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KHura comepxuT uanoxeHue Kypca «OcCHOBaHus
reoMeTpHH» B oObeMe, [pefyCMOTPEHHOM nporpam-
Mot MHHHCTepCTBA BHICLIEr0 H CpejHero creluHajJbHOro
ofbpa3oBaHHs A yHHBepcHTeToB. OHa oTIHuaeTcs
OPHTBHAJIBHOCTBIO H3JI0MEHHS MHOFHX pa3sfesioB Kyp-
ca, B ocoGeHHocTH pasgena «[eomerpus JloGaues-
ckoro» M pasgena <«[IpoekTHBHasd reoMeTpus».

Kunra paccuntana Ha CTYNEHTOB yHUBEpPCHTETOB
W MelarorHyeCKHX HHCTHTYTOB.

OtBercTBeHHblll pejaktop — npod. A. I1. Baanx



MNPEJUCJIOBUE KO BTOPOMY HW3JAHUIO

B Hacrosimiem usganud kKeurd ryaea IlI, copepxkaras
HCCIeIOBaHHE AaKCHOM 3BKJMAOBOH TIeOMeTpHH, JMAOMNOJHEeHa
§ 6. B atom naparpade nokaseiBaeTcs, YTO NPHHSATYIO HaMH
CHCTeMY aKCHOM JBHXEHHS MOXHO 3HAUHTEJIbHO COKPAaTHTb,
ocTaBHB ToabXo akchombl 11y, III,, IIlg u III,.

Asmop



TIPEJIVCJ/IOBUE K [IEPBOMY U3JIAHUIO

Mue HEOJHOKPATHO MPHUXOAHJOCH UYHTATb YHHBEPCHTET-
CKHil KypC OCHOBaHMil reomerpuu. IIpu 35TOM BO3HHK PpsA
cooOpaxKeHH OTHOCHTETbHO H3JIOKEHHsI OTAeJbHbIX pasje-
JIOB Kypca. DTH cooOpaxeHHsi ObUIH DPYKOBOJSIIUMH IpH
HAlHCAHHH HACTOSILIETO NOCOOHS.

TpanuuuoHHbI Kypc OCHOBaHHH TEeOMETPHUH, He CuHTast
HCTOPHUYECKOro 0030pa, KOTOPHIM OOBIYHO KYpC HauyHHAeTcs,
COIEPKHT YeTbipe TeMbl: AKCHOMATHUECKOE MNOCTPOEHHE  3B-
KJIMIOBOH reOMeTPHH, aHa/JIH3 aKCHOM 3BKJHIOBOH reOMeTpHH,
reomeTpuio Jlo6ayeBCKOro, NPOEKTHBHYIO M JApYyrue reo-
MeTpHH.

N3naras Bompoc 06 AaKCHOMAaTHYECKOM MOCTPOEHHH
SBKJIMJOBOM TreOMEeTpHM, CTaBAT mnepeA coboil 3amady, OT-
NpaBAsisiCb OT AaKCHOM, DAa3BHTb CHCTEMY BBITEKAIOWHX K3
Hee CJeACTBHH JO TakKoro o6beMa, KOorja H3JoXKeHHe B
IIKOJIbHOM Kypce TreOMeTPHH CTaHOBUTCS JOCTaTOYHO Oes-
ynpeunbiM. [lpakTuuecks 3aecb npuxoputcs crporo 000-
CHOBaTb H3MepeHHe OTPe3KOB H YIJIOB, J0Ka3aTb OCHOBHbIE
TeopeMbl O KOHTPYEHTHOCTH NPNCTEHIIUX (Uryp, BbIBECTH
H3BeCTHble HEepaBeHCTBA AJISI CTOPOH H YIVIOB TPEYroJibHHKA,
paccMmoTpeThb nojo6ue TPEYroJbHHKOB H 3aKOHUHTb TeopeMol
ITudaropa.

HecMoTpsi Ha 3;memeHTapHOCTb 3TOH 4acTH Kypca, H3-
JIOXeHHe ee B YKas3aHHOM o0GbeMe TpeOyeT 3HAUHTENIbHOTO
Bpemend. U ¢akTHueckn gejJo OGCTOMT TNpPHUMEPHO TakK.
Koraa, HakoHell, yCTaHAaBJMBaeTCs €CTECTBEHHbIH MNOPANOK
C/IelOBaHUsl TOYeK Ha MNpPSAMOH W A OTPe3KOB JOKashiBa-
€TCl CYyLIeCTBOBaHHE JUIMHBI, ayAMTOPHA CTAHOBHTCS Ha-
CTO/IBKO TONO3PUTENbHOM, YTO HAYMHAET COMHEBATbCS  BO-
ofiule B BOBMOXHOCTH KOrja-HUGYAb NOHTH 10 Teopembl Ilu-
daropa TakuM mnyTeM. ITO COMHEHHe JaJbHEHLINM H3JI0-
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JKEHHEM He  TOJbKO He pAaCCeMBaeTcs, a eme Oosbliue
YKpEnJasieTcs - TeM, YTO H3-32 HEJOCTaTKa BPEMEHH JIEKTOp
OObIYHO Orp2HHYHBaeTCs OYeHb HEMHOTHMH  CJeJCTBHSMH
4KCHOM KOHTPYEHTHOCTH H MepeXoJHT K pPacCMOTPEHHIO
Pa3JHYHBIX NpEJJIOKEHHH, SKBHBAJEHTHBIX MATOMY MOCTY-
JaTy. _

Mue npeicrtaBasieTcsi, 4TO J€JO 3[€Ch MOXKHO B KaKOH-TO
Mepe MOMpPaBHTh CJeAyioluM 06pasoMm.

Bo-nepBbix, HEOOXOAMMO BMECTO aKcHOM nopsinka [Hib-
GepTa BBOJIMTb CHCTEMy aKCHOM, OCHOBAHHYIO Ha OTHO-
LIEHHH CJaeloBaHus JJid nap ToyeK. Takasi cucTemMa, Kak
H3BECTHO, 3KBHBaJeHTHA CHcTeme akcuoM [uapbepTa, HO
OT/IMYAEeTCS] OT HKee MPOCTOTOH, OGNH30CTHIO K MPHBBIYHBIM
NpPEACTABJEHHUSIM O pAacHOJOXKEHHH TOYeK Ha NpaMod H
MO3BOJISIET JBYMSI-TPeMsi NPOCTHIMH CJIEACTBHSIMH, H3 Hee
BHITEKAIOIIUMH, MOATOTOBHTb BONPOC O BBEJEHHH Mephl AJd
OTPE3KOB H YTJIOB.

Bo-BTOpbIX, BMECTO aKCHOM KOHTPYEHTHOCTH HAaJO BBOC-
JUTb aKCHOMbI JBHKeHHsl. VIMEHHO Ha akCHOMax HABHXKEHHA
OCHOBAHO H3JI0XK€HHEe B LIKOJBbHOM Kypce reoMeTpHH. BBso-
JANTb aKCHOMBI KOHIPYEHTHOCTH, OCHOBAaHHble Ha OTHOLUe-
HHU sl (Uryp, KOTOpPOe MOXKHO NpelCTaBHUTb cefe TOJBbKO
C NOMOIIbIO JABHXKEHHS JJs1 TOro, utoGbl NOTOM JOKasaTb
CYLIECTBOBAHHE 3TOr0 CaMOro [BHXKEHHsl, BpsiA JIH Lejeco-
o0pasHo.

B-Tperenx, Hazo ¢opMysHpOBaTb TOJNBKO AaKCHOMY He-
npepbiBHOCTH JleleKunJa, He YyCTaHaBNWBasi ee 3KBHUBA-
JIeHTHOCTL akcuome KauTopa W akcuome Apxumena. dtomy
BONPOCY CJAHLIKOM MHOTO yJessieTcsi BpeMeHH B TeOpHH Belile-
CTBEHHBIX YHCeJ, YyXe 3HAKOMOH yualemycs.

Urto ke KacaeTcsl SKBHBAJIEHTOB MATOrO IOCTyJaTa, TO
O HHUX CJeAyeT TOJbKO YNOMSIHYTb H TO. B COOTBETCTBYIOLIEM
MecTe HCTOpHueckoro o63opa. Bce sty yTBepixaenusi skBHBa-
JIEHTHOCTH CTaHOBSITCS TPHBHAJBHBIMH MOCJE YCTaHOBJEHHS
NOJIHOTBI CHCTeMbl akcHoM JloGaueBcKoro.

YxasaHHble COOOpaXKeHHsi XOTS M He HOBbI, NO3BOJISI-
IOT HAaCTONbKO OOGJIErYHTb HAuyajo H3JIOKEHHs, Henocpel-
CTBEHHO TPHMBbIKalOllee K aKCHOMaM, YTO TpeACTaBjsieTcs
BO3MOXHbIM JIeHCTBHTENBHO pPa3BUTb  3JIEMEHTapHYIO Treo-
MeTpHIO B yKasaHHOM oObeme Ge3 ocoGoro Tpyraa. A 3Toro
Heb3sl HTHOPHPOBaTb, €CJH NPUHSITh BO BHHMaHHe OYAYILYIO
NpodeCCHIO OCHOBHOM Macchl cylaTeneli — yunTess CpefHel:
I KOJIBI.
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Crepyiomasi TeMa Kypca — aHalH3 aKCHOM 3JjieMeHTap-
HOH TreoMeTPHH — HMeeT CBOeH 3ajadyell pacCcMOTpeTb BO-
NpPOCHl  HENPOTHBOPEUHBOCTH, HE3aBHCHMOCTH H  IOJIHOTHI
CHCTEMbl aKCHOM 3/IeMEHTAapDHOH T'eOMETPHH.

3nech npexae Bcero HEOOXOAHMO 4YeTKO (opMyJHpo-
BaTb OCHOBHble BOINpPOCHI, BO3HHKAIOIHE MPH aKCHOMAaTHYe-
CKOM MOCTPOEHHH JIIOOOH TEOPHH M T'eOMETPHH B YaCTHOCTH,
Jl0Ka3aTb HENpPOTHBOPEUHUBOCTb U TMOJHOTY CHCTEMBl aKCHOM
aneMeHTapHOi reomerpud. Urto ke KacaeTcs HX He3aBHCH-
MOCTH, TO  JOCTATOYHO OlPAHHUYHTBCH  JOKA3aTeJbCTBOM
HE3aBHCHMOCTH  aKCHOMbI HeNlpepbiBHOCTH B ¢opme [ene-
KHHJA U aKCHOMbl Mapa/senbHOCTH. B mocnemnem Bompoce
NpelnouTUTENIbHO MOJIb30BaThCsl  HHTeprperauueit KoeiiHa.
HJeno B ToM, YTO B 3TOH HHTEpPIpeTalHH IpOBEpKa BCEX
aKCHOM, KpOME AaKCHOM [BHXKeHHs, JEeHCTBUTEJbHO  TpH-
BHA/JbHA, @ MPOBEPKA AaKCHOM JBHUKEHHs TaKXKe MOMKeT
ObITb NpOBelieHa JOCTATOYHO MPOCTO MyTeM NpUBENeHHS MpO-
H3BOJIbHOH TOYKH K LEHTPY HEKOTOpPbIM CTaHAAPTHbIM 00pa-
30M, a 3aTeM HCIOJNb30BaHHS 3BKJIHAOBBIX BpalleHHil OKOMO
HeHTpa abcoJiioTa H 3epKaJbHbIX OTPa)KeHUH B ero Jua-
MeTpax.

CymiecTBeHHO, HaM Ka)eTcsl, HaJl0 H3MEHHTb H3JIOXKe-
HHe TeMbl — reomerpusi JloGaueBckoro. Tpaaunuonuoe H3-
JIOXKEHHE ee HauHHAeTCsl TeopHell mnapaJJenbHbIX mo JloGa-
yeBCKOMY. 3A4jaua, KOTOPYi0 NpPH 3TOM CTaBST, 3aKJKOYaeT-
ci He B TOM, 4YTOObI NOKa3aTh, KaKHe MapafoKCaJbHble
CBOMCTB2 B3aUMHOTO PpACIHOJIOXEHHUS TNPSMbIX MOXHO BHI-
BeCTH M3 aKcHOMbl mapasjenbHocTd JloGayeBckoro, a B
TOM, 4TOOBI JOKa3aThb IMOJHOTY CHCTeMbl aKCHOM H BbiBECTH
MeTpuyeckyio ¢opMmy miaockoctd JloGaueBckoro. 3ajava 3ra
He Jierkasi W ee pelleHHe B CBOeil CYIIEeCTBEHHOH 4YacTH
OObIYHO MepexXoJUT B TaK HasbiBaeMblii HeoOs3aTeNbHbIM
pasiesn Kypca, KOTOpbIfi MOJAaeTcsi B OIUCATEJNbHOM [lL1aHe
6e3 [0Ka3aTe/bCTB.

[lpeacraBnsiercas Gonee eCTECTBEHHHIM H  COBPEMEHHbIM
HauaTb CO BTOPOM YaCTH MOCTABJEHHOH 3ajJayH — BLIBOJA
JIHHEHHOTO 3JIEMEHTAa IIQCKOCTH B paMKax abCoJIIOTHOMH
reoMeTpud 6e3 HCHOJNBL30BAHHUSI KaKHUX-1MOO MNpPEANoJoxKe-
HHH 0 napajsenbHbiX. Taxoiff MOAXOA OKa3blBa€TCs HE TOJb-
KO He Oe3HaleKHbIM, HO Oosee MNPOCTbHIM H 3KOHOMHBIM.
CTporo ycraHoBneHHAasi MOJHOTa CHCTeMbl AKCHOM TreomeT-
pun JloGaueBckoro u H3oMopdHu3M BceX ee peajusauuii mno-
3BOJISIIOT NpocTo, 6e3 0co6oro TpPyAa H3JNOXKHTb OCHOBHbIE
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¢akThl reoMmetpuu JlcGaueBckoro, B TOM YHC/JE H TEOPHIO Ma-
pansenbHbIX, HCOOJL3YS Haubosgee MNOAXOASIIHE HJIA STOro
HHTepNpeTaLHHu.

B nocaenneii teme Kypca — NPOEKTHBHAasi U JApyrue reo-
METPHUH — OCHOBHAsi 3aJaya COCTOMT B CTPOrOM ~aKCHOMa-
THYECKOM OGOCHOBAHHH TNPOEKTHBHON reomeTpuu. Jpyrue
reoMeTpuH OObIYHO MOJAIOTCS B omucaTesbHOM naane, OBocHo-
BagHe NpPOEKTHBHOH reOMeTpHH — TakKxKe JAO0BOJIbHO OoJbluas
no conepxanuio reMa. Hekotopoe obJjieryenue ee H3JIOXKEHHS
JOCTUraeTcsi CjeAyIOUIUM 06pasoM.

Bo-nepBbiXx, BMECTO aKCHOM MOpsKA, OTHOCSIIIMXCHA K
NOHSITHIO pasjelieHHst [ap, MOXKHO NPHHATb AKCHOMBbI cCie-
JOBaHUSI TpPoeK. DTO OCOGEHHO LienecooOpasHo, eClH yepes
OTHOILIEHHE CJIeIOBaHHS Iap BBOAATCS aKCHOMBI NOpSAKa
SBKJIMJOBOM TeOMeTpHM, TaK KaK I0Jy4aeTcsl NpPeeMCTBEeH-
HOCTb B 3THX CHCTEMax aKCHOM. ;

Bo-BTOpBIX, NOCJE KJAcCHYECKOro paspe3aHus Mpoek-
THBHOI  MJOCKOCTH M0 «0eCKOHEYHO YJaJeHHOH MNpsIMOi»
HAaJO HeMeJJIeHHO NPUCTYNHTb K IOCTPOEHHUIO TEOPHH BeK-
TOPOB, MAKCHMAJIbHO HCNOJb3ysl NP 3TOM CJEJCTBHSI aK-
CHOM CBfI3H, MNOPSAJAKA, HENPEepbIBHOCTH M MapaJjJesbHOCTH
3BKJHIOBOH TreoMeTpHH, a 3aTeM BBeCTH adHHHbIE  KOOp-
quHatel. Ilpu 3TOM  oOkasbiBaeTcst BO3MOXKHBIM — H30exkaTb
AyGaupOBaHUSl  COOTBETCTBYIOLIErO  pasfena  3BKJHAOBOIL
reoMeTpud M N0 XOAY JAefCTBUS YCTAHOBHTb MOJHOTY CH-
creMbl akcuoM acduHHOR reomerpuu. Kpome Toro, crporoe
reoMeTpHuyeckoe 0OOCHOBaHHE TEOPHH BEKTOPOB TaK¥Ke BeChMa
NoJIe3HO. YCTAHOBHB IOJHOTY CHCTEMbl AKCHOM MPOEKTHB-
HOH reoMeTpuH, OCHOBHble ee (DbaKThl MOXHO THOJYYHUTb
B AHAJHMTHYeCKOH peasH3alliH.

B npeanaraeMoM noco6HH Mbl CJELOBajJH yKa3aHHbIM CO-
oOpaXkeHHsIM.

O6wuit “naaH NoCTpoeHHs Kypca, a TakKe JeTajd He-
KOTOpbIX JIOKa3aTeJIbCTB 3aUMCTBOBAHBI HAMH MpeHMYLLeCT-
BenHo u3 KHuru H. B. E¢umoa «Beictuas reometpus».



BBEAEHUE

KaxnoMy, KTO H3yuYan 3/1eMEHTapHyi0 T[EeOMETPHIO, H3-
BECTHO, YTO €e COJiepKAHHE COCTABJSIIOT YTBepKAEHHs (Teope-
Mbl), OTHOCSILIIMECS] K FeOMETPHUYECKHM (PUrypam, MoJydaembie
NyTeM JIOTHUECKHX YMO3aKJ/IOUEHHH B KOHEYHOM CyeTe U3
HEKOTOPOrO YHCJIA HCXOAHBIX TOJIOKEHHH (aKCHOM).

- B cBA3KW ¢ 3THUM BO3HHKAIOT TPH BONPOCA, KOTOpLiE B
MepBYIO ouepeib paccCMaTpHBAIOTC B OCHOBAHUSIX TEOMETPHH.

1) Tak KakK HCXOJHbIE [OJIOXKEHHS — AKCHOMBI — TaK-
)K€ TNpeiacTaBasiloT Cco6oi HEKOoTopble YyTBepXKIEHHs, OTHO-
csilipecss K reoMeTpHYecKHM (UTypaM, TO He MOTYT NH He-
KOTOpble H3 HHX ObITb JIOTHYECKH BbIBEJEHbl H3 JPYTHX;
2) Hesqb3sl JW MOJYYUTL NyTeM JIOTHYECKHX PacCyXIeHHIT,
OMHMPasiCb Ha aKCHOMbI, JBYX B3aHMHO HCKJIIOYAIOIHUX cuef-
CTBUH; W, HaKoHell, 3) HeJb3s JH CHCTEMY aKCHOM JCMOJ-
HHUTb HOBBIMH aKCHOMaMH, KOTOpbIE He BbITeKasu Obl U3 CTaphiX
H BMeCTe C TeM He TMPOTHBOPEUHJH Obl HM.

Pemienre STHX BaXHbIX JJIsi aKCHOMAaTHYeCKOTO MOCTPO-
€HHs TreOMEeTPHH BOMNPOCOB ObLIO MOJYYEHO CPaBHHTENBHO
HelaBHO. Besnuaiimast saciyra B 5TOM NpPHHAANEXKHUT Ha-
mwemy cooteuectBeHnuky H. M. Jlo6aueBckomy. Ero oTkphi-
THE HE3BKJHJOBOH TeOMETPHH W CBSI3aHHOE C 3THM YCTaHOB-
JIeHHE HEe3aBHCHMOCTH aKCHOMbl MNapaJijiesIbHbIX IOJIOXKHIO
HAyaJI0 MHOTOYHCJEHHBIM MJIOAOTBOPHbLIM HCCNEJOBAHHAM Bhl-
Jatomuxcs MateMatikoB XX Beka, B paboTax KOTOpPbIX yIo-
MSIHYyTbie BONPOCH B NMpPHMEHEHHH K 3J1eMEHTapHOH reoMeTpHH
NONYUHJIH TIOJIHOE paspelleHue.



ri1ABA |

UCTOPHUYECKHUNA OYEPK OBOCHOBAHH S
FEOMETPUH

§ 1. «Hauwana» 3skaupa

leomeTpusi Kak sSMIHpHUECKas HayKa B PaHHHH NepHOJ]
JIOCTHIJ1Ia OCOGEHHO BBICOKOTO ypoBHA B Erunte B CBA3H C
3eMJieMepHbBIMH M HPPHTALHOHHBLIME paGoOTaMH.

B nepeoM ThicsiueneTHH IO H. 3. reOMeTpHUYeCKHe CBefe-
HHS OT €runTsaH nepewwid K rpekam, B ['penun Hauancs
HOBBI 3Tanm B pasBUTHH reoMeTpuu. 3a nepuox ¢ VII no
Il Bex mO H. 3. rpeueckue reoMeTpbl He TOJbKO 0OGOraTHIH
reOMeTPHI0O MHOT'OYHCJIEHHBIMH HOBBLIMY (DaKTaMH, HO MNpea-
NPHHSJIY TaKXKe Cepbe3Hble Iard K CTPOrOMy ee JIOTHUECKOMY
000CHOBaHHUIO.

MnuoroBekoBasi pafoTa TIpeyecKHX TeoMeTpoB 3a 3TOT
nepHox Oblla TMOJBITOXKEHA W CHCTEMATH3UPOBAaHA JBKJIH-
JaoM (330—275 rr. no H. 3.) B ero 3HameHWTOM Tpyle «Ha-
yaja». DT0 COUHHEHHE JaeT IepBoe JOLIejlilee A0 Hac CTPoO-
roe JIOTHYECKOe IOCTPOeHHe reoMeTpuu. B HeM wu3smoxenne
HACTOJIbKO 06e3ynpeuyHo AJsi CBOEro BpeMeHH, YTO B TedyeHue
ABYX ThICSiY JIeT ¢ MoMeHTa nHosiBjenusi «Hauwam» ono Gbuno
€[HHCTBEHHbIM DYKOBOJACTBOM J/Asl H8YYAIOUIHX TEOMETPHIO.

«Havana» BKJOUalOT TpHHAAUATbL KHHT, M3 KOHUX COOCT-
BEHHO reoMeTpuu mocesimenbl KHUru I—IV u VI, rae usna-
raercs nnanumeTpus, a takxke XI—XIII, oxBarbiBaiouiue
crepeometpHio. Octanbhble KHHrH «Hayam» nocesiuensl apudg-
METHKe B TeOMeTPHUECKOM H3JIOKEeHHH.

Kaxnasa xuura «Hawam» HauunaeTcs onpegnenenueMm no-
HATUHA, KOTOpble BCTpeyaloTcsi Bnepsble. Tak, wanpumep, B
nepBoii KHHre Janbl 23 onpejenenus. B uactHocTH,



Onpenenenue 1. Touka ectb TO, YTO He HMeeT
qacrei.

Onpenenenune 2. JIiHUA ecTb ATHHA Ge3 IUMPHHBI.

Onpenenenue 3. IIpamas ectb Takasi JUHHSA, KOTO-
pasi ONMHAaKOBO pacloJIOXKEHA MO OTHOUIEHHIO KO BCEM CBO-
HM TOYKaM.

B nepsoit kuure «Hauany 3a onpeaeneHusiMH CJIEAYIOT MO-
cTysnartbl M akcmombl. Hamnpnmep: ‘

IMMocryaar 1. Tpebyercs, utoGbl OT KaxIOH TOYKH °
KO BCAKOH JADYrof TOYKe MOXKHO OblIO IPOBECTH NPSAMYIO.

IToctyanar V. TpeGyercs, uToGbl BCsiKHil pas, Koraa
‘MpsiMasl OPH MepeceyeHHH C JABYMS APYTUMH OPSIMbIMH  00-
pasyeT C HHMH BHYTPeHHHE OJHOCTOPOHHHE YIJbl, CyMMa
KOTOPBIX MeHbllUe JBYX INpPSIMBIX, 5TH NpsIMble IepeceKaHchb
C TOH CTOPOHBI, C KOTOPOH 3Ta CyMMa MeHblUe ABYX NpPSMbIX.

Akcuowma . PaBube noposub TpeTbeMy paBHBl MEXKAY
co6oit.

Axcunoma II. Ecniu Kk paBHBIM NpHGaBHM paBHbIE, TO
TIOJYYHM paBHbIE.

M nocrysmatel # akcHOMBI NpeJCTaBASIOT COGOH yTBepKae-
HHSl, TIpHHHMaeMble 6e3 JokasatesnbcTBa. [lo kakomy npHH-
UMYy OJHH YTBEPXKAEHHSI OTHOCATCS K IOCTyJaraM, a ApyrHe
K aKCHOMaM, HeHU3BEeCTHO.

Beren 3a akcunomMamMu HAyT TeopeMbl K 33aJayd Ha Io-
CTpOeHHe 1nojJ OOUHM Ha3BaHHEM «IIPeJIOKEeHHUs», pPacro-
JIOXKeHHble B CTPOrOH MNOCJeNOBATEJIbHOCTH TaK, 4YTO JOKa-
3aTeNIbCTBO (pellleHHe) KaXJIOro NOCJeAyIOUero npeajoxeHHs
onppaercss Ha npeabiaymue. BoT omHO M3 -3THX mpejJo-
KEHHH. ‘

Ecnu B aByx TpeyroJibHHKax JABe CTOPOHBI OJHOTO paB-
Hbl JBYM CTOPOHAaM JpYroro H YIVIbl, COAepIKalllHecs Mex-
Ay PpaBHBIMH CTOPOHaMH, pPaBHbl, TO H OCHOBaHHE OJHOTO
TPEYrosibHHKa PaBHO OCHOBAHHIO APYroro, M OJHH TPEYroJib-
HHK paBeH JAPYroMy, H OCTajibHble YIJIbl OJHOrO TPEyroJib-
HHKa PaBHbl OCTAJNbHBIM yIJlaM Jpyroro, HMeHHO PaBHbl YIJIBI,
NPOTHBOJIEXKALIHE PABHBIM CTOPOHAM.

Xora «Hauana» IBkauaa H ObliM B TeyeHHE JJIHTENbHO-
ro BpeMeHH o0pasuoM AJisi CPaBHEHMs, OHH JaneKko He JO-
CTHTaIOT YPOBHSI COBPEMEHHOH CTPOrocTH wuanoxenus. JlaH-
1ble B MEepBOli KHHIE ONpeJe/ieHHsi reOMeTPHUECKHX 00pasos
SIBJISIIOTCA CKOpee ONHCAHHEeM HX, NPHuUeM [ajieKo He coBep-
menusiMd. Tak, Hanpumep, onpegesnenue IV TpsAMOH JHHHH
HEe OTJIHYaeT ee OT OKPYXKHOCTH, a onpejenende II npous-
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BOJIbHOM JIHHHH CONEpKUT YNOMHHAHHE O JJIMHE H LIHPHHe,
KOTOpHIE CaMM HYKIAIOTC B ONpPENEJICHHH.

He caepyer nymarb, omHako, 4To JNeeKTHBI BCe onpeje-
JieHHs, npeanocnanabie nepsoil kHHre «Hawan». Hanporus,
uejbli psj onpefeseHHil, B TOM YHCJIE€ OKPYMKHOCTH, Tpe-
YrOJIbHHKa, NpsIMOro, OCTPOrO M Tynmoro yraa, Jjubo 6Ge3sy-
npeynsl, JuG0 coAep:KaT He3HauHufesjbHble, JErko YCTpaHH-
Mble HegocTaTKH. Eciu npu 3TOM yyecTb, YTO CBOMCTBA reo-
MeTpHUeCKHX 00pasoB, cojepxalldecs B JAedeKTHBIX ompe-
JeJIeHHsIX, HHUTAe B J0Ka3aTeJbCTBAX He MCHOJB3YIOTCH, TO
'3TH onpeleneHHsT MOryT ObiTb omyuieHbl 06e3 yuep6a nis
H3JIOXKEeHUsI. '

Uto Kacaercsi NOCTYJAaTOB M aKCHOM, TO HX (popMmyJu-
POBKH O0e3ynpeuHbl, cojepiKauiecs B HHUX YTBEPXKACHHS
CYIIECTBEHHK M COCTABJSIIOT OCHOBY  CJIEAYIOMIMX 3a HHMH
JIOKa3aTeNbCTB.

OGparuMcsi, HaKOHell, K JOoKasaTenbCTBaM. [lo 3ambicay
aBropa «Hauan», pokasatenbCTBa BCeX INPETOXKEHHH JHOJ-
JKHBI B KOHEUHOM CyeTe ONUpPAaTbCs HAa CBOKCTBA reomeTpHye-
CKHX 00pasoB, ompejessieMble MNOCTyJaTaMH H aKCHOMaMH.
Opnako yxe Geryioe 3HaAKGMCTBO C JIOKA3aTeJbCTBaMH DBKJIH-
Ja ybOexziaer Hac B TOM, YTO B HHUX HEOJHOKPATHO HCIOJb-
3yIOTCl TaKHe CBOHCTBA TreoMeTpHUeCcKMX o0pasoB H OT-
HOLIEHHSI MEXAY HHMH, KOTOpble He BBISICHSIOTCS HH INOCTY-
JlaTaMd, HM akcuomamu. Tak, Hanpumep, B JOKa3aTesbCTBe
YIOMSIHYTOTO BbIllle INPENJOXKEHHs] O paBeHCTBE TpPeyroJb-
HHKOB JBKJHA TNOJb3yeTcs HABHXKEHHeM, a B psje APYrux
JIOKAa3aTeJIbCTB CChIIAETCS HA CBOHCTBA B3aHMHOI'C PacroJioxKe-
HHS TOYEK Ha TNpPSMOM, BblpaxkaeMble CJIOBAMH «JIeXKaTb MEXKAYY.

Bo3HuKaeT ecTecTBeHHbIH BONPOC, HENb3sl JH OCBOOOAUTHL
3BKJHJAOBHl JIOKa3aTeJbCTBA OT 3TOrO0 HENOCTaTKa, 3aMeHHUB,
MOXeT ObITb, HX APYTHMH, ONHPAIOUWAMHCS TOJBKO Ha MOCTY-
Jatbl U akcHoMbel. OTBeT Ha 3TOT BOMPOC ObLT MOJYYEeH Cpas-
HUTeNbHO HejaBHO. OKasajoch, U4TO 3TO BO3MOXKHO CAeNaTb
TOJIBKO [OCJIe HaAJIexallero NomnoJIHCHUS CUCTEMbl NIOCTYJ1aTOB
H akcHoM 3skauja. B rnase 111 Mbl eme BepHemcsi K 3TOMY
BOMpOCY.

§ 2. MNMonbiTKH JOKa3aTeJbCTBA MATOro NOCTyJAaTa

Hekoropele u3 yKasanubix Bbillle HemoctaTkoB «Hauas»
+JBKJIHAA ObIIH OTMEYeHbl YXKe [PEBHHMH IpeKaMH, B CBSI3U
C yeM TPeANpHHHUMAIUCh TONBITKH VJYUYLIHTb H3JIOXKEeHHe
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«Hauan». 'naBuas 3agaua, KOTOPYIO NpH 3TOM CTaBHJH, 3a-
KJII04a/1aCb B TOM, YTOGbl CBECTH CHCTEMY MOCTYJIATOB H aKCHOM
OBKJHAA IO MHHUMYyMa.

EcrtecTBenHbli NyTh ANS peLICHHS] 3TOH 3aJadd COCTOMT
B TOM, YTOObl HEKOTOpDble U3 NOCTYJAaTOB H- @aKCHOM BbIBECTH
u3 ocranbHbix. MMenno TakuMm nyrtem «Hauana» Gbuiu ocBo-
GOXKJIeHbl OT 4YeTBEpPTOro MOCTysaTa, B KOTOPOM HJET peub
O, PaBeHCTBE BCEX MPAMBIX YIJIOB.

OnHako Bce MNONBITKH OCBOOOAMTLCS TaKUM 0GpasoM OT
OSITOrO0 MOCTyJsiaTa Oblid  0e3pe3yJabTaTHBIMH, XOTA  STHM

BOIPOCOM 33aHHMaJHCh TreoMe-
TpHl B TeyeHue GoJiee ABYX Thl-
cay jet. Tunuusolt owu6Koi
GonbUIMHCTBA  JOKA3aTeJbCTB
OSTOrO  MOCTyJiaTa  sIBAsIJIOCh
Co3HaTeNbHOe  maH  Geccos-
<  HaTeibHOE HCIONIB30BAHKE Ka:
KOro-ju00 yTBepxkJAeHHS, HE CO-
Jlep:Kalerocsi siBHO B OCTaJib-
HbIX MOCTYJIaTaX H aKCHOMax
H He BLITEKAIOUIEr0 H3 HHX.

Bot, nanpumep, HokasaTeabcTBo IIpokaa.

Hano: a 4B < 2d (cm. uyept. 1). TpeGyercs moKasath,
yTO mpsiMble g’ M g” nepecekaioTcsi B HEKOTOpoi Touke C.

IMpoBesrem uepes Touky A npamyio g7, napaanenb-
Hylo g’. BosbmeM Ha npsiMoit g” Touky B W ONYCTHM U3 Hee
nepnenfukyasp Ha g”. Tak Kak npH yJajeHWu' TOYKH B
or A ee paccrosinHe OT g” HeorpaHHYeHHO pacrer, a pac-
cmosnue Mewcdy NAPANIENbHBIMIL  NPAMBLMU g u g’” nocmo-
AHHO, TO HA g” HaiijeTcst Touka C, NpHHAIexKALas g’. B atoii
TOYKE W TlepeceKaroTcsl npsimbie g’, g”.

HcnonpzyeMoe B 3TOM JHOKasaTesbCTBE CBOMCTBO MNapas-
JIEIbHBIX TPSIMBIX HE COJEPXKHUTCS SIBHO B OCTaJbHbIX RO-
CTyJlaTax W akcuomax. Bosee Toro, kKak Mbl YBHAMM [IO3Xe,
OHO M3 HHUX He MOXeT ObITb BbIBEIEHO.

CymectByer GeCuHC/EHHOE MHOXECTBO JAPYrHX YyTBep-
JKJEHUH, C TNOMOIIBbI0 KOTOPBIX MOXHO ObuIO Obl AOKasaTb
nsTolil nocrynatr. Hanpumep:

1. Bce nepnesamkyasippl K OJHOHl CTOPOHE HEKOTOPOro
OCTPOrO yrja TepeceKaloT ero ApPYryio CTOPOHY.

2. CymecTByioT noJoGHbIe M HepaBHblE TPEYTrOJbHUKH.

3. CylwecTByIOT TPEYroJbHHKH CKOJb YTOAHO GOJIbILIOH
naoumajy.
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4. CywmectByioT TpEyroJbHHKH C CYMMOH YIJIOB, PaBHOI
IBYM TIPSIMBIM.

5. Uepes Touky BHe HaHHOH INpPSAMOHl MOXHO IpPOBECTH
He Gonee ojHOI NpsMoi, el MapaJfenbHOH.

XoTs NONBITKH [0Ka3aTejbCTBa MSITOrO MOCTYJaTa W He
NPHBEJIH K KEJAHHOMY DPe3yJbTaTy, OHH Chirpand, GesycJoB-
HO, TOJIOXXHTENbHYIO POJib B PAa3BUTHH TeOMETPHH, TaK. Kak
B psile cayyaeB OOOTaTHJIH €e HOBbIMH HMHTEDECHHIMH Teope-
MaMH, JOKas3aTeJbCTBO KOTOPLIX He ONHpaercs Ha MNATHd
nocrynar. OfHa M3 TakHX TeopeMm, HoKasadHas Jlexauapom,
[JIACHT:

B kaxcOom mpeyzorsHuke cymma
yeaos He OGoasuie 08Yyx NPAMbIX.

drta Teopema HCHOJNb3yeTCs B
nanbHefilleM Hanoxenud. I[lostomy
Mbl TpHUBEJEM ee JI0Kas3aTeJLCTBO.
OHO OCHOBaHO Ha JBYX JieMMax:

1. B kaxcdom mpeyeorvHuke cym-
Ma 08YX BHYMPEHHUX Y2A08 MeHb'ue Yepr. 2.
08yx npamoix.

2. [ra Kancdoeo mpeyeosbHUKA MONCHO NOCMPOUMb  HO-
6bL MpPeyeorbHUK ¢ MOoLi de CymMmoll Yeaos, Y Komopoco 00UH
u3 yeaos 6ydem we 6oaviie NoA0BUHbL Haneped 3a0aHHO0 Yeaa
0aHHO20 MPEY2OAbHUKA.

CorylacHO H3BeCTHOl TeopeMe, B AOKa3aTeJbCTBE KOTOPOIl
MATBIA TOCTYJIaT HE HCINOJb3yeTcsi, BHEWIHHA yroa  Tpe-
YroJibHHKa OoJibllle JIIOGOrO BHYTPEHHENO, HE CMEXHOIo C
HuM. [Tostomy, ecnu a w §— yrabnl TpeyroibHHKa U a' —
BHELIHHH yroJd, cMexHuil a, 10 B <a’. M Tak Kak a +a’ =
=, To a-}f <m.

Hokaxem Bropyio Jgemmy. Ilyctb ABC — moGoii Tpe-
yroJibHUK # @, B, 7—ero yrisl (u4epT. 2).

[MpoBenem u3 BepuinHsl A uepe3 cpenuny O cropoHsl BC
npsiMyio U oTyioxuM Ha Heit u3 O orpeaok OA’, paBubii OA.
M3 pasenctBa TpeyroabHukoB AOB u A’OC creayer o' =
=a,, B=1’". Orciona

Bty t+auto=a+a +y+7"

3nech, B JIeBOHl YaCTH paBEHCTBA, CTOMT CyMMa YIJIOB JaH-
Horo TpeyrosibHuka ABC, a B mpaBoif yacTH — CyMMa yrJioB
tpeyrosbHuka AA'C. Tak Kak a' =a, a a=a, 4+ ay, TO
no KpaiiHeii Mepe OJAMH M3 YIJIOB TpeyrojbHHka ACA’ o'
HJIH a; GyleT He GoJblue MOJOBHHH a.
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Tenepr HeTpyaHO HoKa3aTb TeopeMy Jlexanapa. Ilyctb
CyMMa yrJiOB HEKOTOPOro TpeyroJbHuka a4 B4 y=mn-¢
(e > 0). [lpuMeHsia MHOrOKpaTHO JieMMy 2, Mbl MOXKeM
TIOCTPOUTb TPEYroJbHHK, Yy KOTOPOro CyMMa yryioB GyJeT

- a

Ta e, T. €. m-+¢, a OIHH M3 YIMOB—He GOJblle o -
a

IIpu nocTaToOyHO GOJIBIIOM N 5 <<€, H, CJIEJOBATEJIBHO, CyM-

Ma JABYX ADYTHX YIJIOB 3TOrO TpeyrojbHHKa Godibie .

A 370 nporHBopeyHT nepBoit Jemme. M Teopema nokasaua.

§ 3. OTKpbITHE HE3BKJMIOBOH reOMETPHH

Oaun H3 OOHANEKHBAIOMIHUX CHOCOGOB MOAXOJAa K JOKa-
3aTeIbCTBY MNSITOrO NOCTYJIaTa, KOTOPBIM I0JIb30BAJIHCh MHO-
rue reometphl XVIII u nepmoit nosoBunel XIX Beka, co-
CTOSI1 B CJIeAYIOEeM.

[laTeii mocTysaT 3aMeHsiETCS €ro OTPHIIAHHEM HJH Ka-
KHM-THOO  yTBepKJAEHHEM, 3KBHBAJIEHTHBIM OTPHLAHHIO.
Onupasicb Ha HM3MEHEHHYIO TaKHM 0Opa3oM CHCTEMY MOCTY-
JJaTOB H AaKCHOM, JOKasblBAlOTCSl BCEBO3MOXKHBIE MNpeiJioKe-
HHS, JOTHUECKH H3 Hee BbITeKaioulue, NOAOGHO TOMY, Kak
ato gzenaercs B «Hauwamax». Eciu nmatelii mocrysnar aeicTsu-
TEJIbHO BbITEKAeT H3 OCTANbHBbIX MOCTYJIaTOB H aKCHOM, TO
M3MEeHeHHasl YKa3aHHBIM Oo0pa3oM CHCTeMa IOCTYJATOB H aK-
CHOM mNpoTHBOpeuuBa. [103TOMy paHO HWJIH MO3JHO Mbl NpH-
JeM K JBYM B3aHMHO HCKJIIOYAIOMIMM BbIBOAAaM. DTHM H
Oymer JOKasaH MNATbIH MOCTyJsar.

HiMenno TakuMm myTeM NbiTauCh AOKAa3aThb MATHI MOCTyJaT
Cakkepu, Jlambept u Jlexkauap.

Cakkepn (1733 r.) paccmMaTpuBaeT UYeTHIPEXYTOJBHHK C
JBYMSI NIPSIMBIMH YIJIaMH T[IDH OCHOBaHHH M PaBHbIMH GOKO-
BbIMH CTOpOHaMH (uepT. 3).

OTHOCHUTENIBHO ABYX APYIHX YIVIOB 5TOTO YEThIPEXYIrOJb+
HHKa, KOTOpble, KaK JIerko BHAETb, PaBHbl, MOTYT ObITb TpH
runotesbl: 06a yryia npsiMbie, TYIble HJIH OCTpbIe.

CakkepH J[0OKasblBaeT, YTO THIIOTE3a NPSMOrO Yriia 3KBH-
BaJIEeHTHA NSATOMY MOCTYyJaTy, T. €. NOCTYJHPOBAaB €e, MOXHO
JIOKasaTb MNATHIA MOCTysnar, H, HAoOOpOT, NPHHSAB MNATHIA
NoCTyNaT, A0KasaTb runotesdy mnpsiMoro yrua. [loctyaupopas
runotesy tynoro yrya, CakkepH NPUXOAHT K NMPOTHBOPEUHIO
H, HaKoHell, TMOCTYJHpPYeT THNOTe3y OCTPOTO yrja.
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3nece Cakkepu mnosiyyaeT pasjiHuHble CNeACTBHsS, abCypa-
Hble C TOYKH 3peHHsi NPHUBLIYHBIX I'€OMETPHYECKHX IpEJCTaB-
gennii. Hanpuwmep,

napainesbHvie npamvie umerom aubo moabKo odur  06-
wui nepnendukyasp, 8 obe CMOPOHbL OM KOMOpPo2o Heozpa-
HueHHo pacxodsamcs, aubo He umerom Hu 00Ho20, U, c6au-
HAACO ACUMNMOMUYECKU 8 OOHOM HANPABAEHUU, Heoepa-
HU4EHHO pacxo0Amcs 8 OpYyeom.

V] -
L

YepT. 3. Yepr. 4.

CakkepH He 3aKJIIOYaeT O NPOTHBOPEYHH TOJBKO Ha TOM
OCHOBaHHH, YTO MOJIyYeHHble HM BbIBOJAbl HE COOTBETCTBYIOT
NpPUBBIYHBIM MPEJACTABJEHHSIM O PAacHOJOXKEHHH TPSMBIX, H
YNOPHO HIIET JOTHuecKoe nporHBopeure. Takoe npoTHBOpe-
yye UM B KOHLE KOHLOB ObLIO «HAHAEHO» OJHAKO B pe3yJib-
TaTe BbIYHCJIHTEJBHOH OLIUGKH. -

AHajorHyHyio  KOHCTPYKUHIO paccMatpuBan JlamGept
(1766 r.). O Gpanm YeTHIPEXYTOJIbHHK C TpeMs HPAMBIMH
yraami (uept. 4) ¥ mogno6Ho Cakkepu paccMaTpHBaja TpH
THIOTe3bl MJIsl yIyia NpH yeTBepTOd BepluuHe. JlamGepT joKa-
3aj], YTO THIOTe3a MPSIMOrO yIja 3KBUBAJEHTHA NSTOMY IO-
CTyJIaTy, THIOTE3a TYNOTO YyIja HeBO3MOXKHA, a MOCTYJHPOBAB
runoresy octporo yria mnofo6Ho CaKkepH NOJYYHJ MHOro-
YHCJIeHHble CJIeICTBUSI, OOHApYKHBAIOIIHEe INapafoKCajbHbIE
CBOHCTBA B PACMOJIOXKEHHH NPSAMbIX.

JlambepT, Tak xe Kak U CakkepH, He YyCMAaTpHUBAaeT B 3TOM
NpoTHBOpeuHsi. JIOrHYeCKoro »xe MNpPOTHBOPEYHsl €My HaHTH
He yJanoch, H THIOTE3a OCTPOTO yrJia UM Tak H He Oblia OT-
BeprHyTa.

Pas3BuBasi cucTeMy CHEICTBHH THNOTE3bl OCTPOroO Yria,
JlamGepT OGHapy»KHJ aHAJOrHIO 3TOH CHCTEMBl C TIeoMeT-
pueli Ha cepe M BbHICKA3bIBAeT NPABHJIbHOE NPENTONOKEHHE
O TOM, YTO «3Ta THIOTe3a CNpaBeiNMBa Ha KaKo#-HHOYAb
muumoit cthepe». Cpenn reomerpoB XVIII B. Jlambept Gauxe
BCEX CTOSJl K NPaBHJBHOMY pELUEHHIO BONpOCa O NATOM MO-
crynate,
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Jlexkanap B CBOeM «J0OKas3aTeJqbCTBE» MATOrO NOCTYJATa
paccMaTpuBaJ TPH THIOTe3bl OTHOCHTEJbBHO CYMMbl YIJIOB
TpeyroJibHHKa:

1. Cymma yrioB TpeyronbHHKa paBHa JBYM NpsiMbIM.

2. Cymma yryoB TpeyrosibHHKa OOJible IBYX NPSAMbIX.

3. CymMMa yrJioB TpeyroibHHKAa MeHble ABYX IPSMbIX.

Jlexanap Aokasasn, 4YTO NepBasi TUIOTe3a SKBHBAJIEHTHA
nsiToMy [OCTyJaTy, BTOpasi THUMNOTe3a HeBO3MOxHa (§ 2);
NpUHSB, HAKOHel[, TPeTbi0O THIOTe3y, TaKKe NPUXOAHT K
IPOTUBOPEYHIO, HESBHO BOCIHOJb30BABUIHCh B J0Ka3aTelb-
CTBe INSTHIM INOCTYJATOM uyepe3 OAHWH K3 €ro 3KBHBa-
JIEHTOB.

Benuknit pycckuit  marematuk  H. WM. JloGaueBckuit
(1793—1856 rr.), KOTOpPOMY MNDHHANJIEKHT YECTb OTKPHITHS
HOBOM reomeTpuu — reomeTpun JlobaueBckoro, TakKe Ha-
yaj C MONBLITKH JOKa3aTeJbCTBAa MSTOTO MOCTYJaTa.

Kak ykasano Bblle (§ 2), OAHH M3 3KBHBAJEHTOB MNSTOrO
MOCTyJiaTa COCTOMT B YTBEPXKIEHHH, YTO uepe3 TOUKY BHe
JaHHOH NpsIMOH NpPOXOAUT He OoJsiee OJHOH NpsIMO#, MapaJ-
JenbHOll jJaHHOH. JloGaueBCKHMil 3aMeHHMJ NsATbIA MOCTyJaT
CJENYIOUIUM:

Yepes mouky e6He npamoli HA naockocmu npoxodam 0Ose
npamole, He hnepeceKkarouyue OAHHYIO.

[Topo6Ho mnpepwecTBeHHHKaM, JloOaueBckuii umen Ha-
ey OOHApYXKHTb NPOTHBOpeuHe B CHCTeMe CJeACTBHH Tak
u3MeHeHHOH cucteMbl dBkauaa. OnHako, pasBUB CBOIO CHC-
Temy Jo oobema «Hauany, JloGaueBckuii He oGHApyXHJ B Hell
NpPOTHBOPEUHH, U HA 3TOM OCHOBAHHUH CHeJiaj 3aMedaTeJbHbIH
BbIBOJl O CYLIECTBOBAHUH TI'€OMETPHH, OTJIHYHOH OT reOMETPHH
OBKAKMJA, B KOTOPOH MNATHIA NOCTYyJaT He HMeeT MecTa. ITO
6buto B 1826 ronay. '

Ha nepeolif B3rasig BoiBox Jlo6aueBCKOro MoxeT TMOKa-
3aTbCA HENOCTAaTOYHO OOGOCHOBAaHHBIM. B camom jene, rae
rapamtds TOro, 4TO, pasBHBasg €ro CHCTeMY JaJbllie, Mbl,
HaKoHell, He NpuAeM K mpoTtuBopeynto. OgHako 3To BoO3pa-
JKEHHe B PaBHOH CTENeHH OTHOCHTCS M K TIeoMeTpHH IB-
kapga. Tak 4To C TOUKH 3peHHs JIOTHYECKOH HeNpoTHBOpE-
YUBOCTH OOe TreoMeTPHH HAXOAATCS B PABHOM TMOJIOXKEHHH.
Bosiee Toro, Kak IOKa3ajJd HCCAEJOBAaHHS TIE€OMETPOB IOC-
ge JloGaueBCKOro, MexAy 3THMH TIeOMETPHSIMH CYLIECTBYeT
TecHas CBA3b H JIOTHYeCKass  HENPOTHBOPEUHBOCTb  OJHOH
HAXOAUTCH B 3aBUCHMOCTH OT JIOTMYECKOH HENPOTHBOPEYH-
BOCTH JpYTOH.
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TakuM o6pasoMm, o6e reomerpuu IBKauga H JloGaues-
CKOTO KAaK JIOTHYECKHe CHCTeMbl paBHOmpaBHbl. Bomnpoc o
TOM, KaKasi H3 3THX reoMeTpHUH Jydlle OTPa)KaeT MpocTpaH-
CTBEHHbLIE OTHOLIEHHS] B OKpYXKAlOUleM Hac MHpe, MOxeT ObITh
pelieH TOJbKO ONBITOM. JTO NoHHMan M cam JloGaueBckuii,
KOTOPbIfi C 3TOH Lesblo NPOM3BEJ H3MEPEeHHS CYMMbl YIJIOB
aCTPOHOMHYECKOTO TPEeYyroJbHHKA.

JloGaueBckuit Obl1 fepBbIM, HO He EJIHHCTBEHHbIM TIeo-
METPOM, 3aKJIOUHBIIHM O CYIECTBOBAHHH T'€OMETPHH, OTJIHY-
HOH OT reoMeTpUH DBKJHAA.

K BbiBOLy O CyIlleCTBOBaHHM HOBOH reOMeTpWH MpHLIe
Takxke [aycc, O ueM CBHIAETENbCTBYIOT €ro BbICKa3biBaHHS
B NIHCbMax K COBpEMEHHHKaM.

Tpu roma cnycrtsi nocsie BbIXOZa B cBeT pabothl JloGa-
4eBCKOro BeHrepckuil Matematuk $lHomr bBossu (1822—
1860 rr.), He 3Hasi 06 HccaegoBauusix JloGaueBckoro, omy-
OnukoBan paboTy. B KOTOPOH H3Jjaraj Ty e TEOpPHIO, uTO
u JlobGaueBckuil, HO B MeHee pasBHTOH (opme.

§ 4. PaGorbl MO OCHOBAaHUSIM reoMeTPHUH BO BTOPOI
nojosute XIX B,

HemHorne u3 coBpeMeHHHKOB J]00aueBCKOTO MOHSJIH H
NpU3HAIH CHEJIaHHOE WM OTKpbiTHe. DoJbLIMHCTBO, a cpe-
JH HHUX MHOTHe KpyNHble MaTeMaTHKH, OTHOCHJHCb K HeMmy
CKCIITHUECKH.

OO0weMy npusHanuio reomeTpud JloGaueBckoro B 3Ha-
YHTEJbHOH CTeneHH Crnoco6CTBOBaJM pabOThI reOMETPOB MOCHe
JloGaueBckoro. Cpean 3Tux paGoT Mpexae BCEro HAaLo Ymo-
MAHYTb pabory . Beabrpamu (1862 r.). Beabtpamn noka-
3a/J, 4TO Ha MOBEPXHOCTH MOCTOSTHHOH OTpHLATEeNbHOH KpH-
BH3Hbl HMEeT MeCTO MJIOCKasi reoMeTpusi Jlo6aueBckoro, eciau
npsamble  JIoOaueBCKOro MbICJHTb cebe Kak reoje3nyeckKHe
JIHHUH, a [BHXEHHe MOHHUMAaTb B CMbICJIe H30METPHYECKOrO
HaJIOXXeHHUs MOBEpXHOCTH Ha cebs. .

droT pesyabraT Obll  BOCMPHHST Kak HOKa3aTesNbCTBO
HENPOTHBOPEUHBOCTH reoMeTpuu  JloGaueBckoro. [leficTBu-
TeJbHO, MNPOTHBOPEYHIO B reoMmeTpun JloGaueBcKoro coort-
BETCTBOBaNO Obl B YKA3aHHOH WHTepNpeTauud NPOTHBOpeuHe
B TEOPHH MOBEPXHOCTEH 3BKJAWAOBA NPOCTpPaHCTBA, T. €.
NpoTHBOpeuHe B 3IBKJHAOBOH TEOMETPHH.

Y43BHMbIM MECTOM 10KA3aTenbCTBA HENPOTHBOPEUHBOCTH
reomerpuu Jlo6aueBcKoro, OCHOBAaHHOTO HAa HHTepNpeTalHH
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Benvtpamu, Gbi10 TO, uTO, Kak mokasan [uabGepT, B 3BKJH-
JOBOM [IPOCTPAHCTBE He CYIIECTBYeT [IOJHOH MOBEPXHOCTH
NOCTOSIHHOH  OTpHLATeNbHOH KPHBH3HBI 6e3 ocoGeHHOCTel.
M nostoMy Ha mNOBEPXHOCTH MNOCTOSIHHOH OTpHUATEJbHOM
KPHMBH3Hbl MOXHO HHTEpNPETHPOBATb TIEOMETPHIO  TGJbKO
yacTu maockocTH Jlo6aueBckoro, ITOT HEAOCTATOK Gbla yCTpa-
HeH B MOfBHBLIMXCH No3xe HHTepnperauusx Ilyankape u
Kuaeiina.

Hurepnperaunsi Kneiinma nmockolt reomerpuu JloGaues-
CKOTO OCYLIeCTBJISIETCS] BHYTPH Kpyra Ha 3BKJHAOBOH MJOC-
KOCTH, MpDHYEM TNOJ MNpPSMbIMH HOHHMAIOTCA XOpAkl 3TOrO
Kpyra, a [ABUXXEHHSIMH HA3blBAalOTCS KOJJIHHEAlHH, CoXpa-
HAIOUIHE OKPYKHOCTb Kpyra. OcHOBaHHOe Ha 3TOH HHTep-
NpeTauuu JAOKAa3aTeJbCTBO HENPOTHBOPEUHBOCTH TIeOMETPHH
Jlo6auesckoro  GesympeuHo. Mbl  BOCIPOHM3BOAMM  €rO
B ra. IIL.

JlokasaTe/qbCTBO  HENPOTHBOPEUHBOCTH reomeTpud  Jlo-
6aueBckoro GbL1O BMECTE C TeM JOKa3aTeNbCTBOM HE3aBH-
CHMOCTH MATOrO MOCTYyJlaTa OT OCTa/NbHbIX MOCTYJaTOB H
akcuoM 2IBkauga. [eHdcTBHTeNbHO, ecad Obl MATHIH NOCTY-
Jat Obll CJEACTBHEM OCTaNbHBIX MOCTYJIaTOB H aKCHOM, TO
reomerpua JloGaueBckoro Obita Gbl fIPOTHBOpEYHBa, TakK
Kak coaepxkaja Obl [Ba B3aHMHO HCKJIIOYAIOUIMX YTBepXKAe-
HUsl — noctynaat Jlo6ayeBCKOro W NATHIA  HOCTyJaT JB-
KJIHAa.

O6mast TeHAEHUHS K CTPOTOCTH B MaTeMaTHKe, KOTO-
poii oTmeueHnl paGoThl BTOPOH MOJIOBHHBI JAEBSTHAALATOTO
Bexa, H pellleHHe npoGJeMbl, CBSI3aHHOH C NSITHIM NOCTYJaTOM,
MOCTaBUJIM TMepefl TreoMeTpamMH 3ajauy MOJHOTO HCCaefo-
BaHHUA CHCTEMbl AKCHOM TreOMeTpUH. IDTH HCCJIeAOBaHUSA [O-
KasalH, YTO CHCTEMa aKCHOM OJBKJHAa JajleKo He CcoBep-
mwenna. M npexpge Bcero ona He nosnna. Kak Mbl  yBUAHM
noaxe (ra. II), B Heil onyiuieHbl Hejble TPYNNbl aKCHOM, CO-
BEpIIEHHO HEOOXOAMMbIe JJisi NMpoBeleHHsl 6e3yNpeuHbIX JOoKa-
3aTeJIbCTB.

B cBs3n ¢ atuM reomerpbl BTOpoil nojoBHHH XIX B.
MOTOJIHUJIM CHCTEMY aKCHOM JIBKJHJA HELOCTAaIOIUMH aK-
cuomamu. Tak, [Mam (1882 r.) MOMONHHA CHCTEMY aKCHOM
dBkauAa rpynnoii akcHoM mnopsigka. OgHa M3 3THX aKCHOM
HOCUT ero umsi (akcuoma [lama).

HccnenoBanne akCHOMaTHKH 3BKJHIOBOH reOMeTpHH Obl1o
sapepueno . T'mab6eprom (1899 r.). Cucrema akcuoM, AaH-
Has l'uapbepToM, COCTOMT M3 NSATH TPYMNI: AKCHOMBbI CBSi3H,
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4KCHOMbl TOpPfJKAa, &KCHOMbl KOHTPYEHTHOCTH, aKCHOMHI
HENPEPLIBHOCTH M aKCHOMAa  NapaJljIeJIbHOCTH. AKCHOMBI
STHX NSATH TPyNN OTHOCATCA K OOBEKTaM TpeXx poJOB —
TOYKAM, TNPSIMbIM, IIOCKOCTSIM H TPEM OTHOLIEHHAM MexIy
HHMH, BBbIPQXK@eMbIM CJIOBAaMH <«ODHHAMIEKHT»,  (MEXAYY,
«KOHrpyeHTen». Yrto Takoe ToyKa, NpsiMasi H MJOCKOCTb H
KakOB KOHKDETHBIi CMbICJ YKa3aHHBIX OTHoiueHu#, [uib-
Gept He ytounsier. Ml Bce, uTo npeanonaraetcs H3BeCTHbIM
O HHX, 3TO TO, YTO BbipaxkeHO B axcuoMmax. buaroaaps
3TOMY, NOCTpOeHHasi Ha OCHOBe akKcHoM [mabbepTa reomer-
pHS JONyCKaeT KOHKDETHble peaJH3alliH, OuYeHb  JajieKue
OT NPHUBLIYHLIX NpeicTaBieHuil. B kavecTBe mpumepa MOXHO
NPUBECTH  apH(PMETHYeCKYIO peajH3alHio, pacCMOTPEHHYIO
B ra. IIL

I'nnpbepT noABeprHys NpeNJIOXKEHHYIO HM CHCTEMY ak-
CHOM TFJYGOKOMY H BCECTOPOHHEMY HCCJefoBaHHio. B uwacr-
HOCTH, OH JOKasaJ, YTO €ro CHCTeMa aKCHOM HenpOTHBOpe-
YHBa, ec1H HenpoTHBopeunBa apudmertuka. [lanee, [nanbepr
JOKa3an He3aBHCHMOCTb HEKOTOpPbIX aKCHOM, MNOMHMO AaKCH-
oMbl nmapasaenbubix. Hakonen, I'mas6epT uccnenoBasn Bompoc
O TOM, KaK JajieKoO MOXHO Pa3BUTb FeOMeTPHIO, €C/lH KJacTb
B €e OCHOBY Te WJIH WHble TPYNIbl aKCHOM, HAa KOTOphIe BCS
CHCTEMa pacuJieHsIeTCo. '

PaGoroii 'uabGepra GbIH B OCHOBHOM 3aBeplleHbl MHOTO-
BEKOBblE HCCJIEeIOBaHHSl MO OOOCHOBAHHIO 3JIEMEHTApHOH reo-
MeTpHH. D1a paboTa NONyuYHJIa OYeHb BBICOKYIO OUEHKY COBpe-
MEHHUKOB H Obl1a OTMeyeHa mnpemueli HM. JloGaueBckoro’
B 1903 rony.

B coBpeMeHHOM aKCHOMATHUYECKOM H3JIOXKEHHH TIeoMeT--
pyu OBKJHAA He Bceria MNOJb3yloTcss akcuomartukoii I'mab-
6epra. Yacto GepyT SKBUBAJIEHTHYIO CHCTEMY aKCHOM. Tak,
NpuBeleHHas B CJefyioulell rjaBe CHCTeMa AaKCHOM OTJIH-
yaeTcss OT cucreMbl ['minbepTa BO BTOpPOH M TpeTbell rpymnne.
IlpeumymiecTBo ee 3akJaiouaeTcsi B TOM, 4TO OHa [03BO-
JsieT mpoule H ObICTpee MNOJYYHTb NEpPBOHAUYaJbHBIE TreoMer-
puueckue ¢akThl, obaeruaiomue Hanoxenne. Kpome Toro,
OHA, KdaK HaM KaxkeTcs, Jydlle OMHChIBaeT CBOHCTBA OCHOB-
HbIX TeOMEeTPHYECKHX OGBEKTOB C TOYKH 3pEHHUS NPHBLIYHBIX.
NpeACTaBAeHUH.
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ri1ABA II -

COBPEMEHHOE AKCHOMATHYECKOE
MOCTPOEHHUE 3BKJIMJIOBOW T'EOMETPUM

§ 1. Akcuombl cBsi3H. CleACTBHS M3 aKCHOM CBfI3U

AKcuoMaTHUYeCKOe H3JIOXKEeHHE 3BKJHIOBOH  FeOMETpHH,
colepxalleecs B HacTosillefl rIJjaBe, OMUpaeTcss Ha NSThb
rpynn 4KCHOM: aKCHOMbI CBSI3H, aKCHOMbI NOpsiJiKa, aKCHO-
Mbl JIBHXKEHHs, AKCHOMa HENpPepbiIBHOCTH H aKCHOMa Mmapas-
JIEJIBHOCTH.

B nepBoii rpynne akcuoM peub HJAET O CBOHCTBaX B3aHM-
HOTO pAacloOJIOXKEHHsI TOYeK, MpSIMbIX H MJIOCKOCTeil, BbIpa-
JKaeMbIX CJIOBOM «npuHajiexartby. [Ipy stoM  cuuTtarorcs
pPABHO3HAYHLIMH Bblpa)KEHHUsi: Touka A NpHHALIEKHT Mps-
Moii a, Touka A JileXHT Ha NpsMON @ U MpsMas @ NPOXOAUT
yepes TO4Ky A, a Takxke Touka A OPHUHAJIEKHT IJIOCKO-
CTH a, Touka A JEXHT B MJIOCKOCTH & H MJIOCKOCTb & MpO-
XOMUT yepe3 TOUuKy A.

Mbl GypeM roBopuTb, uTO NpsiMble @ U b nepecekaiorcs B
Touke C, ecau Touka C NpHHAJIEKHUT NpsAMOH @ u npsamoit b;
4TO MpsiMasl @ NPHHALIEXHUT MJIOCKOCTH &, HJH IJIOCKOCTh &
NPOXOAHT uepes NPSIMYIO @, €CJHM Ka)kias To4Ka NpsIMOH a
(npuHaanexaiiass OpsiMOH @) NPHHAMIEKHT IUIOCKOCTH a.
Hakonen, mMbl GyaeM rOBOpHTb, YTO IJIOCKOCTH a H 8 mepece-
KaroTcsl [0 OpsIMOi ¢, €C/IH KaxJAas W3 3THX IJIOCKOCTeH mpo-
XOJUT yepe3 MpsMylo C.

[lepBass rpynna COAEpPXKHT CJEAYIOUHE BOCEMb AaKCHOM:

Axkcuoma |, Kakoevor 6ot Hu Gorau dse mouku* A u B,
cywecmeyem npamas ¢, npoxodsuas 4epes mouky A u de-
pe3 mouky B.

* 3necb H BCIOAY B JaJjbHeRiueM, KOrja Mbl FOBOPHM «JB€ TOYKH»
(npsMble, NJOCKOCTH), Mbl dMeeM B BUAY pasjHuHble TOUKH (mpAMble,
MJIOCKOCTH).
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Akcuema 1,. Kakosor 6ot Hu Goiru dge mouku A u B, cyuse-
cmeyem He Goaee 00HOU npamol, Komopas npoxodum Hdepe3
MU MouKU.

Akcuoma 1. Ha kaocdoti npamod sesmcam no Kpatinel
mepe Ose mouku. Cywecmsyrom mpu modKu, He aexcaujue Ha
00HOU npamoli. .

Akcuoma I,. Kaxoesr 6o1 Hu 6oiau mpu mouku A, B, C,
cyujecmeyem NAOCKOCMb o, NPOX0o0AWAs 4epe3 KaxcOyo u3
amux mouex. Ha kaxcdod naockocmu . aexmcum xoms 6ot 00HQ
MouKQ.

Akcuoma I,. Kakogor 6ot Hu 6otau mpu mouku A, B, C,
He nexcauiue Ha 00HOU npsamol, cywjecmeyem He Oosee 00HOL
naockocmu, npoxodsuel 4epe3 KAicOYw W3 3Mux Mmovex.

Axkcuoma lg. Ecau 0se mouku A u B npamoii g (m. e. npu-
Halaexcawyue NPamol g) iaexam HA NAOCKOCMU o, MO nps-
MQA g JAexcum HQ NAOCKOCMU o.

Akcuoma I,. Ecau dse naockocmu o u B umerom  00HY
obwyo mouky C (mouky, sexcawyyro Ha kaxcOol u3 smux naoc-
Kocmeli), mo oHU umerom ewje no Kpaiineld mepe o00HY obwyo
mouxy D.

Akcuoma I;. Cywecmeyrom no kpatinetli mepe uemoipe moy-
Ku, He aexcaujue 8 o0OHOU naockocmu.

M3 akcHoM CBA3H MOryT ObITb BbIBEJEHBl pPAasJIHUHbIE,
NpaBia HEMHOTOYHCJEHHble, caeAcTBUsi. [IpuBeseM HeKOTOpbIE
H3 HHX.

Teopema 1. [se npameie umetom He 6Gosee 00HOU o00weli

mouku; 0se naockocmu Aubo He umetom obwjux mowex, aubo
umerom oOYI0 NPAMYIO; NAOCKOCMb U He AeHauwas Ha Hell
npamas umerom He 6Goaee 00HOU obwjeli mouxu.
. [oxasameascmeo. Ilepsoe yTBepxIeHHEe CJleyeT H3 ak-
cuombl l2. [lokaxkeM BTopoe yTBepxkaenue. Ilyctb mioc-
KOCTH a M B uMetoT o6umyio Touky P. Ilo akcuome I; onu
Torga umeror euie obumyio Touky Q. Ilpsmas, npoxogpsmias
uepes P u Q mo akcuome ls, npunamiexur o u B. Y yrBepx-
Jenue Jnokasano. TpeTbe yTBepxKAEHHE CJENYeT H3 aKCHO-
Mbl Te.

Teopema 2. Uepe3 npamyro u He iexcawiyro Ha Hetld mou-
Ky, @ makwce 4epe3 0e hepeceKaroujuecs npamvie npoxooum
00Ha 1 MoabKO 00HQ NAOCKOCMb.

Jloxaszamenrscmeo. IlycTo Touka B He jieXXHT Ha npsMoi a.
Ha npamoii a nexar ase Touku P u Q (akcuoma Is). Cyme-
CTBYeT MJOCKOCTb @&, MPpoxoasiias yepe3 Touku B, P, Q (ak-
cuoma la). Tlo akcuome lg nnockocTb @ NPOXOAMT yepes mpsi-
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myio a. JIpyroii MmIOCKOCTH, NPOXOAsAIleH dYepe3 mpsaMyio @
H TOuky B, He CyulecTByeT, TaKk Kak, NPOXOAsl 4epe3 TOUYKH
B, P, Q, ue nexamue Ha OQHOH NPSMOH, OHA ompeAessieTCst
oJHo3HayHO (akcuoma Ij).

Hokaxem Bropoe ytBepxaenne. Ilyctb npsmbie a u b
nepecekatorcss B Touke C. Ilo akcuome I3 Ha npsmoii a ecTb
Touka A, a Ha npaModl b — Touka B, oTauunble ot C. Tou-
ku A, B, C ne nexar ua oanoii npsimoii. ITo akcuome I4 cy-
IeCTBYeT MJOCKOCTb o, MpoxoAsimias uepes Toukn A, B, C.
OT1a NJIOCKOCTb NMPOXOAHT uepe3 MpsMble a U b (akcuoma lg).
EnuHcTBeHHOCTH CylefyeT W3 akCHOMHI Ij.

Teopema 3. Kaxmdasa naockocme colepicum no Kpaiuued
Mepe mpu mouKu, He aexcaujue Ha o0HoU npamol.

Hoxasameabcmgo. IlycTb JaHHas mJoCKOCTb OYyZeT a.
[To akcuome I, Ha Heil nexxur Touka A. Io akcuome I, cyrue-
CTBYIOT ueThlpe Toukd B, B,, B,, B,, He jexauiue B OXHOM
nmnockoct. Ilo kpaiiHelt mepe oaHa M3 HHX, Hanpumep B,
He JexuT B mjockoctd o. Cpexn Tpex miockoctedt ABBi1,
ABB,, ABB,; ectb no kpaiineit mepe gse B; u B, pasnuuHble,
B IPOTHBHOM cJiyuyae Toukd B, B;, B,, B; nexanu Obl B ORHOH
miockoctH. Tak kak mjockoctsM B, u B, NpHHAMJIENKHT TOY-
ka B, He mpHHaNexalas IJIOCKOCTH &, TO INpSIMble @, U d,
nepeceueHusl IJOCKocTeH §; H By C IJIOCKOCTHIO & PasJHYHbI
(teopema 2). Ha kaxnoil u3 npsMbix a, u @,, KpoMe A, nexar
Toukn A, n A,, otnuurble ot A (B cuny akcuHomsl Is). Tpu
touku A, A;, A, JexXaT B NJOCKOCTH &, HO HE JIeXAaT Ha Of-
HOH MpSIMOIi. ; )

Teopema pokasana.

§ 2. Axkcuombl mnopsiaka. B3aumnoe pacnoJoxenue
TOYeK Ha MPAMOH M MAOCKOCTH

AKcHoMBbl TOpfilKa YCTaHABJHBAIOT CBOHCTBA B3aHMHOIO
pacnoJioXeHusi TOYEK HAa NPAMOH H IJIOCKOCTH.

Mbl mojlaraeM, uTO Ha NpsSMOH ecThb ABa B3aUMHO IpO-
THBOMOJIOXKHBIX HANpaB/JEHHs] M IO OTHOLIGHHIO K KaXIOMY
H3 HHUX Kaxaas mapa Toyek A ¥ B HaXOAHTCS B HM3BECTHOM
OTHOLUEHHH, KOTOpPOEe BBIPAXKAETCS  CJOBOM  «NpPEeAIIEeCTBO-
BaTby.

310 oTHOLIeHHe O6o3HauaeTcsi 3HakoM <. Tak YTO BhI-
paxenne «A NPEAIIECTBYeT B» CHMBOJIHYECKH 3aNHChIBaeT-
csl Tak:

A< B.
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Tpebyercs, uToOb YyKa3aHHOE OTHOLIEHWE /I TOYEK Ha
OpAMOHl  YAOBJIETBOPSI/IO HHXKECJEAYIOUMM MATH aKCHOMaM.

Akcuoma Ili. Ecau A < B 8 o00Hom Hanpasienuu, mo
B < A 8 npomusonoaoscrom Hanpasieruu.

Axcnoma Ila. B odnom u3 Osyx wanpasrenuti A < B
uckaronaem B < A.

Axcuoma lls. B odnom u3 0syx nanpassenuil, ecau A < B,
aB<C 1A<C.

Akcuoma Ils. B odnHom u3 Osyx Hanpasrenutli 0as Kasc-
Oodi mouku B naidoymes mouku A uw C makue, 4mo
A< B<C.

Kaxnoe u3 yrtBepxknenuii akcuom II,—II, ortHocuTCs K
OfHOMY H3 ABYX HampasieHuil Ha npsmoii. Ilo axkcuome II;
OHO BEpPHO TaKke H JJisd ApPYyroro (IPOTHBOIOJIOXHOLO) Ha-
HpaBJeHHUs.

[lpexxge uyem c¢opMyJHPOBAaTH  MOCJEAHIOND  AKCHOMY,
onpeneuM HekoTopble nmoustusi. IlycTe @ — mpamas u A —
Toyka Ha Hell. [IpH (PHKCHPOBAHHOM HampaBJeHHH HA TPSMOH
Touka A pasbGuBaer ee Ha 1Be 4YaCTH (noaynpamvie) LIS Kax-
Joi toukn X omHo# w3 HuUX X < A, a mia kaxao# toukd X
apyroit A < X. OueBuano, 370 pasGuenne MPSIMOH HA yac-
TH He 3aBHCHT OT BbIGPAHHOrO HA HeH HampabJjeHHs (aKCH-
oma II1).

Ilyctb A u B — pmBe Touku ua mpsiMoii a. Ecau ansa tou-
ki C npsamoit a Buinosnusiercss yciaoue A < C < B wnian
B < C< A, To Mbl GyneM roBopuTb, 4to Touka C JeXHT
mexncOy toukamu A u B. OueBHAHO, CBOHCTBO TOYKH JIeKaTb
MeXAy ABYMsi JAHHbIMH - HE 3aBHCHT OT HanpaBJieHHs Ha
npsimoii. YacTb npsiMoit a, Bce TOUKH KOTOPOH JeKaT Mex-
Ay A u B, mbl Gynem HasbiBaTh ompeskom AB, a Touku A
H B — KoHnaMH OTpe3Ka.

Axkcuoma 1. llpamas a, sexcawas é naockocmu o, pas-
busaem amy naockocme Ha Ose wacmu (noayniockocmu) max,
umo ecau X u Y Ose mouku 00Hoi noayniockocmu, mo ompe-
30k XY ne nepecexaemcsa ¢ npamot a, ecau xe X u 'Y npu-
Haoaesxcam pasHelm noaynaockocmam, mo ompesok XY nepe-
cexaemcs ¢ npamol a.

Mol 6yneM roBopuThb, 4To ABe TOYKH X H Y IJIOCKOCTH a
pacnoJioXeHbl 10 OJHY CTOPOHY MPSIMOI @, HJIM MO pasHble CTO-
POHBI, CMOTPSi O TOMY, NPHHALNEKAT OHU OAHOH HJIH Pa3HBIM
NONYTIIOCKOCTSIM, HAa KOTOpble a pa3buBaer a.

PaccMoTpuM HEKOTOpble CJIEACTBHSI AKCHOM CBSI3H H aK-
CHOM INOpsIAKa.
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Teopema 4. Cpedu mpex movex A, B, C, na npsmoi g
00Ha u MoAabko 00Ha aexcum mexcOy 08yms Opyeumis.

Hoxazameascmeo. B ogHOM M3 JABYX HampaBjeHHil Ha
npsmoii ¢ A < C. Ecau B ue nexur mexay A u C, 1o 310
3HauuT au6o B < A, qu6o C < B. Ho B nepeom cayuae A
nexut mMexay B u C, a Bo Bropom C nexxuT mexay A u B.
Teopema nokasasa.

Teopema 5. KancOvii ompesok colepycum no Kpatinei me-
pe 00HY MOouKY.

Joxasameascmeo. I1yctb A 1 B—KoHuubl OTpe3ka (uepT. 5).
ITo akcuome I3 Bue mpsimoit AB ectb Touka C. BosbmeM Ha
npsmoit 'AC Touxy [ Tak, utoObl C
Ob1a Mexay A u D. 3TO BO3MOXHO
no axcuome Il4. BosbmeM Ha mpsiMOil
BD touky E Tax, uToGbl B Gblia Mexay
D u E. llpamas CE pas6uBaer mnJjec-
KOCTb Ha JBe MOoJymJockocTH. Touku B
u D Haxonsitcs B OAHOM MOJYMJIOCKOC-
~ TH, TaK Kak oTpe3ok BD He mnepece-

Yepr. 5. kaer npamyio CE, a Toukn A uD B

pasHbIX  MOJYMJOCKOCTSX, TaK Kak

otpesok AD nepecekaer npsmyio CE (B touke C). Ortcio-

Ja cnepyer, yTo ToYkH A W B B pasHbiX HOJYIJIOCKOCTSIX,

a 3HauuT, oTpe3ok AB mnepecekaer npsmyw CE. Touka mepe-
ceuennsi F ¥ ecTb Touka ortpeska AB.

Teopema 6. Ecau B — mouka ompeska AC, mo ompe3ru AB
u BC npunadsescam AC, m. e. kaxdas mouka ompesxa
AB u kaxdas mouxa ompesxa BC npunadaexcum ompes-
ky AC.

Hoxaszameascmeo. B omgHOM H3 ABYX HampaB/ieHHH  Ha
npsiMo#i, coiepxauieii orpesok AC, G6yner A < C. Tak rak
B npunaanexkutr orpesky AC, to A < B < C. Ecin X —
Touka otpeska AB, 10 A < X < B H, CJelI0oBaTeNbHO,
A < X < C, 1. e. X npunaanexur otpesky AC. Anasnoruu-
HO MOKasbiBaeTcsi, 4To Touka Y orpeska BC npuHamiexut
otpe3ky AC. ‘

Teopema 7. Ecau B — mouxa ompeska AC u X — mouka
amoeo ompesxka, omaudnas om B, mo aubo ona npunadisexcum
"ompesky AB, au6o BC.

Hoxasameascmeo. B omHOM Hu3 JABYX HampaBJeHWH Ha
npsaMoii A < C. Tak kak B npunamnexur orpesky AC, 1o
A < B < C. Ias touku X umeeM qu6o X < B, mu6o B < X.
B nepBom ciyyae, Tak Kak A < X < C H, chaeloBare/bHo,
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A < X < B, touka X npHHauJexHuT, oTpesky AB, a Bo BTo-
pom — otpe3ky BC.

Teopema 8. Ilycme o — naockocme u @ — aexcawjas Ha
Held npsamas, b — Opyeas npamas, uau ROAYRPAMAs, UAU
ompe3oKk 8 moli sce NAOCKOCMU .

Toe0a, ecau b He nepecekaem a, mo 6ce mouku b rexcam
no 00HY cmopowy om @, m. e. 8 00HOU U3 noaynaockocmetl,
onpedeasiembix npamol a.

HeiictButenbHO, ecad Toukd X H Y, npunajgnexauue b,
JIEXAT MO pasHble CTOPOHBI OT @, To oTpe3oK XY mnepecekaer
a. A Tak Kak Bce TOYKH OTpe3ka XY npunHamiexar b, 10 b
niepecekaeT @, YTO NMPOTHBOPEUHT YCJOBHIO TEOPEMBI.

Ilycte A, B, C — Tpu TOUKH, He Jexallue Ha OJHOil
npsimoii. Purypa, cocraBsennasi U3 Tpex ortpeskoB AB, BC
u CA, HasbiBaeTcsd mpeyeorbrukom, Touku A, B, C — eep-
wuxamy TpeyronbHuka, a orpeaku AB, BC, AC — cmopo-
HamMu.

Teopema 9. ITycme ABC — mpeyeorsvruk 6 naockocmu o
U a— npamas 8 Mo NAOCKOCMU, HE NPOXOOAUAs HU 4epe3
00ny u3 mouek A, B, C. Toz0a, ecau sma npamas nepecexaem
cmopory AB, mo ona nepecexaem u npumom moabko 0OHY Y3
dsyx Opyeux cmopon BC uu AC.

Lokasameascmeo. Ilpsimasi a pasbuBaeT MJIOCKOCTb o Ha
ABe nojynjaockoctd (akcuoma IIs). Touku A w B jexar B
pasubix nomymsmockoctsix. Ecin Touka C JIeXXHT B TOH ke
NOJIYIJIOCKOCTH, 4TO H B, To a nepecekaer AC, HO He mepe-
cekaer BC. Ecan Touka C JIeXXHT B TOH e IOJYIIOCKOCTH,
uyto H' A, To a nepecekaer BC u ne nepecekaer AC. Teope-
Ma JoKasaHa.

3dameuanne CHcreMa akCHOM TOPALKA, KOTOPOM
Mbl TOJIb30BAJIHCh, OTJAHYAETCS] OT CHCTEMbl AKCHOM MHOPsA-
Ka T'mnbbepra, B OCHOBY KOTOpOfl MOJIOXKEHO OTHOLIEHHE,
BhbIpaxkaeMoe CJIOBAaMH «IexaTb Mexnay». Teopema 9, 6e3
YTBepKJeHHs] €IUHCTBEHHOCTH, SIBJISIETCS OAHOH H3 aKCHOM
nopsiaka 'man6epra, Ona Gblia BBejeHa eme IlameM u Hasbl-
BaeTcs akcuomoi [laina.

§ 3. B3aumHoe pacnosioxkeHHe ayueii B my4ke. Yroa

Teopema 10. [Tycme u3 mouku O ucxodam Ose noaynps-
mole a u b, ne npunadaexcaujue o0Hol npamoid. Toeda, ecau
noaynpamas h, ucxodauas w3 mouxu O, nepecexaem ompe-
30k AB ¢ konyamu Ha noaynpameix a u b, mo ona nepece-
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kaem a060i Opyeoll ompe3oK ¢ KOHYAMU HQA IMux NoAYynps-
MbLX.

Heficteurenbro, no teopeme 8 otpeskH AB u XY, mno-
JynpsiMbie a U A HaxoIsTCS B OAHOH H3 NOJYMJIOCKOCTed,
omnpejensieMblX NpsiMOil, cojepxaweii b, a monosnnenue h’
nonynpsiMoii A mo mpsiMoii (Mbl ee O0O3HAUUM C€) HAXOIUTCA
B Jpyro# nosymaockoctd. Ilpumensia teopemy 9 K Tpeyrosb-
HuKaM ABX u BXY u npsiMmofl ¢ mocnejoBaTeNbHO, 3aKJIO-
yaeM, yto oHa nepecekaerT BX u Y X. Tak kak h’ u XY Hnaxo-
IATCA B PasHbIX TOJYIJIOCKOCTSIX H, CJIEIOBATeILHO, He mepe-
geKaloTcsx, TO OTCIOfA CcJefyeT, uto h mepecekaet XY (uepT.

a).

Yepr. 5a.

OtMeueHHOE B TeopeMe CBOMCTBO MO3BOJISIET ONpPENeNHThb
OTHOUIEHHE «Mexncdy» JJsl NOJYNpPSMbIX (Ay4eld) clenyio-
wuM °ob6pasoM. Mbl OyaeM TOBOPHUTb, UTO Jy4 [, HCXOASILIHH
u3 Touku O, HAXOAUTCS MeXAy JydyaMH A U kR, UCXOASIIUMH
U3 3TOH TOYKH M He JieXalUMH Ha ORHOH NpsIMOH, ecau [ me-
pecekaeT KaxAblii oTpesok HK ¢ KoHUAMH Ha mOojaynpsi-
MbIX h H k.

Teopema 11. ITycmeo h, k, | — mpu ayua, rexcauyue 8 nioc-
Kocmu, ucxodawue u3 mouku 0. Toeda, ecau ayau k u 1 se-
acam 8 00Hol noayiiaockocmu o, onpedeasemoil aydom h u e2o
npodonxceruem h, mo o0ux u3 mpex ay4ell Haxodumcsa mexcoy
Osyma Opyeumu.

Jlokasameavcmso. Bosbmem Tpu ToukH: A Ha h, B na h
u C Ha k. BuiGepem Ha AC ToukKy D no cienyiomemy mnpa-
Buay. Ecnn [ ue nepecekaer AC, To D — sobasi Touka OT-
peska AC. Ecau [ nepecekaer AC B Touke E, 10 3a D Gepem
Jio0yio Touky ortpeska AE (uept. 6).

Ilo Teopeme 9 B mpumeneHun K TpeyronbHuky ADB ny-
ud & u [ nepecekaior BD B Toukax K u L. Ilpu stom, ecan
L mexxay B u K, ol mexxny B u h, eciu K mexxay B u L,
To & Mexay h u [. Teopema jpokaszana.
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Teopema 12. [Tycme umeem uemowipe ay4a@, ucxodaujue u3
mouxu O: h, k, 1, m. Toeda, ecau | naxodumcs mexncoy h u m,
a k mexdy h ul, mo k naxooumcs mexwdy h um. Ecau k ul
Haxo0amca mexwly h u m, mo k Haxodumca aubo mexcdy 1
u m, aubo mexdy h u l.

Joxaszameascmeo. BosbveM Ha syyax A B m Touku H
u M. Otpesok HM nepecekaer niyuu 2 u [/ B Toukax K u L.
Tenepr nepBoe yTBepxkAeHHe cieAyeT H3 TeopeMbl 6, a BTO-
poe — u3 Teopemsl 7.

[lycts A u | — nyuu, ucxoasiiue H3 OfHOH Toukd O, He
NpUHALJeKamue OxHOH mnpsamoil. Yewom (h, ) Mbl Oylem
Ha3blBaTh COBOKYMHOCTb BCeX Jyuell, HCXOASILIMX H3 TOU-
ki O M pacnoJIoXeHHbIX MexAay Jyuamu A u [ Jlyun h ul
Ha3blBAIOTCS CMopoHamu yeaa, a Touka O — ero 8epuiuHol.

Teopema 13. Kaxcooui ayw x yeaa (h, 1) npoxodum 8 no-
aynaockocmu, onpedeasemoti aywom h u eeo npodoasceruem h,
coleprcawieli ay4 I, u 8 noayniockocmu, onpedenrsemoi aydom |
u e2o npodoasceruem I, codepacaweid ayq h. O6pamno, KaxnOouL
AY4, NPoXoOAUUL YKASGHHBIM 06pA30M, NPUHAdAexcUm Yyery

’

Hoxasameascmeo. Tlycte AB — OTpPe30K C KOHIAMH Ha
h u [ (uept. 7). Ecnu x npunannexur (h, [), To oH nepece-
kaer AB B nekotopoii Touke C. Ilo Teopeme 8, C npunaz-
JEXKHT YKasaHHBIM mnoJymiockoctsM. M cnenoearenpHo, mo
TOH Ke TeopeMe UM NPHHANJIEKUT X.

IMyctb Teneps x mnpunamiexut noaymiockoctsMm. [loka-

KeM, YTO OH MpHHAANeXHT yray (h, [). Bosbmem Ha A Tou-
ky A. Tpamas, coxepxamas x, nepecekaer uaud AB, win
AB. Touka nepeceueruss C He MOXeT GHLITb Ha NpPOJOJIKeE-
HHM X JIy4a ¥, TAK KaK OHO HaXOJHTCH B JAPYroif nosynoc-

koctH. CrnenoBatenbHo, x nepecekaer AB wnu AB. Ho AB
nepecekaTb X He MOXeT, TaK KAaK B NPOTHBHOM CJydae
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C n A nexar B pasHBIX NOJYIUIOCKOCTSX, ONpEJE/sieMbIX.
ay4yom [ u ero mpoposmxkenueM. Mrak, nyy x nepecekaer AB.
Teopema nokasana.

§ 4. Akcuombl aBuxeHHs1. KOHrpyeHTHOCTh uryp

Ilepexoast kK akcuoMaM TpeTbell I'DYINbI, Mbl BBOAHM HO-
BOE TNOHSITHE «/IBHXKEHHE».

Mol TpeGyeM, 4TOOBI CYIIECTBOBaJH OTOGPaXKEHHS TOUEK,
npsIMbIX M IJIOCKOCTEH Ha TOYKH, NpsSIMble H MJIOCKOCTH,
HMeHyeMble  JIBHXEHHSIMH, YIOBJETBOPSIOUIHE CJENYOIIHM
aKCHOMaM.

Akcuoma 1L, Kascdoe dsusicenue H coxparnsem omuoue-
Hue npunadaescHocmu. To ecTb, ecan Touka A NPUHAMIEKHT
npsiMmoii a (MJIOCKOCTH a), To ee oOpas mnpu ABHXeHHH H
(Mbl 6ynem oGo3nauath ero HA) npuHaanexut o6pasy npsimMoii
Ha (coorBeTcTBeHHO 06pa3sy mjockoctH Ha).

Akcnoma 111,. KascOoe dsuncenue H coxpansem omuouierue
nopsdka Ha npamoti. To ecTb, KAXKAOMy H3 ABYX HanpasJeHHH Ha
NpsSIMOHl @ MOXHO CONOCTABHTb TAKOE HANpaBjieHHe Ha Mnps-
mo#i Ha, yTo KaxAblil pa3, Korjga Ansi Touek X H Y npsimoit a
umeer Mecto X < Y, IS COOTBETCTBYIOMIUX MM TOYEK MPSAMOIi
Ha umeer Mecto HX < HY.

U3 akcuwom III; u IIl, cnemyer, yto Kaxmoe ABHIKEHHE
[IEPEBOAUT TMOJNYNPSIMYIO B MOJYNPSAMYIO, MHOJYIUIOCKOCTL B
N0J1yJIOCKOCTb.

Akcuoma 111, [suscenus obpasyrom epynny.

3TO 3HAUHUT:

a) ConocraBnenne H® ka)IoMy 3IeMEHTY X (TOuKe, mpsi-
MOH, MJIOCKOCTH) €ro CamMoro eCTb JABHXXEHHE. IDTO ABHXKEHHE
Ha3bIBAeTCsl TOXAECTBEHHBIM.

6) Ecau nBuxenue [, comocraBjsieT NPOH3BOJbHOMY
3/MIEMEHTY X 3JIEMEHT Yy, a JBHxeHue H, comocramnser y 3Jge-
MEHT 2z, TO CONOCTaBJIEHHE 3JEMEHTY X 3/eMEeHTa Z eCTb JBH-
xenve. Ono o6Gosnauaercs H,H, u HasbiBaeTcsi npoussede-
Huem nBuxennit H, n H,.

B) Ilns kaxzoro ABuxeHHss H CYIUeCTBVET ABHKeHHe
H~! takoe, uto H™* H = H°.

Axkcuoma 1ll,. Ecau npu Osuscenuu - H noaynpamasn h,
KaK yesoe, W ee HawaabHas mouka A ocmaromes Henodsusi-
HOIMU, MO 6Ce MOYKU NOAYRPAMOL h 0CmAOmCEa Henoosud-
noimu. To ects, ecin Hh=h u HA = A, To ans nio6oii Toy-
kn X noaynpsamodt HX = X.
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Akcuoma IlI;. [lasa kasxcoot naper mowex A u B cyuwe-
cmsyem Osuocenue H, romopoe nepecmasasem ux mecmamu:
HA =B, HB = A.

Axcuoma Ills. [as xasxcOod naper ayweid b, k (noaynps-
MbIX), UCxo0auyux u3 00HOU mouKu, cyugecmeyem Osusicerue
H, ux nepecmagasrowee: Hh = k, Hk =

Axcuoma Il1,. [Tycmo a u B — atobole n/zocxocmu aub—
npamee 8 smux naockocmax, A u B — mouku wa' npamex
a u b. Toeda cyuwecmsyem u npumom eOuHcmeeHHoe O8udice-
Hue, Komopoe nepesodum mouky A 6 B, 3adannyto noaynpsa-
MY npamol a, onpedessiemyro moukol A,— 8 3a0anHyr0 noay-
npamyro. npamoti b, onpedeasemyro mouxold B, 3adanuyro
NOAYNAOCKOCMb NAOCKOCU . &, ONpedeasemyo npamol a,— 8-
3a0aHHYI0 NOAYNAOCKOCME NAOCKOCTU B, onpedeasemyro npamoti b.

Teopema 14. ITycme a — naockocme u a — npuradiexca-
wasn ed npamas. Toeda, ecau Osuscenue H nepesodum Kaow-
Oyt u3 noaynaockocmeli NAOCKOCMU &, onpedessiemolx  Nps-
MOU a, 8 ceba U ocmasasem HenoOBUNCHBIMIL MOYKW NPAMOL a,
MO OHO SABAAEMCA MONCOECMBEHHbIM.

JlelicTBUTENIbHO, TOXJIECTBeHHOe HABHKeHue H® obaanaer
yKasaHHbIMH B Teopeme cBojicTBamMH H, a cienoBaresbHO,
no akcuome III, coBmagaer ¢ Hum.

OmnpejieuM Tenepb BaXKHOE B TIEOMETPUH INOHSITHE KOH-
rpyeHTHoCcTH. Purypy F, Mbl GyleM HasbiBaTb KOHZpYeHMHOU
¢urype F,, ecau cyulecTByer JABHKeHue H, mnepeBojsiuee
F, B F,: HF, = F,. U3 rpynnoBbix CBONCTB JABHXEHHS
(akcuoma IIls) BbITEKAIOT CieAyiOlHe CBOHCTBA OTHOLUEHHS
KOHPpyeHTHOCTH

. Kaxcdas ¢ueypa F ronepyenmna cama cebe. IleficTsu-
Tenbﬂo ToXxJAecTBenHoe aBikenue H® nepepoaut F B F.

2. Ecau ¢pueypa F, xonepyenmna Fy,, mo ¢ueypa F, Kow-
epyenmna F,.

B camom pgene, ecniu H — JBUXKeHHe, KOTOpoe MNepeBO-
aur ¢urypy F, B F,, 10 ABuxenue H™! nepeBoaut ¢urypy
F, B ¢urypy F,

3. Ecau cdueypa F, kouepyenmna F,, a ¢ueypa F, Kon-
epyenmna ¢puaype I'y, mo ¢ueypa F, ronepyenmna Fs.

HeiictBuresnbHo, ecid H’ — JBHXKEHHE, KOTOpPOe MepeBO-
aur F, B F,, a H" — nBuxenne, nepepopsiiee F, B Fy, TO
asuxkenne H"H’' nepesoaut F, B F,.

3ameuanue Tperbs rpynna akcuom [unvbepra OT-
JHYaeTCsl OT TPyNNbl aKCHOM JBuxeHHS. AxcuoMbl [mib-
6epTa onpelensiioT OTHOLIEHHE KOHIPYEHTHOCTH.
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§ 5. KOHrpyeHTHOCTb OTPE3KOB, YIJIOB, TPeyrolbHHKOB

JlokaxxeM HEKOTOpble TeopeMbl O KOHTPYEHTHOCTH MpO-
cTeHIIUX (UI'Yp — OTPE3KOB, YTJOB, TPEYTOJBHHKOB. YCJO-
BHMCSl JJs1 KPATKOCTH 3anficH KOHTPYEHTHOCTb 0Go3HayaTb
3HAKOM PaBeHCTBa.

Teopema 15. Ompesku AB u BA konepyenmmust. Yeawl
(h, k) u (k, h) Konepyenmro.

KourpyentHoctb oTpeskoB ciepyer u3 akcuombl 111,
KonrpyenrHoctb yryioB cienyer u3 akcuombl [1lg.

Teopema 16. ITycms Odan ompesok AB u ay4 h, ucxoos-
wut uz 0. Toeda Ha h cywecmsyem u nPumMom eOUHCMBEHHAA
mouka P makas, umo AB = OP.

Hoxasameascmso. CymecTBoBaHHe P cjefyeT H3 akKCHO-
mol I11,. JlokaxkeM eXMHCTBEHHOCTb. JlomycTuM, CyluecTByeT
nse toukw P, u P,. Tak kak OP, = OP,, TO cylecTByeT
nexenne H takoe, uto HO = 0, HP1 = P,. 310 IBUXeHUE
nepeBomuT A B cebs. Ilo akcwome 111, HP, = P,. CnenoBa-
TesqbHO, P1= Pa.

Teopema 17. ITycme (h, k) — yeosr u | — ay4, oepanudu-
sarowyutl emecme co ceoum npodoasceruem | noaynaockocme o.
Toz20a cywecmsyem 8 o ayd m U NPUMOM eOUHCMEeHHbIL ma-
Kod, umo (h, k) = (I, m).

Hoxasameascmso. CyliecTBOBaHHE Jiyya m  CJAEAyeT H3
akcuombl [11,. Iokaxkem eanHcTBeHHOCTb. [JlomycTtuMm, cymie-
CTBYeT ABa Jiyua my, M my. Tak kak (I, my) = (I, my), 10
cymectByer ABHKeHHe H Takoe, uro Hl = I, Hm, = m,.
OTo JBUXKEHHE MEePEeBOLUT NOJYIIOCKOCTD a B cebs. Ilo akcho-
me 111, H toxpectBeHHo Ha [ u ero gonosnenun [. Otciona
no teopeme 14 caenyer, uro H ToxaecTBeHHO Ha a. B uact-
noctd, Hmi = m,. Orciona m; = m,.

Teopema 18. ITyemo AB u A’B’ — dsa ompeska, C u C' —
mouku smux ompe3kos. Toeda, ecau

AB= A'B' u AC = A’C’, mo BC = B'C’.
Ecau
AC = A'C' u BC =B'C’", mo AB = A'B’".
Hoxasameascmeo. Tlo akcuome II1, cymecTByer nBHXe-
niie H, xortopoe nepeBOomHT Touky A’ B A, nmoaynpsmyio A'B’
B nosnynpsimyto AB. Ilpu stom Touku B’ u C' nepeitayr B

30



B™u C". Tlo Teopeme 16, B"=B, C"=C, 1o ectb H mnepe-
Boaut orpe3ok B’C’ B BC. Orciopa BC = B'C’.
Bropoe yTBep:k/ieHHe HOKa3bBaeTCs aHAJOTHYHO.
Teopema 19. [Tycmeo (h, k) u (h', k') — 06a yera, l u I’ —
Ayuu, npuradsexcauiue smum yeacm. Toeda ecau

(h, k) = (K, k') n (h, 1) =, U), 10 (I, k)= (', k).
Ecau
(h, 1) = (W, U')u (I, k) = (U', k'), o (h, k) = (W', k’).
Hoxazameascmeo. Tlo awxcuome I11, cywectByer aBuxe-
uue H, Kotopoe.nmepeBOJUT Jy4 A’ B A W NOJYNJIOCKOCTb, OM-
pelenseMylo JydyoM k' U €ro NPOROJRKEHHEM, COJepIKalllyio
ayud [ u k', B NONYMJOCKOCTb, ONpelenseMylo JyuoM h H
€ro TpOJIOJKEHHEM, COJEPKALYI0 JIYuH I u k. Ilpu 3tOoM
ayuu I’ u k' nepexomsit B [” u k". Ilo Teopeme 17, k" =k
"= 1, 1. e. H nepesomur yroa (I’, k') B (I, k). Orciona
(I, k) = (I, k).
BTopoe yTBepxkIeHHe NOKa3blBaeTCsl aHAJOI'HYHO.
Ilycts (h, k) — HekoTopHlil yroa, A u k — nyuu, jgonoa-
nalomue h u k go npsambix. Toraa yron (%, 'h) HasbBaetcs

cMexxHbIM K (R, k), a yron (h, k)— eepmuxarsnom x (h, k).

Teopema 20. Ecau yeaor (h, k) u (h', k') pastot, mo cmesc-
Howe ¢ Humu yeavt (h, k) u (h', k') pastoL.

Yeon (h, k) pasen eepmuxaroromy (h, k).

Hokasameascmeo. Taxk kak (h, k) = (h’, k'), TOo cymecT-
BYRT ABMXKeHue H Takoe, uro Hh' =h, HE' =k. B cuay
akcuom 11, u 111, HE' = k. CnenoBatesnbro, (hk) = (h'k').

[lo akcuome lll6 CyUIecTBYeT [BHKeHHe S Takoe, 4TO
Sk =h, Sh =k. B cuay akcuom 111, u 111, Sk = a,Sh = k.
Orciona (h, k) = (h, k). Teopema jokasana.

Yron, paBHbIi CMEXHOMY, HasbiBaetcs npameim. Hoxa-
KeM CYUIeCTBOBaHHE NpSIMBIX YTJOB. Bo3bMeM miockocTh a,
HA Hell mpsaMYylo a U Ha npsamoli Touky A. Ilycts @’ n a” —
JBE MOJYIIOCKOCTH, OMNpejeJsieMble NpsIMOl @ ¥ h — oiHa
U3 NOJYNpSIMBIX MpPSIMOH @, Ha KOTOpbie ee pas3GHUBaeT Tou-
ka A. Ilo akcuome IlI, cymecTByeT Takoe npuxkenune H, dro
Ha' = a", Hh = h, HA = A. Tlo akcuome Ills H Toxmect-
BeHHO Ha a. [lyctb B’ — Touka B moaynaockoctu a’. Coemnu-
HUM ee ¢ Toukoll B” = HB’ npsimoit b, Ilyctb C — TouKa ne-
peceuenuss npsMbix a u b. Touka C pa3buBaer npsMyw a
Ha noaynpsivble a’ W a’, a npsMylo b — Ha noaynpsimble b’
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u b”. OueBugno, Ha’ = a’, Hb’" = b". Tlostomy yron (a’, b’)
paBeH cMexHOMY (a’, b").

Teopema 21. Bce npamvie yeav paswol.

Jlokasameavcmeo. Yept. 8. Ilycte (h, k) u (h', k') —
npambie yrasl. Ilycts @ — miockocts yraa (A, k) u o’ — Ta
ero IoJyIJIOCKOCTb, ONpeJensieMas JyucM A H ero npoioJike-
HueM, rae gexut ayu k. Ilo akcuome 111, cymecrtByer nsu-
xeune H, xotopoe h' nepepomut B h, a ay4 kK — B ayu k",

PAaCMOJIOKEHHBIH B TMOJYMJIOCKOCTH a’.
P k k'" O6031auuM S IBHXKeHMe, nepeso-

a Jsiee h B ero JomnojiHenue k, a Jayd
k B ceb6si. DTO BO3MOXKHO, TaK Kak

(h, k)=;"h, k). IIBuxenue S nepeBOAHUT

h h Jyd k" B HEKOTOPHIX Jy4 k”. YTl

(k", h) u (K", h) paBHB Kak YIJbl,

Yepr. 8. NONYYEeHHbE JBHXKEHHEM H3 paBHbIX
YIJIOB.

[lo Teopeme 17, k" cosnagaer ¢ k*. Tak kak moaymio-
CKOCTH, ONpejg/sieMble JIyuoM R U €ro HpoJOJIKEHHEM, NpH
JBHXXEHHH S IepecTaBjsiOTCs, TO 3TO BO3MOXKHO TOTAa H
TOJNIbKO TOrja, ecau k” conagaer ¢ k. Ho sto anaumrt, uto
(h, k) = (h, k") u, caepoBatensHo, (h, k) = (h’, k’). Teope-
Ma JoKasaHa.

INepecekaiomyecsi npsiMble HAa3bIBAIOTCS  NePneHOuUKyAap-
HolMU, €CIIH UX TOJyNpsIMbie, ONpelessieMble TOUKOH mepe-
ceyeHHs, o6pasyioT NpsIMOH yroJ.

Teopema 22.- ITycms a — npamas 6 naockocmu o. Toe0a
uepe3 kancOyro mouky B naockocmu o npoxodum npamas b,
nepneHOUKYAAPHAS @ U NpuUmom eOUHCMBEHHAA.

Hoxkasamenscmeo. Eciau Touka B npuHagiexutr a, TO
TeopemMa cCJiellyeT H3 PaBeHCTBAa BCeX IIPSIMbIX YIVIOB H TeO-
pembl 17.

Ilyctb B ne nexut Ha a. CywectByer ABHxKeHHe H, TOX-
JIECTBEHHOE Ha NPSMOH @ W TMepecTaBJsiiollee MOJYIJIOCKOCTH
IJIOCKOCTH a, ompejaesnsieMble npsimoii a. Ilpsmas, coenunsio-
was B u HB, nepnenaukyJjsipHa a.

JlonycTuM, CYIIECTBYIOT ABe MpsiMble, MPOXOMsilllHe uepes
B, nepnenpuxkynasipuble a: b, u b,. [Buxxenne H nepesomuT
KaXaylo u3 mnpsiMmbix b, u b, B cebs. Orciona cieaver, 4rto
Touka HB — ofwas Ansi 3THX NpsiMbiX. A 3TO NPOTHBOPEYHT
akcuome l2. Teopema gokasana.

Teopema 23. Ecau y mpeyeoavtiukoe ABC u A’'B’C’
AB=A'B',AC=A'C'u /A= / A’, mo oHu KoxepyeHmHbL.
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Hoxasameascmeo. Tak kak /A = /A’, To cyuwectByer
nBuxkenue H, koropoe mepeBoAuT Touky A’ B Touky A, no-
aynpsimyio A’B’ B nonynpsmyio AB, nonympsmyio A’C’ B
noaynpsimyto AC. Tlo teopeme 16, H nepeBoaut Touky B’
B B u C’" B C. Teopema nokasaua.

TpeyronbHuK HasbiBaeTcss pasHOOEOPeHHbIM, €CJH Y HEro
ABe CTOpoHbl paBHbl. OHH Ha3blBalOTC GOKOBLIMH CTOpO-
HamH. TpeTbsi CTOpOHA HA3BIBAETCS OCHOBAHUEM.

Teopema 24. B pasroGedpenHom mpeycorbHuKe yeaol npu
OCHOBAHUU PABHbL.

Dra TeopeMa HENOCPEACTBEHHO CJEAYeT W3 INpeAblAyLles.

Teopema 25. Ecau y mpeyeoasruxos ABC u A'B’C' AB =
=A'B', A= /A", /B = /B’ mo onu KoHepyenmHbL.

Hokasameascmeo. CylecTByeT ABHXKEHHE, KOTOpoe mepe-
BoauT Touky A B A’, nonynpsimyto- AB B nonynpsimyio A’B’,
noaynpsimyto AC B nonynpsamyio A’C’ Tlo teopeme 16 Touka B
npu oToM nepexogut B B’ A no teopeme 17 nonynpsimas BC
nepexoaut B B’C’, tak kak /B = /B’. Otciona caenyer,
yro C nepexoaut B C’. M Teopema no-
KasaHa.

Teopema 26. Ecau y mpeyeorbHuKos
ABCuA’'B’C' AB=A’'B’, AC=A'C’
u BC = B’C' mo oru KkoHepyenmHoL

Jlokasameascmso Yeptr 9 Cywect-
ByeT [BHXX€HHE, KOTOpOe MepeBOAHT
nonynpsimyto AB B A’B’ u cosmelaer
MJIOCKOCTH TPeyroJibHHKOB TaK, YTO
Touka C’ ¥ Touka C”, B KOTOpYIO nepe-
xoaut C, pacnoJjaraiorcss B PasHbIX
nosmynjockocTax, onpeaensiempix npsimoii A’B’. [lo Teopeme
16 3170 nBHXKeHHe nepeBOAMT Touky B B B'.

Tpeyroabuuxku C’A’C”, C’B’C" paBuoGeapennbie u C’C”
fiBAsieTcsl WX o6wuM ocHoBauueMm Ilycts D — nepeceuyenne
otpeska C’C” ¢ npsamoit A’B’ Tak kak noaynpsimeie” C'A’,
C'D, C'B’ u C"A’, C"D C”"B’ uaxonsTcs B OIHHAKOBOM OT-
HOLIEHWHM TOPsiika (OH omnpegensieTcs nopsakom Touek A’
D, B’), a yrabl nOpd OCHOBaHUH paBHOGEJPEHHOTO TPeyroJb-
HHKA paBHbl, TO N0 Teopeme |9 yron Mexay mMoJynpsiMbIMH
C’A’ u C’B’ pasen yray mexay noaynpsimbima C"A’ n C"B’.
Orciona vron C tpeyronbiuka ABC paBen yray C’ tpeyrosp-
uuka A’B’C’ A tenepb mo teopeMe 23 TpeyrosbHukd ABC
u A’B’C’ kourpyentHbl. Teopema HokasaHa.
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§ 6. CpaBHeHHe OTPe3KOB M YIJIOB M ONepaluH HaA HUMH

JIBuKeHHe MO3BOJISIET NPOU3BOAHTL CPABHEHHE OTPE3KOB
H YIJIOB.

Iycts AB u CD — nepaBuble oTpe3ku. IlepeBeneM nBH-
KEHHeM [oNyNpsMYIo CD B mnoaynpsmyio AB. Tlpu sTom
Touka D mepeiiier B HeKoTopyio Touky D’, oTauunyio ot B.
Mol GyzeMm roBoputb, uto AB wmenbiie CD H 3anuchiBaTbh
AB < CD, ecnu B uaxomutcsi mexxay A u D’. Byaem rogo-
putb, uto AB Gonbwe CD (AB > CD), ecin D’ mexay

; A u B.
"!,_%.’.__E Ecau AB > CD, mo CD < AB.
¢ p 8 Je#icTBUTEIbHO, TIEpEBEAEM JBHKe-
L — HHeM nosynpsimyio AB B nonynpsimyio

CD. Tlpu stom B nepeiiger B B’, aD’
B D (uept. 10). CnegoBatesibHO, TOUKH
A, B, D’ u C. B’, D naxomarcsi B oiu-
HAKOBOM OTHOLIEHHH nopsiaka (akcuoma [1le2). U u3 Toro, uto
D’ mvexny A u B, canenyer, uto D mexny C u B’, 10 ecTb
3 AB > CD cneayer CD < AB.

Ecau AB = A'B’, CD = C’'D’ u AB < CD, mo A'B’ <
<C'D’.

OT0 yTBepKIeHHE [OKAa3biBAETCS pacCyXIeHueM, Nono6-
HbIM npeabiayemy. [lpeacrasinsieM ero uuTaredsio.

Ecau AB < CD, a CD < EF, mo AB < EF.

B cuny npeabigymero CBOHCTBa JAOCTATOYHO JAOKAa3aThb
3TO yTBep)KIeHWe MJs caydasi, koraa Touku A, C n E co-
BNAJaioT ¢ HEKOTOpo# Toukoi O, a octanbuble Touku B, D, F
pacnoJsiararorcsi Ha noJymnpsimoii, ucxonsimeii u3 0. Ho B atom
clayyae OHO CJeayeT H3 Teopembl 6.

Jns yrjoB OTHOIIEHHS] «GoJiblle» H «MEHbLE» Onpele-
JISIIOTCSl aHAJIOTUYHO M 00J1aZlaloT aHAJIOTHYHbIMH CBOHCTBaMH.

OnpezendM Tenepb oONepanyH CJOXKEHHS H BbIYHTAHHA
JUISl OTPE3KOB.

[lycts AB u CD — panubie otpe3ku. Iloctpoum Ha npo-
JomxeHud noaynpsmoii AB touky D’ Takyio, ytoO6bi CD =
= AD’ Cymmoi otpeskoB AB u CD GyneM HasbiBaTb OTpes
30K, paBHbiii BD’; u 6ynem oGosuauatb AB + CD.

Cioxxenne OTpe3koB 00/1ajaeT CJeAyOUHMH CBOHCT-
BaMH’

1. Ecau a

Yepr. 10.

a’, a b=10, TO
+b=a + 0.

o
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2. a+b=2>b+a.
3. (a+b)+c=a+ (b +c).

JlokasaTesqbCTBO STHX CBOMACTB He COCTaBAsieT TPyda M
NpefOoCTaB/seTCs YUTATEIO.

ITycts AB u CD — nBa otpeska, npuueM AB > CD. Tlo-
cTpouM Ha nosaynpsmoit AB Touky D’ Takyio, utobn AD’ =
= CD. Pasnocmeto otpeakoB AB u CD GyzneM HasbiBaTb OT-
pe3ok, pasubii D'B u Gyzem oGosnauatb AB — CD.

Herpyaso pokasatb, 4to

CD + (AB —CD) =

Ona Toro urtoGbl ONpENeNUTb CJOXKEHHe M BbIYHTAHHE
Ina yraoB, o6oOwuM noHaTtHe yraa. Ilycts A u k — nBa
Jyya, HcxoAsuue H3 obmell ToukH O, U & — OfHA H3 MOAY-
IJIOCKOCTell yrJa, onpefeisieMast JIydioM A H €ro IpoJAoJ-
JKEHHEM. ‘
- OGosuayum (h, k); COBOKYINHOCTb Jyueil, B3AThIX C Ompe-
JieJIeHHOH KPaTHOCTHIO, onpejieJisieMyio cJieAyIomiM o6pasom.
Ecau k npunagiexut a, To (h, k). COCTOMT M3 Jyueii, pac-
NOJIOXKEeHHbIX MeXay h u k. Ecan k coBnajaer c npoposxe-

1 o
HueM h, To (h, k), COCTOMT H3 JyyeH, pPacloOJIOXKEHHHIX B
noaynJaockoctd a. Ecau k siexXHT B mosynJocKocTH, AonoJ-
o 1 o
HUTENbHOH K a, TO (h, k), COCTOMT M3 JiyyeH, JeXawux B
TNOJIYTNJIOCKOCTH &, H Jiy4eil, JieXaluX Mexay B 1 npojoJxe-
1
HueM h. Haxownen, ecom h u k copmagawor, (h, k) cocTouT
u3 Bcex Jsyuedt, mcxoxsimux u3 O.

MuoxecTBo Jsiyueit (h, k)3 coCTOMT H3 MHOXKecTBa (K, k),
H S— 1 pa3 B3ITOro MHOXE€CTBAa BCEX Jyuyeil, HCXOAAUX
u3 0. o

Tenepr Mbl HasbiBaeM yrJiOM Ka)Joe MHOXKECTBO Jydefi
BHJA (h k)u OmnpefeiiM onepaunyio CJAOXKEHHS ANs yr.noa'
(h, k).,u(l m)s. Jnas 3TOro omnpeiesuM MOJYMJOCKOCTb 7,
B TJIOCKOCTH mnepBoro yraa. Ecau h He coBnajaer ¢
TO 3TO IOJYIJOCKOCTb, COJepXKallasi TNPoAoJKeHHe Hh.
Ecau xe k coBnapaetr ¢ h, TO 3TO NOJNYNJIOCKOCTh Q.

[lopsepruem (!, m)} aBuxenuio H, npu Kotopom Jayu [
coBMeliaetcsi ¢ k, a NoJaymnJiockoctb B ¢ NOJIYNJIOCKOCTIO 7.,
Hepr,uHo BHJIETb, YTO COBOKYMHOCTb Jyyell, COCTaBJIEHHaf,

u3 (h, k)a u H (I, m)}, ecTb yron B cMbic/ie JaHHOrO OIpex
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nenenusi. Ilo onpeneneHnio OH HasbBaeTcss CyMMOH YrJoB
(h, B)S u (L, m).

Pasnocts yriios (h, k); u (I, m)} onpenensiercsi aHa-
JgorudHo. Bmecto muockocth 7 6epeM ee JONMOJIHEHHE H
c4uTaeM, 4YTO pasHOCTb yrJoB (A, k)S —(, m)j, Kak coBO-
KyNHOCTb JIyueif, COCTOMT M3 Jayueil (h, k)3, €CJH ymaauTb

u3 Hee Jyuu H (/, m)} ¢ yueToM HX KpaTHOCTH.
‘ClioXKeHHe U BHIUMTAaHHE YIJIOB OO/afiaeT OOLIYHbIMH  CBOii-
CTBaMH, KaK H JJIsl OTPE3KOB.

§ 7. Hekoropbie COOTHOWIEHUS] MEXAY CTOPOHAMH
H yrjamu TpeyroJibHHKa

Mei 6yzaem rosoputh, uto Touka C npsimoit AB menut oT-
pesok AB nonoaam, WiH 4TO OHA sIBJISiETCS CpeOuroll OTpe3Ka
AB, ecniu AC = CB.

Teopema 27. KascOoui ompesox AB umeem cpeduny O u
npumom moavko 00ny. Ona pacnososcerna mexdy A u B.

Hoxasameascmso. Tlpsimas AB pas-
O6UBaeT NPOXOASLLYIO Yepe3 Hee ILIO-
CKOCTb Ha [iBe MOJIYMJIOCKOCTH o’ u a”.
OT/10XXMM B MOJIYIJIOCKOCTSIX @’ U a” OT
noaynpsmeix AB u BA COOTBETCTBEHHO
paBHble YIJibl 4 BO3bMEM HAa CTOPOHAX
3TUX yryioB Toukd C u D Tak, 4TOGHI
AC = BD Orpesok CD nepecekaercs
¢ npsamoit AB B touke O (uept 11).

Hepr. 11. Us pasencrsa TtpeyrosbHukoB ACB

u BDA (teopeMa 23) caenyer

LCBA = /DAB. Ortciona cjenyer paBeHCTBO TPeyroJib-

HukoB CBD u DAC, U3 KOTOpOro 3ak/iouaeM O paBeHCTBE

yrvioB ACD n BDC. Temepb no Tteopeme 25 TPeyroJbHHKH

ACO u BDO pasubn H, caepoBateabHo, AO = OB, . e.
O — cpeauna AB.

Toukn A u B He MOryT pacmnonaratbCsi 110 OfIHY CTOPOHY
ot 0. rak kak toraa A = B (teopema 16). [TosTromy O nexut
mexay A u B

JlokaxeM eaMHCTBEHHOCTb cpeluHbl. [lonmycTHM, OTpPe3okK
AB umeer ape cpeauubi O1 u O CyuiecTByeT ABHXeHHE,
KOTOpOe OCTaBJ/isieT Ha MecTe Touky O1 W NepecTaBjsieT Mmogy-
apambie 014 u 01B 10 ABHXeHHe NepeBOAUT Touky A B B,

36




a B B A, tak kak 0,4 = 0,B (reopema 16). Touka O, npu
3TOM NepexoiuT B HeKoTopyio Touky Oj;. Tak kak AQ, =
= AOQ;, = BO,, 10 0,) =0,, uTCc HEBO3MOXKHO, HGO O,
n 0,” pacnojaraiorcs no pasubie croporbl oT Q1. Teopema
J0Ka3aHa.

Teopema 28. [Tycme (h, k) — yeor, obpasoearnsii ay4ua-
smu h u k. Toeda cywecmsyem u npumom eduncmeenroul ay4 |,
pacnoaoscertbul mexdy h u k, Oeaawuti yeon (h, k) nono-
aam, m. e. (h, 1) = (I, k).

Horxasameavcmeo. Otnoxum u3 Bepmunbl O yrna (h, k)
Ha ero crtopoHax paBHble otpe3sku OA u OB. Ilyctp C —
cpenuna orpeska AB. Tpeyroabuukn AOC u BOC pasub
(Teopema 26). Ortcroga paBeHCTBO YIraioB, 06pasyembiX JyuyoM
OC c nyuamn h u k.

Hoxaxem enuncTBeHHOCTb Jyua [. Ilycrs cymectsyer nBa
Takux ayda I, u l,. OHu nepecekaior otpesok AB B Toukax
C; n C,. U3 paBencrBa TpeyronbHukoB AOCG; u BOC,, AOC:
u BOC, cneayer, 4To KaxJasi U3 3THX TOYEK SIBJsIETCS Cpe-
anuoii AB. Ho 3T0 npoTHBOpeuuT npeipiaylieil Teopeme.
Teopema nokasana.

Brewtum yraoMm TpeyronbHuka ABC mnpu Bepuinne A
Ha3bIBaeTCsl YToJI,. CMEXHBIE C yrjom A.

Teopema 29. Brewnutl yeoar mpeyeorbHuxa 6Goabule A10-
6020 8HYMPEHHE2D, HE CMENCHO20 C HUM.

JLiokazameascmso. Tlycte ABC — nanublii TPeyroabHUK M
O — cpeanna cropoubl BC. IlpoBesem us Touku A uepes O
HOJIYNIPSIMYIO H OTJIOXKHM Ha Hel U3
ToukH O oTpesoK, paBublit OA. Ilycts g D
D xownen, storo orpeska (uept. 12). ’

Touka D JIeXUT B NOJYIIOCKOC-

TH, onpejensieMoit mpsmoi BC, co- 0
JiepKallieil NpoJOJIKEeHHe ToJynps- q (4
moii CA. C pgpyroit cropousl, D

JIEXXHT B TOJYIJIOCKOCTH, ONpeje- Uepr. 12

asiemodi  npsimoii AC, conepaKauiei
nonynpsamyi, CB  Crcxpe cae-
ayer no Teopeme 13, uro nosynpsiMas CD HaXOAHTCS Mex-
Ay mnoaynpsimoi CB wu mnpomomkenunem noaynpsmoii CA.
A 310 3nauuT, uTo yron BCD wmenbllie BHELIHEro yrya Tpe-
yronbauka ABC npu Bepuure C.

Tpeyronvuukn ABO u DOC paBub (Teopema 23), no-
stomy yrasl ABO u DCO, Kak COOTBETCTBYIOILHE, PaBHbL.
CnenoBaresbHO, yroa B TpeyrosbHHKa MeHbllE€ BHELUHEro
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yraa npu Bepumne C. Tak kak B u C — npousBOJIbHBIE JiBe
BEpIUMHBI TPEYroJibHHKA, TO STHM TeopeMa JoKasaHa IoJ-
HOCTBIO.

Kak crnexctBne ©u3 3Toif  TeopeMmbl MOJIyyaeTcsi, 4TO
8 Kaxclom mpeyeorbHuKe 08a Yeaa OCMpeie, M. €. MeHblue
npamoeo.

Teopema 30. ITpameie, obpasyrowjue ¢ nepecexarowell ux
npamot pasHvie O0OHOCMOPOHHUE Y2Abl, He NepeceKaromcs.
B wacmnocmu, Ose npsameie, nepnenouxyasprele mpemoeti, He
nepecexaromes.

Dra TeopemMa HENOCPEJCTBEHHO BhITEKaeT H3 TeopeMbl 29.

Teopema 31. Yepes xaxncdyro mouky X naockocmu, codep-
ocauiell nPAMYO a, MONCHO NPOBECMU 8 3MOoli NAOCKOCMU Nps-
myto b, He nepecexkarowyo a.

Hasi storo jocratouydo uyepe3 Touky X TMpOBeCTH INpsi-
MYIO ¢, NepHeHJUKYJSIPHYIO @, a 3aTeM 4epe3 3Ty TOUKY Mpo-
BECTH NPSAIMYIO b, MepNeHAHKYJSPHYIO C.

Teopema 32. B rancdom mpeyeosbruxe npomug 6Gorbuiel
cmoponst aexcum boasuuti yeoa. H naobopom, npomus 6046-
wiezo yeaa aexcum 60abWIAR CMOPOHA.

Hoxasamensscmso. Tlycts ABC — naHHBI TPEYTOJMbHHK H
AB > AC. Ornoxum Ha AB otpesok, pasubiii AC. Ilycts
C’ — konen storo otpeska. Ilo Teopeme 24 yruiwt AC'C u
ACC’ paBubl. Ho yron AC’C. xak BHEWHHEH JAJisi TPEYroJib-
unka BC’C, Goabe yriia ABC. OGpaTHoe yTBepxJeHUE JO-
Ka3blBaeTCsl OT MPOTHBHOIO.

Teopema 33. B mpeyeoronure xanoas cmopona meHolie
cymmor u Goavwe pasnocmu 08yx Opyaux CHOPOH.

Hoxazameascmso. Ilycte ABC — naHHBIE TPEYrOJIbHUK.
OtrnoxuM Ha npofoskeHuH otpeska AB 3a Touky B otpe-
3ok, paBublii BC. Ilonyuum Touky C’. Tak kak yroa BC'C
pasen yray BCC’, To on Menbue yraa ACC’. Tlo Teopeme 33
orctoga caeayer, uro otpesok AC menbiie AC’, a OH paBeH
cymme AB u BC.

YTBepxIeHHe O pPas3HOCTH CTOPOH .JOKa3blBaeTcsl aHaJo-
TUYHBIM PaCCyKACHHEM.

§ 8. AkcHomMa HenpepbIBHOCTH

UerBepTast rpynna akCHoM y Hac GyAeT COCTOSATb M3 Of-
HO¥ aKCHOMbI — akcHOoMbl [lenekunja.

Akcuoma IV. Ecau mouku npsamoti pasbume. Ha Osa He-
nYcmuix Kaacca max, 4mo 6 QOHoM u3 08yx Hanpasrexuti Ha
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npamoll KaxOas Mo4Ka nepeoeo KAacca npeduiecmsyem Kas-
Ooil mo4Ke emopozo Kaacca, mo Aubo 8 nepeom KAiacce cyuje-
cmayem MouKa, CAeOYIOWAs 3a BCEMU OCMAAbHbIMU  MOYKA-
MU nepeozo Kaacca, aubo 80 6Mopom Kaacce ecms modka, npeo-
LecmeyIouas 6cem OCMANbHLIM MOYKAM 8MOP020 KAACCA.

Teopema 34. I[Iycmb Oana OeckoHeyHas hocaedosamens-
Hocmb mouex Ha npamol A, A1, Ae,... ydosremsopsrouasn
YCA0BUAM:

1. B o0nom u3 Osyx Hanpasrenuil

A<A <4, <.
2. AA, = A A, =...

Toe0a kaxosa 661 Hu Guina mouka B > A, watidemes ma-
Koe n, umo B < A,.

Hoxaszameavecmeo. IomycTHM, yTBepXKJeHHE  HEBEPHO
H, cJjeloBareibHO, npu Jw6oM n A, < B. PasoGeem Bce
TOYUKH NpsMOil Ha 1Ba KJjacca cienyromuM oopazoM. Touky X
OTHECEM BTOpPOMY KJiaccy, ecaH npu Jwobom n A, < X.
OcrtanbHble TOYKH OTHeceM IIepBOMY KJaccy.

TakuM o6pa3oM, B mepBbIH KJjacC MNOMajaloT BCe TOYKH
A, n Kaxjas Touka X, npejumecTByiouias XoTsA Obl OAHOH
touke A, (X < A,). U cienoBaresnbHo, Kax/Jas TOYKa epBOro
KJacca TpellecTByeT KaxJoi Touke Broporo kJjacca. Oue-
BHIHO, KaxJAblil H3 KJIACCOB He MYCT: BTOPOH KJacC COAEPKHUT
Touky B, a mepBhiii — Bce ToukH A,.

[Tycts C — Touka, CyilecTBOBaHHE KOTOPOH yTBepxkAaeTcs
akcuomoit IV. Touka C He coBmafaeT HH C OfHOH Toukoi 4,
Tak Kak B NPOTHBHOM cayyae A, ., Obsa Obl BO BTOpPOM
knacce. CaenoBaresnbHo, mpu Jobom n A, < C.

Bo3sbmem Ha mpsmoil Touky D Takyio, uro6sl D < C u
CD = AA,. D He coBnanaer HH C ogHOH Toukoit A,, HGO
B npoTHBHOM ciayuae C = A, ,,, uTo HeBo3MOxkHO. Tak Kak
D npunannexur nepBomy kaaccy (D < C) u He coBmajaer
HU C OfHON TouKoit A,, To cymecTByeT Touka A, Takas,
uto D < A,. Tem Gonee D < A,+,. Tak kak, xpome TOro,
A,<Cmn A, ,<C, 10 orpe3ok A,A,,, npuHanjaexur CD,
41O HeBo3MOXHO (CD < A,A,.,). Teopema jnokasaHna.

Otpe3ok AB mo onpenesieHUIO COCTOUT M3 TOYEK, JiexKa-
wux mexay A u B. Korza roBopsaT o 3aMKHyTOM OTpeske,
TO K YHCJIy €r0 TOYeK OTHOCAT TaKKe ero Kouusl A, B.

Teopema 35. [Iycme Oawa GeckoHeunas nocaedosa-
ineabHOCMb 3amKkHYymolx ompeskos A,B, na npamod, npuuem
Kancdoul caedyrouqutl ompesok codepacumca 8 npedvldyuiem.
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ITyemo Oasee He cywjecmsyem ompeska, komopoiui 6oin Ob
MeHbuwle 106020 u3 ompeskos A,B,.

Toe0a cywecmeyem u npumom edurcmeexnnas mouka C,
npuradaexcauwjan écem ompeskam A,B,.

Hokazameavcmeo. He orpannuuBasi OOIHOCTH, MOXHO
CuMTaTh, uTO HpH Jo6oM n A, < B,. Tak Kak npu m <n
orpesok A,B, npunagnexur A, B, n A,<B,, aAd,<B,,
0 A, <B, u A, <B,. Takum o6pa3oM, NpH JIOOLIX m
und,<B,.

Pa3o6reM MHOXeECTBO TOYeK NpsMON Ha JABa KJjacca.
Bo BTopo#l Ksacc oTHeceM Bce TOUKH B,, a Takxke JOOyI0
Touky X, chaenyiomym xoTs GObl 3a oaHoll Toukodt B,
(B, < X). B nepBuii Kjacc OTHeceM oOCTaJibHbie TOYKH.
Takum o6pa3om, NepBbil KJacC COCTOHT M3 ToueK X, mpel-
mecTBylomux BceM Toukam B, (X < B,). U caenoarenvHo,
KaxJas TodYKa NepBOro KJiacca NpeAuIecTBYeT KaXKIOH Touke
BToporo kJjacca. OueBHAHO, KaXAbl U3 KJIACCOB HE MYCT:
TOYKH, IpejlIecTBYIomne A;, NpHHALJIEXKAT NEPBOMY KJaccy,
a TOYKH, cJelyiomue 3a B, — BTopoMy Kiaccy.

[lycte C — TouKa, cyliecTBOBaHHE KOTOPOH yTBepkKJaer-
ca akcuomoit 1V. TlokaxeM, YTO oOHa MpAHAJIEKUT BCEM
orpeskam A,B,. He cymecTtByer Touku B,, npeauectByio-
weilt C, Tak Kak B NMPOTHBHOM cJyuae AJis Touek X oTpe3xa
B,C X <C, a 3TO TOYKH BTOPOro KJsacca.

Ecnn Touka C coBnagaer ¢ A,, To Bce ToukH A, ,(q > 0)
conajaiot ¢ A,. B mpotuBHOM cayuae, Tak Kak A, < 4,
ToukH ortpe3ka A,A,,, npuHajjexanu Gbl BTOPOMY KJaccy,
BMeCTe C TeM KaXJasi Takas Toyka mnpeawmectsyeT A, .,
uTo HeBO3MOXKHO. Otciona cneayer, uto ecau A,=C, 1o C
NpHHAAJIeXKHT BCceM oTpeskaM A B, mpn p>n, Tak Kak
sBJsieTCs MX OOIMM KOHILOM, a mnepBHIM n— 1 oTpe3kam
NPHHAJJIEXXUT N0 NPUYHHE BKJIOUEHHS OTPE3KOB, OrOBODEH-
HOH B TeopeMe.

Ananoruuno paccmatpuBaeTcs cayuait, xorpa C coBna-
JaeT. ¢ OAHOH M3 ToueK B,.

ITycts, HakoHen, Touka C He cOBmajaeT HU C OJHOH U3
Touek A, n B,. Tak kak Kaxjas Touka A, NpPHHALJIEKHUT
NepBOMY KJacCy, a Kaxjaas Touka B, BTOopoMy KJaaccy, TO
A, <C < B, npu qmo6oM n. A sto sHauut, ytro C npunaj-
JIeXXHT BceM oTpe3kam A,B,.

HokaxeM eguHCTBeHHOCTb ToukH C. JlonycTuM, cyuect-
BywoT ABe Toukn C, u C, TmupHHaAneXKaulue BCEM OTpe3-
kam A,B,. Toraa n orpesok C,C; NpHHAAJNERKHT KaKAOMY
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u3 orpeskoB A, B,. Ilycts C — kakasi-HuOyAb TOYKA OTPe3Ka
C,C,. Orpesok CC, menbie C,C,, acJiejoBaTe/bHO, MEHbILE
ao6oro otpeska A,B,, UTO NPOTHBOPEUHT YCJIOBUIO TEOPEMBI.

Teopema nokasana.

B npyrux usjoxeHUdX yeTBepTas rpyNna akCHOM COJAep-
MUT [BE aKCHOMbl. YTBepXKIeHHe OXHOH M3 “HHX COBNajaeT
C yTBepxjaeHueM Teopembl 34. Ona Obi1a BBefeHa eme Ap-
XUMeJOM H HasblBaeTcss akcuomodl Apxumesa.

Bropasti akcuoMa COCTOHT B YTBep:KIEHHH TeopeMul 35
6e3 exuncTBeHHOCTH ToukM C. OHa Has3biBaeTCsi aKCHOMOI
KanTtopa.

§ 9. [lepeceuenne npsAMOI C OKPYKHOCTDIO,
IBYX OKpYMXHOCTei

Ilycts O — ToYKa HA TJIOCKOCTH & H r — JAHHBIH OT-
pesok. Oxpyoscrocmero ¢ yewmpom O u paduycom r Ha3bl-
BaeTCsl COBOKYMHOCTb BCeX ToueK X TMJIOCKOCTH o, AJiS KOTO-
pbix OX = r. Te toukn X, naockoctu ansa Kotopeix 0X < r,
Ha3bIBAIOTCS] BHYTPEHHHMH II0 OTHOIUEHHIO K OKPYXKHOCTH,
a Te TOUKH, JJIsl KOTopeix OX > r,— BHELUHUMH.

Teopema 36. [Tycmos ¢ — oxpyscnocme ¢ yenmpom (0) u
paduycom r. Toeda ecau npsamas a npoxodum 4epe3s 6HYm-
penntoro mouky P, mo ona nepecexaem oKkpyxcHocme 6 08Yyx
U moavko 08yx mMo4Kax.

Hokasameascmeo. PaccmaTtpuBaem jBa cayuas: 1) npsi-
Mast a npoxoaut uepes O, 2) npsimasi @ He npoxoAuT uepe3 O.
B nepBoM cnyuae yTBep:KIeHHEe TeOpeMbl OYEBHAHO, TAK Kak
Ha KaKIOH H3 MOJYNPSIMBIX TNpPSIMOM @, ONpeAejisieMhiX TOou-
Kot O, cymecTByeT H NPHTOM e/MHCTBEHHAs TOUKa X TaKas,
yto OX = r (Teopema 16).

PaccmoTpum Bropoii cayuaii. TlpoBesem uepes O npsmyio,
neprieHARKYyAsIpHYyio @. OHa nepeceyeT a B HEKOTOPOIl Touke A.
YTBepxnaeM, uTo A siBJsieTcsl BHYTpPeHHEH Touko#. [lelicTBu-
TeJBHO, €CJIM OHa He coBHajgaeT ¢ P (éciu OoHa COBMajaer c
P, T0 OHa BHYTpEHHsIs O YCJOBHIO), TO TpeyrojbHuk OAP
npsIMOYToJIbHBIN H, corsacHo Teopeme 32, 04 < OP < r.

Towka A pasbuBaer npsiMyio @ Ha JABe MOJynpsivbie a’
u a”. Paso6bem Bce TOukM NpsiMOM @ Ha JABa Kjaacca. B mep-
Bblli KJacc OTHeceM BCe TOYKHM MOJNYNpsMOH a’, a Takxe Bce
toukn X nosmynpsaMoii a”, ana kotopeix OX < r, BO BTO-
po#l KJjacc — BCe ocTajbHble TOoukH npsmoil. [lokaxkem, uyToO
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3T0 pasbHeHHe TouyeK NPAMOH HA KJACChl YIOBJETBOPSIET
ycnoBuio akcuombl IV.

IlepBblit Kjacc He MyCT, TaK KaK €My NPHHAIJIEXKHUT MO-
aynpsimasi a@’. Ha noaynpsiMmoit a” cyumiectByer Touka X Ta-
Kasg, yt0 AX = r. dta TOuKa NpPHUHALIEXKHT BTOpOMY KJac-
Cy, TaK Kak M3 npsmoyrosibHoro TpeyronbHuka OAX cae-
ayer OX > AX = r. Takum obpa3oM, KaXJblii M3 KJ1acCoB
HE HYCT.

Ilyctb X — Touka mepBoro kKjacca, a Y — Toyka BTOpPOro
knacca. Ilokaxem, uto X < Y. VYTBepxIeHHe OUYEBHIHO,
ecin X mpunagnexur noaynpsmoit a’. Ilycts X npunaane-
KAT nonynpsiMmoi a”.

Ipennosnoxum, uto Y < X. ¥Yron OYA octpsli, ciefoBa-
tenbHo, yroa OY X tymoit. U Ttak kak yrom OXA ocrphii,
To B Tpeyrosibnuke OXY OY < OX < r, 1. e. Y npunaane-
JKUT NMEepBOMY KJIACCY, YTO IPOTHBOPEUHT YCJOBHIO.

Tycte D — Touka, NpOM3BOASAINAs JIeNEHHE HA KJacChl
coraacHo akcuoMe IVi. Tlokaxkem, uro OD = r.

Honyctum, OD < r. OrioxuM oT Toukd D B Hampasie-
HUH ToNynpsiMoil a” oTpes3ok, pasumiit r — OD. Tlycts E —
Konell atoro orpeska. [lo Teopeme 33 B nmpuMeHeHUH K Tpe-
yroabuuky ODE OE < r. CnepoBatenbno, E mnpunapgje-
JKUT NEPBOMY KJIacCy, HO 3TO HEBO3MOXHO, Tak kKak D < E.
Axanoruydo wuckiouaercss mpeanodoxkenne OD > r. Takum
obpazoM, OD =r. W Touka D sBaserca nepeceyeHHeM
OKPYKHOCTH C moaympsivoii a”. JlokaxeM eJMHCTBEHHOCTb
Touku D.

JonycTuM, CyliecTByeT JBe TOYKH IepeceueHdsi MoJy-
npsiMoit @” ¢ okpyxHocthio D, u D,. Ilycte D — cpennna
orpeska D,D,. U3 paBencrBa tpeyroabuukoB OD,D u OD,D
crenyer, uro OD nepnengukymaspua a. Ho 3To HEBO3MOXKHO,
TaK Kak, B cuay TeopeMnl 22, A == D, a Touku D; u D, pac-
TNOJIOXKEHb! N0 OXHY CTOPOHY OT TOUKH A.

AHaAJOTHYHO [JIOKA3bIBAETCSl CYIIECTBOBAHHE H E€JHHCT-
BEHHOCTb TOUYKH IlepeceueHHsi MOJYNpsMOH @’ C OKpYXKHO-
croio. Teopema mokasama.

Teopema 37. [Tycmo Oanst 08e OKpYICHOCMU Cy, Cp C YeH-
mpamu O1, Oz u paduycamu ry, r, NpuueM

Toz0a smu okpyscrocmu umerom dge u Moarbko 0ge mMouKu
nepecedenus.
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JloxasaTeqlbCTBO 3TO TeOpeMbl TaKkXe B CYIIECTBEHHOM
YACTH ONHPAETCs] Ha aKCUOMY HenpepbiBHOCTH. Mbl ero npu-
BOAUTbL He OyJeM.

§ 10. Hamepenue OoTpPe3KoB H YrioB

Teopema 38. Cyujecmsyem u npumom eOUHCMBEHHAR PYHK-
. yua p, onpedeneHHAs HA 6CeX OMpesKkax, y008aemeopAIULaL
YCA0BUAM:

1. [an xaxcdozo ompeska AB p(AB) > 0.

2. Ecau ompesku AB u CD pasuo, mo p(AB) = p(CD).

3. Ecau mouka C naxodumcs mexndy moukamu A u B, mo

1 (AC) + u(CB) = p(AB).

4. [lra Hexomopoeo ompeska AyB, 1 (A,B,) = 1.

Yucno p HaseiBaercs 0AuHOl oTpe3Ka, a oTpe3ok Ay,B, —
edunuyel usmeperus O0AUHbL.

AHajlorTHYHasi TeopeMa HMeeT MEeCTO AJs YIJIOB.

- Teopema 39. Cywecmsyem u npumom eOUHCmBeHHARA PYHK-
yua 9, onpedesenHas 048 6cex Yyea08, Yyo08ACMBOPAIOUIAA
YCA08UAM:

1. [Irs xaxcdoeo yera (h, k) 9 (h, k) > 0.

2. Ecau yenor (h, B) u (I, m) pasuHo, mo ¥(h, k) =
=8/, m).

3. Ecau ayu | naxodumcs meoxcdy h u k, mo

d(h, [)+9(l, k)=9(h, k).

4. [Ira nexomopoeo yeaa (hy, R,) 0(hy, ko) = 1.

Yucao ¥ HaseiBaercs mepod yeaa, a yroa (hy, ko) — edu-
Huyell usmepexus Yyeiros.

Mb1 orpaHHYHMCS J0Ka3aTeJbCTBOM TeopeMbl 38, Teope-
Ma 39 B 3HauMTe/IbHOH CTENEHH JOKa3blBaeTCs aHaJOrHYHO.

Hoxazameavcmeo teopemul 38. [TocTpouM nocsenoBaTe b-

HOCTb OTPe3KOB 8, 8;, d,, ..., H3 KOHX KaXJbi{ CJlEAYIOWHUH
B [Ba pa3a MeHbllle NpeAbIAYIIEro, T. €.
Sn + Bn = 8rz~1’

a 8, = A,B,. OrMeruM Ha npsMoii AB To HamnpasjeHue, B
KoTopoM A < B, H NOCTPOHM TOCJ/IENOBATENbHOCTh TOUEK
Ay, Ay A, ... Takylo, yTOOH A < A, < A, ... 1A, A;=3,.
[Tycte A,,— nepBasi Touka 3Toil NOCJELOBAaTENLHOCTH, KOTO-
pas He npuHamjexuT AB. Takas TOuKa CyIeCTBYeT IO
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teopeme 34. OueBuuHo, ecau m > 1, To A,_; NpHHAAJNEKHT
orpe3ky AB. OGosHauum

M3 crnoco6a mocTpoeHHsi TOYKH A, cJelyeT, uYTo mpu
n — oo N0C/1e/10BaTeNIbHOCTh @, He yOblBaeT, a b, He Bo3pac-
taeT. Tak kak, kpome Toro, b, —a, 0, TO STH _mocJieso0-
BaTeJIbHOCTH HMeoT oOwui npexes p(AB)

Jlerko BHJIeTh, YTO NMOCTPOEHHAs HAMH (YHKIHA P 06Ja-
JaeT CJelyIOUUMH CBOHCTBAMH:

a) Ecin a=a’, 10 p(a) = p(a’).

6) p(md,)) =m/2".

6) Ecan a < a’, o p(a) < p(a).

[lepBoe cBOHCTBO OYeBHMAHO, TaK Kak OIpeJessiole
10CJIeA0BaTeNbHOCTH @, U b, A/ OTpe3KOB a u a’ coBmna-
aaioT. s jpokasaTtesabcTBa cBoHcTBA G) JOCTaTOYHO 3ame-
THTb, 4TO Bce b, oTpeaka md, mo KpaiiHeii Mepe mpu k> n
UMEIOT OJHO M TO Xe 3HaueHHe m/2". HakoHewn, cBoHCTBO
B) CJeflyeT U3 TOro, YTO MOCJe0BATeNbHOCTH b, /15 OTPEe3KOB
a 1 a’, OYeBHIHO, YAOBJETBOPSAIOT YycJOBHIO b, < b,.

Hokaxewm Tenepn cBoiicTBa 1—4, yKasaHHBle B TeopeMe.

N3 Hux BTOpOe M ueTBepTOe AOKa3aHbl. TakHM o6pa3oM,
OCTaeTcsi NPOBEePUTh NepBoe M TpeThbe. HauHem c nepBoro.

ITo TeopeMe 34 cymiectByeT Takoe n, yto n(AB) > AyB,.
'Bo3bMeM UHCJIO p TaKOe, UTOGHI n<2" Torpa, Tak kaxk
n(AB) > 27, > nd,, AB > 8,. W cnenosarenrno, p(AB)>

> 1/, > 0.

JlokaxkeM TpeTbe CBOHCTBO. IDTO CBOHCTBO JOCTATOYHO
OUeBMJIHO, ecsqH Kaxjwlii u3 otpeskoB AC, CB, a 3Hauur,
u AB cocTaB/ieH M3 HEKOTOpPOrO YHCJia OTPE3KOB 8.

3ameTuM Tenepb, UTO KaKOB Gbl HH OblT OTpe3oK d mpH
JIOCTATOYHO GOJIBIIOM N MOXKHO YKasaTb TaKoe YHCJO m,
yTo oOTpe3ok d, =md, Oyser He GoJbmie d, a OTpPe3oK

d, =(m + 1)3, He wmeHbmwe d. CyllecCTBOBAKHE TaKOro m
yCTaHAB/MBAETCSl NMOCTPOEHHEM, KOTOpOe NpPHBeJeHO B Haya-
Je jokasatesbcTBa. Tak kKak p(d)) <p(d) <w»(d,), a

” r l
p(dy) —p(dy) = 57, TO MpU N —> oo p(d,) - p(d) u p(dy)
- @ (d)

TlocTpoum Teneph AJs OTpe3KoB AC u CB mnocaenosa-

Te/IbHOCTH OTPE3KOB d, u d, u GyzeM HX 0003HAu4aTh CO-
OTBETCTBEHHO a, H 4, b' b,,.
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Tak kax a,+ b, < AB < a, + b, .

" b @)+ b) < 0 (AB) < (a5 + b).
Ho no JIOKa3aHHOMY
b (a4 b)) = w(a,) 4 w(by), w(ay +b7) = p(az) + v (7).
Orciona
(@) + v (b,) <w(AB) <p(a,) + 1 (by).
H nepexozs k mpepeny, nosydaem
¢ (AB) = p (AC) + - (CB).

Takum o6pasoM, ¢yHKuMA ( HeHCTBHTENBbHO o6Jajaer
cBoiictBamMu 1—4.

JokaxeM enuHCTBeHHOCTb ¢(yHKuuH p. IlycTe umeem
nBe GYHKIUHM B, H p,, obsnanawooumue cBofictBaMH 1—4. Tak
KaK p, (3,y =1, To u3 ceoiictea 3) caenyer, uto p,(3,) =

—_-2—" Ianee u3 ceoficts 1) u 3) c/eiyeT MOHOTOHHOCTb

OyHRUME P, T. €. p(a) > p;(b), ecom a> b. ;
[TocTpouM nsig AAaHHOTO OTpe3Ka @ OTPe3KH 4, H a,
cocraBsieHHele U3 3,. Toraa

p1(an) < g (@) < pp(ay), 12(a,) < pa(a) < pa(ay).
Tak kak a, =a, -3, To0 p,-(a:,') —p(a) = —n . Orciona

creayer, w10 |p1(@) —pa(@)| <y mpn amiobom n. A sro

3HAYHT 1, (@) = gy (@). EauHcTBEHHOCTE QYHKUHH B yCTaHOB-
JneHa. M Teopema HOKasaHa MOJIHOCTbHIO.

Teopema 39. Kakxoso 66t Hu 66140 NOAOKHCUMENbHOE HUCAO O,
cyujecmsyem ompe3ok a maxoi, 4mo w(a) = a.

JelicTBuTENBHO, TIOCTPOHM JIBE NOC/IeJ0BATEeJILHOCTH 10JI0-
JKHUTeJbHBIX YHCeN &, W 0, Buaa m/2%, cxoisiiHecs K a
TaK, YyToGbl MepBasi G Heyébmaxomeu a BTOpasi HeBO3pac-
Taiouei. OquunHo [CYIIeCTBYIOT OTPe3KH a, 4 a, Takue,
uto p(a,) =a,, p(ay) = a,

OT/10:XKUM OTpE3KH a,, " a,, Ha TpAMOH g M3 HeKOTOPOi
TOYUKM A B OZHOM HanpaB.neHHn Iycte A, u A, — KOHUM
3THX otpe3koB. ITo Teopeme 35 Bce oTpesku A, A,: HMeIOT
obimyo Touky B. -

Ouesuano, p(AB) = a.
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§ 11. Akcuoma napaanenbHoctd. [opoGue duryp

IlaTas rpynma akCHOM COCTOMT H3 OJHOH aKCHOMBI —
aKCHOMBI NapaJlieTbHOCTH.

Akcuoma V. Yepes danuyro mouxy eHe OawHoi npamodl
MOJICHO nposecmu HA NAocKocmu He 6oaee 00HoU npamol, He
nepecexarouieti 0anHyro.

dra npsaMas HasbIBAeTCs NAPAANCAbHOU.

Axcuomoit V 3aBepiuaercsi CHCTEMa aKCHOM 3SBKJIHAOBOM
reoMeTpud. B cioenyromeii riape OyIeT NOKasaHO, YTO 3Ty
CHCTEMY aKCHOM HeJb3sd MOHOJHHTh HOBBIMH aKCHOMaMH
TaK, yToGbl OHM He BLITEKAJH U3 akcuoM I—V u He mpotu-
BOPEUMJIH HM.

C noMoulbl0 aKCHOMBI NAapajIeJbHOCTH MOTYT OBITH 10+
JyueHbl HOBBle (akThbl reomeTpuu IBKiauaa. IlpuBesem He-
KOTOpbie H3 HHX.

Teopema 40. Kaxcdas npamas 6 nepeceveHuu ¢ 08YMA
napaaienvHoiMu  00pasyem pasHble  COOMEEMCIMBEHHbIE  Yebl.

Hoxazameascmeo. Ilycte a@ u b—jBe napasJesbHbe
npsiMble, ¢ — npsiMas, HX mnepecekaroumas, H A, B — TOUKH
nepeceuenusi. [lo Teopeme 30 yepe3 Touky B npoxoaut npsi-
mas b’, He mepecekarmouas @, Tak, YTO COOTBETCTBEHHbIE Yr-
Jibl TepeceyeHHs NpsIMbIX @ W b’ ¢ npsmoit ¢ paBubl. A 1o
akcuome V npsmasi b’ cosnagaer ¢ b. Teopema nokasaua.

Teopema 41. B kancdom mpeyzorvHuKe cymma yea08 pasHa
dsym NpPAMbBIM.

Jloxazamenscmso. Tlycte ABC — naHHBI TpPeyroJibHHK.
IMpoeesem uepes C npsimyio, napamjeabunyio AB. Ise noay-
npsiMble, Ha KOTopble pa3GHBaeT 3Ty npsimylo Touka C, H mo-
aynpsimpie CA u CB o6pasyior Tpu yraa. OIMH H3 HHX —
yron C TpeyrojbHHKa, a ABa Apyrue B cHay Teopembl 40
paBubl yriam TpeyroabHuka A u B. Orcioga ciepyer, uTO
cymma yrioB TpeyrosbHuka ABC paBHa JBYM MpPSIMbIM.

YeTblpeXyroJibHHK Ha3bIBAETCS NAPAAICA0ZPAMMOM, €CJTH
€ro NpOTHBONOJIOXKHBIE CTOPOHBI NapaJlieNbHbl.

Teopema 42. B kaxmcdom naparsesoepamme nponmugono-

JAONCHbIE Yeabl PABHbLL, CYMMQ CMENCHbIX DABHA 08YM NPAMbIM,
NPOMUBONOAONHCHBIE CMOPOHbL PABHYL.
* [oxasameascmso. TlepBble aBa yTBepxKAeHHS Hemocpel-
CTBEHHO BBbITEKAlOT H3 TeopeMbl 40 M CBOACTB CMEXHBIX H
BEPTHKAJbHBIX YIVIOB. TpeTbe yTBepxAeHHe ClelyeT H3 pa-
BEHCTBA TPEYrOJLHHKOB, Ha KOTOpBHIe NapaJJjejorpamm pas-
6uBaeTcsi €ro AHaroHaJblo.
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Teopema 43. Ilycme a, b, ¢ — mpu nonapHo nepecexaro-
wuecs npamole. YCmano8UM COOMBEMCMEUE IMOYEK NPAMbIX
a u b nymem npoeKmMuposanus NPAMbIMU NAPAAIEALHOIMG C.
Toe0a coomeemcmsyroujue ompesku npamoix a, b nponop-
YUOHANbHYL.

Jloxaszameascmso. V13 axkchombl V cienyer, 4to Kaxpas
npsimasi, napajsesibHasi ¢, lepecekaer @ M b, Tak uro yKa-
3aHHOE COOTBETCTBHE TOUEK JIefCTBUTENBHO BO3MOXKHO. Jler-
KO BHJETb, YTO PaBHBIM OTp€3KaM IIPSIMOH @ COOTBETCTBYIOT
paBHble OTpPe3KH MpsIMOil b.

ComocTaBAM KaXJOMy OTpe3Ky O, NpSIMOH a 4Yucso
v(3,), paBHoe nsuHe (3,) COOTBETCTBYIOUIETO €My OT-
pe3ka npsmoii b. PyHKUUSA OTpe3Ka v YJOBJIETBOPSET YycCJo-
BUsM 1—3 Tteopembl 38 M, cjaefoBaTeNbHO, OTJIMYAETCS OT
JJIHHB TOJIBKO HEKOTOpBIM MHOXHTeJeM. Takum o6pasom,

B (3,) = kp(3).

Teopema jokasana.

Teopema 44. [lsa mpeyzor6HUKA ¢ OBYMS COOMEBEMCINEEHHO
pasHuvimu yeramu noGobHbL.

Jlokasameascmeo. Tlycts ABC u A,B,C, — nanubie Tpe-
yronbHukH, npuuem /A = /A,, /B = /B,. Ilo teopeme 41
/. C = /C,. TloaseprueM TpeyroavHuKk A,B,C, ABHXKeHHIO,
npu KoTopoM ero BepiinHa Ci coBmemaercs ¢ C, a Bepiuu-
bl A; W B, mepexomaT B ToukH A, u B, moaynpsmuix CA
H CB COOTBETCTBEHHO.

Tak kak tpeyronbuuku A,B,C; u A,B,C paBub, TO
yron A, tpeyrosbuuka A,B,C pasen yray A TpeyrosbHHKa
ABC. Y cneposarennvho, npsimbie A,B, u AB napannenbybi.
Orciona cjaeayer no Teopeme 43 NpPONOPLHOHANBHOCTL OT-
pe3KoB

CA, CB,

CA —~ CB*

(11 KpaTKOCTH 3aNHCH JJIHHbI OTPE3KOB OGO3HAYEHB CAMHMH
OTpE3KaMH).
Tak xax CA, = C,A,, CB, = C,B,, 10

A _ GiBy

CA — CB*
AnanoruyHo nosyyaercs

CiBy _ AB,

CB ~ AB°
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Teopema pmokasana.

JokasatesnibcTBa JBYX APYTHX NPHU3HAKOB MOJOOHS Tpe-
yroJIbHUKOB, M3BECTHLIE M3 HIKOJBHOTO KypCa, He BbI3bIBAIOT
BO3pa)KeHHH. Mbl HX NPUBOJAUTL He OyJeM.

B 3akusioyeHne 3aMeTHM, YTO C NMOMOIILBbIO TeopeMmbl 44 Mo-
KeT ObITb foKasana rteopema [lucdaropa.

Teopema 45. Cymma ksadpamos OAuH Kamemos npAMO-
Y20AbHO20 MPeyeorbHUKA pAsHA Ksadpamy OAuHbL aunome-
HY3bl.

Hokasameascmso. Ilycte ABC — npsiMOYroJibHBIH  Tpe-
yronbuk H C — npsiMoit yroa. OnycTuM mneprneHAuKYJIsip
CD w3 mpsiMoro yrJyia Ha rumortenysy. OCHOBaHHe mepreHiu-
KyJasipa D uaxomurca Mexny A u B. [efictButesibHO, aomy-
ctuB, yto A W B HaxoIATCs MO OAHY CTOPOHY oT D, BCTy-
naeM B NpOTHBOpeuHe C Teopemoi 29.

M3 nomo6usi tpeyronvuukos ABC, ACD u BCD caepy:or

IPONOPLHH
- AD _AC. BD _BC
AC — AB’ BC A3
Orcrona

AC? = AB - AD, BC* = BD - AB.

CknajpiBasi 3TH PaBEHCTBA MOYIEHHO, MOJYYHM
AC? 4-.BC? = AB*.

Teopema noxasana.

Ha stoM Mbl H OrpaHHYHUMCA B H3JIOKEHHH qﬁ)aKTH‘-IeCKOI‘O
MaTepHana 3jeMeHTapHOH reomeTpud. [losyueHue nanbHeii-
KX TeopeM He coCTaBjsieT TpyZa. V3BecTHble uuTarenio
JloKa3aTe/bCTBA 3THX TeOpeM M3 LIKOJBHOI'O Kypca yike Jo-
CTAaTOYHO 6e3ynpetn-|bl, A TO3TOMY IMOBTOpEHHE HX NpeaAcTaBs-
JISieTCsl  Helles1ecooOpasHbIM.



rn1ABA Il

HUCCJIEAOBAHUE AKCHOM 3BKJIMAOBOA
FEOMETPUH

§ 1. [JexkapToBa peanu3aunusi CHCTEMbl AKCHOM
3BKJMIOBOH reoMeTPUH

B cBSI3M C aKCHOMAaTHYECKHM IIOCTPOEHHEM 3SBKJHIOBOH
reoMETpUH €CTECTBEHHO BO3HHKAIOT CJEAyioUlie TpH BO-
npoca.

1. He npomusopeiusa Au npuHamas Hamu cucmema ax-
cuom. m. e. He moeym AU u3 Hee Obimb GbieeOeHbl nymem Ao-
2udeckux paccyscoeruti 08a 83AUMHO UCKArOMAOWUX Caed-
cmsus? )

2 [loana au cucmema axkcuom, m. e. HeAb3A AU ee NONOA-
HUMb HOBLIMU QKCUOMAMU, KOMoOpsle He npomusopediuiu Ov
Yoce NPUHAMbIM U He BbimeKasu Obt U3 HUX?

3 Hesasucumbr au NPUHAMbE AKCUOMbL, M. €. He CAedyom AU
Hekomopole aKcuomsl u3 Opyeux?

Peulenne 3THX BOMPOCOB, KOTOpoe GyNeT NaHO B HACTOSI-
el rjaBe, TECHO CB3aHO C MOCTPOEHHEM KOHKPETHLIX pea-
JU3alui CHCTeMbl aKCHOM. Peaausayus COCTOHT B YKa-
3aHHUH Belllel TpeX POIOB MPOH3BOJBHOH NPHPOIbI, YCJOBHO
HMEHYEMBIX «TOUKAMH», «IPSIMbIMH», <IJIOCKOCTSIMH», H Tpex
OTHOILEHHH# MeX1y HHMH, YCJOBHO BbIPaXKaeMblX CJIOBaMH
«IPHHALNEKATbY, <«PEAIIECTBOBATbY, «IBHXKEHHE», JJs KO-
TOPbIX B CHJY HX KOHKPETHOrO COJEpXKaHHs BbINOJHAIOTCA
aKCHOMBI.

Jeno B ToM, YTO B OT/NIHYHE OT H3noxkenuss «Hawan», rie,
KaK Mbl 3HAaeM, COJepXKaTCsl ONHCAHHS OCHOBHBIX OOGBEK-
TOB — TOUeK, NPSAMbIX U [JIOCKOCTEeH, B HAaIeM HW3JO0XEHHH
HHYEro He CKa3aHO O HHUX, KPOME TOro, 4YTO BbIpaXKEHO aK-
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cuomMamHi. [losToMy BCe HAIM BBHIBOAB! OTHOCATCA K BelllaMm
NPOU3BOJbHON MNPHPOAbI, JHIbL Obl A5 HHX W OTHOLWEHHH
MKy HHMH, KOTOpble TaKXe MOryT ObiTb JajJeKH OT Ha-
[JISLANBIX MPEACTaBJAEHUH, BbINOJIHAJACh AKCHOMbI.

B cBsisan ¢ 3TMM 3BKJMAOBA reoMeTpus aomyckaer Oec-
YHC/ISHHOE MHOXECTBO peanusauuii. [leficTBHTeNbHO, NYCTh
S — mo6oe, oxHO-0fHO3HAuHOE OTOOpax<eHHe MHOXKecTBa E
BCeX ToueK KaKoH-1ubo peanusauuud Ha ceba WJAH HA ApY-
roe MHOXecCTBO, o6o3HauuMm ero R. ByzneMm HasbiBaTh TOYKa-
Md 3neMeHThl MHOXkecTBa R. IlpambiMu (maockoctamu) Oy-
IeM Has3bLiBaTb MOAMHOXKECTBa R, COCTaBJieHHhE H3 06pasoB
nupsimbix  (nj1ockoctell). OTHOWIEHHS NPHHALNEXKHOCTH, TIO-
pfiKa W [BHXEHHe ONpeleJHM uYepe3s  COOTBETCTBYIOUIHE
oTHouleHHs1 npoo6pasoB B E. Jlerko BuAeTb, 4TO ANdA 3Jje-
MeHTOB R, Kak TOUeK, H OTMEUYEHHBIX MOAMHOMKECTB MPSIMBIX
H [JIOCKOCTEH BBINOJIHSIIOTC BCE AKCHOMBI.

Cefiuac Mbl yKaxeM OIHY H3 peanWsaluii CHCTeMbl akK-
CHOM 3BKJAHINOBOH reometpun. OnHa HasbiBaeTcsi Oekapmogold.
Ina npoctoThl H3/10XKEHHS] Mbl OyleM CTPOHTb peasu3alHio
mjockol cucteMel akcuoM. OnHako, Kak HETPYAHO YOeAHTb-
Csl, Takoe e MOCTPOEHHEe BO3MOXKHO H AJIA NPOCTPaHCTBEHHOM
CHCTEMBI.

Toukoit Mbl GyleM HasbiBaTh JIOOYI0 Napy BellleCTBEH-
HbIX 4YHCeNl X H Yy, B3AITbIX B ONpelesleHHOM mopsiake (X, y),
a 3TH yucaa — KoopAuHaTaMH ToukH. [Ipsmoli Gynem Hasbl-
BaTb COBOKYINHOCTb BCEX TOYEK. KOOPAHHAThl KOTOPHIX YJAOB-
JIETBOPSIOT JIMHEHHOMY YpaBHEHHIO

ax + by 4+ c = 0.

310 ypaBHeHHe OyJeM HasbiBaThb YpaBHEHHEM NpPsIMOH, mps-
Mble x =0 n y = 0 — ocsiMH KoopauHaT, a Touky (0, 0) —
HayajJoM KOOpAHHAT.

Mbl GyneM roBOpHTb, YTO TOYKA MNPHHAMIEKHT MNPAMOI,
eCJIH OHA SIBJISleTCsl OAHOM H3 ee ToueK. TakuM o00Opasom,
TOYKA NPHHAMJIEXKUT MPSMOI, €CIH ee KOOpAHHATHl YAOBJIET-
BOPSIIOT YPABHEHHIO NPSAMOM.

OrHolweHue nopsiika A1 TOYeK HAa NpSIMOA, 3alaHHOM
ypaBuenueM ax -+ by 4+ ¢ = 0, Mbl onpefenseM CJeayOMIUM
obpasom. Ecan b = 0, 10 A,(x;, y;) < Ay(X,, Y,) B ONHOM Ha-
NpaBJeHHH ONpejeNsercs YCJIOBHEM X, < X,, @ B IPOTHBO-
NOJIOXKHOM — X, < ;. Ecin b = 0, T0 A, < A, B 01HOM Ha-
NpaBJeHHH OMNpEeAeNsieTCss YyCaoBHeM Y, < Y,, @ B NPOTHUBO-
TIOJIOXKHOM — Y, < Y.
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JBuxenne OyZeT 3aK/IOYaThCA B COTMOCTABJIEHHH KaX-
Joii Touke (¥, y) TOYKH (x’, y’) COrIACHO CJIEAYIOWHX qaopmy.n'

x' = xcosd —eysind + g, *
y' = xsind 4 eycosd + b, (")

rae ¥, a, b — moGble uncaa, a e =+ 1. JIBuxkeHne pas Tips-
MOii .OTpefieNIfieTc Yepe3 ABH)XXEHHe NpPHHANeXAllHX el To-
yeK. B cuny. JHHEHHOCTH H OJAHO3HAYHOH PaspelUMOCTH
¢opmys (*) OHO JeHCTBHTENBHO YyKasaHHLIM 00pasoM 'Kax-
JIOii mpsMOH CONOCTaBAsieT NpAMYIO.

Ilpn TakOM KOHKpPETHOM MOHMMaHHH TOYEK H MpPSMBIX ¥
OTHOLIEHHA MeXAY HHMH KaxKash M3 aKCHOM 3BKJIMIOBOH
reoMeTpuH TNpeacTaBasieT co0Ofl HEKOTOpoe YyTBepKAEHHE,
OTHOCsilleeCs] K BeleCTBeHHbIM yHcaaM. Cefiuac Mbl MoKa-
XKeM, YTO  KaxIoe H3 3TUX YTBepXKJeHHH JefCTBHTENLHO
HMEeT MeCTO B CHJIY COOTBETCTBYIOIIHX TeopeM apH(METHKH.

§ 2. BbinOJHUMOCTb AKCHOM 3IBKAMAOBOH FEOMETPHH - . -
B 1€KapTOBOH peajH3aluu

Akcuoma I,. KakoBbl Gbl HH OB TOYKH (X5, ¥;) H (X3, Ys),
CyLIeCTByeT NpsMasi, yepe3 HHX NpoXojalas.
JeiicTBuTeNbHO, NpsAMas

c—x) s —yp)— G —), (o —x)=0
NPOXOIUT Yepe3 KaXKAylo U3 TOYeK (Xy, ¥,) H (X2, Ys).
Axcuoma I,. KakoBbl Gbl HH ObIIH IBe TOYKH (Xy, Y,) M
(%3, Ys), CyuiecTByeT He Gosiee OXHOM MpsIMOH, KoTopas npo-
Xofuna Obl- yepe3 3TH TOUYKH.
Honyctum npotuBHoe. [lycTb yepes TOUKH (X, Y;)
(X3, Y,) TPOXOHAT JBe MNpAMbiE

ax + by +¢c =0, ax+ by +c¢ =0.

Tak kak cucremMa ABYX JIMHEHHBIX ypaBHEeHHH C JAByMs He-
H3BECTHLIMH _HMeeT GoJiee ONHOrO pelleHHsi, TO YPaBHEHHSA
3aBHCHMBI, T. €. OTJIMYAlOTCA TOJBKO MHOXHTeneM. A 3TO
3HAYHT — MNpsIMbIE COBMAJaloT.

Akcuoma I5. Ha kaxnoit npsmoit ax + by + ¢ = 0 ne-
*ar no KpaliHeii Mepe 1Be TOUKH. CylecTBYIOT TPH TOYKH, He
JieXKalllie Ha ONHOH NpSMOH.

JleiicTBHTENIbHO, TOYKA ( R — M\, + la) 1‘4
JEOGOM A TPHHAIIEXKHUT NPAMOH. A TpH TOl[KH (O 0), (0, 1),
(1, 0) He JnexaT HM HaA Kakod NpsAMOIi.
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Axcuomamu I, I, u I; HcuepnsiBaloTCA BCce NIOCKHE aK-
cuombl cBsisu. IlepeiizeM K akcmomaMm nopsjka.

Axkcuomnl mopsizka II,, II,, II; TpuBnanbhHbiM oOpasom
BBIMOJIHSIIOTCSE B CHJIY COOTBETCTBYIOMHMX CBOHCTB HEPaBEHCTB
JJisl BEHIeCTBEHHBIX YHCeN.

‘Akcuoma II,. B onHoMm W3 AByx HamnpaBJjieHHH Ha OpSMOH
ax + by + ¢ =0 ana kaxpgoii ToukH A (x, y) HalxyTcs
Toukd A, u A, TakHe, uto A, < A < A,.

JHeiictBuTeNIbHO, ecad Touka A (x, y) JEKHT HA NpsIMOM
ax + by + ¢ =0, To HA Hell JexaT Takxke ToykH (x + b,
y—a), (x—b, y+ a). Jlerko BHAeTb, 4TO B JIOOOM H3
JIBYX HampaB/feHHH OfHA M3 HHX npeawectsyer A, a Jpyras
cjellyeT 3a Heil.

Akcuoma II;. Tlpsimasi g: ax + by 4+ ¢ = 0 pasbusaer
IJIOCKOCTb Ha JBe MOJYIUIOCKOCTH Tak, 4To echnu A, (x;, y,)
#u A, (xy, Y;) — IBE TOUKH .OJHOH MOJYIJIOCKOCTH, TO OTpe-
30k A;A, He nepecekaercs ¢ npsMoil g, ecau xe A, u A, npu-
HaAJeXaT pasHbIM MONYILIOCKOCTSIM, TO oTpe3ok A,A, nepe-
CeKaeTcsi ¢ MpsiMOl g. '

TloasepruemM njockocTb pasGHeHHI0 HA JBe 06./1aCTH

ax+by+c<0 u ax+ by +c>0.

ITokaxeM, uyTo 3TO pasbueHHe 06/afaeT YKa3aHHbLIMH B aK-
CHOMe CBOHCTBaMH.

LeiictButenbro, nyctb  ax -+ By + 1 = 0 — npsmas, co-
enunsiiowas Touku A, u A;. U nycts Aas onpeneseHHOCTH
0. Torma ans Bcex Touek oTpeska A4, x, < X< X,
MIH X, < X < X4.

ITonctaBum xoopaMHATH X H y=—-%(ax+1) TOYKH

orpeska A A, B ax + by 4+ c¢. Toraa nonyuum JHHEHHYIO
¢yskunto ot x f(x). Ecan Touku A, n A, npunapnexar of-
Hol obaactH, To f(x;) H f(xy) OOHOTO 3HaKa, CJI€IOBATEJbLHO,
f (x) coxpansiet 3uak Bo BceM uHTepBasie (x;, X;) A 3T0 3Ha-
4uT, 4TO OTpe3ok A,A, He mepecekaeT npamyio ax + by + c=
= 0. Ecau xe toukn A, u A, npuHamexar pasubiM obsac-
1AM, TO f(x,) U f(Xx,) PasHbiX 3HAKOB, H, CJIEJOBATENbHO,
f(x) obpamaercs B HyJAb B HHTEpBaJe (X;, X;) DTO 3HAUHMT,
gro otpesok A,A, nepecekaer npsamyio ax + by + ¢ = 0.
AHnanoruyHo paccMaTpuBaetcsi cayuait B = 0 (B 3TOM cayyae
b= 0).

. Akcuoma IIl,. Kaxnoe nsuxkeHHe COXpaHsieT OTHOUIEHHE
NPHHALIEKHOCTH.
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OueBuaHo.

Axcuoma Il1,. Kaxpnoe nBHKeHHe COXpaHsieT OTHOLIeHHe
nopsaKa.

[Mycts nBuKeHne nepeBoguT mnpsamylo ax+By—+71=0
B mnpamylo ax-+by+c=0. U nyctb Ans onpenenen-
HoctH B+0 u b=+0. Belpa3auM KOOpAMHATY X' TOUKH
l'IpﬂMOH ax 4+ by +c¢=0 uepes KoopAHHATYy X COOTBETCT-
Bylomell ToukH npsaMoit ax+ By 4+ 1 =0. Hdas srtoro B
nepsyio ¢dopmyay (*) mNOACTaBEM Y = —%(ax—i—-{):x (x)
ecTb JIMHeHHas, a cJeloBaTe/IbHO, MOHOTOHHAs (YHKUHUS
(oHa He CBOAMTCA K MOCTOSIHHOH, TaK KaK H3 YypaBHeHus
ax +by+c=0 caemoBano Ob, YTO H Yy — NMOCTOSIHHAS).
Orciona BohimosHHMocTb akcuomsl IIl,. pyrue cayuau:
B=0,b+0;8=0, b=0;8=0, b =0. PaccmarpuBaiorcs
aHaJIOTHYHO.

Akcuoma II;. [IBuKeHns oGpasyioT rpynmny.

ﬂencmmenbﬂo TOXKJeCTBeHHOe NpeoGpasoBaHue x’ = X,
Y = y COlep}KUTCA cpeau mpeoOpa3oBaHui

’

x’=2x cos¥ —eysind +a, y =x sind +eycosd+b (¥

npy $ =0, a=0, b =0, e = 1. [lpeo6pazoBanne oGpaTHOE
(*) sanaetrcs ¢Qopmynamu

x=x"cos¥ + y’ sind + a’ = x'cos (—ed)—ey’ sin (—ed) + a’,
Yy = —ex’sind4ey’cos ¥+ = x’ sin (—ed) 4-ey’cos (—ed) -+
4+ b’ u, cjenoBaTesbHO, siBJsieTcsl ABHKeHHeM. [locnenosa-
TeJibHOe BHIMOJIHEHHE IBYX npeoGpa3oBaHui BuAa (*) TakxKe
ecTb mpeoGpasoBaHue BHJAa (*).

Akcuoma 111, Tlyctb a, u a; — ABe npsiMble, A1 HA, —
TOYKW Ha 3THX NpAMBIX. Toraa CyumecTByeT H HPHTOM €lHH-
CTBEHHOE [BH)XXEHHEe, KOTOpOoe TMEepeBOAHT TOuKy A, B A,,
33JIaHHYIO TOJYNPSIMYIO NPSIMOi @, B 3aJlaHHYIO NONYNPSIMYIO
npsMOH @,, 3aJaHHYIO NOJYNJOCKOCTb, ONpejejseMylo npsi-
Moil a,, B 3ajaHHYI0O MOJYIJIOCKOCTb, OMNpejejasieMyio nps-
MOH a,.

Akcuoma 1Ils nosposisier B JOKa3aTeJqbCTBE CYLIECTBOBa-
HHS1 OTPAHHYHTBLCSA CJIyyaeM, Koraa A, — HauajJo KOOpAMHAT,,
a, — OCb x-0B, TNOJYynpsiMas Ha Hel — x > 0 u moaymJjo-.
ckocTh — y > 0. He orpanuumBas oGIIHOCTH, MOXHO CYM-
TaTh, 4YTO TpsAMas a, 3alaeTca ypaBHeHHeM xsind® -+
+ ycosd + p=0. K rakomy BHAYy ypaBHeHHe Jerko npu-
BOAUTCS.
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PaccMoTpuM ABHU KeHHE

+x' =xcosb—ysind +gq, +y' = xsinb 4 ycosd 4 p.
OueBUAHO, OHO NPSIMYIO @, NepeBOJUT B oCb x-0B (y = 0).
BbiGopoM g MOXHO JOGHTBCS TOro, uto Touka A, Gyaer nepe-
XO[MTb B HayaJo KOOpAMHAT. A BHIGOPOM 3HAKOB npu x’ H y’
MOKHO YJOBJIETBODHTDb OCTAJIbHbIM YCJIOBHSIM.

B cuny akcuomel I1ls emunHcTBEHHOCTH JOCTATOYHO MOKa-
3aTh B cjayyae, Koraa o6e Touykd A; COBNAAAOT C HAYAJIOM
KOOPAHMHAT, NOJYINpPSIMblE @, — C HOJIOKHTEJNBHOH MOJYOCHIO X,
a TIONYIJIOCKOCTH — € TOJIYIJIOCKOCThIO ¢y > 0.

Oobparumca Kk ¢dopmysam (*¥). Tak kak (0, 0) nepexoaut
8(0,0), oa=0b=0.Takkaknpuy =0,y =0, 0% = 0.
Tak kak npu y > 0, y > 0, To e = 1. CremoBaresnbHO, ABH-
wéuue — x’ = x, y’' = y. EnuncTBenHocTh QOKaszawa.

Akcuoma Ill,. Ecnon npu pBukeHnu noaynpsimas h, Kak
nesoe, H ee HavasbHasi Toyka A OCTAIOTCS HEMNOJABUXKHbIMH,
TO BCE TOUKH MOJYNPSIMOH A OCTAIOTCS HEMOABHUNSHBLIMH.

Ilocne axcuom IIls u III, mocrarouyHo paccmoTpers cay-
yaji, Koraa Touka A COBNAfaeT C HadajoM KOOpJAMHAT, a
noaynpsimMas A — ¢ nojoxutenabHoit mosyocbto x. O6partum-
cs K opmyaam (*). Tak kak npu y = 0 gomxHO ObiTb ' = 0,
To % = 0. IHanee, Tak kak npu x =y=0 x'=y =0, 1O
a = b = 0. Takum oGpasom, ¢opmyasl (*) umeoT BUA x' = X,
y =ey. 1 akcuoma BBINOJHSIETCS.

Akcuoma 11, [Ins kawpoit napel Touek (xy, Yy), (X2, Ys)
CYIIECTBYeT [BHXKEHHE, MEPEecTaB/siollee HX MECTaMH.

Ecau Touku Jiexxar Ha ocd X, To TpeGyemoe .JABHKEHHE
' =—x+4+x + x, y=y O6uui cayuaii CBOAUTCH K
3TOMy uacTtHoMy ¢ nomouibio -akcuoM III; u III,.

Akcuoma Ill;. [Insa kaxpmo# mapel Jiydyeil, HCXOHSIIUX U3
OMHOH TOYKH, CyUIeCTByeT JABHXKEHHe, HX [epecTaBisiio-
ee.

" B wyactHOoM cJayuae, KOrja Jiyud 3ajaloTcs ypaBHeHHS-
Mu xcos® 4 ysind =0, xcos}—ysind =0, Ttpebyemoe
JBUXKeHue Jau6o x' = x, Yy’ = —y, mmbo x' = —x, y’' = y. O6-
M cayya#i CBOAMTCS K YaCTHOMY NyTeM TNepexoja CHayasa
kaydyam y = 0, xcos 2% + y sin 28 = 0 HeKOTOpPHIM ABH XKEHHEM
(akcnoma III;), a 3atem aBuKeHHeM x' = xcosd— ysind,
Yy = xsind +4 ycosd k nyuam xcosd + ysind =0, xcosH —
—ysin¥. ’

AKcHOMa HENpepHIBHOCTH BHINOJHSIETCS B CHJY aKCHOMbI
Hemexkunaa Jjs BeLIECTBEHHBIX YHCEJ.
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Akcuoma V. Yepes nannyio Touky (x,, Y,) BHE NaHHOIl
npamoii ax + by + ¢ = 0 MOXHO NpoBecTH K Hell He Gosee
OJHOH napaJjlieNbHOH.

HomnycTtuM, cymecTByIoT ABe Takue NpsMble a;x + by +
+ ¢ =0 u ax + by + ¢, = 0. O6e cucremnl

alx+b1!/+‘:'1=0} azx"‘bz!/"'cz':-o}

ax +by+c=0 ax +by+c=0

necoBMecTuMbl. [losTomy
a, le a, b,
= £}

a b
U TAK Kak CHCTEMa
a1x+bly+cl=0, a2x+ b2y+02=0

HMeeT peluenue (x = x,, Yy = y,), TO ee ypaBHEHHs 3aBHUCH-
Mbi, a C/IeIOBaTe/lbHO, NpsIMble COBMNAAAIOT.
BrinosiHUMOCTh BCEX aKCHOM [JOKasaHa.

a, b,

=0. OTcrona a, b,

a b

§ 3. HenpoTHBOpeYyHBOCTb M MOJHOTA CHCTEMbl aKCHOM
3BKJHAOBOI reomMeTpuu

Cucmema axcuom mwoboti meopuu T, 6 wacmuocmu 38Kau-
0080Li eeomempuu, Henpomusopedusa, ecAu oOxa donyckaem
xoms 6ot 00HY pearusayuto R. -

HefictButennHo, ecau Obl B T MOXHO OblIO H3 CHCTEMbI
aKCHOM BbIBECTH J[Ba B3aHMHO HCKJIOYAIOIUX  CJEeICTBHS,
TO 3TO ObIO Gbl B B R. A Tak KakK CHpPaBelIHBOCTb KaXKJAOro
yTBepxJeHuss B R, cooTeercTBytolwero akcuiome T, He Bbl-
3bIBAa€T COMHEHHH B CHJIy TNpUpoAbl Bewled R M OTHOWEHHH
MEeXIY HHMH, TO MOJyyeHHe TaKHX ABYX CJEACTBHH B R He-
Bo3MOXHO. OTCiofa  HEBO3MOXKHOCTb  NPHUHTH K NMPOTHBO-
peunto B T. ’

B nepBbix aByx naparpadax Mbl MOCTPOMJIH PeasU3aLHUIO
CHCTEMbl AaKCHOM 3BKJHAOBOH TreOMETPUH — JEKapToBY pea-
ausanuo. [locTpoeHne sakJgioyajioch B TOM, YTO Mbl YKasa-
JIH CHCTeMy OOBEKTOB, YCJIOBHO Ha3BaB MX TOYKAMH H Mpsi-
MbIMH, U CHCTeMy OTHOLIEHHH MeXAy HHMH, AJIs1 KOTODHIX
BBIMOJIHSAIOTCS] BCE YTBEPIKAEHHs, CojJepaalliiecss B aKCHO-
Max 3BKJHAOBOM reoMeTpuu. BhIBoj, uTO 3TH YTBep:KIeHHS
ACHCTBUTENIbHO BEPHbI, MBI CHeJajd Ha OCHOBAHUH COOTBET-
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CTBYIOIIUX TeOpPeM, OTHOCSIUHXCA K TEODHH BelIeCTBEHHBIX
uhces. A Tak Kak 3TH TeopeMbl B KOHEUHOM CUeTe BBIBOJISIT-
Ci H3 aKCHOM apH(MeTHKH, TO Mbl MOXE€M TapaHTHpPOBaTb
NOCTPOEHHE JEKAapPTOBOH peaNu3allid TOJbKO MPH YCJIOBHH
HENPOTUBOPEYHBOCTH CHCTeMbl aKCHOM apU(MeTHKH. TaKuMm
o6pa3oM, Mbl MoJiyyaeM pelleHHe BONpPOCa O HeNpOTHBOPEUH-
BOCTH CHCTEMbI aKCHOM 3BKJHAOBOH TIeOMETPHH B CJIEAYIO-
mel ¢opme. .

Teopema “46. Cucmema akcuom eeomempuu 3ekiuda He-
Npomusopedusa, ecAu Henpomugopedusa Cucmema  QKCUOM
apugpmemuxuy.

[lepefiieM K BOmpocy O MNOJIHOTE CHCTeMbl akcHoM. IlycTb
Mbl HMeeM JBe peanu3duud R’ u R” CHCTeMbl aKCHOM HEKO-
Topoli Teopuu T. DTH peanus3auuH Has3bIBAIOTCS U30MO0PG-
HolMu, €CJIH MeXZAY 3SJEeMEeHTaMH 3THX peajiH3alHii MOXKHO
YCTAaHOBHTb OJHO-OJHO3HAYHOE COOTBETCTBHE, COXpaHsIoLIee
OTHOILEHHSI, ONpejesisieMble aKCHOMaMH.

Cuctema akcuoM T Ha3biBaeTCsl NOAHOL, €CJIM €e HeJb3sl
NONOJHUTb HOBBIMH aKCHOMaMH, HE BBHITEKAIOIHMH U3 akK-
cuoM T u He npoTHBOpeyalWMH WM. KoHeuHo, mpu 3TOM npej-
TnoJlaraeTcsi, YT0 HOBble aKCHOMbBI He BBOASIT HOBBIX OTHOLUEHHUH.
Bonpoc o mosiHOTe CHCTEMbl aKCHOM TECHO CBfi3aH C BOIPOCOM
06 usoMopduaMe Bcex ee peanusauuii. Vimenno, ecau ece pea-
ausayuu cucmemsr akcuom T u3omopdrer, mo sma cucmema
AaKCUOM NoAHAA. . ’ .

HeiicTBuTeIbHO, NyCThb CHCTeMa akcHoM 7T  HemoJiHas.
D10 3HAYUT, YTO CYLIECTBYeT HEKOTOpOe YTBepXKAeHHE 4a,
KOTOpOe He MOXKeT ObiThb BbiBelleHo U3 akcuoM T u He Haxo-
JUTCSl ¢ HHMH B nportuBopeund. Ilpu sToM MBI MoxkeM o6pa-
30BaTh JB€ HENPOTHBOPEUHBhIE CHCTeMbl akcuom T ' u T7,
NPUCOEUHAA K aKCHOMaM T aKCHOMY @ WJIH ee OTpPHLAHHE a.

IMycte R’ u R” — peanusauuu 3THX cHCTeM akcuom T’
v T". Kaxaas us HHX sIBAsieTCS BMecCTe C TeM peasusalH-
eit T. Tak kak B T’ umeer mecto @, a B T” — a (oTpHuanue
a), To 3tH peanuzauud T He H30oMOpGHBI. YTBepxAeHHEe TO-
KasaHo.

Teopema 47. Cucmema akcuom 36KAu00606 eeomempuu
noana. To ecmb Heav3sn npucoeOurume K Heli HUKAKUX HOBbIX
aKCUOM, OMHOCAUWUXCA K MOUKAM, NPAMbIM U NAOCKOCMAM
U OMHOWEHUAM MeNcOy Humu, Onpedeasembim aKCUOMAMU
nepevix mpex epynn max, 4mobs. OHU He 6bIMEKAAU U3 AKCUOM
I—V u ne npomusopesuru um.
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Hna nokasateqbcTBa 3TOH TeOpeMh! JOCTATOYHO YCTa-
HOBHTb H30MOp(H3M BCeX peajH3alHi CHCTEMbl aKCHOM 3B-
KNHIoBOH reomeTpud. Tak Kak JBe peajH3alnH, H30Mopd-
Hble TpeTbeH, OYeBHAHO, H30MOP(HBI, TO JOCTATOYHO A0KAa3aThb
u3oMQp(u3M BCeX peasH3anuil JeKapTOBOH peaju3aluH.

BBegeM Ha MJIOCKOCTH NPOHM3BOJIBHOH peanusauuy mOps-
MOYTOJIbHbIE JeKapTOBbl KOOPAMHATHI X, Yy, Kak 3TO Jejaercs
B aHanuTHueckoii reometrpun. MsmectHo, uTo Kaxjas nps-
Mas 3ajaeTcsl JHHEHHbIM ypaBHeHHeM Buja ax -+ by 4 ¢ =
= (0 W KaxHoe Takoe YypaBHEHHe COOTBETCTBYET HEKOTOPOMH
npsimoii. Tak MexJy TOUKaMH ¥ NPSIMBIMH NPOU3BOJIBHOH pea-
JIU3aLMH TWIOCKOH CHCTEMBI aKCHOM S3BKJHJIOBOH TIeoMeTpHH
U TOYKAMH W NpPSMBbIMH J€KapTOBOH peasu3alliH YCTaHaBJH-
BaeTCsi B3aHMHO OJHO3HAUHOE COOTBETCTBHE. DTO COOTBETCTBHE
€CTb H30MOpP(GH3M.

JleficTBHTEIbHO, YKasaHHOE COOTBETCTBHE COXpaHsieT OT-
HOLIEHHe TpHHAJIEXHOCTH. Jlajmee, Kak IOKasbiBaeTcss B
aHAJIUTHYECKOH TeOMeTpHH, CJeJOBaHHe TOUeK Ha MpsAMOMH
BbIpaxkaeTcsi uepe3 KOOPAHHATHI TOUEK B TOUHOCTH TaK, Kak
370. 6bJIO NPHHSATO HAaMH NPH NOCTPOEHHH JEKapTOBOU pea-
ausanuu. Hakonen, ABHXKeHHSI aHAJNUTHYECKH 3aAaroTcs ¢op-
MyJiaMH

x' = xcosd —eysind + aq,
Yy = xsind 4 eycosd 4+ b,

T. €. TaK, Kak 3To ObLIO onpejiesieHO B JeKapTOBOH peaJu-
3allHH.

Takum oOpasoM, Kaxaasi peasu3alUsl CHCTEMBl aKCHOM
SBKJHJOBOH TreoMeTpHH H30MOpGhHA JAEKapTOBOH  peaJsinaa-
nuu. M caenoBsaTenbHO, 3Ta CHCTEMa akCHOM mNoJgHa. Teopema
JIOKas3aHa.

§ 4. He3aBHCHMOCTb aKCHOMBI HenpepbIBHOCTH

Akcnoma a Kakoi-nu6o TeopuH T ¢ aKCHOMAaTHYECKHM
NIOCTPOEHHEM Ha3bIBAETCSl He3a8UCUMOL, €CJH OHAa He MOMET
GbIThb MOJiyueHa Kak CJIeACTBHe OCTajbHbIX akcuom T. OGbiu-
HbIil TpHeM JOKa3aTeNbCTBA HE3aBHCHMOCTH TOH MM HHOM
aKCHOMbl @ 3aKJIOYaeTcsi B TOM, YTO CTPOSAT peanusauuio R
cucteMbl akcHoM T 6Ge3 akCHOMBI @, B KOTOpPOii aKCHOMa a
He Bbinoansercs. Ecau Takylo peanusauuio yaaercs Fo-
CTPOHTb, TO aKCHOMAa 4 He3aBHCHMa. ‘
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~ HeftctBuTeNbHO, - €c Obl @ ToJyyanach Kak CJENCTBHE
OCTaJIbHBIX aKCHOM, TO B R Takxke Obmo Gbl CrpaBefHBO
yTBepXK/JeHHe @, HO 3TO NPOTHBOPEUHT MOCTpoeHHIO R.

ViMeHHO TakuM nyTeM MBI JIOKa)XX€M HE3aBHCHMOCTb aK-
CHOMbI HENpPEpHIBHOCTH B 3BKJHAOBOH T'€OMETPHH.

Teopema 48. Axcuoma wenpepwisrocmu resasucuma. To
ecms OHA He moocem Obimb NOAY4eHA KaK cae0cmsue ocmanb-
HolX aKcuom 398KAUO080L ecomempuuL.

JHoxasameascmso. O6Go3nauuM G COBOKYNHOCTb BellecT-
BEHHBIX YHCeJ, COJEepPXKaillyld BCe PalHOHAJbHbIE YHC]a, a
T4KXKe BCe YHCJIa, KOTOpble NOJyYaloTcs M3 palHOHANbHBIX
NyTeM NpHUMEHEHHUs B KOHEYHOM YHCJIE ONEepPalHi CIOXKEHHS,
BbIYHTAHKMS, YMHOXKEHHsI, MAeNeHHs H H3BJICUEHHs] KBaJpaT-
Horo kopHs. OueBHIHO, CyMMa, pasHOCTb, NPOU3BELEHHE,
yacTHoe ABYX uHcen M3 G, a TakkKe KOpeHb KBaJpaTHbIH M3
Jioboro uucia, npHHajnexamero G, CHOBa ecTb yucao G.
M3BectHo, uTo uncnamu u3 G He HCYEPNBIBAIOTCS BCe Belle-
cTBeHHble yHcna. Y paxe Gosee Toro, MHOXecTBO uucen G
He 6oJjiee YeM CYETHO.

[lonpo6yeM mnOCTPOUTL HEKAPTOBY peajH3alHI0 CHCTEMB
aKCHOM 3BKJIMJOBOH TreOMETPHH IO TOMY Xe crnocoOy, Kak
H B § 1, HO mosb3oBaThcss GyNeM He BCEMH BelleCTBEHHBIMH
YHCJIAaMH, a TOJBKO YHCJAaMH H3 G.

Takum oOpasoM, TOUKOH Mbl 6yJeM HasblBaTb Napy UYHCe]
(x, y) u3 G, nNpPSAMOIl — COBOKYNHOCTb TOYEK, YHOBJETBO-
pAiomux Jo0oMy JUHEHHOMY ypaBHeHHIO ax + by 4+ ¢=0
¢ kospdunuentamu “u3 G. OTHOWeHHe MNOpAAKA AT TOUeK
Ha TpSIMOi ONpefeNHM, KakK M mpexnie. A JBuxeHHs 3aJa-

AnM (Gopmyamu
X=mx—ny+a y =nx+my-+>s,

KO3hGhULIHEHTbl KOTOPHIX INpHHaAjexar G M, KpOMe TOro,
YAOBJIETBOPSIOT ycaoBuio: m? 4 n? = 1. DT HopMyJibl HUYEM
HE OTVIHYAIOTCS OT TeX, KOTOPHIMH Mbl NOJIb30OBANHCH PaHb-
1lle, TaK KaK BCETAa MOXKHO NOJIOXHUTb m = cos ¥, n = +sin &.

OnpefesuB TOUKH, NPsSIMble H OCHOBHbIE OTHOUIEHHS MeX-
Jy _HUMH, Mbl MOXeM IIPUCTYNHTb K IIpOBEPKe BhINOJHH-
mocTH akcuoM. Ilpu 3aToM Bce paccykieHHSI, MPHBEIECHHbIE
HaMH B § 2, 3mech MOTryT ObITb MOBTOpPeHBl, C HEOOALILINMH
H3MEHEHUSIMH H TMOSICHEHUSIMH. TOJBKO aKCHOMY HelpephiB-
HOCTM HaM J0Ka3aTb He YJAaeTcsi, TaK Kak OHa Boofme He
BBITIOJTHSAETCS .
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HeficTBuTeNIbHO, NYCThb & — YHCJO, He coleplkalleecs B
G. Kak ykasaHo Bbillle, TakHe YHcJa cyulecTBYOT. PaszoGbem
MHOXeCTBO ToueK mnpsMoi y = 0 Ha JBa KJjacca, OTHOCS
B NepBblfi KJjacce Te Toukd (x, 0), y KoTopbix ¥ < «, a BO BTO-
poil Bce TOYKH, y KOTOpbIX x > a. OueBHAHO, Kaxaas TOYKa
NPHHALJIEXHT OJHOMY M3 KjaaccoB (Touku (x, 0) HeT Ha mps-
MOH) M KaxJbli M3 KJIacCOB He INYCT.

Kaxpas Toyka mnepBOro KJiacca B CMbIC/Ie NPHHSITOTO
onpefiefieHHs OTHOLUEHHSI CJEJQRAHHSA TNPEALIeCTBYeT Kax-
Joii Touke BrTOporo kJjacca. Ilo akciHoMe HemnpepbIBHOCTH,
€C/IH OHAa MMeeT MecTO, JOJIXKHA ObiTh Touka (B, 0), mpo-
u3BojdAmas pa3bueHue Ha KJaccel. UYucno B obnapaer
cBoiictBamMu: x < B, ecau (x, O) mepporo kJacca, u B < x,
ecau (x, 0) BToporo kJjacca. Ho mo omnpejesieHHIO KJaccoB
TaKMM CBOHCTBOM 006J1ajaeT TOJbKO yucao B =oa. A (a, 0)
He sBJsieTcsi TOukoH mnpsimoii. M cnenoBatesbHO, akcHoMa
HENPEpLIBHOCTH HE BBINONHSAETCS.

Uto KacaeTcs oOCTaJibHbIX aKCHOM, TO IOYTH JOCJOBHBIM
NOBTOPEHHEM J0Ka3aTeqbCTB § 2 MOXKHO yOefuTbCs B HX
BHIIOJIHUMOCTH.

Takum o06pa3oM, Mbl TNOCTPOHJIH peaNH3aLHIO CHCTEMBI
BCeX AKCHOM 3BKJHAOBOH TIeOMeTpUH, KpOMe aKCHOMbl He-
NpepLIBHOCTH, KOTOpasi B 5TOI “peaju3allid He HMeeT MecTa.
OTO M JI0Ka3hbiBaeT HE3aBHCHMOCTb AKCHOMBI HENPEpPLIBHOCTHU
OT OCTaNbHBIX AKCHOM 3BKJIMJOBOl IeOMETpHH.

Jlokasannasi TeopeMa IO3BOJISIET NPHBECTH -COAEPIKATE/ b-
HbIH TIpUMep HEMOJHOM CHCTEMBI aKCcHOM. lIMeHHO, cucTema
aKCHOM 3BKJHJOBOI reoMeTpuu 6e3 "‘aKCHOMbI HENPEePHIBHOCTH
SIBISIETCS1 HeNoJiHO#. DTa cucreMa MoXeT ObiTb MOMOJHEHa
HOBOH &KCHOMOI1 (aKCHOMOH HenpepbIBHOCTH), He BbITEKalowleit
H3 OCTA/IbHbIX AKCHOM U He IPOTHBOpevalled HM.

§ 5. HesaBucumocTb akcHOMBI mapaJiielbHOCTH

Teopema 49. Axcuoma naparresvHocmu 98KAUG060L  2e0-
mempuu rnesasucuma. Ona He moxcem Obvime 6visedeHa u3 oc-
MANbHBIX AKCUOM.

CornacHo o0LieMy npHeMy JOKasaTeJbCTBa He3aBHCH-
MOCTH aKCHOM, YKasaHHOMY B § 4, HaMm JOCTaTOYHO MOCTPO-
HTb TaKyIO peajH3aluHI0 CHCTEMbl AKCHOM 3BKJIUJAOBOI Treo-
mMeTpUH 6Ges aKCHOMBbI NapaJJIeJIbHOCTH, B KOTOPOH aKCHOMa
napanjesa»HOCTH He Bbinonnserca. Cefiyac Mbl MOCTPOHM
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TaKylo peajHsalHio, IpUUeM JJisi MPOCTOTHl H3JI0XKEHHS orpa-
HUYHAMCS NJIOCKOH CHCTEMOIl aKCHOM.

[Toa Toukofi Mbl OGyaeM MOHHMATD :JIOOYI0 TOYKY IBKJH=
JIOBOH MNJIOCKOCTH BHYTPH €IMHHYHOrO Kpyra

4yt <l,

noa mnpsiMoil — JobyIo XopAy 3toro Kpyra. OTHollenue npH-
HAJUIEXXHOCTH W Mopsifika OyleM MOHUMATh B CMBICJIE 3BKJH-
JoBoii reomerpuu. Hakonew, ABuxeHHeM OyJeM HasblBaThb
JO6YI0  KOJLIMHEAUH!o, 0epeBOJSIYI0  OKpYKHOCTb x% +
+ y*=1 B cebs.

B sroii peanusanum, AT KPaTKOCTH MBI ee 06O3HAYHM
K, TpuBHanbHbBIM 00pa3oM BBINOJHSIOTCA @KCHOMBI MEPBBIX
JIBYX Tpynn ¥ akcuoMa uenpepuiBHOCTH. TakuM o6pasom,
HaM OCTaeTcsl MPOBEPHTb AKCHOMbI ~ JABIXKEHHS H aKCHOMY
napasnJejbHOCTH.

Haunem ¢ akcuoM IBHXKeHHS.

3aMeTHM, YTO 3BKJHIOBH BpAllEHHS  OKOJO  [EHTpa
kpyra x2 4+ y? < 1, a Takxe 3epKajbHble OTPAXKEHH B €ro
AuameTpax CyTh HBHXKEHHS B peanusaunun K.

Hanee, npeoGpasoBanue, 3anaBaeMoe (GHOpMYJaMH

L _xVT=B . y+8
Y= VT RIS
ectb aswxkenne B K. [lns npoBepKHW MNOCJHEIHETO COCTABHM
x'? + y’% Jlerko y6eautbcsi, uyto npu x4 y =1 x'? 4
-+ y’?2 = 1. dro npeobpasoBanue, Mbl 6yaemM o603Hauartsb ero Hp,
nepesoaut Touky (0, 0) B Touxky (0, ).

Akcuoma II1,. [BH)KEHHs COXPaHSIIOT OTHOUIEHHE MpPH-
HaJIeXKHOCTH.

Arta akcHOMAa BBLIMOJIHSIETCS TPHBHAJbHLIM OOpasoM.

Akcuoma Ill,. JIBUXKEHHSi COXPaHSIIOT OTHOIUEHHE TMIO-
psakKa. )

JIeHCTBHTENbHO, MNYCThb JIBHXKEHHWE TEepPEeBOAUT XOpAy a
B xopay b. Ilyctb masi onpepeneHHOCTH ofe XOpAbl He Da-
pajsienbHbl OCH y-oB. Bbipasum aGcunccy x’ Touku b uepes
aGtuuccy X COOTBETCTBYOUIEH TOUKH a. Tak Kak KoJIIHHea-
LMY --3a0al0TCS  APOGHONMHEAHbIMH (opMyaamu, To x’ Gyger
ApoOGHONHHEAHOH (PyHKUHEH OT x

I___ax+B
BRTESN
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Srta QyHKUHS, KAK JIErKO BHJIETb, MOHOTOHHA U HE CBOAHTCSA
K MOCTOSAHHOH, TaK Kak Toria y' Obwio Obl MOCTOSIHHO, YTO
HeBo3MOXHO. Tak Kak x’ MOHOTOHHAs (pyHKLHS OT X, TO, Oye-
BUAHO, akcuoma III, geifcTBuTenbHO BbINOJHSETCs. AHaso-
FHYHO PacCMaTpPHBAIOTCA CJIy4YaH, KOTAa OJHA HJH o6e Xop-
Abl MapajuieibHbl OCH Y.

Akcuoma I11;. [IBuxkenusi oGpasytor rpynmy.

OueBHAHO, TaK KaK BCe KOJUIHHeaUHH obGpasyloT rpymmy.

Akcuoma III,. Ilyctb @ u b — aBe npsimbie, A u B —
TOYKH Ha 3THX NpfAMbIX. Toraa cyuiecTByeT H NPHTOM EAHH-
CTBEHHOE [BHXKEHHe, KOTOpOEe MEepPeBOAUT 3aJaHHYI  MOJY-
MJIOCKOCTb, ONpelesieMylo MNpsMOil @, B 3alaHHYIO IOJY-
MJIOCKOCTh, ‘ONpejessieMylo Npsivodl b, 3ajaHHylO NOJNynps-
Myl0 @ B 3ajaHHylo noaynpsmyio b u Touky A B Touky B.

C nomompbio 3BKJIHAOBHIX BpameHHfi u ABHkeHus Hp
Toukd A ‘¥ B coBMmellaloTCsi ¢ LEHTPOM Kpyra. 3areM Tpe-
GyeMoe JBHXKEHHE COCTABJSIETCS M3 BpAUIEHHs] OKOJIO LEHT-
pa Kpyra H, MOXeT ObiTb, 3€pKaJIbHOTO OTpaXkeHHs B [Ha-
metpe. Ilocne wero Touka B Bo3BpallaeTcss Ha CTapoe MeCTO
oOpaTHbIM JBHXKeHHeM. Takum o6pasoM, JABHXKEHHE, O KOTO-
pOM HIET peub B aKCHOMe, AEHCTBHTEJNbHO CYLIECTBYET.

A Temepb €IHHCTBEHHOCTb €ro JOCTaTOYHO AOKa3aTb st
OueHb CNEeLHaNbHOTO Cjydyasi, MMEeHHO, Koria Touku A u B
COBMAfAIOT C HAYa/JoM KOOPAMHAT, MOJYIpSMble — C OTpe3-
koM 0 < x < | nonoxutenbHO# HONYyOCH X-OB, a MOJYILIO-
CKOCTH — ¢ mosnykpyromM y > 0.

Obwas KoJHHealus 3afaercsi GopMyJ/iamu:

g = Wt by t+a r_@x+ byt
T ax+byfc? T ax+byt+c

Tak kak nmpu y = 0 momkHo ObiTh y' = 0, T0 @, = ¢, = 0.
Tak Kak KojJuHealHsi COXpaHseT TPH TOUKH mpsmoii y = 0,
umenno (0, 0) (1, 0) u (—1, 0), To ona coxpaHﬂeT BCE TOUYKH
srou npsmoi, T. e. npu y = 0 gomkHo GuiTh x* = x. Orciona

= 0, a = 0. Takum oGpasoM, (opmy]bl NPHHHMAIOT BHJ

r __X+1y y_ by
TR Y T THE

Tak kak npu x24y*=1 x2+y2=1, 10

(Ti;i) T ( iyﬁy)z =1
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JBOJKHO GbiITb 3KBHBaseHTHO x2+ y? = 1. OTciopa Aerko sa-
KJIOYHTD, ytoB =0, y=0, a 8= + 1. Tak xak npu y >0
y >0, to 8=+ 1. Y enuncTBeHHOCTh JOKa3aHa.

AkcHoma I11,. Ecniu npu apuxeHHH mnoaynpsimas h, Kak
nejioe, W ee HavajbHasi TOYKa OCTAIOTCA HEMOABHKHBLIMH, TO
BCE TOUKH MOJYNPSIMON A OCTaIOTCS HEMOJABHKHBIMH.

Konnyuneaunsi, 3ajarmoulasi yKa3aHHoe B aKCHOME JBHXKe-
HHE, OCTaBJseT HENOJABHXXHbIMH KOHIBI XOpAbl. A Tak Kak
TPH TOYKH NPSMOH HENOABHXKHBI NPH KOJJIHHealHH, TO He-
TIOJIBM2KHBI BCE TOYKH.

Axcuoma 111, CymectByer ABHXEeHHe, KOTOpoe Tepe-
cTaBasieT ABe JaHHble TOUKH A u B.

Ecnn o6e Toukn Ha OCH y H CHMMETPHYHO PachoJIOXKeHb
OTHOCHTENbHO Hayala KOOPIHHAT, TO JBHXKEHHE, O KOTO-
pPOM HJET pedb, €CTb 3epKajbHOE OTPa)KEHHe OTHOCHTEJNBHO
oct x. Uro6bl oOwmuii ciaydyaidl CBeCTH K 3TOMY YacTHOMY,
JOCTaTOYHO yMeTh HBHXKEHHEM mnepeBecTH TO4kH A u B B
yKa3aHHOe pacrnoJioxeHwe, D10 chenaTh HeTpyAxo. CHauana
ToukH A ¥ B nepeBoisiTCsl Ha OCb Yy KaKHM-HHOYAb ABHIKE-
HHMEM, HO TaK, 4ToObl HM OJHA W3 HUX He Monasja B HayaJo
KoopauHaT. A notoM npuMensieM Jpuxenue Hj, moaoGpas 3
HaJJiexKaluM obpasoM.

Akcuoma Illg. CywmecTByer ABHIKEHHE, KOTOpoe mepe-
CTaB/sieT Ay4n A W k, HCXOAfIIHE H3 OHOH TOUKH.

Ecnu nyun A u k HCXOIAT U3 LEeHTpa Kpyra, TO 3TO ABH-
JKeHHe eCTb 3epKaJbHOe OTpaxeHHe OTHOCHTeNIbHO OGuccek-
TpUChl oOpasoBanHoro HMu yrsa. OOGWHiA cayyail CBOAMTCS
K 3TOMY YacTHOMy ¢ nomoliblo akcuombl III,.

Hrak, BCe akCHOMBbI [BHXKEHHS B peajusauun K pelcTBH-
TEJIbHO BbINOJIHAIOTCS.

Ocrajiocb paccMOTpeTb aKCHOMY NapasJielbHOCTH. Jra
akcyoma B peanusauuu K He Boinogusercsi. JleficTBHTeNBHO,
uepe3 TOUKY BHE XOpJAbl MOXKHO MpPOBECTH OeCYUCNEHHOE MHO-
JKECTBO XOpJA, €e He MepeceKarolluX.

[NocTpoenne peanusauud K U JOKa3blBaeT HE3aBUCHMOCTb
aKCHOMBI NapaJslebHOCTH.

§ 6. O 3aBHCHMOCTH HEKOTOPbIX aKCHOM JABHXEHUS

B 3toM naparpade Mbl MOKaxeM, 4TO NPHHATYIO HaMH
TPYNNy aKCHOM [BHXXEHHSI MOXXHO 3HAUHTEJNbHO COKPATHTb.
WMenno, moxHO orpanuuutbest akchomamu III,, III,, IIlg
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u I1I,. Ocranbubie Tpu akcuomsl Asuxkenus 111,, 111, u I1Ig
SIBJISIIOTCSL CJEACTBHEM YKa3aHHBIX YeThIpeX aKCHOM, aKCHOM
NOpsi/ika M aKCHOMbI HENpephLIBHOCTH. I'IpHBeneM JioKa3aTelib-
CTBO 3TOrO yTBepiKAEHHs B cjayyae IJIOCKo# reomerpuu. Ha-
YHEM C J0KasaTesbCTBa CJEAYIOUeH JeMMbI.

Jlemma. [lycms AB — samkuymoui ompe3ok u f — omob-
pasicerue amoeo ompeska Ha cebs, YyoosremsopAlouiee  YCao-
susam:

Omobpascerue [ 00HO-00HO3HAUHO, MO ecmb pPA3AUdHbIE
MoKy nepesodum 8 pasautnele;

2. Omobpascenue f coxpausem omHoweHue nopadka, mo
ecmo ecau 8,00Hom u3 Osyx Hanpasrenuti X <Y < Z, mo
8 00Hom u3 Osyx nanpasrenuil f(X) < f(Y) < f(Z).

Toz0a na ompeske AB cyuwjecmsyem HenoOBUNCHAA MOMKQ
omHocumeavHo omobpaxcenus f, mo ecme makas mouka X*,
0aa komopoil [ (X*) = X*.

Hoxasameascmeo. Bribepem Ha npsiMoit AB To Hanparge-
Hue, B KoTopoM A < B. Tlyctb s OnpefeseHHOCTH B 3TOM
ke Hanpasnenuu f(A) < f(B) (nac OyleT HHTepecoBaTb
HMeHHO 3TOT cayuail). Eciu yTBepxkIeHHe HeBepHO, TO BO
Bcsikom cayuae A < f(A) u f(B) < B.

Paso6beM MHOXeCTBO Touek npsivoil AB Ha JBa KJacca.
K nepsoMy knaccy Mbl OTHeceM mpexJe BCero Touky.A M Bce
ToukH, npexwectsylomue A. [lanee K nepBoMy KJjaccy OTHe-
ceM BCSIKVIO ToukKy X oTpeska AB, eciu Ansi KaXIOH TOUYKH
X’ otpeska AX X'<f(X’). OcranbHble TOYKH OTHECEM. KO
BTOpOMY Kjaccy. OueBHIHO, KaXIblii M3 KJAacCOB HE MNYCT.

IMokaxem, 4To Kaxaas Touka X MNepBOro KJjacca npef-
IIeCTByeT KaXIo# Touke Y BToporo kijacca. JleficTBHTeNbHO,
ecsid Touka X OpHHALNEXKHT K NMEPBOMY KJaccy, TO BCaKas
Touka Y, mpeamectByiomas X, Toxe NOPHHALIEKHT K NEPBOMY
kaaccy. Orciona cienyer, uTo Ka)kias TOYKa NEPBOTo KJjacca
NpefllecTByeT KaXI0Oi TOUKe BTOPOro kKJjacca. Takum obpa-
30M, Halle pasbueHune Touek npsiMoit AB Ha ABa Knacca yAOB-
JIETBOpPSIET YCJOBHSIM aKCHOMb [leleKHHAa.

CornacHo akcuome [lemekunia, cymectsyer Touka C,
npous3BoAsiLas [eJeHHe Ha Kaacchl. YTBepxkaaeM, uto f(C) =
= C. llonycrum, ytBepxnenue HeBepHo. Torma smGo f(C) <
< C, nu6o C < f(C). PaccMOTpuM KaxKAyIO U3 3THX BO3MOX-
HOCTeH. v ‘

Tak xak oToGpaxenue f cOXpaHsieT OTHOLICHHE NIOPAAKA, TO

f(A) <F(C) <[(B). *)
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Ecmu f(C) < C, 1o Ha otpeske (f(C), C) uafizerca Touka
X’ rtakas, urto
f(C) < X' <f(X').

Orciona, npuHMMas Bo BHHMaHue (*), mosyuaem
F(A) <F(C) < F(X").
C apyroit CTOpOHBI, 1O -BbIGOPY ToukH X’
A< X' <C,

a 3TO MPOTHBOPEUHT TOMY, YTO OTOGpaxkeHHe f COXpaHsieT OT-
HOILLeHHe MNOopsAKa.

Ecmu f(C) > C, 1o Ha otpeske (f(C), C) Haiinercs Touka
X’, nas xoropoit f(X’) < X’. Unaue Touka C He Gbuia Gbl
TOYKO#, MpousBoAsiei fenenue. Iisi Toukd X’ GyseM HMeTb:

C< X'<B;
F(X') <[(C)<[(B).

M Mbl cHOBa NpPHXOAMM K NIPOTHBOPEYHIO.

JleMma jokasana.

Jloxazamenocmso axcuomor 111,. Axcuomoir I1I, yTteep-
JKIAETCsI, 4TO ecau [BIXKeHue [ coxpaunsier moaynpsimyio a’
OpsAIMOH @, KaK [eJioe, TO OHO OCTAaBJIsSIeT HENONBHXHbIMH BCe
TOYKH MNpsSMOi a.

IMycts o’ ¥ a” — JABe NOJYNJIOCKOCTH, OnpefeJsieMble Tpsi-
mo#l a. OTHOCHTeJIbHO ABHKeHHs H MOryT GbITh JBa Npeamno-
Joxenusi: ju6o Ha' = a’, qm6o Ha' = a”. B nepBoM cayuae
akcuoma IlI, Bmirekaer u3 akcuomel IIl,. [eficTBuTesbHo,
TOXJecTBeHHOe oTo6GpaxeHne H® o6nanaer cBoiicTBaMH [BH-
xenus H, a cnenoBatenbHo, no akcuome I11, H = H°. Bo Bro-
poMm cJjyyae paccMoTpuM IBuKeHue H2. Tak kak H%a' =a’,
H?%' = o', T0 mo nokaszanHoMy H? $IBJISIeTCS1 TOXAECTBEHHBIM,
HonycTuM, BONpeKH yTBEpKIEHHIO aKCHOMbI, YTO AJISI HEKO-
Topoii Toukn X npsamoit @ HX + X. Toraa B oaHOM u3 ABYX
HanpaBJieHH# JH60

'™

O<HX < X, -
Jaubo
O<X<HX.

O6a cayuas paccMaTpuBaioTcs axajoruyso. M mnostromy Ml
orpanuyMMcs nepBbiM H3 HHX. Mrak, nycrb

O<HX < X. (**)
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Honsepras Touku O, HX u X neuxenuto H, nmomyuum juGo
HO < H?X < HX,

1160
HO > H*X > HX‘.

Tak xak HO = 0, H*X = X, 10 B noGoM caydae Touka X
nonyuaercst Mexxny O u HX, a sto npotusopeuut (**).

Axcuoma Il11, nokasana.

Tloxazameascmeo axcuomsr 111;. Axcnomoit 111, ytBepxkaa-
eTCsl CYIleCTBOBAHHE [BUXKEHHs, MepecTaBJIsoWero JiolLie
JBe naHuble Toukd A u B.

IMycte ¢ — npsimasi, coeaunsiomas Toukd A, B n o’ —
Ollna M3 MOJYMJOCKOCTeH, onpenensieMbix npsiMoil ¢. OBosHa-
ydiM H [JBUMEHH2., YIOBJETBOPSIOLIEe YCJIOBHUSM:

HA =B, HB< B, Hda =a'.

CyuiecTBOBaHHEe TaKOro [BHXKEHHsl obecreuHBaeTcsi aKCHO-
moit 111,. Eciu HB + A, 1o nu6o A < HB, nu6o HB < A.
He orpanvunBas oOOLIHOCTH, MOXHO CuuTath, 4yto A < HB.
PaccMoTpuM Temepb ueThipe TOYKM Ha NpsiMOf C:

A, HA = B. H?A = HB u H®A. Tak kak
A < H?A < HA,
TO JU6O
. HA < H3A < H*A,
b0 ’ ‘
HA > H3A > H?A.

[lepBasi BO3MOXKHOCTb HCKJIIOUAeTCsl, TaK KaK BJieueT 3a Co-
6o HA < H®A, u, caemoBatenbHo, ocraetcs Bropasi. Ho
TOra paccMaTpHBaeMble YeThipe TOUKH Ha MPSIMOH ¢ pacroJqa-
ralTcs B caelyrouleM MopsilKe:

A < H?*A < H?A < HA.

Otpesok (A, HA) nBuxenwem H? nepeBoauTcs B CBOIO
yactb — otpe3ok (H2A, H2A) Tlo nemme napuxenne H?
OCTaB/JIfIeT HENOABHXHOH HeKoTopylo Touky X* oTpeska
(A, HA) 3ra Touka npuHaanexHT Takxke oTpesky (HZ2A,
H3A), kotopbiii siBnsetca ofipasom otpeska (A, HA) npu
newxennn H? Tak kak nBuxenuwe H? ocraBasier Touky X*
HEeMoABHXHOH, a Toukn A u HA npunaanexar onHo# nony-
npsimoll ¢’, onpesensieMoll 3TOH TOYKOH, .TO OHO MEPEBOAHMT
STy noaynpamyio B cebs.
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Hrak, nsuxenve H? ob6namaeT CHeNyOMHMH CBOACTBAMH:
1) H%' = a’, 2) H?X* = X*, 3) H%' = ¢'.

Orciona mo aokasauwHofi akcuome III, sakmiouaeM, uto
H? sBnsiercs TOMKIECTBEHHbIM, H, cJaefoBaTenbso, H?4 = A,
gT0 mporuBopeuut A < HZA.

Akcuoma 111y nokasana.

HokaszatenbcTBo akcuomn [Ilg 0 cymecTBoBaHHHM ABHXKE-
HHSl, TEpecTaBASIOMEro Jy4H, HCXOASIIHE H3 OAHOH TOUKH,
OCHOBAHO HA TeX e COOOpaKeHHsiX, 4TO W JOKa3aTeJbCTBO
akcuomnl [II;. Tlostomy mbl ero npuBoauTh He GyneMm.



r1ABA IV
FTEOMETPHS JIOBAYEBCKOI'O

§ 1. Hekotopble npepoxeHusi aGCOJMIOTHON reomMeTpHR

B mnpeabinyweii rnaBe OblIO JOKa3aHO, YTO aKCHOMAa ma-
pannenbHOCTH HEe3aBHCHMAa OT OCTaJbHbIX AKCHOM 3BKJIHJAO-
Boii reometpud. OTCiofa cJelyeT, YTO, 3aMEHHB 3Ty aKCHOMY
ee OTpPHLAHHEM, Mbl MOJYYHM TaKIKe JIOTHUECKH HEeNpOTHBO-
peunByio cucreMy. ['eoMeTpusi, OCHOBaHHasi Ha 3TOH cHCTeme
aKkcuoMm, HasbiBaeTcsi eeomempuell Jlobauesckoeo. B Hacrosi-
e rnaBe Mbl JOKa)KeM IMOJHOTY CHCTeMbl aKCHOM TreoMer-
pun JloGayeBckoro u u3oMOpGH3M BCeX ee peanusanuii. Ato
MO3BOJIUT TeopeMbl reomeTpuH JlobGaneBCcKoro mosyyaTb B
JI000# U3 ee peanusauUui.

Cefiyac Mbl pPacCMOTPUM HEKOTOpble BCIIOMOTraTeJbHbIE:
OPEVIOKEHHS, OTHOCSIIIHEeCST K' TaK HasbiBaeMof abcoJoT-
HOM reoMeTpuu, ITO MNpeANOXEeHHs, KOTOpble BbLIBOASATCH Ha:
OCHOBe MepBbIX YeThipeX . [PYNN aKCHOM 3BKJHAOBOH reomer-
pHH H, TakKUM 00pa3oM, HMEIOT MECTO KakK B 3BKJHJIOBOH reo-
MeTpUH, Tak H B reometpuu JloGaueBckoro*.

YetbipexyronbiinkoM CakkepH HasbiBaeTcsl TaKOH YeThl-
PEXYToJIbHHK, Y KOTOPOTrO JBa CMEXHbIX YyIJa MNpsiMble, a.
NPOTHBONOJOXKHbIE CTOPOHbI, MpUJeEramplUiHe K 3THM YrJjam,
paBHbl. Dyzmem HasbiBaTh CTOpOHY ueTbipexyrosbHHKa Cake-:
KEePH, COENHHSAIONIYIO BEpIUHHBI MNPSMbIX YIJOB, HIXHHM
OCHOBAaHHEM, @ CMEXHble C Hefl CTOpPOHb — GOKOBBLIMH CTO-
pOHaMu.

* 3ameTtnm, uto TeopeMhl 1—39 ra. IIl orHocsaTca K a6comoTHOM
reomeTpun. B HX [o0Ka3aTeAbCTBE MBI He MOJB30BaJHCh aKCHOMOH ma-.
paJiiieIbHOCTH.
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Jlemma 1. Yeaor npu eepxHem OCHOBAHUU 4embLpexyeonb-
nuxka Cakkepu pasubl, U KaxcOoll U3 Hux He 6oablue NPAMOSO
yeaa

PaBeHcTBO yryIoB mpH BepXHeM OCHOBAHHH CJELyeT H3
CHMMETDHH 4YeTbIPeXYToJbHUKA OTHOCHUTEJIbHO MepleHIuKy-
Jspa, MPOBEIEHHOrO uYepe3 CepeluHY HHKHEro OCHOBaHHUS.
Ecnn npeanosoxutb, 4To yryist [PH BEPXHEM OCHOBaHHHU
TyMble, TO MO KpaiHel Mepe OJAHH W3 TPEYTOJbHUKOB, Ha KO-
TOpble 4YeTbIpeXYroJbHHK pa3buBaeTcss AHArOHAJbIO, HMeeT
CyMMy YIJVIOB 6OJibllie ABYX NPSIMbIX, YTO HEBO3MOXKHO (ri1. !
§ 2). YtBepxkleuue HoKasaHo.

Jlemma 2. Ecau npamoyzorvueui mpeyzorenux ABC
UBMEHAeMC MaK, 4mo e20 CMOPOHbL OCMAIOMCA MeHblue C,

. L o
a ocmpoid  yeoa B ocmaemcs menviue -Q——S, mo ocmpoid

yeon A npu smom ocmaemcs Goavuie Hekomopozo & >0,
3asucauieco om € u c.
[Toctpoum npsiMoyrosbubii TpeyronbHuk ABC,, y Ko-

toporo karer AC, paBeH ¢, a yroa B, Goubuie %—e

(uept. 13). Taxoit TpeyrosbHUK cTpoutcsi Ge3 Tpyna.

8B, 8,
$D
c & A A Co
Yepr. 13;

HMeHHo, cHauana CTPOMM NPSMOYTOJBHBIH TPeyrobHHK
A’'B,C, c runorenysoit A’'B,, paBHo#t ¢, u yraom B, pas-
HBIM -;———e. A 3zarem GepeM Touky A Ha MNPOAOJIKEHUH
karera C,A’ Tak, uro6sl AC, = c.

Yrteepxnaercs, uto yroa A tpeyroavHnka ABC He meHb-
we yraa B,AC, Jonyctum, yTBepxkieHue HeeepHo Tornaa
nponosxenne AB nepecekaer ortpesok ByC, B HekoTopoi
Touke D

Tax kak cymma yrioB verbipexyroavhnka CBDC, He
Gosiblie yeTbipex npsiMbix, To yroa ABC He MeHbile yraa
BDC,. A no teopeme O BHeLIHeM Yrje TPeyroJbHHKa YroJ
BDC, Goabwe yraa AByC, Taxum obpasom, yron B Ttpe-
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yroabuanka ABC 6Goabiue / AByC,, 4TO HEBO3MOXHO. YTBep-
XKAeHHEe J0KAa3aHo.

Jlemma 3. Buccexkmpuca yeaa A mpeyeorsruxa ABC pas-
6usaem npomusonoaosxcryo cmopory BC wa ompesku BD u
DC. Ecau yeon B menswe yeaa C, mo DC < BD (uept. 14).

IMoctpoum ua AB Touky C’ Ttak, utobnl .AC = AC’ ¥Yroa
BC’D 6oavwe yrna ABC. Orciona BD > DC’ = DC.

A D
£
C’ [’

<

8
Ji) A
Yepr. 14. Yepr. 15.

Jlemma 4. Ecau cmoponsr mpeyeoavruka ABC ocmarom-
CSl 02PDAHUMEHHLIMU, Y20A 0. NPU Gepuiure A HEO02PAHU4EHHO
ybvieaem, a yeon npu sepuiure C 3akatouen 8 npedesax
e, n—e(e>0), o BC/AC — 0 (ueprt. 15).

OtnoxuM Ha npsmoii CB otpesok CD, pasuwii AC Tak,
yto6bl yron ACD Geut He wMeHbue npsimoro. Ilo semme 2
B INpHMEHEHHH K NpAMOyroabHoMy Ttpeyronbuuky ACE
yron DAC Gonble HekoToporo e’ > 0. [IlpoBesem u3
toukn A nyun AB’, AB”,... obpasyiome Apyr ¢ APyrom
yrabi, paBubie a. Ilo semme 3 BC < B’'B < B"B’ < ...

OrciopaCD/BC = AC/BC > —Z;— 1.

U tak xak a—0, To BC/AC - 0.
Jlemma 5. Ecau mpeyeoronux ABC
USMEHAEeMCA MaK, 4mo e20 CMopoHbl
AB u AC ocmarwomcsa 6oasuie ¢ > 0,
a cmopona BC Heoeparuuernno ybor-
saem, mo yeoa A mpeyzorbHuKa mosce
HeozparuuenHo Yybvieaem.

JlonycTuMm, sl HEKOTOPOH NOANOCJAENOBATEIbHOCTH Tpe-
yronbuukoB ABC yroa A Goabiue ao > 0. Iloctpoum ayu 4,
o6pasyiomuil yroa ao co cropoHoii AC (uept. 16), u TouKy D
na AC, orcrosiyio ot A Ha ¢. Onyctum u3 touek C u D nep-
NEHAHKYJSpbl Ha Jyy h.

CC’ ue enbiie DD’, Tak Kak B NPOTHBHOM CJyuyae yroJ
E uetbipexyronbuuka Cakkepu D’ECC’ Gbin Obl Tynoil, Kak
BHEWIHHA Yyros Tpeyronbiika EDC ¢ Tymbim yraom D.
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Tak xak BC Gonbwe CC’, To BC > DD’. U mbl npuxoium
K nportuBopeunio (BC — 0). YTBepxkieHue JOKasaHo. -

Jlemma 6. Ecau mpeyeoavrnux ABC usmensemcs max, 4mo

Kasxcobul u3 e2o0 yenos ocmaemcs Goabuie e, MO OMHouleHUe

CMOPOH 0CMACMCS 8 NOAONCUMEAbHHIX NPEOLAAX, 3ABUCALYUX OM €.

£ » Ilycte AB — Goabwas, a BC—

MeHbIIasi H3 CTOPOH TPeYyroJbHHKA.

Orpa3uM TpeyrosbHUK 3epKaJbHO B CTO-

4 pone AC (uept. 17). Tlonyuennyio ¢u-

rypy OTpasuMm 3epKajibHO B AD u T. A.

A B 1o Tex nop, moka yron, obpasyembiii

Uepr. 17. KpalHUMH OTpe3KaMH NpH Bepluuue A,

He craHeT Tynoi#. [Tonyuennas ¢urypa

T
COCTOMT M3 HEKOTOPOrO YHCia, He GOJbLIEro —, TPEeyroib-

uukoB, pasubix ABC.
Tax kak EB Gonabiie AB (yron EAB tynoii), a Jomanas,

coemunsiomas E u B, umeer mauHy He GOJbLIYIO -’:—BC, TO

AB/BC < —. YTBepXieHue JI0KasaHo.

Jlemma 7. Ecau npamoyeorsbuuiti mpeyeosviux ABC ¢
npamoim yeaom C u3MeHsemcs mak, 4mo €20 CHOPOHbL 0Cma-
10Mcs 02paHudeHHoIMU, @ ocmpeui yeon A HeoepanuuenHo
Yybwigaem, mo

C
AB—AC .
—sc 0
Tposenem BeicoTy CD u3 npAMoOro g / | 8
yraa C (uept 18). U3 aemmbl 2 ciue- D
Ayer, 4ro yron B crpemutcs K 1;— Yepr. 18.

A Tak Kak cymMma YIJIOB TPEYroJibHHKA
He Gosbwe w, To yroa C TpeyronbHuka BCD ctpemutcs
K nymo. 1 no nemme 4 BD/BC - 0, a BD > AB — AC.

YTBepxKIeHHe JNOKa3aHo.

§ 2. Hekotopbie BcnmoMoratedbHble (hyHKLMH

Ilyers (I, k) — octpbiit yron ¢ BepumnHo# O. BosbMem
Ha sy4ye [ NPOM3BONBHYIO TOUKY A M onmycTHM H3 Hee nep-
nenaukynsip AB (uept. 19). Mbl Gynem paccMatpuBaThb TpPH
QYHKIHH:

s(B) = OB, h(A) = AB u a(A) = LOAB.

70



Jlemma 8. Kaxcdas uz mpex ¢pynxyuit s(B), h(A) u a(A)
nenpepoigrna. DPyuxyuw s(B) u h(A) moHomoHHe, u  6bi-
nykasi*.

ITycte Tenepb a — npou3BosibHAsi NpsAMasi, Ha KOTOPOR
BbIOpaHO Kakoe-HHOyAb Hampaejenue (uept. 20). Ilycts
A — npousBoJibHasi TOYKa Ha TNpsAMOf, a Touka B — BHe
npsiMmoii. Mel  GyzeM paccMaTpuBaTh ele JBe (DYHKLUHH
¥ (A, B)— yroa, xortophiii o6pasyeT oTpe3ok AB ¢ NoJOXHu-
TeJLHBIM HanpaBjieHHeM Ha npsMmoil @, u p(A)—epaccrosi-
Hue oT B u A.

ad < A D' DAPA a
5 !
h
8 5
Yepr. 19. Yepr. 20. Yepr. 21,

Jlemma 9. Dyuxkyus ¥ (A, B) Henpepoisra no oboum apey-
MEHmam, Cmpozo MOHOMOHHA npu ukcuposanHom B u usme-
Haemca 6 npedearax om Hyan 00 m. Dyukyusa p(A) Henpe-
PbIBHQA, BbINYKAQ, UMeem HenpepouleHyto nepsyro npoussod-
Hywo, U sma npoussooxas 3asucum moavko om . Ecau A —
OCHOBAKUE NePneHOUKYAApA, ONYU{EHHO20 HA NPAMYIO A, MO
p’(A)=0. lTpu A - o p’'(A) > +1.

HauneM c¢ JmokasaTtenbctBa Jemmn 9. HenpepniBHOCTB
C/leJye€T M3 HepPaBeHCTBAa TPeyroJibHHKa (Teopema 33).

lp(A)—p(A)| < AA".

JokaxeM HenpepriBHOCTE &. OTJOXKHM OT npsiMORl a
B Touke A yroa 8 (A, B)—e, rie e — MaJsoe NoJIOXKHTENbHOE
ypcsio (uept. 21). Ha cropone h storo yria u ortpeske AB
Bo3bMeM OJiH3KHe K A paBHOOTCTOsIIHE OT NpPSIMOH @ TOYKH
H TIOCTPOUM paBHble NpsIMOyrosbHble TpeyroibHukd C’D’A
n CDA’. Tak kak yron DAC 6Goabwe yrna DA’C, to A —
mexxay D u A’. Tenepb ansi moGoi Touku P otpeska AA’
no TeopeMe O BHEILHEM YIJle TPeyroJbHHKA MoJydaercs

9 (A, B)—e< ¥(P, B)<d(4, B).

* Mul cTaBMM B KauecT3e apryMeHTa TOYKY, NOApasyMeBasi pac-
CTOsiHHe ee OT TouKH O.
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Orciofia HempepeBHOCTb § mNpH (HKCHPOBAHHOM IMOJIOXKe-
uud B cnpaBa ot A. HenpepeiBHoCTb ciieBa oT A ycraHas-
JuBaeTcsl aHajsoruyHo. Jlaneimie 3akJodaeM O HempephiB-.
HOCTH TIO o6ouM aprymentaM A u B c nomombio snemMmbf 5.
Monotonnoets ¥ (A, B) npu ¢ukcupoBanHoM B oueBua-
HEIM 00pasoM cJeiyeT H3 TeOpeMbl O BHENIHEM YTJe Tpe-
yroJjibHHKa. '
Bl

Yepr. 22. YepT. 23.

Joxaxem Tenepb BBINYKJOCTb (yHKUHH p(A). BosteM
Ha 1npsMmoii a paBHooTcrosiiHe OT A Touku A’ H
(uept. 22). Ha mpomosxenun otpeska AB 3a Touky A o7-
JOXXHM oTpe3oK AB’, paBubiii AB. Tak kak B’A’ = p(A"),
BA’ =p(A’), a BB’ = 2p(A), TO 1m0 HepaBeHCTBYy Tpe-

yrOJIbHHKA
20(A)<p(A)+p(A").

A 310 Mocne TOro, Kak HenpepbiBHOCTb (YHKUHH p YCTaHOB-
JieHa, FapaHTHPYeT ee BbINYKJOCTb.

HokaxeM aupgepeHuupyemoctb p. Tak Kak ¢yHKuus p
BbIIIyKJ1asi, TO OHA HMeeT MpAaByI0 H JIeBYI0 HPOH3BOJHBIE.
[ToBTopuM noctpoenune yeprexka 22 (uept. 23). Ilpenen or-
wouwenuss (A’'B 4+ A’'B’ — 2AB) /A’A npu. A’ - A pasen
pasHOCTH mpaBoit M JeBoi npouseoAHoil p B Touke A. Iloka-
JKEM, UTO 3TOT mpefes paseH Hymo. Onyctum u3 A’ nepnen-
nukynsp Ha BB’. Toraa paccMaTpHBaeMoe OTHOLIEHHE MOXHO
NpeiCTaBUTh TaK

BA'—BD |, B’A' — B'D
AA’ + AA’ :

31ech Kaxkaoe U3 cjaraeMblx ipu A’ — A crpemurcs k HYJIO
no jemme 7. Takum oOpa3oM, npaBasi U JieBasi IPOHU3BOAHBIE P
paBubl. OTciofia HempephiBHas AH((depeHLHpyeMOoCTb p.

To, yto mpousBomHast p’ 3aBHCHT TOJbKO OT & — yria,
o6pasyemoro oTpeskoM AB ¢ npsmofi a@,— H HE 3aBHCHT OT
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paccrosiuusi Mexxay A ¥ B, ycTaHaBJIHBaeTcs TOYHO TaK e,
KaK paBeHCTBO IPaBOH M JieBOH NPOH3BOJHOH . C TOH JHUIb
pasuHueii, yto Touka B’ Ha mpojo/ukeHHH oTpe3ka BA Ge-
peTcs MpOHM3BOJIBHO.

Ecin A — ocHOBaHHe NepNeHAWKYJsSpa, ONMYIEHHOro M3
B na npsmyio a, 10 p’(A)=0. Ilpuy A~ o0 p’(4) > +1.
OG6a 3TH yTBEpKJEHHS JIErKO CJEAYIOT H3 JIeMMHl 7.

Yepr. 24. Yept. 25

Hokasameavcmeo neMMbl 8. Bo3bMeM HacToJIbKO OJiH3KHE
ot A touku A’ u A”, uro6ul yraw ¥ (B, A’) u ¥(B, A”) orau-
yanuch He GoJiee, YeM Ha & OT a (A) (uept. 24). D10 rapas-
THpyeTCsl HemnpepblBHOCTbIO (pyHKuuu 3. Ilo Teopeme o BHem-
HeM yTJie TpeyroJbHUKa AJd Jo6oii Toykun X orpeska A’A”
¥(B, A')>a(X)>8(B, A”), UTO U NOKa3LIBAET HEN pephIB-
HOCTb yHKuuH a. OGpaTuMcst Temepb K PYyHKUMAM S H A.
Bosbmem Ha siyue ! aBe Toukn A° u A” Ha pacCTOSIHMH &
or A no pasHble ctoponsl oT A. OnycTHM H3 HHX MepneH-
nukyasipel A'B’ u A’B”. Toraa ans awo6oit Touku X orpes-
Ka B’B” 6ynem umetb |s(B)—s(X)| < e U caenoBatensHo,
S HenpephIBHA.

Hokaxem HenpepbiBHOCTb h. BospMeM Ha nyue [ Tou-
€
2
pousl oT A (4epT. 25). OnycTHM H3 HHX NepPNEHAHKYJISPHI
A’'B" u A"B". BosbmeM Tenepb Ha orpeskax BB’ wu BB’
tToukd C’ u C” Tak, 4ToGbl OHH GbIJIH HA PACCTOSIHMM MeHb-

ki A" u A” Ha pacCTOSHHH - OT TOUKH A NO pasHble CTo-

€
meM 7 oT B, H BOCCTAHOBUM MNEPNEHAUKYJSAPLl B 3THX TOU-

Kax C'D’ u C'D". Tenepp ans Kaxpaoi#i Toukn X oTpe3ka
D'D"|h(A)—h(x)| <e. B camom aene, no cBOHCTBY J0Ma-
HOMl M ee 3aMblKaioweH

XX'<X'B+BA+ AX <BA e
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AHasnoruuso
BA< X'X 1+

Orciopa [h(A) —h (X)| < e, T. e. HenpepHIBHOCTb GyHKUHH A.
OueBuano, uTO QyHKUMS S(B) MOHOTOHHO BO3pacTarouas.

"

A’ l
A l
D
0 | K 0 s
8 & B' 8 8
Yepr. 26. UYepr. 27.

Hokaxem Monotonnoctb h. Bosbmem Touky A’ 3a Tou-
Koit A na nyue ! (uept. 26). YTBepxknmaem, uro A’B’ > AB.
B nporuBhHoM cayuae Ha BA ectb Touka D Takas, yto BD=
= B’A’. 1 B uernipexyronvuuke Cakkepu BDA’B’ Gyner
yron D Tyno#, 4TO HEBO3MOXKHO.

Jlokaxkem BBINYKJIOCTH (pyHKUHH S. Bo3bMeM Ha k paBHO-
orcrosiide OoT B Touku B’ m B” M BOCCTAaHOBHUM mepreH/H-
Kyaspel B’A’ u B"A" (uepr. 27). TloctpouM Touky C Tak,
ytoObl B’A’ = B"C. Tak kak yron ACA”
paBen yray OA’B’, a 3TOT yroa He MeHb-
we AA"C, T0 o CBOHCTBY CTOPOHEI Tpe-
YroJibHHKa, Jiexaileil IPOTHB GOJbLIEro
yraa, AA” > AC = AA’. Orcionpa cie-
ayer, uyto s(A’) 4+ s(A") > 2s(A), uro
H YKasbiBaeT Ha BHINYKJOCTb (PYHKLHH S.

Hoxkaxem BbIyKJIOCTL (YyHKUMH h.

Yepr. 28. BosbmeMm pasuoorcrosimue oT A Touku A’

H A" W ONyCTUM H3 HHX MNephneHfH-

Kyasipsl A’B’ u A"B” (uepr. 28). IlomosHUM Tenepb yepTex
o CHMMeTpuUH OTHOCHTeNbHO ToukH A. Toraa CB Gyner o6-
MM TEpNeHAHKYNpoM ABYX npsimbix. Paccyxnenuem, no-
JOOHBIM TOMYy, Kak IIpH JIOKa3aTeJbCTBE MOHOTOHHOCTH H,
JIErKO 3aKJII0YaeM, YTO OH He JUIHHHee JII060ro Apyroro mnepneH-
JUKYyJsipa, ONYLIEHHOrO M3 TOYKH OAHOH NpsSIMON Ha JApPYTYIO.
Tem Gonee Jomanas B’A’C” ne wenbwe BC. Orciona

h(A') + h(A) > 2k (4),

YTO B CHJIy HENpPEPLIBHOCTH A JaeT BBHIMYKJOCTb. JlemMa jfo-
KasaHa.
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§ 3. Teopema Ilugaropa «B Majom»

CorsacHo JemMe 9, npou3BofHast (yHKUHUS p MpPEACTaB-
JsieT coboil HekoTopylo ¢yHKuHIO ¢ (V) yraa 4. Tak kak
p — BbIyKJIasg (QYHKLHA, TO ee NPOHU3BOAHAS — MOHOTOHHAs
¢yukuusa. A Ttak kak % (A, B) aBaseTcs CTPOro MOHOTOHHOM
¢yHKIHeHd npu ¢(UKCHpPoBaHHOM B, To ¢ () — HenmpepniBHAsS
MOHOTOHHasi GyHKIMA. BbIACHUM BHA 3TOH QYHKIMH.

Jlemma 10. Pynryua ¢ (¥) = +cosd.

Hokazameavcmeo. Bo3bMeM NpPOU3BOJIb- L
Hbiii yroa (I, R), ¢ Bepmunoii O u npous- X
BOJIbHYI0O TOuky B, He coBnagfatomyio ¢ O
(uept. 29). 0 Y k

Vmeem TOXJIecTBO

(eX)=p )+ (¥)—0o(X) +
+ (@ (0)—p(Y)=0. A
Ilpumensss K KaxJol cKoOKe TeopeMy O
cpeiHeM, TNOJYy4HM Uepr. 29.

0Xo () + XY (83) + YO0gp (93) =0,

% * *
rie %, 9, 9; —3Hauenus 9, oTBeualoUle HEKOTOPHIM
ToykaM oTpe3koB OX, XY u OY coorserctBenHo. OTtcrona

0X XY 0X
o7 ¢ @D + 55 - 57 ¢ 82 + 9 (85 =0.

Tak kak ¢yHKUHH S H h BbyKJbe (demMMa 8), TO
Kaxjaoe u3 otHomenuit OX/0OY u XY/OX ctpemutcs K omnpe-
nenenHoMy mnpepeay npu X — 0. B cuny snemmur 6 aTtH npe-
Jesbl OTJHYHbl OT HYJIS.

V3 HempephlBHOCTH ¢ H HeNmpepblBHOCTH GyHKuuH o
caenyer, uwto mph X —>O0¢(3) > (), @ (@) > ¢ (),
¢ (8;') — ¢ (0,), rae ¥, 9,, ¥, — yrinl, o6pa3oBaHHbIE OTPE3KOM
OB c !, k v mepneHJuKyJspOM K R COOTBETCTBEHHO. TaKUM
o6pasoM, B mnpefeje mnpu X — O mnosaydaercsi Cjepyouee
COOTHOLIEHHE:

A (3y) + 1o (3,) + ¢ (¥5) =0,

rae
A =1im % p=]im£~0—x
oy’ oX or-:
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Ecan Mbl oTpesox OB nosepHeM Ha yroJ t, TO NPHAEM
K COOTHOILEHHIO

Ay +1)F ey +7)+ 9@ +1)=0.

Tak kak ¢ynkuus ¢ (3) HenpepblBH2a H MOHOTOHHA, TO
ee MOXKHO pasJioXXuTb B psj Pypoe

¢ (3) = Yo,

[logctraBass 3To pasJoxKeHne B COOTHOILEHHE, MOJYYEHHOEe
Bbllle, INOJYYHM -

C"eim: ()\ein'S, + Peim‘}z + et‘n\‘),) =0.
OTCIOILH B CHJIy NIPOH3BOJIBHOCTH T
)\e[nt). _I_ P.e:'m‘}, + et’n&, =0.
OGosnaunM a, =¥ —d,;, ay=9,—d;. ¥Yron a, ¢ Tou-

HOCTBHIO [0 3HAaKa NpejCTaBjseT co6oi yroJ cmexHeii (/, k),
k12
a o, = + 5. BBoas Bmecto 9y u ¥, a; U a, MoMyUHM

Aeina + pe"’“’ -+ 1= 6,

OTtpensss B 5TOM COOTHOLIEHHH MHHMMYIO YacThb W NOACTABJifis
kg ,
ay = 5, OyleM HMeTb’

Xsinnal—l—psin%’f=0.
Tenepr yTBep:KAaeTCs, 4TO B pasjioKeHHH GYHKUUH ¢ (D)
Bce KO3(hdHUHEeHTH ¢, npHu |k|>1 paBub Hymo. [lokaxewm

. . krm .
3TO CHauaJja AJs 4eTHoX k. Tak kak sin 5 =0, To A sin Ra;=0.

Ho A0, a a; npou3BOJIbHO, H MBI NPHXOAMM K NPOTHBO-
peuHio.

MMyctb Tenepp ¢y +0 u ¢+ 0, npuuem |B' |+ |k |—
o6a. HeuerHnle. Torma Asink’a; + p=0. Asink"a; + p = 0.
Orciopa sink’e, = + sink’a;, 4TO HEBO3MOXHO NpH Mpo-
M3BOJILHOM 0.

Hrak, B pasnoxenuu ¢yHkuuu ¢ (}) moryt OBITb OT-
JIHUHBIMH OT HYJsl TONbKO Cp, Cp M C_j, NPHYEM R HEYETHO.
Ortciofa cJaenyer, 4To

¢(¥) =c + asinkd 4 bcoskd.
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Tak kak ¢yukuus ¢ (%) MoHoToHHa B uHTepBase (0, =),
To kB He MoXKeT ObITb 6OJIbllle EJHHHIBI, a CJEA0BaTEJbHO,
pPaBHO €AMHHIIE.

Tak KaK cp(%+x)=-—cp(%—x), cp(-;i)=0, npu
¥—-0le@®)|—>1, TO

¢ (¥) = *cosd.

JleMma pokasasna.
O6patuMcs Tenepbh K JONPEAEJbHOMY COOTHOIIEHHIO

0Xe (37) + XY (393) + YOp (85) = 0.

BosbmeM Touky B nocratoyso paneko or O, a TpeyrosbHHK
OXY manpim. Torpa snauenuss 4 Ha KaxAOH M3 CTOPOH Tpe-
YTO/NbHHKA M3MEHSIOTCS Majo. LIMEeHHO, MOXHO CUHTaThb,
UTO Ha Kakaoil cropoHe TpeyrosbHHKA |¢ (}')— o (3")|<e,
€cJqu CTOPOHbl TpPEYyroJibHHKa MeHble HEKOTOporo o. 3T0
CJIeAyeT U3 HempepbiBHOCTH (YHKHHH & 1O O6GOMM anTyMeH-
Tam.

[lyctb Tenmepp Touka B JieXXMT Ha MNPOJOJIXKEHHH Ka-
teta XY. Torna ¢ (83) = —1, |¢ (93) [<e, |9 (3})| —cosa| < e,
Tle a — yroJ TPeyroJbHHKA, MNpOTHBOJexKalui Kartery OY.
Takum o6pa3oM, Mbl NPHXOAMM K CJIEAYIOUIEMY COOTHO-
LIEHHIO:

0OXcosa—OY 4+ ¢'0X =0,

rjae ¢’ — CKoJb YrOJHO MaJjio, €CJIU Majbl CTOPOHBI TPEYTroJib-
HHKA.

Ananornuno, Gepsi TOukKy B HAa NPONOJIKEHHH JAPYroro
KaTeTa, MOJYYHM COOTHOILLEHHe

OXsina— XY 4-¢'0X =0.

W3 3THX ABYX COOTHOIUEHHH MOJydaeTcs Cjefyioulas Teo-
pema.

Teopema 50. B KaxcOom NpAMOYy20rbHOM MPEY20AbHUKE C
npamoim yeaom C

AC? + BC? = AB? + ¢AB?,

npudem € CMpPeMumcsa K HYaMo emecme ¢ 2unomenysoli mpe-
YeONbHUKA.
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§ 4. JluHedHbIA 37€MEHT MJOCKOCTH

BBeleM Ha MJIOCKOCTH MOJNSDHBIE KOOPAMHATH 4, U CJe-
nyomum obpasom. M3 mpoussosnbnoit Touku O Hauana Koop-
JIHHAT NPOBENEM JIyd A M COMOCTaBHM KaxJoi Touke A mJjoc-
KOCTH JiBa YHCJa U — paccTosinde Toyku A ot Toukn O H
v — yroa, KoTophlii o6pasyer moaynpsimag OA ¢ h B 3anaH-
HOM HanpaejeHuH. Bbipa3nM paccrosinMe Mexay AByMs
6H3KAMH ToukamH (4, v) U (u + Au, v +Av) B cBasuc
3THM pPacCMOTPHM HEKOTOpble CBOHCTBA OKPYXKHOCTH. ‘

JnMHON OKPYXXHOCTH HasbiBaeTCsi Npelen AIHH, BIHCaH-
HBIX B Hee JIOMAHbIX MPH YCJOBHH, YTO 3BE€Hbs] JIOMaHLIX He-
orpaHHyeHHo yObiBaloT. Mbl He OyleM INOBTOPATb XOpOLIO
M3BECTHBIX PACCYXKIEHHH, YCTaHABJIHBAIOIHX CYLIECTBOBaHHE
IJHHbI OKPYXHOCTH B 3TOM CMBICTIE. '

Jlemma 11. Jauna Oyau oKpyscHOCMU SKBUBANEHMHA CMA-
eusaroweti ee xopOe. [lAuna oKpyscHOCMU — 6bINYKAAR (YHK-
yus paduyca. ‘

Jlokasamenvcmso. BosbmeM aBe 6auskue ToukM A H
B na okpyxuoctd (uepr. 30). Korma Touka B— A

/. COB -0, cneposarensto, / ABO — -’21 u /CBD-0.

_
[To smemme 7 BD/CB -1, a AB < AB < AC 4 CB. Orcona
S5KBHBAJICHTHOCTb AYTH OKPYIKHOCTH CTSTHBaiolell ee Xopze.

JlokaeM BBINYKJOCTb AJHHBEI OKPY K-
HOCTH Kak (yHKUHH paguyca. BosbMmem
TPH KOHLEHTPHUYHbIE OKPYMKHOCTH R, &,
H k), c paguycaMH p,, p, U Ap, + (1 —
— M) py (0 < A < 1). IpoBenem us nentpa O
OKDYXKHOCTe#l n Jiyuell O paBHLIMH yrJia-
MH H BIHIIEM B KaXIyl0 OKPYMKHOCTb
NPaBHJIbHLIH N-YTONbHHK C BEpPIUMHAMH Ha

Yepr. 30. aTHX Jyuyax. OGosnauum a,, @, U G AJH-

Hbl CTOPOH MHOTOYTOJIbHUKOB.

B cuny cBofictBa BuimykJoctH ¢yskuuu h  (nemma 8)
CTOPOHbl @;, @, H @) MHOTOYTOJIbHHKOB CBSI3aHbl HepaBeH-
CTBOM

/)

a < A, + (1 —N)a,.

YMHOKas 3TO HepaBEHCTBO Ha N W Mepexoisl K Mpeneny NpH
n — oo, NOJYYHM COOTBETCTBYIOLLEE HEPABEHCTBO MEXAY JAJIH-
HaMM OKpYKHOCTeH

L(Apy 4 (1 — M) pg) < M(py) + (1 — X)L (py).
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A 570 u yxaseiBaeT Ha BHIMYKJOCTb ! (p) AJIMHBI OKPYKHOCTH
Kak ¢(yHKIHH pajaMyca.

OGo3Hauum I/G(u) JJIMHYy JAYrH OKDYXHOCTH, OTBe-
qaiomell UeHTpPaJbHOMY yrJy B OAHH paiuaH. Toraa yray Av
GyzeT cooTBeTcTBOBaTh Ayra Av )/ G (), a AnuHa Beeil OKPY K-
Hoctd 2n V G (u).

Uro6el HaliTH paccTosiHMe MeXAy Toukamu A (u, v),
B(u + Au, v+ Av), coefMHHM 3TH TOYKH C HayaJioM KO-
opanHar O u omycTuM H3 ToukH A
neprnenpukyasip AC ma OB (wepr. 31).
[lo Teopeme 50 AB?= BC?+ AC?+
4 AB2%; wuju, UYTO TO Ke Camoe,
AB? = BC? 4- AC? + ¢,BC?*+ ¢,AC?. 1pu-
HUMas BO BHHMMaHHe, uto ayra AC’
skBuBasieHTHa orpe3ky AC, a oTpe3ok
CC’ man B cpaBHennu ¢ AC, MoxeM 3a- Yepr. 31.
nucatb AB2 = AC’? + C'B%*4-¢’ AC"? 4
4-¢"C’B2?. Otciona nas paccTosinusi As Mexay OJH3KHMH
Toukamu (u, v), (¢ 4 Au, v+ Av) noaydaercs cJjaeayromas
¢dopmysa:

As? = Au? + GAv? 4 e (Au? + Av?),
npuyeM e — 0, xoraa Au, Av—0.
3aMeTuM, 4YTO, KaK 3TO CJelyeT H3 BHIBOAA, NPH MaJbixX
Au, Ay B KOHEYHOH 4YacTH IIJIOCKOCTH € pPaBHOMEPHO MaJio.
KBagparuunyio ¢opmy
ds? = du®? + Gdv*

Mbl. 6ylleM HasblBaTb JIMHEHHBIM 3/€MEHTOM IJIOCKOCTH.

Ecany anuHy KpHBOH ompeiesuTb Kak npenen JJHH Jio-
MaHbiX, BNUCAHHBIX B 3Ty KPHBYIO, NIPH YCJIOBHH, YTO 3BEHbA
JIOMaHb)X HEOrpaHW4YeHHO YOLIBAIOT, TO I/ JJHHbI KPHBOH
u = u(t), v= v(t) nonydaercsa H3BecTHasi H3 MH(pdepenun-
anbHOP? reomeTpHH (opMyJa

s = YI/u" + Gu’%dt.

Coctasum nuddepenunanbHoe ypaBHeHHe TNpsAMOH. Mbl
8HaeM  aTO TNPOH3BONHAA OT u N0 Ayre MpPsMOH paBHA Ko-
CHHYCV yraa, o6pa3yemMore JydoM, HCXOASAIIMM M3 Hauaja
KOOpAMHAT B TOUKe NepeceyeHus ¢ MNpsaMOi
du 1

COSd = —0—4— = ——
Vdur* +Gdvd V1 + Gou's
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Orciona cnepyer, uTo B KOOpIMHATax #, v NpsAMas JIHHHA
fBsieTcss ryafkoil (v’ — HenpepbiBHAsE (PYHKUHSA).

Tak kak npsiMble — KpaTyafluMe JHHHH, TO OHH sBJd-
I0TCS 9KCTpeMasIsiMu (pyHKLHOHANA

1= (VT Gvdu.

[MoaeiHTerpanbHas (GyHKIMS HEe 3aBHCHT OT U, TO3TOMY
IKCTPeMasii 3aJaloTcsi ypaBHEHHEM

Gv’
V1+Go
310 M ecTh JuddepenHatbHOe ypaBHe-
HHE, KOTOpOMY YIOBJIETBODSIIOT TpPsMble

aunuu. C nomoubio GopMyssl s cos &
€ro MOXHO NpeoOpa3oBaTh K BHAY

= const.

sin® v G = const.

Yepr. 32.

Io cux nop Mel o dynkuua VG
3HaeM TOJIbKO, YTO OHA MOJIOXKHTEJbHA,
BBIYKJA, a cjaeloBaTesbHO, HenpepbiBHA. Ceiiuac Mbl NOJ-
BEprHeM ee JajbHeHIleMy HCC/eJOBaHHIO.

Bo3bmem Ha Jyue v =const gBe" Touku A(u, v) H
B (u + Au, v) unocTpouM paBHOGeAPeHHbIH TpeyronbHuK ABC
c yrjaamu npu ocHoBanuu e (ueptT. 32). Ilyete o — yroa,
CMeXHbIl yray TtpeyronbHika npu Bepunne C. Paccmort-
pum npefen w/e npu e — 0. YpasHeHus npsmbix CB u CA
COOTBETCTBEHHO

sind V' G = VG (A) sin(—e),
sin® VG =4 G(B)sine.

M3 3THX ypaBHeHHil HeMeJJIeHHO MOJyYaeTcs, 4TO

lim£=l/(_;—(ﬁ, lim % = VG (B)

e+0 € VG\(_Z) 0 & VG(C‘)’

rie C —cpepuna mexay A u B. Orciona

VEW +Va® _,

lim= = T2
¢ V6@



3aMeTuM, 4TO A 3aBHCHT. TOJIbKO OT PACCTOSIHHS MEXLy TOY-
kama A u B, T. e. ToabKO OT 2h.

Monoxum anss kpatkoctn V' G(u) = g(u). Torma g(u)
YIOB/IETBOPSET KOHEUHO-Pa3HOCTHOMY YpPaBHEHHIO

g(u—+2h) —Ag(u+h)4g(u)=0. ™

Tak kak ¢yHKUHMA g BeIyKJas, TO

gu—+2h)+g(u)>2g(u+h)

H, cJefoBaTeJbHO, A > 2.
M3 TeopHH KOHeYHBIX~Pa3HOCTeil H3BECTHO, UTO Hempe-

pbiBHAs (GYHKUHA g, YAOBJeTBOpAIOmas ypaBHeHHIO (*),
HMeeT BHJ

g=cu-+c,y, ecau A =2,
g = C1e* +- c,e™%, ecau A > 2.

Tak kak npu #—0 g(u)—0, To B nepBoM cJayuae
g=cu, a BO BTOPOM g = C (€% — e—°4). BrisicHuM, yemy
paBHBl TNOCTOSIHHBIE ¢ B 3THX (opMyJax.

Bosbmem wMasiblii  npsmoyrosibHelii  TpeyroabHuk AOB
C MajbiM ocTpeiM yraoM- Av B BepuwnHe O (uept. 33).
Hmeem .

AB ~gAv, OA=u. Ho AB~ OAsinAv

(cM. mpeawigymuit naparpad). Ortciona A
gAv = usinAv. 8
CnegoBaTe/IbHO, NpH MalblX U g=u.
ITostomy B mnepBoM cayuae c=1, a Bo 0
BTOPOM € = 5-. Yepr. 33.
(o]

Takum™ 00pa3oM, Mbl NPUXOAMM K CJIEAYIOLIEH TeopeMe.
Teopema 51. Jlunedinoui sremenm naockocmu umeem o0ty
us caedyrowux gopm, aubo

2
dst — du? + w*dv?, mu6o ds® = du® + (SL‘“) do®,

g

3amerdM, uTO mepBas ¢opMa JHHEHHOrO 3JEMeHTa Mo-
Jydaercsi H3 BTOpOHl B mpejene, Korga ¢ — 0.
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§ 5. INMoanora cucrembl akcuom reomerpuu JloGaueBckoro.
Hzomopdu3M Bcex ee peanusauuii

Tenepb, koraa Haiilen Kospduuuent G auHefHOrO 3J€-
MeHTa IJIOCKOCTH, MOXHO TMOJYYHTb YDaBHEHHE MNpSMbIX B
KoHeyHOM BHufe. J[uddepenunanbHoe ypaBHEHHE MPSMBIX,
KakK N0Ka3aHO B NpefbliylleM naparpage, HMeeT BHA

Gv’
VIi+aGoz
Brosb NpsAMbIX, HEe NPOXOASIIMX Yepe3 Havaso KOOpIH-
HAaT, MOXXHO paCCMaTpHBATb U Kak Q)yHKllHlO 0. ,H,Jlﬂ TAKHX

npsAMbIX JuddepeHINaNbHOe YpaBHEHHE MOXHO 3anucaTb
B BHJE

= const.

2
uc—a -+ —é— = const.

Tenepr BBeneM HOBYIO HeH3BeCTHYI0 (YHKUMIO A, Io-
h2 ou
= cthou.

1
aaras npu G = u? A=—, a npu G=
Toraa mosyuuwm cjeayioniee ypaBHeHue s l
A2 4 A* = const.
ﬂ,nqxpepeﬂunpyﬂ 3TO ypaBHeHue, noayunum A’ (A" 4 A) =
Tak KaK u’, a cJjefoBaTe/ibHO, A’, ofpaliaercs B HY /b 'ro.ano
B OAHOI TOuke, TO A" 4 A = 0. 06u1ee pellleHHe 3TOro ypas-
HEHHsl, KaK H3BECTHO, A = ¢,COSU -+ ¢, sinv. Takum o6pasom,

Mbl 110Jly4aeM YypaBHEHHE BCEX MNpPAMBIX, He NpPOXOASIIHX
yepe3 Haya/Jl0 KOOpAHHAT, B cjayuyae G = u*:

1 = c,ucosv -+ cousin v,

[TpaMble, mpoxoisiiHe yepe3 Hayaso KOOPAHHAT, 3aAaOTCH
ypaBHeHHeM v = const. Ortcioza cJjiefyer, 4TO BCe NpsIMbie
Ha TJIOCKOCTH B cJayuyae G = u? 3ajaioTcsi ypaBHeHHeM

€U COSU + cpu sinv + ¢ = 0.
BykBanbHO TaKk e MHTErpHpyeTcs ypaBHeHHe B cJiyuae
1 2
G= —sh®’ou u ofwee ypaBHeHHe TNpsMBIX MOJyuaeTcs

B BHJE
c;thoucosv 4+ cythousinv + ¢ = 0.

BBenem Temepb BMeCTO #, U KOOpPAMHATHI X H Y, . MO-
Jaras B IepBOM CJyyYae X =ucosv, Yy =usinv, a BoO
BropoM x = thoucosv, y=thousinv. B nepsom cayuae x

82



M Yy MOryT TNDHHMMATh Jio6bie 3HauYeHHs, BO BTOPOM e
cJayuae, TaK Kak | Q]cul <l

x2+y?=th?ou < 1.

B ob6oux cayyasx npsMble 3ajaloTcsl JHHEHHBIM YypaBe
HeHHeM ¢;x + cy + ¢3 = 0.

OueBujHO, B MEpPBOM cJyyae BbINOJNHSIETCS aKCHOMAa ma-
pajiesbHOCTH JBKJIHAA, a BO BTOPOM — aKCHOMa  mapa-
nenbHOCTH Jlo6GaueBckoro.

Kak Bblpaxkaercs B KOOpJAMHATaX YCJOBHE CJIefOBaHMUs
TOYEK HA NPSIMOA B TOM MJIH JPYrOM HanpaB/eHHH?

B cnyyae nonsipHbiX KOOpPAHHAT 4, U AJs NpPSMOH, He
npoxoisiiei yepes Havyano O, cjiefloBaHHE TOYEK B TOM HJIH
JPYroM HanpaBJeHHH BbIPAXKaeTcsi, OYEBHAHO, B MOHOTOH-
HOCTH v, a AJiA NpsiMOil, mpoxojsueil yepe3 Hayajao KOOpHIH-
HAT, B MOHOTOHHOCTH 4. EciM NpHHATL BO BHHMAaHHE CBS3b
MeXLy U,V H X,Y, TO MOXKHO NOKa3aTb, YTO B KOOpJAHHAaTaXx
Xyy CJEJOBaHHE TOYEK B TOM HJIH JDYrOM HaMNpaBJi€HHH Bbl-
paxaeTcsi B MOHOTOHHOCTH X H Y, NOJOOHO TOMY Kak B JieKap-
TOBOH peajiu3alui. .

Kakne npeoGpasoBanusi KOOpAMHAT X,y 3aJalOT JABHXKe-
HHS B nutockoctH Jlo6aueBckoro?

Ecnin  conoctaBuTh TOuke miockocTH JloGaueBcKoro ¢
KOODJMHATaMH X,y TOUKY 3BKJHIOBOHl IJIOCKOCTH C TEMH e
JEeKapTOBLIMH KOOPAMHATaMH, TO peyb HAeT O npeoGpaso-
BaHHAX Kpyra x? -+ y? < 1 B ceGst, NpU KOTOPBIX TNpsiMbie
nepexoiaT B npsimble. MaBecTHo, YTO Bce TakHe npeoOpaso-
BaHHMs SAIBJSIOTCA NpoeKTHBHBIMH. Ho Bcsikoe Ju Takoe mnpe-
o6pa3oBaHHe SIBJISIETCS] ABHIKEHHEM?

ITycte S — Kakoe-HHOYIb NpPOEKTHBHOE NpeobpasoBanie,
nepepofsiniee Kpyr x? + y? < 1 B ce6si. OHO mepeBOAHT ToY=
Ky (0,0) B HexoTOpYyIO TOUKY A, mosynpsiMyro x > 0y = 0 —
B NOJYNPSIMYI0O @ H MNONYMJIOCKOCTb Yy > 0 — B HEKOTQpYIo
nonynjockocts a. ITo akcuome III, cymectByer aBuxkenue,
T. €. NPOEKTHBHOE npeoOpasoBaHHe, oOJajaloliee YKasaH-
HBIMH CBOHCTBaMH S. A KaK NOKa3aHO NPH NOCTPOEHHH pea-
ausauud K B § 5 ron. 111, S enuncreenno. Orciona caenyer,
yT0 S — JBHXKEHHe.

Tax Kak npu BBEJEHHH KOOPAMHAT X,y Mbl He KOHKpPETH-
'S8HPOBANIH peajiM3aluio reoMeTpud JloGayeBCKOro, TO BhilLie-
H3JIO)KEHHOE TMI03BOJISIET 3aKJIOYHTb, YTO KaXJas peanusa-
uHsi reomerpuu Jlo6aueBckoro HsomopdHa ee K peanusa-
uuH. OTa peannsauus Gbwia ykasana ®. Kmeilinom. Tak' kak
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ABe peasu3aluH, H30MOp(HbIe TpeTbelf, H30OMOPGHBI APYr
Ipyry, TO Mbl JIOKa3ajH, TaKuM 06pPasoM, CJIELYIOULylo Teo-
pemy.

Teopema 52. Bce peaiusayuu cucmemsr akcuom nAockod
eeomempuu  Jlobauesckoeo  usomoppue. H - caedosamensro,
cucmema axcuom ceomempuu Jlobawesckozo noaxa.

§ 6. Baxkneiimine uHTepnperauud reometpuu JloGauesckoro

Yacro peanusauuio cHcteMsl akcuoM reomerpuu JloGa-
YeBCKOrO Ha3blBAlOT TaKKe HHTephperanueii reomerpuu Jlo-
6aueBckoro. C OJHOH W3 HHTEpNpPETAUHHd Mbl [O3HAKOMH-
auce B § 5 ra. IIl. Oro mutepnperauua Kaefina. Cefiyac
Mbl PACCMOTPHM eille ABe HHTepnperauud. OgHa U3 HUX NpH-
Hagnexur DBenabtpamu, a gpyras — Ilyankape.

Kak wu3BecTHO, Ha noBepXHOCTH F NOCTOAHHOH OTpuIa-
TeJbHOH rayccoBoli KpHBH3HbI K MOXHO BBECTH TaKyiO Ko-
OpAHHATHYIO CeTb X, U, YTO JIHHEHHBbIH 3JeMeHT ee Oyler
HMETb BHJ,

—_—\ 2
shV=Ku
d52 = du2+ (—:K—') dvz.
V —K
B ToYHOCTH TakoH e JIHHEHHBIH 3JEeMEHT HMeeT H IIo-
ckocTb JloGaueBckoro mnpu o2 = —K. ComocTaBUM TOUKe

nyockocTd JloGaueBCKOro ¢ KOOpAMHATAMH 4, U TOYKY IO-
BepxHOCTH F ¢ TemH ke KoopauHataMH. Tak Kak mpsiMble
SIBJIAIOTCA KpaTYaflIUMH JIMHHSMH, TO HM HA MOBEPXHOCTH
F B cua1y H30METPHH YCTaHOBJIEHHOTO COOTBETCTBHSI OYRYT
COOTBETCTBOBaThb reofiesnueckue. Tak Kak ABHXKEHHA cCoxpa-
HSIOT JJIHHBI OTPe3KOB, TO Ha IOBEPXHOCTH F UM cCOOTBeT-
CTBYIOT H30MeTpHYECKHe OTOOpaXKeHHst, NpPHUYEeM KaxJaoe H30-
MEeTpHYeCKoe OTOOparkeHHe COOTBETCTBYeT HEKOTOPOMY JBH-
KEHHIO.

Tak Mbl MOJy4YaeM HHTEPIPETALHIO TJIOCKOH TeoMeTpUH
Jlo6aueBckoro.” dra uHTeprnperauus Obl1a ykazaHa besbr-
pamu. HezmocratkoM ee fIBJfieTCs TO, YTO B 3BKJHIOBOM IIpO-
CTPAHCTBe He CYLIeCTBYeT 1IOJIHOH MOBEpP XHOCTH MOCTOSIHHOH
OTpULIATEJBHOH KPHBH3HbI, He HMerolell oOtobeHHOCTell Ha
KOHEUHOM pacCTosiHHH. Takum o6pasoM, B 3TOH HHTepmpe-
TaUUH MOXHO MPeACTaBHTb TeOMeTPHI0 He BCed MJIOCKOCTH
JloGayeBCKOro, a TOJNbKO €e YacCTH.

[MpeumyuiecTBOM JaHHOH HHTepHpeTauud TMepex Apyrd-
MH $IBJII€TCSl ‘TO, YTO H3MEpEHHsI OTPE3KOB H YIJIOB B Hel

84



6JiMKe HALUMM HarAsHBIM NPEACTABJEHHSIM, 9e€M B JPYTHX
MHTeprnpeTauuax. 3JeCb pacCTOsiHHE MexX]y TOYKaMH — 3TO
JAJMHA OTpe3Ka Treoje3HYecKoH, COEIHHAIOUIEH 3STH TOUKH,
a yroJ MexJ1y NpsIMbIMH €CTb He YTO HHOE, KaK YIroJ Mexiy
reoJle3H4eCKUMH B CMbIC/Ie  JH(p(depeHUHasbHOH TeOMETPHH.
IlepBoe oueBunaHO, a BTOpOE CJIE/yeT H3 e,llHHCTBeHHOCTH yraa,
ycTaHaeauBaeMoil Teopemoii 39.

Hnrepnperaunsi Ilyankape nosyuyaercs H3 uHTepnpeTa-
uun Kneiina caenyromum obpasom. Kpyr x* + y? < | nopo-
ekTHpyeTcst Ha nonyctepy x2 4 y* + 22 =12 > 0, a noay-
cpepa — u3 nosoca (1,0,0) Ha naockocTb yz (cTepeorpacu-
yeckas npoekunus). B nepBoM npoekTHpoBaHMH XOpIbl Kpyra
nepeiilyT B MOJYOKPY’KHOCTH Ha cdepe, NepHeHAHKy.Jasp-
Hole 3kBatopy z = 0. A npuH BTOpPOM NPOEKTHPOBaHHH 3TH
NOJYOKPYXHOCTH NepeiiflyT B MNOJYOKPYKHOCTH HJH 0OJY-
npsiMble NOJYNJIOCKOCTH Y2 2z > 0, nepnenAuKyJsipHblE OCH Y
(npu  cTepeorpauuecKoM NPOEKTHPOBAHHH YFJbl COXpaHsi-
IOTCSl H OKPYKHOCTH NEPEXOAAT B OKPYXKHOCTH HJIH NpsiMble).

Takum ob6pasom, B uurtepnpetanun [lyankape npsmbie
Jlo6aueBckoro H300paXkaloTCsl MNOJYOKPYMHOCTSAMH H MOJy-
NPSMBbIMH  NOJYIJIOCKOCTH Y2z 2z > 0, neprneHAuKyJsipHbIMH
ocH y. BmxenusM B maockocTH JIoGayeBCKOro COOTBETCT-
ByloT npeobpasoBanusi nosynjockoctu z > 0, B ceGs nepe-
BOAsIIIE TOJYOKPYXKHOCTH H MOJYNpsiMble, NEepNeHAnKYJasp-
Hble OCH Yy, B MOJYOKPYXKHOCTH H mnoaynpsimple. Bbiscuum,
4TO NpPeACTaBAAIOT COO0H 3TH npecOpasoBaHHUS.

OueBHAHO, npeoGpa3oBaHHs  HHBEPCHH  OTHOCHTEJIbHO
UeHTPOB HAa OCH Yy, npeoGpasoBaHHsi MOAOOHS OTHOCHTEJbHO
TOYeK 3TOil OCH, 3epKajibHble OTPaXKeHHS! B NPSIMbIX, HepreH-
AHKYJSAPHBIX OCH Yy, W CABUTH BAOJb OCH Y SIBISIOTCA mpe-
06pa3oBaHUAMH, MEPEBOAAILIHMH  MNOJiyNpsMble W  NOJYOK-
PYKHOCTH, NepneHAHKYAspHblE OCH Y, CHOBA B TMOJYIpsIMbe
HJH TOJYOKPYXXHOCTH, NepneHAHKyssipHble ocH y. Kaxnoe
Takoe npeo6pasoBaHHe W HX KOMOGHHAllW COOTBETCTBYIOT He-
KOTODOMY [BHXKEHHIO B TMNJOCKOCTH JloOaueBcKOro, Tak Kak
€My COOTBETCTBYeT KOJJMHealuusi B HMHTepnperauun Kaeiina.
Ho Bcsikoe nin ABH>KeHHe NOJYyYaeTCss OAHHM M3 YKa3aHHbIX ClO-
co6oB? JIna Toro 4tobbl OTBETHTL HA 3TOT BOMPOC YTBEpAH-
TeJbHO, HaJO MOKa3aTb, YTO 3THX NpeoGpa3oBaHMii AOCTATOY-
HO, YTOObl YJIOBJNETBOPHTb TPeOOBaHMIO CYIIECTBOBAHHSI [BH-
JKeHHus, colepxkailerocss B akcuome JII,.

[Tycte A, B — nBe TOukH, @ U b — nonynpsiMble u a, B —
NOJYNJIOCKOCTH, O KOTOpbIX HJeT peub B akcuome -II1,. Ha-
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IO yKasaTb JiBHXKeHHe, KoTopoe nepepogutr A B B, a B b o
a B B. IlokaxeM, uyTO yKasaHHbIX NpeoOpasoBaHHi JOCTa-
TOYHO, 4TOOBI 3TO OCYHIeCTBHTb B HHTepmperauuu Ilyanka-
pe. Ecin a — yacTe MONYyOKPYXKHOCTH, a HE MOJNYNpPSAMOM,
TO Mbl NOJIBEPTaeM ee HHBEPCHH OTHOCHTEJbHO OAHOrO H3 KOH-
LIOB TOJYOKDYXKHOCTH H TaKuM oOpasoM IepeBOAMM B MOJY-
npsMyto, nepneHaukyaspuyio ocu y*. To xe jenaem u c b.
Temepb CABHrOM H 3epKajbHBIM OTpaXKeHHEM COBMellaeM
nonymnockoctd a u B. M HakoHen, mopoGHeM OTHOCHTEJNBHO
KOHLA MOJYNpsIMOii, Ha KOTOpOii JiexaT a u b, -coBmeliaeM
A u B. CremoBatenbHO, YKasaHHbBIMH  Bbllle __ApeoGpa-
30BaHHAMH M HX KOMOHMHAUHSMH  HCUEPHLIBAIOTCA  BCe
IBHXKeHHA ITockocTd JloGaueBckoro B mutepnperauuu Ilyau-
Kape.

3aMeTHM, YTO BCe MNepeyHC/eHHble NpeoOpa3oBaHHs: HH-
BEPCHH, CJBHI'H, 3epKaJibHble OTPa)KeHHs1 H MNOJOOUA CYThb
KoHpopMHble npeobGpasoBanus. Orcioja cleiyer ¢ IOMO-
IIbI0 YTBEpPXKAEHUS] €IAHHCTBEHHOCTH MJIsi Mephl yIja (Teo-
pema 39), uto B uurepnperauuu Ilyankape Mepa yraia.B
CMbIcjie reoMeTpuH JIoGaueBCKOrO COBMAJaeT ¢ Mepoil ero
B 3BKJHIOBOH IE€OMETpHH.

[Mokaxem, uto B mHTepnperanuu Ilyankape OKpyXKHOCTH
Jlo6aueBCKOro H300pa)KaloTcsl 3BKJHAOBBIMH  OKPYXHOCTS-
Mu. [lefCTBUTENILHO, OKPYXKHOCTb OTJIHYaeTcs  TeM, 4YTO
OHa MepeceKaeT INOJ MNpPSMbIM YIJIOM BCe MpsiMble, NPOXOJsi-
mue yepe3 ee leHTp. Tak Kak myuyky npsimbix JloGaueBCKOro
COOTBETCTBYeT B HHTeprnperauud I[lyankape nydok OKpyX-
HocTefl, a OpPTOrOHA/IbHblE TPAEKTOPHH NYYKA OKPYXKHO-
CTefl, KaK H3BECTHO, OKPYKHOCTH, TO Mbl H 3aKJIOYaeM, UYTO
okpyxHocTsM JloGaueBckoro Ha mnosymiaockoctH Ilyankape
COOTBETCTBYIOT OKPYKHOCTH DBKJIHJA.

W3 wunrtepnperaund Ilyankape Ha NONYIIOCKOCTH MOXK-
HO MOJYYHTh HOBYIO HHTEpIpeTalnio, MOJBEprHyB 3Ty IO-
JYIJIOCKOCTh TNpeo6pa3soBaHHIO HHBEPCHH OTHOCHTEJNBHO Ka-
KOA-HHOYAb TOYKH JONOJNHHTENBHOH mnosymiockocTd. [lpu
3TOM TNOJIYIIOCKOCTh INepeiiJleT B HeKoTopbit Kpyr x. [lps-
MbIM . JloGayeBCKOro B 3TOH HHTEpPIpeTaluH COOTBETCTBYIOT
OKPYXHOCTH H TMpSiIMble, NepNeHJUKYJsPHblE OKDPYMHOCTH
Kpyra %. JIBUXKEHHSI OCYILECTBJISIIOTCS WHBEPCHSIMH OTHOCH-
TEJNILHO OKPYXKHOCTeH, NeprneHAUKYJSPHBIX OKPYXHOCTH *,

* Ilpn MHBEPCHH OKDYMHOCTH OTHOCHTE/]bHO OAHOH H3 ee TOueK 3Ta
OKPYKHOCTb MEPEXOAHT B NpPAMY!IO,
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3epKajibHbIMH OTPQXKEHHSIMH B JAHAaMeTpax 3TOH OKpPYIKHO-
CTH M BpaUleHHSIMU OTHOCHTEJNbHO Kpyra. B 3Toil unrepmpe-
TAllMH TaK Xe Mepa yrjia B CMbiC/ie FeOMETPHH JloGauesckoro
COBMajfiaeT C 3BKJIHAOBOIl Mepoil yraa.

OnucaHHYI0O HHTEPNpPETALHI0O MOXHO Obuo Obl MOJYYHTb
U HeNoCpeACTBeHHO U3 uHTepnperauud Kneiina, Geps crepeo-
rpaduyeckyio mpoekuuro He u3 noJgioca (1,0,0), a u3 nosroca
(0,0 — 1) ma nsockoctp xy. Otcioga cieayer, Yyto B WHTep-
nperauuud KueitHa B LeHTpe Kpyra Mepa yrjia B 3BKJHAOBOH
reoMeTpuu u reomerpun Jlo6ayeBCKOro coBMAjaeT.

Tenepp ewe HeckoNbKO C€10OB 06 H3MEpeHHH OTPE3KOB
n yraoB B uuTepnperauuu Kaefina. Ilycte A uw B — nge
TOUKH- MIOCKOCTH JloGaueBckoro B wuHTepnperauud Kiefina,
C u D — KoHUBl XOpAbl, Ha KOTOPOH JEXHT oTpe3ok AB.
Jlerko BHAETb, YTO (YHKUHSI AJsI OTPE3KOB, oOmpejesseMas

Qopmy o
w(AB) = k[In(ABCD)|,

rie (ABCD) o6o3HaueHO aHTrapMOHHYECKOEe OTHOLUEHHe TO-
yek, oO/iaJiaeT CBOACTBAMH Mephl MJISi OTPE3KOB, Iepeyuc-
JeHHbIMH B Teopeme 38. B camoM jene p — MOJIOXKHTENbHA.
OHa HHBapHAHTHA OTHOCHTEJBHO JBHXEHHH, TaK KaK HH-
BapHaHTHO AHTAPMOHHYECKOE OTHOUIEHHE OTHOCHTEJBHO MpO-
eKTHBHBIX MpeoOpasoBanuil. Y HakoHel, oHa  ajNHTHBHA,
Tak Kak ecid Touka X Mexay A u B, 1o (ABCD) =
= (AXCD) (XBCD). B cuny yTBepkKIAeHHSI €JHHCTBEHHOCTH
yNOMSIHYTOH TeopeMbl H moJy4daercsi, uro p(AB) ectb Mepa
JJTHHBL. '

Ananoruuno ¢yHKuusl, ompefensieMas Ans YraoB ¢op-
MYJI0H

3 (h, k) = k|In(hkaB)|,

rae h, k — CTOPOHBI yIJIa, a a U B — kacaresbHbE K OKPYX-
voctd x? + y? = 1, npoBeleHHble H3 BepIIMHbI YIJa, €CThb
mMepa LIS YIJeB. Ilnﬂ TOro 4toGbl MPSIMOMY YIJy COOTBET-

CTBOBAJIO 3HAYeHHe Haja0 B34Tb k=

T
2 2

B 3akJioueHne 3aMeTHM, YTO CYILECTBYIOT HHTEpPNpeTalHH
Kneiina u [Ilyankape ansi npocTpaHCTBEHHOH TreOMeTpHH
Jlo6ayeBckoro. ‘B uHrepnperaunn Kielina Toukm JloGaues-
CKOro W306paxaiorcd Toukamu wapa x% 4+ y? + 22 < 1, npa-
Mble — OTPe3KaMH 3BKJHJOBBIX MPSMbIX BHYTpH Iapa, a
MJIOCKOCTH — KYCKaMH 3BKJIHAOBBIX IIJIOCKOCTEH, COAepiKa-
wHXc BHYTpH wapa. [lopaaok Touek B CMbIC/IE reOMeTpHH
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Jlo6aueBCKOro coBmajaeT ¢ NOPSIAKOM HX B 3BKJHAOBOM
cMbiciie. JIBHXKeHHs1 NPeACTaBAsiOT cOOOH NpPOEeKTHBHBIE Mpe-
o6pa3oBaHHs, COXpaHsIOUIHe OrpaHHYHBalOMYy0 wWwap chepy
x? 4+ y?* + 22 = 1, Kak uenoe.

§ 7. Hekortopbie ¢axThi reometpun JloGaueBckoro

Tenepn, korja JokasaH H3oMOpGhH3M BCeX peanHs3auHii
reomeTpun Jlo6aueBCKOro, HCTHHHOCTb KaKOro-an6o yTeep-
XKIEHHS1 3TOH TreoMeTPHH JOCTAaTOYHO YCTAHOBHTb B KaKOH-
HuOyIb M3 ee uHTepnperauuii. Mbl paccmoTpuM ceillyac He-
CKOJIBKO NPHMEpOB.

CosokynHocme npamelx HA NAOCKOCMU, NPOXOOAWUX He-
pe3 mouky A u He nepecekarouux NpAMyr a, 3anoaHsem 06a
sepmuxarbioix yeaa. CMopowsr amux yeao8 moosie npurade-
Ham K HucAy 9MUX NPAMbIX.

YTBepxJAeHHe OYeBHAHO, JOCTaTOYHO OGpAaTHTLCS K HH-
teprnperaunn Kneiina. CTopoHbl 3THX BepTHKaJbHLIX YIJIOB
Ha3bIBalOTCs napaseaamu Jlobauesckoeo. OnHa W3 HUX YCJOB-
HO HasblBaeTCsl NpaBol, Apyrasi — JeBOH.

IMapannenvnocts npsiMbix, no JloGaueBckomy, obmanaeT
CNelyIOHMH CBOMCTBAMH, JIeTKO YCTaHABJHBaeMbIMH €' I1O-
Molbio HaTepnperauun Kueiina.

Ecau npsamas a — napaasessna b, mo b — naparsens-
Ha a; ecau b — napasseavHa a, u ¢ — NAPaIIeAbHA G 8 MOM e
Hanpasaenuu, mo b — napaisessHa c.

Jas Toro ytoGbl NONYYMTH JAasibHeHIIMe CJEACTBHSA, JAa-
JUM [pPOEKTHBHYIO XapaKTEPHCTHKY YCJOBHS MNepleHIuKYy-
JsipHOCTH npsivbix B WHTeprnperaunu Kneiina. Ilycre B wen-
Tpe kpyra Kneiina nepecekaiorcs npsmele a u b moa nps-
MbIM YIJIOM B CMbicjie DBKJuJa. Toria oHu nepecekaiorcsi noj
NpsMBIM YIJOM U B cMbicse JloGaueBckoro. J[leficTBHTeNbHO,
3epKaJjibHOe OTpaXKeHHe Kpyra B OJHOH U3 CTOPOH yr.a nepe-
CTaBisieT cMexHble yruibl. [IpsiMble, nepecekaroumipecsi B LieH-
Tpe Kpyra noj npsiMbiM YIJOM, TOJSPHO CONpSIXKEHbl OTHO-
CHTEJIbHO OKPYXHOCTH Kpyra. Tak kak aBHxkenusi JloGaues-
CKOrO CyTb [pOEKTHBHLIE NpeobpasoBaHHs, COXpaHsoOUIHe
OKpYXHOCTb Kpyra KueiiHa, TO 3THM CBOMCTBOM NOJSIPHOM
CONpSI)KEHHOCTH 00JafaloT Jiobble NepneHANnKYyJspHble Nps-
Mble.

Orciona cnenyer, 4To AJs TOTO 4TOObl MPOBECTH NEpPIEHIH-
KyJnsp M3 JaHHOH TOukKH A K JaHHOH NPSIMOH @ B HHTepIpe-
raunn Kueiina, nago coeiunuth A C TOJIOCOM NpsIMON 4.
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Ecau Ose npsmoble a u b nepecekaromcs, mo oHu He umeront
obueeo nepnenouxyanpa. JleficTBUTENbHO, NepHeHAHKYASp:
JOJKeH NMPOXOAHTb yepe3 TNOJIOC @ H nomwoc b, HO TOr-
Ja oH siBjsieTcsl NOJspod ToYKH mnepeceveHus a U b. Tak
Kak 3Ta Touka BHYTPH Kpyra, TO ee NoJsipa He Nepecekaer
KpYT.

Ecau Ose npamele a u b He napaiiresbHel U He hepeceKka-
romes  (makue npamble HA3bIBAIOMCA  PACXOOAUUMUCS), MO
OHU UMeIOm U npumom oOuH obuyuti nepnenouxyssap. B unrep-
nperauun KnefiHa 3TOT NeprneHAMKYJsp €CTb MOJsipa TOUKH
nepeceueHusi @ U b.

Maparresvrole npsamole a u b He umerom Hu 00HO20 06-
weeo nepnendukyssapa. B uurepnperauun Koeitna npsamas,
coellMHsitOMIAsE MOJIOCHI @ H b, KacaeTcs OKPYXKHOCTH:
Kaeiina.

Ilycms a u b — Odse ar0bole npamele 6 naockocmu Jloba--
ueeckoeo. Toe0a He 6cakas npamas, nepneHOUKYAApHAs a,
nepecekaem b. JleficTBuTeNbHO, B HHTepnpeTauun Knefina
He BCSIKasl NpsiMasi, NpPOXOAsUiasi yepe3 MOJIOC @ H Nepece-
Kamwoliasi Kpyr, nepecekaer npsimyio b.

Ecau a u b — 0dse napanrsessroie npsmvie Jlobauesckoeo,
MO OHU HeO2PAHUHEHHO COAUNCOIOMCA 8 O00HOM HANPABACHUW
U He02PaHU4eHHO YOarAtomca 8 OpyapM.

[lepnenaukyasipsl K @ NpOXOAAT ue-
pe3 nomioc A* sToil mpsmoit (uepT. 34).
OueBniHo, Koraa mnpsamas ¢ npuGJaH-
xaercd K NpsIMOM 4, aHrapMOHHue-
ckoe orHoweHue (ABCD)— 1, tak kak
AC/BC -1 wu AD/BD 1. Cneposa- -
teqbHo, p(AB)— 0. Korga xe npsimas
C npubauxaercs K v, BD/BC -0, a
AD/AC ctpeMHTCS K OTJHYHOMY OT Hy-
as npeneay. Otciopa p(AB) - .

AHanoruyHo JoOKasblBaeTCsi, UTO pacxolsujuecs u nepe--
cexKarouyuecs npamble HeOZPAHUMEHHO YOAAOMCA 8 0boux Ha--
npasieHusx.

B unrepnperauun Ilyankape nyuok mnapanneneii Jlo6a-
YEeBCKOTO H300pakaeTCsi NYYKOM IOJYOKPYMKHOCTeH, Kaca-
IOIMXCA B KOHUEBBIX TOYKAX, HWJIH NYYKOM MNapasJesbHbiX.
NOJ VNP SAMbIX.

KpuBass B mnaockoctn Jlo6aueBckoro HasblBaeTcss opu-
{uKaAOM, €CNIM OHA TMepeceKkaeT NOA INpPSMbBIM YIVIOM NYyYOK
napannenbubix npameix. OueBuano, 8 noaynaockocmu ITyan-
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«ape yz z > 0 opuyuka npedcmagarsem cobold aubo OKpys#c-
HOCMb, - KACAIOWYOCA Kpas noaynaockocmu — npamod z = 0,
Aubo npamyro z =: const.

[Ipamas u opuyura aubo He umerom oOuwyux modek, AubO
«acaromes, aubo nepecexaromca 8 08yx moukax nod paAsHLIMU
yeaamu, aubo nepeceKaromcs 8 O00HOU mMouke No0 NPAMbIM
YA0M.

B wunrtepnperauun Ilyankape 3TH yTBepKAEHHA JOCTa-
TOYHO OYEBHIHBI.

Bce opuyukavt Konepyenmmor. [lefcTBHTENbHO, NOA00HEM,
«JBHUIOM H HHBepcHeili B HHTepnpertauuu Ilyankape siobble
- JBa OpHUHKJA Jerko coBMeliaiotcs. DBosee
TOro, MOXHO JaxKe MpH 3TOM COBMECTHTH
JaHHYIO TOUKY OJHOrO OpPHUHKNA C AAHHOH
TOYKOH JpYroro, [JaHHOE HAMNpapjeHHe Ha
OHOM OpHUHKKJE C AAHHBIM HaNpaBJeHHEM
apyroro.

c Sksuducmanmoli npsMoil a HasbIBaeT-
Uepr. 35. CSl reOMEeTPUYECKOE MECTO TOYeK IJIOCKOCTH,
paBHooTCTOSIUX OT a. Ecau a sgasem-
ca Ouamempom Kpyza 8 unmepnpemayuu Kaetina, mo akeu-
Jducmanma npedcmasasem coboll  noao8uKy daaunca, Ko-
MOpAs NoAY4aemcs u3 NOAYOKPYICHOCMU CHCAMUeMm ee OHHO-
cumeasro Ouamempa a. B camoMm pesie, nepneHAuKyJspbl a
OyAyT nepneHAuKyjasipamu B cMbicjie IBkauaa (uept. 35). U
tak kak AC/AD = 1, 1o nocrosinctBo p(AB) ykasbiBaeT Ha
fIOCTOAAHCTBO ~ OTHoweHHss BD/BC. Orciona  NOCTOSIHCTBO
AB/AD. WU yrBepxaenne pnokasawo. [Has noGoit mpyroi
NIPSIMOl @ 3KBHAMCTaHTA MOJIyYaeTcsi COOTBETCTBYIOLIEH KOJI-
Jigneanueil. Bo ecaxom cayqae amo Oyea aaaunca, Kacarouascs
£pyea 8 KOHUeBbIX MOYKAX. ,

PaccMoTpuM HekoTOpble npepsioxeHHs reomeTpud JlobGa-
qeBcKoro B mpocTtpanctBe. [Ipu atom mbl Gyaem upeinosa-
TaTh JOKa3aHHbIM H30MOP(HH3M BCeX peanH3auuil NpocTpaH-
CTBEHHOH CHCTEMbl AKCHOM.

Opucgepoii wasbiBaeTcst MOBEPXHOCTh, TlepeceKalolasn
NOA MpPSIMbIM YIJIOM CBSI3KY NapaJjijieJibHbIX NpPSIMBIX B CMBIC/1€
Jlo6auesckoro. ,

B mpocrpancrBenHoit uHTepnperauuu Ilyankape cBas-
Ka napaJjeneil JloGaueBCKOro COCTOHT JHGO H3 CBSI3KH No-
JIYOKPYXKHOCTEH, KacaiolUXCcs ApPYr Apyra B KOHUEBHIX TOY-
Kax, qubo H3 BcexX NPSAMbIX, NepHeHAHKYJISPHBIX TPAHHUHOM
nonynaockoctH. Ortcioa caeayer, uto opucgepa npedcmas-
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asem cobol aubo cgepy, Kacarowyrocs eparudHol naockocmu,
Aub0 NAOCKOCMb, ell NapastesbHYro.

OueBupHO, Kaxcdas naocKkocme, NPoxoOAUAA Hepe3 Nps-
Myr0 c8asku, onpedeasrowjels opucepy, nepecexaem opucgepy
no opuyuxay.

Opucgepy moxcHo Osuzame 8 cebe ¢ mMaKum e NPOU3EO-
AOM, ¢ Kakum Osuxcemcs 8 cebe naackocms. ITpu smom opu-.
yukaot 6ydym nepexodums 8 opuyukist. JleACTBUTENIBHO,
BO3bMeM opHcdepy B HHTephpeTauud Ilyankape B BHAe mJoc-
KOCTH, NapajuiebHOH I'paHHYHOH MJIOCKOCTH. B 3tom ciyuae
CBfi3ka napasnenell JIo6ayeBCKOro COCTOMT M3 BCEX MNpsi-
MbIX, TepNeHAHKYJSPHbIX TpaHUuHOH ImockocTH. Kaxjioe
3BKJHJOBO J[BHXXEHHE, IPH KOTOPOM TIpaHHYHasi IJIOCKOCThb
mepexoJuT cama B celsi, eCTb B TO K€ BpPeMsi JBHXKEHHE B
cMbicsie reomeTpun JloBaueBckoro. OHO mepeBOAMT Hally
opucgepy B ceOs H OPHLHKJbLl B OPHIUKJILL.

Ha opucgepe pearusyemca naockas eeomempusn 3exkau-
0a, ecau no0 NPAMBIMU NOHUMAML OPULUKALL, NOPAOOK mMoO-
4ek onpeleaums 4epe3 nopadoK NpPAMbIX 8 Nydke napaiie-
setl, onpedersiouiem opuyuUKL, @ OsuNCCHUeM HA3bIBAMb MaxKue
Osuncenus 6 npocmpancmee Jlobavesckozo, Komopele nhepe-
8o0am opuchepy 6 cebs.

B wunrepnperaunn I[lyankape ¢ mnomouiblo ycCTaHOBJEH-
HbIX BbIlIe CBOHCTB OPHUHKJIA H OpHChepbl 3TO YTBepxie-
HHe Jerko mposepsiercsi. MIMeHHO, mpoekTHpoBaHHe opucde-
pbl z=const Ha IJOCKOCTb XYy NPSMBIMH, TapaJJeJbHbIMH
OCH 2, U YKa3aHHOe Bblllle COOTBETCTBHE ABHXKEHHil ecTb H30-
MOpP}HU3M.

Dra uHTepmperanusi reoMeTpHH OBKJIHIA B INPOCTPaH-
crBe JloGayeBCKOro aHaJOrHYHa HHTEpNpeTannHu benabrpa-
MH, B KOTOpOI peanusyercs reomerpus JIoGaueBCKOro Ha Mo-
BEPXHOCTH 3BKJIHJOBA NPOCTPAHCTBA.



ri14BA 'V
OCHOBbl MPOEKTHBHOH T'EOMETPUH

§ 1. Axcuombl cBssn. Teopema [lesapra

Bo3HHKHOBEHHE NPOEKTHBHOH T€OMETPHH OTHOCHTCA K
nepBoii nosoBuHe X1X Beka M CBsI3aHO C HMeHeM (paHly3-
ckoro reomerpa [lonceme (1788—1867 rr.), KoTopblii ompe-
Jesus OOBEKT H3yueHHs] B NPOEKTHBHOH reOMeTpHH — CBOIi-
CTBa (PUryp W CBA3aHHBIX C HHMH BeJIHYHH, WHBapHaHTHblE
OTHOCHTEJIBHO JII0OOTO NPOEKTHPOBAHHSI.

MHorouuc/ieHHbIMH  (pakTaMH  O0GOraTHJIM  [POEKTHUBHYIO
reometputo  Wlans (1793—1880 rr.) u Ulrefinep (1769—
1863 rr.). Buaarogaps pa6oram lrayara (1798—1867 rr.)
NpPOEKTHBHASI reoMeTpHsi Oblla OCBOOOXKAEHA OT YYKAOTo el
NOHSATHS METPHMKH M TpeBpaTHJAachb B AHCUHNJHHY, H3yuaio-
IyI0 TOJbKO CBOHCTBA B3aHMHOTO pacIlOJIOXKEHHSI reoMeTpH-
YeCKHX (uryp.

[TIpoekTUBHAsi reOMeTpHS CTPOMTCS HA CHCTEME aKCHOM,
KOTOpasi 'COCTOMT M3 TpeX TIPYNN: aKCHOMbI CBSI3H, AKCHOMBI
nopsiilka M aKCHOMA HerpepbiBHOCTH.

B rpynne akcuoM CBSI3H peyb HJET O CBOHCTBAaX B3aHMHOTO
pacnoJioXeHHsl TOUEK, NPSIMBIX H IJIOCKOCTe, BblpaXaeMbixX
cJ0BOM «npHHainexartb». [Ipn 3TOM ocraiorcs B cuje corna-
meHnss o0 3KBHBAJEHTHOCTH BLIpaXKEHHH, YKa3aHHbIX IpH
BBEJICHHH aKCHOM CBSI3H 3BKJHAOBOH TEOMETPHH.

Akcuoma I,. Kakoevt 6or Hu Goiau mouku A u B, cyue-
cmeyem npamas, npoxodawas depe3 mouku A u

Axcuoma l,. Kaxosv 6ot Hu Gviau Ose mouku A u B, cyuwe-
Zlmeyem He 6oaee 00HOU npamol, npoxodaujell 4epe3 MO4YKU

u B.
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Akcuoma Is. Ha xaxcOod np;moti UMEemcCA He MeHee mpex
mouek. Cywecmeyrom no kpairetl mepe mpu mo4Ku, He aexca-
wiue Ha 00HoU npamod. iz

Akcuoma l,. Yepes xancdoie mpu mouku A, B, C, e ze-
sauue Ha 00HOU npsamotli, npoxodum HeKOmopas NAOCKOCHe
a. Ha kaxcdoil naockocmu umeemca no Kpatineli mepe o00ra
mouKa.

Akcuoma. I,. Yepes xaxcOoie mpu mouxu, He aexcaujue Ha
00Ol npamol, npoxodum He 6oace 00HOU NAOCKOCHMU.

"Akcuoma lg. Ecau Ose mouku A u B npamoli a rexmcam Ha
naockocmu «, Mo Kaxco0as mMo4ka 3moli Npamoli sexcum HQ
naockocmu a.

Akcuoma l,. Ecau dse naockocmu umetom oOwyro mouky,
mo oHu uMelom ewye no KpadHeld Mepe O0HY 00WYO MOHKY.

Akcuoma lg. Humeemcsa He meHee demoipex moueK, He aexca-
wux 8 o0Hol naockocmu.

Akcuoma l,. Kaxcdoie Ose npamoe, pacnoxzoofceuubze 8 00-
Holl n/tocrcocmu, umerom obwyro Mo4Ky.

Mbl BHAHM, 4YTO CHCTEMa AaKCHOM CBSI3H [POEKTHBHOH
FeOMETPHU COJEPIKHUT B ce0e CHCTEMY aKCHOM CBSI3H 3BKJIH-
JIOBOIi reOMETPHH H OTJIHYAeTCs OT Hee TOJIbKO aKCHOMOil Is,
rie tpeGyeTcsi CylIeCTBOBaHHE HAa MNpsiMOHl N0 KpaiiHed Me-
pe Tpex ToueK, M aKCHOMOH Iy, rie yTBepxkaaercs, yTO JIO-
Oble JBe MNpsMble, Jexalulye B ONHOH IMJIOCKOCTH, Mepece-
Kaiorcs.

Orciona 3akJ/ioyaeM, 4TO BCe CJEACTBHSI aKCHOM CBSI3H
IBKJIMAOBOH TEOMETPHH BEPHbl TaKKe B MPOEKTHBHOH Treo-
MeTpud. AKcHoMbl I; Iy MO3BOMSIOT pacIMPHTB COBOKYN-
HOCTb 3THX CJEICTBHiH, B YAaCTHOCTH JIETKO JOKa3blBaercs,
YTO

1) npamas u naockocme 8ce20a -umetom obuyO Mo4Ky,

2) Jse naockocmu umerom obwyro npAmYro,

3) mpu naockocmu umerom oOUWYrO MouKyY.

BaxkHeillluuM U3 CJAEACTBUH AKCHOM CBSI3H IPOEKTHBHOM
reoMeTpuH fBjsieTCsl Teopema J[lesapra o mNepCneKTHBHOM
paCHONIOKEHHH TPEXBEPLUHHHHKOB,

TpexsepuiurHukom HasbiBaeTcsi  (Urypa, COCTaBJeHHas
U3 Tpex TOYeK, He JexalluX Ha OJHOH mnpsiMOH  (BepllUHH
1peXBepLIHHHHKA) M TpeX NpSMbIX, MOMAPHO COENHHSIOMHX
3TH TOYKH (CTOPOH TpexBepLIMHHHKA). [oBopAT, UTO Tpex-
BepwuHHUKH ABC u A’B’C’ umeior WEHTP MepCreKTHBbI S,
ecrn BepuwnHbl A u A’, B u B’, C u C’ nexar na npsmsix,
NpOXOAdAIIHX Yepe3 S. TpeXBepLI.IHHHHKPl ABC u A'B'C’
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HMEIOT OCb TNepCrekTHBH S, ecau croposl AB n A’B’, BC
u B’C’, AC u A’C’ nepecekaiorcst B TOUKaX, JIEKAIIMX HA S.
Teopema 53. Ecau mpexsepuunnuku ABC u A’B'C’ ume-
10M 0Cb NepcneKmugsl, Mo OHU UMErN YeHmp NepcneKmusbL.
O6pamno, ecau mpexsepuluHHUKL UMEIOM YEHMpP nepchekmus
6bl, Mo OHU umerom oce nepcnexkmusst (4epT. 36).
Hokasamenscmeo. Bo-nepBbix, 3aMeTHM, YTO €CJH Yy Tpex-
BEPIUMHHHKOB COBNAJAIOT JBE COOTBETCTBYIOLIHE BepIUHHBI
HJIH CTOPOHBI, TO YTBEPXKAEHHE TeOpeMbl JOCTAaTOYHO oye-

S
A
8
s c
8
ﬂl
Yepr. 36.

puano. IloaTomMy B JOKa3aTejbCTBE MOMXKHO  OTPaHHUHTHCS
C/yyaeM, KOrjia COOTBETCTBYIOIIHE BEPLUHHBI H COOTBETCT-
BYIOLIHE CTOPOHbI TPEXBEPLIHHHHKOB Pas3JjiMuHBI.

[IpeanosioxkuM cHavaja, 4TO NMJOCKOCTH ¢ H o', B KOTO-
pBIX JieKaT TpPeXBepPLUIMHHHKH, pa3/HuyHbl. Toraa sTd mJo-
CKOCTH TepeceKaroTcsi Mo NMPsSMOK S, NMPHYEM TOYKAMH § HC-
uepnbiBaloTCA Bce o6lMe TOYKH MJOCKOCTeH ¢ H o,

[lycTe TpexBepIIHHHUKH HMEIOT OCh TMepcreKTHBH. Tak
Kak ctopoHsl AB u A’B’ nepecexkawoTcs, HO pasjiMYHbI,
TO CYUIECTBYeT M NPHTOM €NHHCTBEHHasl INJIOCKOCTh 7Y, NpO-
XOAAmas yepes 3TH CTOPOHHI. AHAJIOTHUHO OIpejesioTcs
NJIOCKOCTH a M f, npoxoisuixe uepes ctoponsl BC u B’C’,
AC n A’C’ cootBercTBeHHO. Tak Kak NJOCKOCTH o6 H o
pas3/iMyHbl, TO BCe MNJIOCKOCTH @, B, | Pa3jMuHbl, NpHYEM &
¥ B nepecekatorcsi no CC’, Buy—mo AA’, a1 ua—nmno BB'.
Orciopa cjepyer, Yto Touka S, ofmias AJs BCeX NJIOCKOCTeH
a, B, 7, AABJSETCSl LIEHTPOM HePCHeKTHBb TPEeXBEPIIHHHHKOB.

IlycThb TpexBepIUMHHHKH HMEIOT LIEHTP nepcnekTHBHl. Tak
Kak npsimeie AA’ u BB’ mnepecekaiorcsi, 0 A, A’, B, B’ ne-
JKaT B OAHO# mjockoctH. Orciona ciexyer, uto npsimbie AB
#u A’B’ mepecekaioTcsi, a TaK Kak IJIOCKOCTH ¢ H ¢’ Tpexsep-
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LIHHHHKOB pasJjiMuyHbl, TO TOYKAa INepecedeHUs: NpsiMbix AB
u A’B’ npuHaanexxuT npsiMoil S, MO KOTOPOH INepecekalorcs
NJOCKOCTH 6 W o’. AHaJOTHYHO TNOKa3blBaeTCsl, YTO CTOPOHbL
AC w A’C’, BC u B’C’ Toxe nepecekaiorcsi Ha s. U creno-
BaTeJIbHO, TPEXBEPLUHHHHKH HMEIOT OCb MepCNeKTHUBBI S.

[Mycth Tenepb o00a TpexBepLIMHHMKA JieXaT B OJHOMN
NJIOCKOCTH ¢ W § — OCb NEpPCIeKTHBbl TPEXBEPLIMHHHKOB.
[Tposenem uyepes s MJOCKOCTb o', OTJAHUYHYIO OT o. Takas
NJIOCKOCTh cyuiecTByeT. B camom gmene, mo akcuome IIIg cy-
IIECTBYeT TouKa P, He Jiexkauas Ha MJOCKOCTH o, MO aKGHO-
me I, cymecTByioT 4Be Toukd Q, R Ha s. [linockocTb ¢’ mpo-
xoauT yepes P, Q u R. OHa OTNHYHA OT ¢ B CHJY akcH-
oMbl ;.

Bosbemem Tenepn TOuky O BHe myockoctedl ¢ u o', Ta-
Kasg Toyka cyuectByer. JIeHCTBHTENbHO, CYIIECTBYIOT ye-
Toipe Touku K, L, M, N, He jexaiiue B OJHOH MNJOCKOCTH.
ITo xpalineii Mepe, OfHA H3 TOYEK HE JIEXKHUT B IJOCKOCTH 3.
ITycte ato 6yzer N. CnpoektupyeM K, L u M us uentpa N

Ha mjockocTb o. Ilonyuennbie mpu 3ToM ToukH K, L, M
He Jexar Ha oxHoi mnpsiMoi. CiieloBaTeslbHO, B IJIOCKOCTH:
c €CTb TOYKa, He Jiexkalas Ha npsamoil s. TouHo Tak ke Joka-
3bIBaeTCsl CYIIECTBOBAHHE TAKOH TOUYKH Ha TJIOCKOCTH o,
[IpsMas, coemuusitomasi 3TH TOYKH, HMeeT ellle IO KpaiiHeir
mepe ofHy Touky O (akchoma I3). Dta Touka JIeXKHT BHE
IJI0CKOCTEH o M o',

CnpoexkTtHpyeM TpexBepiluiHHHK A’B’C’ Ha miockocTb o
n3 Toyku O. Ilpu sToM nosayunm TtpexsepmmHHHK A"B"C”.
Ilpamasi s mns TpexsepwnaHukoB ABC u A"B"C” sBasiercs
ocblo mepcnekTuBbl. CliefoBaTesbHO, IO JOKa3aHHOMY OHH

uMeloT ueHTp mnepcnektHBbl S. Ilycts S — mpoekuuss S us.
uentpa O Ha TJIOCKOCTb o. YTBepxkaaeM, yTo S eCTb LEHTP:
nepcnekTHBbl TpexBeplunHHHKOB ABC n A’B’C’.

He#icteutenbho, npsimeie AA”, BB”, CC”" nepecekaior-
ci B S. A snauut, ux npoekunn_AA’, BB’, CC’' na mnaoc-
KOCTb o IIepPecekaloTcsi B Touyke S.

ITycTb Tenepb TpexXBepLIHHHHKH PACIOJNIOKEHbl B OAHOH
IJIOCKOCTH ¢ H HMEIOT LEeHTpP nepcnekTHBbl S. BosbMeMm Bue
o touky O. Ha npsimoii OA" maiizercsi Touka A, OTIHYHAS OT
A u 0. Coepuunm ee ¢ S npsamoit g. CnpoektupyeM Ha g us O

Touky A’ w 06o3nauuM mnpoekuuio ee A’. Jlns TpexBepUIHH-
nukoB ABC n A’'BC Ttouka S — uesTp mepcnekTusbl. [lo-
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NOKA3aHHOMY 3TH TPEXBEPUIHHHHKH HMEIOT OCh NePCNeKTHBDI § .
Tlpoekuusa 3TOH OCH S Ha MJOCKOCTb & SIBJSIeTCs OCbiO Mep-
cnekTuBbl TpexBeplunHHHKOB ABC u A’B’C’. Teopema no-
KasaHa.

§ 2. I'apmoHHyecKHe 4ETBEPKH TOYEK

YemobipexgepuiuHHuKOM HAa3bIBAETC (PHIypa, COCTaBJIEH-
Has U3 YeTbipeX TOYeK IJIOCKOCTH, H3 KOHX HHKaKHe TPH He
JIeXKAT HAa OJHOH NPsAMOJ, M LIECTH MNPAMbIX, INONApHO CO-
eJUHAMUAX 3TH TOYKH. CTOPOHBI UYeTbipeXBepLIMHHHKA, He
uMerollde OOMIHMX BEpUIHH, Ha3biBAIOTCS NPOMUBONOAONCHOIMU.
‘Touku MepeceyeHHs] MPOTHBONOJOXHBIX CTOPOH Ha3bIBAIOTCSH
OUALOHANbHOIMU MOKAMU.

»

A C 8 D

YepT. 37.

Mol 6yzeM rosopuTb, 4yto mapa Toyek C, D Ha mnpsamoit
TapMOHHMYECKH compsikeHa nape touek A, B, ecau cymecr-
BYeT uYeTbIpeXBepIUHHHHK, AJSI KOTOporo Touku A u B sB-
JISIOTCST JHaroHaNbHbIMH, a Toukn C W D mnogayuarorcs B ne-
peceuenuu mnpsimo, coepuusomeit A W B co croponamu,
CXOJSILIUMUCH B TpeTbeil JAHaroHasbHOH Touke (uepT. 37).

M3 Toro, 4to B ueThlpeXBepLUIHHHHKE HHKAKHE TPH Bep-
WIHHbl He JIeXXaT Ha OAHOH NpsIMOi, CJeAyeT, YTO 8 2apMmo-
Huteckoli epynne mouex A, B, C, D ece mouku pasau4ro.

Teopema 54. Ilyctb Ha npsimoit g Aaubl Tpu Touku A, B, C.
Torpa cymectByer He GoJiee OfHOH TOYKH D Takoi, uTo napa
C, D rapmonunuecku conpsikena A, B.

Hoxasameascmeo. omycTuM, CYLWECTBYIOT [Be  TaKue
Toukd D u D’. Toraa cyuiecTByeT JBa ueTbipexBepIIHMHHHKA
PQRS u P’Q'R’S’, ¢ moMouwbi0 KOTOPBLIX YKa3aHHbLIM BbllLe
€noco6oM MOJy4YaloTcsl 3TH TOYKH (uepT. 38).

[Ipsmass g siBJAsieTCs OCbIO NEpPCNeKTHBbI AJMs1 TpPexXBep-
wxHEEKOB PSQ n P’S’Q’, QSR u Q'S’R’. Orciona no Teo-
peme [lesapra cjefyer, 4To Kax/Jas H3 yKasaHHbIX map Tpex-
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BeDUIMHHHKOB HMMeeT LEeHTp MNepcnekTuBbl. Tak Kak Tpex-
BeplUMHHUKH PSQ u QSR wumeror ofuiyio mapy BeplinH Q
u S, a tpexsepmHHHUKH P’S’Q’ u Q'S’R’ umeior napy o6-
mHux BepwuH Q u S’, To o6e napbl TpPeXBepPIUHHHHKOB HMe-
10T obuuii uextp nepcnektuBsl O. Otcioga cJjepyer, 4ToO
TpexBepwHHHUKH PSR u P’S’R’ Toxe HMEIOT ueHTp mnep-
cnektuBel — Touky O. Ilo Teopeme [lesapra 3T Tpexsep-
IIMHHAKH HMEIOT ocb mnepcrnekTHBbl. OueBHIHO, OHAa COBIA-
AaeT ¢ g H, caegoBarenbHo, D = D’. Teopema nokasaua.
Teopema 55. Caoticmso 2apmoHutecKoll CconpaxcerHHocmu
nap mouex COXPAHAEMCS NPU  NPOEKMUPOSAHUL. To ecrts,

q
)

R
3

A c 8 D
Yepr. 39. Yepr. 40.

.

ectu Toukn A, B, C, D npsMoil g MPOEKTHPYIOTCSI B TOUYKH

A, B, C, D npsawmoit g u3 HekoTopoii ToukH O, nesxarleli BHe
STHX. NpsiMbIX, U eciau napa C, D rapMOHHYECKH COIpsKeHa

nape A, B, To napa C, D conpsixena nape A4, B _
[okasameascmgo. Tlycts cuavana C=C wmu D=D

(uept. 39). IlpoBeaem npsmbie BA u BA. OHu nepecekyrcs
B HeKOTOopoii Touke E. B cuny eIHHCTBEHHOCTH ToukH C
npsivast OC npoxoaut uepes E. Ilapa Touek C, D rapmonu-
yeckH compsikena nape A, B (coome'rcmyloumu yeThipex-
BepiHHuUK OAEB). Oﬁmml cayyaii CBOAHTCS K 3TOMY uacT-
HOMY NyTeM IMPOEKTHPOBAHHA HA MPOMEXYTOUHYIO NPAMYIO,
coepunsiomyio Touku D u C. Teopema nokasana.

Teopema 56. Caolicrmeo eapmoHuteckoll  COnpANCEHHOCMU
nap mouex e3aumno. To ecmeo, ecau napa C, D eapmoruue-
cku conpsscena nape A, B, mo napa A, B eapmonudecku co-
npsocena nape C, D.

Hoxasameascmeso. Ilyctb conpskennocts napsl C, D mo
otHolIeHHI0 K A, B ycCTaHaBIHBAaeTCs YeThIpeXBepPIIHHHUKOM
PQRS (uepT. 40) Oueupno, napa K, M compsixkesa mnape
SD (4eTbipexBepLIHHHHK APRB) A Tak Kak npu NPOEKTH-
poBaHHH u3 ToukH Q ToukH K, M, S, D nepexoasar B A, B,
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C, D cootBercTBeHHO, TO A, B TrapMOHHYECKH CONpPsikKeHa
C, D. Teopema poka3saHa.

Ilycts uepea Touky O Ha NJIOCKOCTH MNPOXOAST YeThipe
npsiMbie a, b, ¢, d. Mel 6yZieM TOBOPHTb, YTO 1apa NpPSIMbIX
¢, d rapMOHHYECKH CONpsKeHa mape a, b, ecau B mnepeceye-
HHMH C KakoH-HHGyIb mpsivod napa Touek nepeceuenuss C, D
rapMOHHYECKH CONpsiKeHa MNape Touek nepeceyenus A, B.
B cuny Teopembl 55 CBOMCTBO TapMOHHYECKOH CONpSIXKeH-
HOCTH Jyisl TIPSIMBIX He 3aBHCHT OT BblOOpa CeKyIleil NMpsiMOH.

Bce pokasannble B 3TOM mnaparpacge TeopeMbl OTHOCHT-
CSl K TNPOEKTHBHOH TreoMeTpHH Ha mJockoctd. HMx joka-
3aTeJIbCTBA TaKXKe IpOBeJeHbl 0e3 BBHIXOAA H3 IJIOCKOCTH.
IlpaBna, npu 3TOM Mbl omnHpajuch Ha Teopemy J[lesapra, jo-
Ka3aTeJbCTBO KOTOPOil B HallleM H3JI0XKE€HUH TpeAarnoJsaraer
HNpoCTpaHCcTBeHHble nNoctpoeHusi. CrpaiiiBaeTcsi, HeJb3s JIH
TeopeMy J[lesapra J0KasaTb, ONHPAsiCb TONBKO Ha IJIOCKHE
aKCHOMBl CBfI3H. DTOT BONpPOC BO3HHKAeT B CBSI3H C IOCTpoOe-
HHEM TNPOEKTHBHOH TEOMETPHH HA IJIOCKOCTH.

* TunbGept J0Kasad, uto Teopema Jlesapra He MOXeT GbITb
00KA3aHA C NOMOWbIO MOALKO NAOCKUX axcuom cessu. U pna
NIOCTPOEHHS] NPOEKTHBHON TIeOMeTPHH Ha IJIOCKOCTH CHCTEMY
NJIOCKHX aKCHOM CBfI3H HaJ0 TOMOJHHTb Teopemoii [lesapra
KaK aKCHOMOH.

§ 3. Axkcuombl nopsigka. AQHHHAas MIOCKOCTb

AKCHOMBI TIOpPSiIKA YCTAHABJHBAIOT CBOHCTBA B3aMMHOTO
pacrnoJiokeHusi TOYEK Ha NpPSIMOM.

Mbl noJsiaraeM, YTO Ha NpPSIMOil €CTh JjBa B3aMMHO NpPOTH-
BONOJIOXKHBIX HaNpaBjieHHsi H 1O OTHOLUEHHIO K KaXKIOMYy H3
HHX KaXJasi TPOHKA TOYEK HAXOAMTCS B M3BECTHOM OTHOLLe-
HHH, KOTOpPOE BbIPAXKaeTcsi CJIOBOM 1_(C/IENI0BATLY, NPHYEM Bbl-
NOJIHSIIOTCSI aKCHOMBI:

Akcuoma 1l1. Caedosanue mpoixu ABC e o0wom Hanpas-
AEHUU  UCKAO4dem  CcaeD06anue ee 8 NPOMUBONOAONCHOM HA-
npasieruu.

Akcuoma ll2. Ecau mpoiika ABC caedyem 6 odwnom Ha-
npagaenuu, mo mpoiku BAC u ACB caedytom e npomusono-
A0JCHOM HANPOBAEHUU.

Akcuoma 1ls. Ecau mpoiku ABC u CDA caedyrom e 00-
Hom Hanpasaenuu, mo mpotka BCD caedyem ¢ mom oe wa-
npagreHuu.
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Akcuoma 1ls. [las kaxcOot naper mowex A u B natidymca
mouku C u D maxkue, umo mpotiku ACB u ADB caedyrom 6
RPOMUBONONONCHOLX HANDPABACHUSX.

Akcuoma lls. ¥nopadowennocme mouek npamod coxpas-
emcs npu NPoeKmuposaruy. JTo 3HAYUT, 4TO €C/IH NpsiMast g
CIPOEKTHPOBaHA HAa NPSAMYIO g’ W ¢ — OJHO M3 HaNpaBJeHUH
Ha g, To Ha g’ MOXHO yKa3aTb Takoe HanpasjeHue t’, 4To
Kablii pas, koraa Ttpoiika ABC Ha g caelyer B Hanpas-
JeHuu ¢, COOTBETCTBYIoWAsl efi Tpoiika A’B'C’ ua g’ cnenyer
B HanpaeJeHuH 1. )

U3 akcuombl 112 BuanO, uto TpoiikH Touek CAB u BCA
CEeNyIOT B TOM e Hanpasjenud, uto u  ABC, a Tpoiika
CBA — B npOTHBOMNOJIOXKHOM HanpabJIeHHH.

Ecau tpoiiku ACB u ADB cielyioT B NpPOTHBONOJNOX-
HbIX HamnpaBjeHHsiX, TO Mbl GyJeM roBopHTb, yTo napa CD
pasdeasem napy AB.-CpoicTBO pasfesneHHs nap B3aHuMHO,
T. e. ecin CD pasnenger AB, to AB pasnenser CD. [leii-
ctBuTenbHO, Tpoilkh ACB u BDA cnenyloT B OJHOM Hanpas-
nenud, a tpolku BCA w ADB B apyrom. Ilo akcuome Il3
tpoitku CBD u CAD cjeayioT B NPOTHBONOJOXKHBIX Hanpas-
Jenusix, T. e. napa AB pasgeasier napy CD.

IMycts na npsimoii umeem ape Toukd A u B. CoBokyn-
HOCTb BceX ToyeK X, AJisi KOTopuix Tpoilkh AXB crenyioT B
OJHOM HanpasJeHHH, Mbl GylneM HasbiBaTh ompeskom. Oue-
BHJHO, HA NpsiMoil mapa Touek A u B onpenensier ABa oT-
pe3ka. Mbl 6yZieM HasbiBaTb MUX OONOAHUMEAbHOIMU. :

ITycTe Ha niockocTH umeeM Tpu ToukH A, B, C, ue neé:
XKallue Ha OJHOH mpsiMoil. PHUTypy, COCTABJEHHYIO M3 Tpex
otpeskoB AB, BC u AC, Mbl GyJeM HasblBaTbh mpeyzoabHu-
KOM, €CJIH CYILeCTBYeT NpsiMasi, Nepecekaiollass KaxIbli W3
TpeX JONOJHHTEJbHbIX OTPe3KoB. J[lJsi TpPeyroJbHHKOB Ha
NPOEKTHBHOH IJJOCKOCTH HMeeT MeCTo mnpeajoxeHnde Ilama.

Teopema 57. Ecau npamas g nepecexaem cmopony AB
mpeyeorbnuka ABC u He npoxodum wu uepes oOny u3 ezo
sepuiun, mo onHa nepecexaem aubo cmopory AC, aubo BC.

Hoxasamenrscmeo. O6osnaunm AB, BC, CA otpesku, o-
NOJIHUTE/IbHblE CTOPOHaM TpeyrosbHuka. Ilycte S — Touka

otpeska AB u h — npsMas, npoxojsmasi yepes 3Ty TOYKY,
nepecekarolmasi Kaxabiii 3 ABYX Apyrux orpeskos BC u CA.
Ilyctb Tenepp k — moGass npsmasi, mpoxoismias uepes S,
nepecekajomasi BC. YTBepXIaercs, uTO OHa mepeceKaer
u CA.
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ITo akcuome ‘II; npoektupoBanue uz S (uept. 41) mepe-
BoguT otpeskH mpsivoit AC B orpesku npsimoit BC. Tak Kak
npsimasi h nepecekaetr BC u CA, TOo npu 3TOM NMpOEKTHPOBA-
uun BC cootserctByer CA (a ue CA). Orciona caenyer,
uro npsamas k, nepecekass BC, noskHa nepecekats M CA.

Tenepp serko BHAeTb, 4TO ecau npsMas h nepecexaer
TpH _otpeska AB, BC, CA, a npsmast k — jaBa ortpe3ka AB
u BC, 10 oHa mepecekaer u tpetuit (CA). Jlna pokasatesib-
CTBA JIOCTATOYHO BOCMOJIb30BAThCsl BCIIOMOraTeNibHOH Mpsi-
Mo#t [ (sept. 42). Ucnonbsysi mpeapiAyliuii BbIBOA, 3aKJIO-
yaeM CHayaja, yTo npsimas [ mepecekaeT BCe TPH OTpe3Ka,
a §ar:M NPHXOAHUM K TOMY K€ BBIBOAY OTHOCHTEJIbHO Mps-
MOH k. )

Yepr. 41. Yept. 42.

[MpexnosioxxkuM Temepn, 4YTO NpsiMasi g TepeceKkaer CTo-
pony AB TpeyrosbHHKa H He INepeceKaeT HH OJHOH H3 ero
apyrux cropon AC u BC. Toraa ona nepecekaeT JOMNOJIHH-
TesibHble OTpe3kKH H AC, BC u 1o JOKa3aHHOMY JOJIXKHA Ie-
pecekatb AB, uTto HeBO3MOXHO. Teopema JoKasaua.

Ilycte g — npsimasi, ¢ U {— ABa NPOTHUBOMNOJIOXKHBIX Ha-
npaBjeHHss Ha 3ToH npsaMmoil. PHKCHpyeM KaKylo-HHOYAb
ToukKy A Ha NpsiIMOi H YCTAaHOBHM OTHOUIEHHE MOPSIAKA s
KaXkA0{ TNapbl TOYEK, OTJIMYHBIX OT A C/efylowHM 00pasoM.
Mul 6yneM roeoputb, yto B npexuectsyer C B Hampasie-
nun ¢ (t), ecnu tpoitka ABC crenyer B HanpasneHuu t (1).

TpuBHanbHbIM 06pasoM mpoBepsieTcsi, UTO onpedeasemoe
makum o06pasom omHouleHue NoPAOKA OAR MoHeK pAa3peaax-
Hoti (6 mouke A) npamoi yoosremeopsiem 6cem AUHEUHbIM
aKcuomam nopaoka 38KAu008ol eeomempuu.

Teopema 58. Ecau naper mouex AB u CD na npamoi eap-
MoHutecku conpaxcenst, mo ABC.u ABD caedyrom 8 npomu-
BONOAOKCHBIX HANPABACHUAX. '
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JBa NpoeKTHPOBaHUS, BHIIOJHEHHLIE OLHO 32 JIPYTHM —
npsimoit AB wa npsMyio PQ u3 Touku R, a 3ateM npsiMoil
PQ na npamyro AB u3 touku S, ocraBasitoT ToukH C u D
HENOJABHKHBIMH, a TOukH A W B nepectaBasiloT Mecramu
(uepT. 43). D10 3HAUMT, YTO ecau ob6o3HaunTb H pesysabrar
IBOiHOTO npoekTHpoBanus, To HA = B, HB = A, HC = C,
HD = D.

dukcupyeM Touky C Ha npsiMoil H BBeleM OTHOLUEHHE CJie-
IOBaHWs JAJisl map Touek npsimod, paspesanHoii B C, Kak
yKasaHo Bbille. Toraa yTBepXKIeHHE TeOpeMbl COCTOHT B TOM,
yto D Haxomutcsi Mexay A u B. [lonyctuM, 3TO HeBepHO.
Torpa B oaHOM H3 JBYX Hampas-
aennit ‘A <D u B <'D. Orciona
HA < HD u no akcuome I; Touku
A, B u toukn HA, HB pomxubl
HaXOJAUTLCA B OJAHHAKOBBIX OTHOLIE-
HHAX, T. €. JH6o A<B, HA<HB,
a6o B< A, HB < HA. Ho nuu

TO HH IPYyroe HEeBO3MOXHO, TaK Kak ~g . cC8 D
HA = B, a HB = A. Mbl npuuuu

K npoTtuBopeunio. Teopema moka- Yepr. 43.
3aHa.

duKkcHpyeM Temepb Ha INIOCKOCTH @ KaKylo-HHOYyAb nps-
myio g.. Hasoeem 3Ty npsimyio Geckoneuno ydarenHod, a ee
TOYKH GecKOHeyHO yJaneHHbIMH Toukamu. Ilmockocte a, pas-
pesaHHylo mo npsiMoii g,, Mbl OyleM HasblBaTb agurHOU
NAOCKOCMbIO.

Jlerko . yGeauThCsi, UTO HA aguHHOU NAOCKOCMU BbINOAHSA-
I0MCA NAOCKUEe AKCUOMbL €653 38KAUD0BOUE 2eomempull.

Kak Obl10 ykasaHo Bblllle, JJsi TOYeK NPAMbIX adUHHOH
DJIOCKOCTH BLITNOJIHSIIOTCSL JIHHEHHblE aKCHOMBbI MOpSJKa 3B-
KanjoBoii reomerpuu. IlokaxkeM, uyTo mJjocKast akcuoma no-
PSKA TOXe BBIMOJHSETCS.

Teopema 59. [Ipamas g pasbusaem aguHHylo naAocKocme
Ha 0ge noaynaockocmu mak, 4mo ecau X u Y — mouku o0Hou
noaynaockocmu, mo ompesok XY He nepecexaem g, ecau dice
X u Y npunadaexcam pasHeim NOAYNAOCKOCMAM, MO OMPE30K
XY nepecexaemn g.

[Tycte A — TOYKA MJIOCKOCTH, HE JeXaliasi Ha NpsAMOl g.
OrHeceM K nepBOii MOMYNIOCKOCTH TOYKY A H Bce TOUKH X
takue, yto AX He nepecekaer g. A Ko BTOPOH MOJIyNJIOCKO-
CTH OTHeceM TaKHe TOYKH X, sl KOTopbix oTpesok AX mne-
pecekaer g.
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IMycte X u Y — JBe TOuKH mepBOH MNOJYMJIOCKOCTH; IO-
Ka)ieM, uTo oTpe3ok XY He mnepecekaer g. YTBepxKAeHHe
OYeBH/IHO, €CJIH OfHAa W3 Touek coBmajgaer ¢ A. [lasblie pac-
cmaTpuBaeM fABa caydasi: 1) Touku A, X, Y He mexar Ha on-
Holl mpsimo#, 2) Touku A, X, Y nexar Ha npsmoil. B nepsom
ciyuae, Tak kak AX u AY He nepecekaioT g, Mo TeopeMme
57 XY He nepecekaer g.

Paccmotpum Bropoit ciyuyaii. Jonyctum, otpesok XY me-
pecekaer npsiMyio B Hekotopoil touke C. Torpa, ecnn A Jye-
xKut Mexay X u Y, 1o C npunagjexut qu6o AX, nn6o AY
(reopema 7). Ecau X nexut mexay A u Y, to C npunapje-
*Kut AY. Haxkonen, ecau Y jexur mexay A u X, o C npu-
Haznexut AX (teopema 6). M Bo Becex cayuasix moJsiyyaercs
nporuBopeune, u6o orpeskn AX u AY He mnepecekaoT g.

HokasartenbcTBo TOro, 4to oTpe3ok XY mnepecekaer nps-
Myio g, ecnd Toukd X u Y NpHHAAJeKaT pasHbM MOJYILIOC-
KOCTSIM, aHAJOTHYHO.

Takum obpasoM, Ha aguHHOL NAOCKOCMU BLINOAHAIOMCA
8ce aKcuomol NOPAOKA 36KAUOVBOL 2eoMempuu.

Tak kak Ha adUHHON MJIOCKOCTH BBINOJIHSIOTCH AKCHOMBI
CBSI3 M AKCHOMbI MOPSiIKA TeOMETPUH IBKJWAA, TO HA Hel
HMEIOT MeCTO H BCe CJIEJCTBHs, BbITEKAIOIHE U3 3THX AKCHOM.

ByneM HasbiBaTh [JBe MpsMble adUHHON -TJOCKOCTH . na-
pParteAbHbIMU, €CIH OHH HE MepeceKkatoTcsi. DTO 3HAYHT, YTO
COOTBETCTBYIOUIHE HM MpsIMble NPOEKTHBHOH IJIOCKOCTH Mepe-
ceKaloTcsl B GECKOHEYHO YHAJIEHHOH TOUKe.

[Mapannenbhble npsMble OGMAfAIOT CAEAYIOUIMM OYEBH/I-
HbIM CBOiicTBoM. Ecau npamele a, b napaarireavust w npameie
b, ¢ napaanensnsl, mo npamele a, ¢ nAPAIICAbHYL.

Jlerko BHIAETb, UTO 04 NPAMbIX HA APUHHOL naocKocmu
BbINOAHAEMCA AKCUOMA NAPAAAEABHOCHU 38KAUG0BOE 2eomem-
puu.

§ 4. BekTtopnl Ha aduHHOH MJIOCKOCTH

Bekmopom B auHHOA mJIOCKOCTH Mbl OyAeM HasblBaTb
Hanpaesjenusiii otpesok AB. Touky A Oyzem HasblBaTb Ha-
4yagOM BEeKTOpa, a TOUKy B — KoHUOM. [/ BeKTOpOB, Jexa-
IIMX HA OAHOH NPSAMOH HJIH HA Napa/iebHbIX NPAMBIX, MbI
omnpejie/isieM IOHSATHE pPABEHCMEA CJEAYIOLIUM OOpasoM.

Ecnu Bektopsl AB u CD jexar Ha napajJenbHbIX INpsi-
MBIX, TO Mbl CYHTae€M HX PABHbIMH B TOM CJydyae, €CJH INps-
moie AC u BD napasnenvusi. Ecnu ke Bektopel AB u CD
JIeXKaT Ha OJHOH NPSIMOM, TO Mhl CYHTaeM HX DaBHLIMH, €CJH
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CYIIECTBYET BEKTOP, Napas/iefbHbld UM OOOHM H PaBHBIH KaxK-
oMy Hu3 HHX (4epT. 44).

Ilycte AB — Bektop u C — Touka, Jiexauias BHe Mps-
MoH, Toraa cymectsyer Bektop CD, paBublit AB. JleiicTBu-
TeJIbHO, TNipsiMasi, npoxojsias uepes C, nmapassenbhHas AB,
u npsmas, napannenbuas AC, npoxozswasi uepes B, mepe-
CeKaloTcsl 110 aKCHOMe NapaJiieIbHOCTH B HEKOTOPOil Touke D.
OueBujno, BekTopsl AB u CD paBHbI.

Pasgerncmeo sexmopos obaadaem ceoticmeom — mpaH3umug-
Hocmu, uMenHo, ecii AB =.CD u AB = EF, to CD = EF.
B cayuae, ecqiu BEeKTOpBI JieaT HA PasNHYHLIX HapasJeib-

8 £
4 D
c D
4 8
_ A
Yepr. 44. Yept. 45.

ublX npsMbix B ToukH A, C, E He Jexar Ha OfHOH NpPSIMOi,
OHO csiefyeT U3 Teopembl [lesapra B NpHMEHEHHH K TpexBep-
wunanikam ACE w BDF, KoTopble pAacnoJioKeHbl Mepcriek-
THBHO OTHOCHTEJbHO GECKOHEUHO yJaseHHOH Touku. Ecsiu ke
A, C, E nexat Ha OfHO# NpsIMOH, TO yKa3aHHOE CBO{ICTBO cJie-
JlyeT U3 akCHoMbI napajenbsoctd. OOLLHUil cayyail CBOAHTCA K
PACCMOTPEHHOMY YacTHOMY CJyyalo NyTeM BBeJeHHs paBHbIX
BCIIOMOTATEJIbHBIX BEKTOPOB OMHCAHHOH Bbillle KOHCTPYKIHE.

Ecau Bektopsl AB u AE paBHbl, TO OHH COBNAJAIOT, T. €.
B == E. JeiicTBUTeJbHO, Ha NpfAMOK, mapanjenbHod AB, cy-
wecrsyer Bektop CD, paBubit AB, a cnepoBatensHo, u AE.
Cosnagzenue Touek A u E ciefyeT H3 eLHHCTBEHHOCTH Mpsi-
moii, napaniensnoit AC, npoxoisuieit yepes Touky B.

BekTop BrosHE XapaKTepu3yercss CBOMM HAayajoM H KOH-
oM. ITostomy ero MoxHO Obio Obl ONpesesuTb TaK e, Kak
napy Touek, B3SITHIX B OIpeleJeHHOM TNOPsiAKe, HMeHYyeMbIX
HAYaJoM M KOHLOM BeKTopa. B cBsi3u'c onpeznesneHueM omepa-
UM CJIOXKEHHS H BbIYMTaHHUs JUisi BEKTOPOB 1€/1eCo06pasHo
napy COBNAAAIOMIMX TOYEK CYHTATb TaKXKe BEKTOPOM. ITOT
BEKTOp Mbl Ha3blBaeM Hyaeebim. Bce HyseBble BEKTOPHI paBHbI
N0 onpejeseHHIo.

Cymmoti BektopoB AB u CD (AB + CD) wmbl Gynem Ha-
sbiBaTh BekTOp AE, KOHew Kotoporo E omnpegensiercst ycsao-
BueM BE = CD (uepT. 45).
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Cnoxenne BeKTOpoB o0jafaeT CJeAyIOMMMH CBORCTBAMH:

1) Ecaua=a" v b=b', moa-+b=a + V.

2) (a+ b) +c=a—+ (b+ c) (accoyuamusrocme).

3) a4 b= b+ a (xommymamusrocms).
Jloka)keM 3TH CBOMCTBa.

IMycte CD = C’D’. TIlokaxem, uro AB 4+ CD = AB -}
+ C’D’. Tlo onpepenenuto AB 4 CD ectb BekTop AX, mpu-
yem Touka X onpezensiercs ycaosieM BX = CD. Amnano-
ruuno, AB + C’D’ ectb Bekrop AY, npuvem BY = C'D’.

b A D
Yepr. 46. Yepr. 47.

Hasi Toro uto6bl AOKAa3aTh NEpBOE CBOHCTBO, AOCTATOYHO
nokasatb, uro ecau AB = A’B’, BC = B’C’, 10 AC =
= A’C’. Ecnu npsmbie AB, A’B’ pasnuuusl ¥ npsimbie BC
B’C’ toxe pasnuuubl, To npsimeie AA’ u BB’, a Takxe BB’
u CC’ napanneavusl. Orciona napasnenbHocts AA’, CC’ u,
caenoBarenbno, paeeHctBo AC = A’C’ (uept. 46). B oGuiem
cayyae Mbl Gepem Touky Y, He JeXallyl0 HH Ha OJHOH H3
npamuix AB, A’'B’, BC, B’C’, u crpoum Toukn X H Z Tak,
ytobl XY = AB, YZ = BC. Toraa no jpokasanHomy AC =
= XZ, A’'C’ = XZ. Caenosateabno, AC = A'C’.

B cuny cBoiictBa 1) acconMaTHBHOCTL CJIOXKEHHS JOCTa-
TOYHO J0KasaTb Aisi BekTopoB AB, BC u CD. A ans takux
BEKTOPOB aCCOLMATHBHOCTb OYEBH/HA.

B cuny ceoiictea 1) KOMMYTaTHBHOCTb JOCTaTOYHO yCTa-
HOBHTb Jasi BekTopoB AB u BC. Ecau BekTOpbl He jexar
Ha OJHOM NpsMoi, To noctpouM Touky. D (uept. 47). Toraa

AB 4+ BC = AC = AD + DC = BC + AB.
Iycts .Tenepb Touku A, B, C nexar Ha OZHOM NOpsMOil

(uept. 48). Bosbmem BHe 3TO mpsimoil Touky E. Torma no
JIOKa3aHHOMY

EC = EB + BC = BC + EB, AE = AB + BE =
= BE + AB,
AC = AE + EC = EC + AE.
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-Orciona
AB + BC = BC + AB.

Mycme AB — gexmop, omauunvui om Hyaa. Toeda Ha om-
peske AB naiidemca maxaa mouka C, umo AC = CB.

HeiicTBuTenbno, noctpouM Touky C, rapMOHHYECKH CO-
npsiKeHHYI0 GeCKOHeYHO YyJlaseHHOH Touke mpsimoii AB or-
HocutenbHo touek A, B (uepr. 49). OueBugno, CB = C’B’.
Hanee, tpexsepinnHukn AA’C’ u B’BC naxousTtca B nep-
CNEKTUBHOM PACIOJIOKEHHH OTHOCHTeJbHO Touku E. Ortcio-
zia CrIellyer, uTo MpsiMble AC’" u CB’ napasesibHbl, a cefo-
BareabHo, AC = C’B’. Tax kak,
kpome Toro, CB = C'B’, TO,AC— E
= CB. YTBepxJeHHe JOKa3aHo. ”A

OnpelenuM BbIYHTAHHE BEKTO- ) ¢

poB. Pasuwocmeto BekTOpoB AB WM
CD (AB — CD) wMmbl HasbiBaeM Yepr. 48.
cymmy BektopoB AB u DC. Oue-
BuaHo, (AB — CD) + CD = AB, AB— AB = 0. B nanp
HefieM, eciu @ = AB — nanubii  BekTOp, TO — a Oyler
o6o3Hauath BekTop BA. 3r1OT BeKTOp MBI OyJeM Ha3blBaTb
npomueonosoxcHeim BekTopy AB.

BBegem Tenepb NOHSITHE OAHHAKOBO HANpaBJIeHHbIX BeK-
TOpoB. JIBa OTIMYHBIX OT HyJsi Bektopa AB u CD, nexauue
Ha ONHOH NpsIMOH, Mbl GyJeM Ha3biBaTb 00UHAKOBO HANPAS-
nerHomu, ecti A < Bu C<D nwm A > B u C> D.

ﬂ, c' BI

A ¢ 8
Yepr. 49. Yepr. 50.

Ouesnano, csoucmeo 8ekmopos OGbime 00UHAKOBO HANpPas-
ACHHOIMU MPAH3UMUBHO, T. €. €ClH @ U b OJUHAKOBO Hanpas-
JeHbl H b M ¢ OAMHAKOBO HampaBJieHbl, TO @ H ¢ OAHHAKOBO
HanpaeJeHbl.

Pagnoie eexmopsr AB u CD odunaxoso HANpaseHyl.

HeiictButenbHo, Tak Kak BekTopel AB u CD paBHbl, TO
CyllecTByeT napajJenbHblii BekTop A’'B’, paBHBII UM 060MM
(uept. 50). Ilyctb ana onpegenennoctd A < B. Toraa, ecan
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yTBepxkaenue HeBepHo, To C > D. Ilpsamas AB pas6uBaercs
Touykoit A Ha JBe mosynpsimeie h; H h,. Ilycts h; — Ta no-
JIynpsiMasi, KOTOpPOil TNPHHALIEXKHT Touka B.

Touka C He MoxeT coBnajatb ¢ A, Tak Kak torga D
coBnajgaer ¢ B u, cnemosarenvuo, C < D. Tlycte C u D
npunagiexar h;. Torna A <D < C. Tlpamas B’'D wne wmo-
KeT nepecekaTb oTpe3ok A’A, Tak Kak Torja nepecekaercs
otpe3ok B’D c npsamoit AA’, 4TO HEBO3MOXKHO, HGO TOUKH B’
# D pacnoyioxeHbl N0 OAHY CTOPOHY 3Toil mpsivoii. IIpsmbie
A’C u B’D wue mnepecekaiorcsi, Kak mnapajenbuble. KTak,
npsimast B’D nepecekaer Tosabko oAHy cropony (AC) Tpe-
yrosbuuka AA’C, uto npoTHBOpeyuT npepoxenuto [lawa.

Ilycrs D coenagaer ¢ A. Torpa moaynpsmas A’C mpo-
xomuT BHYTpH yrma AA’'B’ u, cineloBaTeNbHO, MNepecekaer
0Tpe3oK DB’, 4To HEBO3MOXKHO.

Cnyuaif, Korjla Touka D npuHainexuT h,, a Takxke KO-
raa obe touku C W D npuHajgmexar h,, paccMaTpUBaercs
.aHAJIOTHYHO. )

IBa napansiesbHbIX BeKTOpa Mbl OGyJIeM HasbiBaTb 00u-
HOKOB0 HANPABAEHHbIMU, €CITH PaBHblE MM BEKTOPbl HA OJHOM
npsiMOii OJHHAKOBO Hanpaejedbl. CBOHCTBO BeKTOPOB OBIThb
OJMHAKOBO HATpaBJieHHLIMH He 3aBHCHT OT MPSIMOH, Ha KO-
TOpoii GepyTcsi paBHble BeKTOpbl. OueBHAHO, JOCTATOYHO MO-
Kas3aTb, 4TO ecyii BeKTopbl AB u BC 0o1MHAaKOBO HamnpaBieHbl
u A’B’, B’C’ cOOTBETCTBEHHO paBHble MM BEKTOpHI Ha mapais-
JienbHo#t npsimoii, To A’B’ u B’C’ 0oJMHAKOBO HaNpaBJIEHbI.

IMpsamele AA’, BB’, CC’ napajsenbHbl H3-32 paBeHCTBA
-COOTBETCTBYIOUIMX BEKTOPOB. A Tak KakK MpPOeKTHpOBaHHE
.COXpaHsieT MOPSIAOK TOYeK, TO M3 TOro, uro B saxoautcs
mexay A u C, caenyer, uto B’ naxoaurcs mexay A’ u C'.
YTBepkIeHHe NOKa3aHo.

Jnsi ONMHAKOBO HAaMpaBJEHHbIX BEKTOPOB MbI OmNpefe-
JisleM OTHOLUeHHe «boabuie» U «meHouwey. ViMenno, Mbl OyleMm
roBoputh, uto CD < AB, ecin Ha otpeske AB ecTb #akas
touka X, yto AX = CD.

Ecnu Bektopsl a, b, a’, b’ odunakoso Hanpasretol u a < b,
a=4a b=1>b', mo a’ < b’. 310 HeNocpeACTBEHHO CJEAyeT
M3 TOro, YTO paBHble BEKTOPbl HMEIOT OJHHAKOBblE HaNpas-
JIEHHST .

OueBuaHO, ecii @ ¥ b OAMHAKOBO HamNpaBJjieHHbIE BeK-
TOpel, TO @ < a + b. Orciofa Jierko BbIBOAHTCS, UTO ecau
a<buc<d moa+t+c<b+d
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§ 5. AKcHOMa HenpepbIBHOCTH. YMHOXEHHE
BEKTOpa Ha 4HCJIO

Kak nokasano B § 2, ecanm yJajauTb H3 TNPOEKTHBHOM
NpsIMOH Kakyro-HUOYAb TOUKY, TO JJIsi OCTAJbHbIX TOYEK Mps-
MOl ecTecTBeHHbIM 00pa3oM YCTAaHABJIUBAeTCS OTHOLUEHHE
clefloBaHus A KaxJIOH Tapel TOuYeK, Y/JAOBJIETBOpsiollee
aKCHOMaM MOpSiiKa 3BKJHJOBOH TeOMETPHH.

Axcuoma IlI. Tpebyemca, umobor Oas aurHol npamot,
Komopas noay4aemcs u3 NPoeKmugHod npamod npu yoaie-
Huu Kakol-Hubyle U3 ee MO4EK, UMEAQ MECMO AKCUOMA He-
npepoisrocmu  [ledekunoa.

Kak mokasaHo B mnpejpifyiieM naparpage, BeKTOphI OA-
HOTO HampaBjieHHs1 O0MajaloT BCeMH CBOHCTBAMH 3BKJHIO-
BbIX OTPE3KOB, KOTOpble ObUIH HAMM HMCMOJb30BaHbI NPH ycCTa-
HOBJIEHUH Mepbl JuiHHBL. OTCIOa Mbl 3aKJ/IOYaeM, UYTO HMeEeT
MECTO CJIEeAYyIoLasi TeopeMa.

Cywecmayem w npumom eOUHCMBEHHAS PYHKYUA w, onpe-
OeseHHas HA 6cex 8ekmopax OGHHO2O HANPasaeHus, yoosem-
BOPAIOUAA  YCAOBUAM: g

1) Haa moboeo eekmopa a, OmauuHo20 Om HYyad,
p(a) > 0.

2) Ecau a =05, mo p(a) = p(b).

3) Ecau,c=a+ b, mo p(c) =p(a)+ v (b).

4) [as Hexomopoeo sekmopa a, 1 (ay) = 1.

Ha ocHoBaHMH 3TOil TeopeMbl JIErKO AOKa3bIBaeTCst CJe-
Ayiomas Teopema.

Teopema 606. Cywecmsyem u npumom eOUHCMBEHHAR
pynkyus N, onpedeseHHas Ha 68cex BeKmopax OAHHOU nps-
MOl u naparsenvtolx ed, YO008AeMBOPAIOUAA YCAOBUAM:

1) Haa eekmopos 00Hoz20 Hanpasienus k>0, a 014 sek-
Mmopo8 npomuonoA0HHoz0 Hanpasaenus \ < 0.

2) [lasa nynegoeo sekmopa A = 0.

3) Ecau a =05, mo \(a) =\ (b).

4) Ecau c=a+ b, 10 A(c) = X (a) + A (b).

5) Jlaa Hekomopozo omauuHO20 OmM HYAL 6eKmopa a,
Aay) =1, A(—a,) = —1. .

Hoxazameascmgo. EanuctBeHHOCT (DYHKUHH Henocpen-
CTBEHHO CJeJyeT K3 Npeablaylleil TeopeMbl, TaK KaK 3Ta
(QYHKUMSA YKA3aHHBIMH YCJOBHSIMH OMHO3HAYHO Ompejes-
eTCsl Ha BEKTOpax MJAaHHOTO HampaB/JeHHS H Ha BEKTOpax
NPOTHBOMNOJIOXKHOIO HanpasJjeHus. [lokaxeMm CyllecTBOBaHHe
¢yHKUMH A.
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[Tonoxum Ha BekTOpax HampaBjeHHs a, A(a) = p(a),
a Ha BeKTOpPaxX INPOTHBOIOJOMXKHOIO HampaB/eHdsl A (a) =
= —p(—a). YcaoBus 1, 2, 3 ¥ 5 oueBHAHBIM 0Gpa3oM
punosiHsiiorcsl. IIpoBepum ycioBue 4.

Ecam @ u b ojaHoro HanpaBjeHHsl, TO, O4YeBHAHO,
A(a-+b)=A(a) 4+ A(b) N0 COOTBETCTBYIOILEMY CBOHCTBY
¢yHkuun p. Ilycth BeKTOpH @ M b NPOTHBOMOJIOXKHO Ha-
npaejeHbl. Torja oJAMH H3 HHX HMeeT HampaBJieHHe gy, Ha-
npumMep a. Ecam —b<a, 10 p(a)=pn(—b)+ n(a-+b).
Otkyaa A(a) = —A(b) + A(a+b) wu, cregoBaTeJbHO,
AMa-+b) =Ar(@) + A(b). Ecmu —b>a, 1O p(—b) =
— (@) + p(—b—a), otkyma —k(b) = A(a) —A(a + b)
U, caejoBarejibHo, A(a + b) = A(a)+ A (b). Teopema jo-
KasaHa.

dyHKUHA A 3aBHCHT OT BHIGOpAa €IHHHYHOTO BEKTOpa
a,. IlycTb BMecTO @, B3SiIT HEKOTOPHII BeKTOp @, H A’
COOTBETCTBYIOILAs eMy GYyHKuus. PaccMOTpuM ¢yHKUHIO
A(ap) N (x)/N (a;). Jlerko BuAeTb, YTO OHA YIOBJETBOPSIET
BceM ycJsoBUsAM Teopemsl 60. CiieoBaTeNbHO, OHA paBHa A (x).
Takum obGpasoM, ¢ynkyuu X, coomsemcmsyroujue pPa3AuYHbIM
€OUHUYHBIM BeKMOPAM, OMAUHAIOMCA MOALKO MHONCUMENeM.

M3 cBoiictB ¢yHKUHH A JIerKO cjeiyeT, 4TO ecau 044
0dsyx eekmopos x u y A(x)=A(y), mo x=y.

[TpousBenenneM BekTOpa @ Ha 4YHCJIO a Mbl OyjneM Ha-
3bIBaTh TAKOH BEKTOp aa TOH e NpAMOH HJM napaJiielb-
Hol, u4To A(aa)= ak(a). OueBuAHO, 3TO ONpejleJieHHE He
3aBHCHT OT €JAHHHYHOTO BEKTOpa, KOTOpHIH oLnpeaeJsieT
yHKUHIO A,

" Ilycte a m b— napansenrHble BeKTOpel. Torza cymiect-
ByeT TaKoe YHCJO a, 4To aa = b. B camoM jesne, B3sB
a = A(b)/A(a), OymeM uMeTb A(za) = A(b), oOTKyaa
aa = b.

ITokaxcem, umo (a4 B)a = oaa - Ba. eiicTBUTENBHO,
3HayeHHs GYHKUMH A 1Jd BeKTopoB (a -+ B)a u aa 4 fa
oanHakoBbl. Cle0BaTeNbHO, BEKTOPbl PaBHBL.

Ananoeuuno noxasvisaemcs, umo «(Pa) = («f)a.

Jlokasicem menepob, umo

a(a+ b) = aa 4 ab.
YTBepKIeHHE OUYEeBHAHO, €CJH OJHH M3 BEKTOPOB HJH o06a
paBHbl Hymo. Ecanm BekTophl napassesibHel, TO b BbIpaxa-

eTcsl yepe3 a b =08a u ob6e yacTH paBeHCTBA B CHJYy yKa-
3aHHBIX BHILIE CBOficTB paBHH « (1 4 f)a.
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[Tycte Temepp @ W b — oTyHUHBIE OT HYJsl, He mapai-
JieJIbHbIe BEKTOPbl. Mbl MOXKeM CYHTATh, YTO OHH HMeIOT ofluee
Hayamo O, a kKoHuel ux A u B coorBercTBeHHO (4epT. 51).
ITycte A" m B’ — KoHubl BekTOpOB aa H ab. IlokaxeM, uto
npsvele AB u A’'B’ napassienbHbl.

PaccmotpuM. npoektipoBanue npsiMoir OA Ha npsiMyio
OB nyukom mnpsivbix, napajrenbhbix AB. Owno comocrae-
JsieT Kaxaomy BeKTopy x mnpsiMoii OA HEKOTOpBIH BeKTOp
Hx npsmoit OB. YTBepxiaeM, uto ecau x = y, mo Hx = Hy,
0as amobeix eexmopos x u y H(x +y) = Hx + Hy.

Yepr. 51. Yepr. 52.

Ilokaxem cHavana, uto ecaiu x =y, T0 Hx = Hy
(uept. 52). Tak Kak NpoeKTHpOBaHHE COXpaHseT MOPSAOK
caefoBaHus ToueK, To Hx W Hy OJMHAKOBO HampaBJeHsl.
[TpexmosioxkuM, yto TOYKH L M P Hauajma BEKTOPOB X H Y
orinunbel ot O. IlpoBenem uepe3s Touky P mpsimyo PR, na-
pamrenscuyo OB; a -uepe3 Touky L’ npamyio L’S, napan-
genbuyto 0A4. st Toro utoObl yCTAHOBUTH paBeHCTBO Hx =
= Hy, pocratouHo- mokasatb, 4yto Tmnpsamble PL’ u RM’
napaJJjiesbHbl.

Tpeyrosbuukd PQR u L’SM’ mnepcnekTHBHO pacmoJio-
JKEHbl OTHOCHTEJNbHO GECKOHEUHO YJa/leHHO# mpsiMoi. A Tak
Kak x = y W, caegosarenbHo, PL’ || SQ, to PL’ || RM’.
3uauutr, Hx = Hy. Ecnu L unu P coBnagaer ¢ O, To BMeCTo
OB B 3TOM pacCyXJeHHH HaJ0 CHayaja B3siTb MNapasJesb-
uyto OB npsmylo, uytoGul oHa He mpoxojuna yepes L u P.

Tenepr cBoiictreo H(x +y) = Hx + Hy  jpocratoyno
JOKa3aTh AJIsi BeKTOpoB x = PQ u y = QR. A mns Takux
BEKTOPOB OHO OYEBHJHO.

[Tycte A, — dyHKUHA HA BekTopax npamoit OA, i,—
¢byHkuus Ha BekTopax npsMoi OB u A, —yHKuus Ha
BeKTOpax nmpsamoii AB, npuueM A (a) =1, A (b)=1,
As(@—b) =1, Onpegenum QYHKIHMIO v HA BeKTOpax NpsaMoi
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OA ycaoBuem v(x) = Ay(Hx). Ota GYHKUHSA YAOBJIETBO-
psier ycaoBusM 1, 2, 3 u 4 Teopemel 60. CnejnoBaresibHO,
v(x) = kA (x). OTkyna

e (Hx) __ 22 (Hy)

A (%) My "

Hama nenpr Oblna f0KasaTb MNapajuieslsHOCTh MPSIMBIX
AB u A'B’, rge A’ u B’ — KoHUBI BEKTOpOB aa M ab ¢ 00-
muM HauyajoM O. s Toro 4To6bl 3TO JOKa3aTh, JOCTATOUHO
yCTaHOBUThL paBeHCTBO H (aag) = ab. A 3T0 Tenepnr HeTpyiHO.
B camom jene, moJjaras B TOJYyYEHHOH BHILIE TNPONOPIHH
X = a, Yy = aa 4 3ameyas, 410 A,(a) =1, A, (b) = 1, nonyuum
Ay (Haa) = a. Ho Ay(ab) =a. Orcioga caeigyer, uTo
H (aa) = ab. W napaanenbHocts npsmeix AB u A’B’ no-
KasaHa.

AHnajsornyHoe paccykJeHHe MOXKHO TpPOBECTH OTHOCH-
TeNbHO TpoeKTHpoBanus S mnpsimoit OA Ha npsmyw A’'B’
(uépt. 53). Toraa mosyunM aHAJOTHYHYIO TPOMNOPLHIO

A (S%) _ 15(Sy)
A (%) M(y) ”

Ilonaras x =a, y=aa u 3ameuas, yto AB = A"B’ wus-3a
napajasenbHoctd AB u A’B’, nosyuum

al; (@ — b) = A3 (aa — ab).

A orcrona
a(a—b) = aa — ab.

Eciu Tenepr B3ATb BMeCTO BeKTOpa b BeKTOp —b, TO.TO-
JYYHM
a(a -+ b)=aa -+ ab.

YTBepKAeHHE J0Ka3aHo.

Ilycmo a u b— omaudnele om HYAs, He NAPALLEAbHbIE
sexmopol. Tozda awbod eexmop ¢ Odonyckaem u NPUMOM
edurcmeenHnoe npedcmasaerue 6uda

¢ = aa + Bb.

JonycTHM, BeKTOp ¢ HONYycKaeT ApYyroe npeicTaBjieHHe
c=a'a-+B'b. Toraa, BulUMTAs paBEHCTBA NOWIEHHO, IIO-
JayunM (a —a')a+ (B —B")b=0. Ecin a =a’, T0 (@ —a')
a —1yJeBOil BeKTOp, cJjejoBaTtesibHO, (B — B’)b — HyJneBoi
BekTop. Otciona B =f’. U pasnoxenust coBnajaior. AHa-
Joruyno npu B = B’. OcraeTcst npeAnosoXHTb, YTO « + a’,
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B+ B’. Ho torna Bexktopu (¢—a’)a u (3 —B')b, 6Gyayun
OTJIMYHBL OT HYJSI W He mNapaJjesbHbl, He MOryT JaBaTb
CyMMy, paBHYI0 Hymo. EQMHCTBeHHOCTh J0OKa3aHa.
Jlokaxem cyliecTBOBaHHe pa3joXeHHs ¢ = aa + Bb..
MoxHO cuuTaTh, uTO BeKTOpH a, b, ¢ umeloT ofulee
Hayajso O. CrpoeKTHpyeM BEKTOP ¢ NPSAMBIMH NapajJelb-
HBIMH b Ha npsiMyio, COJepiKallylo BeKTOp @, H NpPSMBIMH,
napajaie/bHEIMH @ Ha TpPSIMYlo, CONEpIKaulylo BeKTop b

Q
0 8 a

b

Hepr. 53. Yepr. 53a.

(uept. 53a). Ilpoekunn 0603HAYHM C, U ¢, COOTBETCTBEHHO.
OueBupHO, ¢=c,+ ¢, Tak Kak ¢, JeXKUT Ha MpPIMOl.
BEKTOpa @, TO ¢, = aa, aHaJOrH4yHo ¢, = Bb. CjefoBaTe/bHO,

¢ =aa—+ fBb.

CyliecTBoBaHHE pasJiOXKEHHSI JOKa3aHo.

B 3aksioyeHHe 3amMeTuM, 4YTO MONOOHYIO TEOPHIO BEK-
TOPOB MOXKHO OblJIO Obl MOCTPOHTbL W* B MpOCTpaHcTBe. Mhl
OTPaHHYMUJIUCh CJyYaeM TJIOCKOCTH, 4YTOObl YNPOCTHTb W3-
JIOKEHHE.

§ 6. JlexapToBbl ¥ NPOEKTHBHblE KOOPAHHATHI

IlpoBeseM uepe3 npousBoJbHYIO Touky O (Hawaio Koop-
Ounam) adHHHOM IJIOCKOCTH ABe NpsiMble (ocu KoopOQunam)
H BO3bMEM HA KaXJOH M3 HHUX MO OJHOMY BEKTOPY e; H &,
(6asucnoe eexmopet). Torma awobolt Bektop OA jgonyckaer
H NPUTOM EeAHHCTBEHHOE IpEeACTaBJIEHHE

0A = xe; + ye,.

Takum o6pasoM, Kaxaod Touyke A apUHHOH NJOCKOCTH
B3aHMHO OJHO3HAYHO COTOCTaBisieTCs Mapa uHcead (X, Yy).
Hucna x, y HasbiBaWTCA  Jekapmosoimu  KoopOuwamamu:
TOYKH.
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Ilycte g — npsimas, Ao — Touka, a e — OTJIHYHBIA OT
HYJNs BeKTOp Ha 3Tofl npsiMoit. Bo3bMeM NpOH3BOJIBbHYIO
Touky A Ha npsimoii. Tak kak Bexktopni A,A = 0A — OA,
d e JiexxaT Ha OJHOU MNpsAMOH, TO

OA — 0A, = de.
TpencTaBasisa e B GopMe a,8, - d,e,, MOMYUHM
(x—xo) e1 + (Y — Yo) ez‘/: ahey + aghze,.

OTciofa B CHJIy €AUHCTBEHHOCTH pasJ/IOXEHHsi JIO6Oro Bek-
Topa Mo BeKTOpaM 6asuca e, H e, 3aKJ/ioyaeMm

X—Xg =04\, Y — Yy = Q.

YMHOXHB NepBoe ypaBHEHHEe Ha a,, BTOPOE Ha a; H BHIYTEM
noysieHHo. Torga nmoayyum

(x — %) g — (¥ — yp) 2, = 0.

Takum ob6pasom, koopOunamoe. KaxcOol mouku npamoli g
y006.1eMBOPAIOM AUHEUHOMY YPABHEHUO. TO ypaBHEHHE Ha3bl-
BACTCS YpasHeHuem NpPAMOL.

O6parHo, kaocdoe auHelinoe ypasHerue

ax + by +¢c=0 *)

ABAsleMCA  YpasHeHuem Hekomopold npamod. JleACTBUTENBHO,
nycTb X,, Y, — Kakoe-HHOYAb pelleHHe 3TOro YpaBHEHHS.
Toraa npsimMas, npoxoasiuasi yepes TOUKy (X,, Y,) H COZep-
XKaiasi BeKTop e = — be, 4 ae,, umeer ypasHeHHe (*).

BbIfIcCHHM, KaK BbIpA)KA€TCsl PTHOLIEHHE CJeNOBAHHS s
TOYEeK Ha NpsAMOi yepe3 HUX KoopAuHatel. IlycTb B ypaBHe-
Hud npsamoit (*) b = 0. STo 3HAYUT, YTO B PA3JIOKEHUU BeK-
TOpa e, Jiexaiiero Ha npsimoi, a, = 0.

Kak Mbl 3HaeM, B OJHOM HAaNpaBJE€HUH CJEJOBAHHE TOUKH
A, sa A, Boipaxkaercsa B ToM, uto Bektop A;A, 0IHHAKOBO
HamnpaBJieH C HEKOTOpPbIM (DMKCHPOBAaHHbIM BEKTOPOM Ha Nps-
MO, HampuMep e, a ClieJOBaHHE B JPYTrOM HanpaBJeHHH Bbl-
paXKaeTcsi B TOM, YTO 3TH BEKTOPbl NPOTHBOIOJIOXKHO Hanpas-
JIEHBI.

Tak kak

OA]_ —OAO = )\le, 0A2 - OAO == )\28, TO AIAZ = ()\2 —_ )\l)e.
Orciona caeayer, yto A; < A, B 0JHOM HarnpaBJ/IeHHH, eCJiH
Ay <Xy @ B JApyroM HampaBJeHHH, ecau A; > A, Tak kak
xl -_ xo = al)\l, Xg — xo = al)\z, TO Xg— X3 =204 ()\2 —_— )\1).
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CnepoBatenbio, Ay < A, B OXHOM HAmnpaBleHHH, €CJH
X, < X3, @ JIDYTOM HANpaBJEeHHH, €CIH X; > X,.

AHasOTHYHO NOKAasblBaeTcsl, YTO ECJAH B YpPaBHEHHH Nps-
moit (*) b = 0, To crefoBaHHe Ha NPSMOil B OJHOM Hanpas-
JIeHHH BbIPAXKAeTCsl HEepPaBeHCTBOM Y, < Yy, 2 B APYIOM —
Y1 > Ya-

BBeneM Ha aguHHOI MJIOCKOCTH OAHOPOAHbBIE KOOpAHHA-
Tol. OO0HOPOOHBIMU  KOOPOUHAMAMU TOYKH Mbl GYJEeM Hasbl-
BaTb JiloOble TPH YHCJIA X;, X,, X5, HE BCE DaBHble HY.JIO,
CBsI3aHHble C ee JeKapTOBbIMH KOOpAHHATAMH X, Y, PaBeH-
CTBaMH

X2
X=—, y—_—';C;.

OnxopoaHble KOOpAMHATHI COMOCTABJSIIOTCS TOYKE HE OJHO-
3Haudo. M roeops 06 ORZHOPOAHBIX KOOPAMHATAX TOYKH, Mbl
HMeeM B BHAY He ONpeAeseHHYIO TPOHKY UHCesa, a CHCTEMY
TPOEK, OTJIMYAIOWIUXCS APYr OT Jpyra HEKOTOPbIM MHOXH-
teqeM. OueBHAHO, KOOpAHHATA X, # 0.

IMoncraBnsis B ypaBHeHHe npsivoil (*) x W y, BblpakeH-
HLIE Yepe3 OJHOPOJHble KOOPAHHATHI, 3aKJI0UaeM, YTO ORHO-
POIHBIE KOODAHHATHI MOPSIMOIl  YAOBJIETBOPSIIOT JIHHEHHOMY
OJTHOPOJHOMY YpPaBHEHHIO

axy + bxy 4 cx; = 0.

Jlerko BrzeTb, uTO M OOPAaTHO BCAKOE TAKOE ypaBHEHHE, eCJIH
aubne PaBHbl HYJIIO, OXHOBPEMEHHO €CTb YPaBHEHHE HeKO-
TOpOH NpsAMOA adUHHOH MJIOCKOCTH.

Beenem Tenepb npoekmugHele KoopOuHarmst Ha TIPOEK-
THBHOH MJOCKOCTH. Ecim Touka A NpPOEKTHBHOH MJIOCKOCTH
ABJSETCS TOYKOH Aa(UHHOH INJIOCKOCTH, TO B KayecTse
NPOEKTHBHbIX KOOpJAMHAT Mbl 6epeM OJIHOPOAHBIE KOOP AH-
Hatel. Eciim Touka A sBisieTcss GECKOHEUHO YAAQNEHHOH TOY-
KOH npsMoit, cofepxauiell aguuHyio npamylo ax -+ by -+
+c¢=0, To B KauecTBe NpPOEKTHBHBIX KOOpPAHHAT Mbl Ge-
peM Tpo#Ky uucen (—b, a, 0) uau Jwobylo TPoiiky, eit mpo-
NOPIHOHAJBHYIO.

3ameTHM, UYTO yepe3 KaxkAyl0o GECKOHEUHO YJaJieHHYIO
TOYKY NPOEKTHBHOM IJIOCKOCTH NPOXOAHUT GeCUHCIEHHOe
MHOXECTBO IPOEKTHBHBIX IHPSAMBIX, COAEpKallUX NpsMbie
acdunuble. [loaTOMy I/ KODPEKTHOCTH BBeHEHHS KOOpAMHAT
6eCKOHeYHO YyJAaNeHHbIX TOYEK Hafo, 4ToOGbl TPOHKH, OTBe-
yawmmHe OJHOH OeCKOHeYHO YAANeHHOH TOYKe, onpeaens-
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eMble pa3HbIMH NpsiMbIMH ax + by +c=0u ayx + by +
+ ¢, = 0, ObuiM NpONOpPUHOHAABHBL. DTO TaK H €CTb, H6O
CHCTeMa ypaBHEHHUH
ax+by+c=0, ax+by+c=0

HE COBMECTHA (NpsiMble NapaJjleJibHbl, T. €. He MepecekaloTcs).
Orcrona

ab
a,b;

a b
=0, cJefoBaTeNbHO, — = —.
a bl

OueBUIHO, NPOEKMUBHAR NPAMAA 8 NPOEKMUBHLIX KoopOu-
Hamax 3a0aemcs AUHEUHbIM YpPAaBHeHUeM, HMEHHO TeM e
ypaBHEHHEeM, YTO U COOTBETCTBYIOWlas auUHHAsi nNpsiMasi B OA-
HOPOJHBIX KOOpAHWHATax. DeckoneuHo ypaseHHass npsimas
3aflaeTca ypaBHeHHeM x, = 0. O6partHo, arwboe auHeliroe
00HOPOOHOE YPaBHeHUe 8 NPOeKMUeHbIx KoopOuHamax seAsem-
€ YpasHeHuem HeKomopou npamotl.

B s3akniouenue 3ameTuM, 4TO B NPOEKTHBHOM NPOCTpPaH-
CTBE TOXE MOXHO BBECTH INPOEKTHBHble KOOPAHHATH X;, X,
xg, x4. Ilpu atoM m06as nnockocTb 6yAeT 3afaBaThCs JHHEH-
HBIM OLHOPOJHBLIM ypaBHEHHEM

axy + bx, + cxy + dx, = 0,

a Jgiobasi mnpsiMasl — CHCTEMOIl JABYX TaKHX HE3aBHCHMbIX
ypaBHeHHHA. Mbl OrpaHHYMJIHCH CIyyaeM IPOEKTHBHOf MJOC-
KOCTH, 4TOOGBI YNPOCTHTb H3JIOXKEHHE.

§ 7. HenpoTHBOpPeYHBOCTb M MOJHOTA CHCTEMbl aKCHOM
NPOEKTHBHOM reOMeTPUH HA MJIOCKOCTH

Teopema 61. Cucmema axcuom npoekmugHol eeomempuu
Henpomusopeuusa. To ecmos, u3 Hee He mozym Goims evidede-
HbL nymem no2udeckux paccyxcOerull 08a 63aAUMHO UCKAIOHA-
rouux caedcmsus.

Oty TeopeMy Mbl JOKaKeM M5 [POEKTUBHOH TreoMerT-
puu Ha mnnockoctd. JlokasatenbCTBO OYZET COCTOATH B
TOM, YTO MbI' [IOCTPOMM KOHKDETHYIO peasu3alHi0 CHCTeMbl
aKCHOM TDOEKTHUBHOH TreoMeTpHH, B KOTOPOil aKCHOMbl Oy-
YT BLINOJHSITHCSL B CHJY COOTBETCTBYIOUIMX TeopeM apH®-
MeTHKH. DTy peanusauuio Mol OyJeM HasblBaTb aHaIUTH-
YeCKOH.

Toukoi Mbl OyjeM HasblBaTh JIIOOYIO TPOHKY BellecT-
BEHHbIX 4HCen (X;, X, X3), HE PaBHBIX HYJIO OIHOBpEMEH-
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HO, U OyJeM CYHTAaTb TOUKH COBMAJAIOMHMH, €CJIH TPOHKHU
NpoNnopUHOHAJbHBL. Yucna x;, x,, x; OyAeM HasbBaThb KO-
OpAMHATAMH TOUKH.

IIpamod mbl GyneM HasbiBaTb  COBOKYIHOCTb — TOYEK,
YIOBJIETBOPSIOUIUX JHHEHAHOMY OJHODOAHOMY YpaBHEHHIO

alxl + a2x2 + a3x3 = O.

Mel GyneM TOBOPHTb, 4YTO TOYKA npuxadiexmcum TpPsIMOH,
eclH OHA ABJAETCS OJHOH H3 ee TOueK, T. €. KOOpAHHATHI
TOYKH YJOBJETBOPSIIOT YpaBHEHHIO Npsi-
MoH.

[TpoBepka miOCKHX aKCHOM CBSI3H He
CoCTaBJisieT TpyAa. Mel mpejocTaBisieM ee
YHTATEJIO.

Kak 6buto oTMeueHo paHee, Teopema
Jesapra He MoxeT ObITb BbiBeleHa M3
IJIOCKHX aKCHOM cBsi3H. M anst nocTpoenns
NPOEKTHBHON TIEOMETPHH Ha IJIOCKOCTH
npeajioxkenue Jlesapra Haao NpUHATH Kak
akcroMmy. I[lpoBepuM ee B Hauleii peaju-
3aluH.

Kak Mbl 3Haem, B ciyyae, Korga y TpeXBepIUMHHHKOB
COBNIAJAIOT [IB€ COOTBETCTBYIOIU(HE BEpPIIMHBl HJIH CTOPOHHI,
npenoxkenue [lesapra BHINONHAETCS TPHBHAJBHBIM 06pa3oM.
TlosTomy Mbl GyneM cyuTaTh, YTO COOTBETCTBYIOLLHE -CTOPOHBI
H BepIUHHbl TPEXBEPIUHHHHKOB Pa3JHYHBI.

IIycTs TpexXBepUIHHHHKM MMeIOT IEHTP MepCreKTHBLI
S (uepr. 54). OGosnauum a =0, B=0, =0 u 3=0
ypaBHeHus mnpsimpix AS, BS, AB u A’B’ COOTBETCTBEHHO.
Torna ypaBHenne SC MOXKHO NpeACTaBUTb B BHIE Ao+
+ pp =0. Hin, BKJIOYAT MHOXKHTENH A M | B ypaBHEHUS
a=0u =0, nonyyum ypaBHenue npsmoit SC B Buje

a4 B=0.

Ypasuenus npsmpix AC u BC MOXHO NpeiCTaBUTH B
Buge a + Ay =0, B+ py=0 coorBercTBeHHO. A TaK Kak
3TH TpsMble TNepecekaioTcs ¢ mnpamoit SC B Touke C, TO
HallayTcsa TakHe § H 7, 4TO

ta+ i) +a@+en)=a+b.

Orciona B cusy He3aBHCHMOCTH ypaBHeHHH a =0, B =0 u

Yepr. 54.
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1=0 mnonywaerca t==n=1, A=—p  Takum o6pasom,
ypaBHenusi npsMeix AC u BC Gynyt
a+Ay=0, B—Ay=0.

Ananoruuno nosyyaloTcsi ypaBHeHus npsmbix A'C’ H

B'C’

a+l"'8=0: p—p.3=0,
OueBngno, kKaxpaas H3 Tpex nap npsaMeix =0 u =0,
at+M=0na+4pwW=0, f—Ay=0 u B— pd =0 nepece-
KaloTCs Ha 1npaMOd Ay —pd =0, KoTopas W GyJeT OCbio
nepcreK THBHI.

- Jloka3aTeabCTBO OOpPAaTHOrO YTBEpKAEHHS TeopeMbl [le-
3apra npoBefeM OT 1npoTuBHoro. IlycTe TpexBeplLMHHHKH
HMEIOT OCb NepCleKTHBH S, H A* — TouKa Ha Heil, rie nepe-
cekatorcsi ctoponbl BC u B’C’. O6osHauuMm mepeceyenue mpsi-
Mbix AA’ u BB’ uepe3 S. Ilycts C” — TouKa, B KOTOpOH mps-
masa SC nepecekaer A'C’.

Ilo poxasannomy TpexBepluHHHUKH ABC u A'B’C” umeior
ocb mepcnekTHBbl. OueBHAHO, OHA coBmafger ¢ S. Takum oG-
pasom, npsivele BC u B’C’ u npsmbie BC, B’C” nepecekaioT-
Cs1 HA S ¥ TIPUTOM B OXHOH M TOH e Touke A*, Orciona coBna-
nenue npsimbix B'C’ u B'C” u, cieloBaTesIbHO, COBMHajeHHE
toyek C' u C”. YTBepxKaeHHe AOKA3aHO.

OnpesenuM Temepb OTHOIIEHHE CJEAOBAaHHS TPOEK TO-
YeK Ha INpPsAMOH H NpPOBEPHM BLINIOJHHMOCTb AKCHOM [0O-
psAKa.

HaszoBem mnpsmyio x; = 0 GecKOHEYHO YJaJieHHOH, a ee
TOUKH — GECKOHEYHO YJAaJeHHHIMH. B MHOMKeCTBe KOHEUHbIX
TOYeK INpAMOH MoxeT ObITb BBEJEHO OTHOLIEHHE CJleJOBaHHA
map TOYeK TaK, YTO BHINOJHSIOTCS BCE AaKCHOMbl MNOpsAKa
3BKJHJIOBOH reomerpuu. JIlis 3TOro HajJ0 BBECTH OTHOLUEHHE
CJIe[IOBaHHSA, KAaK B JEKapTOBOA peaqH3aldH 3BKJIHAOBOH
reoMeTpud. Tenepb B TepMHHAX OTHOIUEHHH MOpPSiAKA JJs
CleloBaHHS Nap TOYEK Mbl OIpelesisieM CleJOBaHHE TPOEK.

Ecan Bce Toukn A, B, C KOHEUHbl, TO CJEIOBAHHE B OXHOM
HATNPABJIEHHH ONpeJe/sieTcs OJHHM U3 TPeX YCJOBHH:

A<B<C, nmuB<C<A, wiu C< A <B.

CnegoBanue TPOHKH B NPOTHBOMOJIOXKHOM HAalpaBJeHHH Olpe-
JeJisieTcsl  YCJOBHSIMH

A>B>C, wiu B>C>A, nmu C>A>B.
Onpepenum cJjefloBaHue TPOHKH NpPH HAJHYHH B Hei
OfHO#1 GecCKOHEYHO YJAaJieHHON TOYKH, KOTOPYI0 0GO3HAYHM
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Q. Mu Gyzem roBopHTb, 4TO0 Tpofika AB R ciexyer B nep-
BOM H3 YKasaHHbIX HanpasjieHuil, eciH A < B, H Bo BTO-
pom, eciin B < A. Tpoiika A Q C caenyer B nepBoM Hampas-
aenun, ecii A > C, u Bo BropoM, ecin A < C. Tpoiika
Q BC cnepyer B mepBoM HanpasjeHHH, ecnid B < C, u Bo
BTOpOM, ecin B > C. ‘

Takum o6pasoM, Mbl ONpeleNHJH CJefOBaHHE TPOEK TO-
9eK Ha Kaxaoi npsaMmoil, He sBasoumeiics GeCKOHeYHO YJa-
aennoii. CrejoBaHue Tpoek HAa GECKOHEUHO YAaJeHHOM NpsMoii
Mbl ONpejiesisieM uepe3 MPOEKTHPOBaHHE HAa KaKyIO-HUOYIb
KOHEUHYIO NpsMYIO.

Tenepp Hazo nNPOBEPHTb BHIIOJHHMOCTb AKCHOM  IO-
psiika. 3Tta NpoBepKa, KaK Jierko y6GeluThbCs, He MpEACTaB-
JsieT TpyZAa, HO CBsI3aHAa C pacCMOTPEHHEM MHOXKEeCTBa pas-
JuuHBIX caydaeB. [lostomMy Mbl ee npoBoAHTbL He OyJleM.
UTo KacaeTcsi aKCHOMBbI HENpPEpPLIBHOCTH, TO OHA, OUEBUIHO,
BLITIOJIHAETCS, TAK KaK CBOAMTCA K AaKCHOME. HelpepbIBHO-
CTH JJSl 3BKJAHAOBOH NPSIMOH OTHOCHTENBHO CJIEJOBAHHS
nap.

ITocTpouB aHanmuTHYECKYIO peajH3alUHI0 CHCTEMbI aKCil=
OM TIDOEKTHBHOII I'€OMETPHH, Mbl H 3aKJIOYaeM O ee HENpOTH-
BOPEUYHBOCTH.

IlepeiineM tTemepb K BODPOCY O TOJHOTE CHCTEMbl AKCHOM
NPOEKTHBHOH IeOMeTPHH Ha IJIOCKOCTH.

Corsaceo oOiieif cxeMe JOKa3aTesNbCTBA MOJNHOTHI CH-
CTeMbl aKCHOM, Mbl JOJIXKHbl YCTAHOBHTb H30MOp(H3M BCEX
peasu3anuil CHCTEMBl aKCHOM INPOEKTHBHOH reomerpuu. [ns
3TOr0 JOCTATOYHO YCTAHOBHTb H30MOP(H3M HX KaKOU-HHOYIAb
ONHOU peaju3allH, HalNpHMEP AaHAaJHTHUYECKOH, IOCTPOEeH-
HOH TOJIBKO UTO.

B § 6 6e3 Kakux-mu60 NpPEANOJIOXKEHHH O KOHKPETHOCTH
peau3alii Mbl CONOCTABHJIH KaxKAOH TOUKE CHCTEMY TpOeK
yHcea — NPOEKTHBHBIX KOOPAHMHAT, a Kaxmoil npsMoi —
MHOXKECTBO TPO€K, YIOBJNETBOPSIOIKX JHHEHHOMY OJHOPOA-
HOMYy YypaBHeHHI0. Tak ObuIO yCTaHOBNEHO B3aHMHO OHHGe
3HaYHOE COOTBETCTBHE MEXAY 3JeMEeHTaMH INPOH3BOJIBHOM
peanusalu¥ M aHanuTHyeckoil. [asi Toro ytoGel 3TO OTOGpA-
KeHue ObIO H30MOPGHH3MOM, HAZO 4YTOGbI COOTBETCTBYIOLLHE
Ipynnel 3/7€MEHTOB HAXOJHJIHCh B ORMHAKOBBIX OTHOLIEHHSX
nopsiaxa.

Tax sm 310? UTOGH yGEmMTLCA B TOM, YTO 3TO JeHCTBH-
TeJIbHO TaK, 3aMETHM MpEXKJe BCero, YTo OTHOLUEHHS CJeJo-
BaHHA Nap TOYEK Ha NPSAMBIX B O0OOHMX peanHs3auuax, nocjie
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ylanenus: GeCKOHEYHO YJAAJEeHHbIX TOYeK, HAaXOAATCH B COOT-
BeTcTBHH. W mnosToMy ocraercs TOJNIbKO NOKasaTb, YTO ycCTa-
HOBJIeHHe MOpSiIKAa CJEJOBAHHS TPOEK B aHAJHTHYECKOH pea-
Ju3alnl (HOpMasibHO COBMAJaeT C BOCCTAHOBJEHHEM NOpPsJKa
CJeJIoBaHUSl TPOeK Ha NPOEKTHBHOH NpPSAMOH uepe3 MOPAAOK
cleloBaHKusi Nap ToueK Ha aduHHOH NpsIMOii.

Ilyets ¢ u ¢" — 1Ba NPOTHBOMOJIONKHBIX HAaNpaBJIEHHS
Ha NpPOEKTHUBHOH NpsMOil B Kakoii-muGo peanusanuu. Puk-
CHDOBaB HEKOTOpPYIO NpSIMYylO, KOTOPYIO Mbl HasBaau Oec-
KOHEYHO YJaJIeHHOM, Mbl paspesajid NJIOCKOCTb MO 3TOi INpfi-
MOH H, TakuM o6pa3oM, TNOJYYHJIH Aa(PUHHYIO IJOCKOCTb
H Ha Hell ajunHble npsMble. Ha aduHHBIX NPSMBIX Mbl OI-
peleNuNd TOpsSJOK cJeloBaHHs mnap ycaoeuem: A < B
B OJHOM HampaBjeHuu (¢'), ecam Tpoiika QAB cJenyer
B HanpaBaeHuu ', u A > B, ecin RAB cJjegyer B Hamnpas-
JeHuu t’.

[lycTe Temepr MBI MMeeM TpPH TOYKH Ha apuHHOH nps-
Mol A, B, C, npuuem A < B < C. DT0 3HAYHUT, YTO TPOHKH
QAB u RBC cuaenyior B. Hanpasjennu ¢. [lo akcuome
I1, u 11, orciona BuiTekaer, uto Tpoiika ABC cienyer B Ha-
npasnenud t’. Toxe OyrernmpuB<C <A uC< AL
< B. CnenoBatenbHO, YCTaHOBJEHHE TOpPSIAKA CJELOBaHHSA
TPOEK B AaHAJHUTUYECKOIl peaju3andd ecTb INPOCTO BOCCTa-
HOBJIEHUE CJIeIOBAHHS TPOEK IIPOEKTHBHOH IpsSMOil uyepe3
OTHOILIEHHEe CJIeJOBaHus AJIsl Map ToueK Ha ahHUHHOH NpPsIMOH.
W Tax Kak Ha aUHHBIX NPSIMBIX COOTBETCTBYIOIIHE Mapbl TO-
ueK MNpPOHU3BOJIBHOH peaiM3aliH M peajH3aliy aHaJIuTHYe-
CKOll HaxoJfiTcsi B OJUHAKOBBLIX OTHOUIEHHAX NOpPSiAKa, TO
H COOTBETCTBYIOIIME TPOHKH MPOEKTHBHBIX MPSMBIX 3THX
peanusanuii TOXe HAXOASTCS B OAWHAKOBBIX OTHOLIEHHSX
nopsigka. Takum o6pasoM, MBI TNPHXOAHM K Clelylome
TeopeMe.

Teopema 62. Cucmema axcuom npoekmusrotli eseomempuu
Ha naockocmu hoaHa. Bce ee peaiusayuu u3omMopghHbL.

§ 8. IpoexkTuBHBIE NpPeobpa3oBaHHs

I1poekmusHoin npeobpaszosanues TJIOCKOCTH HasblBaeTcs
TaKoe ee OAHO-OJHO3HAauHOe OoToOpaxKeHnue Ha cebs, NPH KO-
TOPOM IIpsIMble NEPeXoAsT B NpsiMbie. JIerko NpHUBECTH MNpH-
Mep INpOEKTHBHOro npeoGpasoBaHHsi. VIMeHHO, CONOCTaBUM
KaxJaoi Touke A C NpPOEKTUBHBIMH KOODJAHHATAMH X, X,, X3
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Touky A’ C NPOEKTHBHLIMH KOOPJAMHATAMH X, X,, X COIJIaCHO
¢opMynam

xi = Qy1X1 -+ Q19%s + Q13%3, Q11012043 .

Xy = Qg X + GgoXg - GggX3, A = [051855055| #0.  (¥)
’

Xg = Qg1 X1 + Qga¥Xs -+ A33¥ss Q3032035

310 npeoGpasoBaHHe SABJAETCS IPOEKTHBHLIM.

HefictBATeIbHO, ecad ¢opmynsl (¥) paspelluTb OTHOCH-
TeJNbHO X;, Xg, X3, @ 3TO BO3MOXHO, TaK KaK ONpeeJHTeNb
cucteMbl A == 0, TO Mbl NIOJYYHM (POPMYJbl BHAA

Xy = ag; %y + g, X% + a5xs,
RPN AW (W} ” o %%
X = Ay Xy + Qg9Xy + Qga¥s, **)
’ ’ ’ r ’ ’
X3 = Qg Xy + QgoX5 + Qga¥X3.

Orciofa cienyer, 4To €cJH TOYKH A yIOBNETBOPSIIOT JMHEH-
'HOMY  ypaBHeHHMIO ax; + bx, -+ cx; = 0, TO cooTBeTCT-
BylOllHE UM TOYKH A! YJOBJIETBOPSIOT TOXKE JIHHEHHOMY
ypaBHEHHIO, KOTOpoe MoJjyyaercss H3 ax; -+ bx, -+ cx; = 0
3aMeHOH B HEM X;, X, X3 corjlacHo ¢opmynaam (**). Takum
o6pasoM, YKasaHHoe IIpeo6pasoBaHHe IJIOCKOCTH JeiiCTBH-
TEJIbHO SIBJISIETCS NPOEKTHBHBIM.

Teopema 63. Kaxoser 6br Hu Gbiauw 4yemeipe moyxku A,
A2, A3 A%, no mpu He sescaujue Ha 00HOU npAMOL, U 4embl-
pe mouku B, B2%, B3, B*%, mosjce no mpu He iexcaujue HG
00HOIL npamoli, cyuwecmeyem nNpPoOEKMuUBHoe npeobpasosarue,
Komopoe nepegodum mouku AL, A%, A3, A* coomsemcmeenHo
¢ B!, B? B3, B4

Takoe npeo6pa3oBaHHe MOXKHO YKa3aTb CPelH INPOEKTHB-
HbIX TIpeoOpasoBanuil (*).

PaccMoTpuM ABe MaTpHIbI

111 111

Xty b
X x_1x2x3 Y yly2y3
= 3,3,3 = 3,,3,,3
X XX | 1YY |’
4,4,4
xxy x4 Y1Y:Ys

COCTaBJIEHHbE M3 KOOPAMHAT X! Touek A’ M KOOpAMHAT yj
Toyek Bi, Kaxjas u3 3THX MaTpuu HMeeT paHr 3. B camom
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mene, MyCTb KakOA-HHGYAb OMpEAeNHTENb TPEThero MOpSAKa
paBeH HyJIO, Hanpumep,

1 41 41
X1 Xy x;
2 52 42
x; x5 x3

3 43
X3 x5 X

I
o

Torpa cucrema ypaBHEHHH

ax! + Bxl + 1x$ =0,

ax -+ Bri 4 125 = 0,
3 3 —

ax? + Bx3 4+ qx3 = 0,

OTHOCHTENIbHO a, B, 7 MMeeT HeHyJieBoe pelleHHe a,, By, To-
A 3TO 3HAUHT, YTO Ha NPAMOH agx; + BoXe + YoXs = 0 Je-
kaTt Toukn Al, A?, A3 U mpl npumaM K NpPOTHBOPEUHIO.

Tak kak panr maTpuusl X paBeH TpeM, TO UETBEPTYIO ee
CTPOKY MOXKHO MOJIYYHTb H3 NepBbIX TPEX, YMHOXKAsl HX HA CO-
OTBETCTBYIOLIME UYHCJA Ay, Ay, Ay M CKJaAbiBasi. He orpanu-
uypBasi OOMIHOCTH, MOXHO CUMTaTh, YTO Ay =A;=DXr; =1,
JeficTBHTENbHO, ANt 3TOTO NOCTAaTOYHO KOOPAMHATH TOYKH
A' yMHOXHTBb Ha \;, TOUKH A2 = Ha A, U TOukd A®— Ha A,

Touno Tak Ke MOXHO CUHTATh, YTO UeTBepTas CTPOKA
MaTpuubl Y  posyyaeTcsi NpPOCTBIM  C/IOKEHHEM  IepBbIX
Tpex.

[ToctapaeMcss Tenepp mnono6path Tak Ko3hHIHEHTHI
dopmyan (*), uto6nl npeoGpasoBaHHe, MMH 3ajaBaeMoe, Te-
peBoanso Tpu Touku A, A%, A% B tpu Toukm B!, B2, B3
ATO HeTpyAHO cienathb. [IoAcTaBUM KOOpAMHATHL 3THX TOYEK
B dopmyanl (¥). Torga monyunm cucteMy AeBSiTH ypaBHeHHH
C HEeH3BECTHBIMHM a,;. DTa cHcTeMa pa30HBaeTCd Ha TPH He-
3aBHCHMble CHCTEMBI

1 1 1 1
y[ = allxl + a12x2 + a13x:h
2 2 2 ‘2
Y =a,x%{ + a,%; + alaxgv
3_ 3 3
Y; = QX + QX5 + Q,3X5,

cooTBercTBytomue i = 1, 2, 3. Kaxpmag M3 TakUX CHCTeM,
OYEBM/IHO, paspelllnMa, TaK KaK HMeeT OTJHYHBII OT HyJs
onpejeuTeNb.
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[TokaxkeM Tenepb, uYTO onpeAenHTeNb A nOMyYeHHOTO
npeo6pasoBaHHs OTJIHYeH OT Hyas. JlefiCTBHTeNbHO, Jerko
BHAETD

1,1 41 1 41 41
y1 !/2 ys all 012 ‘113 xl xz xa

2 2 2 42 42
YR ys| = |Qa1 Qo Qog| - [ X2 X5 X5,

3 .3 3 43 48
yl y2 yg Q31 Q3p Qg xl xz 'x3

M T1ak Kak omnpefesuTenb, COCTABJEHHLIH M3 Y| OTJMUEH OT
ayas (touku B!, B?, B3 He JexkaT Ha oaHOi mpsMoii), TO
onpejeuTeslb A MOCTPOEHHOrO MpPOEKTHBHOrO mnpeoGpasora-
HHS OTJIMYEH OT HyJSsl.

[TocTpoeHHOe TpoeKTHBHOe TNpeobpa3oBaHHe INEPeBOAHT
tTakxe Touky A, B B,. B camom jene, ecau NOACTaBHTb
B KaKylo-HHOYAb u3 ¢opMy. (*) KoopamHaTthl Touek A!, A2,
A3 u B, B% B3 u cJ0XHUTb NOJyueHHble paBEHCTBA MO-
YJIEHHO, TO COIVIACHO YKa3aHHOH Bbllle HOPMHPOBKE KOOp-
JMHAT TOJyYdM pe3ysabTaT NojcTaHoBKM Touek A u B! B
Te Xe (opMyJIHl.

Teopema 64. IIpoexmuereimu  npeobpasosaruamu (*)
UcHepnbIBaoMcs  6ce  NPOeKMmueHsle  npeobpA306aHUs  NAOC-
Kocmu.

Hoxasameavcmeo. Ilyctb S — Kakoe-HHOYAb TNPOEKTHB-
Hoe mpeoOpa3oBaHHe. Bo3bMeM Kakue-HHGYJb YEThIpE TOUKH
Al A% A% A% mo Tpu He JexauHe Ha OLHOH N pPSMOI.
I'IpeoGpaaoBaHHe S nepeBoauT X B Toukd B!, B%, B3 B
TakXe MO TPH HE JAexalHe Ha OJHOH INpAMOil. HyCTb

S’ — npoekTHBHOe TnpeoGpa3oBanue (*), mepeBoAsilee TOYKH
B! B A‘. Toraa npeoGpasoBaHue H = S’'S, KoTopoe, oueBH.-
HO, ToxXXe OyJAeT NpPOEKTHBHBIM, OCTaBJseT TOukH A!, A2,
A3, A* HenoaBHKHBIMH. Mbl yTBepikjiaeM, uTO npeoGpaso-
BaHHe / ocTaBjsieT BCe TOUKH HEMOJBHIKHBIMH.

[asi JnokasaTenbcTBa 3TOrO YTBEPKAEHHUS HAM IOHAJO-
6SITCSI  HECKOJIBKO  BCIOMOTraTesibHblX  (akToB. Bo-mepBbix,
npoeKkmusHoe  npeobpPas’cearue  nepesoOum  2apMoHudecKue
napo. mowex 8 2apMoHudeckue napei. TO BbITEKAeT HEMNOCpel-
CTBEHHO M3 ONpeflesieHHs] TapMOHHUYECKHX M0ap C IOMOLIbIO
yeThpeXBEPLUIHHHHKA H CBOACTBA NPOEKTHBHOro npeoGpaso-
BaHHsl NMEPEBOAUTb NPSIMEE B MpSIMbE.

Ilyére Ha NJIOCKOCTH BBeleHa Kakasi-HUOyAb CHCTeMa
NPOEKTHBHLIX KOOpAWHAT X;. Bo3bveM Ha npsMoli x1 =0
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yeteipe Touku C! (0, A, 1) M cOCTaBHM TaK HaskBaeMoe
aHrapMoOHHYecKoe OTHOLIeHHe

S Ag g

; Ay p A
C'\C2C3CY) — 3 Psl . 1%sPsl

( ) ALy Ay Py

Ag 1y A

Jlerko mposepuTh, yto (C*' C? C3® C*) He 3aBHCHUT OT HOp-
MHPOBKH KOOpJHHAT.

YTBepxkaaeM, uto mouku C!, C2, C® C* o6pasywom
2apmorudeckyro epynny, m. e. napa C' C? zapmonudecku
pasdessem napy C?® C* mozda u moavko mozda, Kozda
CcrC:CcdCYy=—1.

[TpexxJe ueM JoKa3blBaThb 3TO YTBEpXKIEHHE, CHeJIaeM
gBa 3ameuanusi. [lyctb Ha npaModt ax; + bxy +cxg =0
uMeeM TpH passuuHble ToukH P’ (x]), P"(x;) u P”(x}).
Toeda kooplunamer P” modscHo evipasume 4eped Koopou-
namo. P’ -u P" 6 ¢popme x;=Etx] + nx;. D10 ciaenyer u3
TOro, 4TO Jioboe pellleHHe (x;) ypaBHeHHS ax, + bx, +
-+ cx; =0 JuHeliHO BeIpa)<aeTcsi uepe3 JBa HE3aBHCHMBIX.
B namewm cayuae 3T0 (x;) u (x;). BbipaxkeHHe KoOpAHHAT
P yepe3 koopimHaThl P’ m P” Mel GyZeM 0603HauaThb
CHMBOJIMYECKH

P = EP, _{_np/r.

3ametuM eme, uTOo KoopauHaTe P’ W P” MOXHO HOpPMHPO-
BaTh TaK, 4YTo § H 7 OyAyT paBHH eauHuue. [as sToro
Halo KOOpAHHATHl P’ yMHOXHTh Ha § a KoopauHaTel P’
YMHOXHTb Ha 1.

[lycts Toukn P’, P” u P” He ;nexaT Ha ORHOH NpsIMOil.
Toz0a He cywecmsyem uucen §, m, G, u3 Koux xomsa 6ot 00HO
66110 OMAUYHO OM HYAR U BbINOAHANOCH PABEHCIMBO

EP" 4+ P" 4 CP” = 0.

B caMoM jesie, 3TO PaBEHCTBO NpPEACTaBJsieT COGOH CHCTEMY
Tpex paBeHCTB
’ 4 U4
8, ey +Exy =0,
Ex% - Xy + Cx% =0,
Exg + mxs + Cxg = 0.

PaccMaTpuBasi MX Kak CHCTeMy YypaBHeHHMil OTHOCHTEJbHO
€ m,  BHIMM, YTO OHAa He HMeeT APYrHX peleHHi, Kpome
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E=m=20_{=0, Tak KaK ee ONpeeNHTeJ]b, COCTABJEHHbIA
u3 x?, He paBen Hymo (Touku P’, P’, P” He Jexar Ha
OZHOH TPSMOH).

Tenepb Mbl 70Ka)KeM, 4TO JAJII TapMOHHUYECKOH UYETBEPKH
touek C,(C,C,C,C,) = — 1. OGpatumca K uepTexy 55.

Ilpn coorBeTcTBYyIOUIEH HOPMH- D
pPOBKEe KOOpAMHAT To4YeK OyaeM
HMeTb E

F

E=C,+D, C,=C,+C,.

- Nanee, F JIe)!fPlT Ha, EC, n”(,'zD. Z GG C
Orciopa F =¢E 4+ vC,=8D +
+7'Cy, 1. €. 8 (Cy + D) +7' (C,+
+C,) = £'D +7"C,. CaemosartenbHo, & =—x', & =¢£"
v =7%". 1 moxHo cuutath, 910 F =D — C,. [lonb3ysce
najee teM, uto G sexut Ha EC, u FC,, aHajoruyHo Haxo-
auM G =D 4 C,—C,. Hcnoabsysi, HakoHen, To, 4to G
aexut Ha C,C, u DG, noayuum Cy; = C, —C,. .

Hrak, koopaunatsl C; u C, BblpaawTcsa yepe3 Koop-
nuHatel C; 1 C, 1o opMynaM Ay = A} — Xy, pg = g — Pg,
Ay =X + Ay, pg=1 + 1. IloacraBnas stu 3HayeHusa A w
p B (oOpMysay AJs aHrapMOHMYECKOro OTHOILEHMS, JerkKo
obuapyxusaeM, uto (C,C,C,C,) = — 1.

To, utro  TOMBKO AN rapMOHMYECKOH =~ YeTBEpKH
(C,C,C;C,) = —1, cyenyer u3 toro, uro npu jAauubix C,
C,, C; ycnosue (C,C,C,C,) = —1, onpenensier nosoxe-
upe Toukd C, OAHO3HAUHO, TaK KaK OJHO3HAYHO oOlpeje-
NSAETCH hy/Pyg.

Beisicaum, Korpa ansi ABYX 3ajaHubiXx nap Touek A, B
u C, D cyuwectByer napa P, Q, rapMOHHYECKH pasjensio-
mwas A, B u C, D. IloctpouM cucTemy MpPOEKTHBHBIX KOOPJH-
nat, B Kotopoii Touku A, B, C, D nexat Ha ocd x, = 0 u
umetot koopauuatel (0,0,1), (1,0,1), (1,0,0), (§,0,1). Oue-
BHJHO, TaKasi CHCTeMa KOOpAHHAT crpoutcs Ge3 tpyza. IlycTsb
Toukn P u Q umeior koopaumathl (%,,0,1) u (£3,0,1). Mmeem

YepT, 55.

01 \11 1o &1
AN LS A 1 R 0 L
01 Il © 10 Ell_ '
Ey 1 £, 1 1 (5
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Orciona mocjie HECJOXKHBIX BBIKJIAJOK MOJy4aeTcsi CHCTeMa
ypaBHeHH#l Aas & M §, Takoro Buaa:

E]_ + Eg == 25, 5152 = E.

TakuM o6pasom, &, H &, — KOPDHH KBaJApPaTHOTrO ypaBHeHHS
2? — 2tz +t=0, u, c/aefoBaTeJbHO, pelleHHe OyneT Be-
LIEeCTBEHHBIM, ecd £2—E>0, T. e. npu §E<0m £>1, a
MHUMBIM TIpH 0 < & < 1. [eomerpuuecku 3TO 3HAUHT, 4YTO
napa PQ, eapmonuuecku paszdeaswoujans A, B u C, D, cyue-
cmayem, ecau napot A, B u C, D ne pasdeasromcs, u maKxou
napot P, Q He cywecmsyem, ecau napst A, B u C, D pas-
Oeasitomces.

Orciofa c/efyeT BaKHbIi BbIBOL:
pasdeneHue nNAp UHBAPUAHMHO OMHO-
CUMENbHO NPOEKMUBHBIX NPeobPa308anul.

Tenepr MBI MOXEM JIETKO 3aKOH-
YUTb  IIpEpBaHHOE  JOKA3aTeJbCTBO
Teopembl. HMrak, mnpoekTHBHOE mpe-
obpasoBanue H = S’S ocraBnser He-
noaBu»HbIMH Toukd A, B, C, D.

Yepr. 56. Y TBEpKAAETCSI, UTO OHO SABJASIETCS TOXK-
nectBeHHbIM. OOpaTtuMcsi K uepT. 56.
Tak kak npsambie AB u CD ocraloTcsi HENOABHXKHBIMH, TO
ux nepeceyenne A1 Toxe HenoiBuxkHO. I[locTpouM TOUKY
As Tak, uro6nl A, A2 rapMonuuecku pasgeasiia Ai, B.
OueBH/IHO, OHA OCTaeTCsl HEMOJABHKHON. 3aTeM CTPOHM MOZOO-
HbiM 00pa3oM TOUKH As, As,... Bce oHU SBISIOTCS HEMOABHXK-
HbiMH. TOYKKM A, MOXHO CTPOHTb H B APYrOM HampaBJIeHHH.
VIMeHHo, cTpouM Touky A_, Tak, uto6wl A_,, A, rapmoHu-
yecku pasgeasna A, B. 3atem ctpoum A_, U T. A.

Hanbue MbI CTPOMM JAJs KaxJaoi napel Touek AA,
Touky A/ Tak, uro6el A/, B rapMOHHYeCKH pasjensana
A, A, Bee 5TH TouKH TaKxKe GyAyT HEMONBHKHEIMH. 3ateM
MOJKHO OBbIIO OBl TIOCTPOHTbL HEMNOABHIKHbIE TOUKH A; H T. A.

BBeneM Ha aguHHOH INJIOCKOCTH C OECKOHEYHO yna.neH-
poii npamoit BC JeKapTOBH KOODAHHATHI, NPUHSIB NPsIMble
AC u AB 3a ocu KoopAHHAT H TOYKY D 3a eAHHHYHYIO TOY-
Ky (Touky ¢ koopauHaramu 1,1).

[IpocTbIM TOACYUETOM C NOMOLLBIO AHTaPMOHHYECKOTo OT-
HOLIEHHS] MOXHO YOEeIHTBCSI, YTO NOCTPOEHHbIE HAMH TOYKH

A, uMeloT KoopAmHaThl x, pasHbe 1, 2, 3,..,—1, —2...
' 1 1 1 1
Touku A, HMEIOT KOOPAHHATHI 50 15 250 e =5
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1
- l7,... Opxnum CJIOBOM, TIIPpOAOJIZKAA JOCTATOYHO [aJIEKO

. k . .
nocTpoeHue Touek A,, Mbl NMOJYyYHM BCE TOYKH C KOOPAHHA-
m
TaMH BHJA X = o+ o
BosbmeM Temepr mnpoH3BosbHYIO TOouky P(x, 0) Ha

o m
npsamoii  AB. Ecmu x =gz, 1o ona HenojsuxkHa. I[lycts
m
HH TIPH KaKHX UeJBIX M U N X # 5;. OueBHAHO, HpH Jio-

6oM n Hafinercs Takoe m, uto (m—1)/2" <x < m/2".
O6ostayumM A’ u A” TOUYKH C KOOpAMHATaMH Xx: (m—1)/2"
u m/2". Ouu Henoasuxuel. [lapa A, P wux pasgenser,
cjefoBaresibHO, mnapa . A, HP Ttoxe pasgeaser A, A’.
Ortcioga caejyeT, 4To KOOPAHHATA X ToukH HP ynoBneTBo-
psieT HepaBeHcTBaM (m —1)/2" <x < m/2". A TaKk Kak n
MOXHO 6paTb CKOJIb YrOAHO GOJBIUHM, TO X = X H, CJeAo-
BaresibHO, HP = P.

Urnak, Bce Touku mpsiMoii AB HeNoABHXKHBI. AHaJjoruu-
HO YCTaHaB/JKMBaeM, YTO BCe TOuKH npsiMoii BC HeNoABHKHBL.
[Tyctb Tenepp Q — umoGasi Touka maockoctH. Ilposenem vepes
Hee JiBe NpsiMble, He mpoXxoAsiiue uepe3 A. [lepecekast npsiMble
AB u AC, oun HenoABM:KHbI, HOO COAEpXaT MO JABE HeIo-
aBuxHble Toukd. OTcCiofa cieayer, 4yTo Touka Q HEMOABHIKHA.
Urak, S’S siBasieTcss TOXKAECTBEHHBIM. A Tak Kak npeoGpaso-
Banue S’ umeeT obGparHoe, KOTOpoe OYJAeT TOXe HMeTb BHA
(*), To u npeoGpasoBanue S = S'~! umeer BUA (*).:

Teopema pokasana.

§ 9. llpyrue npepsoxeHHs NPOEKTHBHOM
reoMeTpHH

[TycTb Ha NpPOEKTHBHOH MJIOCKOCTH BBeleHBbl ABE CHCTe-
Mbl NPOEKTHBHBIX KOOpPAMHAT S H S’. YCTaHOBHM CBS3b
MeXJy KOOPAHHATaMH X, H X; TOYEK B 3THX CHCTeMax KOop-
JMHAT.

IToctaBuM B cooTBeTCTBHe Kamioil Touke A ¢ KoOpaH-
HataMH X; B cHcTeMe S Touky A’ ¢ KoopAMHATaMH x|
TOXe B cHCTeMe S. DTO OTOGpaKeHHe SIBAAETCH MPOEKS,
THBHBIM. [leficTBHTe/bHO, MYCTh g — nmpAMas U ax, + bx, -
+-cx3 =0-—ee ypaBHenHe. Tak Kak X; — KOOPAMHATH

125



ToukH A B cucteme S’, TO x; YIOBJIETBOPSIOT YPaBHEHHIO
npsmoit B cucreme S’ a)x; + a,x; + ajx, = 0. TakuM 06-
pasoM, ykasaHHoe OToOpakKeHWe MepeBOAHT npsiMble B Npsi-
mble. Kpome Toro, oHo, oueBHIHO, OAHO-ORHO3Hauno. Orcroaa
no teopeme 64 Mbl 3aKJiouaeM, 4TO KOOPOUHAMbL MOYKU 6 Pa3-
AUYHBLX CUCTIEMAX NPOEKMUBHbIX KOOPOUHAM CBA3AHbL AUHEl-
HbIMU popmyramu

X, = A Xq + QpXe + Ay3X5 118450,3
Xy = Q91Xy -+ QgeXp + QagXy Q310550495 |# 0 (*)
X3 = Q31X; + Q39Xs + Ag3Xs, 31032033

B npoctpaHcTBe HMEIOT MeCTO AaHAJOTHYHble (GOPMYJIH,

Aneapmorudeckum OmHouienuem vethipex Touek C'(x!)
Ha3blBaeTCsl YHCJO, KOTOpOEe C MNOMOLLbIO NPOEKTHBHBIX KOOp-
IHHAT 3THX TOYEeK BbIYHCJIseTCs No (opmyae

1,1 2.2

X; X X; X

3,3 3.3

XX X Xi
1020304y — ix v . .
(C1CCCY = = R (=)

iXi xixl"

4.4 4.4

X; X X; X

Jas toro utoGbl 3TO0 omnpejeneHHe GbIO KOPPEKTHBIM, HAJO,
ytoGbl 3Ta (opMyJla JaBaja OAMH M TOT XKe pe3yJbTaT NpU
JobbIX i, j W, KpoMe Toro, 4toObl 3TOT pe3yJbTaT He 3aBH-
cen oT BbIbOpa CHCTeMbl KoopAuHaT. JlaHHOe onpejiesieHHe
obaanaeT 3THMH CBOHCTBaMH.

JlelicTBHTENbHO, BBeleM CIelHaJbHYI0O CHCTEMY KOOp-
IMHAT Tak, 4YTo6bl ToukH Ci’ MMeJH KOOpPAMHATHE COOTBET-
ctBenHo (0, 1,0), (1,0, 0), (1, 1,0), (¢ 1,0). B Takux xoopau-

1
HaTax (C‘C2C3C“):—F. C nomoutsio dopmya (¥) Haxoaum
KOOpAHHATHl Touek C’ B Jio0oii Apyrodf cHcTeMe KOODAH-
HaT (Qyg, Qo Qgs), (A11, Qa1y Qs1)s (A1 + Gy Ay + Gy,

a3+ aga),  (E@1 + Qyes By + Qg Ea5 + age).  TIpocroi
noacuer TIOKa3hbiBaerT, 4YTOo H B 3TUX KOOpAHHaTax

(cexcct) = -]? Takum  o6pasoM,  aHeapMOHLHeEcKoe

OMHOWeHUe He 3A8UCUM HU OM CUCMeMbl KOOPOUHAm, Hu om
66160pa HOMEPO8 KOOPOUHAM, C NOMOWbIO  KOMOPbLX  OHO
6bI4UCASACMCA.
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Tak Kak mNpoeKTHBHOe npeo6pasoBaHHe 3aaeTcsl . TEMU
ke (opMyJaMH, YTO M Tpeobpa3oBaHHE KOODAWHAT, TO OT-
ciofla CJeAyeT, UYTO QH2APMOHUYECKOE OMHOUWIeHUe MO4eK He
UBMEHSAeMCs NPU NPOEKMUBHOM Npeobpas’sanuu.

AHnrapMonunueckoe OTHOLUEHHE dYeTblpeX MNpPAMBIX MNyYKa
ONpeJieifieTCsl KaK aHrapMOHHYECKOe OTHOLUEHHE dYeThpex
TOYEK TMepeceyeHHsl STHX TNPSMbIX C KaKoid-HHOYIb NpsiMON
¢, He TpOXOAsiUeH uepe3 LEHTP MNyuka. JImo onpedeseHue
He 3asucum om npamol c. -

JleficTBHTENBHO, NMYCTb Mbl HMeeM JIBe CeKyllHe IpsiMble

c H c. BBeieM NpoeKTHBHbIE KOOpAHMHATH, TNPHHSB 3a OCH
KOOpPJAMHAT JBe NpsiMble Myuka (OCH X; H X,) H NpSMYIO C.

[Mycts ax, + Bx, + 7x3 = 0 — ypaBHeHUe NPAMOH ¢ B 3ITHX
KOOpAHHATAX.
PaccmMoTpuM NpOEKTHBHOE NpeoGpasoBaHMe: X = Xy,

X, = Xy, Xy=o0X; + Bxy 4 1X;. OHO nepeBOAHT mpsMbie
nyuka B cebsi, a mpamyto ¢ B c¢. Orciona cieayer, 4To Toy-

KU TlepeceueHys NPSMBIX ¢ H ¢ C NIPSIMBIMH Ny4Ka NEPEBOASATCS
JIpyT B Jpyra MNpOeKTHBHLIM TnpeoOpasoBaHHEM H, CJelo-
BaTeJIbHO, AHTapPMOHHYECKHE OTHOILUEHHs1 COOTBETCTBYIOUHX
YeTBEPOK PaBHHI. Y TBEpXKJAEHHe N0Ka3aHo.

OueBUAHO, QH2APMOHUYECKOe OMHOWEHUE Hemblpex nps-
MBIX NY4KA He U3BMeHSemcsa Npu NpoeKmusHom npeobpasosa-
Huu.

AxrapMoHHYecKoe OTHOLIEHHE YeTbipeX IJIOCKOCTEH B
nyuyke onpefesisieTcsl yepe3 aHrapMOHHUYECKOe OTHOIIEHHE ye-
ThHIpEX TOYEK IepeceueHHsl 3THX IJIOCKOCTeH C NpsIMOM, He
nepecekamomeil ocb Nyuyka. D10 OIpefieieHHe TaKXKe He 3a-
BHCHT OT BbI6Opa CeKylleil NpsiMoi.

Kpusoti emopozo nopsadka Ha NpPOeKTHBHOH IJIOCKOCTH Ha-
3bIBaeTCsl (Urypa, BCE TOYKH KOTOPOIl YNOBNETBOPSIIOT ypas-
HEHHIO BHJA

2
a3 X+ 2a,x, %, + ...+ agex; = 0. **)

OueBHHO, 3TO onpejieNleHHe HHBAPHAHTHO OTHOCHTEJBHO Bhbi-
Gopa CHCTeMbl NPOEKTHBHBIX KOOPAHMHAT.

M3 Teopembl 0 mnpuBeleHHH KBaApaTHYHOH (opMbl  su-
HEfiHbIM Npeo0pasOBaHHEM MNepPeMeHHbIX K KaHOHHYECKOMY
BUAY CJEeAyeT CYIUECTBOBAaHHE TaKOH CHCTEMbl NPOEKTHBHBIX
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KOODAMHAT, B KOTOPOH YPaBHEHHE KPHBOH BTOPOro Nopsifika
HMeeT BHI

61X} -+ epx3 4 e3x2 =0,

rge ¢;= +1 uau 0.

KpuBasi BTOpOro mnopsiika Ha3bIBAETCSI HeBbIPONCOeHHOM,
ecu Bce ¢, = 0. Ecam mpu stom Bce g, ogHoro sHaka, TO
KpHBasi Ha3bIBAaeTCsl MHHMOM, HOG0O He CYLIECTBYeT TOYeK, KO-
OpPAHHATHl KOTOPHIX YAOBJETBOPANH Obl ypaBHEHHIO  KpH-
Boii. Ecaiu cpean e, ecTb paBHble HYJIO, TO KpHBasi Hasbl-
Baercs 8oiposcderHoti. BelpoxKaeHHe NPOUCXOJUT B napy mnps-
MbIX HJIH OHY NpPSIMYIO, B KOTOPYIO Mapa NpPSIMbIX CJIHBAETCS.
Ecnu npu BbIpOXKAeHHH ABAa KOI(p(HIUHEHTAa &, OTJIHYHBI OT
HyJs M OJHOrO 3HAKa, TO TOBOPAT O BBIPOXAEHHH B Napy
MHUMBIX NPAMBIX.

Hawn panbueiiive BbIBOABI, CTPOro TOBOPSi, OTHOCATCA
K BelllecTBeHHbIM KpuBbiM. IlepeHecenHe HX Ha MHHMble KpH-
Bble TpeOyeT ClelHasbHOrO O60CHOBAHHS.

B cBA3H C KpPUBBIMH BTOPOrO MNOPSiAKA B TNPOEKTHBHOM
reOMETPHH BBOJHUTCS BaXKHOE [IOHSTHE NOAAP6L MOUKU OT-
HOCHTeNIbHO KpHUBO#. M3 aHanHTHYECKOH reoMETPHH UYHTATENO
H3BECTHO, UTO MOJsipa TOYKH A OTHOCHTENbHO KPHBOH BTOPOrO
nopsiaka  (**)  onpegensiercs,  Kak = reoMeTpHYecKoe
MecTo ToueK B, rapMoHuueckd pasfensiompx BMecte ¢ A
napy Todyek nepeceueHusi npsiMoii AB ¢ JHaHHOH KpPHBOM.
HMsBectHo Takxke, uto nosspa Touku A(x;) 3amaercs ypas-
HeHUEM

CanX Xy F Gy (X%, + X%) 4 .o A Gggxax5 = 0.

Arto onpejejieHHe HEe BMOJHE KOPPEKTHO, TaK Kak mpsivas
AB MoxeT He MepeceKaTb KPHBYIO (B BeleCTBEHHbIX TOY-
kax). B CBSI3HM ¢ 3THUM Mbl NOJSIPY ONpefenuM (PopMaibHo,
KaK TpsMYl0, 3aJaBaeMyl0 YKasaHHbIM YypaBHenueMm. [lpu
3TOM, KOHEYHO, Mbl JOJIKHBI MOKa3aTh HHBAPHAHTHOCTb MpH-
HSITOTO OMpEJE/EHHs] OTHOCHTENbHO NpeoOpa3oBaHUS KOOp-
aunat. Ho 3710, oueBHMAHO, He coCTaBiaseT TpyAa.

" Tlomsipa "oGnajaer 3aMevyaTesNbHbIMH  CBOHCTBAMH, H3-
BeCTHBIMH TAKXKE€ H3 aHaJMTHYeCKoii reoMerpuu. lmenHo,
ecau mouxka A Osuxcemca no npamoti b, mo ee noaapa npoxo-
Oum ece20a 4epe3 00ny u my ace mouky B, noaspoil Komopou
cayoum npamas b. Iloasproe "coomeemcmeue mo4ek u nps-
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MbIX UHBAPUAHMHO OMHOCUMENbHO  NPOEKMUBHbIX npeobpaso-
8arull naockocmu.

B npoekTHBHOM NpOCTPAHCTBE BBOJAMTCA  INOHSITHE IIO-
BEPXHOCTH BTOPOTO NOpsiAKa MNOAOGHO TOMY, KaK HOHATHE
KpHBOH Ha mJockocTd. BBoauTcs mnossipHOe COOTBETCTBHE
TOYEeK M MJocKocTeii. Bce 3TO MBI cuHTaeM H3BECTHbIM U3
aHaJNTHYECKOH TeOMETPHH.

Tenepr Mbl OCTAHOBHMCA HAa OJHOM H3 OCHOBHBIX (haK-
TOB NPOEKTHBHOH TeOMETPUH — npuHyune 08oUcMBeHHOCTU.

Ecan Mbl B IUIOCKHX aKCHOMax CBfI3H BbIpa)K€HHE «TO4Y-
Ka JIeKAT HAa NpsAMOH» 3aMEHHM BhIPAXKEHHEM «TOYKAa HH-
UMJEHTHA» TNpPsAMOM, a BhIpaXKeHHe «NpAMas NPOXOAUT ye-
pe3 TOYKY» — BhIpDAXKEHHEM «IpsiMasl HHLUKAEHTHA» TOUKe,
TO TPH 3aMeHe B KaxJ0i AaKCHOME CJOBa «TOYKa» CJIOBOM
«IpsiMasiy M CJOBa «IIpsiMasiy CJIOBOM «TOUKa» Mbl NOJYYHM
yTBepKAeHHsI, KOTOpble HMEIOT MeCTO B CHJy COOTBETCTBYIOILUX
aKCHOM.

JleficTBHTENIbHO, B HOBOHl peJaKUWH MepBasi  akCHOMA
raacut. Jnsi AByX Touek A W B cyulecTByer npsimasi, uM
aunpgentHasa. CoOTBETCTBYIOllee YTBEpKAEHHe: ISl JABYX
OpsSIMbIX CYIIECTBYeT MHLUMAEHTHAS C HHMH TOYKa. IDTO CJie-
JyeT u3 akcuoMsl .

Akcuoma I,: aast aByX pasnuunbix Toyek A M B cymecr-
ByeT iHe Gosiee OAHOH NpfAMOI, ¢ HUMH HHUMAeHTHOH. Co-
OTBETCTBYyIOLlee YTBEepXKAECHHE: sl JABYX PpAasjHYHbBIX nps-
‘MbIX @ H b cyumecTByeT He GoJjiee ORHOH MHLHAEHTHOH C HHUMH
TOYKH. DTO CJEAyeT H3 aKCHOMH I,. _

Akcuoma Ig: ans paHHOI NpsSIMOH CYLIECTBYIOT TPH TOY-
KM, C Hedl uHUUfeHTHble. CylIeCTBYIOT TPH TOUKH, HE HHIH-
JeHTHBle ¢ ofHOi npsivoil. COOTBETCTBYIOllee YTBEPIKAEHHE:
sl IaHHOH TOYKH A CYLIeCTBYIOT TPH TpsiMble, C Hell HH-
LUUJEHTHbIe, CYIIEeCTBYIOT TPH DpsiMble, He HHUUAEHTHbIE C
oHOH TOuKoii. JleHCTBHUTENIBHO, B CHJY akcuoM Is cyuiecr-
ByIOT ABe Touku B u C, He Jexallnde Ha OJHON npsiMol ¢ A.
Ha npsamoit BC ectb Tpu TOYKH no Toil ke akchome. Ilps-
Mble, O KOTOPbIX HAET peub, COEAHHSIIOT 3TH TPH TOUKH C A.
BTopoe yTBep:kieHHe Takxke cjaefyeT U3 akcHoMbl ls. [lejict-
BHT@/JbHO, COEJMHHM IONMapHO TpeMsl NPSIMBIMH TPH TOYKH,
He Jiexkaliue Ha ofiHoi npamoii. OHH He MPOXOAAT uepe3 OAHY
TOYKY.

Hakoner, yTBepxJeHHe, COOTBeTCTBYIOLlee MpejIoxKe-
Huio [lesapra, KOTOpoe Haf0 NPHCOENMHHTb K IJIOCKO# CH-
CTeMeé aKCHOM JBOHCTBEHHO caMo cebe.
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Onpenenum  clefoBaHHE TPOEK MNPSMBIX MydYKa uepe3
CleloBaHME TOUEK TIepeceyeHHsl MNPSIMbIX MNydYka C Kakoi-
HHOYAb NPAMOH, He MNPOXOAsflled 4epe3 LeHTP mnyyka. ITo
onpefesneHde He 3aBHCUT OT BbIOOpa CeKyuwled npsMoii Mo
akcuome II;. OnpenenuB TakuMm oOpasoM cJeloBaHHe Mpsi-
MbIX B [y4YKe, Mbl BUAUM, YTO A5 NPSAMBIX B NYYKe BBIMNOJ-
HAIOTCS Bce akcHoMbl nopsiika. Orciofa mnosyyaercst ciepy-
folast TeopemMa, HMeHyeMmasi NMPHHIHUIOM JBOHCTBEHHOCTH Ha
TIJIOCKOCTH.

8, 8, &
Yepr. 57. Yepr. 58.

Ecau sepro Hexomopoe ymeepxcOenue A 0aa mouex u npa-
MbLY, BOIPANCEHHOE 8 MEePMUNAX UHYUOeHmHocmu u nopAad-
Ka, mo 6epHo maKkxce ymsepixcOenue A', @ Komopom cAa0s0
«MOYKA» 3AMEHEHO CA0BOM (NPAMAA», A CA0BO CNPAMA T» —
CA0BOM KIMOMKAY.

Mpumep. Ilycts Touku A,, A,, A; HHUHMAEHTHEI NPAMOIi @
B,, B,, B; —Touxku, MHUMAeHTHBle npsamoi b, C; (i + j) —
TOUKH, HHUHAeHTHble mpsimbiM A;B; u A;B;. Torga Touku C;
HHIMICHTHBl OAHOM TpsAMON ¢ (4epT. 57). Dto Teopema
[Tanmna.

IBoiicTBeHHoe yTBepxkpeHHe. [lycTb mpsMble a,, a,, a,
HHUHJEHTHsl Touke A, b,, b,, b, — npsiMble, HHIHIEHTHBIE
Touke B, c¢;(i # j)— npsimble, HHUUAEHTHBIE TOYKaM a.b;
H ab; ... Torja i nmpsmble c; HHUHAGHTHB OJHOH TOuKe
(uepr. 58).

B pOEKTHBHOM MPOCTPAHCTBE TAaKXKe HMEEeT MeCTO MpHH-
uun JABOHCTBEHHOCTH. VM yTBepxkiaercsi, yTo M3 chpasej-
JIHBOCTH BCSIKOTO yTBepXKAeHHst A 1Jisl TOYeK MPSIMBIX H MJIOC-
KOCTeH cseayer yTBepxaeHue A’, B KOTOPOM CJIOBO «TOYKa»
3AMEHEHO CJIOBOM «IIJIOCKOCTbY, @ CJOBO «iJIOCKOCTbY —
C/IOBOM <TOUKA».

JIBO/ACTBEHHOCTb B MPOEKTHBHOH TIeOMETPHH eCTeCTBeH-
HO HUMeeT H AaHaJHUTHYECKOe BbIpaXKEHHe, KOTOpoe Mbl Ceff-
yac MPOHJLTIOCTPHPYEM.
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Bynem HasbiBaTb  KO3(HLUHEHTHl YpaBHEHHS NPSMOK
mareenyuasbHomy  Koopournamamu npsmod. OueBUAHO, OHH
onpejeneHbl JIHIIb C TOYHOCTBIO O MPOHU3BOJIBHOIO OTJIHY-
HOTO OT HYJSl MHOXHTEJSI, KaK H KOODJAHWHATHl TOUKH.

YpaBHeHue

uxy + uyx, + ugx; =0

0pu (PUKCHPOBAHHBIX U, Uy, Uz, KaK H3BECTHO, SIBJSETCA
ypaBHeHHEM MpPAMOH (C KOOpAWMHATAMH U,, U,, Uz), a TNpH
(bUKCHPOBAHHBIX Xy, X3, X3 OHO €CTb ypaBHEHHe IyuKa MNpsi-
MBbIX (C LEHTPOM (X5, Xp, X3)). -

Kak wu3BécTHO, KakoBbl Obl HM OblIH [ABE€ TOYKH Ha
npsamoit (y;) H (2)), KOOpAMHATHL JOGOH TOYKH MHpPAMOM
MOJKHO NpPeICTaBHTb B BHIe X; = Ay; + p2;,. TOYHO Tak Ke;
KaKoBbl Obl HH OblJIH [JBe IMpsiMble Myuyka (v;) U (v,), Koop5
JHHATBl JIO60OH NpsMOH MNydyKa MPeACTaBJAIOTCS B BHAE
U, = Av; + po,.

Hakonen, MOXHO nOKa3aTb, 4YTO AHrAPMOHHYECKOE OT-
HOLIEHHe YeTblpex MNPSMbIX Nyyka onpelesnsieTcss Mo TOH ke
¢OpMyse, TONBKO KOOPJAHHATHL TOYEK 3aMEHFIOTCA  KOOp-
JUHATaMU TPSMBIX.

B rnpocTpaHCTBE AaHANOTHYHO BBOAATCH TAHTEHLHANbHBIE
KOOPAHHATbI MJIOCKOCTEHl H YCTAHAB/JIHMBAIOTCA AaHAJOrHYHbIE
(paKTHI.

KpuBoit BTOporo KJjacca HasbiBaercss (hurypa, cocraB-
JIeHHAsi H3 BCeX INPAMBIX, KOOPAHHATBI KOTOPBIX YIOBJET-
BOPSIIOT YpPaBHEHHIO BHAA .

buui + 2b12u1u2 + ... 4 bgul=0.

M3 ananuTHyeckoil reoMeTpHH H3BECTHO, UTO Kpueas emo-
poeo Kaacca 06paszoeana Aubo KACamenbHoiMU Kpusold  emo-
poeo nopadka, aubo oHA cocmoum u3 08YX NY4KO8 NPAMbIX,
Mmoocem Gbimeb co8nAOQIOUUX.

§ 10. Pasanunbie reoMeTpun B NPOEKTHBHOH CXeMe

’

®. Kneiitn B paGote, u3BecTHOi moj nasBauuem «O Tak
Ha3blBA€MO! HE3BKJIHJOBOH TIeOMETPHH», YCTAHOBHJ 3aMe-
YaTeJbHYIO CBfi3b MEXIY 3BKIHJOBOH TreOMEeTpUei, reoMer-
pueil JloGayeBCKOro M reomerpueii PuMana B y3KoM cMbice.
Ceiiyac Mbl [acCMOTPHUM 3Ty CBf3b.
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B raase IV 6bina moapoGHO paccMOTpeHa peanu3anus
reometpun JloGaueBckoro B kpyre x2 4 y? < 1 ua sBKJH-
JoBOH myockocTH. OueBHAHO, 3Ty peaU3alHI0O MOXKHO CUH-
TaTb BHIIOJHEHHOH Ha NPOEKTHBHOH IJIOCKOCTH B 06/acTH,
OrpaHHYeHHOH KPHBOH BTOPOro mopsika x; + xj — x2 < 0.
CnpamiBaercsi, HeAb3ss JH NOJOOHYIO peaju3aLtkio Ha
NPOEKTUBHOH IJIOCKOCTH TNOJNYUYHTb JAISi  SBKJHAOBOH  reo-
MeTpHH?
Jlerko BuJeTb, YTO TaKyl0 peanH3alUHi0 yKasaTb He-
tpyano. M paccmartpuBaemas mamu B ra. Il pekaprtoBa
peanusanus sBjsercss TakoBoii. JlefcTBUTenbHO, Ha30BeM
TOYKAMH 3BKJHJAOBOH IJIOCKOCTH TOYKH INPOEKTHBHOH IJIO-
CKOCTH, y KOTOpHIX X3 % 0, a JBHXEHHSIMH — NPOEKTHBHbIE
npeoGpasoBaHus BHJA
Xy = x,c08 % —ex, sin ¥ + a,x,,
x; = X1 8ind 4 ex, cos ¥ + a,xg, *)
x:; == xa.

Ecau npsmyio x;, = 0 Ha3RaTb GeCKOHEYHO yJaJieHHOR M re"

peliTH K JeKapTOBbLIM KOOpAHWHATaM, TO 3TH NpeoOpa3OBaHHA
OyLyT UMETb BHJ

x" = xcosd—eysind + q,,
y = xsinb + eycosd + a,.
B TouHOCTH TakuMHM ¢oOpMyJaaMH ObuIH OINpelesieHbl JABHIKE-
HHS B JEKapTOBOH peajNn3allHH 3BKJIHIOBOH TeoMeTpHH.
ITpoekTuBHble npeobpasoBanust (*) MOXKHO xapakTepu-
30BaTb W TreoMeTpHYecKHM cnoco6oM. OHH COXPaHsIOT Bbl-
POXJEHHYIO KPHBYIO BTOPOro Kiacca u; -+ u; = 0. B camom
JieJie, 3Ta KpHUBasl COCTOUT U3 JABYX NMYYKOB NPSAMBIX u, + itl,=
= 0, u; — iu, = 0 c uentpamu B Toukax (1, i, 0), (I, —i, 0).
Jlerko BHZeTb, uYTO mpeobGpasoBaHue (*) GO ocTaBaseT
STH. TOYKH HeNOoJABMXKHbIMH (e = 1), nuGo nepecraBisieT HX
(e = —1) n nosToMy CcOXpaHseT KPHUBYIO BTOPOro KJacca
u} + u; = 0. Cuenyer, oJHAKO, 3aMeTHUTb, YTO INPOEKTHB-
Hble TpeoOpasoBaHHsl, ONpefeJisieMble YKa3saHHBIM TeOMEeTpH-
YeCKHM CBOHCTBOM, BKJIOUAIOT HE TOJNbKO npeoGpasoBanus (*).
Onn umetor Gosee o6yio GopMy

X;=p(x,cos ¥ —ex,sind) 4 a,xs,
Xy = p(x,8in Y 4 exycos ) + apxs,
X; = x3
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U colepxkaT He TONbKO [BHXKEHHS, HO H Mpeo6pa3oBaHHs
noao6us.

Cucrema akcuoM reoMeTpuu Pumana B y3koM CMBICHE
COCTOHT H3 aKCHOM CBSI3H, aKCHOM IOpPSiiKA H aKCHOMBI He-
NpPEepLIBHOCTH MNPOEKTHBHOH TIe€OMETPHH H aAKCHOM KOHIpYy-
€HTHOCTH 3BKJIMJOBOH TI'E€OMETPHH.

dra cucTeMa aKCHOM JONYCKaeT peajH3auuio, nojol-
HYI0 paccMOTpeHHbIM. FIMeHHO, Bce akCHOMBI Ha NJIOCKOCTH
OYAyT BBINOJHATBCS, €CJAH NOJA TOYKOH Mbl OyJeM NOHHMaTh
TOYKY IPOEKTHBHOH IJIOCKOCTH, NOA TNPSMOH — NPOEKTHB-
HYIO NpSIMY0, OTHOLIEHHe NPHHALJNEKHOCTH W mopsiaka Oy-
JieM ynoTtpebAsiTb B CMbICJI€ TPOEKTHBHOH Te€OMETPHH H,
HaKOHell, MOJA ABHXKeHHSIMH OyJeM TOHWMAaTb TakHe TpOeK-
THBHEIE NpeoGpasoBaHHsl, KOTOpLIE COXPaHSUIOT MHHMYIO He-
BbIPOKJEHHYIO KPHUBYIO BTOPOTo NOpsifika X; + x; + x; = 0.

Ananoruunasi peasu3allsi HMeeT MeCTO s HpOCTpaH-
CTBEHHOH CHCTEMBl aKCHOM.

Kpnaue BTOporo kuaacca u?+ u?+ 42 =0 o6GpasoBanst

KacaTeJIbHBIMH KPHBBIX BTOPOTO nop;uu(a xf + x2 £ x2=0.
IToaToMy Bcsikoe mpoeKTHBHOe mNpeoGpa3oBaHHe, cCOXpa-
HAOlUlee KpDUBYIO BToporo nopsiaka x4 x3+ x2=0,
COXpaHsieT TaK»e KPHBYIO BTOPOro Kjacca uf + ul + u2=0.

Orciopa crefyer, 4TO MNpPOEKTHBHbLIE npeoépasonamm ‘co-
XpaHsIOIHe KPHBYIO BTOPOro KJjacca iy 2tul4eul=0,
GyLyT COOTBETCTBOBAaTb [BHIKEHHSIM B TeoMeTpHH PuMaHa,
ecii e= -1, pABHXKeHMsAM B reomeTpud -JloGaueBckoro,
eciM e= —l M, HaKOHeil, 3BKJMIOBLIM JABHKEHHSM U
npeo6pa3oBaHusaM nofobus, ecau e =0,

KpuBas BToporo nopsiika uji BTOpPOro KJjacca, HHBapHaHT-
Hasi OTHOCHTE/JbHO IPOEKTHBHBIX I1peoGpasoBaHHil, COOTBET-
CTBYIOWIMX TOH HJH HHOH IeOMETpPHUH, Ha3biBaeTCs abCoAOMoM.

IMpn paccmotpennu uutepnperaund Kieiina reomerpun
Jlo6aueBcKoro  ObIIO  OTME®$EHO, YTO PaCCTOSIHHE MEXAY
ABymsi ToukaMd A H B naockoctu  Jlo6ayeBcKoro B 3TOi
HHTEpIpeTalud PaBHO JOTapH(PMy  aHTapMOHHUYECKOTO OT-
HOLUEHHs] UeThIpeX TOYeK — JBYX JAHHBIX W JBYX TOUeK Nepe-
ceuendst npsmoii AR c¢ abcomoToM. AHAJIOTHUHBIH DE3yJib-
TaT HUMeeT MeCTo H B reoMeTpuu Pumana. M Bo Bcex Tpex reo-
METPHSX YroJ MeXay TpsSMbIMH @ H b uamepsiercs jorapugmom
@HrapMOHHMYECKOTO OTHOIUEHHs YeTbipeX IpPSIMbIX, H3 KOHX
ABe —a U b, a ABe Apyrue NpHHALIEKAT NY4yKy ab u abco-
JIIOTY, KaK KPHBOH BTOPOro KJacca.
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Cucrema akcuoM aguHHOl 2eoMempuu COCTOMT H3 BCeX
‘AKCHOM 3BKJIHAOBOH TeOMETPHH, KpPOME AKCHOM KOHTPYEeHT-
goctd. CucreMa akCcHOM apuHHOA TreOMETpHH Ha IJIOCKO-
CTH BKJIIOUaeT ellle akcHomy [lesapra B cooTBeTcTBYyIoiLeH (op-
MYJHDOBKE, YYHTBIBAIOWIEH  BO3MOMKHOCTb Iapa/lesbHbIX
NPSIMBIX. A

Jlerko ykasaTb peanu3auUuio CHCTEMbI AaKCHOM aduH-
HOH reomerpuu. Jng 3TOro Hajo MpOCTO B3SITh JEKAPTOBY
peanusanuio 3BKJIHJIOBOH TEeOMETPHH, He BBOAS [ABHXKEHHS.
‘Orciofa ciefyer, YTo e€e MOXHO HHTEpPIpPETHPOBATh Ha
NPOEKTUBHOH IJIOCKOCTH, U3 KOTOPOH yJajeHa OfHA NpsiMas
(0OBbIYHO ee Ha3bIBAIOT OECKOHEYHO YAaJeHHOH).

BBesenue JekapTOBbIX KOOPAMHAT HA adUHHOH MJIOCKO-
ctd (§ 6) mospossier 6e3 ocoOGOro TpyAa 3aKJIOYHTb O MOJ-
HOTE CHCTeMbl AKCHOM a(UHHOH reOMeTpHH Ha  IJIOCKOCTH
nofo6HO TOMY, KaK 3TO Mbl JeJajd B caydyae JPYrHX reo-
MeTpHi.

Ha nepBulii B3risig MOMKET MOKa3aThCsl CTPAHHBIM, 4YTO

cucTteMa akcHoM AdHHHOI reomerpuH noasa. Bexb ona fB-
JIIeTCsl  TOJNIbKO 4acTbiO CHCTEMbl aKCHOM 3BKJHAOBOH reo-
MeTpuH. Ho B 3TOM HeT HHYero yJUBHTEIbHOTO, TaK KaK aK-
‘CHOMBI JBHXKEHHSI, KOTOPbIMH OTJIHYAIOTCS 3TH CHCTEMBI, Mpea-
TI0/1ATAI0T HOBOE OTHOMIEHHE — «JBHXKEHHE>.
B adunnoit reoMeTpuu BBOJUTCSl BaKHOE IIOHATHE
apurHo20 npeobpasosanus. ATo 1npeobpasoBaHHe B Ciayyae
[LIOCKOCTA TepeBOAHT InpsMble B npsmble. JlokaseiBaercd,
4TO BCAKOe auHHOE npeoOpasoBaHHE B JEKAPTOBLIX KOOPAH-
HaTax 3ajaercst opMy.Jamu

X' =ax+by+cy,
Y =ayx + by + ¢y,

Taxkum o06pasoM, B YKasaHHOI NPOEKTUBHOH HHTepIpEeTalHu
OHO 3ajaeTcs (opMyJaMH

a,b,

a,b, #0.

X, = ayxy + bixy + €143,
Xg = AyXy + byXy 4 CoX3,

Xy = Xy
¥ COCTOMT H3 TeX MPOEKTHBHBIX MpeoOpa3oBaHHi, KOTOPbIE
COXpaHSIOT KakK Lesoe OeCKOHEYHO YJAaNeHHYI0  NpAMYI0
x; = 0.
O0wuM Ans BCeX PacCMOTPeHHbIX HAMH TeOMEeTpHH fB-
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JsieTcsl TO, YTO B Ka)KAOH H3 HHUX ecTh rpymmna npeofpaso-
BaHUi, NepeBOJAsUIAsl TOYKH B TOUKH, HpSIMble — B IpsIMble
H COXpaHsiollasi OTHOLIEHHS NPHHAQJIEXKHOCTH H MNOpsSAKa.
10 — [BHXKEHHSI B CJyyae 3BKJIUAOBON IeOMeTpHH, Teo-
metpuu JloGaueBckoro W reomeTpud Pumana, aduHHbIE
npeo6pasoBaHusi B apUHHOH  TeOMETPHH H [POEKTHBHbIE
npeoOpas3oBaHKsi B NPOEKTHBHOH TIE€OMETPHH.

ITycts mbl umeem e urypsl F U F' B Kakoii-HuGynp w3
YKa3aHHBIX TeoMeTpHil, INepeBOAMMble ADYI B Jpyra coort-
BETCTBYIOIMM npeoGpasoBanueM. OueBHIHO, Mbl HE MOXKEM
YCMOTpPEeThb - HUKaKOfi pasHUUbl MeXAy 3THMH (GHIypaMmH, Tak
KaK COOTBETCTBYIOUIME  3JeMeHTbl HX — TOYKH H TpsMble
HaxoAsTCs B OAHHAKOBBIX OTHOIUEHHSIX NPHHALIEKHOCTH H
nopsaka. Orcioga ciefyer, 4To OGBEKTOM H3Y4eHHsI B TOM
HJIM WHOH TeOMETPHH $IBJSIOTCA CBOHCTBA (PUIyp, HHBApH-
AHTHble OTHOCHTeJIbHO Ipeo0pa3oBaHHH  COOTBETCTBYIOLIEH
rpyNIbI.

EcrectBeHHO, BO3HMKaeT BONpOC, KAaKOBbl Te MPOCTeii-
IIHe " (PUTypbl, COCTaBJIEHHble U3 TOYEK W MNPSIMBIX, YCTPOEH-
Hble OJWHAKOBO B OTHOLUEHHH MNPHHANIENKHOCTH H MOPSIAKA
3/JEMEHTOB B HHX, KOTOpble He 3KBHBAJIEHTHbl OTHOCHTENb-
HO mpeoOpas3oBaHHil JaHHON reomerpud. PaccmotpuM npu-
Mepbl.

Hauynem ¢ mnpoekTuBHOH reomeTpud. JIerko BHAETb, UTO
JoOble JBe TOYKH MOXKHO MNEepPEeBeCTH NPOEKTHBHBIM I[peod-
pasoBaHneM B JjioOble ABe Apyrue. JlioOble TpH TOYKH, Jexa-
mMe Ha OAHOH MpPSIMOM, MOXHO NepeBecTH B JiloOble TpHU
TOYKH, JiexKaliue Ha npsamoil. M TonbKo yeTbipe TOYKH NpsSMOM
JlaneKko He BCerja MOXKHO MepeBeCTH B UeThipe APYTHe TOUKH,
TaK KaK aHrapMOHHMYECKOe OTHOLIEHHE 3THX YETBEPOK HOJIKHO
ObITb OAMHAKOBBIM. Takum oGpas3om, mpocTeilleii HETPHBH-
anbHOH (HUIypOll, BCe TOYKH KOTOpO# JiexkaT Ha MNpsiMoil, B
NPOEKTHBHOH TIeoOMeTpUH MpeAcTaBaser coGoH uyeTBepka
TOYeK. )

Hapo ckasaTb, 4TO aHrapMOHHYECKOE OTHOILEHHE 3TOH
YeTBePKH €e [MOJHOCTBIO YK€ XapakTepusyer. B npoekTHs-
HO{ TEOMETPHH  AHTAPDMOHHYECKOE OTHOIUEHHE  fIBJISIETCS
NpOCTEAIMM H TPHTOM OCHOBHBIM YHCJOBBIM HHBAPHAHTOM.
MoxHO TOKa3aTb, YTO JIIOGOH YMCJIOBOH HHBAPHAHT (PUIYpPHI
OTHOCHTEJIbHO TNPOEKTHBHBIX MpeoOpa3oBaHHi MOXeT ObITb
BBIDAXKEH Yepe3 aHrapMOHHYeCKHEe OTHOLUEHHS] ee TOYeK HJIH
TOYEK (UIypbl, OAHO3HAYHO CTPOAWIEHCS C MOMOUIBIO AH-
HOH.
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[Mpumep. @PHrypy, COCTaBN€HHYIO H3 NATH TOuek A,
obuiero pacnosoxkeHHs (4epT. 59), MOXKHO XapaKTepH30BaThb
aHrapMOHHYECKHM OTHOLUEHHeM uYeTbipex Touek A,, A,,
Bs, B,.

B cayuae a¢punHOM reomerpuu mnpocrefirasg d¢urypa Ha
npsiMOil COCTOHT M3 Tpex ToueK. Ee uucioBOo#i HHBapHaHt —
npocToe OTHOIleHHe A Tpex ToueK. B aekapToBbIX KOOpZIH-
HaTax X, Y OHO onpejessieTcsi MO OZHOH H3 (GOpPMYyJ

N HJIH Azxx—xz
Y2 — Y3 Xg — X3
H npeicTaBjsieT cO6GH aHrapMOHHYECKOe OTHOIUEHHE YeThl-
pex ToueK — Tpex JAHHBIX H OeCKOHeUHO YyJjasneHHOH. Tak
Kak Nnpu aduHHOM mnpeobpasosaHuu Gec-
KOHEYHO YJajeHHasi TOYKa Ha NpsMoi
(TPOEKTHBHOM) OCTaeTCsi HEMOABHXKHOM, TO
$ICHO, YTO 3TO AaHTapMOHHUECKOe OTIIO-
leHHe siBasieTcsl HHBapuaHToM. To, uTo
¢urypa U3 AByX TOYeK He HMeeT HHBa-
pHaHTa, SICHO, TaK Kak Jio0ble ABE TOUKH
abuHHBIM Tpeo6pa3oBaHHeM MNepeBOJsiTCS
B Jitobble JBe Jpyrue.

Beskuit HHBapHaHT (Hrypbl OTHOCHTENBHO a(pHHHBIX Tpe-
o6pa3oBaHHil MOXeT ObiTb BbIpaXK€H uYepe3 MPOCThie OTHO-
IUIEeHAs.

B 3BkaugoBoit  reomerpuu, reomerpuu JloGayesckoro
M reoMeTpuH PuMana npocrefileii ¢urypoit, umeromes HH-
BapHaHT, fIBJsIETCA INapa ToueK. DTOT HHBAPHAHT €CTb pac-
CTOSIHHe MeXAy ToukamMHu. Bce Apyrne HHBAapHaHThl JN10GOH
¢urypsl MOryT ObiTh BbIpa)KeHbl 4Yepe3 DAaCCTOSIHHA MEXAy
TOYKaMH.
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BHCHMOCTb AKCHOMbI HempephiBHOCTH — 57. § 5. HesaBucumocts
AKCHOMBI TMapasyiefbHocTH — 59. .§ 6. O 3aBHCHMOCTH HEKOTOPHIX
aKCHOM JBHXeHHA — 62.

Fmasa IV, Feomerpus JloGauesckoro.

§ 1. Hexotopnle mpeanoxeHus aGCOMOTHON reoMeTpuu — 67,
§ 2. Hekortopele BcnoMorarenbhbie ¢yuxuuu — 70. § 3. Teopema
Ilnparopa « Mamom» — 75. § 4. JluHeAHWAA 9ieMeHT mJOC-
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koctH — 78. § 5. [MosnHoTa cHCTeMBl akCHOM reoMeTpuH JloGaues-
cxoro. UsomopdusaMm Bcex ee peanusamuit — 82. § 6. Baxuefwne
unTepnperauud reomerpuu Jlo6auesckoro — 84. § 7. Hekotoprie
¢akTh reoMeTpuu JloGaueBckoro — 88.

Fnasa V. OcHOBB NMPOEKTHBHOH reOMETpPHH.

§ 1. Arcuomn cBsisu. Teopema [lesapra — 92. § 2. Tapmonu-
yeckue uyeTBepKH Touek — 96. § 3. AxcHombl nopsaka. Adunnas
niockocth — 98.  § 4. Bekropnl Ha aduHHOH miockocTH — 102,
§ 5. AKCHOMa HenpepHBHOCTH. YMHOXeHHe BeKTOpa Ha 4YHCJO —
107. § 6. [lexapToBH H TNpOeKTHBHBIE KOOpAHHATH — l11.
§ 7. HenpoTHBOPEUHBOCTb H MOJIHOTAa CHCTeMbl AKCHOM NPOEKTHBHOMN
reOMeTpHH Ha MJockoctd — 114, § 8. IlpoexkTHBHBIe npeoGpa3oBa-
Hust — 118. § 9. Ilpyrue npeanoxeHHs NPOEKTHBHOH reoMeTpHH —
125. § 10. PasnnyHbie reometrpuu B NPOEKTHBHOH cxeMe — 131,
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