e « npn o — 0, yTo U obecneynBaer GHICTPYIO CXOAMMOCTD
paga (35) npu 0 <<m. Ilpu mocraTouHo ManoM @ [/ NPaKTHYECKHX
PAacueToB MOXHO OFpPaHHYATHCS JIAWIB MEpPBBHIMM UYJEHAMH 3TOr0 psiia.

Crenyer nomuepkHyTb, YTO KOHKDETHBIE INIpHMEHeHus Merofa Bart-
COHAa B KaXIOM OTIEJbHOM (CJaydae MOryT OBITh pas/iMyHbIMA — NO-pas3s-
HOMY MOX(HO CTPOMTb HMHTErpaj, SKBUBANEHTHHIH HCXOOHOMY psaay, pas-
JIMYHBIME €OCOGAMH MOXHO MPOBOAWTHL ero Bblumcienue., HauGosee -
(eKTUBHBIH NyTh peanu3auny MeTOAa B KaXAOM KOHKDETHOM cJjyuae
JOMKeH BHIOUPATBCS, HCXOAA M3 cneuuduKy NCCAEAYEMOro psija.
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