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NMPEAUC/IOBHE KO BTOPOMY H3JAHHIO

Bropoe nsfanue Hacrodiero c6OpHHUKA 3aJjay HECYLIECTBEH-
HO OTJIM4aeTCss OT MNepBoro Hsjanus. Haubosmee ynorpe6u-
TesIbHble pasfiesibl COOPHHKA paCIUMpeHbl 32 CYeT BKJIOUEHHS
LMKJIOB HOBBIX 3ajau. lcmpaBienbl 3aMeueHHBIE OleYaTKH,
yTOuHeHH! (OPMYJIHPOBKH H OTBETH psfa 3afau. [as yroGerBa
N0/Ib30BaHUs1 3ala4HHKOM 110 MHOTOYHCJIEHHBIM NpockGam mpe-
nojaeaTesiefi OTBETH Ha BCe 3aJaYH NOMeUEHH B KOHIE c6op-
HMKa, a HyMepalus 3ajai, B OTIHYHE OT NePBOro H3J4HHS,
JaHa [O TJaBaM, TaK 4YTO HOMep KaxJOH 3alauyd COCTOHT
U3 HOMepa IJIaBH 1 NOPSAKOBOrO HOMEpa 3aJjaull B 3TOH IJIaBe.

Ykasannasi pa6oTa 6blja BHIIOIHEHA Y/J€HaMH aBTOPCKOTO
komiektuBa E¢umossiM A. B., Kapakynunem A. @., Ko-
ranom C. M, u Ilocnesnoseim A. C.

ABTOpbl HCKpEHHe NpH3HATeJbHBl BCEM JIHLAM, MPHCIAB-
IIMM CBOM 3aMeyaHHs K IepBOMy H3AaHuio c6opHHKa, a
TaKXe COTPYAHUKAaM KadeApbl CHelHasbHBIX KypPCOB BhICIICH
mateMaTHKd M3OH, 1eHHEIe yKa3aHHS KOTOPBIX OBIIH yYTEHbI
NpH OKOHYATeJbHOM peJaKTHPOBAHHH HACTOSIIErO H3JAHUSA.

H3 MPEAUCIOBHUS K NEPBOMY H3JAHHIO

Mnea cosmannsi «CGopHMKa 3ajay MO MareMaTHKe HJisi
BTY30B», COJepKalllero 3ajlayd o BCeM pasfiesiaM Kypca Ma-
TeMaTHKH HHXXKEHePHO-TEXHHUYECKHX ClelHaJbHOCTEH BY30B,
npunapnexur b. I1. [lemuposuuy. Onnako npexueBpeMeHHas
cmepthb npodeccopa B. I1. emupoBuua momeruana emy ocylie-
ctBuTh 31y pabory. Hacrosmuii «C60pHUK 3aau», MOArOTOB-
JIEHHBI aBTOPCKHM KOJIJIEKTHBOM, HMEIOHIMM GOJMBILOH Nefaro-
THYECKHUH ONbIT paGoTHl BO BTY3aX,— BOIUVIOLIEHHE B KH3Hb
uneu B. I1. demunosuua.

O6was crpykrypa «CO0pHHKA 3afau» Npef/ioKeHa pelak-
Topom A. B. EQUMOBEIM H OTpaxkaeT CofepXKaHHe NPOrpaMMbl
[0 MaTeMaTHKe [Js1 MHXKEeHEePHO-TeXHHYECKHX CIelUalbHoCTeH
BY30B, paccuutaHHo# Ha 510 yacoB W yTBepxKAeHHOH ¥ 4eGHO-
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METOIMYECKHM YNpaBJeHHeM Mo BhiclleMy oGpasoBaHmo Mun-
Bysa CCCP 14 mas 1979 r. Ilpu cocraBnenun «C6opHHKA
3ajlau» Hallesl OTpPa)KeHHe W ONBIT NpPENoAaBaHHS Kypca Ma-
TeMaTHKY B MOCKOBCKOM HHCTHTYTE 3J1€KTPOHHOH TeXHMKH,
paccuuranHoro Ha 600—700 gacos.

B cGOpHHMK BKJIOYEHBI 33Jja4yd M NPHMepHl MO BceM pas-
JeJlaM BTY30BCKOro kypca mareMatuku. C Leablo 3axpenJe-
HHSl Marepuana IKOJbHOH NporpaMMbl B HeM, Kpome TOro,
npuBeleH psA 3aAay, NO3BOJAKIIKX Oojee yraybneHHo mo-
BTOPUTb OCHOBHBIE Paslie/ibl aHalu3a M BEKTOPHOH a/ireGphl,
u3yuaeMble B LIKOJE, :

OpHolt M3 OCHOBHHIX OCOOGEHHOCTEH HACTOsLlEro COOpPHHKA
sIBJISIeTCS1 BKJIOYeHHe B OOJBIIMHCTBO IJIaB LMKJA pacyer-
HBIX 3ajlay, pelieHue KOTOpPHIX TpeGyeT HcmoJb3oBanus IBM.

Ilpeanaraemas neppass uyacTb ¢GopHuKa «JIuHeliHas an-
re6pa ¥ OCHOBbl MaTeMaTHYeCKOro aHa/jM3a» BKJIOYaeT Te
pasjensl MaTeMaTHKHM, KOTOpHe, KaK [PaBHJO, H3yyaloTcs
Ha nepBoM Kypce. Ciofa oTHOCATCS BeKTOpHas aarebpa c aJe-
MEHTaMM aHaJMTHYeCKOH reOMeTpHH, MuHelHas anrebpa, a Tak-
e AuddepenuranbHoe ucuucjenne (YyHKUHH oAHOH M He-
CKOJIbKMX TepeMeHHbIX H MHTerpaJsibHOe HCuMcenne QyHKLIHH
OfiHOH TepeMeHHOH. » .

. Kaxppii paspen c6opHuka sajau cHaG>KeH KpaTKHM BBe-
JA€HHeM, COAEpMallHM KaK HeOGXOAMMLIE TEOPETHUECKHE CBe-
Jenus (onpepenenusi, (GopMyJbl, TeopeMmbl), TaK H Goaboe
YHMC/IO MOAPOOHO pa3oOpaHHBIX mpuMepoB. Hauanmo pewenns
nNpUMepoB M 3aJay OTMEYEHO 3HAaKOM <, a KOHell—3Ha-
KOM P. YKa3aHHsl K pelleHHsM BHIEJAIOTCH 3HAKOM e.
K sapauam, HoMepa KOTOPbLIX IIOMEYEHBI COOTBETCTBEHHO OANOH
WI¥ _JiByMsl 3Be3J0YKaMM, YKa3aHHfl MM pellelus AAlOTCA B

pasnene «OTBEThI.



IF'nmasa l
BBEJIEHUE B AHAJIU3

§ 1. MeiicTeuTeabhble uyHcaa. MHomxecrsa.
Jlornueckasa CHMBOJHKA

1. MonsTHe peificTBUTeNbHOro yncaa. 3 Kypca MaTeMaTHKH cpeaHeil
ILKOJILI M3BECTHO, YTO BCSKOE HEOTPHLATENbHOE Jeldcmeumeabroe 4ucao
X npejcTaBasierc 6€CKOHEYHOH JecATHYHOH APobblo

I*lxaxs oo oy 0]
rie [x]— Han6oabluee Lesoe YuC]AO0, He NPeBOCXOAfulee X H Ha3bIBaeMoe
yeaoti wacmero yncaa x, x,€{0, 1,2, ..., 9} ana moGoro nEN.

Ipu 3ToM ApOGH, Y KOTOPHX X,=9 AJs BCEX n=ny (fy— HEKOTO-
poe HaTypajbHOE YHCJIO0), OGHIYHO MCKJIOYAIOTCH U3 PACCMOTPEHHA B CHIY
CJICAYIOWMX PaBeHCTB!

[%],999...=[x]+1,

[x],XIXQ. v Xpo—1 999...= [X],xl)Cg. . (xﬂo—l+ ]) (no > l; Xno—-1 # 9).
HelCTBHTEbHOE YHUCJIO X pAYUOHAAbHO, T. €. TPEJCTaBUMO B BHJE
OTHOWeHHUA =, m, nE€Z, B TOM K TOJNLKO B TOM Cayuae, Korga Apo6s (1)

nepHofiMueckas. B NPOTHBHOM Cayuae WHCIO X UPPAKUOHAABLHO.
Ab6corromnod eeauuurod WM mo0yaem JeHCTBUTENBHOrO 4MC/Ia X Ha-
3LIBa€TCHA HEOTPHILATe/bHOE HHCIO0
x, ecan x=0,
|x|=
—xy ecan x < 0.

Ipeanonaraerca, uTO npaBnja CpaBHeHHs NEHCTBHTEJLHHX YHcead, a
TaKxe apudMeTHueCcKMe ONepallHM HaJi HUMH H3BECTHbl M3 Kypca Martema-
THKM CpeiiHed WIKOJLL

1.1. JlokasaTb, YTO YHCJO

0,1010010001. . .10.,,01...

Np—
n

MppallioHaJbHO. BhinHcaTh no TpH mepBEIX YJeHA M3 nocJe-
JIOBaTeJIbHOCTeH KOHEUHBbIX JeCATHYHHIX Apobelt, npuGianKalo-
IMX 5TO YHCJIO € HEJAOCTATKOM H C H3OBITKOM.

1.2. Cnepyomue uucjia npeACTaBUTh B BHE NPaBHJbHBIX
pPaLMOHAJbHLEIX ApOGen:

a) 1,(2); 6) 3,00(3); B) 0,110(25).



1.3. JlokasaTb, uto uucio lgd uppauuoHambHO.

4 lpeanmonoxum, uto lg 5 — paunonanabHoe 4HCJIO, T, €.

lg5=-’£—=;' m, n€7Z.

Torga:
m

10" =5, 10m=5n, 9om.5m=5n,

Ho nocneiu-xee PaBCHCTBO HEBO3MOXKHO: YHCJIO 2 BXO/IMT B pa3J03KeHHe
JIeBOH 4acTH Ha TIPOCTEIE, MHOXHTeNH, HO He BXOJIHT B aHAJIOTHYHOe pa3-
JIOXKEeHHe IJas npaBou YaCTH, YTO NPOTHBOPEYUT €JIHUHCTBEHHOCTH PpPa3Jo-
KEHHUs LeJIBIX YHCeJ Ha NPOCTble MHOXKHTEJH. nOQTOMy HCXOJHOE npen-
HOJIOMEHHE HeBEPHO, M, CJIe1OBaTeNbHO, YHCIO lg5 uppauuonadsuo. p

Hoxkazatb, 4TO CJelyiolmiHe YHCJAa HPPALHOHAJBHBL

1.4. V3. 1.5. }/p, p—npocroe uucio, n > 1.

1.6. 2+V3. .. V2 + V3.

1.8. log, p, p—npocroe uucJo.

1.9. % ~+nn, n € Z, eciv U3BECTHO, YTO 7T HPPALHOHAJIBHO.
B sapayax 1.10—1.13 cpaBHHTb yKasaHHbie 4HCHa.
1.10. V2—V'5 u V3—2.

> Hpezinonoxmm, 4TO BepHO HePaBEeHCTRO

V2—V5<V3-—2 @

VZ+2<VE5+V3,
64+4V2 <842V 15,

2V2<14VT5

8< 164-2V15.

Tak xak nocnenHee™ HepaBEeHCTBO BEPHO, TO B CHUAY O6PaTHMCCTH
BBINIOIHEHHBIX 11Pe06pa30BalHil BePHO M HCXOLHOE HepaBCHCTBO (2). p»

Torna:

1 1
1.11. logllzg u logi;w .

1 1
lg — g —
1.12. (%) T (7). 118 logigay u 1.

He NnoNb3yACh TabJHIAMH, J0Ka3aTh CJAeAyloUHe YHCJIO-
Bbl€ HEpaBEHCTBa:

1.14. log;10+41g3 > 4. 1.15.

1,16. log, 26 > log, 17.
10

log, n_l logsn > 2.



1.17. Jiokasatb, uTO MOLYJb AeHCTBHTENLHOTO WYHC/A
o6afiaeT CIeYIOUMMH CBOMCTBAaMH;

a) |x|=max {x, —x};

6) |x-yl=lx|-ly| |§|

B) [x+yl<|x|+]y| u | Hxl—lgll
(Hepasercmsa mpeyeoxzbumca);

) Vi =|x|

Pemnte ypaBHeHHS:

1.18, |3x—4|=1/2. 1.19. V' X® -} x* =

1.20. |—x*42x—3|=1. 1.21. 2"“]

1.22. V(x—2) = —x-+2.
PeliuTe HepaBeHCTBA:
1.23. |[x—2|>1. 1.24. |x*—Tx+12| > x> —Tx 12,

1.25. x*+ 21/ (x 1 3)? —10< 0. 1.26. ITI_I—'<4—x.
1.27. Ve F 172 <—x—1.

2. MuoxectBa M onepaunn nHap Humu. [Ton muoxecmeom nmoHumaercs
moBasi COBOKYTMHOCTb OGBCKTOB, Ha3bIBAEMbIX 3JIEMEHTaMH MHOMCCTBA.

3annuch a €A o3HauaeT, 4TO OOGBEKT @ €CThb 3JeMeHT MuoxecTBa A
(npuHasnexuT MHOMecTBY A); B mpoTuBHOM ciyyae numyT ag A. Muo-
JKEeCTBO, He COjJepiKalllee HH OJHOTO 3JIeMEeHTa, Ha3blBaeTCs Nycmus u
oGo3Hayaercs cumBojoM F. 3anuck A < B (A copepxurcs B B) o03Ha-
yaer, YTO KaMJblil 3/1eMEeHT MHOXecTBa A fB/seTcsl SJ1eMEHTOM MHOXe-
ctBa B; B 310M cayuae MHOXecTBO A Ha3blBAgICH NOOMHOICCCMBOA MHO-
xectBa B. Muoxecrsa A u B HaswBawr pasibiny (A= B), ectn AC B
u BcC A

CyuiecTBYIOT ABa OCHOBHBIX .CIOCO6a 3ajaHusT (OMHCAHUS) MHOKECTB.

a) MHoxectBo A onpefensieTcss HEMOCPeACTBEHHBIM MepeuiiciaeHHeM
BCEX CBOMX 3JIeMEHTOB dj, dg, ..., Oy, T. €, 3alUCLIBAETCH B BHJAE

A={ay, as, ..., a,}.

-

6) MuoxecTBO A onpejiesisieTcsi KaK COBOKYIHOCTb T€X M TOJMBKO TeX
3JeMEeHTOB H3 HEKOTOPOrO OCHOBHOTO MHOXecTBa T, KoTopnie ¢G6/1ajaior
o6wiuM CBOCTBOM o.. B 3TOM cayuae ucnoJsp3yercss o6o3HaueHue

A={x€T|a@x)}
rae 3amuch o (X) 0O3HayaeT, YTO 3JMEeMeHT X 00/ajaeT CBOMCTBOM O,
ITpumep 1. Onecate nepeuncieHHeM 3/1eMeHTOB MHOMeECTBO
A={x€7Z |(x—3) (x*—1)=0 n x=0}.
A ecTb MHOXKECTBO BCeX LeJbIX HEOTPHIIATedbHBIX KOpHeil ypapHeHua

(x—3) (x*—1)=0. Cnenopatespno, A={1, 3}. p
O6veduneruem munoxects A u B Ha3blBaeTCS MHOXXECTBO

AUB={x|x€A wm xEB}.

~1
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Ilepeceveriuem MHOKeCTS A U B HasniBaeTCsl MHOXeECTBO
ANB={x|x€EA u x€B}.

Pasnocmero muoxects A U B HasbiBaeTCs MHOXKECTBO
ANB={x|x€EA u x¢&B}.

ECJIH, B YAaCTHOCTH, A — NOIMHOXKEeCTBO HEKOTOpOro yHUBEpCaJbHOI'O MHO-

wecra T, to pasHocTe T\ A oGo3HauaeTcsi CHMBOJIOM A U -Ha3bIBAETCH
donoanetiuem muoxecrsa A (1o mHoxecrsa T).

1.28. YcraHoBHTb, Kakas M3 ABYX 3anicefi BepHal

a) {1, 2}e{l, 2, {1, 2, 3}} nmn {1, 2}={1, 2, {1, 2, 3}};

6) {1, 2} e{l, 2, {1, 2}} wm {1, 2}={l, 2, {1, 2}}.

B samauax 1.29—1.34 ykasaHHble MHOXKeCTBa 3ajaTb
NIepeyncJIeHHeM BCeX CBOHX 3JEMEHTOB.

1.29. A={reR|x*—3x*42x=0}.
1.30. A='{x€[R|x+—}c-<2 " x>o}.
1.31. A={x€N|x*—3x—4<0}.
132, A={r€Z | <27 <5).

1.33. A= {xeNl logyys ~ < 2}

1.34. A= {xE[R[cos“‘?x—l n0<x<< 20},
V306pasuts Ha KOODAMHATHON IJIOCKOCTH CJIeAyIOIHe
MHOXeCTBa:

1.35. {(x, y) ER*|x+y—2=0}.

1.36. {(x, y) ER?|x2—y* > 0}.

1.37. {(x, y) €R*|(x*—1) (y +2) =0}.

1.38. {(x, ) ER* |y >V 2% +T1 u 2x+1>0}.
1.39. {(x, y) €ER*|y? > 20+ 1}

1.40. {(x, y) ER?| 2%+  =y2 4 u 2*"1 Ly}
1.41, {(x, y €R2|0032x—~c032y}

1,42. {(x, PER| 1> 1, x40, y;SO}.

1.43. OnncaTb mepeynceHHeM BCeX 3/1EMEHTOB MHOXECTBa
AUB, AnB, AN\B u B\ 4, ecnu

A={x€R|x*+x—20=0}, B={x€R|x*—x+12=0}.

3anuch m|n, rae m, n€Z, o3Havyaer, 4YTO YHCJIO M €CTb
Jenuteab yucaa n. OnucaTh ciefyiollMe MHOXKeCTBai

1.44. {x€N|x|8 u x=1}. 1.45. {x€Z]| 8|x}.

1.46. {reN|x12}n{xeN| x]8}.

12



1.47. {xeN|I12x}n{xeN]| 8|x}.
1.48. doxasaTb, uTO!

a) paBeHCTBO AN B=DB BepHO B TOM M TOJBKO B TOM
cayyae, Korga Bc A;

6) paseHctBo A UB =B BepHo B TOM M TOJBKO B TOM
cayuae, korga Ac B, :

1.49. Ilyers A=(—1, 2] u B=[l, 4). Haiitu muoxecrsa
AuUB, AnB, A\B, B\ A 1 1306pasuTb MX Ha HUCJOBOM
oCH.

[Tpunss orpesok T =[0, 1] 3a yHuBepcaNbHOE MHOKECTBO,
HaWTH W H300pasuTb Ha YHCJAOBOH OCH JIOTNOJHEHHS CJeAyIo-
UIHX MHOMKECTB:

1.50. {0, 1}. 1.51. (1/4, 1/2). 1.52. (0, 1/2].

1.53. {1/4}u[3/4, 1).

1.54. JokasaTb, YTO onepalusi B3sfTHs JONOJIHEHHs 06a-
Ja€T CBONCTBOM pe(haeKCusHoCmu:

(Z)":A’
a Takxe CBf3aHAa C OTHOLIGHHEM BKJIOUEHHS < M Onepa-
uMaMH U U 1 CAeAYIOIHMH 3aKoHamu OB0LCMEEHHOCMUI
ectu AcB, To A>B;
AUB=AnBuw AnB=A4uB.
1.55. Jlokasatb, 4TO omepanuu U H ) CBSI3aHBl 8QKO-
Hamu OucmpubymusHocmu:

(AuB)NC=(AnC)u(BnC),
(AnNByuC=(AuC)n(BUC).

Hcnonbayn pesyavrathl 3agay 1.54 u 1.55, pmokasatsb
CJIENYIOIHE PABEHCTBA:

1.56. ANBN(AUB)=14.

4 Tax Kax A U B= AB, 1o nepas uacTb JAOKa3LIBAEMOTO paBeHCTBa
NpHHUMaET BUJ

(ANB)N(ANB)=ANBUANB) = 4. p
1.57. AN\B=AnB. 1.58. ANB=AUB.
1.59. An(AN\B)=AnB.

Onepannn |J # ()] ecTecTBEHBHLIM 00pa3oM o0000mIAIOTCA HA cJyyait
MPOM3BOJNILHOIO (KOHEYHOro BJAH OeCKOHEUHOro) CeMeiicTBa MHOXKECTB.
[Mycts, nanpumep, 3anano cemeiicTBo MuoxecTB A,, n€N. O6vedunerue
MHOMECTB 3TOro cemeiictea oGosnayaetrcs cumBosioMm |J A, n onpexens-

neN
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eTcs KaK MHOMECTBO BCEX TeX, S/JeMEeHTOB, KaXJblft H3 KOTOPHIX NMPHHAN-
JIGKHT IO MeHbIIel mepe OAHOMY M3 MuoxecTB A,. [lepecewenue | A,

ne
onpefieisieTcsl KaK MHOXKECTBO BCEX 3JIEMEHTOB, NPHHAMEKAIIHX KaXKAOMY
H3 MHOXeCTB A,.

s sagaunbix cemeficTB MHoxectB A,, n€N, wuahitn
Ud,unA;
neN neN

1.60. A,={x€eZ|—n<x<n}.

1.61. A,={3n—2, 3n—1}.

1.62. A,,={1, e —'n-}

1.63. ITycts A —MHOXeCTBO BCeX TOYEK MJOCKOCTH, 06pa-
3YIOIHX CTOPOHBl HEKOTOPOTrO TPeyroJIbHHKA, BIHCAHHOTO
B 3aJaHHYI0 OKpPY:KHOCTb. OmucaTh (C/IOBeCHO) OGBEAHHEHHE
H TiepeceyeHHe BCEX TAKHX MHOXKECTB, €CJH:

a) TPeyroJbHHKH IPOH3BOJLHBIE;

6) TpeyroJbHHKH IpaBUJbHbIE,

B) TPEyroJIbHHKHU MPSMOYTOJIbHbIE,

MuoxecrBo X Ha3biBaeTCS CuemHbIM, €CIH MOXET GbITb YCTaHOBJIEHO
B3aUMHO OJII031auli0e COOTBETCTBHE MeX/y 3JeMeHTaMU 3TOr0 MHOMCCTBA
H 3JIeMEHTaMH MHOzKecTBa [N BCeX HaTypasbHBIX YHCE.

ITpumep 2. [Toxa3aTb, YTO MHOXECTBO 2 BCeX MLeJLIX WYHCeJ
CyeTHoO.

4 YCTaHOBHMM B3aHMHO O/lHO3HAYHOE COOTBETCTBHE MCXKIY 3JICMEHTaMH
3TOr0 MHOM(ECTBA W HATYPAJIBLHLIMH YUCJAAMH, HAMPUMEP, YHOPSAOUHB MHO-
KeCTBO 7 CJelyloliHM ofpasoM:

o1,-12 -23, =3, ...,
a 3aTeM BCSIKOMY IGJIOMY YMCJY IMOCTABUB B COOTBETCTBHE €r0 IMOPSIJKO-
BLIfL HOMEpP B 3TOH MOCJeNOBaTeJbHOCTH. P

JokasaTb, YTO CJEAYIOUIHE MHOXECTBA CYETHLI:

1.64. {n€N|n=2k, keN}

1.65. {neN|n==~k2 keN}

1.66. {neN|n=2*% keN}.

1.67. JoxasaTb, 4yT0 ecau MHOKecTBO X cueTHoH A= X —
ero GeCKOHeYHOe IOAMHOIKECTBO, TO MHOXKecTBO A Takxke
cyetHo. Mcnosbsysi aToT pesysabraT, A0KasaTh, YTO MHO-
JKECTBO

{neZ|n=k—k+1, keN}
CYETHO.

1.68. Ilycts Xy, X5, ..., X,,,... —CUeTHbIE MHOXeCTBA.

Hokasatb, uTo HX obbeuHenHe U X, —CUeTHOE MHOXKECTBO.
neN
14



@ [Iycte X, ={X, 1) Xp, 25 +++s Xn, 1 ++.}. TOIJIa 37€MEHTHl MHCIKECTBA
U X, MOXHO 3anucaTb B BHJe CJeAYIOWEH TaG/uLbi
nelN

Xi, 1) Xi,25 eees Xi g4 o0
X2 1y X2, 9 enes Xa [y ooey
C e e e e e e e e e e
Xa, 1 Xn, 2 eeey Xp [y oos

L I I T I T I I Y

Has Toro uto6hl JAOKas3aTh cYeTHOCTb MHoxkectBa |J X,; AOCTAaTOUHO

neN
Tenepb 8aHyMepoBaThb KaKHM-J11060 06pasoM Bce 2JeMeHTHl 5TOH TaGJIMILbl.

Hcnoabsys pesyabrar sagauu 1.68, nokasaTb, 4TO CJe-
AYyloliHe MHOXKECTBa CUETHbI!

1.69. Q= {xe Rlx= -Zizwa HEKOTOpBIX m, n5~= 0 u3 Z} —

MHOJKECTBO BCeX palHOHAJbHBIX YHCEI.

1.70. MHOxecTBO BceX TOYeK MJIOCKOCTH C pallHOHasb-
HBIMH KOOpJAHHATaMH.

1.71. MHOXeCTBO BCeX MHOTOYJIEHOB C palldOHaJbHBIMH
Ko3(puuHeHTaMH.

3. Bepxune n nmxuue rpann. [lycrs X —mpousBosbHOE HemycToe
MHOKCCTBO JeHCTBHTENbHBIX yucesd. Yucio M =max X HaswiBaeTcs Hau-
Coavuiim (MaKcumanbHoim) sneMenToM MHOXKecTBa X, ecoit MEX n s
BCAKOTO X € X BLITOJIHAETCS HepaBelcTBO x << M. AHajlornuHo crpenens-
eTCsl TOHATHE HAUMEHbUIEe0 (MUHUMAAbHOE0) 3JIeMeHTa m=mif X MHOXe-
ctea X.

MuoxecTBO X Ha3BIBAETCH 02PAHUMEHHbIM CBEPXY, ECTH CYLIECTBYET
JleAiCTBHTENbHOE YHCJIO @ TaKoe, YTo X << a Aas Bcex X € X. Besxoe uucio,
obnanatlee 3THM CBOHCTBOM, Ha3biBAaeTCs 6epxHell ePArbI0 MHOXKecTBa X,
Ins 3a/laHOro OrpAalMuEHHOr0 CBEpPXY MHOMKecTBa X MHOMKECTBO BCex
Cro BEPXHHX I'paHell MMeeT HaMMEHbIUUI 3JIEMEHT, KOTODLI HaabiBaeTCs
mouHol eepxed epansio MHoxecTBa X M 0603HauaeTcsi CHMBOJIOM Sup X.
Ouesujo, sup X =max X Toraa u TOJIbKO Toria, koraa sup X € X.

AHaJIOTHYHO ONpejeNSAIOTCS NOHSTHS 02PAHUHEHHO20 CHU3Y MHOXKeE-
CTBA, HUXCHEU ePaHU W MO4HOL HudcHed 2pari MHCKecTBa X; MOCJeAHss
0603HauaeTcss CUMBOJOM inf X.

MHoxecTBO X, orpaHHYeHHOE CBEDXY M CHH3Y, Ha3biBaeTCsl 02PAHU-
HeHHBIM. i '

[Mpumep 3. Halitn TouHble BEPXHIOW M HHXKHIOIO TPaHH MHOXe-

crea [0, 1).
4 OTO MHOXECTBO He ¥MeeT HauGOJIbLIEro SJIeMeHTa, TaK KaK /s BCA-
koro x€[0, 1) naitnercs y€[0, 1) Takoe, 4To y > x. MHOXKECTBO BepPXHHX
rpaseit Juis noayunreppana [0, 1)—sto MuoxectBo [1, 4 ) ¢ HauMeHb-
UM 3JementoM, paBubiM 1. TTostomy

sup [0, 1) =1,
npuuem 1¢[0, 1).
C pyro#i CTOPOHLH, HaUMEHbIIMH 3JIEMEHT JJs paccMaTPHBaeMOro

mHuoxectBa [0, 1) cymecrByer u paBeH 0. MHOXeCTBO HMXKHUX TIpaHell —
3T0 MHOXeCTBO (—o0, 0] c HaM6O/NbUIMM 3/EMEHTOM, PaBHLIM HYJIO, KO-
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TopHi M ABJASETCA TOYHONM HHKHeH rpameio moayudtepsana [0, 1).
Takum obGpa3oM,
min [0, I)=inf [0, 1)=0. p

1.72. HokasaTh, uYTO TNpHBEAEHHOE BHIlIE OINpPeJeNeHHEe
TOYHOH BepxHeHl I'DaHH 3KBHBAJCHTHO CJEAYIOUIEMY:

Uycsio M ecTh TOUHasi BEpXHsis FpaHb MHOmecTBa X B
TOM M TOJILKO B TOM CJyyae, €CJIH:

1) x<<M pas Bcex x€ X,

'2) ans Besikoro € > 0 Hafiercs anement x € X Taxo#,
g10 X > M—¢.

1.73. Ilyctb X={l, -il,-,‘ %, cees %.}

a) YKasaTb HaHMEHbIIMH H HaHGOJBIUHH 3JIEMEHTHl TOTO
MHOKECTBa, €CJIM OHH CYIIECTBYIOT.

6) KakoBnl MHOXKecTBa BepPXIIHX M HHKHMX Tpauned anas
muoxecrBa X? Haiitn sup X u inf X.

Has cnepyromux MHoxecTB Hafith max X, min X, sup X
u inf X, eciu onu cymecrTByioT;

174, X={xeR|x=y, neN}. 1.75. X =[—1, 1].
1.76. X={x€Z|—-5<x<0}. .77. X={x€R|x < O}.
1.78. X={x€[R|x=—'::f; m, ne€N u m<n}.

1.79. Tlycth X —MHOMECTBO BCeX pPallHOHAJBHBIX YHCE,
yIOBJNETBOPAIOHUX ycaoBHIO r? < 2. TlokasaTe, uTo MHOXKeE-
crBo X He nmeer HanGoJbuero snementa. Haiith sup X.

1.80, Ilycts X ©R—npousBoJabHOE OTrpallMUEHHOE MHO-

xecTBO. JlokasaTh, yTo MHOMecTBO —X = {x| —x € X} Takxe
OT'DaHHYRHO H CIPaBeAJHBLI PaBEHCTBA :

sup (—X)=—inf X, inf(—X)=—sup X.

1.81. Tlycte X, Y ©R—npousBosblbe OrpaHHYEHHbBIE
cBepXy MHOxecTBa. Jl0Ka3aTh, YTO MHOXKECTBO

X+Y={2€R|z=x+y, x€X, yeY}
OrpaHHYEHO CBEpXy H
sup (X +Y)=supX+supV.

1.82. Ilycte X cR—orpaunnyennoe csepxy H YR —
OrpaHHYEHHOE CHH3Yy MHOKecTBa. JlOKasaTb, YTO MHOMKECTBO
X—Y={z€R|z=x—y, x€X, yeY}

OrDaHHYEHO CBEPXY H
sup (X —Y)=sup X —infVY,
18



4. Jlornueckan cumsonuka. ITpm sanucH MaTeMaTHYeCKHX paccyxje-
HEl 1eseco00pa3io MPHMEHATh SKOHOMHYIO CHMBOJIHKY, HCIO/b3YeMyio
B JjoruKe. Mbl yKaikeM 8/¢Chb JIHIWIb HECKOJbKO HaubOJee MpOCTHX H
YHOTPEeGHTENBHLIX CHMBOJIOB.

Ilycrs @, B, ... —HEKOTODBIE BbICKA3bIGARUA UTH ymeepucdeniis, T. €.
MOBECTEOBATNBHbE MPEIIOKEHHS, OTHOCHTE/IBHO KaM(/Oro H3 KOTOPHX
MOXHO CKa3aTb HCTHHHO OHO HJIH JIOXKHO.

3anuch o O3HAuaeT «He O», T. €. OMPUYAHUE YTBEPKACHHS O

3anuch o =) [} 03HAYACT: «H3 YTBEPIKACHUS O CJELYCT YyTBep:Kie-
nue B» (=>—CHMBON umnAuKAyUL).

3anuck o & f 03HauaeT: «yTBepXKIeHHe ¢ S5KBHBAJIEHTHO yTBepiKie-
nnio B», T. e. u3 a caeayer B u us f§ caexyer o (& —cuMBOa sK6USA-
srermuocinii).

3anuck a A f§ o3Havaer «a u B» (A —CHMBOJ KOHBIOHKYUL).

3anuck & V  o3navaer -« ®AH P» (V —CHMBON OUSDIOHKLUL).

3anucy’
vxEX a(x) .

031aYaeT: «JJas BCAKOro sneMeHTa XEX HCTHHHO YTBepIKIeHHe a (x)»
(V¥ —kKsanmop 6ceobuyHoCmLL).
3anuce
IxEX a(x)

03HAUAGT: «CYLIECTBYeT »dJieMeHT x€ X Takoff, YTO IJst HErO HCTHHHO
yToepacacHue a (x)» (3—Keanmop cqu;ecmeoaamm)

Ecau ssement x€ X, 1A KOTOPOro HCTHHHO YTBepXielhe a (X),
He TOJIbKO CYIIeCTBYeT, HO M eJHHCTBeN, TO NMHIUYT:

A xEX a(x).

MMpumep 4. Hcnome3ys JIOTHYECKYIO CUMBOJIMKY, 3alHCaTh yTBEpPXK-
nerme. «4ncio M ecTb TOYHAsl BEPXHAS IpaHb MHOMKecTBa X».

« YTBepxkIeHwe M =supx 03HAuaeT, YTO BHIMOJHEHbI YCJIOBHS;

a) VXEX (x< M) (7. e M—nepxx—ma rpaHb nmomec-rsa X);

6) VAER (VxEX x<A)= A= M) (1.e. M—Haumenbuiag u3
BePXHUX Trpalieii MHOXecTBa X

cioBHe €) MOMET OHITb 3aMiCaHO TaKxKe B CJeRyioulell SKBHBAJIEHT-

Hoit opme (cM. 3ajauy 1.72):

ve>03x€EX (x > M—e). b
ITpumep 5. Hcnoibsys JOrHYECKYIO CHMBOTHKY; c(bopMynnpoaa'rb
MPUHILUIT MATEMaTHUECKOH HHJIYKLHH.

<4 [lycts oo—HEKOTOpOe YTBepi/IeHHe, HMeiollee CMbICa Aas Bcex n€N.
Bpenem MHOXeCTBO

A={n€N]a )}

T. €. MHOKCCTBO BCEX TeX HaTypasbHLIX UHCEA, AJISl KOTOPHIX YTBEep:K-
nenué o ucTHHHO, TorJia NpHHUWO MaTeMaTHUECKOH HHIAYKILMH MOXHO
COPMYIHPOBATEL CHEAYIOUHM 06pPasoM:

(1EH A (nEA= (n4-1)€A) = A=N. &)}

Tak Kak sanuch o (1) O3HayaeT, YTO YTBEPIKIAEHHE O HCTHIHO VIS YHCIA
n€N, 10 yTBepxKAeHHe (3) MOXKHO 3amucaTb H HHauye:

@ (1) A (@ (1) => o (n4-1) = VrENa (n). »
o - 17



Mpumep 6, 3anucatb OTpHUAHMA BhicZasbiBaHuil: VXEXa (x) u
IxEX a (X).
<€ Orpunanne BuickasbiBanusi V¥ € X o (x) umeer BHAIxEX o (x) (cyue-
crByer saemeHT x € X Takoil, A/ KOTOPOTO YTBepXKJAEHHE O (X) JIOHKHO).
Huaue rosopsi, A JI06OrO YTBepXKAEHHUSI O, HCTHHHO CJledyloulee BLHICKa-
3blBaHHKe:

VxE Xa (x) ®3IxEXa (x).
Anastornyno
wEXa(x) @VrEXa(x). P

Npumep 7. Hcnonbayst JOruueckne CUMBOJLI, SamucaTh YTBEPXK-
nenne: «pyHkuus f: X — R; XCR, nenpepsiBua B Touke a€ X», a Tak-
JKe €ro OoTpuliaHite.
< Hcxonunoe yTBepmaeHue:

ve> 00 vx€X (x—a| < 6= |f()—F(a)] <e)

(m1st moGoro &>0 Haiijercs 8 Takoe, uTo s Jwboro yueaa x € X,
YIOBJIETBOPSIOWEr0 YycJOBHIO |x—a| < §, BhIOJNHAETCA HCPaBEHCTBO
[ F()—/(a)] < ). '

OTpuilaHHe 3TOTO YTBEPKAECHHS:
3 > 0V8EX (|x—al<dA [ W)—T(a)=¢)

(cywecteyer & > 0 Takoe, yto Aas Jwboro 8 Haiisercs uucio x€X,
yZoBJaeTnopsiouiee ycaoBuaM x—a| < 8 u |f (x)—f (a)] =¢). P

IlpountaTh mpuBe/ileHHble HHUXKE BEHICKa3biBaHHS, BBISCHHTD
MUX CMbICJ M YCTaHOBHTb, MCTHHHBl OHH HJIM NOXHBI (CHMBO-
JaMH X, y, 2, a, b, ¢ BCloAy, Tle 3TO cleluasblio He OroBa-
puBaeTcsl, 0603HAYEHB! NEHCTBUTE/IbHBIE YHCJIA).
1.83. a) Vx3y(x+y=3); 6) yVx(x+y=23);
B) 3x, y(x+y=3); 1) Vx, y(x+y=23).
1.84. 3x, yx>y>0Ax+y=0).
1.85. Vi, yx <gp)eFz(x <2< y).
1.86. Vx, y(x?z=2y%).
1.87. Vx(x* >x&x>1Vx<0).
1.88. Vx(x > 2 AN x> 3 2<x<3).
1.89. 3x (V' ¥ < x). :
1.90. a) Va, b, c(Ax(ax*+bx+c=0) & b*—4dac == 0);
6) Va, b, c(Vx(ax®*+bx+c¢>0) & b*— 4dac <0 A a> 0).
1.91. a) VbaaVx(x*+ax+b > 0);
6) 3bVadx(x*+ax+b=0);
B) da Vb 3Ax (x*-+ax+b=0).

YCTaHOBHTb TOYHHIH CMBICJ NpPHBEJEHHBIX HHXKE BHICKa-
SbIBAHHH W 3anHCcaTh HX C HCNOJib30BaHHEM JIOTHYECKOH CHM-
BOJIMKH, CHOPMYJHpPOBaTb H 3alHCaTb MX OTPHLAHHA.

1.92. a) Uucno x, ectb peweHue ypaBHeHHs [ (x)=0.

6) Uncno x, ecThb €IHHCTBEHHOE pellleHHe YpPaBHEHHs

f(x)=0.
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B) YpaBuenue f(x)=0 HMeeT efHHCTBEHHOE NeACTBHTEE -
HOe peLleHHe.

1.93. a) MuoxectBo X — R orpanudyeHo cBepxy.

6) Uucao m ecTb HaUMEHbLIHH 3/eMEeHT MHOXecTBa X,

B) MuoxectBo X HMEeT HaUMEHbIUHH 3JIEMEHT.

1.94. a) Uucno m € Z siBasiercs JenurtenieM 4Yucaa n € Z,
MM B KPAaTKO@ 3amucH: m|n.

6) Ecnu yucsao n€Z penurca Ha 2 MU HRZ 3, TO OHO
Jenutcsi Ha 6.

B) Yucno p €N npocroe.

§ 2. PyHKUMH AEACTBUTENbHON mNepeMeHHOM

1. Nouartne d¢yHkunn. ITycts D —npon3BONbHOE MHOXECTBO AeHCT-
BHTeJIbHBIX yucesd. Ecan KaxjoMmy unciay x€D mocraBjeHO B COOTBeT-
CTBME HEKOTODOE BIOJIHE OIpejieJieHHOe IeHCTBHTeNbHOe uucao f (x), TO
FOBOPAT, YTO HAa MHOXKeCTBe D onpeleneHa uucaosas ¢yukyus f. Muo-
ectBO D HaswiBaetcs 06.acmeto onpedeseniiss, a MHOXKECTBO

E={y€R|y=[(x), x€D}

— mtioocecneonm 3naverul uucaoBolt ¢ynkuun f. CumBonnuecku GyHKIUS
3anucoiBaetcst B Buje f: D — E win y=f (x).

HanGosee pacmpocTpaleHHbIM SIBJASETCS aHAJHTHYECKHi crocol 3aja-
nust oyHkuuH. OH COCTOHT B TOM, YTO C* NIOMOILbIO (HOPMYJIBI KOHKPETHO
YCTaHaBJMBAETCS. AATOPUTM BLIYUCJAEHHS 3HaueHuil GyHKUHH y= f (x) Bas
KaX/loro M3 3Havenuit apeymenma x. B 3ToM cayuae obaacTh oOmpefese-
HHSL QYHKIHH OGLIYHO He yKa3blBAalOT, NOHMMas IOJ HEI0 TO MHOXECTBO
3HaYeHHH apryMeHTa x, AJs KOTOPOro JaHHasg ¢opMyJ/a HMeeT CMbICI
(ccmecmsennas o61acTh OnpejiesleHHs (YHKIHH).

MMpumep 1. Hailtn o6nacTs onmpefesieHHs] M MHOXECTBO 3HaueHHH

dynxuun f(x)=1/Y1— 2%

<d4 EcrecTsentoft 06jacThio onpejiefeHus 3Tofl GpyHKIUH sBJASETCS MHO-
sectBo D={x|| x| < 1}=(—1, 1), a MHOXeCcTBOM 3HaueHHii — MHOXKe-
crBo E={y|y=1}=[1, 4+ ). »

Myers pynxnus f: D — E TaxkoBa, 4t0 MIs J06bIX X1, X2 €D u3
ycnoBust Xj7# x, ciaenyer f(x1) # f(x;). B stom ciyyae BcakoMy 4HCHY
y €E moxer GuiTh NOCTaBJCHO B COOTBETCTBHE HEKOTOpOe BIIOJHE OIpe-
Jlesientoe uucao x & D Ttakoe, uto f(X)==y; TeM caMblM ONpejeseHa HOBas
¢yukuusa f-1: E —» D, naswiBaeMas o6pamroi X 3ajaHHoit GyHRuun f.

Iycte 3agann pyskunn f: X —Y u g1 Y — Z. Hx xomnosuyuei
(WK cr0xcHod pyHKytied, TONYYEHHON I10C/EN0BAaTeNbHbIM IIPHMEHEHHEM
dynxuuit f u g) HaswBaetcst pyHKuUMst h=go f: X — Z, onpenensemas

paBeHCTBOM
hW=g( (), x€X.

1.95. Haiiti ¢yHKUHOHAJbHYIO 3aBHCHMOCTb pajuyca R
LHUJIHHAPA OT ero Bhicotl f mnpu JanHOM ofbeme V =1.

1.96. HanucaTh BblpaxkeHue 11si o6bema V KoHyca Kak
¢yHKUMH ero GOKOBOH MOBEpXHOCTH S NpH JaHHOK o6pa-
symwouedt [ =2,



1.97. Hanucato BhlpaxeHue AJ1s1 Iomaan S paBHOGOYHO
Tpanelyyd ¢ OCHOBAHUAMH @ =2 M b=1 Kak (QyHKUHHU yria o
UpH OCHOBaHHH Q.

1.98. C momenTa noxos f, TeNO ABHXKETCS C MOCTOSTHHBIM
yckopenneM a. HaifiTu 3aBHCHMOCTb CKOPOCTH M NPOEHHOrO
UyTH OT BpemenH JBuxkenus. Kak cBsizaHbl Mexay coGoii
npofileHHblf NyThb U CKOPOCTb B MOMEHT BpDEMeHH I?

1.99. B paBuoGeapennoii Tpanenuu ABCD (puc. 1) ¢ ocHo-
BaHWsIMH a ¥ b u BbicoTofi h nmposefeHa npsmas MN, nep-

8w c NeHANKY/IApHAs  OCHOBaHHAM

— U OTCTOfillasi OT BeplHHB A
Ha  paccrosinne | AM|=x.

Bripasute nitomanp S urypet

"ABNM kaxk o¢yHKIMIO nepe-

MEHHOH X.
A M J/ 1.100. B wap paauyca R
Puc. 1 Bnucan munuuap. Hanucats

(yHKIHOHAJBHYIO 3aBUCUMOCTDL
obvema V NUJIHHAPA OT €r0 BEICOTHI H. Hafitn o6nacts on-
pelesieHHst 3TOH (PYHKLHH.

1.101. B map paxuyca R BnucaH npsiMoOil KpyroBoi KOHYC.
Hanucate ¢yHKnHOHANBHYIO 3aBHCHMOCTD MJIOWAAH GOKOBO
MOBEPXHOCTH S KoHyca: :

a) or ero obpasyiouiefi I;

6) oT yria o npu BepliHHE KOHYCa B €r0 OCEBOM CEUEHHH;

B) OT yryia  mnpH OCHOBaHHHU Konyca.

Haiith o6nactu onpepenenusi Kaxaod H3 NONYYEHHBIX
byHrUM.

1.102, Haiu f (—1), f(—0,001), f(100), ecam f(x)=1gx2.

1.103, Haiiru f(—2), [f(=1), f(0), f(1), f(2), ecau

14+x, —oo < x <0,
[t = { 0< x < + oo.
1.104. Hamu f), f(a), fla+1), f(@—1), 2f (2a), ecau
f(x)=x"— |
V105, Hai 1O, F—, fe+Ds F0+1 1(5),

7(17)’. €CJIH f(x)=i_Tt.
Haittu ecrectBennyio obnacTb onpepenenus D H MHO-
JKeCcTBO 3HaueHHH E Kaxnofl M3 cilefyomnx GyHKuui:
1.106. y=In(x+3). 1.107. y=}) 5= 2.

1.108. y=7/sinV/ % 1109, y=arccos 5.
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L110. y=In(1—2cosx). L1111, y=})T—|x].

1112, y=I1g(5x—x*—6). 1.113. y=arcsin ]/l;xz B

1.114, y=2accos -2 1,115, y—¢**~2,

Haiitn mnoxectBo G, Ha KoTOpoe AanHast (yHKUHs OTOGpa-
*KaeT MHOxecTBO F:

1.116. y=x*, F=[—1, 2].

1117, y=|x|, F={x|1<|x|<2}.

X
L118. y=5—, F=(0, 1).

L119. y=Vx=x, F=(0, 1).
1.120. y=log,x, F=(3, 27).

L121. y=sin 55, F=[0, 1/2).

Halitu mnomecmso nyred D,={x|f(x)=0}, obracme
nosoxcumessrocmu D, ={x|f(x) >0} u obaacme ompuya-
meabHocmu  D_ ={x|f(x) <O} Ans KaxmoH u3 3aJaHHBIX
dyHKUHME:

1.122. f(x)=14x. 1.123. f(x) =024 x—x2,

1

1
L124. f(x)=sin . 1.125. f(x)=1—e* .

Ilokasath, 4TO QYHKLHA Y= f(x) YIIOBJIETBOPSIET COOT-
BETCTBYIOLIEMY (DYHKUHOHAJbHOMY YpPaBHEHHIO:

1.126. f(x+2)—2f(x+1)+f(x)=0, f(x)==Fkx+b.

1.127. F() 4 f(x+1)=F(x (x4 1)), f(x)=1log,x.

1.128. [(x;) f (%) =[ (x;+x,), [(x)=0a". 4

X{ X X

1.129. f(xi)+f(x2)=f( ljj;l;z ) fx)=1lgi—-

B sagauax 1.130—1.133 onpegenuts pysruuio y= f(x),
YIOBJIETBOPSIOLLYIO 33JaHHOMY YCJIOBHIO.

1.180, (x4 1)=x*—3x+ 2.

4 Ilycte x-1=t, T. e x=1—1. Torra x2—3x-}-2=12—5/{-}6,
1103TOMY : )

Fy=F(x+1)=x2—3x+2=1—5t46. P
1.131. f'(x—l—%):x’ —xl-ﬁ—, x5=0.

1.132. f(%):x—l—l/l—,sz, x> 0.
1.133. f(x, + x,) = sin x; cos x; -+ cos x; sin x;.

@yukuns f (x) HasuBaeTcA u4emHod (HeuemHoi), eclu ee OGJACTb
onpefie/leHHs] CHMMETPUYHA OTHOCHTENbHO ToukKH x=0 u f(—x)=[(x)

(F(=x)=—FW).
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Kakue u3 ykasansbix B 3ajauax 1.134—1.139 ¢yukunit
YeTHBIE, KaKHe HeueTHble, a KaKHe He SIBJISAIOTCS HH YETHbIMH,
HH HeYeTHLIMH?

1.134. f(x)=x*-+5x% 1.135. f(x)=x2+x.

% 41
1136, f(1) =gy, 1137, f(x)=511.
1.138. [(x)=sinx—cosx. 1.139. f(x)=IlgiEt:,

1—x

1.140. [lokasaTb, YTO NPOW3BEJEHHE ABYX UYETHBIX HJIH
IBYX HEUETHBIX (QYHKLHH ecTb (yHKUMUS 4YeTHas, a NpoH3-
BeJleHHe YeTHOM M HeyeTHOH — HeueTHasl (PYHKIHA.

Dyukuns  f(x) Ha3biBaeTCA  nepuoduvecKkod;  ecaM  CyliecT-
ByeT NOJOXHTeldbHOe uucio T (meprod GyHKIHMH) Takoe, uTO

vx€D (F (x+T)=F (x).

BrisicHuTb, Kakue H3 3aJaHHBIX GYHKUMHA ABIAIOTCS NEPHO-
JMYECKHMH, M ONpele]HTh WX HaumeHbmuii nepuon T
1.141. f(x)=>5cos7x. 1.142, f(x)=cos?2x.

1.143. f(x)=xsinx. 1.144. f(x)=cosx+sin(V/ 3x).

1.145. [(x)=sinx®. 1.146. [(x)=tg5—21g 3.

YéTaHOBnTb, KaKHe M3 YKa3aHHBIX HHXe PYHKLIHEH HMeloT
o6paTHble, HaHTH COOTBETCTBYIOLIHE OOpaTHbIE (DYHKUHH H HX

0671aCTH ONpefeIeHHs:
1.147. y=ax+4b. 1.148. y=(x—1)%. 1.149. y=cos2x.

X
1.150. y=In2x. 1.151. y=27%. 1.152, y=.1=

X
I¥x*
1.153. y=x2+1.

4 [Ons pynxuuu y=x2-41 ecrecTBennas o6JacTh ONpejeNeHHs eCTb BCS
yucyoBasi npsmas D=(— o, - ®), a MHOXeCTBO 3HaueHHH—Jyu
E=[l, 4 o). Tak kak Aas mo6oro a€E ypasnenue x*41=a wumeer
IBa pasHuHbIX peienus xi @)=V a—1 u x, (@) = —V a=1, 10 pan-
Has (yHKUHS He uMeeT obpaTHoil. OfHako KaxJas U3 GyHKIIHi

yi=x*+1, Di=[0, + ), n yy=x*+1, Dy=(— =, 0],
MMeeT 06paTHYIO; PABHYIO COOTBETCTBEHHO
q@=Vy—lux@)=—Vy—1 »

Haiitn ofpatiyio ¢yHKIMIO B 06JacTb ee OnpeleseHus,
ecJ HcxofiHast QYHKILMSA 3ajaHa HAa YKa3aHHOM IPOMEXYTKe:
1.154, y=x2—1; a) x €(— o0, —1/2]; 6) x €[1/2, 4 o).
1.155. y=sinx: a) x€[—a/2, n/2]; 6) x€[n/2, 3m/2].

X, x€(— o0, 0],
1.156. y={ 2%, x€ (0, + oo).
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1.157, y=cos*’x: a) x€[0, n/2]; 6) x€|n/2, n];
B) x€[n, 3n/2]
Haiitu komnognuun fo g v gof caepyomux odynkuui:
1.158. f(x)=x g(x)=
« Hmeem:
Foe@W=FE=FVD)=(V7)=x

@ NW=g( W)=g@)=Vxt=|x|. P

1.159. f(x)=l—x, g (x)=x%
1.160. f(x)= gx)=Inx.
1.161. f(x)__smx, xe[—:n, n], g(x)=arcsinx.

0, x € (—o0, 0], 0, x€(—o0,0],
1627 ("’=»{x,xe(0. t+o0)," & ("’={-—x2. x€(0, + ).
1.163. Haﬁ"m fofof, ecan:

a) f(X) l—x 6) f(X)"— V'l_l_xg'

2. AnementapHnie GyHkumn M ux rpadukn. Crenyiomue GyHKIHH
Ha3LIBAIOTCH OCHOBHOIMU SAEMEHMAPHOIMU.

1. Cmenennas dyuxuus: y=x2% a€R.,

2. Moxasameavnas dyHruus: y=a*, a >0, a # 1.

3. Jlocapugmuseckas byHKnus: y—log,, x,a>0,a#l.

4. Tpuconomempuueckue GyHRUMH: y=slnx, y=cosx, y=tgx,

y=ctgx. ‘ .
5. O6pamnoie mpueoromempuseckue ¢yHRUMH:  y=arcsin x;
y=arocos x, y=arctg x, y=arcctg x.

Baemenmapnod Ha3uiBaeTCs BCAKas (GYyHKUHS, KOTOpas MOXeT GbiTh
MnoJjiyuera U3 KQHEUHOro YMCJa OCHOBHBIX 5JEMEHTapHbIX GYHKUMiA C ro-
MOULbIO apHdMETHYECKHX ONepaunii H ONepaliu KOMIO3HIHH.

I pagpurom Gynkunu y=f (x) Ha3blBaeTCH MHOMKECTBO

I'={(x, Y ERI| €D, y=f (v},

rae R?—MHOXKeECTBO BCeX TOYEK IJIOCKOCTH. .

IHa naockocts ¢ ¢pHKCHpOBaHHO JlekapToBOM NpPSIMOYTOJNBHOH CHCTe-
moit koopannar Oxy rpaduk (QYHKUHH NPEICTaBJAETCd MHOMXKECTBOM TO-
wek M (x, y), KOOpAMHATH KOTOPBIX YAOBJETBOPSIOT COOTHOLIEHHIO
y=1(x) (rpaduueckoe H3oGpakeHHe (YHKIHH)

IMpn mocTpoennH rpadHKOB 4acTO HCHOJb3YIQTCSA CJAERYIOILHE TPOCThIe
reomerpuyeckue paccyxjennsi. Ecan I'—rpapur oynruun y=7F (x), 10:

1) rpaduk GyHKUMH y; = —f (x) ecTb 3epKanbHoe oTOGpaxenue I
oTHOCHTeJbHO ocH Ok

2) rpaduk (pymmnu ys=f (— x) —sepranbHoe oroGpaxenue I' oTHO-
curtenbHO ocu Oy;

3) rpadux QyHKuuN y3={ (x—a) —cmemenne I' BRoab ocu Ox Ha
BeJHUYUHY Q; .

4) rpadur GyHKUMH yy=>b-f (x) —cmemenue I' BRoab ocH Oy Ha
BeJIHIHHY b,

5) rpadmx dynkuun ys=f(ax), a >0, a# l,—cxathe B @ pas
(npu a > 1) uau pacrskenue B l/a pa3 (upu a < 1) I’ Broab ocu Ox;

23



6) rpaduk dynkuun ye=>bf (x); b > 0, b # 1,— pacrsxenne B b pas
(mpu b > 1) nan cxarue B 1/b pas (npu b <1 r BRoab och Oy.

B 'HEKOTOpHIX CJAyuyasixX NpH NMOCTPOeHHH rpadmka ¢yHKuHMM weJseco-
06pa3Ho pa36uTb ee 06JacTb onpelesieHHs] Ha HECKOJbKO HelepeceKalo-
ilHXCA NPOMEXYTKOB H NOCJENOBaTeNbHO CTPOMTL TIpaHK Ha KaxaOM
U3 HUX.

[Mpume p 2. INoctpours rpadux GpyHKuuu y—lxl—H x2—11.
<4 PackpniBasg MOLYJH, MOXXeM 3aIucaTb:

X —x—l, xE(—- 0 —l],
—x2—x1, xE€(—1, 0],
—x*+x+1, x€(0, 1],
24x—1, x€(1, +»).
Ipaduk sanansoit -byHKuHM ecTb o6beAuHenne rpaduxos (napabou),

\ NPeACTAaBJAAICIAX 5Ty (yRKUMIO NHa
KaX/JOoM H3 UYeTHIPEX I1POMEYTKOB
(pnc 2). »

Crenyromue - 3/1eMeHTa pHBIE
(GYHKLHH 3anHCaThb B BHAE KOM-
NO3MIHH OCHOBHBIX 3JI€MEHTap-
————— HBIX (DYHKLHMH: -

1.164. f(x)=|x]|.
1.165. f(x) = sin (cos V" x).
z 1.166. f(x)= 2+,

1.167. [ (x)= arcsm(el/ )
1.168. f (x) = sin (2¢").
1.169. [ (x) = 1// Tg*log,x.
Hans xam,uoﬁ M3 cJiefyIomux tbym{uuﬁ HaliTn ee rpaq)m('
1.170. y=} Insinx.

<4 EcTecTBeHHas O6GJacTh ONpefeNeHHs aaaaﬂﬂoﬁ GYHKOUM €CTb MHO-
KECTBO

y:

D-={x|sln x=l}={-§-+2nklk€Z} .

Tloatomy

=v{(-§+2nk, o)lke z} S
1171 y=x+V T—]|cosecx]. 1.172. y=V = [ —1]+-2.

1.173. y-=Vcosx——1—|——;—.
1.174. y=14V sinx4V —sinx.

l'IOCTpomb rpaduKH CJeAYIOMHUX dJIeMEeHTa PHBIX GyHKIH
1.175. g kx+b €CJIH:
a) k=2, b= 6) k=0, b=—2;
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B) k=—1,b=—1/3.

1.176. y=y,+ a(x—x,)?, ecim:
a) a=1, x,=0, y,=—1;

6) a=2, x,=1, y,=0;

B) a=—1/2, x,=—2, y,=3/2.

1.177. y= y°+x_—-,iﬁ , €CJIN]

a) k=1, x,=1, y,=—1;

6) k=—2, x,=—1, yy=—1/2.

1.178. y=asin (kx+a), ecau:

a) a—l k=2, a=mn/3;

6) a———2 k=1/2, a=—mn/3.

1.179. y=atg (kx+a), ecaus

a) a=3, k=1/3, a=mn/4;

6) a—-—-]/2 k=2, o= 3m/2.

1.180. y=parcsin(x- ¢q), ecau:

a) p= 4 g=—1; 6) p=—2/3, g=1/2.

1.181. y=parctg (x4 q), ecau:

a) p=—38, ¢=5/2; 6) p=2/5, g=—6.

1.182. y=a**?, ecan:

a) a=2, k=—1;b=1;

6)a—1/2 k=2, b=—_2.

1.183. y=log, (kx+0b), ecnm

a) a=10, k=10, b=—1;

6) a=1/10, k=1/2, b=2.

1.184. y=|2—x|+|2+ x| 1.185. y=x+4x—|x].
1.186. y= x‘——6|xl—l—9 1.187. y=|6x24x|—1.

1188, y= (2420 2=1]. 1189, y = x —1 Y Z=TR.

1190.y=,2" 31 1191 {%

. 1, x>0
1.192, y=sgnx = 0, x =0,

—1, x<0.

1.193. y=|[x], rne [x]—muenas vacTb x.

1.194. y={x}, rme {x}=x—[x]—napo6uaa vactp x.
1195, y=2%1—1, 1.196. y=(1/3)/x+1142,
1.197. y=1logi/s |x—3|. 1.198. y-llogz(x—i-l)[

\1.199. y=arcsin (sm (x+ ))

1.200. y=arccos (cos 3x).
1.201. y=cosx-|sinx|. 1.202. y"latctg(x——l)\

1.203. y=xsgn(cosx) 1.204. y==lctg (x+ T) I .
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1.205. y=sin® % . 1.206. y=sin (arcsm —i%) .

Ha nsockoctn Oxy M306pasHTh MHOXKECTBAa TOYEK, KOOD-
AMHATHl KOTOPHIX YHOBJIETBOPSIOT 3aJaHHBIM YCJOBHSM:
1.207. xy=0. 1.208. |y|=|x*—2|x|—3].

1.200. 1x| +[y]=1. 1210 |x-+ 4 1v—y]=1.
1211 || x|—[y||=

1.212, |2y—1|+n2y+1|+,,_|x|—

§ 3. Ipegen mnoc/enOBATENLHOCTH AEHCTBHTENbHBIX YHCEN

1. TlousaTtHe nocnenoBaTenvHocTH. Ilocaedosamenrsvrocmoto  NeHCT-
BHTeJIBHEIX yHcesl HaswBaercs ¢yukuus f: N — R, onpegenenHas Ha
MHOXeCTBE ECeX HaTypaJbHLIX uHcea. Unucno f(n) nasbiBaetcss n-Mm uje-
HOM TIOC/IeNOBATEJILHQCTH M 0603HayaeTcsi CHMBOJIOM X, a dopmyna
Xp,=f(n) nasviBaetca ¢popmysoti o06uwee0 usena TNOC/EJOBATENLHOCTH

(x")neN
Ha[lHC&Tb NepBbie NATH YJACHOB IIOC/JE€AO0BATEJbHOCTH!
1.213. x, =1+(—1)nl 1214 5, =n (1—(=1)).

3n+5
1.215. il -

HanncaTb (bopmyny o6LIero yjieHa NOCJeA0BaTeNbHOCTH

1.216. x, —(—1)"ar05m——+nn

1 1 1 1
1.217. A IR 1.218. 0, 2, 0,2, ...
1219. 2, 3, 5, 2, .n.
1.220. 1, 0 -3, 0,5, 0, —7,0, ...

7 9 11

1.221. —3/,-_3, ;'E‘, 7,1/-:'3, coe Vg

2 2 2 .
1.222, O’T’l’ T, ,—T,—l,—T, 0...

B 3amauax 1.223—1.228 TpeGyercss HafiTH HaHOOJBIIMH
(HaHMeHbIIMH) YJeH OrpaHHYeHHOH CBepxy (CHH3y) mocaeno-
BaTe/JIbHOCTH (X,), .

1.223. x, =6n— n2_5 1.224. x, — plon=n*-2¢

1.223. x,,=;%:. 1.226. x,=3n*—10n—14.
512

1.227. x,=2n+ 27, 1.228. x,=—F .

2. Mpenen nocaenosarTeipHoCTH. UHCIO @ HaswiBaeTcst npedesom
MOC/1eI0BATeILHOCTH (x,,) N T lim Xp=a, ecau jis joboroe > 0

3

cyumecrsyer Homep N (e) Taxoi, qro an n > N (e) BemosHAETCA Hepa-
BeHCTBO |x,—a| < &, Ilpn sTOM caMa MoC/eROBaTe/bHOCTb HAa3bIBAETCH
cX00AelicR.
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Kpurtepuit Kommn. [Jaa moeo umober nocredosamerbrocmo
(xXn) neN 4meaa npeden; Heobxo0umo u docmamouno, wmobut i a106020

e > 0 cywecmeosan nomep N (€) maxod, umo npu n > N (e) evinosrnsenca
HEPAGEHCME0 | Xp. p—xp | < & 027 arw06020 pEN. ‘
TTocnenoBaTeIbHOCTD (x,,)nGN Ha3blBaeTCA OeCKOHeYHO Maaol, ecand

lim x,=0.
n-—> o .
INocnenoBareIbHOCTh ("")neN Ha3blBaeTCsl OecKoHeuHo 60abuioli (cxo-
aseficst K GeCKOHEYHOCTH), uTO (OpMaNbHO 3aNHCHIBAETCA B BHJIE

lim x,==o0, ecau ajas moboro uucna E > 0 cyuecrByer Homep N (E)
n—> o N
takoil, uto npu n > N (E) BuHnosHsercs HepaBeHCTBO |x,| > E. Ecan
npH 3TOM, HauWHasi C HEKOTOPOTO HOMEepa, BCe YJeHb! [10C/1eJ0BaTelbHO-
CTII MOJIOXKHTENbHE! (OTPHUATENLHD), TO HCIOJb3yeTCs 3aNHCh

lim x,=-4 o lim x,=— ®\.
-> 0 n—> o
Uuciao @ HasuiBaeTcst npedeabHoli MmMouxkod MOCael0BaTeNbHOCTH
(xn) nep €M And Jo6oro € > 0 Haiijlerca GeCKOHEYHOe YHCJO YJ/ieHOB

3TOH TOCJIE0BATeNbHOCTH, YIOBJNETBOPSIOMHUX YCJIOBHIO | Xp,—a| < e.
Mpuuuun Boabumanmo—Beitepmrpacca. Beakas ocpanu-

YeHHAR 10CAeD0B8AMEAbHOCMb  UMeem XOMA 6ol 00HY npedesbHyio MOUKY.
HanGonbwas (HauMeHblIas)) H3 nNpejeJbHLIX TOYEK IIOCJeNOBaTeJib-

HOCTH (X,), [y HasbiBaeTCsl GepXHUM (HuxcHum) mpefesoM 3TOl moc/eno-

BAaTCALHOCTH H 0003HAYaeTcsl cumaono‘m_‘m x,,( lim x,,) .
n-—rw® n—wo

1.229. Hcnonb3ysi JIOrHYecKyio CHMBOJIHKY, SallHCaTh CJie-
JlylolllHe BLICKA3bIBAHHS, a TaKXe MX OTpHLAHHS:

a) rnocJseJoBaTe/]bHOCTb OTPaHHYEHa;

6) nocsef0BaTeNIbHOCTb MOHOTOHHO BO3pacTaeT;

B) UHCJIO @ ecTh TNpeJes MOCJeJOBaTENbHOCTH;

T) MOCJIeJ0BaTeNbHOCTb (X,)ney 0eCKOHeuHO Gonbias;

J) 4HMCJI0 a ecTh NpefesbHas TOYKa MOCJeL0BATENbHOCTH.

1.230. Hakitn a= lim x, u onpenenutb Homep N (¢) Ta-
n-=>w
KoM, uTo |x,—a| <& mpu Bcex n > N (g), ecau:

2) x,—0,33...3, £=0,001; 6) x,=YFL 0,005

e
B) X, = —'ll— sin 521 , €=0,001; 1) x:=;)2—:i-—; , &=0,005,
Bbluncnts npegedist:
1231, lim 221 1232, lim ol
1233, lim @ED0 7 p23 nlimw%.
1.235. lim (”“;52;:,1;’;;2)3 :



1.236. lim (2—"11-‘—*"—21’3) .

nerw \ON+T7 24-5n3
Y/ i 3n+1 - ‘ — —

1.237. lim __"ir__l’i 1.238. lim (Vn+2—V'n).

n—> o . ) n-—» o "
1.239. lim n% (V/ n3+1—l/ w=2). 1.240. lim 215

n—o»>ow . n-—> o

. n—I1
1.241. r,llew( ng )

2/08
1.242. lim ZEEE 2y o3 gim ——‘/';_S_"l’ Gy

n-—> o ) n—->w

1
1244 lim (ggt ..+ nw_l))‘
1.245. llm (-5——2—5+...—}—(_1)n—1_317) .

n-—> o

1.246. [lokasaTb, 4TO €C/]H MOCJEAOBATENLHOCTD (X,)repN

6eckoneuno manas u Vne€ N(x, 5= 0), To noc/e0BaTe/bHOCTD
(1/x,)ney Geckoneuno Gonpuiast.

YcTaHOBUTL, KakHe M3 3aJaHHBIX [OCJefoBaTelbHOCTEH

ABJISIOTCA GECKOHEYHO OOJIbIIHMH:

1.247. x, =2V " 1.248. x, =n(-1",
1.249. x, —nsm—- 1.250. x, =Ig(lgn), n=>2.
Ham‘n BCEe npe,lleJIbeIe TOYKH ocJe0BaTE/IbHOCTH:

2+ (=D —cos- ™
1.251. X, —--2':—(—:5;; . 1.252, X, =CO0S i
1.253. x,=arcsin (_~21)n .

1.254. Ilokasats: .
a) lim. x,+ lim y, < lim (x, 4y,) < lim x,- lim y,;

n—»oo n-rm n>wo n> o n—»®
6) lim x,+ llm Yn << 11m (x, +yn)< 11rn X, —|— lun Ype
"> o

ﬂJI 1 KaxIoi u3 CJeYIOUHX l'lOCJIeJJ,OBaTeJIbHOCTeH

(%,)nepy HalTH inf {x,}, sup {x,}, lim x, u Jim x,:

28
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1.255. x,=1 4. 1.256. x, =" cos2 2,
1.257. x, —(——l)"(2n+l).

"1.258. x, i2 inrgl,n>2

2
1.259, x, =200 L

a’



1.260. IloxasaTe, uTo paBeHcTBO lim x,= lim x, sB-
"> ® n—>®

JsieTcsi HeOGXOAUMBIM H JOCTaTOYHBIM YCJIOBHEM CYILIECTBOBA-
HMSL TIpeAiesa TIOC/IEN0BATENbHOCTH (X,)ne -

§ 4. Mpepen dynkuun. HenpepeisHocTb

1. Mpenen dynknun. [Tycts dyuruns y=f (x) onpenenena Ha Myo-
weerse D, . Unclno a naswmBaior npedeson ¢ynxyuu y=[(x) 6 mouxe x,
v namyt lim f(x)=a, ecan aas moGoro € > 0 CyuwecTsyeT 4HCIO

X = X
8 () > 0 rakoe, uto anas Joboro xED u3 yeaosus 0 < | x—x5] < 8 (2)
caciyer HepaeseHCTBO |f (x)—a] < e.

Kpurtepuit Kown, Lasn moeo umobus gynxyus y=F(x) umesa
npedea 8 mouxke x,, Heobxo0umo u docmamouro, umober 048 atbozo e > 0
cywecmeosaso & (€) > 0 maxoe, umo |f(x')—f (x")| < e, Kaxk moavko
|2'—x0] < 8 () u|x"—x0| <6 (e). :

ToBopAT, YTO YHCIO a ecTh npedes Qyuxyuu y=7f(x) npu x, cmpe-
mawemca Kk Geckoweunocrnu; W numyt lim f(x)=a, ecan pas moGoro

X > ®
IB > 0 cymecrsyer uncio A (e) > 0 rakoe, uto | f (x) —a| < e, Kak ToabKO
x| > A).
B janbHelilieM HCIOABL3YIOTCS Clejlylollie 3aMeuyaTedabHbIe
npejeJ b

sinx
lim —=1 1
A x_l;no X 4 ()
[
lim (l+—l')x= lim (14-x)1/% =e, ©
&> ® x x>0

rae e=2,71828...—ocHoBaHHe HaTypaJbHHIX JOTapHpMOB. -
Hapsany ¢ BBelleHHHIM Bbille NOHATHEM npejena GYHKIHH HCHOJb-
3YIOT TaKkxe CJeAylollee MNOHATHE O0OHOCMOpPOHHeeo mpepesta. Uucno a
Ha3HBalOT npedesom pynxyuu y={f(x) 6 mouxe x,cnpasa (c1e6a) B NHWYT
lim f(x)=a( lim f(x)=a). ecin nas JoGoro € > 0 cymecr-
x> xo+0 X > Xq=0 ; :
Byer uncio &) >0 Takoe, uro u3 - ycaoBua 0 < x—x, < 8 (€)
(—6(e) < x—xp < 0) caenyer |f(x)—a| < e. AHAJOrHYHO BBORMTCA
NMOHATHE ORHOCTOPOHHEro npeiena Ha GEeCKOHEYHOCTH ( im f(x) n

x> 4+©
im f@)).
X > -0

B sapauax 1.261—1.263, nosbaysch TOJNBLKO ompenesne-

HHeM npejena GyHKUHH, JOKa3aTh, yto lim f(x)=a u3anoxa-
X=Xy

HATb CJEAYIOmYO TaGJHILy:

e 0,1 | 0,01 |0,001

S (e)




1.261. f(x)=x%, x,=2, a=4.

1.262, f(x)=1/x, x,=1, a=1.

1.263. f(x)=Ilgx, x,=1, a=0.

Hcnonbayst JIOTHUECKYIO CHMBOJIHKY, 3allMCaTh CJEAYIOHE

yTBepKIEHHS:
1.264. lim f(x)=o0. 1.265. lim . f (%) =— oo,
x>0 X1 -

1.266. lim f(x)=0. 1.267. lim f(x)=+ oo.
X +®

X+ +®

1.268. lim f(x)=0. 1.269. lim f(x)=2
x> +0 X—> o

1.270. lim f(x)=—oo. 1.271. lim f(x)==oo.
X =-® > —-®

Belyuc/iuTh TNpeaensl CAefYIOIMHX PaLHOHAJbHBIX BbIpa-
weyuin:

x?—2 x +3
x2—2
1.274. x}:n;la l +3| 1.275. XL“I;‘Em .

. 1 3 x?—2x41
1.276.x112n110(ﬂ—87—) 1.277. lim EECEL
1.278. lim Z=L: m, neN. 1.279. lim XX

51 X 1 h—>0

8 — #—(@+)rta
1.280. llln m 1.281. ll_l;na I =
x> =

. X3 x2 p . x'—5x
1.262. lim (g —mT) - 1.288. lim

1.284. lim ("*‘”“f("tfij“'+("+”)"’ , neN.
x> »
. x+2 x—4
1.285. xl‘_',“l (x2 5ryd 3(x=—3x+2))

2x4-1 4x2
1.287. [Hoxkasatb, u4To ecan P, (x

Qn (¥) =bx" + ... 4 by, TO
l 0 npun<m,

X —> ©

1.266. lim (52 (2"—1)(3x2-l—x+2))
) ==

ax"+ ... 4-a,,

lim S8

a,/b, npu n=m,
Jim ey =1 %% 1P

oo MpH n>m.
Ilpu BLIYHCJIEHHH RpelesioB, COAEPHKAWMX HPpalHOHANKHLIE BbIpa-
HEHHS, YaCTO HCMOJbL3YIOTCA CJefylolliue MpHeMbl: a) BBeJileHHe HOBOH

HepeMeHHON /ISl NOJyYyeHHs] PalHOHAJNbHOTO BLIPAXKEHHS; 6) MepeBOX
HPPAIUOHAJIbLHOCTH M3 3HAMEHATeNIsl B UHCJAMTENb HJIH HA0GOPOT.
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3—‘x

- 81 —Vx

Mpamep 1, Bb!‘lHCJ]H‘l‘b lim
« Ilycrs = v/ %. Torza
1 1

3—/):
STy A, 9—‘—31“ ITiT T

IIpumep 2. Buuncauts llm (Vet7—V=7).
4 lim (Y x2F7 7—Vx3—7)—

X —> ©0
= lim V2 —Va—N(V BT+ V A—7
S Veti+Ve—1

»

14
v VAFTHV =T

BoluncanTs npepenst:
1.288. lim XL 1289, lim YE=1=3

x> x+3 x x—>10 x—10
1.290. lim VH_VX—I_I.
x—>1 Vx2—1
1.291. lim Kﬁi_”:l—", x> 0.
h—>0
1.292. lim "“.V" 1.203. lim LY 1Fx=1l “—"
x—>1 ]/ - ¢ x>0
1.294. lim V2 .
r> 4 ]/3x+V3x+V3x
1.295. lim YV *H1—1 l/"“—‘ 1.296. lim V. *~' m, neNe
x>0 x*l’;y —1

1.297. lim M 1.208. lim Y 2+x—V2—x
x-l->on~ xlglol/2+,\—l/2—-x
1.299. lim (l/x—a—l/ x).
x> +®

1.300. lim (]/x+Vx+V§—V7c>.
X >+
1.301. Jim (V 4 —7x+ 4—2x).

X->®

1.302. lim x32 (V' ¥+ 2—V x*—2).

X—> o

Hcnonbsys sameuatenbHBll npexesn (1), BIYHCAUTHI
1.303. lim 2% 1304, lim 327X,

x>0 ¥ wrm 183%




1.305. lm xctg mr. 1.306. lim 22

x—>0 x—>0 4x
1807 lim ~=522 . 1,308, lim S50 ocolr g o0,
x - -
N X—0
1.309. 31210(51” —ctgx). 1.310. 3Tmtg—sxn -
1311, fim YIRS - pg1p tim (Fox)tg
x - /4 - X = 7t/2
iy . sin o”
1.313. al£n+0-;ln—,”-o?, n,meZ.
. 1:. sin2a—tg 2a
1314, lim SR8

1.315. lim __(lLosoc_)’_. 1.316. lim 1 }-cos 5x

o -»0 tg2a—sin?a x>q 1—cosdx *
Hoxkasatb caeAyonie COOTHOLCHUS:

1317+, lim 180D 100 ¢,

x>0
1.318*, lim ©=! —Ina,
x>0 ’
1.319%, lim +07=1_
x>0 x

Ipu BbluHcAeHun npefesos Bua lim u (x)? ), roe lim u (x)=1;
X = X X ~> Xo
lim v (x) = o, ucnoabsyercs saMeaTebHbIH npenen (2).
& = X,

NDpuwmep 3. Buudcaute lim (—§—>M .

- 00 2+X
4 limeem ¥ T
(o2 ,)
3x —2 \3x - —92\ ~2 (2-|-x
2 V=14 === 1_;._._)
2+fx 24-x 24« ’
Tag Kak
2+ X
—2\ ~2 lim t
lim (1+ > = _9 1+ =e
X - o0 2",‘.\' t=m-»0
1. 2
1 — =—.6,*
hl—l;noo2+
TO

l' ( ; ) . ’

m | 55— =e~

X = 00 2+x

(37ech HCNOJIb30BAHA HENPEpHIBHOCTh KOMIO3MIHM HEMpPepHIBHRIX (DyHK-

wuii). P
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Plcnonnsys 3aMeuaTe bHBbIA npegen (2), a Takxe pesyib-
#athl 3agay 1.317—1.319, BbUHCIHTDL TpeAesi:

1.320. lim (’i‘?)““ 1.321. lim ( +5) .

K= x .2 X —>® x3_3
1.322. lim (cos x)/*'. 1.323. hm (14 tge l/'x)*’/”

x>0
1.824, lim x(ln(2—|—x)——lnx) 1.325. lim—In )/ 22

x—>0 -

1.326. llmx(al/"—l).l.327. lim £=2,

*—>® x> x—1 e
1.328, lim 2Ba*—=1 1399, lim 2=,

x—ra —a x =0 x
1.830. lim (cos x)1/a %, 1.331. lim Incosx |

x>0

sin x
NTSh T
1.332. lim (cos x-sinx)t/*, 1.333. lim ( sin'x ) X —sin x'
x—>0 . Pty P
1.334. lokasatb, 4To lim f(x)=a B TOM U TOMBKO B TOM

X=Xy

eJyyae, Korga Aas JoOOH Moc/ieN0BaTeNIbHOCTH apryMeHTOB
(¥2),cN» CXOLALLEHCS K X, COOTBETCTBYIOWLAs MOC/EN0Ba-
TeNbHOCTD (f (%,)), N 3HAUEHHH (QYHKLUUH CXOAMTCH K a.

Hcnonbays pesyabTat samaun 1.334, nokasaTb, 4to Asis
cJIeyIomuX (byuxmm He cqu.eCTByeT lim f(x):

X =X

1.335. f(x)=cosx, x,=o0. 1.336. f(x)= sm% » %,=0.
1.337. f(x)=x—[x], x,=o0.
Haiitu o;mocu‘oponnne npejesbl

1.338. lim 1.339. lim 2E%
x—»s:l;Ol _3| x—>2;l:04—
1.340. lim (2+x)* 1.341. lim 757,
X—+40 xX—>24+0 :
1.342. lim arctgx. 1.343. lim [l/x].
Xt o t . X—>+4 ® 2
1340 i L@y him K
L g>omg0COSX—1"°

x—»—io 2% 9

1.346. IokasaTp, yTo npenen Gynkuun y = f (x) B Touke x,
CyIeCTBYeT TOrAa H TOJNbKO TOrja, KOrja B 3TOH TOuke
CYIULECTBYIOT JIeBbIH H MpaBblii Mpeiensl U OHH COBHAAAIoOT.

2. BeckoneyHo manme u GeckoHeuHo Goabmue, PyHKuMA o (¥) Ha-

SbiBacTCs 6ecxouelmo ua/wu npu x—»xo, ecan Im « (x)—O
X—+Xo

2 ogn pen. A. B. E¢umosa, B, Il. lemngosusa 83



Beckoneuno manbe o (x) u P (x) HasuBalOTCH. cPAsHUMbIMU, eclH

cymecTsyeT xoTs Oh OZMH HS Ipelesos lim () wid  lim a(x) .
) o X —>x, o (x) k-»x.'s()

Mycte o (x) u P (x) —cpaBHuMble GeCKOHEUHO MaJEe NPH X —» Xo;

H NYCTh, AJIS ONMpeJeNEeHHOCTH; cymecTByer lim ol (x)‘.'-=-.c. Torna:
2> Xy B(x) -

a) Ecim C#0, 10 a(x) n f(x) HasnBaoT GeCKOHEYHO MaJbIMH
nHoro nopsika. B uactHoctH, npu C=1 GeckoHeuHO Majdne o (x) #
g(x) Ha3LIBAIOT KBUBQIEHMHHIMU W THWYT o ~ f.

6) Ecan C=0, To o (x) HaswBaloT GeCKOHeuHO MaJioii Gosee 6bico-
K020 nopadka, uem P (x), v muwyr a=o (). Ecau npu sTom cymecTnyer

ZeficTBuTebHOE umca0 7 > 0 Takoe, uto lim # 0; TO ¢ (X) Ha-

a (X
x = x B (x))"
ShIBaloT GeCKOHEYHO Majoi nopadxa r oTHocuteabno P (x).
®yHkuua o (x) HasbHBAETCA OecKOHe4Ho (04bwiod MPH X —» X, €CJH
lim o (x)=c0. [lono6HO TOMY KaK STO CHeJaHO Bhillle AJS GeCKOHEUHO
X —> Xy
MaJhiX, BBOJHTCS NOHATHE CPaBHHMBIX GeCKOHewHO GOJBLLIMX H HX KJjac-
cupHKaLHs.
. s o(x
1.347. Hoxasath, uto ecau lim L=--an‘= 0, To Haii-
X > xq B (x)

Aercsi Takoe 4Hcao 8 > 0 u xoucrantw C; n Cj, utO
[x—x,| <8=Cif (1) S @ () <Cif (x).
1.348. [lokasaTb, 4TO @ ~f B TOM H TOJbLKO B TOM Cay-
yae, Korna a—P=o(a) unn a —P=o0(p).
Onpenenntb NOpsA0OK MaJOCTH @ (X) OTHOCHTEJLHO P (x)=x,
npu x — 0:

1349, o () =Y 1350. @ ()= BV .

l—x

1.351. d(x):t;—os—x. 1.352. a(x) = tg x—sinx.

1.353. a (x)=sin(V x+ 2—V 9).

1.354. a(x) = 3sin® x— x4,

1355, a() =1 1+ 5—1.

1.356. a(x)=V T+ 2x—1—} x.

1.357. & (x)=3"*—1. 1.358. a (¥) =2¥—cos 1.

1.359. Jlokasate, uto o (x)—PB(x) umeer 2-if nopsmox
MaJIOCTH OTHOCHTeNbHO X mpH x — 0, ecu:

a) a()=1(1+x, B=I1—x

6) o ()=VaFx B)=a+5x (a0);

B) a(x)=(14+x)" Bx)=1+nx (neN).
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[TpuGNHIKEHHO BBIYHCAUTL CJICAYMOUIHE BBIPANKEHHS:
1.360, 1/1,03. 1.361, /25,3
1,362, (1,03)%. 1.363. (0,97)¢.

1.364. Iokasatb, uTo ecau a (x) ~ og(x) u P(x) ~ B, (x)
NpH X — X,, TO

lim == lim 2~
X X0

x
1,365, lim o V=
T L0 In(l—xn :
[ 2
x x ) ,
4 Tak kaxk arcsin Vi N‘V"l-'-xi u In(1—x) ~ (—x) npn
x—0, 10
argsln'—x_ ;
. Vi=a . V=
Jim, In(I—x -JITO__T')C_——I. >

. l—x 1 cosx;cos2k
1.366. }Tleé—x- 1.367. 31_1310 I—cosx *

4x3—1

. . tg x2
1.368. lim —m———, 1,369, lim —208X .
x> 172 aresin (1—2x) x>0 arcsin 3x-sin'%.
. l—cos4x
1.370. }gnoz—sln,x+xtg e
o i 2V 2 —(cos x+sln x)?
1.371. xl";h 1 —sin 2x *

Onpesienuts MOPANOK pocTa GeckoHedHo Gosbwohi A (x)
OTHOCHTEJIbHO B (x¥) =x npu x — oo:

1.372. A (x)=x3+}50x-+ 10.
1.373. A (x)=V ¥+ 3x+5+]x|.

1374, AW =V *+VE. 1375 A=Y P—x+ V3,

58 . i A £
1.376.A(x)=:m. .8717. (x)=';173—+1‘

3. HenpepbiBHocTb QyHKUMH B TouKe. Kuaaccudpukauus Touek pas-
poiBa. Oyukuus y=f(x) ¢ obnactbio. onpeiesneHus D Ha3biBaercs rHe-
npepsisHod B TOUKE Xg, €CJH BHIIOJHEHB! CJAEAYIOUIHe TPH YCIOBUSA:.

a) ynkuua y=f (x) ‘onpedeiena B TduKe xo, T. €. %o €D;
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6) cymecteyer lim f (%)}
X > X
» lm f)=F (.
X = xo

Ecay ycaosue a) BHINOJHEHO; TO YCNOBHA 6) H B) SKBUBAJEHTHH
eJIeyIoLeMy !
lim Af (x; Ax)=0,
Ax >0

rze
Af (x5 Ax)={ (x4 Ax)—F (x0)

— npupaujente Gyrkyuu y={f (x) B TOUKe xo; COOTBETCTBYIOUIEE RpUpPA-
wjeruro apeymenma Ax=x—x,.

Ecan B TOYKe xo HapymweHo XorTsi Gbl ORHO H3 YCJOBHH a)—B), TO
Xo HasbiBaeTCf TOUKOH paspniBa ¢yskuuu y=F (x). IIpu sTomM pasanyaior
clIeflyouye Cayyau:

a) lim f(x) cymecrByer, HO ¢yHKIMS He ONpelejeHa B TOUKE X

X x . o
uau Hapyweno yciosue lim f(x) =f (xy). B sToM cayuae x, HagwiBaercst
x> X,

MOUKOL YCMpanumozo pa3polea (pyHKIHH.
6) lim f(x) ne cymecrsyer. Eciu npu stom cymectByior o6a ojno-
X > X ) .
[} :
CTOpOHHHX mpefena lim  f(x) u lim  f(x) (oq,énmmo, He paB-
x> x,+0 x> xy~0

Hble ApYT ApYTY), TO X, Ha3bIBaeTCst mouxod paspwiéa 1-co poda.
B) B ocTanbHLIX clyuasix X, HasblBaeTCH MOuKoL paspoisa 2-20 poda.

1.378. Mcnonb3yst Joruyeckylo CHMBOJIHKY, 3anue€aTh Ha
f3bike «&-0» cuenylomue yTBEpKACHHS:

a) ¢oyHkuua y=f(x) ¢ obmactbio onpefenenusi D Hempe-
pHiBHa B TOuke X, € D;

6) ¢ynkuus y=f(x) He sBJISETCS HEMpPEpPHIBHOH B TOuKe
x,€D. .

JokasaTb, uyTo cjeaylomye (QYHKUHH HeNpEepHIBHLI B KaX-
IOl TOuKe HuX ecrecmgnﬂoﬁ 06/1aCcTH ONpeyeseHHs:

1.379. f (x)=x", neN.
« Ucnosnnsysa ¢opmyay 6uxoma Helotona, nosyuaem
Af (x0, Ax) = (xo+Ax)"—xF = Cixg " Ax+ Chx % (Ax)2 .. . - (An)n.
Otciopa  Um Af (xg, Ax)=0, »

Ax—> 0 -

1.380. f(x)=a, a€R. _

1.381. f(x)=log,x; a >0, as~1.

1.382. f(x)=sinx. 1.383. f(x)=arcsinux.

3anana ¢ynxuus f (x). Ilpy kakom BEIGOpe napamerpos,
BXOAfLLUX B ee onpefesenue, f(x) 6yaer HenpepuBHOMH?

X2 x—2
1.384, f(x)={ =T A
A‘ xmlg

36



x—1, x<I1,
ax*—2, x> 1.
_fax+1, x<< /2,
1.386. f(x) = { sinx 4 b, x >'n/2. P
Hafitn Touku paspriBa QyHKUMH, HCCIEIOBATH HX XapaK-
Tep, B Cly4ae yCTPAHMMOTO pa3pbiBa AOONPENEJHTL (yHK-
UHIO «TI0 HEMPEepHIBHOCTHY:

1.387. [ (¥) = =

x2(x—1)

1.389. [ ()= CFL =L N, 1.390., f(x) =~ sinx.

1.385. f(x)={

. 1.388. f(n) =120

X
1.391. f (x)=1—xsinr. 1.392. f(x) =377,
; = 1 i o lx+2]
1.393. f (%)= (x+1) arctg . 1.394. i(x)_m,
L
X=2 1

1.395. f () =———L. 1.396. [(9)=—IniEZ,
3’-‘—-—2-}-[
r__1
1.897. [0y =2200 1008 f(n =125,
x—1 x .
22&" _1<x<1’
1.399. f(x)=¢ x—1, 1<x<L4,
1, x=1.
1

1.400. f (x) = —
PN
Ax, 0<x<l,
1401, f()={ 4—2%, 1< x<25,
2 —7, 2,5 <x < 4.
cosx, —n/2 < x < /4,
1,402. f(x)={ 1 x=n/4,

n‘l

x’—--l—6 , WA L x <L m.
1.403. Jloka3aTb, 4TO BCe TOYKH pa3pbiBa OrpaHHYEHHOH
MOHOTOHHOH (yHKIHH SIBJISIIOTCS TOYKaMH pasphiBa 1-ro poja.
4. HenpepuBHocTs Ha MHOXecTBe. PaBHOMepHas HempepbBHOCTD.
DOyHkuua y=f (x) Ha3uBaeTCA HenpepbisHod Ha MHOxcecmee D, ecin oHa

HenpepbiBHA B Kax ol Touke x €D. OHa Ha3bIBaeTCH PABHOMEPHO Henpe-
posrold Ha mHoxecmae D, ecan gas Jo6oro & > 0 cymecTByer 4HCJIO
L4
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8 (vg > 0 raxoe, yto aas moGuix x’, x"@€D u3 nepaseHncTsa | X' —x" |

< 8 () caenyer |f (¢')—f (") | < &. '
Teopema Kantopa. Ecau ¢yuryusa y==f (x) Henpepusia Ha

ompesxe [a, b], mo OHG pPABHOMEPHO HenpepbLiSHA KA SMOM OMPEBKE,

1.404. [okasatb, YTO ecqH y= f(x¥)—HenpepuBHas Ha
[a, b] dyrkuus, 10 oOHa:

a) orpaHuyesa Ha [a, b];

6) nmocturaer Ha [a, b] cBoMX BepXHe#l M HuXKHel rpaneft
(reopema Befiepmrtpacca);

B) IpHHHMaeT Ha JoboM uHTepBade (a’, b')c[a, b] Bce
l}'l(pOMe)KyTollele 3HayeHus Mexay f(a') & f(b') (reopema

O I H).
1.405. Jokasatb, uTo ecau QyHKuUs y = f (X) HempepHIBHA

Ha [a, +o00) M cymecTByeT KoHeunblii Adim. f(x), To 3ra
X - +®
¢yHKuMA orpaHuueHa Ha [a, 4 oo).

1.406. IlokasaTb, YTO (yHKUHS

. Fx) = sin—:c-', x£0,
0, x=0,

npHHHMaeT Ha Juo6om orpeske [0, a] Bce mpoMexyTOYHhIE
sHaueHusa Mexay f(0) u f(a), oaHako He sBAfIETCH Hempe-
priBHO# Ha [0, .

1.407, IlokasaTb, 4TO BCIKHil MHOrodJieH HeyeTHOH cre-
NeHH HMeeT MO MeHblUeH Mepe OfHH AeHCTBHTE/bHbLINH KOPEHb.

1.408. Ha s3bike «e-0» copMysupoBaTh yTBepKAECHHE:
¢ysxuus y=f(x) HenpeprlBHa Ha MHoxecTBe D, HO He
ABJIsIeTCSl PAaBHOMEPHO HeNpepblBHOH Ha 3TOM MHOXECTBE.
B kauecTBe- npuMepa paccMOTpeTb Cledyioline GYHKIHH:

a) f(xy=1/x, D=(0, 1]
6) f(x)=Igx, D=(0, 10];

B) f(x)=sin1;-, D=0, 1].

1.409. okasaTb, uto ecau dyHKUHA y = [ (x) HenpepbiBHa
Ha [a, 4 o0) u cywecTByeT KoHeywmi# lim f(x), To 3ra

X 4+®
(GyHKIMSA paBHOMEPHO HenpepbiBHa Ha [a, + 0o).
1.410. TlokasaTh, 4TO HeorpanuueHHas pyHKRuMA [(x):=
= X-sinx paBHOMEpHO HenpepbiBHa Ha BCel OCH — oo <
<x <+ oo.

Caenyromye QyHKUHH HCCNEfOBaTb Ha PaBHOMEPHYIO He-
NPepHBHOCTb Ha 33aflaHHLIX MHOXECTBAXi:

LA, fm =725, D=[—1, 1].

—_—xd?
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1.412. f(x)=Inx, "D=(0, 1].
1413, f()=22%, D=(0, .
1414, f()=evcos+, D=(0, 1].
1.415. f(x)=arctgx, D=R.
1.416. f(x)=V'x, D=[0, 4 o).
1.417, f(x)-—xsmx. D =[0, + o).

§ 5. KomnaekcHble 4Heaa

1. Anrefpandeckue onepauMH Haj KOMMJEKCHBIMH 4YHcnamu. Komn-
JEKCHOLMU  4UCAQMU HA3bIBAIOTCH BCEBO3MOXKHbIE ynopsAfOYeHH e Maphl
2=(X, y) ReHCTBHTENLHBIX YHCEM, /Il KOTOPBIX CJENYIOUMM 06Pa3oM Ompe-
JeJIeHbl OfepaluH CJIOXKEHUS ¥ YMHOXEHHS: v

(va y1)+(x2’ !/z)-_—(xl"l"xz'.!/l"l‘!lz).. (I)
(i, 1) (x2, ¥a) = (X1X2—Y1Y2, X1y2-+ *ay1)- 2

MHOKeCTBO BCeX KOMILIEKCHHIX qHces oGosnayaercst cumsosaom O.

JleficTBUTeIbHEIE YHCIA X H Yy WA3LIBAIOTCA OedcmeumenHod v MHU-
MOU 4acmamu KOMIIJIEKCHOTO YHC/Ia Z= (X, y) u 0603Ha4alOTCA CUMBOJIaMH
Rez u Im z coorserctsento. . .

llBa XOMIJIeKCHbIX 4HCAZ 2y==(¥y, Y1) H 'Zy=(xg; Yo) HasLIBaIOTCH

DAGHHIMU B TOM U TOJNBLKO- B TOM CJy4ae, KOTJA Xy =X H Yj =Y. .
H3 onpenenennit (1) u (2) cielyer, uto BcAKoe KOMILIEKCHOE 'lHCJlO

(*, y) MOXKeT OWTb sanKCaHO CieAYioWUM 06pasom:
(x, y)=(x, 0)+(0, 1) (g, 0).. )
Ecan tenmeps KoMMJeKcHbie yucaa Buaa (x, 0) orommectBiutTh 1) ¢ nefictan-
TeNbHbIMH YHcaamu -x, a uucio (0, 1) 0603HaunTh CHMBOJIOM £, TO paBen-
CTBO (3) [pUHHMAeT BUA
g=x-}1iy
H nasbiBaeTcA aszebpaudeckod Gopmoll KOMIUIEKCHOTO :uHCaa 2= (X, y).

1.418. [lokas3aTb, 4TO OnepaulHH CJOXKEHHS H YMHOMXEHHS
KOMIVIEKCHBIX 4Hces 006/1aJaioT CJeAYiOHMMH CBOHCTBaMHU:

a) 2,+2,=2,+ 2, (KommymamusHocme CAOHCEHUA);

0) (214 2,)+ 23 =2,+(2,-F 25) (accoyuamugrocme caodxce-
HUus);

B) 2,2, =2,2; (KOMMYMamusHoCme YMHONEHUSA),

r) (242,) 23=2,(2,25) (accoyuamusgrocme ymHoMeHUA);

1) 2;(24+ 25) =2,2;+ 2,2, (3axoHn OucmpubymusHocmu).

Y To ects yCTaHoamb B3aHMHO ozmoauaqx—toe coorBercrBue (%, 0) <> x
mexay Mmuoxkectsamu {(¢, 0)[x€R} u R. Hs (1) u (2) caeayer, uto 310
COOTBETCTBHE «COXDAHSIET OlepalHil»:

(xi’ 0)+(x2! 0)=,(x1:+x29 O)H x1+x2’
(21, 0)-(xg, 0)=(x1xq, 0) & x1x5.
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1.419, JlokasaTb, uTo:
2) Vzy, 2,037 (2,2 = 2,)

YHCJIO 2 HA3bIBAETCH HACMHbIM OT Jielenus z; Ha 2; v 06o-

6) ecam 2, =x,+iy; ¥ 22=x4+iy§, T0
2 X1X2+ t1Ya 4 Y1Xo—X1Ys

Z 2, 2 2, 2

2 X2+ Ya : Xo+y2

B samauax 1.420—1.429 BLINONHHTBL YKa3aHHbIE Onepa-
UMM, TPEICTaBUB pe3yabTaT B ajreOpayuueckoi ¢opme.
1.420. (1—2i){2-+i)*+ 5i.

<4 3ajaua COCTOMT B TOM, 4yTOGL 3akXaHHOe KOMIJIEKCHO® YHCJO npejcra-

BHTb B (opMe
(1—20) (2} 0)24-5i=x+4iy.

Ilns STOro MOXKHO BOCTOJb30BAaTbCS HemocpeAcTBeHHO dopMyaamn (1) u
(2), OmHAKO 3TOT Ke Pe3yJabTaT MOXHO TOJNYYHTH NpOLLE CJEAYIOUHM
o5pazoM. Kak mOKa3LBalOT CBOjicTBa oOnepaumii, NepeuncyeHHLIE B 3a-
aaue 1.418, mpu CJOXKEHHH H YMHOXCHHH KOMIJIEKCHDBIX YHCEJ, IPEACTaB-
JeHHbIX B ajareGpanueckoll ¢opme, ¢ HHMK MOXIIO ofpamarhcsi Kak ¢ 6u-
HOMaMH BHAa a-t-ib, yuuTmiBasi jonmonuutensto, uro i2=(0, 1) (0, 1) ==
= (—1, 0)=—1. INostomy

@t )2 =4-4i+ 2 =34 4i,
(1—20) @+ 2= (1 —2i) 3+ 4i) =3—2 —8i>=11—2i,

6’1‘1{y}J,a OKOHYATEeJbLHO IIOJyuaeM
(1—20) 2+ i)+ 5i=11—2i-}-5i=11-}-3i. B

1.421. (24 31) (3—1i). 1.422. (14 20)
1.423. (1—if —(1 0 1.424. (2i— i)+ (1—3i),

2—i
1.425, —.
R PN
4 PesyabtaT Moxer OLITb NOJydYeH HCNOCPEACTBEHNO MO (OpMyJe M3
sagaun 1.419. 3amerum, opHako, uto (1--i) (1 —i)=2 ecTb jiciicTBUTCID-
Hoe uHncJo. [losToMy, yMHOXKasl YHCJIHTeJb H 3HaMEHaTeJsb 3ajaHioi jipobu
na 1—i, naxoanum:

2—i  @—i(—i) 1—3i 1 3,

T+i  (+)0—0p) 2 2772

- 4
3HayYaeTcs CHMBOJIOM —z—1~) ;.
2

1 1 1—i\3
1426, by 1427, (m> )

11063 1— ) B i Bo e
tazs, LEJCED QDO pamg. (2,
Haiith npeficTBHTe/bHBIE peILEHHS CAeAYIOUWUX YpaBHEHHT:
1.430. (1-+i)x+4(—2450)y=—4+17i.

1431, 12((2x4- i) (1 +i) + (x+y) (3—2i)) = 17+ 6i.
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Pewnts cneayiomue CHCTeMbl JIMHEHHbIX YPaBHEHHH:

1.432. 3—i)z,+(4+2i)2,=1+3i,
(4+20)2,—(2+3))2,=T7.

1.433. (2+i)z,+(2—i)2z,=6,
(342i)2;+(3—2i)2,=8.

1.434. iz, +2z,=1i, °
i+ 1) 2,4 (1—i) 2= (1 +1).

Ecan Ha niockocTn BBelleHa JieKapToBa INPAMOYToOJbHasi CHCTEMa
xoopannat Oxy, TO BCAKOMY KOMILJIEKCHOMY HHMCJY 2= X-}- iy MOXeT GbITh
nocTaBjieHa B COOTBETCTBHE HeKoTopa¥ Touka M (x, y) ¢ abcuuccoit x u
OpAHHATOl Y.

Ipu stoM roeopsAT, uto TouKa M (x, y) us06pascqaem KOMIJIEKCHOE
yneao -z=x--iy. IlnockocTb; Ha KOTOPOI H300pakaloTcsi KOMIJIEKCHBIE
UMC/Ia, HA3LIBAETCH KOMNAeKCHOd naockocmoto, ock Ox—delcmeumensmod
ocvio, a ocb Oy— mHumod ocsr0.

Uncno 7= x>+ y® HaswBaeTca HOOyeM KOMILIEKCHOTO UMCJA Z =
= x-+iy u obo3nauaercst cumposoM |z|. Moaynb uMcsa 2 paBeH paccTosi-
HHI0 ToykKH M, n3o6paxalolcii 3To 4YHCJO, OT Hauaja KOOpAHHAT.

Bcsikoe pelueHHe @ CHCTEMBl YpaBHCHHIY

cos p=x/V 4%, sing=y/} 24,1 @

Ha3HIBACTCA APeyMEHMOM KOMIIEKCHOTO uucia z=x- iy # 0. Bce apry-
MENTH YHCJa 2 PasjHyaloTcs Ha Lesble KpaTHble 27 ¥ 0603HAYaI0TCH e/H-
LM cuMBoJioM Arg 2. Kajloe 3HaueHue apryMeHTa COBNafaeT C BeJHYH-
HOil () HEKOTOPOro YrJia, Ha KOTOpHIH cJelyeT NOBEpHYThb och OX J0 COB-
najieuus ¢ paauyc-sekropoM OM Touku M (mpu sTom ¢ > 0, ecan nosopor
coBepIuaeTcss NPOTHB 4YacoBOH CTpeskH, H @ < 0 B MPOTHBHOM cayuae).
3uauenne Argz, yfosJerBopsiouee ycaosuio 0<C Argz < 27, HasbiBaeTcs
2/1Q8HbLM 3HAMEHUEM aPTYMeNnTa M 0603HayaeTcsi CUMBOJOM arg z.

B HeKoTOpbiXx cJyyasX [JVIaBHBIM 3HaueHHeM apryMeHTa Ha3uiBaeTcs
3nauenne Arg z, yLOBJETBOpsiOilee YCJaOBHIO — 7t < Argz<<m.

H3 coornowennit (4) ciaeayer, 4To MWIA BCAKOIO KOMIJIEKCHOTO YHcJa
2 CNpaBe/JIHBO PaBEHCTBO

z=]z]| (cos ¢+isin @),
Ha3bIBAaEMOE M PULOHOMem PU4ecKOl popmoil uncaa z.
[Tpumep 1. IlpeAcTaBuTb B TPHTOHOMETPHUECKOIH POPME KOMIIEKE-
Hoe uneno z=—2-2 Y 3.
4 lmeem
l2|=V (22 (2 V 3)° =4, cosp=—1/2, sinp=V3/2,

[03TOMY [JIaBHOE 3HaueHWe apryMeHTa paBHO afgz=2m/3 u, cjenopa-

TeNbHO, 2==4 (cos 2—3Tt-+isin2—;- . >

Caenyromue KoMmmjeKkcHbe 4HCJa TPeCTaBHTb B TPHIOHO-
MeTpuueckoll ¢opme H H300pa3HTb TOYKAMH HA KOMIJIEKCHOM
JIOCKOCTH:
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1.435. —i. 1.436. 1—i)/3. 1437, — 4+
1—i
1.438. l+i 1.439%, —cos+ -}-zsm7

1.440. sin — —|—tcos . 1.441, l+cos—7-+isin—’%.

<13

Komnnel(cnoe YHCJIO X— iy HA3BIBACTCA CONPANCEHHOIM KOMILIEKCHOMY
yHCAYy 2=Xx- iy H o603HauaeTcs CHMBOJIOM £.

JlokasaTh cliefyloulHe paBeHCTBa;
1.442. z24+2=2Rez u z2—z=2iImz.
1.443. (z)=2. 1.444. |z|=]|z| 1.445. 2, + z,=2,} 2,
1.8, 2.2,=2,-2, 1 (2)_-‘1 1.447. 2z=|zt.
Z,
1.448. BpluncauTh: ’
— 2.\ 2 —_ _
a) 2,2, H (—2) , ec z,=1—iV'3, 2,=V3+1,
=2

1

6) 2,2, H Z_a’ ecau 2, =342, z,=2-2i.

1.449. Tlyctb p (2)—npon3BOJILHLIA MHOrOYJIEH C JIeACTBH-
TeJbHbIMH KO3(pPHIHEHTAMH . Iloka3aTb, 4TO AJ4 Jo6aro z € C
BEpPHO DaBEHCTBO p (2)= p (2).

Pewints clenyioine ypaBHeHmi:\'
1.450. |z|—z=142i. 1.451. |z|+2=2+41.

1.452. JloraszaTh paBeHCTBAa H BBIICHHTb HX reome'rpuqe-
CKHIl CMBICL:

a) |2zl =zl ]zl |-t

6) Argz;+Argz,=Arg(z,2,), Argz,—Argz,=Arg ( )

(deeHCTBa 6) NOHHUMAIOTCA B CMBICJIE PABEHCTBA MHOXECTB—
cM. c. 11).

BLIICHHTb TeOMeTPHYECKHH CMBIC/ CJEAYIOHIUX Tpeolpa-
30BaHHH KOMIIJIEKCHOH MJIOCKOCTH:

1453, z —z—2. 1.454. z— 2+ (3—i). 1.455. z — iz.
1456, 2 — L2(1—i)2. 1.457. 2 ——2. 1.458. z — 2.

1.459. z — = 1.460. z —Z.
1.461. [lokasaTb, uro:
a) BeJHYHHA |2,—2,| paBHA pPacCTOSIHHIO HA KOMIIEKCHOH
IJIOCKOCTH MeXAy TodkaMH M, u M,, u300paxKalomuMu
KOMILJIEKCHBIE YHCJIA 2y H 2,;
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6) lait+zlI<|z]|+|zl v |z —2]|=]z]—|z]
(HnepaBeHcTBa Tpe€yroabHHKa). KakoB reomerpu-
YeCKHH CMBIC/I 3THX HEepaBEeHCTB?

1.462. [lokasaTb. TOXJAeCTBa:

8) |z+2 '+ zi—z P =20z P+ 2 )
(KaKOB ero reoMeTpHYECKHH CMHICJH?);

6)* lzel+2s | =| 252 +V 2z |+ | 25—V 2z,

B sagauax 1.463—1.473 paTh reoMerpuyeckoe onHcaHHe
MHOXECTB BCEX TOUYEK KOMILIEKCHOH MJIOCKOCTH, YJOBJETBO-
PAIOWHX CJIEAYIOIWHM YCJOBHAM:

1.463. Rez>0. 1.464. 0<<Imz < 1. 1.465. | Imz|<2.

1.466. |z|< 1. 1.467. |z4i|=2.

1.468. 1 <|z+2|<2. 1.469. |z| > 1—Rez.

1.470. |z—i|=|z+2|. 1.471. 0 < argz <m/4.

1.472. |n—argz| < m/4. 1.473. z=2.

1.474. Ilyctb 2 ~=—1. Jloka3ars, uTo Re z—;—:=0(=b|z |=1.

IlycTs ¢-—npounsBoJibHOE HeficTBUTeAbHOE YHca0. CumsosoM e'® obo-
8HayaeTcd KOMIJIEKCHOE UHMCJ0 €OS ¢~ i sin ¢. C nomoubio 3toro 0603Ha-
YyeHHsl BCAKOE KOMIJIEKCHOE YHCJIO z=|z | (coS ¢ £ sin ) MOXKeT OuIThb
8AIHCAHO B nokasameavrold Gopme

z=|z|e'®.

IlpeacraBuTh B noKasaTeabHOR (opme caeaylolHe KoMil-
JIEKCHBIE 4HCJa:

1.475. T2 1,476, 5120 1.477. —3—4i.

1.478. —2-+i. 1.479, sina—icosa.

1.480. sina+i(l —cosa). ‘

1.481. HokasaTh, YTo CHMBOJ €'® 06/1ajaeT CJEAYIOWUMHU
CBOMCTBaMH;

a) Vne Z ("™ =1); 6) e?=e"',

e '

B) €0 .gi%: =gl @402 i @=00,

- A L]

1.482. JaHHble uHCJa Z; M 25 NPEACTABHTb B NIOKa3are/lb-
HOH ¢opMe H BHINOJHHTb YKasaHHble ACHCTBHA Hal HMMH:

2

a) 2i2; "—%, ecan z, =2V 3—2i, 2,=3—3V3i;

6) 23z, —:% ), €CTIH 2, =— V2+iV?2, z,= VE—iV8.
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1,483, Hokasatb gopmysn aﬁxzepq .

44 -iQ 19 _ ,~ip
e e e —e
COs @ = +2 , qu’=_'ﬁi_—"'

1,484, Jloxasath gropmyry Myaspa: ecnu z=re'®, TO
= rnemw'

HJH, B TPUTOHOMeTpHUYecKoi dopme,
2" =r"(cos ng - isin n_ép).

Ucnonbaysi ¢opmysny Myaspa, BBIYHCJIHTH Clelylolike
BHIPAKEHHU ! '

1.485. (14i)*. 1.486. El+t; 1.487. (1+;V3>*°.

1.488. (140 (1—i)/3)~°.

1.489. IlokasaTh paBefcTsa:

a) (L+i)"=277 (cos B 4 isin )

6) (V3—i)"=2n (cos BE—isin %n) .

1.490. Hcnonb3ys ¢opmyasl Ditsepa, BHIpa3uTh 4epes KO-
CHHYCHl H CHHYCH KPaTHbIX Ayr (pym(urm

a) cos® p; 0) sin® .

Hcnonb3ys ¢opmyny MyaBpa, BbIpasdTb uepe3 cOS@ U
sin@ caepyromye QyHKUHH:

1.491. cos 3. 1.492. sin 3¢.
1.493. cos 4. 1.494. sin4e.

Iycte a=re“"—-cbuxcuponauﬂoe KoMmmekchoe uucno. Torxa ypas-
nenue 2" =a, n €N, UMeeT B TOYHOCTH n PA3JHYHBIX PelEHHH 2y, 21, vuo
eesy Zn—1, MIPHYEM 9TH pelleHHA JatoTcsi GopMyJIoi

. Q 27
i( 242
_n/s (" n _n/= -t 2nk @+ 2nk
re =1/ |(cos ——isin ;
k=0, 1,..., n—1
(smecw ]/ T — neficteurensroe nosoXuTeNbHOE 4HC0). Uncaa zy, k=
=0, 1,...,fn—1, HASLIBAIOTCA KOPHAMU N-ii CMenexi B3 KOMIJIEKCHOIO
yudcaa a H 0603HayaloTca CHMBOJIOM n a.
[Ipumep 2. Haiitn Bce kopun 3-i cTenenn us uucia g=—2 4
+2 V3.
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|2
4 Tak Kak a=4e ° =4 (cos——l—lsln %’i) ;10 |

Peyifm (i,

i sin (T-i-—‘k)), e k=0, 1,2
Mo k=0: (§/9), =3/ 7 (cos Bt am 3.

Mpu k=1: (/) =/4(cos—+t m%’l)

Mpu k=2: (3/3), =3/ (cos————[—t mMT"). >

'1.495. Haiitiu n u300pa3nuTh Ha KOMNJEKCHOH MJIOCKOCTH
BCE KODHH 2-if, 3-H M 4-H CTENeHH M3 €IHHHLBL.

( 27 2:nk

(VD= Te U9

Haiitu Bce 3naueHus xopueii:

1.496. V7. 1.497. 3/ —1. 1.498. }/—0.
1.499. V 1)/ 3. 1.500. 1/2V3+2z.,
1.501, 3/ —1—i.

1.502. V1+i)/ 3. 1.503. 3/ T—20).

1.504. loxasaTb, 4TO KBaJpaTHbIE KODHH M3 KOMILJIEKC-
HOTO uHC/Ja MOTYT OBIThb HajifeHbl [0 ¢opmyJe’

ERE—— )

Hcnonbsobanne noxasarenbHON GOPMBI KOMIJIEKCHEIX 4HCEN BO MHO-
IHX CAYyYyasX 3UAYHTENbHO YNMpPOLLAET BBIYHCIENHS,
Mpumep 3. INpusecTu Kk BHAY, yAOGHOMY AJIst JIOTapHPMHDPOBaHHA:

S (9) =sin @-}-sin 294-... -} sin np, ¢ # 2nm, meg 7.

4 Tak Kak sin ¢ =1Ime'®, 1o, ntnonbayﬁ dopMyny cyMmMbl reomerpu-
YeCKOH MPOrpeccHH, Noayvaem:

S (@) =Im e Im e‘z“’—l-...—]—lme‘”‘p—lm (6P -2 ... 4. £9) =
n n

o+l =50 iT-9

e 2 (e —e 2 )

up(l_emcp) 2
=1Im 1_91‘4’ m i_‘ﬂ -12 _(2) =
e ? (e P_e 2
sin 22 PR smﬂsinn+lcp
2 2 2 2
= 7 Ime = 7 .
sm? sin-—é—



INpusect K BHAY, YAOOHOMY AJsi JiorapupMHPOBaHHA:
1.505. cos @+ cos 2p+cos3p+ ... 4 cosng.

1.506. cos@+4cos3¢@4cosdp+ ...+ cos(2n—1)¢.
1.507. sin@+sin3p+sindp4-...+sin(2n—1) @.

2. MHoroulleHnl M ajre6panyeckHe ypaBHeHHsi. MHocourenom (noau-
HOMOM HJIM  yenrod pauuoua/lbfwd ynKkyued) n-k CreneHH Ha2blBaeTCHA
tbynkuua Buaa

Pn (z)=anzn+'an_lzll"1—|—. ...+a1'g+a¢; '(5)

rre 2€0, agy ay, ..., ap—Ko3hdULHEHTH! (BOOOLLE TOBOPS, KOMIJIEKCHLIE),
npuueM a, # 0, n€N. Ypasuenue

a2 ap_jz" "4 ... 4-a;24-a,=0, a, #0, .6
4
Ha3biBaeTCA a/zee6pauuecxum ypasrenuem n-R cTeneHu. Yncao 2y, AJA
KOTOPOrO pp,(2y)=0, Ha3biBaeTCst KopHem MHOTOUMEHA (5) HaH ypaBHenus (6).
eopeMa r aycca (ocHoBHas TeopeMma aire6pnl). Beaxud muoco-
4nen HeHyneeol cmenenu umeem no npaaueu mepe 00un Kopens (B0OGue
roBOp#, KOMIJIEKCHBIH). :
HCJIO Zo ABJISIETCSA KopHeM MHOTOUJIeHa Pn (z) B TOM H TOJLKO B TOM
c/lydae, KOrAa p, (2) nenutch Ge3d ocTaTKa Ha GHHOM' 22, T. e

Pn (&) =(2—20) n-1(2),

rhe ¢n- 1(2)—Muqroq.nen (n—1)-fi crenenu. Eciu p,, (2) -nenutca Ges
octatka Ha.(z—zp)%, k=1, HO He JequTcs Ha (2—2g)%+1, To 2, Ha3u-
BaeTCsl KOPHEM KpamHocmu k MHOTOUJIeHa D, (2); NpH STOM

Pn(@)=(2—20)* qri-p (2),

rae gn—k (2) # 0.

Teopema Taycca Moxer GbiTh yTOUHEHa CJIEAYIOLHM.0GPA3OM: MHO0-
4ien n-fi cmenexu umeem POSHO N KOPHed, eCAl KAxCObiti KOPerb, CHumanmo
CMOALKO pas, KAKo8a e20 KPAmHOCmb.

Ecau Ko3pHUHEHTH MHOTOY/IeHa (5)-—11eﬁcmwrenbnue HHC/A U 2y =
= %o+ iyo—ero KOMIVIEKCHbIA KOpeHb, TO COMpSIKEHHOE YHCIO zo—xo

— iyo—TaKKe KOpPeHb 3TOr0 MHOIOuJIeHa, TIPHYeM KOPHH 2o H 2, HmeloT
OJMHAKOBYIO KpaTHOCTb (CM. sajauy 1.449).

ITycTb MHOrOUJIEH pp (2) HMeET KODHH Zj, 23, ...) z,,, (men) k ar-
HOCTeHl COOTBETCTBEHHO Ry, Ry, ..., By (Ry+ k2t ..+ k,=n). Torna
€ro MOXHO Pa3J/IOXMHTh Ha JIMHeHHble MHOMHTEJH, T. €. CIPaBeJJIMBO TOX-
NeCTBO

Pn(2) =0 (z—2)% (2—25)*a. . .(2—2m) "™,

Ecan npu aToM Ko3ppUIHEHTH MHOrOYJeHa — JeHCTBHTENbHBIE YHCJA,
TO, OObeAUHAA CKOOKH, COOTBETCTBYIOIUIHE KOMINVIEKCHO COIpSiMeH-
HBIM KODHfIM, MOXHO pa3/IOXHTb STOT MHOTOWIEH B NPOU3BeleHUe
JIMHEHHBIX M KBaJPAaTHYHBIX MHOXHTeJeH c AeﬁCTBHTeJIbeIMH Kosppumu-
€HTaMH. .

NMpumep 4. Hahtn: xopun wmHorousesa 26-4-2z341 u pasio-
JHTb €r0 Ha MHOXHTEJIH.,
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4 Tax Kak 284228+ 1=(2°--1)%, 10 KOpHAMK 5TOTO MHOTQYJEHa sB-
as0TcA KopHu 3-i crenenn ns —1:

Zl-——-—l

2,=cos£+ism %—=-]—+ 1/2—3;
n n_ 1 V3

z,—cos-a——tsln 3=7 i3 -

Tlpn sTOM KaXnbli KOpeHb HMeeT KpaTHOCTh k=2. Pasnoxenue storo
MHOTOUJIEHA Ha JIHeHHble MHOMHTENH HMeeT BHJ

L2228 1= (21} l)’(z—'-(%—l—iﬁ,;s))2 (z——(%—-t v 3)) .

OGrennnns nocaennue iBe CKOOGKH B OLAH COMHOMHTENb; MOAYYHM pas-
JOXKeHHe HA MHOMHTENH C JefCTBHTEJbHEIMH KOIhPHIHEHTaMH

#4224 1=(E+1)?(P—z+1)2% P

PemnTh KBaZpaTHblE ypaBHEHHS!

1.508. 22 +2z45=0. 1.509. 422—2z+}1=0,
1.510. 224 (5—2i)z+5(1—i)=0.

1.511, 224 (2i—3)z+5—i=0.

PelyTh ABYUJIEHHbE ypDaBHEHHs!

1.512. 22—1=0. 1.513. 224 1=0.
1.514. (z+1)*—16=0. 1.515. (z-1)*+16=0.

Pewnth GHKBaApaTHHE ypaBHEHHS!

1.516. 2¢+ 1822+ 81 =0. 1.517, 2*44224+3=0.

1.518. 244922 420=0.

1.519. 2 —(1+4+i)22+2(1+i)=0.

Pewmts TpexunenHble ypaBHeHUs

1.520. 2°442*4+3=0. 1.521, 2°4152*—16=0.

1.522*. IlokasaTh, 4TO BCE KOPHH ypaBHEHHS
() = @e®

d—ix /. (1—ia)

JEeHCTBHUTENbHbLl U pasniyybl.

Cnenylomine MHOTOYJIEHH PAa3jIOXHTb Ha JIHHEHHble H
KBaZApaTHYHBIE MHOXMTEJIH C NEHACTBHTENbHBIMH KOS(pduuHeH-
TaMH:

1.523. #—1. 1.524. 2*-11. 1.525, 2*}+ 224 1.

1.526. 2% +42° 4 1122+ 142+ 10; u3secten onuu KOpeHb

2y =—1+1.
2
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1.527. 24 2%+ 2 —2*—z—1; u3BecTeH JAByKpaTHHIA KO-

¢ V 3 .

peHb z,=2;= ——7—}—
1.528. z* - 622 4 922 + 100; usBecren KopeHb 2;=1- 21.

3. TNpenen nocjenoBaTesbHOCTH KOMIJIEKCHBIX 4Hced. UHCIO a Hasbl-
BalOT npedesoM TOCTE[OBATEILHOCTH KOMIIEKCHBIX YHCeJ (z,,)n N #

nuwyTt lim z,=a, ecan aas Jawboro € > 0 cyumecrsyer Homep N (&)
n—»> o

Tako#, yto npu n > N (€) BHIIOJHSETCS HePaBeHCTBO |z,—a| < €.
l'Iocne;loaaTeanocn (z,,) nel HassiBaior cxo0aujelica Kk 6eCKOHeUHOCMU

H IHIYT hm zp, =0, ecau s Jooro E >0 cymectsyer Homep N (E)

TaKol, ln'o npu n > N (E) BoinosiHsieTcss HepaBeHCTBO |z, | > E.

- 1.629, Ilyers x,=Rez, u y,=Imz,. Hokasats, uro
lim z,=a=~ oo Toraa u TOJIbKO TOrAA, Korja lim x,=Rea

n—»w : n-—>w
u lim y,=1Ima.
n—»> w
1.530. Ilycrp lim 2, =as= 00 u lim w, =b 5% co. oKa-
n—>m n-o> » .
3aTh, 4TO:

a) llm(z l—w,,)—a—|~b 6) hmzw =ab.
1.531. Ilycts lim z,,=a7&oo u limw,=0b0%0. doka-

n-—»> o n— o
. r4 -a
3aTb, 4To lim &= —,
n—> Wn b

BelauciuTh npepeds:
1.532. lim (Q—i—l—%(l—l—i)). 1.533. lim 1=

n—» o n—»oul—i-l

. 5n in? (n+2i) (347in)
1.534. lim 3!1-[—2‘ Pra—" 1.535. nlgnm—m:_—[—.

- . in ., 1 4nZ
1.536. lim (l—i—?). 1.537. lim —e 4.

n—» o n—»oon

n—» o

1.538. lim (2)". 1.539. lim (2"—i—i(1-—_i)).

n—> ® n-> o

/11 1

santm (g b)),

1.540 nL"L(sz %t "'.(5;)':
n

1541 lim ¥ 5. 1542, lim (nsinti(1+2)").

n—>®p_( n-®
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1.543. - lim 2 1504, lim (1-+3£2)",

n—>®p_ (2 3)k n—»ow

JlokasaTb, 4TO CJenyolle MOC/Aef0BaTeJbHOCTH OrpaHH-
YeHBI, HO PaCXOLATCHA:

1.545. z,=i" 1.546. 2 —(-—1)”¥i—t31n

1 ni

1.547. 2,=(1 ) e’ T 1598 2, =g (i (— i),

HoxasaTb, YTO CJeAYyIoUHE MNOoCaeq0BaTe/IbHOCTH Heorpa-
HHYEHbI, HO HE€ CXOAATCA K 6eCKOHEUHOCTH:
Lan

1.549. z,=n(1+i"). 1.550, z _(e‘T ) Inn.
1.551. Ilyers r,=|z2,| u @,=argz,. _Hoxasarb, uTo
lim z,=a (O<|a|<oo) TOT4a M TOJBKO TOrJa, KOrja

n—-> o

limr,=|a| u hm @,=arga (NpH HajJexalleM BbIGOpe

n— o
00/1aCTH TJIaBHBIX 3Haqeﬂnﬁ apryMeHToB).

PeaysnbTar sajaun 1.551 4aCTO MCHO/IB3YeTCS .IPH BLIYHCAEHUH Mpe:
Ae/I0B KOMILIEKCHBIX IIOC/Ie0BaTe/IbHOCTeH.

[Tpumep 5. Ilycte ¢ — meficTBUTe/ILHOE 4nca0 (P 7% 0). L casatp,
uTO -

{ lp \"_ i
lim l4—-) =cos@+tisinp=e'.

n—>w

<« PaccMorpuM ABe fAeficTBUTeJIbHbIE MOC/EJOBATeNbHOCTHS

el e B)

Pp=arg (l+'l—,‘t—p) =narg (1+7) =n arctg %

BbI4UCAHM HX TpeJelibl:

ns \ @b o'
A T
lim r,= lim (H'%i) =" =

n—>w n—>®
arctg-g
lim g,= lm narctg L=¢ lim — " =g,
n—»omw n n—>» 2
n

OT1cropa nomayuaem
o \"
lim (l-l—ing-) =1:(cos i sin ) =e'®. P

n—>»w

1.552. Ilycrb z2=x+iy. lokasats (cM. mpumep 5), uro
lim (l + ;) =e* (cosy + i siny) =e*+iy =e,

n—» o
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Jlon(asaTb CXOAUMOCTb CJEAYIOUIHX nocJie0BaTeNbpHOCTE
H HalTH HX npenedbl:

1.553. z,=2", |z| < 1. 1.554. z,=nz", |z| < 1.
1.555. z,=1+4+2+...42" |z|< 1. '

n
1.556. zn=é}—ﬁ’ IZ|>1.

R n
1.557. Bomuucaurs lim 1At ta

R e ecad |z;| <1 n

|22 < 1. | |
1.558. Hycrb lim 2z, =a 5= co. JlokasaTh, uto
n—> o
lim 2ttt _ g
n

n—>w



IF'nasa 2

BEKTOPHASI AJITEBPA H AHAJIMTHYECKAS
FEOMETPUA

§ 1. BekropHas aareGpa

1. JiuHefinbie onepauuu’ Haj BeKTOpamH. Bexmopom (zeomempuuec-
KUM 62KMOPOM) G HA3bIBAETCA MHOXECTBO BCEX HaNPaBJICHHBIX OTPE3KOB,

HMeIOMUX OJHHAKOBYIO ANMHY W HampasieHue. O BcsAKOM orpeske AB us
3TOr0 MHOXECTBA TOBOPSIT, YTO OH MpEICTaBJfeT BeKTOp @ (MoJayueH

NpUJIOKEHHEM BeKTopa @ K Touke A). [lnmuna orpeska AB mHaspiBaetcs

Oaunod (mMoOysem) BeKTOpa @ M 0GO3HayaeTcss cuMBOsoM |a@|=| AB|.
BekTop HyJ/eBO# IJIMHbBI Ha3blBAeTCH HYACOLIM
8exkmopom W ob6o3Hauaercst cumBosioM 0. i

Bektopel @;H b Ha3sblBalOTCA pasHoimu § c
(a="b), ecin MHOXeCTBA MpeACTaBAAIOUWMX 4,
¥X HANpaBJeHHBIX OTPE3KOB COBMAJaloT. A rl

B psite 3agau yacto ObiBaer YHOOHO He
pasnuyaTb BeKTOP M KaKOH-Iu6o MpefcTaBJs- Puc. 3
fouufl ero HanpasJeHHblli oTpe3ok. HmeHno

B 9TOM CMbiCJe, HalpHMep, ClelyeT NOHHMATb BbipaXKeHUe «NOCTPOUTD
BEKTOD». 5

[MycTe HampaBieHHBI oTpe3ok AB npeacrasasier Bektop @. IpuJo-
XKHB K TOuKe B 3ajauHHbIfi BeKTOp b, MOJMyuHM HEKOTODHIH HampaBJeHHbIH

orpesok BC. Bekrtop, npeicTaB/isieMblii HanpaBJeHHbIM oTpe3koM AC,
Ha3biBaeTcsl cymmoli BeKTOpoB @ u b u obosnauaerca a-b (puc. 3).

ITpoussederuem sexmopa @ Ha dedicmeumeabHoe 4uca0 ) Ha3biBaeTcs
BEKTOp, 0603HauaeMblii AQ@, TaKo#, YTO:

I)|Aa]=|Al|al;

2) BekTOpHl @ M A@ coHanpaB/eHnl NpH A >0 H MPOTHBOMOJIONKHO
HanpasJieHbl npH A < 0.

2.1. JIokas3aTb, 4TO onepauus CJIOXEHHS BEKTOPOB 06Jia-
JaeT cJeAYIOHMH CBOACTBaMH;

a) a+0=a;

0) a,+a,=a;+ a; (xommymamusrocme);

B) a,+ (a;+ a;) =(a;+a,) +a; (accoyuamusrocme);

r) Vallb(a+b=0)
(BexTOp b Ha3blBaeTCA BEKTOPOM, MPOMUGONOAOHCHDIM BEK-
TOpy @ H 0003HayaeTCsl CHMBOJIOM — @);

A va;, a;3la, (a;+a,=a,)
(BekTOp @; Ha3BIBAaeTCS PA3HOCMLIO BEKTOPOB @3 W @; H
0603HayaeTcsi CHMBOJIOM @,—@,).
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2.2, JlokasaTh paBeHCTBa:

a) —a=(—1)a; 0) a,—a,=a,+(—a,);

B) a=|ala, rtAe @,—opm BeKkTOpa @, T. €. BEKTOP
€IMHUYHON AJIMHEI, COHAaNpaBJeHHbI ¢ BeKTopoMm @ (a = 0).

2.3. B napannenenunese ABCDA’B'C'D’ pektopn m,
n, p npeicrabyens pe6pamu AB, AD, AA’' cooTBETCTBEHHO.
[NocTponTh BeKTOpHI:

a) m+n+p;, 06) Yym-+'/,n—p; B) —m—n-+'/,p.

2.4. lanbl BeKTOpH @; M @, [Iloctponth BekTOpHl 3@,
/84, a1+2a2v 1/2al'—aai'

2.5. JlokasaTb, 4TO:

a) omepauns YMHOXEHHs BEKTOPa Ha YHCJIO 00Jajaet
CJICAYIOUIHMH CBOHCTBaMH:

0a=M=0, (MA)a=>\(Na);

6) onepalyn CIOXKEHHS BEKTOPOB M YMHOXEHHsI HX Ia
ypcJIa CBSI3aHEl CJIEAYIOIIHMH ABYMSI CBOHCTBaMM Oucmpuly-
MUBHOCMU:

M@ +a)=ra;+re, n (A -+A) a=Ma-|-Aa.

2.6. JoxasaTh paBeHCTBa:

a)a-+1,(b—a)="/;(a+ b);

6)a—'/,(a-+b)="/,(@a—b).

KaKkoB MX TeOMETpHYECKH CMBICT?

2.7. AD, BE n CF —wmenuansl tTpeyroaninka ABC. Joxa-
3a1b PpaBeHCTBO A. ‘AD + BE +-CF =0.

2.8. AK v BM—wmennann Tpeyro.annKa ABC. Buipasuri
yepes p=AK u q-==BM sextopn AB, BC u CA.

2.9. B napannenorpamvme ABCD o06o3HayeHbl: AB——~a,
AD =b. Brpasuts uepes @ u b sekropu MA, MB, MC
u MD, rne M-—Touka nepeceuenus Auaronasefl mapase-
JIorpamma.

2.10. B Tpeyronpunke ABC AM=oa AB u CN =pCAM.

MNonarasn AB=a w AC=b, supasute AN u BN uepes
BEKTOPH @ H b.
2.11. ABCDEF —npaBHJIbHBIH 1UECTHYTOJbHHK, TNpPHYEM

AB=p, BC=gq. Buipasuts uepes p u g Bextopnl CD, DE,
EF, FA, AC, AD u AE.

2.12. M—rtouka mepeceyeHUs MCAMAH TPeyroJbHHKA
ABC, O—npousBojibHasi TouKka IpoCTpPaHCTBa, JlokasaTb
pasenctso OM =1/,(0A + 0B + 0C).
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2.13. B npocrpanctBe 3ajaHbl TpeyroabHukn ABC u
A'B'C’; M u M'— touku mepeceyeHHsi HX MeaHaH. Bwlpa-
suth Bektop MM’ uepes sextopnt AA’, BBY u CC’.

2.14. Touku E u F —cepenuHB! CTOPOH [AD] ¥ [BC] uerni-
pexyroabuuka - ABCD. Iokasatb, uto EF =%/;(AB-DC).
.BeiBecTu oTCrOfia TeopeMy O CpelHeH JMHHM TpaleLHH,

2.15. B rtpaneuuun ABCD OTHOlIEHHe JJIMHBI OCHOBaHHSA
[AD] x wiuHe ocHOBaHHs [BC] pasno A. [Tonaras AC=a n
BD =b, Bbipasuts uepes a u b sextopu AB, BC, CD u DA.

2.16. B rtpeyrompuuke ABC "AM=a AB u AN = ﬁAC

_a) Tlpn KaKOM COOTHOLICHHH MeXNLy & H [ BeKTOpHI MN
u BC Ko/MHeapHbL.

6) Ilyctb o u P TakOBbI, 4TO BEKTOPbI MN u BC wexon-
nuneapHsl. Tlonaras BC=p u MN =gq, Bbipasutb BEKTOpBbI
AB u AC uepes p u q.

Cucrema -BeKTOpOB @y, ..., G Ha3LIBAETCH AUHELHO BABUCUMOL, eCITH
CYLLECTBYIOT YMCJIA Ay, ..., A, TaKHe, YTO XOTSt Gbl OZHO H3 HMX OTJIHYHO
OT HYJS H Mal—l—...-l-)»,,a,,-—o B NPOTHBHOM CJyvae CHCTeMa Hasbl-
BAETCA AUHELUHO He3asucumoll.

2.17. JloxasaTb CJeAyiOlUlHe TIeOMETPHYECKHe KPHUTEpHH
JIHHE{HOA 3aBHCHMOCTH:

a) cucrema {@;, @,} JMHHEHHO 3aBHCHMA B TOM H TOJbKO
B TOM eJyyae, KOrja BeKTOPbl @; H @3 KOAAUHEApH®L, T. e.
MX HamnpaBJeHHs COBNAJAIOT HJIM NPOTHBOTIOJIOKHHI;

6) cucreMa {a,, @,, @;} TMHEHHO 3aBHCHMA B TOM H TOJBKO
B TOM CJlyuae, KOTa BEKTOPbl @, @, H @5 KOMRAGHApHbL,
T. €, MapaJ/ileJbHbl HEKOTOPOH INJIOCKOCTH;

B) BCAKAs CHCTEMA M3 n =>4 BEKTOPOB JmHei'mo 3aBHCHMA.

2.18. Ha cropone [AD] napannenorpamma ABCD otio-
xeH pektop AK pmunbl | AK|='/j|AD|, a Ha xuaronamu
[AC]—sBektop AL amunsi |AL|="/,| AC|. oxasatb, uto
BekTopol KL u LB KoJmuHeapHbl W Halith A Takoe, 4TO
KL=A\-LB. .

2.19. Pasjoxuth BeKTOp S=@-B-}-¢€ 10 TpeM HeKoM-
nJaHapHbiM BeKTOpaM: p=a-+-b—2c, q=a—b, r=2b +
-+ 3c¢.

2.20. Haittn nunefiiyio 3aBUCHMOCTb MeXAy AaHHBIMH
YeTLIPbMs HEKOMIJIAHADHBIMH BEKTOpaMH: p=a-+b, q =
=b—c¢, r=a—b+c, s=b+",¢.

- 2.21. [lauwl yerbipe BekTOpa 4@, b, ¢, d. Bbluncaute ux
CYMMY, €CJIH H3BeCTHO, 410 a+ b+ c=ad, b+c+d=pa
H BEKTOpH @, b, ¢ HeKOMIJIaHaDHBI.
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2.22. JloxasaTb, 4TO ANs JMOGLIX 3aJaHHHIX BEKTOPOB 4@,
b n ¢ BekTOopH @+ b, b ¢ H ¢—a KOMNJaHapHHL.

2.23. Jlanpl TpH HEKOMILJIaHAapHbIX BeKTOopa @, b H c.
Joxasatb, uto BeKTOpH @ + 2b—c¢, 3a—b+ ¢, —a + 56— 3¢
KOMILJIAHAPHHI. _

2.24. llanpl TpH HEKOMIJIAaHAapHLIX BekTopa a&, b H c.
BriuncanTe 3HayeHHs A, NpH KOTOPHIX BeKTOpH Aa b ¢,
a-+Av+e¢, a+ b+ Ae KOMIIaHADHHL.

2.25. Jlanbl TpH HEKOMIJIAaHapHHIX BeKTOopa a, b W c.
BbIYHCNTS 3HaUEHHS A H [, IPH KOTOPLIX BEKTODPH Aa + ub+-¢
H a- Ab-}+ pe KOJJIHHeapHHI.

2. Ba3uc M KoopaMHaTH BeKTOpa. YNOpsSLOYeHHas TPOHKa HEKOMNa-
HapHHEIX BEKTODOB €y, €3, €3 Ha3biBaeTcs 6a3ucoM B MHOXKECTBE BCEX reo-
METPHUeCKHX B¢KTOPOB. Besikuii reoMeTpHYecKuil BEKTOp @ MOXeT GLITb
€JIHCTBEHHLIM O0pa3soM NpeACTaBJieH B BHAe

a=X,e;+ X.e,+ Xses; (0]

uncna Xq, Xp, X3 HasuBaoTca xoopdunamamu BekTOpa @ B 6Gasuce
B=1(e1, €5, €3). 3anuco (1) Ha3bIBAIOT TaKXKe paA3JOKEHHEM BEKTOpa @
no Gasucy B. :

AHaJIOrHYHO YMOPsZOYeHHas Napa e€j, €3 HeKOJIHHeapHBIX BEKTOPOB
HasmBaercs: Gasucom B =(ey, €;) B MHOXKECTBE TIeOMETPHUECKMX BEKTO-
pOB, KOMIJIAHapPHBIX HEKOTOPOH IJIOCKOCTH.

Hakonen, BcsaKnii HeHyJeBoii BeKTOp € ofpasyer Gasuc B=(e) B
MHOXXECTBE BCEX TEOMETPHYECKHX BEKTOPOB, KOJJIMHEAPHBIX HEKOTOPOMY

HanpaBJeHHIO.
Ecau BeKTOP @ €CTb AuUHedHAR KOMOUHAYUSs BEKTOPOB Qy, ..., 4, €
KOpOHUHEHTAMH A, ..., Ay, T. €.

n
a= 2 hkak,
k=1

TO KaMJas Koopiunata X;(a) BEKTOpa @ paBHAa CyMMe NpOH3BELelHit
KO3(G(MHLUEHTOB A1, ..., A, HA OJHOMMEHHHE KOODAMHATH BEKTO)OB
g, ... Qut

n
Xi@)= 2 MXi (@, i=1,2,3.
k=1 '

Basnc B =(ej, €3, €3) 1a3bBaeTICA NPAMOY20MLHOIM; €CTH BEKTOPLI
€7, €a H €3 NONAapHO NEPNEeHAHKYJSPHbBl H HMEIOT €AHHHYHYIO AJUHY.
B aTtoM cayuyae npuHATH 0603HaYeHHS

e1=i, e-,»-—-j, 83=k. (2)
11 poex yuedi BeKTOpa @ Ha BEKTOD € Ha3bIBaeTCs YHCJO NP, @ = |a} cos @,

S
rae ¢ =(a, €)—yroa mexay BekTopamH @ ¥ e (0 < ¢ < 7).
Koopaunatet X, Y, Z BekTOpa @ B NpsIMOYrOJbHOM 0a3uce coBna-
AQI0T C NPOEKUHSAMH BeKTopa @ Ha Oa3ucubie opthl {, j, R cooTsercr-
BEHHO, a JVIHHA BEKTOpa @ paBHa

la| =V XEFY2|2Z2. %))
54



Uncaa
P X .

cosa=cos(a,l)=V. R
Y
VXipverz
Z
VXiiviizt

HA3bLIBAIOTCA HANPABAAIOUWUMU KOCUHYcAMU BEKTOpa a.
HanpaBJlmoume KOCUHYCBI BE€KTOpa COBMajaroT C KOOpAUHATaMH

¥

~
cos f =cos (@, J) =

P
cos y==cos (@, k)=

(NpOeKLMAMH) €ro OpTa a°=la_| a.

2.26. 3azan Tetpasnp OABC. B Gasuce u3 ‘pebep 04,
OB u OC HaliTh KOOpAHHATH:

a) Bekropa DE, rae D u E —cepeaunni pedep OA u BC;
. 6) Bektopa OF, rae F—TouKa mnepeceueHHsi MeAHAH
ocxoanus ABC. ' ' .

2.27. B Tterpasape OABC wmennana [AL] rpanu ABC

nenutcs Toukoi M B ornomenuu | AM [:| ML| = 3:7. Haiitn
KOOpAMHATH BekTOpa OM. B Gasuce us pebep OA, OB, OC.

2.28. Bue muockoctd -napamnenorpavma ABCD Bssita
‘Touka O. B Gasuce us sexropos 04, OB n OC nafiru KO-
OpAHMHATHI!

a) sekropa OM, rae M —touka nepecedeHus ,zmarona-
neft napassiesiorpamma;

6) sekropa OK, rae K—cepeauna cropoust [AD].
2.29. B tpaneuun ABCD u3BeCTHO OTHOIIEHHE JJIHH OC-

nosauuits | AB|/|CD|=A. Haiitu xoopannatel Bektopa CB
B Gasuce u3 Bextopos AB u AD.
2.30. B Tpeyrompuuke ABC AM=aAB, AN =
= BAC(a, B%0, 1; aps£1), O—Touka a_repeceyeHus (CM)

u (BN). B Gasuce us. BEKTOpOB OM u ON wHaiiTu KOOpAH-
HaTbL

a) ** pektopa AO;

6) BekTopos AB, BC u CA.

2.31. B Ttpeyrosbuuke ABC AK=aAB, BM=BBC,
CF=vCA. Tlyctb P, Q u R—TOUKH NepeceyeHUsi MpsMbIX
(BF) n (CK), (CK) u (AM), (AM) u (BF) coOTBETCTBEHHO.
B Gasuce u3 Bektopos AB u AC HaiiTH KOOPAMHATHl BEKTO-
po AP, BQ u CR.
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2.32. Ian npaBuJbHbI_niaTHyroaennk ABCDE. B Ga-
sHce M3 BEKTOpoB A AB w AE maliTu KOOpAMHATHL

~a) BeKTOpOB AC w AD.

6) Bexropos BC, CD u DE.

2.33. Han tpeyronbunk ABC, AM =*/ AB, AN =*/,AC.
Ilpamas (MN) nepecekaer (BC) B Touke K.

a) Haiitn koopauuatel BekTopa AK B Gasuce H3 BeKTO-
pos AB u AC.

6) Hlokasats, uro Bextophl p=AB~+ KN, q=BC+ NM
u r=CA-+ MK xonnuneaphsl u onpeJleNHTh KO3(duIIeHT
Y B paBeHCTBe p=17q.

2.34. B rerpasppe ABCD M]—Me)wana rpauu BCD
¥ _Q-—uentp macc 5Toit rpann. HaliTn Koop/MHATL BEKTOPOB
DM u AQ B 6asuce AB, AC w AD.

B naavHeiiweM, ecii He oropapuBaeTCsl NPOTHBHOE, BCKTOPHI Npex-
CTaBJ€Hbl CBOMMH KOOpDIHMHATaMH B HCKOTOPOM NpsiMOyroJahHoM 6a3suce.
3anuch a (X, Y, Z) o3HauaeT, YTO KOOPAMHATHl BeKTOpa @ paBnu X, Y
HZ, 1.6 a= Xt+Yj+Zk

2.35. 3anannl BeKTOpH @; (—1, 2, 0),a,(3,1, 1), a4 (2, 0, 1)
Ha=a,—2a;+*/,a;. Bouncauts:
a) |a,| n xoopauHate opTa (@,), BEeKTOpa @;;
P

6) cos(a,, J);

B) KoopauHaty X BekTopa @;

r) np;a.

236 3a11anm ektopul e(—1, 1, ¥,) u a(2, —2, —1).
Y6eautncsi, UTO OHH KOJIIHHEApHBI M HANTH pasJjioikeHHe
BekTOpa @ no Gasucy B = (e).

2.37. Ha nyiockocru sajanbl BeKTopbl e;(—1,2),e(2, 1)
n a(0, yro B=(e,, e,)—06aszuc B MIO-
KecTBe BCeX BeKTOPOB Ha njockoctu. [loctpouts sajanuvie
BEKTOPLI M HA{TH pasjioxelie BeKTOpa @ no Gasicy B.

2.38. Ilokasate, uTO Tpo¥Ka BekTOpoB e,(l, 0, 0),
e;(1, 1, 0) u eg(1, 1, 1) ob6pasyer 6asuc B MHOXECTBE BCeX
BEKTOPOB TIPOCTPAHCTBA. BBIMHCANTL KOOPAMHATHI BeEKTOpa
a=—2i—Fk B 6asuce B =(e,, e,, €;) u HaNUCaTb COOTEETCT-
ByIoUlee pasnoxenue 1o GasHcy.

2.39. 3anausl BekTOpbl @ =2{-+43j, b=—3f/—2R, C ==
=i+ j—*k. Haiitu:

a) KOOpAMHATEL OpTa @,

6) koopauHHaThl BeKTOpa @—'/,b-¢;

B) pasnoxenue Bextopa a--b—2¢ no 6asucy B=(i, J, k);

r) mp; (@—b).
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2.40. Haittu xoopaunarth opta @, ecau a (6,7, —6).

2.41. Haiitu Z (@), econ X (@)=3, Y (@) =—9 i |a] = 12

2.42. Haitii Asiuny M HanpaBJsiolMe KOCHHYCHI BEKTOpa
p=3a—5b+c, eum a=4i+T7j4+3k b=i+2/1k,

=2i—3f—k.

2.43. Haiitn BEKTOp X, KOJ/IHII€aPHLHI BEKTOPY @ =1—2j—
—2k, obpasylomuii ¢ OpToM J OCTPHIH Yrol H HMEHU]
auHy |x}=15.. _

2.44. Haiitn BekTOp X, o6pasyiomlMii CO BCEMH Tpems
6a3UCHLIMH OpTaMH paBHblE OCTpHIE YIVbl, ecau |x|=2)/3.

2.45. Haiitu BexTOp X, oGpasylolui ¢ optom j yroa 60°,
¢ oprom k—yron 120° ecau |x|=5)"2.

2.46. Ilpu kakux 3HaueHMAX o U P BekTOpH @ =—2f -
+ 3j+ak n b=Ppi—6j-+ 2k KoannHeapHHI?

2.47*. HaiiTn BeKTOp X, HanpaB/eHHBIH N0 GHCCEKTpHce
yriaa Mexjay BeKTopamu @ =7i —4j—4kn b=—2{—j1 2k,
eCJiH [x|=5l/6.

2.48. 3apannt Bektopn: a(l, 5, 3), b(6, —4, —2),
¢ (0, —5,7) u d(—20, 27, —35). Tpebyercs nogo6paTh uiic-
Ja a, p u y Tax, 4to6Ll BeKkTOpH aa, Pb, y¢ u d obpaso-
BLIBaJIM 3aMKHYTYIO JIOMAHYIO JIMHHIO, €CJH «HAyajo» Kax-
AOTO -[I0CTIEJlYIOIeT0 BEKTOPAa COBMECTHTb C «KOHLOM» Ipe-
JIBIAYLIErO.

2.49. B Ttetpasape OABC njockHe Yribl TPEeXIPaHHOIO
yraa ¢ BepumHoit O —mnpamete. Touka H—ocHOBaHue mnep-
neujHKyasipa, NpoBefeHHOro U3 BepwiMHbl O K MJIOCKOCTH

rpain ABC. Haiitn koopaunath sektopa OH B Gasuce us
exropos OA, OB 1 OC, ecnn |04 |=a, |0B|=b, |0C|=c.

3. JlekaproBbl NpPAMOYrojbHbie KOOPAMHATHI Touku. MpocTeiimue
3ajauun aHanuTU4eckoil reomerpuu. ToBopAT, uTO B TpexmepnoM npo-
crpaucTne BBejleila dekapmosa npsmoyzoavnan cucmema koopouram {0, B>,
CCJIH 3 aMbI

1) uexoropast Touka O, naspiBaemasi HA4YAAO0M KOOPOUHAN,

2) uekoropulii npsmoyroavuuit 6asuc P = (I, j, k) B MHOKECTBE Beex
FeOMETPUUECKHX BEKTOPOB.

Ocu Ox, Oy u {Oz, npopejienuie uepe3 Touky O B HampasJenuu
Gasucubix opros I, J u R, Ha3bIBAOTCH KOOPOUHAMHOIMU OCAMU CHCTEMDI
koopjmnar <0, B = Oxyz.

Ecan M —nponsBoabliasi TOuKa NPOCTPalCTBa, TO HANpPAaBJENHLL]
otpe3ok OM nasuiBactcs paduyc-sexmopon Ttoukn M. Koopdunamanu
mouku M B cucreme <O, B Ha3bIBAlOTCS KOOPAMWHATHL €€ pajluyC-BeK-

Topa OM Kak reoMeTpHueckoro sektopa B Gasuce 3, T. e.

x(M)= X (OM), y (M)=Y (OM), z2(M)=Z (OM).
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Ecan My (xi, Y1y 21) B My (%3, Yoy 23) —ABe MPOH3BOJIbHBIE TOUKH
B IPOCTPAHCTBE, TO KOOpAHHATH BekTopa MyM;y paBHBL

X=xy—xi, Y=ys—y1, Z=2,—2. 4

Orciola Ha OCHOBaHHH (3) paccTosiHHe MeXJY TOYKAMH BBIPAXKaeTcs
dopmy.Joft

p (Mg My)=| MM | =V (xa— 1)+ (s — 1)+ (2a—21)% .

Ilpu pemeHun 3ajay aHAJHTHUECKOH IeOMETPHH meJecoo6pas3Ho MaK-
CHMaJIBHO HCI0JIb30BaTh METOJbl BEKTOPHOH aJreGphl.

ITpumep 1. 3anaun pepuwnus A (1, 0, —1), B(2, 2, 1) H ToukKa
E(—1; 2 1) nepeceyeHus MeauaH TpeyroabHHKa ABC. Haliti KOOpJH-
HaTel BepuMHH C.
<« Tak KaKk KOOpAWHATH BeplIMHBl A 3ajaHbl, TO ISl BLIYHCIEHHS KO-
opmma-r BeplHHbl C IOCTATOYHO HAWHTH KOOPXHHATH BEKTOPa AC. ycrs

BF —menuana, nposenensad us Bepunnsl B. Torga

AC=2AF=2(BA+BF)=2(Z§+?E> “(5)

(3pécs- Hcnonb30BaH TOT dakT, 4to Toyka E gmenut meamany BF B orHo-
wenun 2:1). Jlanee, u3 ycrouil 3ajaun ¢ nomowbio gopmysst (4) Bbl-

-YMC/IfeM KOODAMHATH BEKTOPOB AB(1, 2,2 n BE(—3, 0, 0), otkyaa
Ha OCHOBaHHH (D) moJyyaeMm AC (—7, 4,-4) 1, HaKOHel[, BHOBb KCROJIb3Y R
¢dopmyay (4), HaXOAHM KOOpIHHATbI TOYKH c: \
x(C)y=x(4)+X (.&:'_)=—-6;
yO) =y (A +Y (AC)=4;
2(0)=z(A)+Z(A0)=

IMycrs Ha mpamo#i ! sapanbt Toukd My, M, u M,' npuuem My7# M,.
PaccMotpum BekTopel MiM u MM,. Tak kak OHH KoJIHHeapHbl, TQ

HalijeTcsl Takoe MeACTBHTeNbHOE YHCIO A, 4T0o MyM =A-MM,. Yucao A
Ha3bIBaeTCA OMHOUWeHYeM; B KOTOPOM TOouKa M JenuT HampaBjeHHBIA

orpe3ok MiM,, npuyem oHO nonomufenbuo, ecan Touka M maxomutcs
BHYTPH OTpeska MMy, otpuuarensio (u A'# —I1), ecan M Haxonmca

BHe M;M,, v paBno O, eciu M= M;.
IMlpumep 2. 3uasn KOOpAHHaTh! TOuek M (xl, Y1, 21) © My (%2, Yp, 29)

¥ OTHOWeHHE A, B KOTOPOM ToUKa M Je/ T HampaB/eHusli oTpe3ok MyM,,
HaHTH KOOpAMHATH TOYKH M.

___ 4 Ilycre O—navano koopaunatr. O6osnadum: OMy=ry, OMz=r,,
OM=r. Tak kak

MiM=r—ri, MMy=ry—r,
TO0
r—ryi=>A(ry—r),
OTKyZa (TaK Kak A % —I1)
' _ ritAr
B
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[Joxyuennas ¢opMysa M AaeT peweHpe 3ajauM B BEKTODHOH (opme.
Ilepexons B sToil. hopmyse K KOOpAMHATaM, NOJAYYHM
_xathy  yi+My, =21'+7¢9
=TTFA 0 YT 5 0 > €
- 2.60. Touka M (1, —5, b) 3aznaHa CBOHMH KOOpAHHATaMK
B JI€KapTOBOH NpAMOYroJbHOR cHcTeMe KoopaHHat <0, B =
= (i, j, k)>. HaliTh KoopaHHATHl STOH TOYKH B CHCTeME
O, B'=(', J'\ k'), ecan:
a) 00'=—=2+j—kuil=ij=J,k=Fk
6) O'=O H i'—_—.—j’ j’:k, k’=i;

8) 00" =) ui' =7 i+)). J' =g =) K =k

(npeaBapyuTebHO y6eAHTbCS, UTO B’ — NPAMOYTOJIbHLI Gasuc).

2.51. Hann Tpu Bepwnnw A (3, —4, 7), B(—5, 3, —2)
n C(1, 2, —3) napannenorpamma ABCD. Haifitn ero uyersep-
TYyI0 BepluHHy D, NpoTHBONOJOXHYIO B.

2.52. Jlanbl JBe CMeXKHble BepLIMHBI IapaJliesorpamMma
A(—2,6), B(2,8) u Touka mnepeceueHHs ero AuaroHaJe
M (2, 2). Haiith nBe Apyrue BepLIMHHL.

2.53. OnpenenuTtbh KOOpAMHATH BEPIUHH TPEYroJbHHKA,
%:J(m 1243B§.CT}151 cepeiuHn ero cropoH: K (2, —4), M(6, 1),

2.54. g—la ocn abcuuce HaNTH Toqxg' M, paccrosiHMe oT
KoTtopo#i no Touku A (3, —3) pasno 5. ‘

2.55. Ha ocu opaunar HaiiTu TOuKy M, paBHOYjaseH-
Hyio ot Touek A (1, —4,7) u B(5, 6, —5).

2.66. [ana BepumHBl TpeyrosbHuka A (3, —I1, 5),
B4, 2, —5) u C(—4, 0, 3). Haiith anuny MeauaHs, mpo-
BelleHHOH M3 BepuUIHHB A. '

2.57. Orpesok ¢ konnamu B Toukax A (3, —2) u B (6, 4)
pasjiesieH Ha Tpu paBHble yacTH. HafiTH KoOpAMHATH TOUEK
JeNeHn . :

2.58. OnpenennTb KOOPAMHATH KOHLOB OTPE3Ka, KOTODHLIH
Toukamu C (2, 0, 2) u D (5, —2, 0) pasaenes Ha TPH paBHLIE
YacTH.

2.59 *. 3anannl Touku A (1, 2, 3), B(2, —2,1),C (3,0, 3)
u D(16, 10, 18). E—rouka mnepeceuenus nmockocth OAB
(O—navano KoopaHHAT) ¢ NPSIMOH, MPOBEAEHHOH yepes TOy-
ky D napaanensno npsumofi (OC). Hafitn koopaunathl
Toukn E. )

2.60 *. 3aganut Touku A (2,5, 2) u B(14,5, 4); C—Touka
nepeceyeHHsl KOOPAMHATHOH miocKocTH Oxy ¢ npsiMO#, mpo-
BeAeHHOH uyepe3 Toyky B napanneipho npsamo# (OA). Haktu
KoOpJAnHHaTH TouKH C.

2
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2.61. aubl ~ BEépwHHb TpeyroabHuka - A(1, —1, =3),
B(2,1, —2)u C (-5, 2, —6). Bbmuc.nmwumﬂy6HcceK'rpncm
ero BHYTPEHHEro yriia MpH BeplHHe A.
<« Haiinem pas/oXeHHe BeKTOpa AE mo 6a3ncy u3 Bexropoa A— u AC.

Iycts e;=AB/| AB| u ey =AC/| AC | —opter BekTopoB AB u AC.

Torza Bektop AE coHampaBleH G BEKTOPOM @=ej-}-€3 (ep. o 3aja-
ueii 2.47), T. e. cynlecTsyer uucio A > 0 Takoe, uro

AE=te =x(m+ﬁ?l—)h M

C ppyroit cTopoHsl, '
AE=AC+CE=AC+uCB=AC+p (AB—AC)=
=pAB+(1—p AC;, p>0. ()

®opmyast (7) . (8) NpeACTAaBJSIOT COGOH ABA PA3NOKEHHSA BEKTOPA

AE no 6asucy u3s BekTopos AB u AC. B cHIy eJHHCIBEHHOCTH pas-
JIOXEHHsI BeKTopa no 6a3ucy .nMeeM

A A )
——=U H ——:.._—-=1—pu (9)
| AB| | AC|
Pewas cucremy (9), naxoium
T T £ T
INACI+1/IAB] | AB|+|AC]
TaK uto ¢opmyaa (7) OpuUHHMaeT BHA
A5 = _IAC|_ AB+ _|AB|_ (10)
|AB| +[ AC| | AB |+ AC|

Ha ycnosp{ﬂ 3ajaud HaXOIUM:
AB(, 2 1) u |AB|=V'6, AC(—6, 3, —3) u |AC|=3VS,

u Ha ocnoBatuu (10) mosayyaem

OTKYJa
AE( %, -jj-,,o) H |E|=%V1—0. >

2.62. Tpeyrombuuk 3ajaH KOOpPAMHAaTAMH CBOHX BepLUMH
A@3, =2, 1), B@3, 1, 5), C(4, 0, 3). Boiuucaurs paccros-
HHe OT HayaJa KOOpJAMHAT [0 TOYKH MepecedeHdss MeAuaH
3TOr0 TPeyroJibHHKa.

2.63. aubi Bepunssl Tpeyroabunka 4 (1, 0, 2), B(1, 2, 2)
u C(5, 4, 6). Touka L penur orpesok AC B oTHowIe-
HUH 9»=1/3, CE]—MenuaHa, npoeefeHHass U3 Bepwuusl C.
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Ha#itu xoopaunathi ToukM M nepeceuennss npamuix (BL)
u (CE). _

4. CxanspHoe npou3BeleHHe BeKTOPOB. CKAAAPHOIM npou3sederuem
HEHYJIEBLIX BEKTOPOB @j M @p HA3LIBAETCH YHCIO

s
(a1, as)=|ajlla,|cos (a1, a,).

Jns cKkanspHOTO mPoM3Belennss Hapsixy ¢ o603HaueHHeM {@i; @y) HCMOb-
syercs TaKye 0GO3HauyeHne A;d,.
FeoMeTpuuecKue CBOACTBA CKAJRPHOTO NPONIBENCHHA:

1) a; ] a; © aja, =0 (yciosue nepnerduxyssprocmu eexmopos);
2) ecan ¢ =(ay, ay), 10
O<<p < /20 a1a; >0

n2< o<n®& aja, < 0.

Anre6panueckie CBOfCTBa CKaJAPIOrO NPOU3BejeHHS!

1) a:a3=a,a;;

2) (May) a;=A(a12,);

3) a (by+b,)=abi+ab,.

Ecau pektophl @y (Xy, Y1, Z1) n a,(Xs; Yo, Z;) npesncrapiensr
€BOMMH KOODAMNATAMH B NPSIMOYTOJBHOM Gasuce, TO CKajAsipHOE MNpPOH3«
BeACHHE paBHO

a0y = XX+ V1Yo +2:2,.

M3 stoit dopmyas; B uacTHOCTH, cjeayeT GopMmysa JAJIsl ONpejeseHus
KOCHHYCa yIJa MeXJy BeKTOpaMH

a,a, - XiXo4-VaYa+Z:Zy
lai]la.| VX1+Y1+21 VX3 +Y2+Zz

2.64. JloxasaTbh CnpaBeNJHBOCTb a/reGpaHYeCKUX CBOHCTB
CKaJisipOro MpOM3BeNeHN.

2.65. |a,|=3, |a,|=4, (al, a,)=2n/3. BoluucauTe:

a) ai=a,a,; 6) (3a,—24,) (a;+ 2a,);

B) (@, + @)

™
cos (ag, az)=

2.66. |a,|=3, |a,|-=5. Onpeneantb, Npu Kakom aHa-.
YEeHHH O BEKTOPH a1+aa, H a;j—oa; OyAyT nepneHiuKy-
JISIPHBI.

2.67. BbI'{HCJIHTb AJIMHY JHaroHajie mapaJijesorpamma,
NOCTPOEHHOrO Ha BEeKTOpax @ =p—3¢q, b= 5p-|-2q, €CJIH

ussectno, yto |p|=2V"2, |gq|=3 u (P e q) = /4.
2.68. OupenenuTb yros MeXAy BeKTOpaMH @ ¥ b, eciu

usBecto, uto (@a—b)*4-(@+42b6)*=20 u |a|=1, |b|=2.
2.69. B tpeyroasuike ABC AB = 3¢, —4e;, —§5=el~ +

<-5e;. BouncauTh AauHy ero Bwicothl CH, eciu . M3BeCTHO,
YTO €; H €;—B3aUMHO TNeEpNeHHKY/spPHLIE OPTHL.
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2,70. Bouncaute npgi, (28—0), ecnn |a|=|b|=1 u
~

(a, b) =120 - _

2,71. UsBecrHo, uto AB=2¢,—6e; u AC = 3e;+ e, rie
e; U e;—B3aHMHO n?neﬂnuxympnble optel. Onpegenuts
yrast tpeyroivhuka ABC.

2,72. Haiith yron, o6pa3oBaHHBIl €AHHHYHBIMH BEKTO-
pamMH e; M e;, eCNH M3BeCTHO, YTO BEKTOpH @ =e;-+ 2e5 H
b=>5e,—4e, nepueHAUKYJISAPHLL.

2.73. Haiitn yron o npu BepuiiHe paBHOGeJpeHHOro Tpe-
yroJibHHKa, 3Has, YTO MeAHaHbl, NpPOBeJeHHble H3 KOHLOB
OCHOBaHHS 3TOTO TPeyroJbHHKa, B3aHMHO MNepPHeHIHKYJIsAPHBI.

2.74. K BepmuHe Ky6a NpHJIOXEHb TPH CHJIBI, paBHbIE
no BeauyuHe.l, 2, 3 H HampaBJieHHble MO JHATOHAJAM Trpa-
Hell KyGa, mpoxopsuM uepe3 3Ty BepuuuHy. Ha#itu Besu-
UYHHY paBHOJAEHCTBYIOWEH 3THX TpeX CHII.

2.75. 3apau npsamoyroapHHK ABCD u BHe ero npousBoJib-
Has Touka M. [lokasatb pasencrso MA -MC=MB-MD.
BoiBects orcioga, uto |MAPR+|MC|P=|MB|*+|MDP.

2.76*, ABCD—paBHoGounas tpanenusi, AB=a—ocHo-
BaHue, AD =b—G6oKoBas CTOPOHA, YroJl. MEXAY AB u AD
paBeH /3. Bbipasuth uepe3 @ u b sexropu DC, CB, AC

u DB.

2.77. 3Has, uto |a|=3, |b|=1, |c|=4u a4+ bt c=
= 0, .BHuHCAUTb ab--bc 4 ca. : E

2.78. Ilauwl .BekTOpH @, (4, —2, —4) u a; (6, —3, 2).
Braucauts: : ,

a) a,a; 6) (2a,—3a,) (@, + 2a,); B) (a;—a,)*

r) |2a;—a;|; &) 1pa,@y; € npady;

X) HanpasJsoOUHe KOCHHYCHE BEKTOPA @]

8) MPa,+a, (@ —2@,); H) cOs(ay, @,). .

2,79. Haubl Toukn A (2, 2) u B/(é. —2). Ha ocu a6cuuce
Ha#TH Takylo Touky M, urobnt AMB =n/2.

2.80. Haiiti J/IHHEI CTOPOH H BEeJIMUYHHH YIJIOB TPeyroJb-
Hnga 1(): sepwnHamu A (—1, —2, 4), B(—4, —2, 0) u C (3,

2.81, lnsi sagaHHBIX BEKTOPOB . @, b, M ¢ BBUHC/IHTD
np. (2a—3b): ‘

a) a=—I+42f+k, 0=31+]+k c=4i+3f;

6) a=1—2/+3k, b=—31+2J—Fk, c=6I-2]+3k.

2.82. Mloka3aTb, 4YTO YeTHIPEXyrOJbHUK C BepIIHHAMH
A(—3,5,6),B(1,—=5,7),C@8, =3, —-l)u D4, 7, —2) —
KBaJpar.
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2.83. Haittu kocunyc yraa ¢ mexay anaronansmu (AC)
u (BD) napaanenorpamMma, eci¥ 3ajaHbl TPH €0 BepIIHHBL
A@1,3), B, 2, —1)u C(-3, 3, =3). ‘

2.84. Buuucants pabory cuanl F=i-+2j+ k npu nepe-
MellEeHHH MaTegua‘.anoﬁ TOYKH M3 noJoxenus A (—I1, 2, 0)
B nosoxenue B (2, 1, 3). ‘

2.85. Maust Bextops a@(l, 1) u b (1, —I). Halitu kocu-
HyC yrja MeXJ1y BEeKTOpaMH X H J, VIOBJETBOP SIOWUMH
cHcTeMe ypaBHeHHH 2x+y=a, Xx+2y=>.

2.86. Bektopn @, b M ¢ uMelOT paBHHE JNHHH M o6pa-
3yloT monapHo paBHule yruiel. Haiith koopansaTH BekTOpa C,
et a=i+J, b=j+k.

4 Ecmn e =X1-+Yj-+Zk, 10 H3 ycnOBHA sajiauH CHEAYET, YTO BEKTOp €
YAOBJIETBOpSIET CUCTEME ypaBHEHHH
ca=X+4Y=ab=1,
cb=Y+Z=ab=1,
leP=X*4Vit22=|al=|b =2

Pemas sty cucreMy, HaxomuM X{=—1/3, Yi=4/3;, Zj=—1/3 uan
Xg=1, Yg=0, Z,=1. »

2.87. Jlyun [0A), [0OB) u [OC) obpasyior monapHo pas-
Hble yriabl BejquudHb 7/3. Hafitu yron mexny GuccekTpHCamMu
yrnoe /AOB u /BOC.

2.88. Haiitu KoopAauHAaTH BEKTOpPa X, KOJJIHHEAPHOIO
BeKTOpY @ (2, 1, —1) M yAOBJETBOPSIOUIErO YCAOBHIO X = 3.

2.89. BekTop X nepneHAHKyJsipeH BeKTOpaM a; (2, 3, —1)
u a, (1, —2, 3) u ynosnerBopsieT ycJaoBHIO X (2] —j- k)=
= —6. HaliTh koopauHaTth X.

Ecax 3afaH HEKOTOpHI BEeKTOp €, TO OPMOZOKAAbHOU cocrmasisrowed
NpOH3BOJILHOTO BEKTOPa @ 60046 66KMOpa € HASHIBAaeTCH TaKOH BeKTOp a,,
KOTOpHI KOJJIMHeapeH e, NpHYEM pas3HOCTb Q—@, TNepPNEeHXHKYAfpHA
BEKTOPY e.

AHanoruuuo 0pmozoHasbHOl cocmasanioweli BEKTOpa @ 6 naockocmu P

nasbiBaeTcsi BCKTOP @p, KOMIIAHAPHbIA NJIOCKOCTH P, npHYeM pasHOCTb
a—Q@p NepneHiMKyapHA 3TOH MJIOCKOCTH.

2.90. Ins Bektopa a (—!1, 2, 1) HafiTH OPTOroHaJILHYIO
-COCTaBJAIOLLYI0 BIOJL 6asHCHOro opTa J M OPTOrOHaJbHYIO
COCTaBJIfIOULYIO B TIJIOCKOCTH BeKTOpoB I M K.

2.91. 3anane Bektophl e (1, 1, 1) u 2 (—1, 2, 1). Hafitn:

2) OPTOrOHaJIbHYIO COCTAaBJIAIIYI0 BEKTOPA @ BJOJb BeK-
TOpa e;

6}) OPTOTOHANBHYIO COCTaBJIAIONLYI0O BEKTOpPa @& B IIOCKO-
CTH P, NEPNeHAHKYJIAPHOA BEKTOpY e.



2.92, 3ajaHpl BepiuMHBL TpeyrospHHka A (—1, —2, 4),
B(—4, —1, 2) u C(—5, 6, —4); [BD]—ero BeicoTa, npo-
" peJleHHas yepes BepiuuHy B. Hafitm koopaunater Touku D.

2.93*, 3ananb BexkTOpH e, (I, =2, 0), e;(1, 1, 1) u
a(—2, 0, 1). Hafitu opTorona/bHyi0 COCTaBJSIOLLYIO @e,, o;
: BEKTOpa @ B IJIOCKOCTH BEKTOPOB
e, U e;.

Ecnu Gasuc B =(ej; eq es)— mps-
MOYTOMbHBI, TO KOOPAUHATH NpPOH3BOJIb-
HOTO BeKTOpa a=Xje;-X,e;-+ Xges B
9TOM Oasuce MOTyT OBITh BBHIYHCJIEHBI IO
¢opmyae

Xi=ae;, i=1,2,8. (49))
. B wacruoctu, gopmynaa (11) nossoxser
JIEFKO HAaHTH CBA3b MEXAY KOOpAMHATAMH OLHOLO M TOTO JK& BCKTOpA B
pas/JMuHBIX NPSMOYIONbHHX 6a3Hcax.

IIpumep 3. Ilycts Gasuc B’ = (', j') nonyuen u3 6asuca L =
= (I, f) noBopoToM nocJjefHero BOKpyr Touku O Ha yroa ¢ (¢ > 0, eciu
NoBOpOT Npou3BeJeH NMPOTHB 4acoBoil cTpesku, ¢ < 0 B mpoTHBHOM ciy-
yae) (puo. 4). YCTaHOBHTB CBf3b MeXAY KOOPIHHATAMH BeKTopa @ B
Gasucax B u B’.

4 [lycrs a=Xi-}Yj. Torna

X' =al’ = X' +Yji',
Y'=aj = Xij' +Yjj'.

C npyrofi cTopoHBI; HMeeM:

Puc. 4

(12

{i' =cos @; ji*=cos (—%-—(p):—sln P
ij’ =cos (-’21-|-cp)=smcp, JJ' =cos @.-

Iosromy GopMyJibl mpeoGpa3oBaHHsi KOOpAHHAT (12) MpUHMMAOT BHJ
X=X cos p—Y sin g,
Y/ =Xsln ¢4-Y cos p. P

.2.94. BeBectn dopmyssl npeoGpa3oBaHHA KOOPAHHAT TO-
yeK T[JOCKOCTH TMpPH [MepexoAe OT CHCTeMbI KOOpAHHAT
<0, B=(1, f)> x cucreme <O’, B’ = (i’, J')>, ecau 00" = x,i +
4+ y.J, a 6asuc B’ nosyuen u3z Gasuca P MosBOpoToM Ha
yroa ¢ BOkpyr Toukd O.

2,95, Hanucatb ¢opmyasl npeo6pa3oBaHHUs  KOOpAMHAT
BEKTOPOB NpH nepexone ot Gasuca B = (i, J, k) K OGasucy
B' =, J, k), ecnu

i =cosq@-i+sing-f, J =-—sing-i+cosq-J, k' =—k.

2.96, B npamoyronbHom Gasuce B=(i, j, k) BekTop @
HMeeT pasJioxeHue @ =—2i-+ J—k. Ybeaurbcs, yTo TpoiiKa
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BEKTOPOB

_ij V'Qj V'—'k B = — j+

Vz

TaKXke o6pasyeT MNpAMOYTOJbHBIH Gasuc %’—(i’,j", k), u
HalTH B 3TOM 6azHuce KOOPJIMHATE BEKTOpA @.

2.97. Tlposeputb, 4to Tpofika BeKTopoB e, (1, —2, 0),
e, (0,1, 1) u e,(1, 2,2) obpasyer (KOCOYroJibHbI) 6a3uc.
Bmpamxb CKAJISIPHOE MPOW3BENEHHE BEKTOPOB @y, &, qepes
HX KOOPAMHATLI B 3TOM Gasuce, ecJiu

=X{Ve, + XiVe,+ X" e, n a,=X{Ve,+ X{Pe,+ X{Pe,.

5. Bekropiioe npousselneHne BeKTOpoa. YMOpsJOUeHHAn TpOWKa He-
KOMNJIAapHLIX BCKTOPOB €y, €9, €3 HA3LIBAGTCA Npasod, eclu Hal/ioAa-
TCJIO, HAXOAAIWICMYCH BHYTPH TeJIeCHOrO Yryia, OGpas’oBaHHOTO 3THMH
BCKTOpAM4, KpaTyaifiuue MOBOPOTHl OT €5 K €; U OT €3 K €3 KaXyTcs
MPOUCXOJALUMMA MPOTHB 4acOBOH crpeskd. B mpoTnBHOM ciyyae Tpoiika
(e1, e, e3) HasnizaeTCs /6604 .

Bexmopuoim npoussedenues BEKTOpa @y Ha BEKTOp (s HAa3bBIBACTCH
BEKTOp, ofo3uauacMmuiil cumMBoJIOM [@y, @g] (MM @y X @,), ompepessemblii
CJICAYIOWHMH TpeMsl YCJOBHSAMH:

1) amuna Bektopa [ay, @] paBHa MOWlafM NapaJjiesorpaMma, NocTpo-

T~
CIIHOTO Na DBeKTOpax @y M ds, T. €. |[ay, a3]|=|ay|- | as|'sin (ay, as);
2) BekTop [a@;, @] mepmeHAUKYJAPEH MJOCKOCTH BEKTODOB @f M @y}
3) ymnopsjoucuuas Tpofika @y, @z, [aj, a,] mpasas.
3 ompejiesicHHsT BEKTOPHOrO MPOM3BEJICHHA CJIefyeT, YTO
a1||a2 (=4 [a(, agl =0.
AnreGpanueckie CBOHCTBa BEKTOPHOrO MpPOH3BEJEHHS:
1) [alr a2]=""[a2a al]‘
g; [Aay, az]=4lay, al;
la,--a,, b]—lal. b]+[a., b].
Ecinu ay (Xy, Yy, Z)) v as (X2, Yo, Zy) —BeKTOpH, 33a1aHHLIE CBOMMH

KOOP/MIIATAMH B IIPaBOM MpPAMOYTOJbHOM 0a3uce, TO pa3JoKeHHe BEKTOD-
HOTO npoussejiends [@y, @,] B TOM Xc Gasuce uMeeT BHJ

[ay, ax)=(Y1Zs—2,Ys) 14-(ZiXo—X1Z5) ]+ (XY — V1 Xo) B,
WM, B CUMBOJHUCCKOf 3aMUCH (C HCNOJAb30BaliveM MOHATHA ONpefeH-
Teas 3-ro nopsijika; cM. § 1 . 3)

[ 2 Y ]
[a;, ax]=| X\ Y1 Zy]. (13)
Xy, Y, 2,

7~
2.98. |a,|==1, |a,|==2 u (a,, a,) == 27/3. BpluucauThb:
a) @, @]l 0) |[2a,4-a, a,+2a,]];
B) |[a,+3a,, 3a,—a,]|.
2.99. KakoMmy ycJoBHio LOJIKIBI YACBISTBOPATH BEKTOPH @,
H @, 4oLl BEKTOPH @, --@, H @, — @, GLUIH KOJIHHeAPHBI?

3 Iloa pea. A. B. Edunona, B. I1. Jlemugonuua 65



2.100. YnpocTHTb BBIpaXeHHs:

a) [i, J+ Rk —[j, i+ k] +[k i+j+ k]

6) [@a+b+c, c]l+[a+b+c, b)+[b—c, a],

B) [2a+b, c—a]+[b+c, a+b],

r) 2i[J, k)4 3j[i, k] + 4k [i, J).

2.101. [dokasatb, ut0 [@—b, @+ b]=2[a, b] u BoIIC-
HUTb TeOMETPHYECKHH CMBICJ 3TOTO TOXKJECTBA. |

2.102. [a|=|b|=5, (af\b)=n/4. Bemucaute  nio-
maAb TpeyroJbHHKA, MOCTPOEHHOro Ha BeKTcpax @—2b u
3a+2b.

2.103. BexTtophl @, & U ¢ cBsisaHBI yCJIOBUEM @ -+ b |- ¢ =
= 0. [okasate, uto [a, b]=[b, c]-———E’c, a]. Kakos reomer-
pPHYECKHi CMBICJ 3TOrO pe3ysbTaTta?

2.104. JdoxasaTb, 4yTO NpH JMoOLIX BEKTOpax @, p, q U r
BekTOpH [@, p], [@, q] u [a, r] KoMnNaHapHLL

2.105. |a]|=2, |b|=5, (a/,7))=n/6. Buipasuth uyepes
BeKTOPbl @ W O eIMHHYHbIA BEKTOp €, TepHeH/lKY/IsSpHbI
BeKTOpaM @ H b u Takoi, 4rto:

a) tpoiika (@, b, ¢,) npanas;

6) tpoiika (b, ¢,, @) nesasl.

2.106. 3azaunt Bektopnl a, (3, —1, 2) u a,(1, 2, —1).
Haiirn KoopauHaTBl BEKTODPOB:

a) [ay, a,]; ©) [2a,+a,, a,]; B) [2a,—a,, 2a,-a,].

2.107. BoluscauTe miowajsb TREYTOJbHHKA € BeplUiHAMI
AQ,1,1), B2, 3,49 uC@4,3, 2.

2.108. B TpeyroabHuke ¢ sepuunamu A (1, —1, 2), B (5,
—6, 2) u C (1, 3, —1) Haitn BBICOTY A =|BD]|.

2.109. Onpenenntb, Npu KakuX 2HaueHHsix o H f Bektop
ai+-3j+ Bk Oyrer KoanuHeapeH BekTopy [a, b], ecan
a3, —I1, 1), b(1, 2, 0).

2.110. Hns sanauiieix BekTOopoB @ (2, 0, 3), b(—3, 5, 4),
¢ (3, 4, —1) BbuHcaHTL NMpOeKUHIO BeKTOpa [a@, b] Ha Bek-
Top (a, b)c.

2.111. Ona s3ananHbX BekTtopoB @ (2, 1, —1), b (1, 2, 1),
c(2, —1,3), d(3, —1, 2) BbHUHCAUTL TNPOEKLHIO BEKTOPA
a-+c na Bextop [b—d, c].

2.112. Haiitn pextop [a, a-+b]-+|a, [a, b]], ecm
a2, 1, =3),s, -1

2,113. Haitru Bexktop [AB+ AC, [BC, AB]], ecin A (2,
2,3), B(1, 0, 4), C(2, 3, 5).

2.114. Tpu HeHyJeBHIX BeKTOpa @, b M ¢ CBf3aHBI COOT-
Howenusmu a=[b, c¢], b=[c, al, ¢=[a; b]. Hafitn amunb
3THX BEKTOPOB H YIVIBl MEXIY HHMH.
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2.115. Cuna F=2i—4j - 5k npunoxena K touke A (4,
—2, 3). Onpegeante MOMEHT 3TOH CHJIBI OTHOCHTEJBHO, TOUK !
03, 2, —1). '

2.116. Hansl Tpu cuae: F, (2, —1, —3), F,(3, 2, —1)
u F,(—4, 1, 3), npunoxensrole x touke A (—1, 4, 2). Ornipe-
Je/IUTh BeJIMYHHY M HanpapJsiolulye KOCHHYChl MOMEHTa PaBHO-
JeficTByIolIel 5THX cHJ oTHOcuTenbHO ToukH O (2, 3, —1).

2.117. Bpluucsuth MJOMAAb NapaliiesiorpaMma, AHaroHa-
JIMH KOTOPOTO CJYXKaT BeKTOph 2e,—e; U 4e;—b5e,, riac

7~

e, U e,—eInUHUYHBIE BEKTOpH H (e, €,) =mn/4.

2.118. HafiTn xoopauHATH BEKTOpa X, €CJIH H3BECTHO,
YTO OH TNEpNeHAHKYNApeH BexTopaMm &, (4, —2, —3) u a, (0,
1, 3), obpaayer ¢ optom j Tynmo# yron H | x|=26.

2.119. Haiitn xoopAHHATBl BEeKTOpa X, €CJH OH TepreH-
JAMKYyJIsipeH BekTOpam &, (2, —3, 1) u a, (1, —2, 3), a Takxe
yIOBJIETBOPSsieT yCaoBHIO X ({4 2f—7Tk)=10.

2.120. ITpu KakMX yCJIOBHAX ypaBHeHHe @, = [a,, X] uneer
pelerne OTHOCHTeNbHO X? CKOJIBKO CYIIECTBYET pelleHHuii?

2.121. Haiitu coctapasiowyio Bekropa a(—1, 2, 0), nep-
NeHAHKYJIAPHYIO MJOCKOCTH BexktopoB e;(l, 0, 1) u e,(l,
, 1).

.122. Kak uamenutcs Bbipaxkenue (13), ecaiu koopauHath
BeKTOPOB 33JaThb B JIEBOM NpsIMOyroJbHoM Gasuce? byzer mu
BepHa 3Ta GopMyJia B ciayuyae KOCOyroJpHoro Gasuca?

2.123*, BekTop [a, [b, c]] HasbiBaeTcs Osotinoim Gexmop-
HoLmM  npoussedeHuem 3aJaHHBIX BekTOpoB. JlokasaTh, uTO
CrpaBel/IUBO PaBEHCTBO

[a, 16, ]l =b (@, )—c(a. b).

6. CmewanHoe npousseleHHe BeKTopoB. CmewanHoim npoussedenucn
yuopsoueHHoil TPOHKH BEKTOPOB @Ag, Gy, @3 HAa3bIBAeTCA YHCJIO [ag, A3] A3.
T'eomeTpHuecKHe CBOHCTBA CMELIAHHOTO NPOH3Be/IeHHS: _

1) ecan V—o6bem napaJieseninesa, NOCTPOEHHOTO Ha BeKTOpax dj,
a; u as, TO
lay, az] as= {

V, ecin Tpoiika (aji, @z, as) mparasd,
—V, ecau Tpofika (ajy, as, as) nesas;

2) ajs Toro utoGLl TPH BEKTOpa @y, Ap; A3 ObLIH KOMNJAHAPHLI,
Heo6X0AMMO M JOCTAaTOYHO BLINOJHEHHe YCJoBHA [ay, @»] @g=0.

OcHoBHOe a/reGpanyeckoe CBOHCTBO CMELIAHHOTO IPOH3BeJEHHS CO-
CTOMT B TOM, YTO IIMKJHYECKasi TepeCTaHOBKAa BEKTOPOB He MEHSET ero
DeJMYHHDBI, T. €.

[ai, a;] az=la;, as] ai=[as, ai]a,.
310 cBOHCTBO MO3BOASET BBECTH OGO3Hauenue [aj, a,] as=a,a,a; (pe-

3yJbTAT HE 3aBHCHT OT TOro, KaK pPacCTaBHTb KBaJpaTHble CKOOGKH B Mpa-
BOH yactu). CMelIaHHOEe NMpOM3BeJeHHe dYepe3 KOOPAMHATHL BEKTOPOB B
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npasoM MPSMOYTOAbHOM asice 3aMHCHBaeTcs B BUAE
X1 Y1 24
X, Yy 2,
X3 Yy Zs

a1a0:a3=

.

2.124, BexTtopH @y, @;, @; 06pasyoT npaByl TPOMKY,
B3aHMHO NEPNeHAMKYJspHH U |@,|=4, |a,|=2, |a;|=3.
Briuucants @,a,as.

2.125, Bektopn @, b, ¢ o06pa3ywr JeBylo TpOHKY,

T
al=1, |b|=2, |c|=3 un (a,0)=30° cla, cLb.
aiitn abc. ’

2.126. 3amanbl BekTOpH @4 (l, —1, 3), a,(—2, 2, 1) u
a; (3, —2, 5). Buiuncauts a,a,a,. KakoBa opneHTaunus Tpoek:

a) (a,, a,, a,); 6) (a,, a,, as); B) (a,, a,, a,)?

2,127, YcTaHOBUTb, 0GpasyioT JI1 BEKTOPH @, @, U G,
6a3uc B MHOXECTBE BCEX BEKTOPOB, €CJIH:

a) a, (2, 3, —1), a,(1, —1, 3), a,(1, 9, —11);

6) a,(3, —2, ), a,(2, 1, 2), a;(3, —1, —2).

2.128. JloxasaThb, uTo |@,a.a;|<<|a@||a,|]|a;|; B kKaxom
c/yyae HMeeT MeCTO 3HAK pPaBEHCTBA?

2.129. Hoxasatb, uto npu mobbix @&, b u ¢ BEeKTOpPH
a—b, b—c n ¢c—a Komnaanapusl. KakoB reomeTpuyecKnh
CMBICJT 3TOTO (pakTa?

:2,130. Joxasath TOXAECTBO

@+b+c) (@—2b+2c) (da-+b-+5¢) = 0.

2.131. Iokasarb, yto ecau o [a, ] -Hﬁ%b, cl-+vle a] =
= 0, npuuem xoTs Obl OAHO M3 yHCed o, f M y.OTJIHYIO OT
HYJIf, TO BEKTOpH @&, b H € KOMIJIaHapHLI.

2.132, Buiuncantb o6neM Terpasppa OABC, ecau OA =
= 3i+4f, OB=—3]+k, OC=2j-5k.

2.133. Bpluncanth o6beM TeTpasapa ¢ BepLIMHAMH B TOY-
Kax A (2, —3,5), B(0, 2, 1), C(—2, —2, 3) u D (3, 2, 4).

2.134. B -terpasape c¢ Bepwmnamu B toukax A (1, 1, 1),
B(2,0,2,C2 22 nD@3, 4, —3) BHUACAUTL BHCOTY
h=|DE). o

2.135. IlpoBepHTb, KOMNJIAHAPHH JIH JAHHLIE BEKTODHI:

ay a=—2+j+k, b=i—2j+ 3k, ¢c=14i—13]+TF;

6) a=2i+j—3k, b=3i—2j+ 2k, c=i—4]+k.

. 2,136, I'lpn kaxom A BexkTOpHl @, b, ¢ OYAYT KOMILIa-
HapHBI? :

a) a(}"y 31 l)v b(5’ —1, 2)1 C(—l, 5’ 4);

6) a(l, 22, 1), b(1, A, 0), ¢ (0, A, 1).
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2.137. Ilokasats, ‘uto uetnipe Toukn A (1, 2, —l1),
B0, 1,5), C(—1, 2, 1) u D(2, 1, 3) nexar B oguoit nJo-
CKOCTH.

2.138. Hafitn xoopauHaTl ueTBepTOM BepuIMHBL TeTpa-
anpa ABCD, ecnn ussectHo, 4TO OHa JexuT Ha ocu. Oy, a
o0beM Terpasipa paBeH v _

a). A(—1, 10, 0), B(0, 5, 2); C (6, 32, 2), v=29;

6) A0, 1, 1), B4, 3, =3), C(2, —1, 1), v=2.

2.139. Jlokasatb, 4TO 06beM MapaJiiesenunesa, nocTpo-
€HHOro Ha JAHaroHA/JAX rpaHell NaHHOrO MapaJiyeNenunesa,
papeH yABOEHHOMY O0BeMY JAHHOrO MapaJiiesenunesna.

2.140. loxasaTh ToOX/ecTBa:

“a) (@-+6) b (a+b)=—abc;

6) (a—b)(@a—b—c) (@+ 20—c) =3abc;

'B) (@-+b) (b+¢)(c+a)=2abc;

r) Ve, B (ab (c + aa + Bb) =abc).

§ 2. JluneiiHbie reomMeTpUYEcKHe 0GHEKTbI

1. Mpamas wa miockocTu. “{Ipsimass Ha nUIOCKOCTH B JicKapTOBOR
npAMOYTO/IbHOM CHCTeMe. KOOpAHHAT Oxy MOXKeT GbiTh 3ajaHa ypaBHeHHeM
OJIHOTO W3 CJIeAYIOUHX BHAOB. . R

1) Ax+ By-+C=0—o06wee ypastenue npsMoii; )

2) A (x—xo)+B (y—y,) =0— ypaBuenue npamoii, npoxoxnuieil uepes
Touky My (%9, yo) mepnennuKyAAPHO HOpmasbHomy BeRTOpY f (A, B);

X—x —
3) 7 0 —_ Y m!/o
My (x9, Yo) mapannensno Hanpasrsrowesy sexmopy q (I, m) (kanoruuecxoe

ypasHenue npsaMoii);

— ypaBHeHue NpsIMOl, MPOXOLsAUmEH uepes TOUKyY

4) { ;z;CO:{{_Z’t te(—oo,A+w).—napametnpuuecxue YPasHeHUA
=Yo1 ’
npAMOii, KOTOpbie. B BEKTOPHOH ¢opMe HUMEeT BUA

r=ry+qt,

rne ro (Xos yo) — panuyc-vexrop Touku M, (xq, yo). q (!, m)—nanpasnasio-
LMK BEKTOP MPAMOI; )

b) —Z——[—%—:l—ypanne}me’ npfAMoit 6 ompa3kax, rie a 4 b—BeJIM-.

YHHBI HAMPABJIEHHBIX OTPE3KOB, OTCEKAEGMBIX MPAMOM HA KOOPAMHATHLIX
ocsix Ox u Oy COOTBETCTBEHHO;

6) xcos a-ty.cos p—p=0—nopmaroroe ypasrenue upsaMoR, rie
cOS o M €OS §— HANMpaBJAIOMIHE KOCHHYCH HOPMAJbHOrO BEKTOpa f, Ha-
NIPaBJIEHHOTO M3 Hayala KOOPIWHAT ‘B CTOPOHY mpaAMoOH, a p > 0—pac-
CTOfIHHE OT Hayaja KOOPJAHHAT A0 MpAMOi.

O6wee ypapHeuxe 1) NmpuBOAMTCA K HOpMaabHOMy BuAY 6) myrtem
YMHOXEHHS Ha HOPMHPYIOWME MHOXKHTEIb '

sgn C

| = —
3 VA’—Q—B’
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Econ npamasi L 3anana ypaBHennem Buja 6);, a M (x, y)—nekortopas
TOYKa MJOCKOCTH, TO BHIpaXKeHHE

S(M, Ly=xcosa-+tycosf—p

3anaer omxaoHenue moukit M om npamod L. 3nak & (M, L), yxa-
SbIBa€T Ha B3aHMMHOe pacloJioKeHue TOUKH M, npsMoil L 1 Hauaaa Koop-
AMIAT, a HMEHHO: eCJM TOuKa M M Hauyasno KOOPAMHAT JIeXaT Mo pasHble
cTopoubl or npsmoit L, to § (M, L) > 0, a eciu M u Hayalo KCOpAMHAT
HAXOAATCH MO OAHY CTOPOHY OT mpsmoit L, To 8 (M, 1) < 0. Paccroauie
p{M, L) or touku M 5o npamoit L onpejeansiercss pasenctsoM p (M, L) =
=]6(M, L)|. .

[Tpumep 1. Hanucate ypaBnenue mpsivoii L', napajiensHoil AByM

3aiaHHEM npaMuiM Ly x-+2y—1=0, La: x+42y-+2=0 u npoxoasiucit
nocepeinHe MeXAY HHMH.
4 -1 meToa. Tak Kak Bektop 7 (1, 2), HOpMasBHBI K 3afaHlbIM T1psi-
MLIM Ly U Lo, sIBAsIETCS B TO X<e BpeMsi HOpPMaJbHBIM M K npsamoi L',
TO JOCTATOYHO HAWTH KaKylo-HHOYAb TOukKy M’, jexawmylo mocepeue
woay Ly v Ly,. W3 ypasHenuit ana Ly n Ly Haxoaum mo6Gbie ABe TOUKH
M{€Li 1 My€L,, nanpumep Ttakue: My (1, 0) u M, (—2, 0). Toraa
Touka M’ (—1/2, 0), menswas orpe3ok MiM, nomosam, JeXuT nocepe-
nune Mexjly Li n L,. Ilostomy ypaBHenue npsimoit L/ umeer Buja

L x—[—2y—|——é—=0.

2-it metox. Ilponssosabnas Touka M npuHajnexut L’ B TOM u TOALKO
B TOM cayuae, Korjaa p (M, L)=p (M, Ly), 1. e.

16 eM, Ly)|=]|6(M, Ly)|. Q)]

Jlng TOro 4to6El CHATH MOAYJIH B STOM COOTHOLIEHUH, YCTalOBUM MOJ0-
JKeHHe Haua/Jla KOOpPAMHAT OTHOCHTEJNbHO 3aJlaHHbIX NPAMbBIX Ll n L,.
HOpMaJleb]e YpaBHEHHS 3THX NPAMLIX TAKOBLI:

La: 1 -t 2 y— 1 | . 2 y 2
YYVsE T TVEVE Vs V5 V5
Tak Kak HopMasn rni W 12, u3 ToukH O B cropouy Lji u L, npoTupono-

JIOXKIIO HampaBJeHb, To Touka O HaxXoAWTcs B mojJoce Mexay Lj W L,.
[Mostomy -coornowennc (1) npunumaer Bup O (M, L1) =0 (M, L),

=0u Ly — =0,

HH
1 2 1 1 2 2

Vs Vs Vs Vs V' Vs

T.e. L”: x—|-2y-|--é—=0. >

B sanauax 2.141 —2.143 tpeGyerca:

1) nanucath ypaBuenue NpsMOH, MPHBECTH €ro K obuemy
BHAY M MOCTPOHTb NPAMYIO;

2) npuBecTH O0llee ypaBHEHHE K HOPMAaJbHOMY BHAY H
yKasaTb pPacCTOsiHHe OT Hayaja KOOPAHHAT 10 MPAMOH.

2.141. Ilpsman L sapana Toukodt M, (xy y,) €L u nop-
ManbubeiM BekTOpom 1t (A, B): :
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a) M,(—1, 2), n(2, 2); 6) M,(2, I® n(2, 0);
B)M(l D), n(2, —1).
2.142, Tlpsmas L 3amana Toukoii M, (x,, y,) € L u Hanpas-
JIsioIMM BeKTOpOoM g (I, m):
a) My(—1,2), q(3, —1); 6) My(1, 1), (0, —1);
B) My(—1, 1), ¢(2, 0).
2. 143 [psimas L 3apana asyms cBOUMH Toukamu M, (¥y, ;)
H M (xz’ Ys):
M, (1, 2), M(—l 0); 6) M, (1, 1), M;(1, —2);
"B) M (2, 2), M, (0,
2. 144 3ajaubl npmvlaﬂ L n touka M. TpeGyercs:
1) BuluncauTh paccrosiuue p (M, L) or Toukn M po nps-
Mol L;
2)f nanucatb ypaBHeHHe npsmMoli L', mpoxoasumedi uepes
toufy M mNepueHiMKyJspHO 3alaHHO NpaMol L;
3) HanucaTh ypaBHeHHe npsiMofi L”, mpoxoxsiuell uepes
ToyKky M napannenbHO 3alaHHOH npsmoi L.
HMcexogubie ganuble:
a) L: —2x+4y—1=0, M(—1, 2);
6) Li 2y+1=0, M(1, 0),
B) Li x+y+1=0, M(0, —1).
Iycte 3amannt Ase mpaMue Lj u L,. BosMoxiol npa ciyuas ux
DB3aHMHOI'0 PacrnoJiOKeHus:

1) Ly u Ly,—napannenbHble MpsiMLle, B YaCTHOCTH OHH COBMajaloT;
2) Ly u L, nepecekaiorcs.

B sagauvax 2.145—2.149 wuccienoBaTh B3aMMHOe pacro-
JioXKeHHe 3alaHHblX npsmblXx L, u L,. Ilpu 3toM B cayuae 1)
Haéith paccrosinue p (L;, L,) Mexxay npsAMBIMH, a B cayyae 2) —

N

kocunyc yraa (L, L,) u Touky M, nepeceuelinsi npsiMbIX.
2.145. L;; —2x+y—1=0, L,: 2y4-1=0,

x—1 oy Cx+2
2.146. L;: — == Ly ===,
2.147. L x+y—1=0, L;: 2x——2y+1=0,

2.148. Ly x+y—1=0, Ly 3 yf;

2.149. L: —x+2y+1=0, L;: 2x—4y—2=0.

2.150. Tpeyroabuux ABC /sajaH  KOOPIHHATAMH CBOMX
Bepwnn. Tpebyercs:

1) nanucate ypasuenue croponnl (AB);

2) HanucaTh ypapuenue BHICOTH (CD) n BBHIMHCIHTL ee
ATHHY h—[CD|

3) HaliTH Yros ¢ MeAy BLICOTOH (CD) u Meauasoi (BM);

4) HamucaTb ypaBHeHus OucceKTpul L; u L, BHyTpeHHero
H BHELIHEro yIIoB MpH BepLIHHe A.
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-Hcxonubie nanHLI®

a) A(1,.2), B(2, —2), C(6, 1);

6) A(2, —2), B, 1), C(—2, 0).

2,151, Ilokasate, uto Touka M (—1, 2) npuHamnexur
npsamoit L; x=2¢f, y=—1—6¢f. Hafitu coorseTcTBYyIOLIEE
9TOH TOYKE 3HayeHHe mnapameTpa f.

2,152, Bobuncaute paccrosiuue ot touxu M (1, 1) o npsa-
Mo#t L: x=—1-42¢, y=2+1.

Ecan npsamas sanana o6uum ypasnenneM Ax+4By--C=0 u npu
sToM B # 0 (1. e. npamMas He mapaagenssa ocu Oy), TO 3Ta npAMag
MO)’lz(eT ObITh ONNUCARA YPABHEHUEM C Yy2A0BoiM KOSp(uyuenmOoM BUjA Yy =
= x+

Mpwmep 2. Hanncars ypabrenne npamoii L', npoxoasuei qepea‘
Touky M (2, 1) nop yraom -m/4 K npamoit L: 2x4-3y+4=0.

4 YrioM Mexny npambMi L n L’ HaspiBaercl HaMMeHbLIMH H3 JABYX
cmemnux yraoB, o06pa3cBaHHLIX _9TMMH  npsaMbiMa. Tlosromy (cm.
sapauy 2.156) ) )

tg (L5, L) = m =1,

rAe k—yraosoii kos(duunent npamoit L’. M3 sToro ypasnenns maxoaum
ky=1/5, ky=—b5. CnepoBatenbHo, 3alaua umeer ABa pewenns. Mcnoas-
3ys KOODAMHATH TOYKM M, MBI -MOMeEM 3anucaTh A8 KaxKjioro caywuas
ypaBHCHHE C YTJIOBBIM Kompnbuunemom

1 3
_ y=gx+g, y=—5x+1],
HJAH B ofuieM BHJe
x—by+3=0, S5x+y—11=0. p

2.153. Hanucatb ypaBHeHue mpsMoil, NpOXojsuiell yepes
Touky M, (2, 4) u orcrosueit ot Touku A (0, 3) Ha paccros-
uue p=1.

2.154. Hanucate ypaBHenue npsamoi, npoxoasiuei yepes
touky M,y(1, 2) u ymanennoit or Toukn A(—2, —5) Basoe
HaJjbuie, yem OT Toukd B (1, 8).

2.155. Hanucatp ypaBuenue mnpsmoi, npoxoasued Ha
paccrosnun V10 or Touknm A (5, 4) nepneHIHKYJIAPHO Nps-
Mol 2x -+ 6y—3=0

2.156. lloxasatb, uTO ecau npsamble L; u L, 3ajansl
YPaBHEHHSIMH C YTJIOBLIM KO3((pHUHEHTOM, TO

2 —Ri
tg (Ly, Ly) = m,

2.1567. M3 Toukn M (5, 4) BBIXOAMT J1y4 CBeTa Moj yrJjom
¢p=arctg 2 Kk ocu Ox m orpaxaerca oT Hee. Hanucatp
ypaBHEHHs] MaAAOWEro H OTPAXKEHHOro JydeH.
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2.158. Halitn ypaBHeHue npsMo#, oTcexkaiomed Ha ocH
abcuycc OT Hayasla KOOPAMHAT OTPE3OK IJIMHBL 2'H oGpasyo-
wei ¢ npsamoit 2x—y+3=0 yron 45°.

2.159. B ypaBHenun npsamo# 4x +Aiy—20=0 noyo6pathb
A TaK, 4TOOGH YroJs Mexn g 3TOH npsMOA M mnpaMOi 2x —
— 3y+6=0 paBuanca 4

2.160. B paBnoGenpennoM Tpeyrosbuuke ABC 3apanst
BepuinHa C (4, 3), ypaBuenne 2x—y—5 =0 ocuopaunus (AC)
H ypaBHenne x—y =0 GokoBoil. ctoponnl (AB). Hanucats
ypaBHenue croponu (BC):

2.161. Hanuncatb ypaBHenne npsimoil, KoTopas OTCTOUT

or toukn A(—I, 2) Ha.paccTosuue p=)/34 u cocraBaser
¢ oepio Ox yros, BABOe OGOJbIIME yria, COCTaBnﬂeMoro c
ocbio Ox mpsamoit 2x—6y+5=0.

'2.162. CocTaBuTb ypaBHEHHE NPAMOH, KOTOpaﬂ npoxo,um
uepe3s Touky M (8, 6) u aTcekaer OT KOOpPAMHATHOTO YrJja
TPEYFOJIbHHK C NJIOLI@Jiblo, paBHOH 12.

2.163. HanucaTtb ypaBHeHHe npsiMOi, napa.rme.nbnou ABYM
3aJlaHHbIM npsAMbiM L, u L, u npoxojsueil mocepeayHe Mexay
HHMH, €CJlH:

a) Ly 8x—2y—10, Ly .‘.=-;;—,.
) s
6) L: 3x—15y—1=0, L,: =7

2.164. Hanucatp ypaBnenue npsiMoil, NpoXoAsiueil yepe3s
Tquy2 M(2 1) nox yraom m/4 x mpsamoit L: x=1+1, y=
= —2—3/4t

-2.165. IlaHbl ABE NMPOTHBONOJIOXKHbIE BEPLIMHBI KBajipaTa
A(l, 3) u C(—1, 1). ‘Haiith xoopaunathl ABYX ero upymx
BEPIUNH M HAMHCaTh yPaBHEHWS €ro CTOPOH.

2.166. Masectnbl ypaBueHue OAHON W3 CTODOH KBafipaTa
x-+3y—3=0 u Touka nepeceuenus nuaronaneii N (—2, 0).
Hanucath ypaBnenusi OCTaJbHBIX €O CTOPOH.

2.167. Touka A (5, —4) siBAsieTCs BepIUHHOH KBajpaTa,
AHAaroHaJb KOTOPOro JexuT Ha npsmoid x—7y—8=0. Ha-
nHcaTh YpaBHEHMS CTOPOH W BTOPOH JMAaroHaJu 3TOro
KBajpaTa.

2.168. Hanucatb ypaBHEHHA cTOpOH Tpeyroabnuka ABC,
ecny safana ero sepwuna A (1, 3) u ypaBHeHus ABYX Me-
aHan x—2y+1=0un y—1=0.

2.169*. JlokasaTb, uto npsmast 2x -+ y -- 3 ==0 nepecekaer
otpe3ok [M;M,], rne M,(—5, 1) u M, (3, 7).
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2.170. Hanucats ypaBnenue npsiMofi, npoxopsiuieit uepes
touky M,(—2, 3) Ha OIMHAKOBHIX PACCTOSHHUAX OT TOYEK
M; (5, —1) u M, (3, 7). ‘

2.171. YcraHOBHTb, JiexaT ad Touka M, (1, —2) u Hauaso
KOOpPAHHAT B OLHOM YIJe, B CMEXHBIX HJ¥ B BEPTHKaJbHbIX
yrjax, 06pasOBaHHBIX MEPECEKAIOMUMHCs NPAMbIMH L, u L,,
eCJTH:

a) Ly 2x—y—5=0, Lz 3x+y-+10=0;
6) Ly: x—2y—1=0, L, 3x—y—2=0.

2.172. YcraHOBHTb, KAaKOM M3 YIJIOB—OCTPHIA HJIH TYy-
nofl, —o6pa3oBaHHBIX NpsIMBIMH 3Xx—5y—4=0 u x-+2y -+
+3=0, conepxut Toury M (2, —b).

2.173. Hanucarh ypaBHEHHsSI CTOPOH TpeyroJibHHKa, 3Has
oany ero Bepwnny B(2, 6), a Takxe ypaBHEHHS BbLICOTHI
x—Ty+15=0 u Guccekrpuchl 7x -4y~ 5=0, nposeneHHbIX
U3 OJHOH BEpLIMHBIL.

2.174. HanucaTb ypaBHEHHS CTODOH TpPeyroJIbHHKa, 3Has
OJHY ero BepuiHHy B (2, —7), a Takxke ypaBHEHHSI BHICOTHI
3x+y+11=0 u menuaun x+ 2y+7=0, npoBeleHHbBIX U3
PAa3JIHYHBIX BEPILUMH.

2.175. HanucaTh ypaBHEHHS CTOPOH TpeyroJibHHKa, 3Haf
onny ero Bepmuny A (3, —1), a Takxke ypaBHeHHst GHCCEK-
Tpucel x—4y+10=0 u mepuann 6x -+ 10y—>59 =0, npose-
JeHHBIX M3 Pa3jUYHbIX BepIIHH.

2.176. Hausl ypaBuenusi 5x +4y =0 u 3x—y =0 mepuan
TPEYroJbHHKA M KOOPAHHATH (—5, 2) OANOM H3 ero BepLuiH.
Haiitn ypaBuenus cTopos.

2.177. Hauut ypaBuenust y-+4=0, 7x--4y+5=0 6uc-
CEKTPHC JABYX BHYTPEHHHMX YIJIOB TPEyTOJIbHHKA H ypaBHeHHe
4x 4 3y =0 cTOpOHBI, COENMHSIOWEA BEPLIHHBI, U3 KOTOPBIX
BLIXOAST AanHble 6uccekTpuchl. HanmcaTh ypaBHenus ABYyX
IPYTHX CTOPOH TPEYrOJbHHKA.

2.178. a) Hokasatb, yTo TOUKa // nepeceyeHHs BLICOT
TPEYToJIbHHKA JIEXHT Ha ONHOH mpsMoil ¢ Toukoi M nepe-
CeueHHA ero MeAHaH H ¢ UeHTPoM N, ONHCAaHHOH OKPYXKHOCTH.

6) IlpoBepuTh yTBepxkzeHue M. a) AJ8 TPeYroJbHHK2 C
BepmnHamMu B Toukax A (5, 8), B(—2, 9), C(—4, 5). Onpe-
ReNuTb, B KaKOM OTHOIIEnH# A TOYKa F NeJUT HanpasieH-
HbIH OTpe3ok MN.

__2.179. B rpeyrompuuke 4 (—3, —1), B(1, —5), C(9, 3),
AM =3MB, AN =3NC. IlokasaTb, 4T0 TOUKA HepeceyeHHs

npameix (BN) u (CM) nexxuT Ha MeAHaHe, NPOBEJEHHOH U3
BepIIUHEL A.
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2. IlnockocTe M npsmas B mpoeTpaHctBe. ITnockocts P B jekapTo:
Poif NpAMOYro/ipHOH cucteMe KoopauHaT Oxyz MOXeT GuTb 3ajaHa ypan
iCHHEM OJHOrO M3 CJEAYIOWUX BHAOB: .

1) Ax+By-+Cz-+D=0—06ue ypastenue NIOCKOCTH;

2) A (x—x0)+ B (y— Yo)+C (z—2;) =0—ypaBHenne  miockocTH,
NEoXoasiel qepea TOUKY My (X0, Yo, 20) NEPIEHAUKYIAPHO HOPMAALHOMY
6emnopy n (A C);

3) —d- +7—l—-—c—=l—ypanne}me NJIOCKOCTH 8 ompe3kax, Tje a,b,

¢— BeJIMUHHLI HaNPaBJICHHBIX OTPE3KOB, OTCEKaeMbIX IIOCKOCTbIO Ha KOOp-
juimnatueix ocix Ox, Oy, Oz COOTBETCTBEHHO;

4) xcosoycosP-tzcosy—p= O—HOpMa/zbuoe YpasHeHue nJo-
CKOCTH, FJle COS ¢, COS [}, cOS y— HanpaBJsolue KOCHHYChl HOpMaJbHOrO
BEKTOpa M, HaNpaBJEHHOTO M3 HavuasJa KOODAHHAT B CTOPOIY MJOCKOCTH,
a p > Q—paccrosHne OT Hauasla KOOPAHHAT RO IIOCKOCTH.

O6utee ypagienue 1) NPHBOJHTCS K HOPMAJbHOMY BHJLY 4) nyTeM
YMIOXEHHS Ha HOPMHPYIOWHKH MHOXHTEeNb

sgn D
VAL B CE

Ecan nJjockocts P 3ajaHa HOpMaJbHBIM YpaBHeHHeM Bula 4),
M (x, y, z)—HekoTOpast TOUKa MPOCTPAHCTBa, TO BhbIpaxKeHue

8§ (M, Py=xcos a-}-y cos B2 cosy—p

3ajiaer omkaonenue moukuw M om naockocmu P. 3nak & (M, P) yka-
3LIBACT lla B3aWMHOe pacnoJioxeHHe ToukH M, miockocTH P M navana
KOOpJIMHAT, @ MMEHHO: eCJM TOYKa M H HayaJO KOODAMHAT JexKaT IO
pasuuie CTOpoHul OT miockoetd P, 10 § (M, P) > 0, a ecnu M u navano
KOOpAMHAT HaXOAATCS MO OAHY CTOPOHY OT MA0CKOCTH P,t06(M,P)< 0.

Paccrosuue p (M, P) or Touku M o niockoctd P onpepensercs
pasenctsoM p (M, P)-—IG(M P)|.

IIpsmas L B nmpocTpancTBe MOXKeT ObITh 3aRaHal

1) obwjumu ypasnenusmu

Aix++ By +Ciz+Di=

Agx -} Boy-+Coz-+- Dy =0,
rae Koacpq»muen'rbr Aji, By, C; He npONOPUHOHANBHH KO3DpHUHCHTAM
A,, B 2 Cg, YTO PaBIOCHJBLHO ee 3aJlaHMI0 KaK JIHHHMH Iepeceyedus IJo-

cKocTel;
2) napamempuuecKumy YpasHeHUAMU

“,:._

X=x°+lt,»
Y ="yo-+ mit,
2=20+nt,

WJIH B BEeKTOpHOH ¢opme
r()=ro+4qt;

rie ro (%0, yo, 2,) —PajMyC-BEKTOP HEKOTOPOH TOUKH, npuHajIexaues
npsamoit, a ¢ (I, m, n)—HanpaBIAIOKIE BEKTOD NPAMON;
3) KAHOHUHECKUMYU YPABHEHUAMU
X—Xo _Y—HU _2—%
1 m n

n



YTO PABHOCHJILHO OMHCAHHMIO MPAMOH KaK JIMHUM MepecedeHHs TPex TJIO-
CKOCTelt, MPOEKTUPYIOUHX 3TY MPAMYIO Ha KOODAUHATHbIE MAOCKOCTH.
Mpumep 3.gHanucare ypaBHenue niockocTu P, npoxonsued uepes
touku My (1, 1, 1) u M, (0, 2, 1) napannensno Bexktopy a (2, 0, I).
3ajjaua MMeeT eJUICTBEHHOe pelleHHe, TaK Kak BekTopul M M, (—1,
{,0) u a(2,0, 1) HekonuHeapHbl. B KauecTBe HOPMaJbHOTO BEKTOPA
K IUIOCKOCTH MOXeT OBbITb B3SIT BEKTOP :

- i1jk|
’ n=|MM,, a]=|—1 1 O|=i+j—2k.
‘ : 20 1

YpaBHeHue g.vlocxocm umeer Bux (x— 1) (y—1)—2(2z—1)=0, nan
x+y—32=0. Tdk kak B nocJefHeM ypaBHeHHH OTCYTCTBYeT CBOGOIHLI
YeH, TO IIOCKOCTb IMPOXOAUT Yepe3 HadaJo KOODAMHAT.

Hpyro# cnocob. Touxa M (x, y, 2) npuHaAMEKUT HCKOMOH IMJIOCKO-
¢ty P B TOM M TOILKO B TOM Ciaydae, Koria Bektopst M M, MM, u
a xomnianapuul. CrefoBarenbHO,

r—1 y—1 2z—1|
MIM'M1M2-0= —-l 1 0 =0,
2 0 1

T.e. xt+y—22=0. » . _ _
Mpumep 4. [Ipaman L sajana o6UUMA ypaBHEHUAMH

x+y_z=0»

Hanuncars KaHOHHUecKHe ypaBHeHMS STOf NpAMOMN, a TaKiKe ypaBHeHHe
ee MPOeKIHH Ha KOOPAMHATHYIO MJocKocTe Oxz.

4 Touka M (0, 2, 2) ynoB/eTBOpAeT OGWUM ypaBHEHHAM NpSAMO# (mpo-
BepbTel) H, ClelOoBaTeNLHO, JEXHT Ha 9TOR mpsaMoii. B kauectse nanpas-
JIFIOWEr0 BEKTOpa MPsIMON MOXKeT OBITh B3AT- BeKTOp ¢ =[n;, my], rue
n (1, 1, —1) any (2, —1, 0) —HopMaJ/bHbie BEKTOPH MJIOCKOCTEH, JUHHEH
nepeceyeHHs1 KOTOPHIX fBAAETCH SajaHHas npsMasa. Takum oGpasom,

i j k
g=|1 1 —1|=—t—2/—3r,
2 -1 0

W KaHOHWYeCKHe YpaBHEHHUS NPAMON TaKOBBI
x  y—2 2—-2

o= =5
TNonyuennas Mponopuus SKBHBAJEHTHA CHCTeMe TPeX ypaBHEHHil
—2x+4-y—2=0,

v —3x42—2=0,

—3y+42242=0,
OMHCHIBAIOMHUX TPH TJIOCKOCTH, MPOEKTHPYIOUIHe NMPAMYI0 Ha KOOpAHHAT-
Hple nnockocTH Oxy, Oxz u Oyz COOTBETCTBEHHO (YPABHEHUS RPAMOL 8

npoexyuax). B uactrocTH, ypaBuenne —3x4-2—2=0 ecTb ypaBHeHWe
NPOEKUMH 3alaHHON MpAMOH Ha mJuockocTh Oxz. P
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n p HMep 5. 3ajannl CKpemHBaloOlHecs NpaMbie

Lo X _y—1 z+2 . x+l y+l 2—2
Li: —_——=— = H 2. 2 _l .

Haiitu paccrosnne p(Ly, L;) MeXAYy NpSMBIMH B HamucaTh ypaBHEHHS
ofulero nepneHfinkyaspa L K 3THM npsaMbIM.

« Haiinem ypasuenne muockocTs - P, npoxonameu yepes npaMyio L nma-
pasjenbHo npsMolt L, (puc. 5). Touka M; (0, 1, —2) nexut Ha nps-
Moit Ly 1, caeaoBaTesibHO, NpHHAJJe-
WAT MCKOMoO# naockoctu P. B kaue-
CTBe HOPMaJlbHOrO BEKTOpPa K STOH
IVOCKOCTH, BO3bMeM BeKTOp

n=(qi, 4;]=
ij *
=20 1|=—2i—j—an.
12 -1}

Ypasucnne naockoct P:
—2x—(y—1)—4(z+2)=

uau, B obweM Buje, 2x-}y-+4z-4
+7=0.

Paccrosinne p (Ly, L,) paBHO pacctosinnio OT JI0GOH TOUKH TP SIMOil
L,, wanpnumep, Toukn M, (—1, —1, 2), no njockoctn P. Hopmaabno:
ypaBlieHHe MJOCKOCTH P nMeeT BuA

2 1 7

Puc. §

— =0,
1/21x 1/21 1/212 V21
OTKyAa .
2 1 8 7 12
L,L =6M,P = — — — — | = .
p (L1, Lo) =] (M,, P)| V2]+V-2] &1 &1 Vo

Jns Toro uto6bl COCTaBUTL ypaBHelHe. OCllero nmepnenpukynapa L,
uau)ch ypaBHenue miockoctelt Py u Py, NpOXOASWHX uepe3 3ajaHlluie
npsimuie Ly ¥ Ly COOTRCTCTBENHO W IePNEHZMKYJASPHBIX TiocKoctn P.
meem: M, (0, 1, —2)€Py v ny=Iq,, n]=i—10j 42k | P;, otkyna
Py x—10y +2z—|—l4 0. Auanornuno M, (—1, —1, 2)€P.n ny=|[q,,
n)=--9§- | (‘j+3k_1 Pg, oTKyRa Py 3x-—2y—z 1—3--
Tox xak L=P;(1P,, 10
x—10y-|-2z-}-11=0,
3x—2y—2z+4-3=0
— o6utne ypapucHus npsivod L. p
+ 2.180. 3ajanbl IJIOCKOCTh P u touka M. Hanucatp ypas-
Henre 1JIOCKOCTH P’, mpoxoasiueil uepes Touky M mnapan-
JeJbHO IJIOCKOCTH P, ¥ BbIUHMCAUTL paccrosiuue o (P, P'),
€eCJIn:
ay Pr —2x-Fy—2z+1=0, M, I, 1)
6) P: x—y—1=0, M(1, }, 2).
2.181. HanucaTh ypaBHeHHe NJIOCKOCTH P, NpPOXOn-
wefl uepe3 3alaHEBHE TOYKH M; u M, nepnesanKyJIsapHO
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3adaHHOH TJOCKOCTH P, ecam:

a) P —x+y—1=0, M,(1, 2, 0) M, (2, 1, I);

6) P: 2x—y+2+4+1=0, M;(0, 1, 1), M,(2, O, 1).

2.182. Hanucatp ypaBHEeHHe IJIOCKOCTH, npoxo,mﬂw,eﬁ
yepe3 TOYKY M napananenbHO BeKTOpaM @; H @,, €CJH:

a) M(1, 1, 1), a,(0, 1, 2), a,(—1, 0, 1);

6) M(0, 1, 2), a,(2, 0, 1), a,(1, 1, 0).

2.183. Hanucarp ypaBHenHe NJIOCKOCTH, NPOXOjisalled ye-
pe3 Toyku M,; ' M, napanienbHO BEKTOpY @, eCJH:

ay M,(1, 2, 0, M;(2, 1, 1), a(3, 0, 1);

6) M, (1, 1, 1), M, (2, 3, —1), a(0, —1, 2).

2.184. Hanucath ypaBHeHHe IJIOCKOCTH, npoko;mmeﬁ
uepe3 TpH 3ajaHHble ToukH M,;, M, u M;, ecau:

a) M,(1, 2, 0), M,(2, 1, 1), M3, 0, 1); *

6) My(1,1,1), M, (0, —1, 2), M;(2, 3, —1).

Mycrs sanann ase naockoctd Py u Py, BosMoxHsl /iBa caydas Mx
B3alIMHOTO pAaCNOJIOKEHUS: '

1) P;|| Py, B 4acTHOCTH MJOCKOCTH COBIAAAIOT;
2) Py u P, nepecekaioTCsi IO HEKOTOPOH INPSMOIL.

B zajauax 2.185—2.188 muccienoBaTh B3aUMHOE pacro-
JIOJKeHHe 3afaHHBIX mjockocTel. [Ipu sTom B cayuae 1) Hafitu
paccrosinne p (P, P,) Mexnay nJocKOCTAMH, a B caydae 2) —
KOCHHYC YIJla Mex1y HHMH.

2.185. P;: —x42y—2z-+1=0, P,;: y+32—1=0.
2.186. P;: 2x—y+2—1=0, P, —4x+2y—2z—1=0.
2.187. P;: x—y+1=0, P, y—-2z+1=0.

2.188. P;: 2x—y—2z+1=0, P,: —4x-+2y+22—2-=0.
2.189. Beruncautb o6beM NMHpaMHABI, OrpaHHYeHHOl MJIo-

ckoctblo P: 2x—3y+62—12=0 n KoOpAMHATHBIMH IIJIO-
CKOCTSIMH.

2.190. Hanucath ypaBHeHHe TJIOCKOCTH, TMPOXOAAMEH
yepe3 Touky M, (1,7, —5) u orcekarouiei oT ocell Koopau-
HAT MNOJIOXKHTEJbHBIC U paBHblE OTPE3KH.

2.191. Tpu rpanu TeTpasapa, pacrnojOKeHHOro BO BTO-
pom okrtaHte (x <0, y >0, z2>0), coBnagamT ¢ Koopau-
HATHBIMH MJIockocTsMH. HamucaTb ypaBHeHHe 4YeTBepTOl
rpaHH, 3Has AJHHY pebep, ee orpanuyuBatouiux: | AB|=6,
|BC|=V'29, | AC|=5, u HaliTH [JHHY BHICOTHI [OH]
TeTpasipa.
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2.192. HanucaTh ypaBHEHHA HJIOCKOCTEN, AEJSIHX FONO-
JlaM IBYT'paHHBEle YIJbl, 06pa3oBaHHble HJOCKOCTAMH P, u P,,
ecnu: ’

a) Pi: x—3y+22—5=0, P, 3x—2y—2+3=0;

6) Py: 2x—y+52—3=0, P, 2x—10y+4z—2=0.

2.193. Hanucartb ypaBHEHUE MJOCKOCTH, PABHOYAAJEHHOH
OT JBYX 3ajaHHbIX MJIockoctedl P, u P,, ecau:

a) Pi: dx—y—2:-3=0, P, 4x—y—22—5=0;

6) P: bx—3y+2+3=0, P, 10x—6y+2z+7=0.

2.194. YcraHoBuTb, nexaT Jau Toukn M, (2, —1, 1)
M, (1, 2, —3) B onHOM yTJie, B CMeXHBIX WJH B BePTHKaJb-
HbIX yridx, o06pasoBaHHBIX IJocKocTsmMH P, u P,, ecau:

a) P;: 3x—y+2:—3=0, P, x—2y—z+4+4=0;

6) Py 2x—y-+52—1=0, P, 3x—2y+62—1=0..

2.195. M3BecTHBl ~ KOODAHMHATH  BepLIHH  TETpa’dApa:
A2,0,0), B(5,3,0), C(0,1,1), D(—2,~—4, 1). Hanucatsb
ypaBHEHHUS ero rpaHei.

2.196. CoctaBHTH YypaBHEHHE MJIOCKOCTH, NPOXOJsLIel
yepes TOlle A(l, 1, —1) n nepneHAHKYASIPHOH K MJIOCKOCTAM
2%—y+52+3=0u x+3y—z—7=0:.

2.197. Ilpsmas L 3agana obwumu ypaBHeHusmu. Hanu-
caTh LISl 9TOH NpsAMOI KaHOHM4YeCKHEe yDaBHEHHS M ypaBb-
HEHHsl B TIPOEKLHAX (CM. npumep 4), ecuu:

. y+2z x+2y—32—5=0;
2) L: {x+2y 1—0 6) L: { %—y+2z4+2=0.

2.198. HanucaTh KaHOHHYECKHE ypaBHEHHS MPSMOH, Hmpo-
xoasueii yepes touky M, (2, 0, —3) napannenpHo:

a) BekTOpy 4 (2, -—3 5)

. x—1 +2 241,
6) npsiMoii —— = 2 =—73

B) ocu Ox; r) ocu Oz
. | 3x—y+2:—7=0,
A) npamol { x+3y—22—3=0;
.¢) npsamoit x=—2-+1¢, y=2¢, z=1-1/;t.
2.199. Hanucarey ypaBHeHHSI NpaAMOH, NpoXoAsllel yepes
IBe 3ajauuble Toykn M; u M,, ecau:
a) M, (1, =2, 1), M2(3' 1, "_1)’
6) M,(3, —1,0), M,(1,0,—=3).

’ Lox—=1 _y 241
2.200. 3aganbl mpamas L: —— ==

M0, 1, 2)¢ L (nposeputn!). TpeGyercs:

H TOYKa
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a) HanucaTb YpaBHeHHe MJOCKOCTH, MNPOXOAflledl yepes
npsmyo L n Touky M;

6) HamucaTb ypaBHEHHE ILIOCKOCTH, npoxonmueu yepes
TOouky M mneprneHAHKYyJsApHO npsAMOH L;

B) HamHCaTb YpaBHEHHe MeplNeHAUKYJIApa, ONYLIEHHOTO
u3 touku M Ha npsimyio L;

T) BBIYHCAHTL pacctosinue p (M, L);

I) HafiTH npoekuuio ToukH M Ha npsmo# L.

2.201. 3apausl miockocts P: x4-y—2+1=0 u npsmas L:
xa-l =;fz/.= 2-11—1 » npuuem L ¢ P (uposeputn!). TpeSyercs:

. ~ .

a) BelyHCaHTH Sin(P, L) m KOOpAMHATH TOYKH mepece-
YeHHs1 NPAMOH H IIOCKOCTH;

6) HanucaTh YypaBHeHHE MJIOCKOCTH, MPOXOIAIleH uyepes
npsmMyio L nepneHaHKYJsipHO K TMJIOCKOCTH P;

B) HamucaTh ypaBHeHnﬂ MpOeKLHH npsmoit L wa muo-
CKoCcTh P.

2.202. IlycTp 3amaHbl JBe mpsiMble:
LAz _y—u_z2=s g Esh Y—h 2=
I my ny 2

lg - Mme Ny

Hoxkasatb, uto npsimble L, u L, nexar B oZHOH MIOCKOCTH
B TOM H TOJbKO B TOM CJy4ae, €CJH BBIMOJHEHO YCJOBHE
Xo—Xi Ya—Yi 22— 2y
l mq ni [=0.
Iy me ng
2.203. Hcnonb3ys pesyabtat sagauu 2.202, yGeauTbes,
aro npamble L, u L, npuHapaexaT ONHOH MJIOCKOCTH, M
HanucaTb ypaBHEHHe 3TOH MJIOCKOCTH. Mcxomble . faHHBlE:

ox—1 y+2 z2—5 . ox—T7 y—2 z—1
a) Ll,- .2‘ =5 .—3 = 4 N LB' 3 = 5 = _2 N
L ox—2 y+1 z—3 L ox—1 y—2 z+3

. ) b
2.204. Haiitu paccTosiHMe MeXAy NapaJslie/IbHBIMH Tpsi-

MBIMH

x—2  y41 2z x—7  y—1 __2—-3
3 7 4 2z " T3 TTT T3
2.205. Hafitn- paccrosnne ot Touku A(2, 3, —I1) no

s8ajlaHHOM npamo# L:
a) {2x—2y+z—i—3=0, 6) (x=3t45,
3x—2y+224+17 =0; y=2t,
z=—2¢t—25,



2.206. JlokasaTtb, 4TO MpfMble
f 2%42y—2—10=0, Cx+7 . y—5 _ z—9
L { x—y—z—22=0 " Ls -

3 -1 4

napasielbHel B HalTH pacctosuue p(L,, L,).

2.207. CocraBuTbh ypaBHEHHsl MPAMOH, MPOXOAsiued yepe3
TOYKHM MepeceyeHHsl MIOCKACTH x—3y+22+l_0 c ups-
MBIMH

_ytl 28  x=8 _ y+4 z—5
5 =2 -1 4 -6 T2 °

2.208. Ilpn KakoM 3HAaueHHH A _MJIOCKOCTb Dx—3y-i-
+ Az+41=0 Oyner napanjenbHa npamoi

{ x—42:—1 =0
y—3z2+2=0. ,
4

2.209. HaiiTu ypaBHeHHsi NpOEKUUH TNPAMO#H x; =

2 4
0. OnpegenuTb yroa mexay mnpsMmoil

{ x+!/+2~—-2=0,
%+y—z—1=0

M TJIOCKOCTHIO, - MpoXonsmed uepes Touku A (2, 3, —1),
B(1,1,0), CO, —2,1).

2.211. Hanucath ypaBHeHHE [JIOCKOCTH, IIPOXORSALIEH
uepe3 Touky M, (7, 1, 0) napananensbHO MIOCKOCTH 2%+ 3y—
—2z—15=0 u nepecekaiouesi NpAMYyio %=yT_l=z-T—3.

2.212. Hanucath KaHOHHYeCKUe ypaBHEHHs MpPSMOH, Ko-
TOpas MPOXOAHT uyepe3 Touky M, (3, —2, —4) napannensHo
maockoctH 3x—2y—3z—7=0 u nmnepecekaer MPAMYIO
x—=2 y+4 _ z—I1 )

3 =2 0 2

2.213. JlokasaTb, YTO paCCTOsiIHHE MeXAY CKPpeLIHBalo-
mumucs npambeiMi Li: r()=r,4+q,t v Ly r(t)=r,+q,t
MOXeT GbITb BBIUHCJEHO TO (opMmyJe

Y (Lu Lz) = ‘——‘—()‘\2[_‘;:12’31;’2‘ .

Ona sapaunblx npsmelx Ly u L, Tpe6Gyercs:

a) 1oKas3aTb, YTO NpsMble He nexar B OHOMH nnocxocm,
T. €. SBJSIOTCS CKpeilHBaOUIUMHCS;

6) HanucaTb YypaBHEHHE . MJIOCKOCTH, NpOXojsiel uepes
npsimyto L, napamrensuo L,;

=y_i £ Ha muockocTb x—3y—z+8=0.
2.2
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B) BbIMHIC/IHTH PacCTOSHHE MEXAY NpPSAMBIMH.
r) HanucaTb ypaBHeHHe OOLLEro NepneHjiuKyJspa K nps-
MblM Ly 1 L,

CRTPN AR AL S A P e L R R B

4 —2 6 — —4 =1
2215, Ly 25020 2kd oy xk LT 2t
2.216. L; =022 2224 7
2217, 4, AET_g=t_zd g el yd8 a2

2.218. Ky6 ABCDA'B'C'D’ 3apan CBOWMH BepUIMHAMH
A0, 0, 0), B(1, 0, 0y, C(1, 1, 0), D(0, 1, 0), A" (0, 0, 1),
B’(1,0,1), C"(1,1,1), D" (0, 1, 1). Buinonuuth caenyiouie
3aJlaHuA:

a) HanucaTh ypaBueHus npsmbix (A'C) u (BC');

6) BBIUMCIAUTD  paccTosiHHe Mexay npsmbiMu  (A'C)
u (BC");

B) HanMcaTb ypaBHEHME OOLIero nepneHiHKy/aspa K nps-
meiM (A'C) u (BC');

r) HanMcaThb ypaBHEHHE IJIOCKOCTH, - NPOXoAsuieil uepes
toukd P, Q u H, rue P—ueurp rpauu ABB'A’, Q penut

BC’ B otHowenuu 1/3 u H pacnosoxena na pe6pe (BB’)

Tak, uTo AJHHa BekTopa PH 4 HQ MmuHuManbHa;
[) onpejesuTb yroa MeXAYy TOJNYyYeHHOH B M. Tr) MJO-
CKOCTbIO M JHaronajpio kyba (BD’).

§ 3. Kpusble Ha nJOCKOCTH

1. YpaBHeHHe KPHBOIi B 1eKapTOBOH NpPAMOYFOJbHOH CHCTEMe KOop-
annat. TI'osopsT, uto KpuBas I B cucTeme Koopauhat Oxy HMeeT ypas-
Helue

F(x, y)=0, M

€CJIM BBIMOJIEHO Clefyloliee ycJaosie: Touka M (x, y) NpHIALIERUT KPH-
ot I' B TOM M TOAEKO B TOM cCJyuae, KOrja ee KOODAHHATHl X H Yy
y0BJeTBOpPSIOT cooTHoweruio (1). Ecan, B wactiocty, F (x, y) =f (x)—vy,
TO ypaBHeHHe (1) MoxeT ObITb 3amHcano B BHAe

y=F, @

¥ B 3TOM cayuae KpuBasi I' cosnapaer ¢ rpadukom ¢ynkuuu f(x).

B HacrosmeM naparpade n3yyaercs €Bsi3b MeXIy TreOMeTPHUeCKHMH
CBOHCTBAMH KpPHBOH M ee ypasHeHHEM B HEKOTOPBIX HauGoJjiee NpOCThIX
cayyasx.

MMpumep 1. Hamucats ypaBHeHue KpHBOM, CyMMa KBajpaToB
paccTosiHUM OT KaXJoif TOuKM KoTopoil Ao Touek A (—a, 0), B(0, a)
u C (a, 0) pasna 3a2.
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<4 [lycts l‘—xpﬁaau, yAoBJeTBOpAMIAA yeaoBuaM 3anaun; M (x, y) € T
B TOM M TOJbKO B TOM CAyuae, KOrja

p? (M, A)+p* (M, B)+p? (M, C)=3a?,
Wi

(£ +0%) + g+ 2+ (y—a) + (r—a?) -y =3a.

[ocne npocTHlX MpeobpasoBaHuii TOAYuaeM
2 2 2
K4yt ——ay =0,
WJIH, BLULEJSIS NOJHBI KBajpaT, )
1 2 g2
2
X —_—Q =
+(v—3 .

D10 M ecTb HCKOMOE YpaBHEHHE KPHBOH, SIBIAIOMEHCHT OKPYIKHOCTLIO
paauyca a/3 c ucutpom B Touke M, (0, a/3). »

B sajauax 2.219—2.232 Tpebyercss YCTaHOBHTb, KaKHe
KPHUBbIE OIIPENeNsIOTC 3a]aHHbIMY YpPaBHEHHSMH, H MOCTpO-
HTb 3TH KpHBbIE.

2.219. x+|y|=0. 2.220. | x]-+y—x=0. 2.221. x> —xy=0.

2.222. xy+y*=0. 2.223. x*—y®=0. 2,224, xy=0.

2.225. y2—9=0. 2.226. x*—x—6=0.

2.227. x?y—T7xy+10y=0. 2.228. x2+ y*=4

2.229. x24-(y-+3)*=1. 2.230. x*424%=0.

2.231. 2+ 24+ 2=0. 2.232. x> |y*—1]=0

2.233. HanucaTb ypaBHeHHe KPHBOM, Kax1as TouKa KO-
TOPOH HAaXOAMTCS HA OJMHAKOBOM pACCTOSIHHH. OT TOYEK
M;3,2)u M2, 3). .

2.234. Hanucatb ypaBHeHHe KpHBOii, pasHOCTh KBajpa-
TOB paCCTOHHPm OT Ka)KIOH TOYKM KOTOpOH JO TOYEK
M, (—a, 0) u M, (a, 0) paBHa c.

2.235. HanncaTb YpaBHEHHE KPHBOH, PACCTOSIHHE OT KaxkK-
Io# ToukH KoTtopo# A0 ocH Ox BABoe GoJiblie paccroaHus
no ocu Oy.

2.236. Hamucatb ypaBHeHHe KpHUBOH, cymma  KBaApaToB
' paccTOSHMH OT KaXXAOH TOYKH KOTOpoH 1o Touek M;(—3, 0)
u M, (3, 0) paBra 50.

2.237. Hanucatp ypaBHeHHe Kpmaoﬁ, paccTosiHHe OT
Ka:;glolt TOYKH KOTOpo#t A0 ToukH M, (—1, 1) BiBOe MeHblle
paccrosHus g0 Touku M, (—4,

2.238. Hanucats ypaBHeHHe KpHBOH, Cymma paccTosiiui
OT KaX[Ioll_TOuUKM KOTOpoit A0 Touek Fy(—2,0) u F,(2, 0)
paBHa 2V'5.

2.239. Hanucarp 'ypaBHeHHe KpHBOH, MOAY/b Pa3HOCTH
paccTosiHUH OT KaXHOi TOUKH KOTOPOil 10 Toyek Fj(—2, —2)
u F, (2, 2) paBen 4.
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2.240. Hanucath ypaBHeHMe KpHMBOM, Kaxjasf TOYKa KO-
TOPOli HAaXOAMTCS HAa OJAHHAKOBOM PACCTOSIHHH OT TOUKH
F(2,2) n or ocu Ox.

2.241. YCTaHOBMTb, YTO KaMI0€ M3 CJELYIOWHX YpaB-
HEH#ili ONpeleNsieT OKPYXKHOeTb, HaliTH ee wnedtp C u pa-
auayc R:

©a) x4yt ——4x+6y—3 0;

6) X2+ y*—8x=0; B) ¥*+12+4y=0.

2.242. Hanucatb ypaaneuue'oxpym—xocm B KaXJOM U3
ClelyouHuX ClydyaeB (0603HaueHo: C—IUEHTP OKPYXKHOCTH,
R—paanyc, M, M,, M,, M;—TOYKH Ha OKPYMKHOCTH):

C(2, —3), R=17; 6) M(2,6), C(—1, 2);
; M, (3, 2)',~ M; (—1, 6) —KoHIBI AHAMETPA QKPYKHOCTH;

r C(1l, — )‘, npsamas 5x—{<-‘12y+9=0—;(acaTenbnaﬂ
K OKPY2KHOCTH; ! .

) M(1, 2), .okpyKHOCT Kacaercs KOOPJAMHATHEIX OCei;

e)M(3 1), My (—1,3), Ce€L: 3x—y—2=0;

x)* M, (—1,3), M, (0, 2), My(1, —1). ;

2.243. Hanuca'rb yp_aBHeHne AuameTpa  OKPYMXHOCTH
24y +4x—6y—17=0, nepneﬂnuxy.nﬂpﬂoro np Mo
5x+42y—13=0.

2.244. Briuicantb Kparqanmee paccTosiHue OoT Touku M,
no. okpyxHoctu T, ecan: . .

a) M,(6, —8), I': x2+ 4*

6) M,(—7, 2), T x’+y——10x—l4y—]51 =0.

2.245. Onpenennts, Kak pacnosioXeHa NpsiMas OTHOCH-
TEJbHO OKPYXHOCTH —IepeceKaeT, KacaeTcsi WaH NPOXOAUT
BHE ee, €C/IH NpsAMas ¥ OKPYXXHOCTb 3aJaHbl ypaBHEHHSMH:

a) 2x—y—3=0, x*+y*—3x+2y—3=0;
6) x—2y—1=0, x*4 y*—8x+2y+12=0
B) x—y+10=0, x*+y2—1=0.

2. Asre6panueckne Kpusbie BTOporo mnopsaxa. Aize6pauuecxod Kkpu-
604 8mopoco nopsdxa HasbiBaeTcsi KpuBas I', ypaBHeHHe KOTOpOiM B je-
KapTOEOH cUCTeMe KOODIAHHAT MMeeT BHJ

Ax242Bxy+4Cy?*+Dx- Ey-+F =0, 3)

rac He Bce Koapuunentst A, B n C paBHbl OXHOBpeMEHHO HYJIO (B Mpo-
THBHOM ciyuyae I'—npsmas, T. e. anre6panueckas KpHBas NMepBOro Mo-
pALKa).

B ofuiem cayuae MoOMeT oKasaTbCsl, 4TO ypaBHeHue (3) ompefesser
TaK Ha3bIBAEMYIO 6bIPONCOCHHY0 KPHUBYIO (TyCTOE MHOXECTBO, TOUKY,
OpsIMY10, apy NpPAMBIX).

Ecmn e kpuBas I' HeBHIpOXJeHHas, TO AN Hee Haijijercs Takas
ZeKapToBa INpsIMOYroJibHasi CHCTeMa KOOPAHHAT, B KOTOpOH ypaBHeHHe
3TOH KpHBOH HMeeT OJMH M3 CJEAYIOWUX TpeX BHAOB (KAHOHUUECKOE
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ypasHerue):

x2 y2

2 r
%—%:l, a, b> 0; (5)
y:=2px, p>0. . (6)

[Tpu atom Kkpueas I' HasbIBaeTCA COOTBETCTBEHHO 944UNCOM, 2unep60aoLi
WJH napabosoll, a caMa CHCTeMa KOODAMHAT, B KOTOpOHf ee ypaBHeHHe
umeer Buf (4), (5) uam (G), Ha3LIBaeTCA KAHOHU4ECKOU cucmemod Koop-
OJunam pJas 3aflaHHOM KpHBOH. i

[IpuBefienne o6IIero ypaBHEHHS KDUBOH BTOpPOro MOpAAKa K KaHO-
HHYCCKOMY BHMAY MNOXpoGHO paccMaTpuBaetcsi B . 4 § 3 ra. 4. Leasio

¥
D, 7,

&Y

Puc. 6

HACTOfIIEr0 NMYHKTa SMBJAAETCH H3yYeHHe OCHOBHBIX TIeOMETPHUECKMX
CBOMCTB HEBHIPOMAEHHBIX KDHBHIX BTOPOrO NMOpSIiKa Ha OCHOBE HX KaHO-
HUYECKHX YpaBHeHHI.

2 2 .
X
danunc ¢ KaHOHHYECKHM YpaBHeHHeM E?_l-%?:l’ a=b>0,

umeer $HOpMy, H306paxenHyi0 Ha puc. 6.

[MTapaMerpn @ W b Ha3wIBAOTCA nOAYOCAMU Samunca (6onbuiof u
MaJoit COOTBeTCTBeHHO), TOuKH Aj(—a, 0), Ay(a, 0), B;(0, —b) u
B (0, b) — ero sepwuramu, ocu cummerpun Ox u Oy— eaasueimu ocamu,
a UeHTp cuMMeTpHu O—yenmpom JJHICA.

Touku Fij(—e, 0) u Fy (c, 0), rme c= V a®=b% =0, HasuBaoTCA
gorkycamu snnunca, BeKTOpl FyM u FoM—ghoxaroremu  paduyc-sekmno-
pamu, a uucna ri=|FiM| n ro=|FM|—oxaronomu paduycamu
TOYKH M, nmpuHajiexamed sanuncy. B uacTHOM ciyuae a=b ¢okycel
Fy u Fy coBmajaoT ¢ HEHTPOM, a KaHOHHYECKOe ypaBHeHHe HMeeT BHA

2
4y 34 2 g2
—a-r'_?—l’ unn x*--y®=a®, T. e. ONHCbIBAET OKPYXKHOCTh paguyca a
C LEHTPOM B Hauaje KOOpJAHHAT.

c b2
Yucao e=—= ]/1—33— (0<e < 1) naspBaercs axcyenmpucu-

memom SINHICA W SBJSETCH MepOi €ro «CIVIICHYTOCTH» (MpH e=0
SJUIMMNC SBJASETCA OKPYIKHOCTBIO).



[Mpsamuie Dy x=—aje u Dy x=a/e, nepneninKy/aspHbie rJIaBHOM
OCH M NpOoXOAsliue Ha pPacCTOAHHH a/e OT LeHTpa, Ha3bIBAIOTCH aupexm-
pucamu dJunca.

2.246. Iloctpoutp anaunc 9x®+ 2542 =225. Haiitu:

a) moJsyocH; 6) KOOpAHHATH (OKYCOB; B) 3KCLEHTPHUCHTET;
r) ypaBHEHHS AHPEKTPHC.

2.247. Hanucath KaHOHHYECKOE YpaBHEHUE 3JIIHICA, €CIH:

a) a=3,b=2; 6) a=5, c=4,; B) c=3, e=3/5; 1) b=5,
e=12/13; n) ¢=2 u paccTosHHe MeXAY JHPEKTpHUCaMH
paBHo 5; e) e=1/2 u paccrosiHHE MeXAy AHpEKTpHCaMH
paBHo 32.

2.248. Hanucath ypaBHeHHe 3JIMICA C MOJYOCSMH a U b
1 ueHtpoM B Touke C (X,, Y,), €C/IH H3BECTHO, YTO €ro IJaB-
Hble OCH NapaJJlesbHbl KOOPAMHATHBIM OCSM.

2.249. YcCTaHOBHTb, YTO Ka)J0e M3 CJAEAyIOHX YypaBie-
Hult omnpezressier 3jnunc, Hadth ero uentp C, mnoayocw,
9KCLIEHTPHCHTET M YpaBHEHHS IHPEKTpHC!

a) bx%-+9y?—30x+4 18y 4+ 9=0;

6) 16x2- 2542+ 32x— 100y — 284 = 0

B) 4x®+3y*—8x+12y—32=0. -

2.250. JlokasaTb CJEAYIOIMIHE YTBEPKACHHS:

a) Ecim M (x, y)—npousBoJbHAs TOYKA  3JIIHICA

x 2 o
F+%2'= 1, a>=b, T0 hoKa/bHBIE PafiMyChl 3TOM TOYKH PaBHbl
rioM)=a+tex, ro(M)=a—ex
(CM. puc. 6). Orciona, B 4acCTHOCTH, CJeAyeT, 4TO AJsA BCA-
KOH TOoukM M sJsunca BHIIOJHSETCS PaBEHCTBO
ri (M)+r, (M)=const = 2a.

6) Ilycts 3apauel Touku F,(—c¢, 0) u F,(c, 0), c=0.
Torna wmuoxectso Touek M, YAOBJETBOPSIOILUX . ycnoamo
| F,M |+ | F,M| = const = 2a, ectp 3amnc 2+y =1, rge
b*=a®—c2.

2.251. [lokasaTh CJefYIOlLHE YTBEPKAECHH::

a) Ecnn M (x, y)—npou3BOJIbHass ~ TOuKa  3JJHINCA

a, -l- o —l a>b, ry(M) u r,(M)—dokanbHbie pajauycel
stofi Touku, a p(M,D;) n p(M, D,)—ee paccTosiHus no
JHPEKTPHC, TO BHINOJHSETCS PaBEHCTBO
ri (M) — I (M)
p(M,Dy) — p(M,Dy)
6) ITyctb 3amannl Touka F(c, 0) u npsamass D: x—d =0,
d>c¢>0. Torna MHOXecTBO TOueK M, yAOBJIETBOPSIOMHX
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CJIOBHIO —“:—Mll——const—e <1, ectp .=mmmcfi +£~l
y p(M, D) ! = ' T
rie a=de u b*=a®—c*.

2.252. danunc, rnaBHBE OCH KOTOPOTO COBMAAAIOT € KOOP-
AHHATHEIMH OCSMH, NpOXOXMT uepes Touku M, (2, V'3) u
M, (0, 2). Hanucatb ero ypaBHeHHe, HaHTH (OKasbHBE pa-
AHYCHl TOYKH M; U paccTOSIHHA 3TOH TOUKH JO JHPEKTPHC.

2.253. Ha sanunce 9x%4- 25y%= 225 wHaliTh TOuKy, pac-
CTOsIHHe OT KOoTopo# Ao ¢oryca F, B ueThlpe pasa Gosblie
paccrosiHusl Ko ¢oxryca F. v

' 2.254. HanucaTe ypaBHeHHE KPHBOH, MO KOTOPOH ABH-
)KeTca Touka M, ecsiH cymMMa pacCTOSIHHH OT Hee IO TOYeK
F,(—1, —1) u F;(1, 1) ocTaercs nocTosHHO} u paBHOk 2}/ 3.

2.255. Hanucate ypaBHeHHe KpHBO#H, O KOTOpOH JBH-
KeTcsl Touka M, ecau pacctosiHue oT Hee A0 Toukd F (3, 0)
ocTaeTci B [Ba pasa MeHbIle pacCTOSHUA JO MNpsSMOH
x+y—1=0.

2.256. Onpepenutb, Kak pacllosiokeHa NpsiMas OTHOCH-
TeJNIbHO 3JIIHIICA: MepeceKaeT, KacaeTcss HJH NPOXOAUT BHe
ero, ecJid npsMasi M 3JUIUIC 3aJaHbl ypaBHEHHSAMH: .

s2 2
a) 2x—y—3=0, Lo +4 =1,
6) 2+y—10=0, L+ L1,

x2 | g2
B) 3x+2y—20=0, 0 -I-ﬁ =1,
2.257. HanucaTh ypaBHeHHE KacaTeJNbHOH K 3JUIMICY

x‘Z y2
E?‘l'b_?:l B ero Touke M, (Xg 4,)-

4 TlycTe chavana yo # 0, T. e. Touka M, He COBMajaeT HH C OAHOH
u3 sepwun A;(—a, 0) n Ay(a, 0). B 3roM cayuae ypaBuenue
2

2
%—I—%v:l HeSBHO oMnpejensieT ¢yHKUHIO y=y(x), —a< x<a,

rpagik KOTOPOH MPOXOLMT yepe3 TouKy Mg (¥g; Yo) M COBIagaeT ¢ COOT-
BeTCTBYIOWEH (BepxHeli npu yo >0 wuau. HukHeH npu y, < 0) nmososuHON

X2 44 (%)

sanunca. Jduddepennupys no x ToXKAECTBO =

=1, Hafizem, uyTO
npousnoanas y’ (Xo) paBHa
bzxo

! T e —
Y (xo) azyo

OTciofa ypaBHeHUe KacaTeJbHOH K 3JIuncy B Touke Mg (X, yo) HMeeT
BHJ

b2x,
V—to=— S22 (z—x0),
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0
HJaH, ¢ yquom paBeHCTBa 2 + y =1,

xox +y0y . (7)

Ecau xe yozo (n, c;xenona'fenbno, Xo==4a), TO ypaeHeHus Kaca-
TEAbHRX K SJJIMICY MMEIOT BHA x=1:a, T. €. M B 9TOM cayuae ¢op-
myJaa (7) ocTaeTcs BepHOR,

2258 COCTaBHTb ypaBnenuﬂ KacaTesJbHBIX K smmncy
10 +—§-—l napa.n.ne.nbﬂblx npamou 3x+ 2y+7=

2259 COCTaBUTL ypABHEHMS KACATeJbHBIX K SJIMNCY
X 4y* = 20, nepneniuKyIsApHLIX NpAMOQ 2x—2,14—13 0.

2.260. Joka3atn, 470 KacaTesbHHE K SJJIHICY 2-}— =1 1,
NPOBEAEHHLIE  Yepe3 KOHIBL OJHOTO M TOrO e HHaMeTpa,

napaJJje/ibHbl.

2.261. Hanmucatp ypaBHeHHs KacaTeJleblx, l'lpOBe,lIeHHblx

U3 TOUKH A(%O, g) K 3MHICy 20+y =1,

2.262. .Ha‘f:stunce T§+g8—=l HalTH ’Toqu M,, 6mu-

HaNmyIo- K - NPSMO 2x——3y+25 0, 1 BEIYHCIUTDL PACCTOSA-.
HHe OT ToykH M, 10 316ii npamoi.

~2.263. Mokasarb, uro KacaTeibHasd K a.n.nuncy B €ro
Npou3BOJIbHOM Touke ‘M cocrtapisier paBHbE YIVIH C QOKalb-

HBIMH PaAHYC-BEKTOPaMH FM u FM aTon TOUKH. '
2.264*. M3 nesoro ¢oxyca 3J1JIMMCa 45+20"‘1 nog Ty-

NbIM yrjioM @ K ocu Ox Hanpabjen Jyy cBeTa, NpuiueM
tg @ =—2. Hanucatb ypaBmenne npsMoii, nna KOTOpOH Je-
XHT J1y4, OTP3KEHHBIH OT 3JIHNCA.

2
I'mnep6o lea C KaHOHMYECKHM YypaBHeHHeM %—‘z—z_ 1, a, b>0,
umeeT dopmy, H306paxkennyio Ha puc. 7.
Mzy)
5
f; ,S r
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NMapamerpul- @ ¥ b HasbBaOTCA  noayocamu runepGoabl; TOUKH
Ai(—a,0) n Ay(a, 0)—ee sepuiunanu, ocu cumMmerpud Ox u Oy —
JedicmsumenbHod 1 MHUMOL OCAmMU, @ WeHTP cumMmeTpuu O— yenmpom
runep6osl.

b : : -

Mpambie y=+ - ¥ ABJIAOTCA acHMNTOTaMH runep6oast.
Touku Fy(—e¢, 0) u Fy(c, 0), rae c= l/a“‘—}— b2 > 0, nasmiBarorcst
goxycamu runepGonsi, BekTOpH FiM H F,M goxarenomu paduyc-eex-

mopamu, a yncaa ry=|FiM| n rg_ngM | —gpoxaronomu paduycamu
Toukn M, npunajsexaiel rune runep6o.ne

Uncno e=%=. l-l- (l < e< +oo) Ha3BIBATCH SKCUEMMPU-

cumemom runeplon K ABAAETCA Mepoil ee (CIJIOCHYTOCTH». B uacTHOM
caydae a=»>b runep6osa Ha3LIBaeTCA pasHOCMOpoHHed; ee sxcuempucn-

TeT paBen e=} 2, a yroa MexIy acHMATOTAMH paBen /2.

Npamiue Dy x=—aje u Dy: x=a/e, nepnenjukynspusie AeHCTBH-
TenbHON OCH M NPOXOAfllHe Ha paccTosHHH afe OT uempa, Hasuaamcﬂ
aupexmpucamu rnnepﬁonu ;

2.265. ITocTpouTs runep6o.y 16'xj’—9y*,=~144. Haiitu:

a) nosyocH; 6) KOOpPAHHATH! (POKYCOB; B) 3KCLEHTPHCHTET;
r) ypaBHEHHs acHMITOT; A) YpPaBHEHHS AHPEKTPUC.

2.266. [loctpoutb rnnep60.71y 16x2—9y% = —144 (conpﬁ-
aeHnyo 'K runepbose 3anaun 2.265). KakoBa kaHOoHHueckas
cuCTEMAa KOOpAMHAT Ans 3Toft runepbosn? Hafita:

a) noayocu; 6) KOOpAHHATH (OKYCOB; B) - SKCLEHTDHCH-
TET; T) ypaBHeHHs1 aCUMNOTOT; A) YpaBHEHUA IMPEKTPHC.

2.267. Hanucatb xaHOHMYecKoe ypaBHeHHe rHnepOOJhl, .
ecan: a)a=2,b=3;6)b=4,c=5;8)c=3,¢e=3/2;r)a=8

e=>5/4; n) ¢=10 n ypaBHeHHs1 acCHMOTOT y=i%x; e) e=

=3/2 1 paccTosHue MeXJy AMpPeKTpHCaMH paBHO 8/3.

2.268. Hanucath ypaBHeHHe rumep6oJisl € NOJMYOCSIMH @
u b u uentpom B TOuke C (%, Y,), €CH HM3BECTHO, YTO ee
ACHCTBHTEJNbHAS W MHHMasi. OCH MNapaJsuiesbHbl ocsM Ox u
Oy coOTBETCTBEHHO.

2.269. YCTaHOBHTB, YTO KaX[0€ H3 CJeAYIOMHX YypaBHe-
HHH onpeaensier runepboJy, HaiTH ee UEHTP, MONAYOCH,
SKCLUEHTPHUCHTET, YPABHEHH'S aCUMITOT H AUPEKTPHC:

a) 16x2—9 2-~64x—54y—161-—0

6) 9x®— 164+ 90x + 32y— 367 = 0;

B) 16x2—9y2-64x~—18y—]—199=0.

2.270. Jloxasatb caefylolue yTBepXKJIeHHS:
a) Ecmu M (x,” y)—npousBosbHasi TOuka runepGoint
xﬁ

2
r—% =1, 10 dokanbHbE papuych STOPI TOYKH pPaBHBI

a2 e
riMy=a+ex, r, (M)=—a+ex,



ecqd Touka M nexut Ha mnpaBoll BeTBH rHnepGOJHI, H
riM)y=—a—ex, r,(M)=a—ex,

ecH 3Ta TOYKa JeXHT Ha ee jieBoii BerBH. Orciona, B yact-
HOCTH, CJIEAyeT, 4TO A/ BCAKOH TOYKH M runepGoJibl Bbl-
ONHSAETCA PaBEHCTBO

|ri (My—r, (M) | = const = 2a.

6) IlycTh samaHB! TOUKH F (—¢, 0) u Fy(c,0), ¢>0.
Torna muoxectBo Touek M, yxoa.nemopmomnx YCJIOBHIO

|]F Ml——|F M||=const=2a, a>0, ectp runepGosa
E_E"_l rae b*=c*—a®.

2.271. Jloka3aTb CJeAylolUlHe YTBEPXKAEHHUS:

a) Ecniu M (x, y)—npou3BoJbHASI TOYKA THIEPGOJHI

% _1 ri(M) u r,(M)—dokanpHble paguychl 3TOH

'1‘0'-IKH, a p(M, D)) u p(M, D,)—pacctosiuusi OT Hee [0
JHUPEKTPHC, TO BBINOJHSETCS PaBEHCTBO

ri (M) _ I (M)

— e — =const =e.
oM, D) p(M, D)

6) Tycts 3ananbl toyka F (c, 0) u npsamass D: x—d =0,
¢>d>0. Torna muoxectBo Touex M, y,uos.neTBopmomux

YCJIOBHIO %: const=e > 1, ectp mnep6ona ?ﬁ—iﬁ= 1,
rie a=de u b*=c*—a’
2,272, Y6e,u.uBchra, uyto Touka M (—5, 9/4) nexut Ha

runep6oJie 16_3—1 HalTH (oKajbHBIC PaJHyCHl 3TOH TOY-

KH M €€ pacCTOoAHHuA [0 Jmpempuc.

2 2
2,273. Hafitu Touk#u runepGoJbl %—%: 1, maxomsuuue-

cs Ha paccrosiHud 7 ot ¢okyca F;.

2.274. Hanucate ypaBHeHHe runep6om>1, €CJIH HM3BeCTIIO,
yTo ee Qorycamu sBasioTCs TOukH Fy(—3, —4) u F, (3, 4),
a pacCTOsiHHe MeXAy AUpeKTpHcaMH pasHo 3,6.

2.275. Hanucatp ypaBHeHHe THNepO6OJbI, €CJTH H3BECTIIbI
ee SKCUEHTPHCHTET e=V'5, dokyc F(2, —3) u ypaBHenue
COOTBeTCTBYIOWEH AUpeKTpHCH 3x—y+ 3=0.

© 2.276. Ilokasath, 4TO KpHBasi, 3ajaHHas ypaBHEHHUEM

xy=1 wumm y=1/x, ecTb PpPaBHOCTOPOHHss runepGoJa.
Hanucath ee kaHOHHYeCKoe .ypaBHEHHe, HaHTH SKCLEHTpH-
curer, (GOKyChl H YpaBHEHHSl AHDEKTpPHC.
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\ 2. %77* Hanucath ypaBHenue xacaTesbHO K rumepGose
a7
2. 278 CocraBuTh ypaBHEHHsi KacaTeJbHBIX K rumep6ose
’l% g3 =1, napanyiesbHbIX npsmoii 10x—3y +9=0.
2.279. CoctaBHTbh ypaBHEHHs1 KacaTeJbHBIX K runepboJe

—-y; =1, nepneHANKYAAPHLIX NpAMOHA 4x + 3y—7=0.

=1 B ee Touke M, (x,, ).

x2
20
x2
2.280. JlokasaTb, 4TO KacaTe/bHLE K THIepOoe —— 2
S at b
=1, npoBeJeHHbE YePe3 KOHIDLL ONHOTO H TOrO XKe JuameT-
pa, ‘nmapaJuiesbHbl.
2.281. Hanucate ypaBHEHHMA KacaTesbHBIX, NPOBEJEHHBIX
u3 touky A (—1, —7) K nmepéo.ne x2—y?t=16,

2,282, Ha runepéo.ne —l Halitn Touky M,, Gau-

24" 18
xalfiwyio K npsaMoit 3x+2y+1=0, 1 BHYUCJUTH .paccTOsi-
HHE OT TOUKH M, J0 3TOH npsMo#.

2,283. [oxasaTb, 4TO KacaTesqbHasi K Tunep6ose B ee
NpOM3BOJILHON TOuKe M COCTaB/sET paBHBIE YIVBI C (POKalb-

HEIMH pajuyc-BekTopaMH F.M u F,M stoi TOYKH.
2.284*, M3 npasoro ¢okyca runepGOJbl g————l oA

yraom o (n<a<®%,m) kK ocu Ox HampaB/eH JyY CBeTa,
npuuem tg a=2. Hanucatb ypaBHeHHe MpsMOMH, Ha KOTOPOH
JIEXHUT JIy4, OTpPa)keHHHi OT rumep-
6OJIkL. i

I'I apa6oJaa c KAHOHHYECKHM ypaBHEHH-
eM y2=2px, p > 0, umMeeT ¢opmy, n306paxeH-
Hywo Ha puc. 8

Yucsno p Ha3blBaeTCs napamempom napa-
Goael, Touka O—ee eepuwunol, a ocb Ox—
ocbr0 napaGoJbl.

Touka F (p/2, 0) naswiBaercs dboxycon
napa6oan, Bektop FM — oxarsrein paduyc-
66KMOpPOM, a HYHCIO0 r=| M | — dorarvron
paduycom Toukn M napaGoJibl.

Ipsamas D: x=—p/2, nepnenuKynsipHas ¥/
OCH M TNpOXOAsasi Ha PacCTOSIHHH p/2 OT Bep- Puc. 8
IIHHBL a2 pa6oJiel, HasbiBaeTCH ee Jupexmpucoil.

2.285. Iloctpouth cieayloomue napaGossl K HaiTH HX
napaMeTp: "

a) y =6x; 06) x*=D>5y;

B) y*=—4x, 1) x*=—y.

2.286. Hanucare ypapHenue napa6onbl C BEpIIMHOH B Has
yaje KOOPAMHAT, €CJHH H3BECTHO, YTOj

ot



a) mapabosia pacmoJioXKeHa B JIEBOH MOJIYMJIOCKOCTH CHM-
METPUYHO OTHOCHTesNBHO ocH Ox u p=1/2;

6) napa6osia pacrnoJioxeHa CHMMETPHUYHO OTHOCHTEJbHO
ocH Oy H_NpoxoAuT yepe3 Touky M (4, —8);

gyoxyc napa6ossl Haxoautcsi B Toyke F (0, —3).
Hanucare ypaBHeHue mapaGosibl, ecC/i. H3BECTHO,

970 Bepmmia ée Haxomutcss B Touke A (x,, y,), napamerp
paBeH p, ocb napaasnenbHa, ocu Ox u napaGosa pacno-
fIOJKEHA OTHOCHTEJIbHO NPAMOH X = x,}

a) B MpaBofi MOJIYMJIOCKOCTH;

6) B JIeBOH NOJIYNJIOCKOCTH.

2.288. YcTaHOBHTB, YTO KaXJoe H3 CNeAYIOUHX ypaBHe-
HHil ompejesser mapaGoay, HaiTH Koopnuuam ee BepIIHHBI
A u BeJuunily napamerpa p:

a) yP=4—8  06) s'=2—y;
‘B). Y= 4x2—8x—|—7 r)y=-——1—x2+2x-7'

-I) x=—-Ty”+y, €) x=2y"—12y+14.

2.289. Jlokasarb CJAEAYIOUHE YTBEPKACHUS:

a) Ecan M (x, y) —npousBosbHasi TOYKa 11apaGost y? =
= 2px, r(M)—ee ¢okanbuuii paguyc, a p(M, D)—pac-
CTOAHHe OT ToukH M 10 nupekTpuCh (cM. puc 8) TO BHI-
DOJIIAETCA PaBEHCTBO

'(M) 5 =const = 1.

6) Tlycrsb 3aI[aHbI touka F(p/2, 0) wu npamas D:

x= —p/2. Toraa MHOXecTBO Touexk ‘M, yIOBNeTBOpSH-
IOWUX  YCJIOBHIO AFM1__ const=1 ecTb:  mapa6oJa
o (M, D) ’ '

y=2px.

2.290. Buuncants Q)OKaJIbeIH paguyc Touku ‘M napa-
Gonbl y?=12x, econ y (M) =6.

2.291, Hanucath ypaBHeHHe napa6o.m>1, €C/JIM H3BeCTHBI:

a) ¢okyc F (4, 3) u aupexrpuca D: y+ 1=0;

6). doxyc F (2, —1) u ampekrtpuca D: x—y—l =0.

2.292. Hanwucatb ypaBHex-me KacatesJbHOH K mapaGoJe
y*=2px B ee Touke M, (x,, Y,).

2.293. Hanucatp ypaBHeHHe KacaTeJIbHOH K napa6o.ne
y? =8x, napannenbHolt npsimoit 2x 4 2y—3=0.

2.294, Hamucate ypaBHerue KacaTeJqbHOH K mnapa6oJe
&* = 16y, nepnennuxyasipHoil npsiMoit 2x+4g+7=0.

2.295, Hanucatp ypaBHeHHs KacaTe/bHBIX K rapaGosie
y* = 36x, mpoBefieHHbIX M3 ToukH A (2, 9).
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2.296. Ha napa6one y®=64x naitu Touky M,, Gammxaii-
wylo K upamoi 4x+3y—14=0, 1 BHUYHCIANTL PACCTOsIHUE
or ToukH M, o 3ToH npsAMo#. . '

2.297. JlokasaTb, 4TO KacaTeJbHas K mapaGosie B ee npo-
M3BOJMILHOH TOUKe M cocTaB/sieT paBHBIE YIVIBI C (POKAJBHEIM
paanyc-BEKTOPOM TOYKH M M C JIyYoM, HCXOASIILMM H3 TCY-
KH M u coHanpaB/IeHHBIM C OCbIO NapaGoJibl.

2.298. M3 doxyca napabosnl y? = 12x mOA OCTPHIM yIJIOM &

k ocu Ox nanpasJen Jy4 ceeta, npuyem ig o = . Hanucats

ypaBHEHHE NpPAMOH, HA KOTOPOH VIEXHT Jyd, OTpax{CHHLIA
oT napa6oJasl; - :

3. VYpasuenue KpuBOH B NONAPHOH CHCTeMe KoopauwaT. ['oBOPAT,
YTO 11a IVIOCKOCTH BBe/leHa NOJsIpHasi CHCTeMa Koopaunat <O, u), ecau
3aJiaHbl:

1) nekortopasa Touka O, Ha3biBaeMasi noAlOCOM;

2) nekoTopnii Jyw u, ucxoasumuil u3 Toukk O H Ha3HBaeMbli no-
ARPHOT 0CLIO. .

MonsipupiMu. KoOpAuHaTaMu Touku M # O BasmBaloTcs ABa YHCJA:
noanpueid paduyc r(M)=|OM| >0 n noaapuwi yeon ¢ (M)—yroa,
Ha KOTOpbIi c/lenyeT NOBEPHYTb OCb 4 AJsl TOrO 4TOGH ee HampasJje-
iMe COBMAJO. ¢ HanpaejenueM Bektopa OM (npH 9TOM, Kak O6bIYHO,
@ (M)-> 0, ecam noOBOPOT CCYIUECTBJISiETCS NMPOTHB YacOBOH CTpeJKH, H
¢ (M) < 0 B nporuBHOM cayuae). 3anucb M (r, ¢) 03Hayaer, YTO TOUKa
M HmeeT noJsipHEIE KOOPAMHATHL 7' M @, ‘

[Noasipuwiit yron ¢ (M) nMeer GeCKOHEUHO MHOrO BOSMOMHBIX ‘3Haue-
Hui  (oTaMualowuXxcs APYr OT ApPYra Ha BeJHYUHHY BHAa 2nn, n€ Z).
3nauenue MoJAsApHOrO yria, yloBleTBopsiomlee YyciosHio 0 << @ < 2,
Ha3bIBAETCH 2406HbIM. B HEKOTOPHIX Caydasix IVIaBHBIM 3HaYeHHeM IoJap-
HOrO YrJia Ha3biBaloT 3HayeHHe ¢, YAOBJETBOPAIIIEE YCJIOBHIO — 7 <
<o<m. ' ' T

[lycTs Ha NJGCCKOCTH BBEJeHbl Npapas JeKapToBa NPsAMOYroJbHas
cucremMa koopaunar Oxy (T. e. TaKas, 4TO KpaTyaiilinli MOBOPOT OT OCH
Ox K ocu Oy NMPOMCXONMT TMPOTHB YacOBOM CTPEJIKH) M MOJsipHas CHCTEMa
<0, up, npuyeM nOJfApHASE OChb COBNAJaeT ¢ MOJOXHTENbHOH NOJYOCHIO
abcunce. Torga cBsn3b MeXAy AEKAPTOBLIMH K NOJISIPHLIMH KOOPJAHHATAMH
npousBoablioll Toukn M # O Raercs dopmynamu ‘

x=rcosq, y=rsing; 0
r=V 2+ tgo=y/x.

YpaBuenne KpuBOil B MOJSIPHHIX KOOpAMHATax umeer BHR F (r, ¢)=0
i r=Ff(p). OHO MOXeT GHTb MOJyyeHO JHGO HENOoCpeACTBEHHO, HCXOAS
M3 reoMeTPHUECKHX CBOHCTB KpHBOH, Nn60 nmepexojoM K MOJSPHLIM KOOp-
JIHHATAM B YypaBHEHWH 3TOH 'KpHBOH, 3alaHHOM B JEKapTOBaIX IIpsMO-
YrOJLHBIX KOOpAHHATAX..

[Tpumep 2. [TocTpouTh KPUBYIO, 3aJlaHHYIO YpaBHeHHeM r=="06c0S .
<« [Ipexpe BCero 3aMeTuM cJjefpylowiee: egnn Touka M (r, @) npunane-
JKHT 3aJaHHOM KpHBOH, TO AJs 3TOH TOukH cos ¢ =r/6=0, n, ciego-
BaTelbHO, BCA KpPHBasi pAaCNoJIoXKeHa B ceKTope — /2 <5 ¢ <& /2.

s Toro uto6bl MOCTPOHTL KPHBYIO, HepeiiieM B ee ypaBHEHUH
K J€KapTOBBIM K00£ WHaTaM. YMHOXKHB 06e yacTH ypaBHenus r=6cos @

Ma r, nonyyaeM r%=6rcos @, OTKYyla Ha OCHOBaHHH (OPMYJ Nepexojia
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(7) umeem x%+4y%=06x, nmu (x—3)24-y2=9. Takum oGpasoM, 3amanHas
KpHUBasi—OKPYKHOCTb pajuyca 3 ¢ HeHTpOM B Touke My C KOOpAMHATaMU
x9=3, Yp=0 nan ry=3, ¢ =0.

IIpumep 3. BoiBecTh ypaBHeHHe NpPAMOA B NOJSApHOH cHcTeMe
KOOpJHHAT.

4 Ecan npsMast L npoxoguT uepe3 MOJIOC H ee YIJIOBOH KoshdHuiuenTt
MO OTHOLIEHHIO K MOJISAPHOH OCH paBeH K, TO ypaBHEHHe 3TOH NpsMoi
umeer BuA tg p=~F. B ,

ITycts Temeph npsiMas L™ ne npoxout yepes mosioc. Hamumrem Hop-
MaJbHOE ypaBHeHHe 3Toil MPAMOH B 'JleKapTOBOH MPAMOYrOJNBHOH cuCTeMe
KOOpAHHAT T
xcosotycosp—p=0
M nepefifieM B STOM YypaBHEHHH K IOJAPHBIM KoopiuHartam. [Tosyuaem
(yuutbiBasi, yTo cos f} =sin a):

rcos @ coso-rsingpsina—p=0, rcos(@—a)=p,
Wi
r;——_—._p—__ . (8)
cos (p—ot)

Ypapuenne (8) H ecTb HCKOMOE€ YpaBHeHMe NPAMOH B INOJSPHOM
cucreMe KoopAuHaT. OHO MOXeT ObiTh MOJYYeHO H HemocpeJ/ICTBCHIIO H3

¥
A P

N

ol

~

Puc. 9 Puc. 10

criefyiomero ouesuanoro akta: M EL&Snpn r=r cos (¢ —a) =const=p
(puc. 9). » )

Mpumep 4. Ilyers I'—sanunc, serBs runepGoast wiau napaboda,
F—dokyc aTolt KpuBoHf, D —cooTBeTcTBylOmMAs JUpEKTpUCa. BuisecTH
ypasuenue kpupoii I' B moaspHoOi cucTeMe KOODAMHAT, IOJIOC KOTOpOIi
((:oana;xlaoa.;r ¢ (OKycOoM, a NoJspHas OCb COHaNpaBJeHa C OChI0 KPHBOH
puc. 10). .
<« O6mee CBOHCTBO 3/iHuNCa, runepbosibl M MapaGoJsl COCTOMT B CACAYI0-
memM (cM. 3ajgaun 2.251, 2.270 u 2.289):

p(M, F)

[-)W_,DT =const = e, (9)

Mere
rle e—3KCUEHTPHCHTET KpHBOH (¢ < 1 msa saummea, e > 1 s runep-
Gonnl ¥ e=1 AJs. napa6oni).

O6osnaunm paccTostHHe OT (IOKyca JI0 RAMPEKTPHCH Yepes ple (p—na-
paMeTp KpuBOH, Ha3biBaeMbl NoJay(OKaJbHBIM JguamerpoM). Torna wus
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puc. 10 caenyer; uto p(M; F)y=r n p(M, D)=g-§-r cos ¢. Iloacras-
ass 3TH Bhipaxenus B (9), moayuaem

r
=e,

g--[-r cos @
OTKYJa

N .
gy Yy (10)

o Y
Vpaeuenne (10) #m ecTb KCKOMOe YypaBHEeHHe B MOJADHON CHCTeMe
KOOpJAHHAT, ofulee MIa 3JUIMNCA, rHnepboiL H napaGoau. B

3anucaTh ypaBHEeHMS 32JJaHHBIX KpPHBHIX B IOJSIPHBHIX
KOOpJAHHATAX:

2,299, y=x. 2.300. y=1. 2.301, x+y—1=0.

2.302. x*+yt=a? 2.303. x?—y2=aqa

2.304. x*+y*=ax.

3anucaTh ypaBHEHMs 3aJaHHbBIX KPHBBIX B J€KapTOBBIX
NpsIMOYTOJIbHBIX KOOPAHHATaX H MOCTPOHTb 3TH KpHBBIE:

2.305. r=>5. 2.306, tgp=—1. 2.307. rcosgp=2,

2.308. rsinp=1. 2.309. r=——W—2n-.
cos ((p+—z)
2.310. r=—V—ZE—. 2,311, r=2acos¢.
sin ((p—I—T)

2.312, r=2asing. 2.313. singp=1/)/5.

2.314. sinr =1/2. 2.315, r?sin2¢ = 202.

2.316. r2=aqa*cos2¢.

2.317. HanucaTth B NoJspHBIX KOODAMHHATaX ypaBHEHHS!

a) npsiMOH, MNepneHAHKYJsPHOH MNOJspHOH oOCH M OTCe-
Kalolleit Ha Hefl OTPe30K, paBHBIH 3;

6) /nyya, HCXOAfLIEro M3 moJjioca Noj yraom w/3 K Ho-
JIipHOH ocH;

B) NpPsSMOH, NMPOXOAAILEH udepe3 MoJiOC moj yrJioMm m/4 K
NOJISIPHOH OCH. ¢

2.318. Hanucatb B NOJAPHBHIX KOOpAMHATaX ypaBHEHH®
OKDY>KHOCTH, €CJIH:

a) papuyc R=5, OKPYHOCTh NPOXOAHT Yepe3 MOJI0G,
a ee LEHTpP JIEXKHUT Ha MOJSPHOH OCH;

6) paauyc R=3 ¥ OKDYXHOCTb Kacaercs B IOJioCe Io-
JISSpHOH OCH.

2.319. Onpesnennth MOJsipHbIE KOOPAHHATHL HEHTpa H pa-
AMYC KaXKAOM M3 CJIeNYIOUHX OKpYKHOCTeH:

a) r=4cosq; 6) r=3sing; B) r=—0sing;
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r) r=6cos(‘—;5fcp); ny r=8sin ((P—%);
e) r=83in(%—(p>.

2.320. B nosspHO#t cHCTEMEe KOODIHMAT BbIBECTH ypaBHe-
HHE OKPYKHOCTH pa;myca R c nenrpom B Touke C (r,, ¢3)-
2

2,321, Oasa snaunca 25—[— 5= 1 nanucats TOJISIPHOE ypaB-

HeHHe, cyuTas, YTO MOJSipHasA OCb COHAMpaB/JE€Ha C OCbIO
a6ciuce, a MOJIOC HaXOMUTCH:
a) B JeBoM ¢okyce; 6) B npaBoM “okyce.
2 2
—Y% — 1 nanncars

- 2.322. [las npaBoil BeTBH runepGosb 9

nompaoe ypaBHeHHe, CuHuTasl, YTO MOJIIpHAst OCb COHAMpaB-
JleHa ¢ ocbio aBcuuce, a MOJIOC HAaXOIMTCSH:

a) B seBoM (bokyce; 6) B mpaBoM (okyce.

2.323. ns napa6ounbl y® = 6x HanucaTh MOJsIpHOE ypab-
HEHHe, CYHTasl, YTO NOJSAPHAas OCb COHAMpaBjieHa C OCbIO
abcuuce, a MoJIoC HaXOAMTCs: B (oKyce 1apabossl.

2.324. HanucaTp KaHOHMYECKHE YyDABHEHHS CJEAYIOILHX.
KpPHBBIX 2-TO MOpsifKa:

9
5 4cos(p

3

a)r= l—coscp ’

6). r B) r=

-9 .
"~ 4—5cosq’
2.325. BeiBecTu nosIsipHOE ypaBHEHHE SJUIICA , + A

npu YCJIOBHH. YTO TMOJIApHasg OCb COHalpaBJieHa C 0Cbl0 Ox,
a4 MOJIIoC- HAXOJAUTCA B IIEHTPE 3JJIHIICA.

L . L X
2.326. BeiBecTH noJsisipHOe ypaBHeHHe THIEPGOJILI T

_‘/2
K ba"‘
==] NpH YCJIOBHH, YTO NOJsSIPHAst OCh COHaNpaBJieHa ¢ ocbio O,
& MO0JIIOC HaXOAUTCA B LEHTPe THIepGOJIbl.

2.327. BeiBecTH mOJISIpHOE ypaBHEHHe MapaboJbl y? = 2px
NpH YCJIOBHH, YTO MNOJIIpPHAst OCb COHanpaBJjeHa ¢ ocbio Ox,
a MOJIOC HaXOAHTCS B BeplUHHE napaGoJibl.

4. MapameTtpHueckHe ypaBHeHusi KpuBOH. ITycTh sagaHm (bymuum
Q) n P (£), HempephbiBHBIE HAa HEKOTOPOM HpoMexyTKe | uYHCJIOBO# ocH
(npomeskyTok / Moxer GbiTh MHTepBasioM (a, b), oTpeskom [a, b], a Taike
OJIHUM M3 NOJyHHTepBaJoB (a, b] unu [a, b), NpuYeM. He HCKJIOYAIOTCH
cay4yaH, Korja a=— oo u (HIH) b=- o). YpaBHeHHA

x=¢ (), y=¥(), tél' (10)

HA3LIBAIOTCA napamempuieckunt ypasrenuamu kpusok I' B nekaproBoi
NpPAMOYTOJIbHOM CHCTeMe KOODAHHAT, eC/IH BBLITOJHEHO cJejlylollee YCo-
BHe: JJIA BCAKOrOo 3HaueHus napamempa t€ [ touxa M (@ (f), P (f)) mpn-
Hapsexxut Kpusoit I' u, HaoSopor, Juist BCsKo# Touku M (x, y) kpupoon I’
CyllecTBYeT TaKoe 3HaueHue napamerpa €/, uto x=¢@ (f) u y=y ().
HckatoueHueM napamerpa ¢ u3 (10) ypaBHEeHHe K HBOM MOMeET BbITb Npef-
craBnexo B suge F (r, y)=0.
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AHasNOrMYHO ONpeleNsIoTCs MapaMeTpPHYeCKHe YPaBHEHHS KpHBOH
B TOJSAPHBIX KOOpAHHATaX.
[Mpumep b. IlokasaTe; 4TO NMapaMeTpPHUUYECKHe YpaBHEHHS

x=acost, y=asint, t€][0, 2n),

OMpeNIeNSAIOT OKPYKHOCTb X212 =qa2,
4 Ecan touka M (x, y) Takosa, uTo x=acost u y=asint i ucKo-
Toporo guauenus {€ [0, 2m), TO .

x24-y*=a?*cos? t+a?sin? ¢t =a?,

T. e. Touka M (x, y) NpHHAIEKHT OKPYIKHOCTH Xx2-}-y?=q2,
Bepuo u o6pathoe: ecan Todka M (x, y) NpUHAIJIEKHT OKPYIKHOITH
T~

x*+y*=a?, vo, nonaras t=(OM, i), (€ [0, 2n), nonyuum x=acos!?
u y=asint. ;

Mpumep 6. Kpunas I' 3a1ana nonspusiM ypasHeHueM r =2R sin .
CocTaBUTh NapaMeTpHUYeCKHe YpaBleHHS 3TOH KpPHBOH B MOMAPHLIX M
JICKapTOBBIX NPSIMOYTOJbLHLIX KOODAHHATaX, BbGHpas B KauecTBe mapa-
MCeTpa MOJSIPUBIR yroa .
<« Herpynno yGeanThcst, 4TO 3ajlaHHasi KPHBasi— OKPYIKHOCTb pajnyca R
¢ nentpom B Touke C (0, R). [lapaMerpuueckue ypaBHeHHS 3TOH KpHBQIi
B NOJAPHLIX KOOpAHHATAX:

r=2Rsint, ¢=t, (€0, m).

[Mapamerpliucckue ypapHelnsi B NeKapTOBBIX MPAMOYTOJbIEIX KOOpIHHA-
Tax MmoJyualorcs, ecau B (POPMYJbl Nepexona x==rCOS P, y=r Sin @
BMCCTO 7 H @ TOACTaBHTH HX Bbipaxellns B BH/Ae (ynKkuuif napamerpa ¢.
B uTtore noayunm ‘

x=r (f)cosp ({)=Rsin 2¢,
{ y=r () sin @ (f) =R (1 —cos 2?), teo, n).

2.328. CocraButh mNapameTpuyecKue YypaBHEHHs Jyua
I'={(x, y)|x—y+1=0, y =0}, npunuvan B KauecTpe napa-
MeTpa: . o :

a) abcuucey x; 0) opavHaty y, ;

B) paccrosnue p(M, M,) ot Toukn M €T no Bepuuner M,
Jayya; .

r) MOJISIDHBEI YroJ, eCiu [OJIC COBMaJaeT C HayajoMm
KOOPJAMHAT, a MOJIApHAsl OCb COHalpaBjeHa ¢ ocbio Ox.

2.329. CoctaBuTh IapaMeTPpUYECKHE YPaBHEHHS OTpe3Ka
¢ konuamH B toukax M,(1, 1) u M,(2, 3), npunumas B
KayecTBe MapameTpa: o

a) paccrosiune p(M, M,); 6) pacctoanue p(M, M,).

2.330. CocTtaBduTb MapaMeTPHUECKHE YDABHEHHA OKPYXK-
HocTH paguyca R c uewtpom B Touke M, (Xy, Y,), MpHUHHMAA
B KauyecTBe Mapamerpa ¢ yroJ Mexay ocbto Ox ¥ BEKTOPOM
M,M, OTCUMTBIBAEMBIi MPOTHB YACOBOH CTPEJIKH.

2.331. CocraBuTh I1apaMeTpHYeCKHe YpPaBHEHHS OKPYXK-
HOCTH X%+ y*=2Rx, npuHuMas B KauyecTBe apameTpa 1oJjsp-

4 Tam non A B. Fdumora. B. I1. [lemunosnua 97



HBlji yroJi, €ClM TOJspHas OCb COHanmpaBjeHa ¢ ocblo Qx,
a TOJIIOC HaXOAHTCA:
a) B HauaJle KOOPAHMHAT; 6) B LIEHTPE OKPYMKHOCTH.

B sagauax 2.332—2.340 tpebyercsi MCKJIOYeHHeM INapa-
MeTpa ! HalTH ypaBHeHHS 3aJlaHHBIX KPHUBLIX B BuAe F(x,y)=0
U MOCTPOUTb 3TH KpHBHIE. . .

2.332. x=—1+2t, y=2—1, t€ (— oo, + o).

2.333. x=12—2¢t+1, y=t—1, t€(— o0, -+ ).

2.334. x=—1+2cost, y=3-+2sint, t€[0, 2m).

2.335. x=acost, y=bsint, t€[0, 2m).

2.336. x=1+ 2sect, y=—14tgt, t€(—mn/2, n/2).

2.337. x‘_—-‘%(t—l——;-), y=-§(t—%), t€(0, 4 o).

.2.338. x=2Rcos*t, y=Rsin2t, t€[—mn/2, n/2).
2.339. x=Rsin2t, y=2Rsin%*t, t€[0, m).

2.340. x=2pctg*t, y=2pctgt, te(0, 7/2].

2.341. CoctaBuTb mapameTpHUeCKHe. YpaBHEeHHs 3JHMIICA

x2 2
Tﬁ--{-é’—z= 1, npHHUMas B KayecTBe mapamerpa ¢ yrosa Mexiy

ocblo Ox u paamyc-BeKTopoM OM, OTCUMTBHIBagMBI NMPOTHB
YacOBOH CTpeJIKH.
2.342. CocraBuTb napameTpUYyeCKHe ypaBHEHHsl THmep-

x2 2
60J1Bl 72——%;:: I, mpuHuMas B KauecTBe napameTpa ! yrosa

MexIy ocblo Ox u pazmyc-BektopoM OM, oTCuMTLIBaeMblii
IPOTUB YacCOBOH CTpeJKH.

2.343. CoctaBuTb NapamMeTpHYeCKHe YPaBHeHHA napaGoJwl
y?= 2px, NpHHHMas B KayecTBe MNapamerpa:

a) OpAHHATY Y,

6) yroa mexnay ockio Ox u Bexropom OM, OTCUMTHIBAEMBIi
[OPOTHB YacOBOH CTpeJsIKH;

B) yroa Mexay ocblo Ox M oKaJbHBIM pafHyc-BeK10-
pom FM, oTcuuTbiBaeMBblil NPOTHB YacOBOM CTPeJIKH.

5. Hexoropeie kpuBble, BCTpevalouiHecss B MaTeMaTHKe W ee NpH-
noxeHHsX. B HacrosieM mNyHKTe, HMeIOWEM CIpPaBOYHBIIL XapakTep,
npuBeJeHbl ypaBHEHHS M YK4a3aHLH OCHOBHble TI'eOMeTpUUeCKHe CBOHCTBA
‘PpAja CrenHaNbHBIX KPHBLIX (anre6paHuecKHX W TPAHCUEHACHTHBIX), BCTpe-
YaloWuXCA B NPAKTHKE WHMKEHEPHLIX pacyeroB. Buioj ypabnenuit stux
KPHBBIX MOXeT OLITb MPeNIONeH B KayecTBe 3ajay MOBBIIEHHON TPy -
HOCTH MIpPH H3YYEHHM Kypca aHaJHTHYeCKOil reoMmerpuu. Jloctatouiio
JieTaJIbHOe 13yueHHe (OPMbI KPHBBIX MOXET GbiThb BHIIOJIHEHO C MpUBJle-
yeHHEeM MeTOoJ0B AubdepeHuHaIbHOTO HCYHCIEHHS .

1. Cnupaau: cnupasb Apxumeda r=aq (puc. 11), zunepboauvecxasn

cnupass r=al@ (puc. 12), aocapupmudeckan cnupass r=a% (puc. 13);
CTPeJIKOH YKa3aHO HalpaBJeHHe 00XoJa KDHBOH, COOTBETCTBYHOINEE BO3-
pacTaHuo Q.
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Puc. 11

o>/ O<a<l|-
Puc. 13

2. Jlemuuckama bepuyaru (x2+y?)2=2a% (x2—y? (puc. 14), niu
r2=2a2 cos 2¢ (mosioc moMemeH B TOouky 0O). XapaKTepHCTHUYeCKOe
ceolictso: | FyM |-| FeM | =const =a?, 7
rie Fy(—a, 0), Fy(a, 0).

3. Luccouda y*(2R—x)=x3 (puc.
15), uau r=2R tg @ sin ¢ (nonioc nome-
wen B Touky 0). XapakrepHCTHYecKoe ¢
CBOMCTBO: JJIsi BCAKOTO Jyda @=Q, B
(@y €(—m/2, 1/2)) |OM |=| BC].

M
0 2R z
Puc. 15

4. Konxouda x*y?-- (x4 a)? (x2—b%) =0 (puc. 16), wn r=costp +b
(noqmoc nomewed B Touky A (—a, 0)). XapakTepucTHYCCKOE CROIICTBO:
JUIs BCAKOIO Jyua @ =@, (P, € (—mn/2, n/2)) |BM|=|BN|=cons£=b.

\
5. Cmpogouda x* ((x-+a)*+y? =a2y?® (puc. 17), nan r=cosq) +

+ atg e (nmomoc momemern B Touky A (—a, 0)). XapakTepucTHuecKoe
4* 09




aY

Puc. 16 Puc. 17

Puc. 18 Puc. 19

Puc. 20 Puc. 21
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CBOHCTBO: (}mg ( BC’/]é(Ol‘O n}r;)a)x y}
= =(—n/4, -7
FPom =) BN| = | OB .

‘ 6. ¥Yaumka [lackarn (x%4- ) -
+ 2 —=2ax=0> (**+y) (uc. TAVLG T T
18), uan r=2a co$ ¢ + b (monioc W& -
nomemed B Touky -0).. Xapak-
TepPHCTHUECKOe CBOHCTBO: /15 BCs- 7 I e ;
KOro Jyua @=0, (9,€(—n/2, Lo
7/2)) | BM|=| BN | = const==5. Pyc. 22

7. Yemoipexaenecmrozas posa o
(253 =4a%x2y® (puc. 19), uan .
r=a|sin2p| (nomoc nomemen B Touky 0). XapakTepucTHuecKoe cBoii-
ctpo: Beakaa Ttouka M 31Ol KpHBOM ecThb OCHOBaitMe MepMeHAMKYJIpa,
OMyU[eHHOTO M3 Hauasla KOOPAMIAT Ha oTpe3ok | AB] moctosnuoi juinHL 2a,

JBHAKYIHHACSA TaK, YTO KOHUBI €ro BCe BPeMS HAXOMSTCS Ha KOOPAHHAT-
HBIX OCHX.

8. Acmpouda x=acos®t, y=asin®t, t€[0, 2m), wmn x>/3 4 y2/% =
= q?/? (puc. 20). Xapaktepuctuueckoe cpoilcTso: BCAKas Touka M 3Tol

2 y

M

Y

Puc. 23 Puc. 24

KpuBoli ecTb ocHoBanue nepneuaukysaspa [PM] k orpesky [AB] nocro-
ANnuoH JUIMHBL @, NBHKYIIEMYCA TaK, YTO KOHIILbI €ro BCe BpeMs Haxo-
JIATCS HAa KOOPAUHATHBIX OCHAX.

Seoassenma  (passepmka) — OKkpydcHocmu X ==a (cos t-~f-sin f),
y=a(sint—tcos ), t€ [0, 4 o0) (puc. 21). Xapakrepucruueckoe CBOii-
CTBO: KaxKias Touka M 3Tolf KPHUBOH eCTb KOHell HHUTH, KOTOpasi, OCTa-
Basicb HATSIHYTOM, PasMaTBIBAaeTCS C OKPYMKHOCTH x2--y2=qa? (B Haua/b~
HLIT MOMEHT KOHel[ NIMTH HaxomuTcs B Touke A(a, 0)).

10. UHukaouda x=a(t—sint), y=a(l-—cosf), {€ (— o, - o)
(puc. 22). XapakrepucriiuecKoe CBOICTBO: KpHBas COBMNANAaeT C TPaeKToO-
pueit ToukH M OKPYKHOCTH pajuyca @, KOTopas KaTHUTCA 0e3 CKOJIbXKe-
Hist Mo ocu Ox (B Haya/abHbBIE MOMEHT TOouka M HaxXoMMTCH B HauaJje
KOOp/IMHAT).

11. 3nuyuxrouda x=(a-b) cost-—acosa+bt, yﬁ=(a+b)siﬁt—

a
—-aslna+b
a

KpuBasi COBNaJaeT O TPaeKTopHel Toukm M OKDYMKHOCTH pajuyca a,
KOTOpast KaTHTCA 6e3 CKOJIbKeHHS MO OKpYMKHOCTH x%--y% =02, ocTaBasce
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BHe ee (B HayaJbHHIA MOMEHT ToYKa M HaxoiuTcs B mosioxenuu A (b, 0)).

B uacTHOM ciyuae a=b cooTBeTCTBYIOWIass KpHBAas Ha3bBaeTcs Kap-
duoudoii.

12. T'unoyuxiouda x=(b—a) cos {4 acos b_—a_a t,y=(b—a)sint —

—asinb aa t, tE€[0, -+ ) (puc. 24). XapaKTepucTHYeCKOe CBOHACTBO!
KPHBas COBMajJlaeT C TpaeKTOpHedl TOUKH M OKpYXKHOCTH pajguyca a,
KOTOpast KaTHTCS 6e3 CKOJIbXKEHHSI N0 OKpyXHocTu x2-}-y?=5b%, ocTa-
BasfCh BHYTPH ee (B HayaJbHbli MOMeHT TOYKa M HaXOZMTCA B IOJIONKe-
uin A (b, "O)). B uactHomM cayuae a=b/4 ara KpuBag coBNajaer
c acTpoupof.

13. IToayxybuueckan napabosa y*=ax® (puc. 25).

14, Ilemaesan napabora ay®=x (x—a)® (puc. 26).

IA
J
. —
0 z
Puc. 25

z ;r+y¢a=[]
Puc. 27 Puc. 28

’ 3
15. Jloxor Anvesu !/=;zﬂ4_ai (puc. 27).
18. Hexapmos aucm x*--y*—3axy=0 (puc. 28).

§ 4. TloBepxHOCTH M KPUBbIE B NPOCTPRHCTBE

1. YpaBHennst nOBEPXHOCTH M KPHBOH B AEKApPTOBOH MNPAMOYroJb-
HoW cucTeme koopauHat. ['oBopsiT, uTO HOBEpXHOCTL S B CHCTEME KO-
aunat Oxyz HMeeT ypaBHenHe

F(x, y, 2)=0, - (])
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€CJIM BLIOJIHEHO Cleflylomee ycjoBHe: Touka M (x, y, 2z) npuHAIEKHT
TMOBEPXHOCTH S B TOM M TOJNLKO B TOM CJydae, KOTAa ee KOODAHHATH
X, Yy ¥ 2z YHoBaerBopsloT coorHomwenHio (1). Ecau, B uacraoctH,
Fx, y, 9=Ff(x, Yy —2, T0 ypaBuenue (1) Moxker GLITb 3alIHCAHO B BHJE.

z=f(x» y)ol @

1 B 3TOM CJydYae NOBEPXHOCTE S €OBMajaeT C rpapukoM (GYHKUHH ABYX
nepeMeHHbIX f (X, 4). :

KpuBas I' B npocTpaHcTBe B o6lieM clyuae onpefeasiercs Kak JHHHS
nmepeceyeHUsi HEKOTOPHIX NMoBepxHOCTeH S; M S, (OmpejensieMblX HEOJHO-
3HAaYHO), T. €. 3aJaHHEM CHCTeMbl IBYX YypaBHeHHH

Fl(x’ Y, Z)=0, F‘Z(xl Y, 2)=0. (3)

ITpumep 1. BbiBecTH ypaBHeHHe NOBEPXHOCTH, KaX[as TOUYKa
KOTOpO#l pacnosioxeHa Bisoe 6auxe kK Touke A (2, 0, 0), yueM K Touke
B(—4, 0, 0).
<4 Ecnu S—noBepxHOCTb; 3ajlanHast yCJIOBHAMH 3afaul, To M (x, 4, 2) ES
B TOM U TOJIBKO B TOM ¢jyuae, Koria p (M, B)=2p (M, A), uau

VE+9+32+2=2V (x—22+y*+ 2
Orciona monydaem ' t
(4924 y2 -2 =4 (x—2)*+ 42+ 29,
3x? —24x 4 3y% 4322 =0
HJIH, BHIAEASS TOJHLIH fwanpa'r B CJIaraeMblX, CONEpIKAIUX X;
' (=422 =16 @

VYpapuenue (4) H ecTb MCKOMOe ypaBHeHHe mnosepxHoctd. M3 Hero
BH/UIO, YTO 33aJlaHHaf NOBEPXHOCTb S ecTh chepa paiuyca 4 C LEHTPOM
B Touke M, (4, 0, 0). P )

Mpumep 2. Hecaemosate ¢opmy kpuboit I', samaHHOfi ypas-
[HeHHAMU

{ (e—D g +2=35, o

y+2=0.

OnpefiesuTh BUIL €e MPOEKUHH Ha MAOCKOCTb Oxy.

<« Kpupas I' sagana Kak gunus nepecevenus coepnl (x— 1)2-y24-22 =36
¢ naockocTblo y—+2=0 u, crefoBaTeNbHO, €CTh OKPYXKHOCTh. . Tak Kak
uentp cdepst C (1, 0, 0) Jexut B mIockocTH cevenus y--z=0, To uentp
OKPYXKHOCTH cOBNajaeT ¢ Toukoii C, a ee pajuyC paBeH paiuycy cdepsl,
T. e. R=4.

Ycranosum ¢dopMy npoekuun okpyxHoern I' Ha nuockocte Oxy.
Hckalouass 2z u3 cucremsl (D), moayuyaeM (x—1)24-2y2=36, wuau
x=1?

36
rJIaBHBIE OCH KOTOpOro coHampassens! ¢ ocsimu Ox u Oy, UeHTp Haxo-
nutes B Touke C’ (1, 0), a mosnyocu paBhbl a=6, b=3 Vo »

-|--1%=1. Ortciofia 3akJi0YaeM, 4TO HCKOMAs MPOEKILU S — SJIJIHUIIC,,

YcTaHOBUTD, KaKHe reoMeTpHuecKue o6passl OnpelesfioTes
3aJlaHHbIMU YPaBHEHH IMH:

2.344. 2+5=0. 2.345. x—2y-+2—1=0.

2,346, x> -2 22 =4. 2.347. (x—2)*+ 2+ (2+ 1) = 16.
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2.348. 2+ y* 4322 =0. 2.349. x* 4 422=0.

2.350. .x*+ 224222+ 7=0. 2.351, x?—422=0.

2.352. xz2=0. 2.353. xyz=0.

2.354. x*—4x=0. 2.355. xy—y*=0.

2.356. BuiBectn ypaBHenue TOBEPXHOCTH, Pa3NOCTb KBAA-
paTOB pacCTOAHMH OT KaXkJOH TOYKH KOTOpOH JO TOUYEK

(2 3, —5 un F, (2, —7, —5) pasna 13.

2.357. Bbmecm ypaBHeHHe NOBEPXHOCTH, CyMMa KBajpa-
TOB paccTosanMii OT KaxJlOH TOYKM KOTOpPOH OO TOUEK

Fi(—a, 0, 0) u F,(a, 0, 0) paBHa mocrosiHHOMY 4HCay 4a®.

2.358. BblBe(’TH yPaBHEHHE NOBEPXHOCTH, cymma paccTos-
HUH# OT Kaxao# TOukKH Kotopol jo Touek F,(0, 0, —4)
u F,(0, 0, 4) pasna 10.

2 359. BblBeClH ypaBHEHHE NOBEepXHOCTH, MOAYJb Pas3lioCTH
pacCTosiHMIT OT KaX 0¥ TOuKH Ko1opoit 1o touex F, (0, —5, 0)
u F,(0, 5, 0) paBen 6.

2.360. YcTaHOBHTb, YTO Ka)kjioe H3 CJelyIIUX YypaBHe-
Huil onpelensier chepy, HalitH ee uedtp C u paanyc R:

a) x2+y +22-—-62—0

6) *+y*+ 22—dx—2y+22—19=0.

2.361. CoctaBuTb ypaBHeHHe Cephl B KaXuoM H3 Cle-
AyIOUHKX cayuaeB (oGo3Haueno: C—ueHTp cgepl, R—pa-
auye, M, M,, M,, M,—Toukn Ha. cdepe):

a)C(—l 2, 0) R =2; 6) M(2 —1, —3),C@3, —2, I);

B) M, (2, -—3 5) u M (4, 1, —3)—KoHuB jHamMeTpa
cephbl;

r)y C@3, —5 —2), maockocte 2x—y—-3z+11=0
kacaercsi cdepsl,

n) M, (3, 1, —3), My(—2, 4, 1), My(—5, 0, 0), CEP:
2x+y—z+3=0.

2.362. CocraBurth ypaBHeHHe cepbl, LEHTP KOTODOH Jie-
JKHUT Ha NpsAMOH

2x+4y—z—7=0,
4x+5y+2—14=0

0 KOoTopas Kacaercsi IJIOCKocTeH x+42y—2z2—2=0 g
x+2y—224+4=0,

2.363. CoctaBuTb ypaBHeHHe cdephbl, BNHCAHHOH B Tel-
pasip, o6pa30BaHHLIN MJOCKOLTAMH'

3x—2y+62—8=0, x=0, y=0, z=0.
2.364. CocTaBuTh napaMeTpPHYECKHE ypaBHeHHs AHAMeTpa

chepl x24-y*+ 2 —2x—6y+2—11=0, neprnenaukyasp-
HOro0 K MJIOCKOCTH Sx—y 4+ 22—17=0. :
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2.365. Ha cgepe (x—1)*4 (y+ 2)*+ (¢ —3)* =25 nafitn
TOYyKy M,, Gamxailmyio K IJocKocTH 3x—42+419=0,
M BBLIYHC/IUTb. PACCTOSIHHE OT 3TOH TOYKH JO MJOCKOCTH.

2.366. Onpenenutb, Kak pacrnosioXeHa [JIOCKOC¥b OTHO-
CHTeJIbHO cdepHl (epeceKaer, KacaeTcsl WM POXOAHUT BHE ee),
€CJIH MJIOCKOCTb M c(epa 3ajaHbl 'YPaBHEHHSMHU:

a) z2=3, x*+y*+22—6x+2y—1024+22=0;

6) y=1, x*+y*+ 224+ 4x—2y—624 14 =0;

B) x=05, X+ y? 4 22—2x}-4y—2z—4=0.

2.367. yCTaHOBHTb, KaKHe KpHBble ONpeLessioTcs clle-
JLYIOIHMH* ypaBHEHU AIMU

x—b5=0, Bty =
a - 6)
{ z2+2=0, { y=0;
x?+y* 4 22 =20, 4yt =
B) { 2—2=0; { x4y +22—42—25=0.
2.368. Haifitn ueHTp M pajHyC OKPYKHOCTH:
[ x*-+y*+ 2= 10y,
2) l x+2y+22—19=0;
(=3 + (¥ +2)*+(z—1)* =100,
o) { % —2y—24+9=0.
L] Llemp OKDYXHOCTH €CTb IpOeKLHUA HEeHTpa C(I)epbl Ha INJIOCKOCTb.

2.369. Haittn npoekunio Ha mnjockocts z=0 ceueHus
Ctpepm x4+ y?+ 22 =4 (x—2y—22) NJIOCKOCTbIO, pOXoAsi-
men l1epe3 uex—np cpepnl 1 nepneHnHKmepuou K Tpsmoi

0, y+2=0.

2370 Touku A3, —2,5) u B(—1,6, —3) asasiorca
KOHLAMH JHaMeTpa OKPYMKHOCTH, MpOXoAsilell uyepe3 TOuKy
C(1, —4, 1). CoctaBuTb ypaBHeHHs 3TOH OKpPYXHOCTH.

2.371. CocTaBuTb ypaBHEHHA OKDYXKHOCTH, MNpPOXOASIE
yepes Tpu ToukM M, (3, -1, —2), M,(, 1, —2) u
My(—1, 3, 0.

2. Aure6pauyeckne NOBepXHOCTH BTOporo nopagka. Aacebpaudeckod

11066PXHOCMbIO 8MOPO0 NOPAOKA Ha3bIBaeTCs NMOBEPXHOCTb S, ypaBHeHHe
KOTOpO# B JleKapTOBOH NPAMOYTOJNBLHOH CHCTeMe KOOPJAWHAT HMeeT BHJ

Ax?+ By +C22+2Dxy + 2Exz+4 2Fyz 4 Gx+ Hy+ 12+ K =0, (6)

rlie He BCe KO3(p(UUHEHTH NpH 4JIeHaX BTOPOro MOpsKa ONHOBpPEMEHHO
paBHHl HYJMIO (B NMPOTHBHOM cayuae S—aJjreGpanueckas MOBEPXHOCTDb
NepBOro NOpfiKa, T. €. IJIOCKOCTb).

Moxer oKasaThCs, 4TO ypaBHeHHe (6) onlpejesisieT TaK Ha3bIBAEMYIO
6b1P0XOEHHYO TIOBEPXHOCT (TIYCTOE MHOXECTBO, TOYKY, IJIOCKOCTh, Mapy
miockocTelt). Eciu ke MOBEPXHOCTb HebiposOeHHAs, TO npeoﬁpasoBaHueM
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JIleKapTOBOil NMPSAMOYTOJIbHON CHCTeMbl KOOPAMHAT ee ypaBHeHue (6) MOXer
ObITh TPHBEJEHO K OJHOMY M3 YKAa3aHHBIX HUIKE BHJOB, Ha3LIBAeMbX
KQHOHU4eCKUMY W ONPENENIOMUX THI nosepxﬂocm.

22
1. dasuncoud: 'E“’—+ + 2_1 (puc. 29).

2. Tunepboaoud
x2 y2 22

a) 00xonoAOCHHbIL: F"’_b_ﬁ_?'—‘l (puc. 30, a);
. !/2 22
6) dsynoaocmrblii: T+b_’_?3—=-l (puc. 30, 6).
2
3. Konyc emopozo nopadxa: + ——c— =0 (puc. 31).

4. ITapaboroud

. X2
a) saaunmudecKud: ——+b—2=z (puc. 32, a);

P
) PLI

0) cunepboauueckui: =2 (puc. 32, 6).

5. Lurundp emopoco nopadka

2

a) saaunmuneckul: = +y =1 (puc. 33, a);
2 2

6) eunepboauueckuii: Z_ﬁ ‘Zz =1 (puc. 33, 6);

B) napaboauseckud: . yr=2px, p>0 (puc. 33, o).

O6uine MeToAb! mpuBefien#sl ypaBHeHHsI (6) K KaHOHHUECKOMY BUAY
OrKMpaloTcs Ha TEOPHIO KBAJApPaTHYHLIX (GOPM M paccmMaTpHuBaloTcsi B I. 4
§ 3 ra. 4. Lenv HacTosulero MyHKTa COCTOMT B H3YUEHHH OCHOBHbBIX
TeOMeTPHYECKHX CBONCTB HEBHIPOMAEHHDIX noaepxuoc:Teﬁ BTOPOrO MOpSiIKa
C HCIOJb30BaHHEM HX KaHOHMYECKHX YpaBHeHHH.

ORHHM H3 OCHOBHLIX METOJIOB MCCJe/loBaiist GopMbI MOBEPXHOCTH MO
ee YDaBHEHHIO SIBJIAETCA memod cgueruli.

[Tpumep 3. Merofom ceueHHH HCCNEOBaThb (JOPMY H IOCTPOUTB
[0BEPXHOCTb, 3aJaHHYIO ypaBHEHUEM

_ x2 yﬂ

4 B ceuenud MOBEPXHOCTH TOPH3OHTAJBNON MJIOCKOCTHIO 2=Hh HMCCM
Kpuyo Iy, mpoeknus KoTopoi Ha mieckocts Oxy onpejesisiercst ypas-

Herxem
_ o g
h=2 (l —55 )

S ®)

U

Vpaprenne (8) mpu h > 2 He uMeeT pelleHMH OTHOCHTENBHO (X, y). DTO
03HauaeT, YTO COOTBETCTBYIOLLEE CeyeHHe NYCTO, T.e€. paccMaTpdBaeMasi
NOBEPXHOCTb LENHKOM pacloJioxKeHa HHXKe mockoctd z=2. [lpu h<S2

ypapueHue (8) onpefiejsieT SJHNC-C noayocamMu a=4Y 2—h u b=
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=5V 2—h, Bupokjatomuiica B TOuKy x=y=0 npu h=2. 3amernm,
4TO BCe JIJMIMCH], MOJyualomuecs B CeYeHHSX MOBEPXHOCTH IJIOCKOCTSIMH
x=h <2, nonobunl Mexay coboil (%:const =%>., TIpHYEM C.yMEHb-
[MIeHHeM A MX NOJYOCH HeOrPaHHYEHHO M MOHOTOHHO BO3pAacTaloT.

[TonyyeHHo# HHDOPMALMH JIOCTATOUHO, YTOOBl MOCTPOHTH 3CKH3 MO-
BepxHocTH. JlajbHelillee YTOYHeHHe ee ()OPMLI MOMKHO MOJYYHTb, €CJH
paccMoOTpeTh CeyeHHs KOODJAMHATHbIMH muocKocTsamu Oxz u Oyz. CgueHue
naockoctbio Oxz: y=0 naer kpusyio x2=16 (2—z2), T.e. mapaboay c na-
pamerpoM p==_8, BepIHHOH B Touke x=0, z=2 K BeTBSIMH, HaANpaBJeH-
HBIMH B CTOpPOHY yOLIBaHus 3HaueHu#l z. Hakowsel, ceyeuue MNJIOCKOCTBIO
Oyz: x=0 paer mapabony y>=25(2—z) ¢ mapamerpom p=.222
2 HOM B Touke y=0,2=2 u aHamoriuno

HanpaBJeHHbLIMH BETBSIMH.

Brinosmiennoe nceJsejloBaHite 103no-
JIACT  Telleph  JOCTATOYHO  JETaJblO
H306pa3nTh - 8aJaHHYI0  MOBEPXHOCTBb
(puc. 34).

3ajannas NOBEPXHOCTL eCTh HJLAII-
THueckr il napaGononf. IlpeoGpasonanne
KOOp/IHaT

, BepLIH-

Y2=25(2-2) X=x, y'=y, 2=2—2

Puc. 34 (KOTOpOe CBOJUTCSI K -CABHIY Hayana B

touky (0, 0, 2) — BepwuHy mapa6oJio-

na u ofpauienuio HampasJeHns ocd 0z) MPHBOJUT €rO MCXO/HOS ypaB-
Henine (7) K-KaHOHHYECKOMY BHLY :

(2N VA

ot =P ©)
yCTaHOBHTb THIT 3aJaHHbBIX nosepxudmeﬁ H HOCTpOI/lTb HXx:
90572, X WL Py ggyg o 2
8712, g+ =1 23 g T—gm=1

23714, 4+ yP—22=—1, 2.375. x?—y2 =22
2.376. xt+y*=2az, a5=0. 2.377. x*—y?=2az, a+#0.

2.378. 2z =x=+—y21. 2.379. x*=2az, a=0.

2380, z=24 42 2381 L — 2 ¢,

2.382. x4 yt—z2=4. 2.383. x®—y+ 224 4=0.

2.384*. Jloka3aTh; YTO ypaBHeHHe 2%= xy Ompeje/sieT Ko-
HyC C BepIUHHON B Hayaje KOOPJAHHAT.

2.385*%. JlokasaTb, 4TO ypaBHEHHE Zz =Xy OIpEeAEe/seT TH-
nep6osuecKuil napaGosIona.

2.386. HassaTb u nmocTpoHTb MOBEpXHOCTH:

a) x*=2yz;

06) z—a=xy.
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2.387. CoctaBuTh ypaBHeHHsl NPOEKUHUH Ha KOOPAHHATHBIE
NJIOCKOCTH CedeHHs 3JIMNTHYeCKOro napabosouna y+ z%=x
naockocToio X+ 2y—z=0.

2.388. YcTaHOBHTB, KaKHE KpHBbHE ONpeaessioTest cJe-
AYIOUHMH yPaBHEHHUSIMH:

x2‘ Hz _ . x2 y2 _
T =2 . PRI
[3x—y+62—14=0; (*—2y+2=0.

2.389. Haiitu ToukM nepeceueHus NOBEPXHOCTH H NPSMOM:

a)

LI x—3 _y—4 242,
a) gt tg=1 1 =" ="
x? y? 22 x 'y 242,

) wto—7=! 1 T="=—7
x2 y? x4 1 —2 243
B = +4 =z " Jg =422

® [lepciiTh K mapaMcTPHYECKHM ypAaBHEHHSIM MPSIMO.

2.390. HokasaTb, 4TO B KaXXOM H3 YKa3aHHBIX HHKe
c/ayuaeB 3aJaHHble TOBEPXHOCTb M IJIOCKOCTb HMEIOT OJHY
o6LLYI0 TOYKY, HaiiTH €e KOOpPAHHATHI:

x* 22
2 y? 22 )
6) —3“""4—_%:—1’ 5x 1+ 22 4+5=0;

22

2 2
B) srtig—o =1  4x—3y+12:—54=0.

2.391, lokasaTb, 4YTO mJockocTe 2x —12y—z 4 16=0
nepecekaer runep6osnueckuit napabosoun x*—4y*=2z no
npsiMONMHeAHEIM ofpasyromum (T.€. NMPAMbIM, UEJHKOM Jle-
Malwum Ha 3Toll moBepxHocTH). CocTaBUTb YpaBHEHHs 3THX

o6pa3youx.

3.392. [lokasaTb, uTo mnJaoCcKocTh 4x—>5y—1 92 —20=0

' ¥ 6 X4y 2 =1
nepeceKaeT OAHONOJIOCTHHIM THIIEPOOJION] o5 +—I€_T—

no npsMoauHeiinbiM obpasyiowuM. CocTaBHTH ypaBHEHUS
3THX 06pasyoUluX.

3. Knaccugmraunn nosepxHocTed no THny npeo6pa3oBaHuii npoct-
paHcTBa. BrigesisioT TPH Kaacca NoBepXHOCTeH: HMJIHHBAPHYECKHE, KOHH-
yecKHe W MOBEPXHOCTH BpALleH!Hsl,— HHBAPHAHTHLIX OTHOCHTEJILHO Npeo6-
pa3oBaHMil COOTBETCTBYIOLIETO THMNA. .

Hurundputeckod nosepxrocmoro  (4uaundposm) Has3biBaeTCst MOBepX-
110CTh, HMHBAapHAHTHAas OTHOCHTEJBHO NpeoGpa3oBaHuil  NapalJesbLHOrO
neperoca T ({g), onpefe/sieMbiX JIOGLIM BEKTOPOM, KOJTHHEAPHBIM HEKO-
TopoMmy BekTopy ¢ (I, m, n). I3 sToro: omnpepenenus cjeAyer, YTO ecad
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Touka My (%9, Yo, 2¢) NPHHALJNENKHT LUMAHHIPY S, TO M BCA mNpsiMast
X—X _Y—Y __2—2
I T m
IlpuusiTa chaeayiowass TepMHIOJOTHSI: Bcskas IpsMasi, KoJJuHeap-
Has BekTopy ¢ (I, m, n), Ha3biBaeTCs oOcol0 UWHJIHHApPA S; OpsMble
X—X% __Y—Y% __2—2%
[ m ~ n
e LHJIHHAPY, Ha3bIBAIOTCA ero ofpasyioujumu; Beskas kpusasa T, Je-
JKalas Ha HUJIHHJpe M NepeceKalomasi Bce ero obpasyiouiue, Ha3biBaeTCs
Hanpasasiowjeti 5Toro LHJIHHAPA.
Ilycte q (!, m, n)—moGoit BeKTOp, KOMIHHeApHLIH OcH wuJaHHApa S,
a Hanpasasiomas I' 3ajaHa ypaBHeHHAMY

Fi (x, y, =0, F,y(x, y, 2)=0.

TaKKe NMPHHAAJICKHUT 3TOMY LHJIUHIADPY.

, My (x0, Yo, 2¢) €S, LeJUKOM NpHHALJIeNKA-

"Touka M (x, y, 2) NPHHAAIEKAT UHIHHADY S B TOM M TOJLKO B TOM
cslyyae, KOrja CYUIeCTBYeT YHCTO { TaKoe, YTO TOUKa C KOOpJMHATaMH
x+tl, y4-tm, z+41tn nexur Ha obpasyioweii I', T.e.

Fy(x+tl, y+im, 2-+1n)=0,
Fa(x+41l, y+itm, 2-tn)=0.

Hckimiouass mapaMerp ¢ u3 cucremsl (10), mosyunM coOrHoweHHe BHJA
F (x, y, 2)=0, KoTOpoe U sIBJSETCH YypaBHEHHEM 3aJaHHOrO LUJIHHAPA.
ITpumep 4. HanucaTh ypaBHeHMe UHJIHHApa, OCb KOTOPOro COB-
najaer ¢ KOOpAMHATHOR ocbio 02, a Hampas/sioWas 3aaHa ypaBHEHHAMH
F (x, y)=0, 2—h=0.
llonarass g=*k (0, 0, 1), monyunm cucremy (10) B Buge F (x, y)=0,
z-+t—h=0. Btor pesyabTaT o3Hauaer, 4To Touka M (x, y, 2) mpuHaj-
JIEXHUT HUJHHADY B TOM M TOJIBKO B TOM CJyyae, KOTJa €€ KOOPAHHATDLI
X W Y YLOBJeTBOPSIOT ypaBHeHHio F (x, y) =0 npH npou3BOJLHOM 3Ha'e-
HUH KoopauHathl z. CnefoBatenvho, ypaBHenuwe F (x, y) =0, onucwiBaio-
ulee [MpOeKUHIO Hampasasiowell Ha naockocth Oxy, H ecTb ypaBHellHe
3ajaliHOro LUAHHApA. W \ 4

(10)

IlocTpouts 3aJaHHBIE HMUJIHHAPHYECKHE IIOBEPXHOCTH!

2.393. 2 +22=4. 2304 S L o

2.395. x*+4y?=ax. 2.396. x2=6z. 2.397. z=4—x2

2.398. x2—xy=0. 2.399. x*—22=0.

2.400. 2+ 222=0. 2.401. xz=4. 2.402. y* | 2*=—2.

2.403. CocTaBHTb YpaBHEHHs TpeX LHJIMHIAPHYECKHX TMO-
BEPXHOCTEH, ONMUCAHHBIX OKOJO cdepbl X2+ y*+22—2ax =0

C OCfMHM, MapaJ/ie/IbHBIMH COOTBETCTBEHHO: a) oc Oy;
6) ocu Oy; B) ocu Oz.

2.404. Haiith ypaBHeHHe WHJHHADA, MPOEKTHP VIOUIEro
OKPY2KHOCTb

x? _|_y2_+_ 22—=16
Ha mJockocTek: a) Oxy; 6) Oxz; B) Oyaz.
110 -
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2.405. Hajitu ypaBHeHHe NpPOEKUUH OKDPYKHOCTH

(e 12+ (5 + 22 + (2 —2) = 36,
B g+ 2+ (e —1)2 =25

Ha mjaockocTh: a) Oxy; 6) Oxz; B) Oya.

2.406. CoctaBHTh ypaBHeHHE TIOBEPXHOCTH, KaXasl TOUKA
KOTOPOH- OJIMHAKOBO YjaJsieHa OT MpsaMod x=a, y=0 u nJjo-
ckocTH Oyz. TlocTpOHTH MOBEPXHOCTB.

2.407. CocTaBuTh ypaBHEHHE UMJMHAPA, €CJH:

a) ocb KoJsMHeapHa BekTopy ¢(l, 2, 3), a Hanpasisio-
mas 3ajaHa ypaBHeHHAMH y®=4x, z=0;

6) ocb KoaanHeapHa BekTopy ¢ (1, 1, 1), a HanpaBasio-
as 3ajaHa ypaBHeHHsMH X%+ y®=4x, z2=0. -

2.408. Cepa x4 y® - 22 =4z ocBelieHa Jyuamu, mapaj-
JesbHbIMM npamo#l x =0, y=z. Haiitu cdopmy Tenu coepbi
Ha njockoctH Oxy. .

2.409. IlocTpouTb Te€JsO, OrpaHHYeHHOE MOBEPXHOCTSIMH
y*=x, z=0, z=4, x=4, 1 HanucaTb ypaBHeHMe AHarolia-
Jefi TpaHH, nexaimed B NJOCKOCTH x= 4.

Koruueckod nosepxrocmero (k0HYycom) Ha3LIBaeTCs NOBEPXHOCTb, HHBa-
pHalTHAas OTHOCHTeablO mpeoGpa3oBanuil romoretnn H (k, M,) ¢ mpous-
BOJIbHbIM KO3(dullHeHTOM & 1 LeHTpoM B HekoTOpoil Touke My (%o, Yo, 24),
Ha3biBaeMo# eepuunod Konyca. M3 storo onpezesenns caenyer, uto ecsn

xX—x
Touka My (xq, yi, 21) NPHHAJJIEKHT KOHYCy, TO BCSl NnpsMas P x1=
: 1—Xo

—y—bi_z—a
Yyi—Yo 2i—2o
3biBaeMasi 06pasyroujeli KOHyca, ENTHKOM JIEXKHT Ha KOHyce. Besikast Kpu-
pasi I', Jlexaliasi Ha KOHyce W NepeceKalolias Bce ero oGpasyiouiue, Ha-
ZLIBAETCSl HANpPAaGAALoUeli STOro KOHyca.
Ilycty 3apan Kouyc S ¢ Bepunnoit My (xg, Yo, 2¢) M Hanpasasiouweil

, IpOXOAsimas Yepe3 5Ty TOYKY M BepWHHY My u ‘Ha-

Fl(x’ Y, 2)=07 F2 (X, Y, Z)=O.

Touka M (x, y, 2) NPUHALJIEKHT KOHYCY S B TOM H TOJNBKO B TOM CJy-
yae, KOrjda CyIIECTBYeT HMCJIO { TaKoe, UTO TOUYKAa C KOOPAHHATAMH
x|t (x—xg), y+1!(Y—yo), 241t (z—2,) aexut Ha obpasyromeii T, T.e.

{Fl'(x-l-i(x—xu). y+iy—w), z2+1(z—2))=0, (1)
Fy(x+t(x—x0)s y+tW—y0), z+1(z—2)=0.

Hckmouas napamerp ¢ u3 cuctemsn (11), mosyunM ypapHenHe Kouyca
B Buge F (x, y, 2)=0.

IMMpumep 5. Hanucate ypaBnenne Konyca, BeplIMHa KOTOPOrO Ha-
xoautcsl B Touke My (o, Yo, 2¢), @ HampaBJsfwOLlas 3ajalia ypaBlIEHHSIMH
F (x, yy=0, 2—h=0.
<4 Cucrema (11) mpH STHX YCJOBHAX NPHHHMAET BHJ

{F (x+t(x—x0)» y‘}'t (!/—!/Q))=0’
241 (2—2)—h=0.



h—z  (h—z)—(2—2) h—2

t= = = —1
H3 ~B‘1‘Op01‘0 ypaseins —z Py—— P— ,
YTO 1OC/ie MOACTAHOBKH B MepBO€ ypaBHEHHe JaeT
X— X —_
Frot -2 =52, gt e—zg 228 )0, ()
—2 2—2 /

VYpapuenne (12) M ecTb ypaBHeHHe 3allaHHOTO KOHyca. B wacTHoM
cayuae xy=y,=2,=0 (BeplIuHa KOHYCa HAXOJAMTCH B Hauaje KOOPAUHAT)
ypaBHeHHe KOHYyca NMpPHHMMaeT BHJ - )

F<h—xz—, nlz>'=0. (13)

3ameTuM, uTo YypaBHenue (13) 00HOpOOHO OTHOCHTENBHO X, Y H 2
(T. €. He MeHseTCS NDH 3aMeHe X, Yy U 2z Ha Ix, {y H {z MPH NPOU3BOJIL-
HoM ¢ # 0), a ypapuenue (12) ONHOPONHO OTHOCHTENBHO X—Xg, ¥ —Yo H
z2—z. ‘ .
2.410. Ilyctb dyHkuMs Tpex nepemenunlx F (x, y, 2) onHo-
poAiHa OTHOCHTEJbHO X, Z/ H 2z, T.€. '

Vi 03seR(F (tx, ty, t2)=15F(x, y, 2)).

[Toxkasarte, uto ypaBuenue F(x, y, z)=0 onpejensier KOHyC
C BepWHHOH B HayaJjle KOOpPAMHAT, NpuueM MJsi joboro A
KpHBas

F(%,%, 1):0, 2—h=0

€CTb €ro HamnpasJjsiouias.

2.411, CoctaBuTb ypaBHEHHe KOHYCa, BepLIHHA KOTOPOTO
HaXOJHTCA B HauaJe KOOPAMHAT, a HanpaB/siouias 3alana
ypaBHEHHSIMH:

®4yt=a, ¥+ (y—6)* + 22 = 25,
a) { 0) { o

z="h,; y=3;
2 2 .

g [FrE=1 ) [p—2ti=,
x=a; y—z—+1=0.

[TocTpOHTb COOTBETCTBYIOULUE KOHYCHI.
2.412. CocTaBuTb ypaBHeHHe KOHYCA, €CJIH 3aflaHbl KOOp-
AMHATHl BepHHbl M, U ypaBHeHHS HanpaBJSIOLLEH:

a) My(0, —a, 0), x*=2py, z2=nh,

6) My (0,0, 09, H+L—1, z=0

B) My(0, —a, 0), x*+4y2+22=0a? ytz=aq

r) M3, —1, —2), x*4yp—22=1, x—y+2z=0.
TToCcTPOHTb COOTBETCTBYIOLIHE " KOHYCHI.
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2.413. TlocTpouTb KOHYC, ONpPEIENHTb €ro BEepUIHHY H
HanpabJIsIOULYI0 B MJIOCKOCTH Z=H, eCc/IH KOHYC 3aJaH ypas-
HeHHeM:

2) i+ (—hy—2=0; 6) x=2z.

2.414, CocraBUTb ypaBHEHHE KPYroBOro KOHYCA, HJIS KO-
TOPOTO OCH KOOPAHHAT SIBJSIOTCS €ro 06pasyoliuMu.

2.415. CocTaBUTb YypaBHEHHS NMPOEKUHH JHHHH Mepeceye-
Hust chepnl x2+y*+422=a® c KoHycoM x%-py*—22=0 Ha'
KOOpPAHHATHBIE MJOCKOCTH:

a) Oxy, ©0) Oxz; B) Oyaz.

2.416. Mcrounuk cBera, Haxopawmica s touke M, (5, 0, 03,

ocpeutaer chepy x2+y*+ 22 =9. Haii- 7
M

”OSeprOCl‘nblO spaljeHiia Ha3pIBaeTCsl II0-

TH QJOpMy TeHH Ha MJOCKOCTH Oyz
DCPXMOCTb, MHBAPHAHTHAAA OTHOCHTENBHO G- gl :L',‘z/,za)

o~

BopoToB R (@, #) Ha moboit yroa ¢ BOKPYT
11eKOTOPOl (PUKCHPOBAHHON OCH «. DTa moBepx-
HOCTb MOXKET OblTh NOJYyYeHa BpallleHHeM BO-

~

T ATY

Kpyr ocH 4. KpuBoft, nosyualomefics B ceue-
IIUH TOBEPXHOCTH JHOOOH -MJIOCKOCTBIO, MPOXO-
Asiell yepes 3Ty OCb.

[Tpumep 6. BeBecTn ypanHenye nosepx- ’ :
HOCTH, 06pa3oBaHHONH  BpallenHeM KpPHBOH Puc.. 35
F (x, 2 =0, y=0 Bokpyr ocu Oz (puc. 35).
<« Ceuenye NOBEPXHOCTH IPOH3BOJBHON IIOCKOCTbIO 2 =2, €CTb OKPYIK-
nocts ¢ uentpom B Touke C (0, 0, 25) paguyca xo, mpuuem F (xg, 2o)=0.
[MosTomMy AJist IPOM3BOJILHOM TOYKH M (x, y, 2) 5TOH OKPYXKHOCTH HMeeM:
z2=2y 1 p(M, 02)=V x2Fy? = x,. [lofcTaBasis 5TH paBeHCTBa B COOT-
nowenue F (xg, 2p)=0, noayuaem . :

F(V' ¥+, 9=0. (14)

V¥YpasHenune (14) u ecTb HCKOMOe YypaBHeHHe 3aJaHHOH NOBEPXHOCTH
Bpailenus. )

2.417. CoctaBuTb ypaBHeHHe NOBepXHOCTH, 06pa30BaHHO
BpallleHHeM KpHUBOH z=x?%, y=0:

a) Bokpyr ocu Oz; 6) Bokpyr ocu Ox.
[TocTpouTb 06€ MOBEPXHOCTH.

2.418. CocTaBuTh ypaBHeHHEe NOBEPXHOCTH, 06pa30BaHHOM
BpallleHneM npamod z=y, x=0:

a) Bokpyr ocu Oy; 6) Bokpyr ocu Oz.
[ocTpouTth 0Ge MOBEPXHOCTH.

2.419. CocraBuTb ypaBHeHHE NOBEPXHOCTH, 06Pa30BaHHOM
BpalleHHeM BOKpyr ocu Oz: ‘ '

a) KpuBoit z=e¢"*, y=0;

0) KpUBOH 2=— y=0.
[TocTpouTh 06Ge NMOBEPXHOCTH B JIeBOH CHCTEME KOOPAMHAT.
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2 2 2
2.420. Ilokasatb, uTO —z—;+l~'5t,i=l €CTb ypaBHeHHe

NIOBepXHOCTH Bpalﬁ.eﬂnﬂ c ocbio Bpaumenus Ox. Hamucatp
ypaBHEHHe KPHBOH B IVIOCKOCTH 2= 0, BpallleHHeM KOTOpOPI
NoJiyueHa 5Ta IOBEPXHOCTb.

x2+yﬂ 22
2.421. Ilokasatb, uto ——z =1 ectb ypaBnenue
TNOBEPXHOCTH BpalleHH s, Hamn ee OChb BpallleHHs W ypas-
HeHUs-KaKOH-HUOYlb KPHBOH, BpalleHHeM KOTOPOH o6paso-
BaHa '3Ta INOBEPXHOCTb.
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I'masa 3

ONPEAEJIMTEJIK U MATPULIBI.
CUCTEMbI JIMHEMHbLIX YPABHEHHWH

§ 1. Onpegenurenn

1. Onpepenntenn 2-ro u 3-ro nopsaka. KpanpaTaas ta6nuna
___(au‘ am) -
@i @3/’
COCTaBJIEHHAsT M3 4YeTbipeX AEACTBUTENBHBIX (HJIH KOMIJIEKCHBIX) uHCeJI,
Ha3blBaeTcs keadpamtold mampuyeld 2-20 nopadka. Onpederumenem 2-z0

nopadka, COOTBETCTBYIOUIMM MatpHie A (MIH IIpoCcTO-— onpedesumenrem
mampuybt A), Ha3biBaeTCA YHCJIO

det A= |1 012|000y —ayaae.
Qg1 Qg2
Ananoruuso, ecau
aii ajs ass '
A={ asi asp O3
Q3i Agy Aszs

— KBajpaTHas MaTpHOa 3-ro Mopsjka, To COOTBETCTBYIOUIUM eif onpede-
aumenem 3-20 nopaOKa Ha3LIBAGTCH YHCIO

aji Giz ajs
det A ==|aaj ags @ga|= 11020033+ A2iQa2a18 - Aia023as] — Ai3020051 —
Q31 asz Qss
—01205{d33— A11028030. (1)
Onpenenutenn 3-ro mopsiaka OGLIYHO BBHIYHC/IAIOICA € HCIOJIb30BaHHEM
caenytomero npasuaa Cappioca: OIHO H3 TpeX ClaraeMmnlx, BXOAS-
IHX B NpaBylo yacth (1) co 3HaKOM
IU110C, €CTb NMPOH3BEAEHHE 3J1eMEeHTOB
2AQ8HOL IUATOHAJIN MaTPHIB! A, KaXK-
Jloe U3 JBYX JPYTHX — NPOH3BeJieHHE
3JIeMEHTOB, JIeXalHX Ha NapajJient
K 9TOIl HaroHasH, H 3JEeMeHTa H3
MNPOTHBOMOJIOKHOrO yIJ1a MaTpHIB!
(puc. 36, a), a cmnaraeMble, BXOJAS-
wue B (1) co 3HaKOM MHHYC, CTpO-
ATCA TaKHM >Ke o6pa3oM, HO OTHOCH-
TeJIbHO BTOPOH (n0fourHOL) RuaroHa-
au (puc. 36, 6).
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BrunesauTs onpejenutenn 2-ro nopsaxa:

3.1. |—1 4| 3.2. la+b a—b] 3.3, |cosa —sina
|—5 2| a—b a+b|' sina . cosa|’
a--bi 3.5, |cos a—l-—lslna -1

2a a—-—bzl cosa—isine|”

3.6. |2sinpcos¢ 2sin?¢g 3.7. 11— 2

|2coszq)——l 2sm(pcoscp| T+ T+
2t 1—g2
T4 142l

PewnTh ypaBHeHus:

38, | _xxtl o, 39
—4 x+1

3.10*, loxasaTb, 4TO npH JAeHCTBUTENbHBIX @, b, 2 d

a—x cdi =0 pelicTBHTENbHHL.
—dib—x |T A

3.11. JloxasaTb YTO A/l PaBEHCTBA HYJIO OMNpele/HTeNs
2-ro mopsjika HeO6XOAMMO H JOCTaTOYHO, YT@OHl €r0 CTPOKH
GbIJIH TPONOPLHOHAJBHEI (T. €. YTOOH! 3/1I€MEeHTHI OI[HOP'I CTPOKH
M0JIy4aJuCh M3 COOTBETCTBYIOUWMY 3JIEMEHTOB IPYrofl CTPOKH
YMHOKEHHEM Ha OJHO M TO Ke YMCJO). To 2Ke BEpHO W AJIS
CTOJGUOB.

BriuncinTh onpejeauteny 3-ro nopsjka:

cos 8x —sin 5x
sin 8x cos 5x

=0.

KOPHH YypaBHEHHS

3.12, |123] 3.3, |3 4 -5 3.4, |at+x x x
456], 18 7 =2, £ b4x x
789 2 -1 8 x x c+x
3.15. |a?41 of ay 3.16. |sina cosa 1
af  PE4+1 By |. sinf cosP 1{,
ay By yi+1 siny cosy |
3.17. [l le 3.18. (11 1
11 &2 le e
et el , 1 e’
2n 4n

2 . .
e a=cos—3£+tsm—3—. rie € = os % —|—tsmT

Peminte ypaBHeHHs:

3.19.| 38 x —x 8,20, | x x1x42
2 —1 3| =0. x+3x+4x+5|=0.
10 1 1 x4-6 x+7 x18
PemiTh HepaBeHCTBa: ‘
3.21. | 3—2 .1 3.22, (2 x+2 —1
1 x=2|<0. 11 =2|>0.
-1 21 5 —3 x

3.23. [okasartb cJaepyiouye cBOHCTBa onpenenmenﬂ 3-ro
MOpSAKA, MCHOJB3YS €ro OnpejesenHe:
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a) ecad CTPOKH MaTpHLBl ONpefesuTeNs clesaTb CToJj0-
IAMH C TeMH e HOMepaMH (T. €. mpanChOHuposame MaTpu-
Ily), TO ONpejiesINTeNb HE H3MEHUTCH;

6) ecnu Bce 3JeMEHTHl CTPOKH (CTONOLA) YMHOXHTb Ha
OJHO ¥ TO JKE€ YHCJIO, TO ONpefie/IUTeslb YMHOMXKHTCA Ha 3TO
4gHCJIO; ' .

B) ec/M TepecTaBUTb JBe CTPOKH (cTo/0LA) Oompenesu-
TeJ, TO OH M3MEHHT 3HAK; B YaCTHOCTH, €CJIH JBe CTPOKH
(cron6ua) ompefenutenss paBHB, TO OH paBeH HYJIO;

I) €CJH KaXXIbli 3JIeMEeHT HeKOTOpOH CTPOKH (cTos0ua)
onpefe/NTe sl PEACTABJEH B BHAE CYMMbl ABYX CJIaraemhx,
TO OIpele/uTe]b paBeH CyMMe JBYX oOnpelejutenedl, y Ko-
TOPHLIX BCE CTPOKH (cTONOLBI), KpOMe JOaHHOH, INpexHue,
a B JaHHOH cTpoke (cTOJOlle) B NEPBOM ONMpefesUTele CTOAT
nepBble, a BO BTOPOM-— BTOpHIE CJlaraemble;

[) ecau OfHa CTpoka (cTonbew) sBJAsieTCA JHHEHHOH KOM-
GUHAlLMeHd OcTaNbHBIX CTPOK (CTONOLOB), TO ONpENeNHTENb
paBeH HyJO. '

Ucnombsys ceoiicTsa onpegenutenst 3-To MOpsijiKa, mnepe-
ylc/eHHble B 3afiade 3.23, NOKasaTb CJeNyIOUIME TOXKJECTBa
(onpefenuTenn He pasBepTLIBATD):

3.24, |ai+-bix ay—bix o a; b .o
aptbex ap—box C3|=—2x|02 by ¢,
- ag+bgx ag—bgx ‘cs ag bg c3
3.25. |ai+bix ax--b1 ¢ aj by
Gatbox Ggx—+by G| =(1—x?) [a: by o5,
ag+-bgx agx-+bs cs ag by cg
3.26*%,-|1 a a® 1 aa? ' N
160 =(@+b+4c)|l b b2
lcc® l o c?

BoluncauTh caefyioliHe OnpelesHTeNIH, HCNOMb3ys CBOM-
cTBa ompefenutens 3-fO NOpsjAKA, MepedHC/EHHblE B 3aja-
ye. 3.23: >

3.27. |*+y 2 1| 3.28. |@+ 1 a*+1la ‘

y+2z x 1|, (6412 621 b1,

- lz4-x gy c+ND% c2+4-1c

3,29, sin?a cos 20 cos?a 3.30. |sin?a 1 cos?a

sin® B cos 2B cos?P |, sin?f 1 cos2f |,

sin®y cos 2y cos?y sin?y 1 cos?y
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3.31, IlpoBeputb, 4TO OmNpeiENHTEND xz A 22 Jeaurca
£t y? 2

.

HA X—Y, Yy—2z U 2—X.
117



3.32, IlpoBeputhb, 4TO ONpejenHTeNb

x y x4y
y x+y x |
x+y x .y

JenuTCs Ha X--y M Ha X*—xy -+ yt.
3.33. Tloctpoutb rpaguk yHKIMH
il L% x? 1
=-—1|aa? 1 as=b).
Yy =1 (a5b)

-

2. Onpepenntenn n-ro nopsaka. Bcsikoe B3aHMHO OHOSHauHOE OTO-
GpaxeHue & MHOXectBa {1, 2, ..., n} NepBLIX N HaTypaJbHHX YHCE]
Ha cebsi Ha3BIBaeTCsl noOCMAH06KOU n-20 nopadka.

Bcesikas moacTaHoBKa MoxKeT GHITH 3anmHMcaHa B BHAE

if @ 4
= i lg ses n. , (2)
Oy iy vee Qi
rae oy, = (iy) —o6pa3 snementa i €{1, 2, ..., n} npu oToBpaxKeHnH .
Jst GUKCHPOBAaHHOM NMOJCTAHOBKM I CYIIECTBYeT MHOTO PasjIHYHHIX Cro-

co6oB 3anucH BHJa (2), OTIMYAIOWUXCS HyMepauuell S/eMeHTOB BepxHei
CTpPOKH, B YaCTHOCTH, -3aITHCh BHJAA

n=(1&-“.n) &

Of Qg .+e Qp

Ha3bIBAaeTCsl KAHOHUUECKOU.

TopopsT, yTo mapa anementoB (i, j) o6pasyer uneepcuto B MOACTa-
HOBKe g, eclt (< j, HO a; > @y Uncno s(m) Bcex HHBepCHHIX nap
onpefessieT 4ETHOCTb MOJCTAHOBKH: MNOJCTAaHOBKA HAa3WBAETCS 4emHOU,
€C/IN § () — YEeTHOE YHCJIO, U HeuemHod, eclu § () — YHCJAO HeueTHoe.

ITpumep 1. OmpenennTb 4eTHOCTb NMOACTAHOBKH

a (13524
“\23541)°
4 [lepefineM K Kanonuueckoii sanucu (3)
ne (12345
“\24315
H MOJCYNTaeM uncao HHBepchil. Tak Kak nHBepcuu 06pasyior naabl (1, 4),
2, 3), (2, 4, (3, 4), 10 s(M)=4 u n—uernas NOACTAHOBKA.
Onpedeaumeness n-2o0 nopadxka, COOTBETCTBYIOIUM KBaApaTHOH MaT-
pHle

aii Qiz ee. Qip
__f Qa1 Qa3 +es Qg

e e v s e e
An1 Qpg vee Qup
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(unu onpedesumenem mampuyes A), HA3bIBaeTCs YHCJIO

aii QAig eee Qin
— Q21 Qa2 Qap | — —_1\S(m) .
det A= err Zan —Z(‘ 1) 8y, .1y ** O, o (n)s

e » 9 @ 9 0 2 T
api Qpg eve Gpn ;
, .
rae cymma 6ePeTCﬂ 10 BCEM IIOJICTAHOBKAaM U f1-TO0 NOpsJAKa.

Jas onpepenuTteass n-ro Nopsiika BHINOJNHSIOTCS OCHOBHBIE CBOICTBA,
aHaJIOTHUHBIE CBOMCTBAM a)—1) M3 3ajaud 3.23.

3.34. Ha wmnuoxectse {1, ..., 6} HaliTH moAcTaHOBKY i,
ecau (k) sABIASETCA OCTATKOM OT JesleHUs uucjaa 3k Ha 7.
OnpenesnuTb €e YeTHOCTD.

3.35. Ha wmuoxectse {1, ..., 8} HafiTh nogcraHoBky i,
eciu T (k) SIBISiETCSl OCTATKOM OT JeJeHHA uHcja S5k ma 9.
OnpenenuTs ee 4eTHOCTD.

OHpelIeJIﬁTb YeTHOCTh IIOACTAHOBOK:
3.36. (52431\ 337, (346521
\31254)° 143256/

3.38. (2n 2n—1.., 4321
(211——1 2n ... 341 2)'
3.39, (nn—1 .,, n—k+4+1n—k n—k—1 ,., 2 1
(k k—1 ... 1 n n—1 .., k42 k+1)'
BbIﬂCHPITb, KaKue H3 NPHUBEOCHHBIX HHXKe nponaaeneﬁuﬁ
BXOISIT B ONpeNe/IMTEeNIH COOTBETCTBYIOIIUX INOPAAKOB H c Ka-
KUMH 3HaKaMH:

3.40. a,505ia5501305, 341, G43550,50,601304.
3.42. az7asoasi‘auaz‘sa4sas§-_3'43° Q3301905057055 4.
3.44. BuiGparb 3HaueHHs [ U R TaK, 4TOOBl NpOH3BeJeHHE
Qg2 150334046051
BXOJMJIO B HEKOTODHIi ONpEJe/UTe/Nb CO 3HAKOM MHHYC.
3.45. BuiGpaTth 3Hauenus i u k Tak, 4TOOBI NpPOU3EeJEHHE
AyqQ301 10550734051
BXOJMJIO B HEKOTODBIH ONpejesHTe]b CO 3HAKOM ILIIOC. *
3.46. Haiiti useHnl onpenenutens

5k 12 3

xx1 2
a 12x 3

x 1.2 2

cofepxKamye x* u x°.
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" .ITonb3ysich TONBKO ONpENe/eHHEM, BHIUHCAHTD CJELYIOUIHE
OlIpefIeJIMTeH:

3.47. 10 e 0 0 ai, n
0 ver 0 a2, n-1 Qg, n
0 s+ A3, n~2 A3, p—i Q3 n|-
98 8 8 o e 4 4 e s a e s

n,i ++¢ Qn,n-28n,n-1 Qu,n

3.48. |aii 6ia ais a1 ags
Qi Qg Ggg Ggg Qog
azj Qsa 0 0 0/
a1 a3 0 0 0
Qg Apa 0 0 O

3.49. Kak M3MeHHTCHi ompeleuTeNb, €CJH:

a) K KaxJoH cTpoke, KpoMe nocneiHel, mpu6aBHTh mO-
CJIEJIHIOI0 CTPOKY; )

6) M3 KaXkAOH CTPOKH, KpOME€ TMoOCJeJHel, BhIYECTb BCE
nocsexyoouye - CTpPOKH; ' R

B) M3 KaXIOH CTPOKH, KpoMe MOCJeJHeH, BhIYeCTb Mocie-
JAVIOUYI0 CTPOKY, H3 TMOCJeAHeH CTPOKH BHIYECTb NPEXKHIO
NEPBYIO CTPOKY; . X

r) ero mMatpuuy «nosepHyTb Ha 90° BOKpPYyr LeHTpay;

I) nepBulil cTosel MNepPecTaBHTb HAa MOCJEJHEee MecTo,
a OCTaJibHBIE CTOJGLLI NEPEABMHYTh BJIEBO, COXPaHAS HX
PacIoJIOXKeHHeE. : '

3. OcHOBHbBIE MeTOAB BLIYHC/IEHHN oOupeneaHTeNed n-ro nopsaka.
MeTol MOHMXKEeHUS MOPAAKaA ONpefeJuTe]s OCHOBaH Ha CJe-
ZywouieM cooTHouwesnn (i GHKCHPOBaHO):

n
det A= ) q; A P, - @
k=1

rue

aqg. ees Q1 p-1 a;i, k'+1 ess Afp
. . . . . . . L . . . . . . . L] . . .

Aty B = ()i +R Aje1,1 00 Qiet, k=1 0f=1, k41 < ¢+ Gi-1,n ©)
Ap41,1 000 Qig1,k=18i41, k41 o0 A4,

lant  evi @p kei Gnkel 4 nn

Ha3kLIBAETCA aszebpauveckum OG0noaHeHuem STEMEHTa djp M TIPEACTABJISET
co6ofi (¢ TouHOCThIO X0 3HaKa (—1){+¥) onpenenutens (n—1)-ro nopsag-
Ka, nojiyvalomu#cs H3 HCXONHOrO OCIIpeJe/INTe]si BblYepPKHBaHHEM i-i
CTPOKH H k-ro croabila, Ha nepeceyeHHH KOTOPHIX CTOMT SJIEMEHT Qjg.
CooTHowenHe (4) Ha3LIBaeTCA pasaoxceruem onpedeaumeis no i-i
cmpoKe. AHaJIOTHYHO OTIPEeISIETCH PA3A0KCEHUE OnpedeAumes no cmoabyy.
Tpexze ueM NPUMEHATb METOA MOHMKEHH NOPAAKA, NMOJNE3HO, HCMOJb-
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3ysi OCHOBHEIE CBONCTBA ONpeJe/]IHTeNsI, O6GPaTHTh B HYJAb BCE, KPOM®
O/IHOTO, 3JIEMEHTH €ro HeKOTOpoH CTPOKH (CTosbua). ‘
MIpumep 2. BuluncauTh omnpenenanTtesb

87 210
—82 710
D=|"44 4 5
04—3 2

<4 H3 nepBoit CTpOKH BHIYTEM, 3 KO BTOPO# npHGaBHM y_)inoeuﬂylo TPETbIO.
TNonyuenHnift onpesesnTesNb pasyoKuUM MO NepBoMy cTosbuny. Hmeem

0—1 —6 0 ’
: —1—6 0
0 10 0 -
‘D= 15 2 =(—1)1+3.4.] 10 15 201,
4 4 45 4 9
0 4—3 2 —3

Hasee onate o6paiiaeM B HyJb BCE 3JeMEHTH IepBOro crosnbiia, KpoMe
5/€MEHTa B JIEBOM BEPXHEM YIJy, H - 3aTeM BBIYHCISAEM ONpEAeTHTENk
BTOPOro MOpAAKa:

—1 —6 0
D—4| 0 —4520 =4.(—1)l+1.(—1)l:§ )=
0 —27 2

=—4 (—90-} 540) = —1800.

MeTtonx npuBeleHHS K TPeYyroXbHOMY BHAY 3aKJio-
yaeTcs B TaKOM TIpeo6pa3OBaHHM ONpEAETHTeNs; KOTAa BCe 3JIEMEHTHI,
JieXallHe Nno ojHy CTOPOHY OAHOH H3 €ro nuaroHaeH, CTaHOBATCH pas-
HBIMH HYJIIO. : )

Mpumep 3, BbUHCAHTEL OMpeReaHTENb

1- 1 1
1 -1 2 2
b=l 14 3|
1 1 11—l
« Brunrtas nepByi0 CTPOKY H3 BCeX OCTaJbHEIX, MOJyuaeMm
| 1 1 1 1
0—2 1 1
D=lo 0—2 o|=—8"»

10 0 0-—2
§ .

MeTon peKyppPeHTHB X COOTHOIWEHH i NO3BOJSET BHIpa-
3HTb JaHHWI onpeeinTe]b, MpeoBpasys M pasiarasi €ro HO CTPOKE WK
cToJIOILY, uYepe3 ONpeleUTeNH TOrO XKe BHAa; HO Gojlee HH3KOTO NOpPSAKA.
TMonyuesHoe PaBEHCTBO HA3LIBAETCS DEKYPPEHTHHIM COOTHOUIEHHEM.

TMpumep 4. Buuncants onpedeaumeso Bandepmorda

1 1 1 eer 1
& ay as X
2 2 2 2
Dp=|ai a3 a3/ .v. a1 |
LR D I 2 I I I I

n=1 n-=! n-1 n<l
a 22} as e Qn
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« TloxkaxeM, uto npu Jo6oM n (n==2) onperenntesp Banaepmonna
paBeH NMpPOH3BEJIEHHIO BCEBO3MOXKHEIX pagHOCTeh a;—ay, 1<<j < i<n.
JloKa3aTeqbCTBO NpoBeAeM IO HHAYKLHH, HCIOJb3Ys METOL peKyppeHT-
HBIX COOTHOLIEHUH.

JleficTBUTeNIbHO, NIPH n=2 HMeeM .

1

D,= :
2= g

B

1 =a aj
a, 2 1

ITycTe Halie yTBepKJAeHHe JOKas3aHO AJs ompefennteseli Bannepmonna
nopsaaka (n—1), r. e.

Dyp_1= H {a;i—ay).
1<jgign -1

IpeoGpa3yem onpenenutedasb D, crenylomsM o6pa3oM: M3 MocaefHed n-fi
CTPOKU BhiYHTaeM (n—1)-10, YMHOXEHHYI0 Ha @j H, BooOlle, IOC/]ef0Ba-
TeJIbHO BHIYMTaeM M3 k-# cTpoku (B—1)-10, yMHOXEHHYIO Ha ay. [Tony-
yaeM

1 1 1 eer 1
0 a,—aj ag—aj. P a,—ay
D,=|0 ai—aja, ai—aas ... an—aa, |
) ¢ @ ¢ 0 .’ » & 9 9 8 ¢ ° o+ 8 T 9 i' * 8 0
0 af'—aiaf? af'—add? ... a7l —auai?

Pa3foxuM MOCTeAHHN QUpejenuTe/b NO NMepBOMY CTOJGHY M BbIHECEM M3
BCeXx CToJ6UoB o6mue MuHOXKHuTenH. OmpefendTesb MPHHHMAET BHI

1 1 1 vee 1
as ‘'Qg a, ees Qp
. 3 2 2 2
D,=(as—ai) (@—ap) ... (@p—aj) |as a3 az ...an (=
. . ’ L . . . . L » . .
n-2 n-2 n-2 n-2
Qs as as - «.. Qp
[=(a:—ay) (@as—ay) .+. (@y—a1) Dp_j.
[Moayuuas peKyppeHTHoe CoOTHOueHHe. HCronbayst MpeanosioxKenHe HH-
JLYKUHH, OKOHYATENbHO BEIBOJHM:

D,=(as—ay) (@a3—a1) +». (@p —a1). II (@—a))=

2gj<ign
= I I (a;—-a/). »
1g<j<ign

BLIMCAHTL ONMpEAETHTENH, HCNOMb3Ys NOAXOAsLIEe pas-
JIOXKEHWe N0 CTPOKe HaH cToalLy:

3.50. |102] = 3.,51.|—152

020]. 07o0].
203 120
3.52.1210 3.53. |9 10 11
1214, 11 1.
012 2 3 4|
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3.54, a) |2-341 6) |5a2—1 B) [e111
4232 4b4—3 b0 11
a bed| 2¢ 3 —2| c101fe
3—-143 4d5 —4 d110
Bryucaute onpegenurenu:
3.565.12—11 0 8.56. |23 —3 4
0 12-1f 21 —1 2
3—-12 3 62 1 of
3 16 1 23 0—5]|
3.57.|3—14 2 3.58. [v2 V3 v§ V3
5 20 1 Ve VI Y —v3
0 21 -3 2 =
629 8 yiozyis s Ve |
1 .2 26 V10 V15
3.59.|0 —a —b —d}- 3.60.|0bcd
. a 0—c —e b0.dc
b ¢ 0 o e d 0p .
ld e 0 0 deb0 N
3.61. 121111 3.62.156000
13111 15600
1141 1], 01560],
11151 00156
11116 100015
3.63.|x0 —1 10 3.64. |1 x £ £
1x —1 10 1 26 3x% 4x8 5yt
10x—101}, 1 4x 9x2 16x® 26x4
01 —1 x1 1l y 2 & o
01 —1 O0x 1 2y 3y% 44® 5y

3.65%, |a af 0O ...0 O

DR R S SR B

0 0 0 - batp
3.66. [@+B B 0 ...0 0
2 a+ﬂ OLB s 0 0
0 1 atB.n 0 0
L A R R Y I I
0o 0 o 1 atp
BH“HCJ]”TB OonpeneauTeNN Hopﬂﬂ,}(a n  npuBei€HHEeM HX
K Tpeyr‘OJlbl-IOMy-BH}ly!
3.67.] 1| 12 3..n| 3.68]322..2
1 0 3..n a32.,.,2
—1 =2 10 ...nl 223 ... 2

»

LI I R I B B LI N RS

-1 -2 =3,.,0 222..,3
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* 8.69. BbLUHCIUTL ONpEAEJIHTENb, 3JEMEHTH KOTOpPOro 3a-
JaHBl YCJHOBHAMH @;;=min (i, j). . -
3.70. Brlupcsuth onpenesuTesb, 3JEMEHTH KOTOPOTrO 3a-
JIaHBl YCJTIOBHAMH @, = max (i, j).

BLIYHC/HTD ONpelesHTeH TMOPAAKA ' METOJOM- PeKyp-
PEHTHBIX COOTHOIIEHHH:

3.71.101 1 ... 1 3.72.1210 .., 0
lag 0 .0 121,.,0
h 1.0 az .v. 0 |, 012.,.0],
10 0 ... a, 000..,2
3.73. BoiyucsauTh onpenennTesb
: n—=1 n-1 l_l—l n—1

ay az as . Qn
e 0 ¢« 9 s 2 LI I L] .
& & & ...a |
ai ay as. sse Qp
4 S T O |
3.74. [okasaTb, YTO 151 JiOGOro ONpelesUTeNst BBHIIOJN-
HSeTCs COOTHOLUEeHHe

éasz""/’={ det 4, k=if
j=1 0) k’:/'-'l’

rie A% /—anre6panyeckoe , AOTOJHEHHE 3JIEMEHTA Gy

(em. (9)).

§ 2. Marpuun
1. Onepanuu -Han matpuuamu. Mampuyed pasmepa mX.n wiu (mXn)-
mampuyed HasHIBAETOs NPAMOYro/ibHas Tab/iulla M3 uHCed agyy i==1,
2, vers M5 j=152, .y.5n . '
Aif Qg eee GQin
A= Qa1 Qog «ss Qgp
2 06 & & 0 & 0o
Ayl Qpma see Qpp
cocTosinas H8 m GTPOK M n CTOJGIOB.
Cymmod A+-B (mXn)-mampuy A=(a;;) 8 B=(b;;) nasbiBaercs
matpuna C=(c;;) TOrO e MOPAAKa, KaXKALA s/eMeHT KoTopok pasen
CyMMe COOTBOTCTBEHHBIX SJeMeHTOB MaTpun A u B:
‘c,,=a;,+lyﬁ i=1; 25 eees M5 j=1, 24 .0vsn.

M poussederuen oA mampuyor A=(a;;) #a uucio o (neficrBurennHoe
HJIH KOMILJIEKCHOE) HaskiBaercsi Marpuua’ B=(b;;), momyuaiowascs us
mMATpUIB! A YMHOXEHHEM BCeX ee 3JIeMEHTOB Ha o

b[/=aa[j; l"—"l, 2, ceey M, ]=1, 2,' ey M
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11 poussedenuen AB (mXn)-mampuyet A= (a;;) na (nXFk)-mampuyy
B=(b;;) nasmmaercs (mXk)-matpuua C=(c;;), s7€MeHT KOTOPOH d;;,
cTosIMHi B I{-# cTpoKe M j-M croable, paBeH CyMMme NpOH3BENEHHH COOT-
BETCTBEHHBIX SJIEMEHTOB i-if cTpokn MaTpuun A M j-ro cTon6ua MatpHuH B:

n
C,‘j=§l aiv”vl' i=l1, 2y er ey m» ]=lr 2; “nk'

3.75. IlokasaTb C/eAyIOUIME CBOWCTBa asreGpanyecKux
.onepauui Haj MaTpHIAMH:

ay A+B=B+AA+(B+C)=(A+B)+C;

6y (@+P) A=aAd+PA, a(A+B)y=aAd+aB, (af)A =
=a (pA);

B) A(BC)=(AB)C, A(B+C)=AB+ AC.

BriuucanTs nuHefiHble KoMGMHauKu Matpun A u Bi

3.76. 34+2B, A=(g, 3), B=(T5 5 ,)-

3.77. (1+i) A+ (1—i) B, A=(}_§), B=‘( )

(1306 2)

a8, () (38) 8 :
3.80. (;‘g> (—gg _132) ;f) 3.81. (Q -

5 2 -5
3
5

3.82, /58 —4\ /3 2 3.83. /50 23
<6 9 _5)(4‘_1 ) (4 | 5 3>
47 -=3/\9 6 31 —12

3
. 1\
3.84.2) (40231 =1 )i 6 | -1 )@40—231).
) 2

Briuneautsb:

3
©

2
1
3

—

[

3.85. (001N
<;23>(f 2)(3)
334
3.86. (;72). 3.87. (1) aer.

3.88. (3 ,{)" LER. 3.89..(°°S°‘ —sin “)".

sina cosa
Hatitu snavenue muorousesa f(A) or matpunnl Ai

3.90, f(r)=3x—14, A=(§ ;)
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3.91. f(x)=x—3x+1, A=(_} §)

= 1 —-23
3.92. f(x)=3x*—2x+5, A =<2 —4 1>.

3 —-52
Bruiuuciute AB—BA:
393 A=(,_7), B=(_57})

23 1 121
3.94. A=<—1 1 0>, B=<o 1 2),
12—1 311

111 753
3,95,A=<011>, B=<075>,
001 007

Marpuust A 1 B Ha3LIBAIOTCH NepecmaHoBO4HbIMU, ecan . AB=BA.

Haiitu Bce MaTpHILbl, NepecTaHOBOYHBIE C JaHHOM:

3.96. (1,2)‘ 3.97. (7 —3) 3.98, /310
34)° 5—2)° <031‘>,
003
3.99, Hai’rm BCE MATPHIHI 2-ro TOpsAKA, KBaApaThl KO-

TOPLIX paBHbI Hynesoit Matpuue O = ( 0 g)
3.100. Halitu Bce MaTpuunl 2-ro mopsifika, KBagpaTthl KO-

TOPBIX - paBHbI eIHHHYHOH MaTpuue E-= ((l) (1)

3.101. Kak uamenutcst npoussenesne AB matpuun A u B,
€CJIH: ‘

a) mepecTaBHTb i-l0 M j-l0 CTPOKH MaTpuusl A4,

6) K i-fi cTpoKe MaTpHUbl A NpuGaBHTH j-I0 CTPOKY, YMHO-
JKEHHYI0 Ha YHCJIO a,

B) MepecTaBHTb {-H M j-it CTONGUB MaTpHuE! B,

r) K i-My.croabuy maTpuusl B npubaButh j-#i cTosGel,
YMHOXKEHHBIH Ha YHCJO aP

Marpuna AT wasmBaercs mpancnonuposannod ¥ MaTpuue A, ecaH
BHINOJIHSIETCS YCJIOBHE a;; =ay; nns BCeX i, f, The agy B a;'; — 5JeMeHTH

matpun A u AT cOOTBeTCTBeHHO.

3.102. HokasaTth CJEAYIOLUIME COOTHOLIEHHS]
(AN T=A4; 6) (A+B)T=AT+BT;,
6) (AB)T =BTAT.
Bouncaute AAT n ATA pns 3agaHHbeIX MaTpul Ai
-1 1-—1 1=
1 21 3%
3.103. . 3.104. ( 2 0 2 0 2>.
(4“‘5-‘) 0—2 0—2 0
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KBaipaTtHass MaTpuua B Ha3bIBaeTCA CUMMEMPUYHOU, eCH BT =B.
Kopagpatnan matpuna C HasmBaetcs Kococummempuunold, ecom CT =

=—0,

3.105. oxasath, uTo J06yi0 MaTpHlny A MOXHO mnpeA-
CTaBHTb, H NpH 3TOM €AMHCTBEHHBHIM 00pasoM, B BHie A =
= B+C, rae B—cummerpHunas, a C—KOCOCHMMETpHYHas
MaTpHUbL. :

2. O6patHas marpuua. KsagpaTnas matpuna A Ha3bIBaeTCst 86.podc-
denroil (ocobernoll), eCM ee ONpeAeSHTENb. DAaBEeH HYJIO, H HEGbLpOXC-
Oennoll (Heocobernod) B NpOTHBHOM cayyae. Ecau A —HeBrIpoxjennas
M‘ﬁpuua, TO CylleCTBYeT H NpPHTOM eJMHCTBeHHass Matpuua A-% rakas,
y

AA-'=A-1A=E;

rae E—enunnyHas MaTtpuua (T.'e. Takasi, Ha IVIaBHOM JAUaroHalH KoTo-
pOil CTOSIT €/IMHMIL, a BCe OCTaJbHble SJEMEHTHl PaBHBl HyJ0). MaTpula
A=} naswmiBaetcsi o6pamHoi K matpuue A.
YKaxeM OCHOBHbIE MeTOAbI BLIYMCJIEHHS O6paTHOH MaTpHLEI.
MeTton npucoenvHeHHOR Matpuunb. [Ipucoenunennas

matpuua AV ompepedsiercs KaK TPaHCIOHHPOBAHHAS K MaTpHIle, COCTaB-
JIeHHOH M3 anre6panyecKMX JOMOJHEHHH COOTBETCTBYIOIHX SJIEMEHTOB
marpunnl A (cM. dopmyay (5) u3 § 1). Taxkum o6pasom,
A D A@ D . A D
AV.= ALY AR [ A¢ Y |

. o . . > . . . o« e .
Ad,m A2, m) | A, B
~
CnpapeanuBo paBeHCTBO
AVA=AAV =det A.E.
Orciofa cienyer, 4T0 eclin A — HeBHIpOXKJeHHAs MaTpHIa, TO
1
-1 \%
< 4 det A Aar.

IIpumep 1. Merogom npucoesuHerHoft MaTpuun Haiitn A~?¥; ecan

1 21
A=<3 0 2>.
4 -2 5

4 Wmeem det A==—4. Haiinem anre6pamyeckue JIOTMOMHEHHS COOTBETCT-
BYIOUIMX 3ACMCHTOB MaTpuubl A:
02 2 —1 2 —1
(1, 1)= == (2,1) — —_—— (3,1)= —
aen=| G gl=a 4 _y Ts|=s A=l Tl=

1—1]_
3 2|7
12
30|%

A — ?1 §|=_7, A(M):Lll -é|=9, AGY —_ —5,

Aa, 3)_.____|Z -g |=__6, A28 = I; §|=10, AGH =
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ITosTomy

4 —8 4 -1 2 -l
AV=(-7 -9 —5> H A—1=—TAV (7/4 —9/4 5/4> >
\—6 10 —6 \3/2 —5/2 3/2

Meton saneMeHTapHHX Npeo6pas3oBaHuli. Diemenrap-
HHMH Npeo6pa3’oBAHHSIMH MAaTPHIBI Ha3bIBAIOTCS - CHEAYIOLIHE: :

1) mepecTaHOBKa CTPOK (CTONGLOB);

_2) ymHOXeHHe CTPOKH (CcTOIOLA) HAa YMCJO, OTJIHYHOE OT HYJS;

“3) mpuGaBiienHe K 3JeMeHTaM CTPOKH (cTOsI6LA) COOTBETCTBY IOIIUX
9JIEMEHTOB Jpyro# CTPOKH (cTon6ua), TNpeIBAPHTENBHO YMHOMEHHBIX Ha
HEKOTOPOe YHCHO. .

Jns panHoifi mMaTpuubl A n-ro nopsiika NOCTPOHM IPSIMOYTOJLHYIO
marpuny I'y=(A | E) pasmepa n X 2n, npunuceiBass K A cnpasa elu-
HUYHYIO MaTpHLY. [aJjee, HCNO/IB3YS 37eMEHTapHbIe MPeoGpa3oBaHus Haj
CTpoKaMmd, npusoaum Matpuuy I'g K mmy (E | B), uTo BCeraa BO3MOXIIO,
ecaii A HeBbipoxpgeHa. Torma B=A-

IIpumep 2. Merojiom snememapﬂmx npeobpasopauuit Halith A~

a7s
321

A=<452>.
214

« O6pasyem matpuuy T ¢
100
01 0>.
001

- 321

'y =<4 52
214

O603HauuB uepe3 Vi, Vg5 Y8 CTPOKH MaTpuunl I' 4, mpousseaeM Hal HHMH

clepyouue npeoépasoaannx:

’ ” ’ 2 ’ res l ”
‘V1=-3- Y1i» ‘Y1=‘V1—7 Y Y1 -—Yl 4?35
’ ” 3 ’ rr ] ”
P2 =Ys— 3 Vis Vo=V Y2 —?z—ﬁ Vai
4 7

, ” B 1 .
Va=‘?a—§Yi»’ 'Vs=?3+-r7-vz, Ya. j‘—‘-‘24\(3

B pesysbTaTe NOCJAENOBATENbHO NOJNYYaeM

321100 L 23 1/3] 1300
(452 01 0>—><0 7/3 2/3|—4/3 1 0>-——>
214

001 0 —1/3 10/3] —2/3 0 1
10 17| 57 —2/70 100] 3/4—7/24 —1/24
_+<o 1 7| —4/7 37 o>_.<o 10|—1/2 5/12 —1/12>.
00 24/7|—6/7 1771 00 1|—1/4 1/24 7/24
CJie0BaTe/1bHO,

3/4 —7/24 —1/24-
A-? =<—1/2 5/12 —1/12\. »
—1/4  1/24  7/24
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‘MeTOIOM - IPHCOEAMHEHHOM MATPHIL HaHTH. OGPATHbBIE AJ5
CJAENYIOMINX MATpHH: ’

3.106. (33). 3107 (37). s.108. (o2 -—SM)

57 sinoe cosa/’

3.109..,2 5 7\ 3.110./3 —4 5y 3.111. /111 1
(6 3 4>. <2 —3 1). L0111\
5 —2 —3 3 —5 —1 001.

. ) 0.02).....1
3.112. /

11 1
11 —1—
1—1 0 0/
0 0 1—1

3.113. , 1 1 1 1 ,
<3/V3 Yy's - —1y’5 —3/V 5>
1 —1

O - -

—1
/Y5 =3/Vs5 38/V5 -1/1/5

MetogoM s/eMeHTapHBIX MpeoGpa3oBaHHil HAHTH OGpaTHbIE
IJSl CJeLYIOWNX MaTpHIL:

3.114. /27 3\ 3.115.,1 2 243.116, /1 1 1 1
<3 9 4>. <2' 1 —-2). 1 1 —1 —1
153 2 -2 1 1 —1 I —1 J°

Il -1 —1 1

3.117, /33 —4 =3 3.118. /,10...0
06 1 l- 011...0
<54‘ 2 1/ 001...0
23 3 2o/ O\ ...,

000 ...1

3.119, /001 —1 3.120, 7100 ...01
031 4 020..00
276 —I1 1003....00
122 —1

000...0n

Peliuth MaTpUUHbIE YpaBHEHHS: .
szt (33)-X=(33). 8122 X-(§ 2= (23 2).
sz, (370)x.(35)= ("4 19),
1 2-3 1 =30
3.124. (3 2 -—4>.X.-’=<10 27).
‘\2—1 0 10 78
5 3.1 —8 30
3.125. X.< 1 -3 —2>=<—5 9 0>.
-5 2 1 —2150

5 Ton pea. A. B. Edumosa, B. TI. Jemugonuua 129



3.126. okasath cJelyioliye paBeHCTBa!
a) (@A) =L A% ©6) (AB)"=B 1A

B) (A™)T=(AT)™%
Bhluucauth 3Havenye (byﬂxupm g(x) npu x=A41

3.127. (g(x)=x2—3x+ U~ —x~2, A= (1 ‘)

. . 2 —l 0
3.128. g(x)=x—8x"1+16x72, A =<0 ;)
0 1

1
3.129. g =—N7F—(+1)71, A= (i?(l)

§ 3. MNpocTpancTBo apudMeTHHYECKHX BEKTOPOB.
Panr matpuubi

Apucpmemqecuue BeKTOpH. BcsKas ynopajoueHHas COBOKYMHOCTb
H3 n neucnmemumx (KOMNJIEKCHBIX) YMCesl Ha3blBAaeTCA Oeycmeumens.
HOM (KOMNACKCHOBIM) apugmemuueckum 6exkmopos ¥ 0O6O3HayaeTcs CHM-
BOJIOM

. X=(X1, Xz, +0ey Xp)e

UYnucna xy, %3, ..., X, HasbIBAIOTCA KOMNOHEHMAMU apucbme'mqecxoro
BEKTOpa X.
Han apugMeTHuecKHMH BEKTOPaMH BBOJATCA CJeAyIOWlUe ONepaluH:
Caodcerue: eciu

X= (X1, X2y vy xn)’ y=(y1v Y25 00y yn)»‘
TO :

XY= (v Xab o ver Xn-bUn). M

¥ muodrcenue- Ha wuca0: €cam A —uYMCIO (AeHCTBHTENbHOE MJIH KOMI-
JIEKCHOE) M X = (X1, X2, ..., X,;) —apHOMCTHYECKHH BEKTOp, TO

Ax= (l,x], ,»xz, ceey }\.Xn). (2)

MhoxecTBo Bcex JeHCTBHTEJBHLIX (KOMIJIEKCHLIX) apHdMeTHYeCKHX
A-KOMIIOKENTHBIX BEKTOPOB C BBeJeHHBIMH Bblllie OnepalM AMH cloxeHHs (1)
‘M YMHOXEHHSI Ha YHCJO (2) Ha3blBAETCH APOCHLPAHCIIGOM APUPMCMULECKUX
8eKmopoé (COOTBETCTBEHHO JefCTBHTENBHBIM HJIM KOMILIeKCHBIM). Bclony
B JaJbHellueM, ecsii He orosapliBaeTcsi NpOTHBHOE, pacCMaTpHBaeTCs
JeHCTBHUTENbHOE TPOCTPAHCTBO apHdMeTHUECKHX BEKTOpOB, 00603HayaeMoe
cumeoqom R7,

Cucrema apn(pme'ruqecxux BEKTOPOB {Xj, ..., X5} Ha3LIBaeTCA AU-
HedHO 3a8uCUMOL, €GIH HalAyTcs yucaa Ay, ..., Ag, He amme oAHG-
BPEMEHHO HYJIO, TaKHe, YTO AMxi 4 ...+ Agxs=0 (rne 0=(0, 0, ..., 0)—

HYJIEBO/ BeKTOp). B MpOTHBHOM Cllyuae 5Ta CHCTeMa HASLIBAETCH AUMALIHO
He3asucUMOl .

[lycTh Q-—IpOM3BONBHOE MIOXKECTBO apH(METHIECKHX BeKTOPOB,
Cucrema BekTOpOB B =(€y, ..., €5) HasbiBaercs 6asucom B (), ecan
BHITIOJIHEHbI CJIEAYIOLLHEe YCAOBHS:
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aye,€Q, k=1,2, ..., 8 .

6) cucrema B=(ey, ...; €s) MUHeHHO He3aBHCHMa;
B) Asa moforo BeKTopa X € Q HafixyTcsa 9ncaa Aq, «..; Ay TaKHe, 4TO
S
x = Mey. ®
k=1

¢0&Myna (3) na3niBaercst pasaoscenuem BeKTopa X mo Gasucy B.
Kospdumuentsr Ay, ..., Ay OHO3HAYHO ONPEAENASIOTCH BEKTOPOM X M Ha-
SLIBAIOTCH Koopdunamamu STOro BeKTOpa B Gasuce B.

CripaBeA/IMBEl CJIeNYIOMUE YTBEPIKACHHUS:

1) Besikas cucteMa BektopoB @ < R” umeer no menbuwe#l Mepe OfuH
6a3ut’ Mpu STOM OKa3blBaeTcCf, YTO BCe Ga3uChbl 3TOH CHCTEMH COCTOST
M3 OJWHAKOBOrO YHCJa BEKTODPOB, HaSbIBAEMOrO pAH2OM CHCTeMH Q u
oGoanauaeMoro rang Q uau r(Q).

2) Paur Bcero npoctpanctsa R” paBeH n .M HasmBaeTcst pasmep-
HOCMbI0 STOrO MpPOCTPAHCTBA; NpPH 3TOM B KauecTBe Gasuca R” moxuo
B3fTb CJEAYIOWYIO CHCTEMY:

es=(1, 0,0, ..., 0), .
e2=(0n l» 0» vy O)v
e8=(0» 0., l’ ce ey O)n (4)

% s 4 e ete e e s 9

e,=(0,0,0,...,1).

Otor Ga3HC NPHHATO Ha3BIBaTb KAHOHUUECKUM.

3acduKkcHpyeM npousBoJbHBIE 6asuc B=(ey, ..., €,) B OpPoOCTpaH-
cree R#. Torga BCAKOMY BEKTOPY X MOXHO IOCTaBUTh ?50 B3aHUMHO Of-
HO3HAYHOE COOTBETCTBHE CTO/MGell ero KOOpAHHAT B 3TOM Gasuce, T. e.

v

X1
X2
x=xe+...+x6, S X=} " |.

.

- Xn

3aMeyanue, Heob6xoxuMo pa3nnyaTh KOMNOHEHTHI BeKTOpa H
ero KOOpAMHaThl B HEKOTOPOM Ga3uce. Mbl HCMOJIb3yeM NI HHX OJMHa-
KoBoe 0003HayeHHe, XOTHA CJeAyeT NOMHHTb, YTO KOOPAHHATHl BEKTOPa
COBMAJalOT C ero KOMIIOHEHTaMH TOJbKO B KaHOHHuYeCKOM Gasuce.

Jlunefinrvie onepauust - (1) H (2) Hax apHdMeTHYECKHMH BEKTODaMH B
KOOpAHHATHOH opMe BHINIAAAT C/eAYIOWHM 06pa3oM:

z=x+y(=)Z=X+Y (& zp=xptyp, k=12, ...; n),

Y=MSY=MX (Sypr=>chyg, k=12, ..., n).

3.130. Hokasats, uto nuHelube onepauun (1) u (2) o6ra-
JaIOT- CIEAYIOWHMH CBOACTBAMH:

la) x+y=y+x;

16) (¥ +y)+2=x+(y+2);

1) x+0=ux; ».
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Ir) Vx,y 32 (x=y+2) (Bextop 2 HasbiBaercs pas-
HOCMb/O BEKTOPOB X M y M 00O3HauaeTcs Tak: Z=X—Y¥);

2a) A (u¥)=(Ap) ¥ ans moOblx uncen A u p;

6) 1.x=ux;

3a) ?»(x—i—y)—?»x—l—?»y,

36) (A+p) X =A%+ px.

3allaHbl apugmeTHyeckue BeKTOpH: a,= (4, 1, 3, —2),
a,=(1, 2, =3, 2),; a,=(16, 9, 1, —-3), a,,—(O 1, 2, 3,
a,=(1, 1, 15, 0). Hajith chepylomue JnyHefiHble KOoMGH-
HaUHWK: '

3.131. 3a;-+5a,—a,. 3.132. a;+ 2a;—a,—2a,.

3.133. 2a;+4a;—2a,. 3.134. Y/ ,a;+ 3a,—*/,a,+ a;.

3ajaHbl Te ke, YTO W Bbllle, apUPMETHYECKHE BEKTOPHI
a,, G, Q5 a,, a;. Halithn BeKTOp X H3 ypaBHeHHS:

3.135. 2x+4-a,—2a,—a,=0. 3.136. a,—3a,+| x+a,=0.

3 137. Q(a‘—x)+5(a,+x)——

3.138. 3(a,+2x)—2(@a,—x)=

3.139. JlokasaTb, YTO JIHHEHHO 3aBncnma BCAKas cuctema
BEKTODOB:

a) cojepxaulas ABa PaBHBIX BeKTOpA;

6) colepxkamias ABa BEKTOpPa, Pa3/HYalOMXCH YHCJOBBLIM
MHOXHTeJeM; _

B) cojepxalllas HYJeBOH BEKTOD; :

) cojepKallas JHHEeHHO 3aBHUCHMYIO NOACHCTEMY.

BrisicHuTb, SBAAIOTCH JIH CJAeAyloUMe CHCTeMbl apHdme-
THYeCKMX BEKTOPOB JIHHEHHO 3aBHCHMBIMM MWJH JIHHeHHO
He3aBUCHMBIMH:

3.140. x,=(—3,1,5), x,=(6, —3 15)

3.141. x,=(1, 2, 3 0), ¥,=(2, 4,

3.142. x,=(2, =3, 1), x,=(3, —1 5), x;= (1, —4, 3).

32143 x,=(, i, 2—i,3+1i), x,-=(l—i, 1+i, 1—3i,
4-—-2i).

'3,144*. TlokasaTb, YTO cCHCTeMa apHU(PMETHUYECKHX BEKTOPOB
e,=(1, 1,1, 1,1), e,=(0, 1,1, 1, 1), &,=(0,0,1, 1,1),
e,=(0, 0,0, 1, 1), e,=(0, 0, 0, 0, 1) o6pasyer Gasuc B R°.

Hai#ith KoopauHaThl 3afaHHOrO BeKTopa X B Gasuce
B=(ey ..., ;) u3 3anaun 3.144:

3.145%*, x=(1, 0, 1, 0, 1). 3.146. x =5, 4, 3, 2, I).

3.147. Jloxa3aTb, 4TO €C/M BEKTOPH @y, @,, @3 JHHelIHO
3aBHCHMBI- H BEKTOD @; He BBHIPaXagTcs JIMHHEHO yepe3 Bek-
TOPHl @; W @,, TO BEKTODH @&; H @; 'panmqaxoTca JIH Wb
YHCJIOBBIM MHOXKHTEJIEM.

3.148. IlokaszaTth, 4TO eciau BeKTOpr ai, a; ..., a
JIHHEHHO HE3aBHCHMBI, @ BEKTOPHl @y, &, ..., @y, b JHHElHO
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3aBUCHMbI, TO BEKTOp & JuHefiHO Belpaxaercsi Yepes Bek-
TOPBL Gy, Qs - . .y Ay

3.149. JloxasaTb, 4TO YNOPSAOYEHHAS] CHCTEMa Bemopoa
a;, a,, ..., a,, He COAEPKAUAsa HYJNEBOrO BEKTOPA, JHHEHHO
He3aBHCHMAa TOTJa M TOJNbKO TOrJd, KOTAA HH ONMH H3 3THX
BEKTOPOB HE Bblpaxaercs JHHEHHO yepe3 [peAblAyIiHe.

2. Panr marpuus. ITycts B Marpume A pasMepa m X n Buépanm
NPOU3BOJILHO £ CTPOK H R crosbuos (k<< min (m, n)). DiIcMeHTH, CTO-
sHe Ha MepeceyeHdH BHODAaHHLIX CTPOK H cron6ioB, 06pasyioT KBan-
paTHYIO MaTpHLY nopsiika R, Onpefe/uTeJb KOTOPOit HA3BIBACTCS MUHO-
pos k-20 ‘nopadka maTphus A.

MaxkcuMabubit MOPAAOK 7 OTIHYHBIX OT HYJS MUHOPOS MaTpHUL A
Ha3BIBaeTCA ee paneom, a moﬁou MHHOD NMOPSIZK 7, OTJIHYHBIH OT Hme —
0Q3UCHbIM MUHOPOM.

Crpox#. (cTon61b) ManHU.bl A paamepa m X n MOXHO paCCManHBaTb
KaK CHCTeMY apu(MeTHUeCKHX BeKTOpoB H3 -R” (cooTerctmenno R7).

Teopema o 6asncHOM MHHODe. Pawe mampuysl - pasen
paney cucmempt ee cmpork (cmoabyos); npu Imom cucmena cmpox (cr0a6-
y08) mampuybt, coaepo/cama,q basucroui munop, o6pazyem 6asuc 8 cucmene
acex cmpox (cmoabyo6) Smod- mampuiybt.

ITpuBeseM OCHOBHBIC METO/LI BbIYHCICHUS panra MaTPHILEL

MeTon oKallMAALOIHUX . MHHODOB. nyCTb B Manuue
Haiiien Muxop k-ro mopsiika M, OTAMYHLIA OT HyJfA. PaccMOTpHM Juib
Te MHHODB (k- 1)-ro nmopsiika, KoTopbie cojepxaT B cebe (OKafMAAIOT)
MuHODp M ecaM BCe OHM pAaBlLl HYJ/il0, TO DAaHT ™ MAaTpMULI pased &,
B nporusHOM Caydae CpelH QKaHMJIAIOLHX MUHODOS HARIETCS HeHyJeBoH
MuHOp (k+-1)-ro mopsiika, H BCA NMpouelypa NOBTOPSETCA.

fIpumep 1. Haiite panr matpuus

i dukcupyem MUHOp 2-ro NOp KA, OTAMUNLIA OT HYJS:
—4 3
m=| Ty 1| 0.

Munop 3-ro mopsaxa

24 3
My=[1 —2 1},
0 1 —1

oKafiMISIOWHUI MUHOD M, TaKiKe OT/HYeH OT HyJs. OfHaKO 06a MuHOpa
4-ro nopsiKa, okafimiasiowue - M, paBHB HYJIO:

24 3 | 24 30
=2 1 —4 1 —2 12
o 1=t =% Jo_1—ti1]|=%
4—7 4 —4f 4 -7 4 5,

TostoMy paHr A papeR TpeM, a GasHCHHIM MHHODOM SiBJSETCS, HampH-
Mep, Mg.

133



MeTtol snmeMeHTapHHX nNpeo6pasoBaHMHM OCHOBAN Ha
TOM (paKTe, YTO 3JleMeHTapHLIe Npeo6pa3oBaHus (cM. m. 2 § 2) maTpunb
HEe MeHSIOT ee paHra (cM. 3ajauy 3.158). Mcnonbsys sTh npeoGpasopanus,
MaTpHIY MOXHO NPHBECTH K TaKOMY BHJAY, KOTJa BCe ee 3JeMeHThl, Kpome
a1, Qsgy ++., App (r << min (m, n)), paBinl ByJgio. CreloBaTeJbHO,  paur
MaTpHIbl paBeH 7. '
[Mpumep 2. Halttu panr maTpuum

0 2 —4

) —1—4 5
A=l 3 1 7

0 5—10

2 3 0

<« [lpon3Bois NOCJELOBaTeNbHO SJeMeHTapHble Npeo6pa3oBanns, Oylem
HMeTb

0 2 —4 14 -5 1 4 -5
—1 —4 5 23 0 0 —5 10
3 1 71— 31 71— 0-—11 22 |—
0 5 —10 05 —10 0 5 —10
2 3 0 02 —4 0 2 —4
14 -5 100
01 —2 010
—|{ 01 —2]—[ 000 ].
, 01 -2/, 000
01 —2 000

Panr nocnenneil MaTpuilbl paBeH JABYM, [CilefoBaTeNbHO, TaKOB Xe H
paur HcxoiHofl MaTpuubl. B

Halitu panr maTpuubl METOAOM OKaHMJSIOIWUX MHHODOBI
3.150. s2 —13—24 3.151. /1 3 5 —I '
(4 —25 1‘7>. 2—1-3 4

2—-11 82 5 1 —1 7

&

. 7 7 9 1
3.152. /3 —1 32 5 3.153. /1234
5—3 23 4 2345
1 —8—-50—7 /" 3456 /" .
7—5 14 1 4567
3.154. ,1230 —1 3.155. /1+4i 1—i 2+43i
(01 11 0>. i 1 2
. 1341 —1 1—i —1—i 3—2 [°*
4 —4i 10-+2i
Uemy paeen paHr MaTpuuel A TNpH pasiHuHbIX 3Haue-
HHAX AP
. le; (‘) 4 ' I A —12
3.156. A= 17 i7; . 8.157. A_—_<2 -1 xs).
1 10 —6 A
22 43
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3.158. IlokasaTb, 4TO 3/MeMeHTapHble MpeoGpa3oBaHUs He
MEHSFIIOT PaHra MaTpHIbL.

BblYHC/IHTL paHr MaTPHIB METOAOM 3JeMeHTapHLIX mpe-
o6pa3oBaHHME:
3.159. /2531 17 43 3. 60. (47 —67 35 201 155>

75 94 53 132 26 98 23 —294 86 ),
75 94 54 134 16 —428 1 1284 52
25 32 20 48
3.161. : 3.162.
24 19 36- 72 —38 17 —28 45 11 39
49 40 73 147 —80 | 24 —37 61 13 50
73 59 98 219 —118 /' 25 —7 32 —I18 —11
47 36 71 141 —T72 31 12 19 —43 —55
42 13 29 —55 —68

3.163. 1 23 3.164. /—1 3 3 —4
4 5 6 4 —7 —2 1
7809 -3 5 1 0
10 11 12 —2 3 0 1

Bblunc/MTE paHT MaTpHLBL: -

3.165. 13 —1 6 3.166. 0 110 3
71 =310 i ' 2 0 4 —1
171 —722 /' 16 452 9)
34—210 8 —1 6 —7/

3.167. 01100\ 3.168. / 01 0 4 31
11000 01 3 0 21
01011, 21 0 0 11
10100 —12—1—1—11
00110

3.169. 3.170.

2 2 | 5—) 0—1 0 1 '8 N

1 0 4-—2 1 1 0—2 0—1—1]

2 I 5 0 | 01 0 1 0 O0f

—1-2 2-—6 .1}- t 0 0o 1 1 1f-
—3 —1 =8 1 —I —1—3—-1 2 2 0
1 2-3 72 { 3 2—1 —1—1—1

3.171. [JokasaTb 4TO ecJu Tpou3BeleHHe MaTpuu AB
onpenesnero, to rang(AB) < min {rang 4, rang B}.
3.172. [lycth A —HeBBIpOXK/IEHHAsl MaTPHULA, a MATPHLLI B
u C rakopnl, uro AB, CA onpepenennl. [lokasaTb, 4TO
ranﬂ(AB)::l‘angB u rang (CA)=rang C.
3.173. Iokasatb, uto ecau cymma matpuu A -+ B ompe-
genena, to rang (A + B) < rang A+ rang B.
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TlonaTHe paHFra MaTpHIbl HCNIONbL3YETCs 171 HCCJELOBaHUS Jmnemxou
3aBUCHMOCTH CHCTeMb! apH¢MeTHUECKHX BEKTOpPOB.

Mpumep 3. BusAcEMTb, ABJSETCH JM CHCTeMa apmbmenmecxux
BEKTOpOB a1=(2 =3, 1), a;=(3, —1, 5), ag=(1, —5, —3) auneitno
gaaucumon WK JIHHEHHO He3aBHCHMOIl. "Hafitu ee panr M Kakoii-un6yuib
a31C
<€ 3anuiuem Matpruy A, BEKTOP-CTONOLAMH KOTOPOH ABAAIOTCS @, A3, A3’

2 3 1
A=(a], o], T)—(—s—n —5)-

Panr A, Kak weTpyAuo BuieTh, paben 2. CleloBaTeNbHO, HCXOAHAS CH-
cTeEMa apuq:Memqecxnx BEKTOPOB JIMHEHO 3aBHCHMAa, H ee PaNT TaKxe
pasen 2 .(no Teopeme. 0 6a3HCHOM MHHOpE). Muuop 2-ro fnopsnka

S
2 3|

m=| 3 3|

OT/IHUEH QT HYJS W NOTOMY MOXKeT GHTh mpunar 3a Gasucnmit, Otciona
CCAYET, 4TO apH(MeluuecKne BCKTOPB @y M @ 00pa3yloT Gasuc Hcxop-
HOIi CHCTeMBI.

BLIACHNTD, ABASIOTCA AN CllefyloMine CHCTEMBI BEKTOPOB
JIMHEHHO 3aBHCHMBIMU mm JMHENO TIe3aBACUMbIMY:

3. 174 x, =, 1, 1), x,=(, —1, =1, 1), x,=(1,
—1, 1, =N, x,=(1,1, —1, —=1).

3175 x,=(4, =5, 2 6) xz—(Q —2, 1, 3), x,=(6,
—3,38,9), x,=(4, —1, 5, 6).

Haiitn paur cuctemst BeK‘rOponz

3.176. a,=(1, —1, 0, 0), a,,:(o, 1, —1,0), a,=(1, 0,

—1, 1), a,=(0, 0, 0, 1), @,=(3, —5, 2, —3)
3.177. a,=‘(l. i, T, 200, ay=(1, —i, 1, i, 1),
a, = (1, 1, —1, 1), @, =3, —1,.—1, —1 3).

Hamu Bce 3Haqeﬂuﬂ A, IpH KOTODHIX BEKTOp X auneito
BLIpaxaercsi yepe3 BEKTOpH &,, az, Qg

3.178. a,=(2,3,5), a,=(3,7,8),a,=(1, —6, 1), x=
=(7, —2, A).

3.179. a,=(3, 2, 5), a,=(2, 4, 7), aa-(5 6, 7») X ==
=(1, 3, 5).

3.180. a,=(3, 2,6), a,=(7,3,9), a;=(5,1, 3), x=
=(A, 2, 5).

-Ha#fttn panr m kaxod-HuOyap 6as3uc 3aaHHOH CHCTEMb
BEKTOPOB:

3.181. a,=(5,2,—3, 1), a,=(4, 1, —2,3), a,=(1, 1,
—1, —2), a,=(3, 4, —1, 2).

3.182. a,=(2,—1,3,5), a,=(4, —3,1,3), a,=(3, —
3, 4), a,= 4, —1, 1.), 17) a,=(7, —6, —7, 0).

3.183. a,=(l, 2 3, —4), a,=(2, 3, —4, l), a,=(2,—
8, —3), a,=(5, 26, —9, —12), a;,=(3, —4, 1, 2).
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Haiitn panr u Bce Gasuchl CHCTeMbl BEKTOPOB!

3.184. a,=(1, 2,0, 0), a,=(1, 2, 3, 4), a,=(3, 6, 0, 0).

3.185. a;=(1, 2, 3, 4), @.=(2, 3, 4, 5), a,=(3, 4 5, 6),

a,=(4,5,6,7).

3.186. a{=(2 | —3,1), a,=(4,2,—6,2), a,=(5,
—9, 3), a,=(1, 1, 1, 1).

§ 4. Cucremu JmHeliHuX ypasHennd

1. Mpasnno Kpamepa. Ilyere sapana cucreMa s JnHeHHBIX ypashe-
HHUl © /2 HEeHSBECTHHIMH BHAA

afixi-+aisXa+ o oo A1 xs =byy .
Gaixi—+ageXs v e s +a2pXn=by; )

e s 4 9 o 4 o s o e e s v o 9

Ay X+ AuaXa o oo FQppxn=by,

uaH, B MaTpHuHOM dopme, AX =B, rae

-

aii Aia vee Qi xi bi
X3 by
A=[ G222 o0 Gon ) x_ 20, B={ 1 )
- . . ’ s L] . . . -
Api Ang +os arm/ Xn by

Npasuno Kpamepa. Ecnuncucreme(l)detA A#0, T e
vatpuua A nmeer obpatnyio A-1, 10 cucrema (I) umeer; m mpuTOM
€IMHCTBEHHOE, pellenye ) '

X=A"1B,
WJH, B NOKOMIIOHEHTHOR 3anucCH,
A
xi=z!i i=1,2 ssi5n4

rie A;—onpefenntens, noNyuaembii M3 onpefeantenst A 3aMenoit i-ro
crosblia nHa cToabell CBOGOAHKIX -UJEHOB.
Mpumep 1. Pemnts cHCcTeMy ypaBHeHHH

3xi 4 2x5+ x5 =5,
2xi— x3-+x3="6;

x1'-|-5x2 =-3.
3 21
<4 Marpuua A=<2 —1 l> HEBHIpOXJeHHas; Tak KakK det A=—2 #0.
1 50

[pucoeaunennan matpuna AY nmeer Bin

-5 5 3
11 —13 =7
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CieloBaTesIbHO,
1 —5 5 3
A_1=——2-(‘ 1 -1 —l>
11 =13 -7

1 -5 5 3 5 I —4 2
X=A-1B= —-2—< 1 -1 —l>< 6)=—--§-< 2):(—I’>,
11 —13 =7/ \=3 -2 1

T. e Xy=2, xo=—1, x3=1, P

Crepyiouwne cucrembl peminth no mpasuay Kpamepas
3.187, 3x—5y=13, . 3.188. 3x—4y=1,

2x—Ty =81, 3x+4y=18.
'3.189. 2ax— 3by =0, 3.190. 7x4 2y+3z2=15,
3ax —6by = ab. 5x— 3y+2z2=15,
10x — 11y -+ 52 = 36.
3.191. 2x gy =5, 3.192. x4+ y—2z=F6,
x -+ 32=16, 2x+3y—T7z2=16,
5y— z=10. 5x+2y4 z2=16.
3.193. 3.194. ’
4x1+4x2+5x3+5x4—0 2%, — Xy 3%+ 2x, =14,
2x, +3x3— x,=10, 3x; + 3x, 4 3x,42x, =6,
x,+ x,—b5x, =—10, 3x;,— x,— x;—2x,=6,
3x, +2x, - = 1. 3x,— x,+ 3x3— x,=6.

3.195*. Jloka3aTh, 4TO AJA JOOBIX Pa3/JHYHBIX YHCENT X,
Xy X3 M JUOOBIX UYHMCEN Yy, Yy Yy CYUIECTBYET, H IPHTOM
TOMLKO OAMH, MHOTOYNeH Y= f(x) cTeneHu <2, AiA KOTO-
poro f(x)=y;, i=1, 2, 3. Korma crenens 3storo MHO-
routena < 2 (paBHa 1, paBHa 0)?

[To 3agaHHBIM yC/IOBHAM HaHTH MHOrouseH f(x):
3.196. f(1)=—1, f(—D=9, f(2)=-3
3:197. f,(x)=06;, i,j=1,2,3, 6,,={1’ i=],

0, is~].
Pewutb cucteMbl ypaBHeHui:
3.198. bx;+8x,4+ x,=2, 3.199, 2x,—3x,+ x3=—7,

3x,—2x,+ 6x,=—17, X+ 4x,42x=—1,
2%+ X,— xy=—b. X, —4x, =—2b5.

3.200. 3.201.
2%, 4+ 2x,— x3+ x,= 4, 2%, +3x,+ 1x,+5¢,= 2,
4x,+3x,— x4 2x,= 6, X+ Xt Sx+2x,= 1,
8%, +5x,—3x;+4x, =12, 2x;+ x,+ 3x,+2x,= —3,
3x1—|-3x2—2x3+2x4— 6. X+ X+ 3x;4-4x,= —3.
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3.202. 3.203.

2%+ Sxy+4x,+ x%,—20=0, 3x,+4x,+ x,+2x,--3=0,
xi+ 3x,+2x,+ x,—11=0, 3x;4 5x,4 3x,+5x,4+-6=0,
2x;+ 10x; + 9%, 4 9%, —40=0, 6x;+8x,4 x,+5x,+-8=0,
3x+ 8x,+49xy+2x,—37=0. 3x;+ 5x;3 -+ 3x,+7x,-+-8=0.
. 2. Pewenne npou3asosbHbix chcreM. [1ycTh 3agana cucreMa m Juneit-
HEIX yPaBHEHH): C n HeH3BeCTHHIMH OGIIEro BHAA

ai1Xi+AigXa-t v e s +aipx, =by;

Q91X -+ GgeXaF a0 s - Ap X, = by; @

‘e s e e 4 s s B e ¢ 0+ . e e @
AmXit+amsXst oo+ AupXn="0ms

WJIH, B MaTpHYHOH ¢opMe,

AX =B, ®
x b
aji Aig ver Qip ] x; b:
A= 921 G238 ¢00 Gon ) y_| - , B=[ * |,

® o 2 & & 3 & o . .

Ap1Qma see Qpp
Xn \b g

Ecan B=0, 10 cucTeMa Ha3blpaeTcsi 00HOp0OHOd; B MPOTHBHOM
clyuae OHa Ha3blBaeTCst HEOOHODPOOHOU. . .

Pewenuem crcteMbl (2) HasbiBaeTCf BCSKHl N-KOMIOHEHTHHIH BEeKTOp-
croaGew X, obpamalomuii MaTpHuHCe ypaBHeHHe (3) B paBeHCTBO _{cOOT-
BeTcTBYlomuil pemenuio X apudMeThieckuil BekTop ¥ € R# takxe GyseMm
Ha3blBaTb pelleHHeM CcHCTeMbl (2)). *

CucreMa Ha3blBaeTCs CO6MeCmHOL, ecJm Y Hee CYIeCTBYeT MO Kpail-
Hefi Mepe ORHO peilieHHe, B NDOTHBHOM €Jyyae ©HAa HA3LIBAETCH HeCos-
MecmHou.

JlBe CHCTeMbl Ha3bIBAIOTCH JKGUSBAAEHMHOGIMU; - €CJIH MHOMECTBa HMX
pellleHHit coBnajaioT.

Teopema Kponekepa—Kaneaan [Har moeo umobo
cucmema (2) 6oLaa cosmecmrol, Heo6x00uMo w Oocmamodro, 4mobst

rang A =rang 4, @

20e A=(A|B)—pacwupennas mampuya cucmensl.

INycts rang A=rang A=r, T. e. cucreMa coBMecTHa. He orpanu-
quBas o6wHOCTH, O6yleM CUHTaTh, 4TO Ga3HCHBII MHHOp pacrnoJaraeTcs
B nepebix r (1< r<min(m, n)) crpokax u. croabuax MaTpHun A.
Or6pocHB nocaefuue m—-r ypaBHEHHH CHCTEMH! (2), 3alMIUEM YKOPOUEH-
HYK CHCTEMY:

anxy+ .o taipx,4-a;, re1Xrait oo Fainxy=bi,
et e e 8 s i s s e s s e e e s e ©)

ApaXit oo F0rrXp+0r ri1treiteoetarpXn=0bp;

KOTOpasi SKBMBAJEHTHA HCXOANOH. HasoseM HeH3BeCTHHIE Xi; +1e; Xp
6ABUCHBIMU, A Xpyf, «eey Xp C60600HBIMU W MepeHeceM CJaraemble; cOnep-
XKawue CBOGOAHEIE HEH3BeCTHBHlE, B MpaBYIO 4acTh ypaBHenuit (5). Iomy-
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qaeM CHCTeMY OTHOCUTEJIbHO 6a3UCHBIX- HEU3BECTHBIX!

i X+« 00X, =bi a1, p1Xrpi— o - —Aipkn,
. . L I I T R I N
a,{x1+...+a,,x,-—b —Qp, 1K 41= 0o —GppXp,

KOTOpas [ KAMAOTO HaGopa 3HaueHHd CBOGOAHBIX HEH3BECTHHLIK
Xp+1=Ci, +++.5 Xpn=Cp—p HMEET eIMHCTBEHHOE peleHue Xy (Cr, «.-
essy Cpmp)y sves Xp (Ciy oee3 Cn—y), Haxofumoe no mnpasuay Kpamepa.
CooTBeTCTBYIOIEE pellleHHe YKOPOUCHHOH, a Clef0BaTe]bHO, H ucxonﬂoifl
CHCTeM HMeeT BHJ -

fxl (Cl, ceey Cpm ,»)
X (C{, toey Cﬂ_r): Xr (Cl;' 'C-i-,cn—r) . (6)
Cn-r J

®opmyna (6); BHpaXaiolias MPOH3BONLHOE pelUIEHHE CHCTEMB B BHJe
BCKTOP-QYHKIHH OT n—7 CB060,IleIX HEH3BECTHBIX; HA3KLIBAETCA OOWUM

peuwteruem cucteMst (2).
Mpumep 2. YCTAHOBUTH COBMECTHOCTb' H HAMTH onee pelenne

CHCTEeMbI
2xi+ Xg— x3—3x,=2,
i 4 xs—Trg=3,
2XQ-—3X3—|— X4=l,‘ -
- 2X1+3X2—4x3-—2X4=3.

<« Brnuumem OCHOBHYIO H-pacCIUHpEHHYIO MAaTpHUbl CHCTEMBbIS

21i —1 —3 21 —1—3|2

40 1 —7 — (40 1-=7138).
A={ 69 -3 1) A=lo2-3 1|1}

23 —4.—2 23—4—2]|3

Tak kak rang A=rang A =2 (nponepre!), TO HCXOJHA# CHCTeMa COB-
MeCTHa.

. 2.1
BriGepem B kauecTBE Ga3HCHOTO MHHOP Mg-——l 40| ‘Torna weus-
BECTHBIE X1, Xo— OasuCHBIE, Xg, Xy— CBOGOAHHE, A yKopodeHHaf cHCTeMa
HMeeT BUX
25+ Xp =2+ xg-+ 3%y
4xy =3-—x3+7x4.

Ilonaras xg=cjy X4=Cy M pelwlas YKOPOUYEHHYIO CHCTEMY OTHOCHUTENILHO
'6a3UCHBIX HeW3BeCTHHIX, MOJyuaeM

) 3

x1——-' 01+4 25
: 1
xgz-f—l—'?Ci—'é—Cg.
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CnepoBatenbHo, ofliee pelieHHe HCXOAHOH CHCTEMHl HMeeT BUJ

L 3 1 7 -
4/ — — —— —
grat7e
1 3 1
X (1, = ot f—— . >
(c1, €2) 2+2C1 g C
ci
( Cy
”CCJIeAOBaTb COBMECTHOCTb M HalTH 06H.lee pemeHMe CJie-
AYIOILHUX - CHCTEM!

3.20. x—V3y=1,  3.205. V5x— 5y—V5,

V 3x— 3y=l/§. x—]fgy=5.
3.206. 2x— y+ z2=—2, 3.207. x+2y—4z= 1,

x+2y+3z2=—1, " 2x4 y—bz=—1,

x—3y—2z= 3. X— y— z=—2.
3.208. 3.209.

B3y —2x,—5xy+ x,= 3, x,+ x,—6x,—4x,= €,
2%, —3x,+ xg-+5x,=—38, 3¢, — x,—6bx;—4dx,= 2,

x4+ 2x, —4x,=—3, 2x;+43x,+9x,-}-2¢,= 6,
Xy— Xg—4xy+9x,=22.  3x,+ 2x,+ 3x, + 8¢, = —T7.
3.210. 3.211.

26,4+ Tx3+ 3%+ x,=6, 3x,—5x,+4 2x;-+4x, =2,
3%, +5x,+ 2%+ 2x, =4, Tx,—4x,+ x3+3x,=5,
Ox, +4x,+ X+ Tx,=2." bx,--Tx,—4x,—6x,=3.
3.212, 3.218. _
9x,—3x,+ bxs 4 bx, 4, 3y 2x,+ 24+ 2x,=2,
6x, —2x, -+ x5+ 4x, 5, 2x, -+ 3x, + 2x, + 5x, = 3,
3x,— xy-+3x;+ 14x, =—8. Ox, -+ x,-+4x,—5x,=1,
2%y + 2x, + 3x, + 4x, =5,
T, 4+ x4+ 6x,— x,=7.

3.214, x;+ x4+ 3x;—2x,+ 3x, =1, :

2%, 4+ 20, + 4xg— x,+3x,=2,

3xy+ 3xy+ S5x3—2x, 4 3x, = 1,

2%+ 2%, + 8x3— 3%, + 9x, = 2.
3.215. 2x,— x,+ X3+ 2x,+ 3x,=2,

6x, —3x,+ 2%, +4x,+ b5x,=3,

“6xy —3x, -+ 4x;3 -+ 8x, + 13x, =9,

4x,— 2%, + x5+ x,+ 2x,=1.
3.216. 12x;+ 14x,— 15x; -+ 24x, + 27x, =5,

16x; + 18x,—22x,+ 29x, + 37x, =8,

18x; + 20x,—21x, 4 32x, 4+ 41x, =9,

10x; 4 12x,— 16x, + 20x, + 23x, = 4.

i
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3.217. 24x; -+ 14x, + 30x,+ 40x, + 41x, =28,
" 36x;+21x,4 45x,+61x,+ 621, =43,
48x, + 28x, + 60x, + 82x,+ 83x, =58,
60x; + 35x, 4 75x, -+ 99x, + 102x; = 69.
HcenenoBath COBMeCTHOCTB M HafiTH oflLiee peleHHe B 3a-
BHCHMOCTH OT 3HaYeHHUs mapamerpa A:
3.218. 3.219.
S5x;—3x,+ 2x,+ 4x,=3, Ax;+ x+ x+ x,=1,
4, —2x,+3x3+ Tx,=1, x;4+de;+ x4+ x,=1
8x;—bx,— x3— 5x,=9, x4+ x,+Ax;+ x,=1,
Txy—3x,+Tx,+1Tx,=h. X+ x,+ x3+Ae,=1.
3.220. 2x,— x,+3x,+ 4x,= 5,
4x, —2x,-+5x,+ bx,= 7,
6x,— 3%, + 7x;+ 8x,= 9,
Ax,—4x, 4 9xy -+ 10x, = 11.
3.221. (1 4+A)x, + X+ x;=1,
i (1 2) x5y =1,
X+ X+ (1 +Mx=1

3. Onunoponnnle cucremnl. Omnopopnasi cucreMa AX =0 Bcerja cos-
MecTHA, TaK KaK HMeeT mpusuaisstoe. pewenne X =0. Ilas cyuiecTso-
BaHHA HETPHBHAJbHOIO pelleHHst OJHODOXHOM CHCTeMbl HEOOXOAMMO H
_JlocTaTouyHO, uTo6bl r=rang A < n (MpH m=n 3TO YCJOBHE O3Hayaer,
yro det 4A=0).

ITycte Q < R”—wMHoXKecTBO BceX pemieHHA OTHOPOAHOM CHCTEMSI.
Beskuit 6asnc B MHOXKeCTBe Q COCTOMT M3 n—r7 BEKTODOB €y, ..., €p_p.
CootsercTByiomas eMy B KaHOHHYeckoM Ga3uce (cM. (4) u3 § 3) cucrema
BEKTOP-CTOA6LOB Ey, ..., E,_, HasuBaercs: yndamenmanonol cucmemods
pewenud. Obiee peiteHne OJHOPOAHONH CHCTEMBI MMeeT BHA

X=c1Ei+ ...+ chnerEn-ps

FRE Cp, «++; Cp—p—TIPOH3BOJILHLIE MOCTOSIHHBIE.
basucuvle pewenust Ey, ..., E;_, MOTYT ObITb MOJYYEHBI METOJIOM,
M3JIOXKEHHBIM B I. 2, et CBOGOJHBIM HEH3BECTHBIM INpPUAABATh [100Ye-
pelHO 3HaueHHe 1, rosiarasi ocrtajbHble paBHBIMH O
ITpumep 3. Haiitu dpyHaaMeHTalIbHYIO CHCTeMy pelueHuii H obuee
pellerne ciaejyioueil OJHOPOAHOH CHCTeMbl ypaBHeHHH:

3xi+ x3— 8xa+ 2x,4 x;=0,
2x1—' 2x3'-— 3X3— 7X4+2XQ=0,
x14 xy—12x34 34x,—b5x; =0,
X1— 5x2+ 2X3—16X4+3x5=0.

-

4 Marpuua Kosdpduunenton
3 1;—8 2 1
a2zl =7 2 :
T\ 1771 —12 34 —b
I —5 2 —16 3
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uMeer panr r=2 (nposepbTel). BriGepeM B KauecTBe G6a3HCHOrO MuHOp
1| :
My= I 2 _o #:0. Tofga ykopoueHHasi CHCTEMa HMEET BHJ

314+ xe=8x3—2x4— x5;
2x1' —_ QX2 = 3x3 + 7X4v— 2x5,'

OTKYAa, NONATras Xa=Cj, Xg=Cy, Xy==Cg, HAXOLHM
19 3. 1 7 25 1
xi=—"8'ci—'§02+"é‘cs» x2,=—§cl+§’—’t—‘§'cs'

O6ulee pelleHne CHCTEMbI

19 3
(_gcl g 02+?C‘3
7 25 1
X (crs €3y C3)= —icl-l_g c2 -2_03
5}
(2
C3

H3 obuero pewenns HaxoaHM GyRJaMEHTalbHYIO CHCTEMY peIUeHHH

—19/8 —3/8
—7/8 25/8
E;=X(, 0, 0)= 1 , Ey=X(0, 1, 0)= o | -
0 1
0 0
1/2
. —1/2
Es3=X (@0, 0, )= 0
0

1

C ucrnonb3oBanueM GyHAaMCHTaJbHOH CHCTeMB! ofliee peuleHHe MOXeT
6LITb 3alHCaHO B BHJE

X (ci, €2, c3) =C1E1+CEs+-c3E3. B
- 3.222, Hoxasath, uTO BCfAKad JHHeHHasd KoMGHHAlMA

pelleHHH ONHOPOAHOH CHCTEMBbl YDAaBHEHHH TaKXKe fBJAETCS
€e peleHHeM.

Hahitu ¢yHaaMeHTanbHYIO- CHCTeMY pelleHHH H ofliee
pelleHHe CJAEAYIOIHX CHCTeM:

3.223. x;+2x,— x,=0, 3.224, xi—2x3—3x; =0,

2x; 4 9x;—3x, = 0. —2x;+4x;+6x,=0.
8.225. 3x,+2¢,+ x,=0, 3,226, 2x;—3x;-+ x,=0,

2%, + 5x; -+ 3x, =0, xi+ x3+ x,=0,

3x1+4x5+2x3=0. 3x1~—2x§+2x3=0.
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- 3.2217. 3.228.
xi+4 2%+ 4x,— 3x,=0, 2x,—4x;+ bxy+ 3x,=0,
3x;+5x;+ 6xg— 4x,=0, 3x;—6x,+ 4x,+ 2x,=0,
4x;+5x,— 2x3+ 3x,=0, 4x, —8x, 4 17x3+ 11x,=0.
8x, 4 8x;+ 24x;,— 19x,=0.

3.229. 3x;42x;+ x5+ 3%, +5x, =0,

6x;+ 4x3+ x5+ 5x,+ 7x,=0;

9x; -+ 6x; -4 5x3 -+ 7x, +9x, =0,

3x; - 2x; +4x, +8x,=0.

3.230. x;+ X3+ X5 =0,
Xg —X, +x,=0,

Xi—X3 4 x,—x,=0,

X5+ x5+ x,=0,

Xq —xi+ x5 =0.

3.231, 5x,;+ 6x;—2x5+ Tx, + 4x;, =0,
2%, 4+ 3x,— X3+ 4x,4+2x,=0,
" Txy 4 9x,— 3x5 4 5x, + 6, =0,
5x; 4+ 9x;—3x;+ x,+6x,=0.
8.232. 3x;+ 4x;-+ x4+ 2x,43x,=0,
Bx;+ Tx;-+ x5+ 3x,+4x,=0,
dx;+ bx;+42x;+ x,+5x,=0,
Txi+10x5+ x5+ 6x, -+ 5x,=0.
3.233*, BHACHHTb, 06Pa3YIOT JIH CTPOKH KaXA0H U3 MaTPHIL

30 —24 43 50 — 5 4 2920 -3
A=<9—15 8 5 2>, B—_-<1 —1rez 13 4)
4 2 920 —30 9158 5 2

(yHAaMEHTa/JbHYI0 CHCTEMY pelleHUH JJaA CHCTEME ypaB-
HeHu#H

3xy+4x;+ 2x54+ x4+ 6x,=0,
5x;+ 9%+ Txs+ 4x,+ Tx,=0,
dx;+ 3x,— x3— x,+1lx;=0,
X¢ -+ 6x, 4 8xg+ 5x,— 4x,=0.

OnpenenuTe 3HaYeHHs NMapaMeTpa @, NPU KOTOPHIX CHCTEMa
HMeeT HETpHMBHAJIbHblE pEILEHHsI, H HAUTH 3TH pELIeHHs:
3.234. ax;+3x;+2x3=0, 3.235. 2x;-+ x;+3x,=0,
axy— X,+ x,=0, dx;— x5+ 7x3=0,
8x¢+ x5+ 4x,=0. x;+axg+2x,=0.

Ecnu sanana neopmsopommast cucrema AX =B, To ee ofmee peiue-
HHe MOXeT ObITh HalleHO KaK CyMMa oOuiero peilleHHs! COOTBETCTBYIOLLeH
oanopoanoli cucrembt AX =0 M NpPOM3BOJBLHOTO YACTHOTO DElWeHHS He-
ORHOPOJHOH CHCTEMBI.
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Haiitu ofuue peleHHs” HEOAHOPOAHBIX CHUCTEM, HCHOJib-
3ysl QYHAAMEHTAJIbHYIO CHCTEMY pelleHUil COOTBETCTB YOI X
OJIHO POAHBIX:

3.236. 2x;+ x,— X3— x4+ x=1,

Xy— X+ x5+ x,—2x,=0,
3x, + 3%, —3x,— 3x, + 4x, = 2,
4x, -+ 5x,—bxy—Db5x, + Tx,=3.

3.237. 2x,— 2x,+ x,— x,+ x,=1,

X+ 2%,— x4 x,— 2x,=1,
4x,—10x, +5x;—5x, -+ Tx, =1,
20, —14x, +Txy—T7x, + 11x, =1,
3.238. x;— x,+ x3—x,+x;—x,=1,
20— 2%~ 20+ x,—x,+ x, = 1.
3.239. x, -+ 2x,+ 3x, 4+ 4x, 4+ 5x, =0,
Xy —2x,—3x;—4x,—5x, =2,

2%y + 3x5 + 4x, 4+ bx, = —1.

4.. Meron nocsenosatenbHbix Mckaodenuit Kopaawa — Faycca. C mo-
MOWbIO 3/JIeMEHTAaPHLIX NpeoGpa3oBaHuil Haj CTPOKAMH M NeEpecTaHOBKOH
CTONGUOB pacliMpeHHast MaTpuia cHCTeMbl (2) MoxeT ObiTh MNpUBELEHA
K BHAY

' ’ ’ ’

1 0 cer 0 A1, r+1 «os Qi b[
’ . ’

01 ...Oaglf.'.] voo Qan bz

e o o e s o s e s s 8. . .

00... l.a;,H., e 'a;n b; ° (7)
100...0 0 ... 0 | byl

o o s s o s o e s e s . L

,

00...0 0 ... 0 bm

Martpuna (7) siBnsercss paciumpeHHOM MaTpuieil cHCTEMB!

4 ’ r
X1 +ay, reixp it - Qinxe = by,
X2+, raXp 41+ FQonk, = b2,
, ., ! ®
Xrtar, re1Xr i1t oo Arnky = by
0=b;+1»
0= bm»

KOTOpasi C TOYHOCTbIO 10 OGO3HAUEHHS. HEH3BECTHBLIX SKBHBAJEHTHA HC-
KOJHO¥M cHCTeMe. .
, ,
Ecnu xors Oul 04HO U3 uHcea bryy, ..., by OTJIMYHO OT HYJA, TO
cucreMa (8), a cJienoBaTeJbHO, H HCXOJHAsi CHCTeMa (2) HECOBMECTHBI.
’ ’
Ecau xe bpy1=...=bn=0, To cucrema coBmectHa u (opmyJs (8)
JIaloT 10 CYILECTBY SIBHOE BbIpakeHHe /st Ga3HCHBIX HEHSBECTHBIX Xj,...
sssy Xp UEPE3 CBOGOJHEIE HEH3BECTHLIE Xpijy osey Xpe
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MMpumep 4. Merorom )Xoppana—Taycca Hafitn obwee pewenne
CHCTeMEI .

xX1—2x + x4=-3,
3x1— x3—2x3 =1,
2x1+ x3—2x3— x4=4,
x1—|—3x2—-2x3—2x4=7.

« [lpousBojs siaeMeHTapHble NpeoGpa3oBaHUs HaJ CTPOKAMH pPaciuHMpeH-
HO/f MaTpHIH, IOJyyaeM

1—2 0 1]-3 1—2 0 1]—3
_ [3—1—2 o 1 0 5-—2-3| 10
A={9 12| 4/7\0 5—2-3| 10—
1 3—2-2| 7 0 .5—2-3| 10

{ 4 1
10 —5 —5 | 1
2 3
00 0 o010
00 0 010

[MepBrie JBe CTPOKM TMOCJAEAHeH MAaTPHIbl COCTABJSIOT paCIIMPEHHYIO
MaTPHLY CHCTCMbI

v 4 1
n—ghgash

3
xg—-g'xs——s— X4=2,

SKBUBaJIEHTHOH HcxoaHoil. Cuntas xj, X, 6a3HCHBIMM HCH3BECTHLIMH, a Xg
H X4 CBOGOJHLIMH, NOJyyaeM obliee pelieHHe B BHAE

4 1
(1—*-? Cl+'? Co
2 3
2+-5— Cl+‘302 . ’
Xa €1
Co
Mertonom JKoppana—Taycca HccsenoBaTh COBMECTHOCTD
H HaHTH. ofbluee pelleHHe CJAeAYIOHUX CHCTeM:

3.240. 3.241.

X, c)= 7 |=

xi+ 2x;+ 3x;+ 4x, =0, Xi+ X3 =1,
Tx,+ 14x; + 20x3 + 27x, =0, X, Xy - Xy =4,
5x; -+ 10x; + 1605 + 19x, = —2, Xo+ X5+ x, =—3,
3x,+ 5x;+4 Oxy;+413x,=5. Xyt X, +x,=2,
Xyt x;=—1.

3.242. 105x, — 175x,— 315x, 1 245x, — 84,
90x, — 150x,— 270x, 4 210x, — 72,
75x, —125x,—225x, -+ 175x, = 59.
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3.243. 3.244.
8x; -+ 12x; =20, Tx,—b5x,—2x;,— 4x,=38,
14x, +21x,=35, —3x,+2x,4+ x,++ 2x,=-—3,
9%;+ 11x,=0, 2%, Xg— X3— 2x,=1,
16x,+20x,=0, — x, + x;+24x,=1,
10x, 4 12x, = 22, — X+ x3+ 2x,=3.
15x, + 18x, = 33.

§ 5. HekoTtopble BbLIYHCIAHTENbHbIE 3aa4H

JIHHeHHON anre6pbi

1. Onepauuu Hap MaTpHUAMHU. i

B 3apayax 3.245—3.248 cocTaBHTb Ha (opTpaHe yKa-
3aHHBIE MOJNPOrpaMMBL.

3.245. IToanmporpamMMa CcJIOXeHHs JBYX MaTpHI pa3Mmepa
mxn. Ilapamerpe: A, B, C, M, N, rre A u B—Bymep-
Hble MacCuBbl pa3mepHocTH M XN, coiepxaline HCXoAHble
MaTpHIH, C—memepﬂbm MaccHB pasmepHocTH MXN A
pe3yJibTHpYIOILe#t MaTpPHLHL.

3.246. TloanporpamMma YMHOMEHHMsi MaTpHUBI. pasmepa
mxn Ha uucio o. Ilapamerpe: A, M, N, ALFA, rie A—
JBYMEDHBIH MacCHB pa3MepHOCTH MxN cofiepKalHi HCXoA-
Hyl0 MaTpHILy nepej ofpallleHHeM K TIOANPOrpaMMe H Pe3yilb-
TaT NocJe BBHIMOJIHEHHs BbluHcaeHHH, ALFA =a.

3.247. Tloanporpamma nepeMHOXEHHs ABYX MaTpul. Ila-
pamerpe:: A, B, C, L, M, N, rne A, B u C— pgByMepHsble
maccuBbl pasmepHoctrelt LxXM, MxN u LXxN coorserct-
BEHHO, COJlepXKalliieé HCXOAHble MAaTPHUBI H pe3yJbTarT.

3.248. Iloanporpamma TpaHCNOHHPOBaHHMS KBaApaTHOH
maTpuusl. ITapamerper: A, M, rae A—jBymepHblii MaccuB
paamepHocTH M XM c ncxogHo#t MaTpuuelt B HayaJie BbI-
YHCJIEHHH M C pe3ysabTaToM IOCJe BBIYHCJIEHHH.

3.249. [anbl MaTpHLBI .
0,625 —3,125
16320 8 [ 1m0
A= (—1,6 3,2 1,6 6,4,)’ B= 0,625 1,25 )°
\—0,625 0,625
0,625 —3,125 0,625
C— 1,25 0 —1,25

0,625 1,25 0
—0,625 0,625 3,125 -

Ha#itu AB, BA u AC.
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3.250. Jann .mMaTpuusl

/2,5 —1,25 3,75 —5 2,8 6,4 3,6 1,8
4| 4125 -275 55 —4,12 p_[2 56241
=\ 8,125 —4,875 —3,25 1,625 )° ° "\ 1,23,23 1,2/

5,95 —5,25 —1,75 3,5 0,8 0,8 0,6 0,4

Hajitu mMatpuunt AB, BA u ATBT,

3.251. HMcnoab3ysi moanporpammbl, noJiyueHHble B 3aja-
yax 3.245—3.248, coctaBuTh Ha ¢opTpaHe nporpamMmy pe-
wenna 3ajay 3.249—3.250, a Takxke onHol M3 3azau 3.78 —
3.86 u 3.90—3.92.

Me-rou o6pailleHust MaTpHIlLl ¢ NOMOULBIO SJ€MEeHTapHBIX Npeofpaso-

Bahnii (pacCMOTpenHbi B 1. 2 § 2) Moxer OuTh onwucaw cieaylouluM
c¢6pasom:

i G13... 01, | by bis.. by
Qy1 Qgo...0g; | bax bag...bgp

L ) " e e e s o« &

ni @uas- A | bpi buge bpy

>

1 O .0 a;k)k.,.l-. afn b(k) b‘k) b(k)]

k (k) (k) 4 Uk
01...0 a‘a )k+1 af) | o 6.6
gl PO T | e o | T
00...1 af%1...af) b/u b3+ . .bin .
(k) k) (I) (k) *
0 0 An,’k¥1+++Qnn bre bnz... bm;
10...0 | 5% pi,, b‘"’)
010 b"” ‘,’;’...b‘z,,

(n) o
0 0 bni b ban

rite (bi;)=FE —eciunnunas MaTpuua, a 5JEMCHTLI MaTpHLL (a,7’) n (68)
CBSABaHLI COOTHOLICIIH IMH

zk—-l) L]
R i ,
}:/’—-ﬂw k=1,2, ..., n, j=k}1, ..., 0 .-

ik
k 1)
n_ i _ -
b(k’.———(-k—_-l—)-, k—-l,?, veay N, ]"-]7 2: ceey I,

’k 1)

(&) _ ,(k=1) R} k—1) P

a{) =a} _;k_ﬁ aly™Y, i=1,2, ..., k=1, k41, ..., n,

N j=k4-1, ..., n, a}2)=a,';,.
B _pe-n_ b ey
- ] (k-1 — .
ll§) bfl }zk T Ge =1, 2, ..., k—1, k341, ..., n,

=12 .., 0 o0=b;.
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3.252, CoctaBUTh Ha opTpaHe NOANPOrpaMMy OOpaleHus
MATpHIBI METOJOM 3JIeMEeHTapHbIX npeobpasoBauuii. Ilapa-
metpei: A, B, N, .rme A u B—pgBymepHble Maccusnl pas-
mepHoctht NXN ¢ 3/eMeHTamMH HCXOAHOH H 0OpalleHHOH
maTpul cootBercTBeHHO. CoxpaHeHne maccuBa A mocJe BbI-
YuCJIeHUil He NpelycMaTpHBaeTcs.

B sagauax 3.253—3.256 aas saganHbIX Matpun A
Haita A~ ‘ ‘ ' '
0,24 0,84 0,68 0,88
—0,8 0,24 —0,88 0,68

3.253. A= —0,68 0,88 0,24 —0,84
"\=0,88 —0,68 0,84 0,24
—0,96875 ' 0,0625 0,125 0,25 0,5y
0,065 —1,875 0,25 0,5 1
3.954. A= 0,125 0,5 —35 1 2 .
0,2 0,5 I —8 4 |
0.5 1 3 4 8
26,4 35,2 9,9 13,2\
44 61,6 16,5 23,1
3.255. A= 16,522 6,6 8,8
27,5 38,5 11 15,4
1,2 2,4 —1,2 —2,4

3,69,6 0 —4,8
3.256. A=| o'y 0's 48 —3,6)'

3,69,6 1,2 7,2/

3.257. Hcnons3ys moamporpamMmy, NOJYYEHHYIO B 3aja-
ye 3.252, coctaBuTh Ha (opTpaHe MpOrpaMmy peieHHs 3afau
3.253—3.256, a Takxke opuo#l u3 samau 3.114—3.117 u
3.121—3.126. Ilpu peweHuH MaTpHUHBIX ypaBHeHHH B 3ajJa-
yax 3.121—3.126 ucnosp30BaTh MoanporpaMmy 3aaauu 3.248.

2. Buiyucnenne onpegennteneit. Onpenenntens

|01i1 Q13 «.. Ofp
An= Aof Qgg +o0 Qg npH oy ¢0

* 2 s 0 0 0 v

Api Qpa ose App

npeiacTaBUM B BHJE

l 0 LN ] 0
Qo1 (1) ()
T Q33 «». Q2n
o Ap=ay| I , wm Ap=ajjvAy-1.
- - . ’ ’ L * .
fani ® )
——= Qng +.. Qnn
257 .
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Oaementnl onpegennteaeit Ay, Ay, oouy Ag, £he

(k) (k)
%41, k41 *** Fxa,n
An—k= °* s 0 8 5 8 * b 9 2 ?

k)’ (k)
Qn, k+1. see Qnn

CBfI3aHBl COOTHOWEHUAMN
(k=1) (k=1)
ag ™ Vaj;

af‘?’=ﬂ§7-1\) g;z_;)_, i=k+l; sves G j=k+li ve ey n,

aﬁ}” =a;; Ar=al” Y,

#af=1 %0 npn seex & aas Ap-p+1 # 0. Mostomy
-1 -1
Ap=aa® ... a7 .. oK.

Ecan af =0, 10 CJlefilyeT, YUHTHBAsA H3MeHeHHe 3HuaKa, NIOMENSThb
MeCTaMH MepBYI0O H HEKOTOPYIO APYIYIO CTPOKH OnNpeAeaHTens A,_jp,t
TaK, 4TOGbl JIeBHIH BepXHHH SJeMeHT, Ha3nBaeMulll eedywjum, mne ObLl
paBeH HyJaio. [/ NOBLILEHHSA TOYHOCTH BBIYMCJEHHH BeAYUIMM SJeMeEH-
TOM HYKHO BbIGHpaTb HaHGOJLLIHA MO MOAYJIO H3 BCEX SJIEMEHTOB nep-
BOro crosfla KaxkJoro H3 onpefenutetell Ap_p, k=0, 1, ..., n—2.

l‘Ip uMep 1. BruHCIHTBL onpefeauTeNb

51 —2 1
13 14
. A={_96 o5
51 20
1 0 o0 0
2,8 1,4 3,8
0,22,8 1,4 3,8 8 L4 3.8
‘ A=5 _0,4 6,4 —0,8 5’4 =5' 334 _2,8 _?,4 =
1 0 4 —1
6,4 —0,8 5,4 1 0 0
=—5:2,8 1,4 3,8)=—5:6,4.0,4375 1,75 1,4375 |=
0 4 -l 0 4 —1
1,75 1 4375 4 —1
=5 l |564'175 14375=
=5-6,4-4-|0 4375 1 875|_5 6,4.4.1,875=240. »

3.258. CocraBiitb Ha (opTpaHe MOANPOrpaMMy-GyHKUIIO
BLIUMCJIEHHS OnpefenuTens nopsika n. Ilapamerpe: A, N,
rie A —nBymepHbiii MaccuB pasmepHOCTH N X N.

BriuucanTh onpefenTest;

3.259, | 1,6 8,1 1464,1 62,5 240,1
0,8 2,7 133,1 12,5 34,3
0,81,8 24,2 5 9,81
1 1,6 55 25 35
1,32,3 24,7 5,5 10,3
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3.260. | 5 7,5 17,5 2,5 22,5 27,5
3,2 —3,310,7 1,1 59 12,1
17,5 10 22,5 —2,5 27,5 —12,5
8,7 4,4 89 —1,113,1 —55
22,5 —10 27,5 2,535 5
6,9 —3,4 9,1 1,1 9,3 11,2
3.261, 2,15 1,14 1,23 1,48 1,05 -
4,3 1,71 2,87 3,7 2,73|
6,45 2,85 4,51 5,92 4,41],
4,3 —3,99 2,87 2,59 0,42
2,15 2,28 2,05 1,11 2,1

3.262. ]1,697 1,5588 2,2361 1,3856
2,9394 4,1243 3,1623 —2,7713| .
18,7947 6,9714 5 1,9596 |
2,4 4,4091 3,1623 3,0984
3.263. |1,575 2,4 —0,5 —0,75
2,1 —2,4 1,5 1,2
1,7 —1,6 1,383 0,7 |°
0,84 —0,96 0,5 0,36
3.264. Hcnonb3ys noanporpammy-hyHKIHIO, NOJYYEHHYIO
B 3agaue 3.258, cocTaBHTb Ha (opTpaHe MpPorpaMMy perieHHA
3agauy 3.259—3.263 u oxHoil u3 sagay 3.55—3.60.

3. CHcreMbl NHHEHHBIX ypaBHeHHIl. Meton oprauwa—Layec
ca (cm. 0. 4 § 4) B cayyae cHCTeMBbl

n
Z ai}'x/=bl'» i=1,2, ...5n (])
i=1

3aKJiOYaeTcst B MOC/MENOBAaTeNbHOM HCKJIOUEHHH HEH3BEeCTHBIX; IIpHYEM
nocJsie HCKJIOYeHHA (2—1)-r0 HeH3BECTHOro OCTaIOTCA ypaBHEHHA

n .
.Zka};‘)x/=b‘(k), i=k, k+l, eeey Ny \(2)
i=
rae
(k) (k)
a;,,’a
1 k ik %k
a‘(7+ )'=a$/))_ a(k) H k=0y l{ eeej n—l, af.?’:a[’,’
kk
k) p(k)
afpb, .

bik+ D =plB)__ s b=t

(k)
Ak
ToyHOCTL BLIYHCJIEHHA YBeJMYMBaeTCst, KOTAA BeIYIIHE 3JIeMEHTHI a‘,f),
MMeIOT HaHOOJIbIIHA MOAYJb B NepBOM CTOJ6LE MaTPHLLI CHCTeMH (2).

Ilpu k=n B cucreMe (2) ocTaeTrcs OZHO YypaBHeHHe, H3 KOTOPOro
BLIYHCIACTCH X,. DTHM 3aBepluaeTcs NpsMOi X0 BuUHC/IeHHi. OGpaTHslit
XOJi COCTOHT B IMOCJIENOBATEJbHOM HAaXOXJAEHHH Xp MO HaW[EeHHBHIM paHee
Xpipts eoes Xpy R=n—1, n—2, ... 1
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INprumep 2. Pewnts merofom )Kopnana—Iaycca cucreMmy ypas-

HEHUH
5.761'_—" xz'—l- Xg= 9,]3,‘
2)51"— x,-—5x3='25,
—xi+4dxg— xg=43.

 [locnenoBaTeNIbHO UCKJIOUAN Xi H Xa M BLIOHDAsT BEAYWIMMH SJIeMeHs
TaMH Hau6OJbLIHE MO MOAYJIO B COOTBETCTBYIOWMX CTOAGLAX, MOJydaeM

x1—0,2x,+0,2x3 = 1,826, xi—0,2x540,2x3 = 1,826, *)
—0,6x,-}-4,6x3=21,348, 3,8x9—0,8x3 = 44,826,
3,8x9—0,8x3 = 44,826, —0,6x5-}4,6x3 = 21,348,
%a—0,2105x,=11,7963, (+)
4,4737x3 = 28,4258, xg = 6,3540.

M3 ypaBHenui, NmoMeueHHLIX 3Be3lO4KOR, HAXONUM BHayaJe 2,=l3,1338,
notoM xj=23,1820. »

3.265. CoctaBuTh Ha (oOpTpPaHe NOANPOrpaMMy pelLeHHs
KBaJipaTHOM CHCTEMBl JIHHEHHBIX ypaBHeHnu#i MertopoM JKop-
nana—Taycca. Tlapamerpei: A,-B, N, .rne A—apymepHblii
MaccHB 3JIEMEHTOB MaTpHIbl CHCTeMHl, B-—onHoMepHbiii Mac-
CHB, COJepKaluuii cBOGOJHbIE WieHbl A0 OGpalleHMss K TNoj-
nporpamMMme H' pelleHHe CHCTeMb mocje BblyHcaennit, N —no-
PANOK CHCTEMBI. '

. PémmnTh caepyiolye CHCTeMbl JIMHEHHBIX ypaBHeHHH!

3.266. 3,2x, -+ 5,4x;+4,2x3+ 2,2x, = 2,6,
2,1x;+ 3,2x,+3,1x;+1,1x,=4,8,
1,2x;+ 0,4x,—0,8x,—0,8x, = 3,6,
4,7x;+410,4x, 4 9,7x5+ 9,7x, = —8,4.

3.267.. 6,087x,—3,913x; - 7,547x, - 1,734x, = 3,21,
1,739x, + 0,869x, + 1,887x, -+ 0,73x, = 6,35,
9,174x,—1,305x, - 2,83x, --1,04x, =1,5,
45 x; —1,305x, -+ 1,887x, -+ 0,541x, = —1,27.

3.268. 2,67x,45,1x; -+ 3,31x, - 5,64x, 4 4,76x, = 6,19,
4,44x;+7,5x; +4,67x,+5,7 x,+6,14x,=6,95,
5,33x, 1 9.8x, - 8.67x,4.8x, -7.33x, =12,2,

© 3,56x; 4 5,3x; +4,15x,+ 3,69x, + 3,25x, = 5,97,
1,78x; +4,17x, -+ 2,675+ 4,69x, + 3,75x, = 4,42.

3.269. Hcnosbays moanporpammy, NOJYYeHHYIO B 3ajave
3.265, coctaBHTb Ha (OpTpaHe NPOrpamMMmy pELIEHHS ONHOM
u3 3amau 3.266—3.268, 3.190—3.194, 3.198—3.203, 3.208,
3.209.
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Metopn urepanuit. Ecan ana cuctemn (1) Bunoausiorcs se-
PaBEHCTBA ~

n .
lai: | > z laijli =L 2.5 (6)
j=1 )
i+
X1
0 ee pemenne X =| . | ynopnerBopser coothowenmio X.= lim XA,
o . . ' —>®
X,
(k) "

1. e, xl=*lim Xi )y i=1; «..; n, The KOMINOHEHTH Bemép-cro.{lﬁua X®
- o " . °

onpenendalOTC paBeHCTBaMu

X? = ﬂi»

.n -
=B 4 D i px, ap=0, i=1,2 .50 k=0,1; ...
l' =1 . . ° .
B KoTophix B;==b;/a;;, oy =—a;;/a;.
Mpumep 3. PewnTb merosiom uteparfnit cuctemy
5x;+0,12x9+40,09x3 =10,

0,08x;+  4x,—0,15x3 =20,

0,18x;—0,06%,4  3xg=—4,5.
4 CicTeMa YJIOBJIETBOPSIET YCJOBHAM (3), W Ha I'JIaBHOM JMaroHaju Mat-

PHUbI PACIIONaraloTCs HanGoJiblive 1O MOAYJMIO SJeMeHTH CipokH. [lpu-
BejleM CHCTENY K HOPMaJbHOMY BHAY:

%= 2 —0,024x,—0,018x3,
xp= 5 —0,02x; ~0,03x3,
x3=—1,5—0,06x; —+0,02x,. -
2
BuiGepem nynepoe npubinxenne XO=|( 5 | u naiinem X, X, X3

._]'
W= 2 —0,024.5—0,018-(—1,5) =1,907,
W= 5 —0,02 -2-4+0,03 «(—1,5)=4,915,
x=—1,5—0,06 -2-40,02 .5 =—1,52;
W= 2 —0,024.4,915—0,018.(—1,52) = 1,90940,
*P= 5 —0,02 +1,90740,03 .(—1,52) =4,91626,
xP=—1,5—0,06 -1,90740,02:4,915 =—1,51612;
D= 2 —0,024.4,91626—0,018-(—1,51612) = 1,9092999,
= 5 —0,02 -1,9094040,03 :(—1,51612) =4,9163284,
x5 =—1,5--0,06 -1,90940+0,02 -4,91626 ~ =—1,5162388.
IepBble TpU sHaka nocae samatoil B X g X® OJIHHAKOBHl, MO3TOMY
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€ TOYHOCTBIO A0 10~3 pewreHHeM CHCTEMBI ABJAETCS BEKTOP

[/ 1,909
={ 4,916). P
—1,516

3.270. CoctaBHTb Ha (opTpaHe MOANMPOrpaMMY peleHHS
JHHeHHOH cuCTeMbl ypaBHeHHH MetojoM HTepauufi. [lapa-
merpel: A, B, X, N, EPS, rne A—pBymepHulii MaccHB 3.e-
MEHTOB MaTpHLBI CHCTeMbl, B —oaHoMepHbIHi MaccuB, cojep-
Jalui cBoOOAHBIe YseHbl, X —OAHOMEPHBIA MaccHB C pelie-
HusAMH cuctemsl, N—rnopsgok cucremsl, EPS —npegenbHas
a0CoMIOTHASA MOrPEIIHOCTD.

PemnTh MeTOAOM HTepauuii CHCTEMBI:

3.271. 4,1x;+0,1x, 4 0,2x, 4 0,2x, = 21,14,
0,3x;+5,3x; + 0,9x;—0,1x, = —17,82,
0,2x; 4+ 0;3x,+ 3,2x, 4 0,2x, = 9,02,
0,1x; 4 0,1x, 4 0,2x,—9, 1%, = 17,08.

3.272, 2,4x;+0,2x,—0,3x,— 1,1x,+ 5,8x; = 23,84,
0,3x;+0,1x,+1,1x,+ 10,2x, +  x;=38,85,
0,5x;—6,2x,+ 0,1x,+ 1,5x,—1,2x, =17,23,
0,1x;+2,1x,+5,1x,4+ 0,2x,—0,3x, = 6,56,
2,5x;4+0,1x, 4+ 0,2¢,+ 0,3x,+0,4x; = 6,€63.

3.273. HMcnoap3ys nopmporpamMmy, NoJiyyeHHYIO B 3ajaue

3.270, cocTaBHTh Ha (OpTpaHe NPOrpamMMy pelieHHs 3aiay
3..271 u 3.272. P P
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Fnasa 4
AJIEMEHTDbI JIMHENHON AJITEBPDI

§ 1. JluneiiHble mpocTpaHCcTBa
H NPOCTPAHCTBA CO CKAaJSIPHBIM MPOH3BEJEHHEM

1. JIinneitHoe npocTpanc1Bo. MHOXeCTBO £ Ha3LIBAECTCH AUHELHbIM
(aenmopuwu) npocmpancmsoM, €cJaH BLINOJHEHH CJEAYIOUHe YCJIOBHA:
1) B £ BBenena onepauus CJI0XKeHHS _3JIEMEHTOB, T. € VX; V¥ €L
onpejieJeHo oTobpakeHHe )

X, yy—2€ L

(o6o3nauenne: 2= x—|— ), o6.nana|omee CeNYIOMUMH CBOMCTBaMU!

la) x+y=y-+x;

16) (xLy)Fz=x+(+2);

1B) 30 € LVx € L (x+0=x) (3nemeHT 0 Ha3bIBaeTCq HY.e6bIM);

Ir) vx € £3(—x) € £ (x+(— x)=0) (snement —x nasbiBaetcs
NPOMUBONONONCHOIM SNEMEHTY X).

2) B £ BBeneHa onepalMsi YMHOMEHHS 5J1€EMEHTOB Ha JIeHCTBHTENbe
HBle (KOMNJIeKCHEIE) uucaa, T. e. VA € R (A € C), Vx € £ onpexeneso

orobpaxenne
xXN—yEL

(o6o3nauenne: y=2»rx), o6ajaioiee CBONCTBAMH!

2a) 1. x=x;

26) A (ux) = (Ap) x.

Nepannu CJA0XKEHHS 3JEMEHTOB H YMHOXEHHS HX Ha YHCJA
YAOBJIETBOPAIOT 3aKOHaM AHCTpHﬁ)’TﬂBHOCTH.

3a) A (x+y)=Ax-+Ay;

30) (A+p) x=Ax+px.

DyemenTbl NHHEHHOrO NMPOCTPAHCTBA Ha3HIBAIOTCS BEKMOPAMU. l']pocr-
pancTBO £ HasmiBaeTCA Oelcmeumenviioim, eciu B L orepauHsa yMHO-
2Kenlisa BEKTOpPOB Ha YHCJAO oOnpejesieHa TOAbKO MAJd JeHCTBUTENbHbIX
YHCes, U KOMNACKCHLIM, €CJIM 3Ta Ollepallis onpeleseHa IJs KOMIJIEKC
HBIX YHCel. .

[TpoBepuTh, 4TO CJeAylOLIHE MHOXKECTBA ABJSIOTCS JHHEH-
HBIMH NPOCTPAHCTBAMH:

4.1. MHoxecTBO %?; BCeX TIeOMeTPHUYECKHX BeKTOpOB
(onepamm HaJl TeOMEeTPUYECKHMH BEKTODAMH OllpejeseHbl
B§ 1 2).

4.2, MHoxectBo R” Bcex apu(METHYECKHX H-KOMIOHEHT-
HbIX BEKTOPOB X = (Xj, «.., X,) (onepamm HaJ apugmeTH-
YeCKHMH BEeKTOpaMH omnpeaeneHbl B § 3 ra. 3).
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4.3. MuoxectBo %, BceX MHOrOYJICAOB
py=a,_" ' +...+a,t+a,

creneHd < n—1 c ecrecTBeHHbIM 06pa3oM BBEINEHHLIMH Orle-
paluAMH CNOXEHHSI MHOTOYJIEHOB H YMHOMEHHA HX Ha YHCJsIa.
" 4.4, Muoxecteo C, ,, Bcex (yHKHuil f(f), HenpepsB-
HBIX Ha oTpe3Ke [a, b], ¢ ecrTecTBeHHBIM 00pa3’oM BBejieH-
HBIMH ONepaLUsAMH CJIOXKeHHs (QYHKIHH M yMHOXKEHHA HX Ha
Ypcaa. _

.4.5. MHoxectBO of, , BCeX MaTpHI paaMepa mxn (one-
pallMd Haj MaTpHLaMH onpezeleHsl B § 2 ra. 3).

BoIsicHHTD, ABJASIOTCS JIH CJIEYIOLIHE MHOXKECTBA MHHeH-
HbIMH [POCTPAHCTBAMHU: _

4:6. MHoxecTBO 97°; BCex reomeTpuqecxu’x BEKTOPOB,
KQJI/IHHeapHBIX (PMKCHPOBAHHOH NpSIMOH.

4.7. MHOXeCTBO BCeX reOMeTPHYECKHX BEKTOPOB, HCXOAS-
IMX M3 Hayaja KOODAMHAT, KOHIbI KOTOPHIX JeXaT Ha (M-
KCHDOBAaHHOH NpAMOH.

4.8. MHOXeCTBO BCceX TIeOMETPHYECKHX BEKTOpOB, YHAOB-
JIETBOPSIOUMX YCJOBHIO | X | > a, rae a > 0—dukcupoBanuoe
49HCIIO. _

4.9. MHOXeCTBO BCeX CXOISILHUXCS NMOC/AeJOBATENbHOCTEH.

4.10. MHOKeCTBO BCeX PaCXOASIIUXCS TMOCJeLOBaTe/NIbHO-
cTel. :

4.11. MHoxecTBO BceX (YHKUMHA, HHTErPUPYEMBIX Ha
orpeske [a, b].

4.12. MHoxecTBO BCeX Mpeo6pa3oBaHUH NOBOpPOTA TpexX-
MEPHOro IPOCTPAHCTBA TeOMETPHYECKHX BEKTOPOB BOKPYT
qucnpOBaHHoﬁ OCH. .

Cucrema Bex'ropon {%Xi; «o., X5} C £ HasbiBaeTcA AuKelnO Basu-
cumol, ecnn HalAyTCs uucaa Af, ..., Ag, He paBHble OZHOBDEMEHHO
HYJIIO H TaKHe, YTO A,xl-l—...-l-lsxs_o B IPOTHBHOM' C/lyuae 3Ta
CHCTEMa HA3BIBAETCS AUHELIHO He3a8ucumoll.

"TMycrs Q © £ —npou3BOIbHOE MHOKECTBEO BEKTOPOB JIHHEAHOro mpo-
CTpaHCTBAa. YTOpsiIOYeHHAs CHCTeMa BeKTOpoB B=(ey, ..., €;) Hasbl-
BaeTcsi 06asucom B Q, ecau:

a) e, €Q, k=1, 2, ..., s;

6) cuc-rema B = (el, ..y €5) JHHEeHHO He3aBHCHMa; !
B) AJfA JI060ro X €& Q HalfyTCA TaKHe YHCIA Xy, «..; Xg; UTO
x= 2 Xpep. m
k=l .

®opMyna (1) Ha3bIBaeTCsA pasaoxceHuem eexmopa X no 6asucy B.

Kospdpuuuents Xy, ..., Xg OAHO3HAYHO OINpENENAIOTCH BEKTOPOM X
M Ha3bBAIOTCS KOOpOuHamamy STOro BeKTopa B Gasuce B.

Ecan MmHOXecTBO Q C £ ofnafiaeT Ga3ucaMi, TO BCe OHH GOCTOST
H3 OJIHHAKOBOI'O YHCJa BEKTOPOB, Ha3biBaeMoro paneom Q (¥ obo3nauae-
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moro rang Q). B uacTHOCTH, eClu Ece MpPOCTPaHCTBO £ nMeeT 6asuc, To
OHO Ha3BIBAeTCS KOHeuHOMepHoim W 0603Hauaerca XL ,, rae n=dim £ —
YHCJIO BEKTOPOB B JI06oM 6a3nce, ha3LiBaéMOe pa3MepHOCHIbI) TIPOCTPaH-
cTBa. B mpoTHBHOM cClyuae npccTpaHCTBO . £ Ha3HBaeTcs GecKOHeuHO-
MEPHOLM. . '
[Tycts £, —TNpOH3BONLHOE 7-MEpHOE NPOCTpaHCTBO, B=(ej, ..-
.., ey)—obuKcupoBanunil 6asuc B neM. Toria BcskoMy BekTOpY X € &£,
B3alIMHO OHO3HAYHO COOTBETCTBYET CTOJiGel erc KOOpAMHAT B 5TOM Gasuce:

- X\
x=xlel+...—[—x,,e,,® X= [ .
Xn
Tlpu 3TOM JMHefiHbIe oONEpanMn Hajl BEKTOPaM¥ B KOOPAHHATHOH dopme
BLIMIAAAT CJAEAYIOWHM 06pasoM:
2=x4+ySZ=X+Y;
y=hx & Y=»AX. -

’ 4 4 y
Mycts B=(e5; .+-; €) 1 B =(e1; ..., en)—npa pasanunux
Gasuca B £,. Kaxawii u3 sextopon 6asuca B’ pasnoxum no Gasucy L

tir
ei=tigeit... +inpen @ Er=| o |,  k=1,2 .., 0"

.

ink

~

Mampuyed nepexoda Ty , @ oT Gasuca B k Gasucy B’ nasuipaer s
MaTpHua
bt eeo Ui
T93_>$'= o« e 4 o s ]
i ees tun/’

k-l cTonGen KoTopoi ecTh cTonbel Ej, K0OpIHHAT BeKTOpa e B Gasnce B.
Ecan x— npou3BoJibHLI  BeKTOp 3 £,, X n X'—croabunl ero Kcop-
aunat B Gagsucax B u B’ cOOTBETCTBEHHO, TO HMEET MeCTO pPaBEHCTBO

X'=(Tg,p)*X @

(popmyna mpeo6pasoBaHud KOOpPAMHAT npd mnpeobpaso-
BaHun G6asmuca). o

MMpumep 1. Halitu xoOpAMHAaTH TreoMeTpHuECKOTo & BeKTOpa
x=—{42j+k B Gasuce B’; cocrosmeMm u3 BeKTOpoB e;=1I-J,
ez'-‘=j*-{—k, e3=i—|—k. , , ,
<4 BpnuieM KOOpAMHAaTHI BEKTOPOB €3, €2, €3 B HCXoaHoM Gasnce

B=(, J, k)

’ ] ’ o l
Ei=(1), Ea=(1), Es={(0).
0 1 1
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Orciona MaTpuna nepexofa Ty, o, HMeeT BUI

101
ra-a=(110)

O6pamas Marpuny Ty o M HCTIOAB3YS Gopmyay (2), HaXomuM

VAR TR R N2 0
X'=(Ts_>w)“x=?(—1 1 1>< 2),:( 2>,
i—1 1/\ 1/ \-1!

T.e. x=2¢;—e; P

4.13. ITycts Q —npou3BOJbHAS CHCTEMAa BEKTOPOB H3 2.
IMoxcucrema {e;, ..., e;}cQ HasbiBaeTcs MAKCUMANbHOL
AuUHetRo Hesasucumoti nodcucmenmoii B Q, ecnu {ey, ..., e} —
JIMHEHHO HesaBMCHMasi CHCTeMa H BCsKas paciUMpeHHasi CH-
cTemMa ey, ..., €5 X, Tle X—IpPOH3BOJIbHLI BeKTOp H3 Q,
auueiino saBucuMa. [oKasaTh, YTO BCAKHH 6Gasuc B Q ecTb
MaKCHMajlbHasl JIMHEHHO HesaBHCHMasi nojcucreMa B Q, H
Hao6opoT. .
" 4.,14.Ecan 3afaHbl NPOH3BOJIbHBIE 2 BEKTOPOB Xy, « . «y Xp»
TO H3 HHX MOXHO INOCTPOMTb He GoJjiee Rk JIMHEHHO He3aBH-
cHMBIX KoMOuHamuit. Mcnonb3ys stoT pesyibTaT, AOKa3aTh:
ecmd B u B'—pxBa pasnuuHbIX 6asuca B cHcTeme Q, TO OHU
COCTOAIT M3 OJAHHAKOBOI'O YHCJIA BEKTOPOB (T. €. MMEET CMBICI
NOHATHE paHra cHcteMbl Q).

4.15. B npoctpaHcTBe ¥?, 3amaHbl BEKTOPHI

e;=i+j’ e;=i——j1 e:;=—i+2j—k

IlokasaTtb, yTo cucrema B'=(e;, e., e;)—06asuc B ¥°;, u
HanucaTb MaTpuuy nepexofa Tg..w-, rae B==(e,=1, e,=J,
e,=Fk). Hafitu koopanHathl BekTOpa X ==I—2j+ 2k B Ga-
suce B'.

MMycts B=(I, J, k) u B' = (', j', k')—npsaMoyroJbHsle
Gasucel B 9°,. B 3agauax 4.16—4.18 na#itu MaTpuuy nepe-
xo1a Tg,w u BemHCaTh CTOAGEL KOOPAMHAT BEKTOpa
X=1I0—2f+Fk B Gasuce B'.

4.16. Basuc B’ nosyueH H3MeHEHHEM Ha NPOTHBOIOMOXK-
HOEe HanpaBJieHHe BceX TpexX GasHCHBIX opToB B.

4.17. Basuc B’ nosayuen mepecraHoBkoét i'=J, j =Rk,
k=1

4.18. Basuc B’ nonyuer nosopotoM Gasuca B Ha yroa @
BOKpYyr opra i.

4.19. Hafitn paHr u KakoH-HHOYIb 6a3nC CHCTEMbI reo-
METPHYECKHX BEKTOPOB X;=—I+2J, X;=21—j+ k, x;=
=—4i+5/—k, x,=31—3]/+k.

158 :



4.20. B npoctpaHctBe R* 3amanml BekTOpH e€;=(l, 2,
“'1, —"2)) e;=(2’ 3’ 0’ —1)$ e(,iz(ly 29 ’lv 4)’ e;=(1y 31
—1, 0). Jokasatb, uto cucreMa B’ =(e;, e;, e;, e;)—06asuc
B R4, u mHanucate Marpuuy nepexoja g w, rae B—KaHo-
Huyecku#l Gasuc B R* (cm. § 3 ro. 3). Haiitn xoopanHaTh
sekTopa X = (7, 14, —1, 2) B Gasuce PB'.

4.21, Jloka3aTh,,4TO CHCTEMAa apH(MeTHYECKHX BEKTOPOB
x,=(,20 4, x,=(—1,0,5,1), x,=(1, 6, 10, 14)
JUHEHHO 3aBHCHMa, H HalHCaTb KaKoe-HUOYAb HETpPHBHAJb-
HOE COOTHOLUeHHe BHAA A,X, -+ AXx, -+ Asx,=0. Halitu panr
1 Bce 6a3uchl 3TOH .CHCTEMHI.

4.22. JloxasaTh, YTO CHCTeMa MaTpHI, BHAA

0...000...0

0 9 s e e 8 e

0...000...0 -
es e cee a=l '..m
Agg=[0... 010 ... 0|, P

0..000...0f B=L...,n

LI .
lo...000...0)

ﬂ .
obpasyer 6a3uc B NpocTpaHCTBe of,, , BCEX MATpPHIl pa3Mepa
mxn, H, ciefoBateabHo, dime#, ,=mn. Uemy paBHH KO-
"OpAMHATHl NpOM3BOJbHOH MaTpuubl A = (a;;) € £, , B 3TOM
Gaauce?

4.23. JlokasaTb, YyTO CHCTEeMa MHOrod/eHoB 1, ?, #2, ...
«v., I"71 oOpadyer Ga3uc B OpOCTpaHCTBE P, BCEX MHOTO-
yneHoB crteneHH < n—1 u, ciaeposatenpno, dimP,=n
(aToT Gasuc Ha3biBaeTcsi kanowuudeckum). HaiiTm koopauHaThL:

a) mHorouseHa — 3{2-++1 B KaHOHHYecKkoM G6asHce MNpo-
CTpPaHCTBa Py; /

6) mHorouseHa {®—2f{ B KaHOHHYeCKOM 06asKce NpPOCTPaH-
ctBa P,.
~ 4.24. Jloka3aTb, YTO CHCTeMa MHOrOUYJIEHOB #3424 ¢+1,
2+t+1, t+1, 1 nuHeliHO He3aBuUCHMA.

4.25. loxasaTb, 4TO cUCTEMA MHOrOUJIEHOB ¢34 1, —12-4-2¢,
{*—1¢ obpasyer 6asuc B mpocTpaHcTBe P, Brimncate B sTOM
Gasuce crtonGel KOOpAHMHAT MHOroujeHa — 2¢2-4f¢—1.

4.26. JlokasaTb, 4TO NpPH NMPOU3BOJILHOM #, CHCTEMa MHO-
rounenoB 1, t—t,, (t—1ty)?, ..., (t—1,)*~! obpasyer Oa-
3uC B P,,. . .

4.27. Hafitn MaTpuuy nepexoja oT KaHOHHYecKoro 6a3nca
1, ¢, 8% ..., t""1 K Gasucy 1, t—1£,, (t—1,)% .., (F—1p)" 2
B P, .

4.28. I‘(Iaﬁm KOOpAHHATH MHOroujieHa {2—1f 42 B Gasuce
I, t—1, (¢—1)%.
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4.29." [loka3aTb, 4TO OpPOCTPAHCTBO J° BCeX MHOFOYJICHOB
6eckoneuHomepHO. BriBectu otciofa, uto npoctpaHcTBO Clq, 3

¢ynkuuit- f(f), HenpepbiBHBIX Ha OTpe3Ke [a, b], Taxme Gec-
KOHEYHOMEPHO.

B sagauax 4.30—4.34 B npouU3BOJBbHOM NpOCTpaHCTBe &,
BEKTOPHI €y, €3, ..., €, U X 3aJaHbl CBOUMH KOO JIHHATAMH
B HekoTopoMm Gasuce 5. JloxasaTb, yto cucteMa B’ = (ey, ...

., e;)—06asuc B &, u Haiity crosiGer, X' KOOpAMHAT BeK-
'ropa X B sTOM Oasuce.

ome({) 1-() =) 5o()
s io( ) () —<-%> ()
4,32, E1_< > E; =
(-
-(-

ll

2
1
—3
1
2
1
—2
1

—

I

’ 3 v
3
).
0

. t
D E=(150) (_at)-
o) ) o)
0 0 1 1

4.35. lokasaTh crefyiouiue yTBepKIEHHA:
a) Matpuua nepexofa 7Tm_,u BCeria HEBHIPOXKIEHA, M

Ty on=Tw-5)"%
tif oo tin
T= I afE TR I
bl oee tnn

6) eciu
— HeBBIpOXKJeHHast MaTpHla U B =(e,, ..., €,) —HEKOTOpLIH
6a3uc B MpOCTPAHCTBE £ ,, TO CHCTeMa BEKTOPOB
e2=t1‘ie1'+ coe -l—t,,,e,i, [ = 1, 2, ceey Ny

Takxe obpasyer 6asuc B £ .
4.36. Jlokasatb, uto ecin B, B’ u B’ —6asucsl B 2,
TO CNpaBeAJIHBO MaTpHYHOE. PaBEHCTBO

2
3
0
—1
7
4
—1
2

4.33. E; =

.

» Ty,o=Ty,.v Ty



B sagauax 4.37, 4.38 B 1pOH3BO/ILHOM MPOCTPAHCTBE Ly
BEKTOPH €, €5, ..., €, H €, €;, ..., e, 3aJaHbl CBOMMH
KoopAMHATAMH B HeKOTOpOM Ga3uce. Tpe6ye'rc;1 JOKa3aTh,
yto cucremsl B=(e;, ..., e,) U B =(e;, ..., €,)—0a3uchl
B Z,, M, UCTIOJB3Ys pe3yabrathl safady 4.35 u 4.36, Hanu-
caTh MaTpuuy nepexoia Is..e.

1 2 3
4.37. Ei=(2>. E2=.(3>, E3=<7>;
| 1_ 3 !
3\ . 5 -1
m=(1) m=(2) 5=(1)
1 1 —6

1 1 1 1

1 . 2 : 1 y 3 ).

4.38. Ey={ | ), Es={| | Es={, ) Ei=|, |
S| 1 \1 3

1 T2 2 /—2

, 0 , -3 , 2 , [ =3

El= '3 E2= -5/ $=\ g | E4=(f_"_’4

3 —4 4 —14

Iycte &£ u X£'—nBa nelCTBHTENBHBIX (M4 KOMIIEKCHBIX) Jneii-
#pix npocrpanctBa. Orobpaxcenne @: &£ — £’ npocrpanctba.. £ Ha
npocTpaHcTBO £’ HA3LIBAGTCHA UIOMOPPUIMOM, €ClU:

a) ¢ B3aHMHO OJHO3HAYHO;

6) ¢ (Ax)=Ap (%) u ¢ (x+¥) =0 (*)+¢ ()] 12 moﬁblx X, yEL
H Aaf Jo6oro 4uc/ia A.

Ecmu cym.ecrsyer nsomoppusm £ Ha £’, 10 npocrpax-xcma L u
£ naspiBatotea’ usomoppromu: L ~ L'.

B sapavax 4.39—4.41%) ycraHoBuTb, sBAAETCA JM H30-
Mopdu3MOM 3ajlaHHOe oToGpaxkeHHe 7?2, Ha R®.

4.39. CP(Xi'i-!//—l—Zk)—(?x—y- 2, x+y+2).

4.40. @ (vi{-yj+2k) = (x+-y—1, 22, 3y).

.41, o(l+yj+2k)=(+y, —y+22, x+4+2y—22).

4.42. Oro6paxenue ¢: £, — R* npoussosbHoro npocr-
panctBa £, Ha mnpoctpaHCTBO R” apHpMeTHYECKHX BeKTO-
poB HMmeeT m_m

. agy o.. AL
(p(xle[+"'+x"en)=(x[’ ooy xn)<’ L) ->,

Api «oe Qpp

1) Oan oﬁoaﬂaqeuml KOODAHHAT FeOMETPHUECKHK BEKTOPOB B MPAMO-
yroasiom 6Gasuce (I, f, B) yCNOBUMCA B 3TOH [J/aBe HCIOJb30BAThH CTPOY-
poie GYKBLI ¥, y, 2, B -OTJH4ME OT MpPONMHCHHLIX OYKB, HCMOAB3YEMbIX
B I/laBe 2, TaK: KaK 37eCh NPOMUCHbIMU GyKBaMu Mbl 06O3HauaeM BEKTOp-
CcTosGILkL. .
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rae B=(e,, ..., e,)—HeKoTophill 6asuc B £ ,, a A=(a;;) —
HEBHIPOXKIEHHash MaTpulla nopsaxka n. JlokasaTe, uTo 3TO
oToOpaxeHne — H30MOPGH3M H, ClIef0BaTebHO, 4TO Z, o~ R™.

4.43. JloxasaTb, YTO MHOXXECTEO BC€X KOMMNJIEKCHBIX YHCe
C OOBbIUHBIM CJIOJKEHMEM H YMHOXMEHHEM Ha JeHCTBHTEJIbHLE
yhcaa obpasyeT HefCTBHTENIbHOE NPOCTPAHCTBO, H30MOpP(HOE
npoctpanctBy R?®. Hanucate martpuuny nepexoza or 6Gasuca
$=(1, i) k 6asucy B'=(1+4i, —i) B 5STOM NPOCTPaHCTBE,
¥ ans uucna —2-+ 3i HanucaTb pasnoxeHue no Gasucy B'.

2. MonnpocTpancTea K JnHelinble MHOT006pasua. [1odnpocmpancmeom
NMHEHHOr0 NpPOCTPAHCTBA £ HA3LIBAETCH TaKOe NOJAMHOXeCTBO L' C XL;
KoTopoe o6JajaeT CBOHCTBAaMH:

a) X\ YEL' =D x}yEL;

6) 2EXL' = Ax €L’ LaA BCAKOTO uMcaa A.

Ecin £’ —nekoTopoe NOANPOCTPAaHCTBO B £, TO MHOMECTBO BeK-
TOPOB

L4 xg={x€L | x=x"+}x9, X' EXL' D18 HEKOTOPOTO Xy € L)

Ha3LIBAETCS AUHELHOIM MHO2000pa3uem, TIOJYYEHHBIM CABMIOM TNOANPOCT-
pancTBa £’ na BEKTOp X,.

4.44. IloxasaTh, 4TO BCAKOE NOANpocTpaHcTBO %' Ju-
HEHHOro NPOCTPaHCTBA £ TaKikKe ABJSETCH JIHHEHHBIM NPO-
crpanctBoM (npu 3toM dim %' < dim .%).

B 3apauax 4.45—4.49 Tpe6yercs YCTaHOBHTDb, SBJIAIOTCS
JV 3ajaHHble MHOXKECTBA NOANPOCTPAHCTBAMH B COOTBETCT-
BYIOLUIHX NPOCTpaHCTBaX. B ciayyae moJsioxHTeNLHOrO OTBETa
HafiTH UX pPasMEepPHOCTb.

4.45. MHOXeCTBO BCEX T€OMETPHYECKHX BEKTOPOB H3 PPy

2) KOMIJIaHAapHbIX (PHKCHPOBAHHOH NJIOCKOCTH;

6) YAOBJIETBOpSIOWHKX ycoBkio (¥, @) =0, rae @ —duxcn-
pOBaHHbIA BEKTOD;

B) YJOBJETBOPAIOUWMX ycJoBHio |&|=1.

4.46. MHoXeCTBO BceX BEKTOpOB u3 R” Bupal

a) x=(0, x5, 0, x4, X5y +00y X,);

6) x=(1, x,, 1, x4, x5, .00, %,).

4.47*, MHOXeCTBO BCeX BEKTOPOB NPOH3BOJILHOIO MNpO-
CTPaHCTBA .Z,, KOOPAHHATHI KOTOPHIX B (MKCHPOBaHHOM Ga-
sMce YIOBJIETBOPAIOT YCJOBHSAM:’

a) X=X, 6) x;+x+...4+%,=0; B) x;—x,=1;

T) Qi Xi+ ... +a;,x,= 0,

Qi Xi+ o +a,,x,=0,
WAd, B MaTpHyHOH ¢opme, AX =0, rae A—zanannan wma-
TpHlla pasMepa mXn.

4.48. MuoxectBo Bcex Marpuu A nopspka n, yRoBjer-

BOPSAIOIHX YCAOBMAM!
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"a) AT=A (cummeTpHuHble MaTpHLUbI); 6). det A =0.
4.49. MHoxXecTBO BceX (yHKuuh f (1) €Cra, 01 (cm. saja-

qy 4.4), yIOBJIETBOPSIOUIHX YCJIOBHAM:

a) f(t,)=0 pas Hekoroporo f, € [a, ],

6) f(t,)=1 ana HekoTOpOro t €la, b];

"B) f(H)=a,_ lt""‘—}- .ta t—l—ao, T. e. f(f)—mHorounen

cTeleHd He Boiule n—1.

[Mycts Q —npou3posbhasg cHCTeMa BEKTOPOB H3 JIHHEHHOro. MPOCT-
pasctBa L.

Jlunednod o06orouxold cucTeMbl Q Ha3bIBAETCHA MHOXKECTBO BEKTOPOB

L (Q={x|x=Mxi+ ... +rXs, X1, ..., X,€Q)}.

4.50. oxasatb, uToO,

a) % (Q)—noanpocTpaHcTeo B ¥

6) dim.Z (Q) =rang Q, npxyeM B KayecTBe Gasuca b Z(Q)
MOXKIO B3SIThb J000H 6a3HUC CHCTEMBI Q

4.51. Haittn pasmepHOCTh JIMHEHHOH 0GONOUKH J(xl. xz)
apuU(MeTHYECKHX BEKTOPOB x,=(,0, 2, —l) x,=(0, —1I,
2, 0). I'lokasate, uro BEKTOp x—(l —1, 4, —1) npm{au-
newut & (xy, X,).

Haiirn pasmeplioCTb 4 KaKofi- lll’lﬁyllb Gasuc | Jmue.mon
O()OJIO‘JKH Sa,llcll{HOH CHCTEMDI apndmemqecx\nx BeKTOpOB

"4.52. x,=(1,0,0, —1), xz 2,1, 1,0), %=(,1,1,1),

x,=(1, 2,3, 4), i o1

453 x;—=(1, 1,71, 1 0) xz—(l 1, —1, _1 —1)

,_(2 2, 0,0, ~—-1), x4_(l 1, 5 2), x,—(l , —1,
0, 0).

4.54*, Tlokasate, 4TO JMHeliHas 060/I0UKA cmTewu MHO-
rouﬁéuon —32—1, 2{*+¢, =t coBnagaer c ﬂpOC‘lpaHC’!‘-

BOM P, BCeX MIIOTOUJIEHOB CTeneHu < 2.

[Tyctb V—npouqﬂonbuda cHcTeMa I‘COM(;‘TpH'-IeCl\dX ncxropon Teo-
Mempuueckir 06pa30M CHCTEMbl V HA30BCM MHOXECTBO  TOUCK, SBASIO-
LIXCA KONUAMH BEKTOPOB H3 V, npu yc.nomm uto BCe BeKI‘opb{ HEXOAAT
M3 Havajga KOOpAHHAT.

. 4 55 HanucaTb ypannexme reOMeTpPHUYECKOro o6pasa (K-
HEilHOf 060JIOUKH % (@) u mHorooGpasusi £ (@)+ b, ecan
a=—2i+j—Fk u b=2i—].

4.56, Hanucate ypaBHenue reownTpuqecxoro o(pasa JiH-
neiinoii obosouxkn Z (d,, @,) U MHOoroo6pasus % (a,, a,)+b,
ecm @, =—i+j+k, a,=2j—kn b=i+k ,

4.57, 3ajana cucreMa ypaBHeHHEH: '

X x5—3xs— xF x=1,

* BT e n b An =4,

Xy —5x, —9x,—8x, -+ x,=0.
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a) HoxasaTb, 4TO MHOMECTBO PeleHuil 3ToH CUCTEMBI ecTh
Jsmlielinoe MHorooGpasue B npocTpancTee RE.

6) CaBMroM Kakoro NpoCTpaHCTBa NOJYYaercs 3T0 AuHek-
Hoe MHOroc6pasue? Hajitn paHr u xakoi-Hu6yab 6a3uc sToro:
NIOATIPOCTPAHCTBA. ‘

B) Hajitu kaxoii-nu6yab BekTOp cABura.

3. NMpocrpancTBa €O cranspubiM npen3senennem, Jelicteurensnoe
JuneilHoe NPOCTPAHCTBO ¢§ MHA3HIBACTCA €6KAUOOGHIM NPOCMPANCITIGOM,
€C/M KaXJoH nape BEKTOPOB X H ¥ U3 & NOCTABAEHO B COOTBETCTBHE
AeicTBHTEJLHOE yuco, 0603HayaeMoe CHMBOJOM (X, J) M hHasmBacMoe
CKAARAPHLIM NpouseederiieM BEKTOPOB X W ¥, ApDUYEM BHINOAHEHH CJeAY10-
HiHe YCJOBMA: :

l) (x, =0, x);

(xl+x2’ y)‘—‘(xl; y)+(x2: y)»

3 (Ax, »)=%(x, »), LER;

4) (x, x)==0, npuuem (x, x)=06 x=0.

Jaunod BexTOpa X Ha3LIBaeTCs UMCJIO

[x|=V {x, %).

Bem‘op X, JVIHHA KOTOpOro paBna ejnliune, Ha3LIBACTCA HOPMUPOSAHHOIM,
Aaa  nobbix BEKTOLOB X, J €BKJAMJIOBA 1CCTpPalCTBa cnpaBe,quuBo
HepaBe€HCTBO KOUJM—ByHHKOBCKOI‘O

Hx, M2 <(x, x) (¥, ¥),

KOTOpOE MO3BONSET CeAyicUiHM 06pa3oM CNpeAe]HTL YFOJ MEMAY Leny-
JIGBLIMU EEKTOPaMU:

(x, ¥)
fx|-ly}
Heuyncnue BCKTOPH X, YE & NasuiBalOTCA  0PMOcONAAbHLME, CCTTA
(%, y)=0.

Baauc B=(e1, ..., €,) N-MEPUOTO EBKJIMAOBA NpocTparcTBa ¢,

HA3LIBAETCH ODMOHOPMUPOBAHHUIM, €CIIA

€OS (p ==

0, i%j,
(e, e/)=‘5if={1,' i=].
Ecav B mpocTpancTse &, 3ajan npou3sBoabuuiii 6asuc (fi, fa, «o ey far
TO BEKTOPLI

k=1
X h—1
ex=fi, ex=rri— 2 & Ve, k=23, ..., n
i=1
k-—l) (fkr _i ’
Tze ¢ =@ e’ 06pasyioT opTOFoNanbnbiil 6a3auc B 5TOM npocTpan-
1R4

ctBe (mpouecc oproronannsaunu Hmunra).

KoMnaekcnoe anneitnoe MpocTpanctso U naswpaeTcs yuumapnoim,
€CIM  KaMJlok mape BEKTOpoB X, ¥ H3 AU nocraeneno B COOTBETCTBHE
HOMILJIEKCII0€ UHCJI0, 0603HauaemMoe CHMBOJIOM (X, J) M nashBaeMoe ' cxa-
AAPHOM  npOUBEedeHeM BEKTOPOB X M ¥, NpUUeM BLIOJHEHB!  CHEAYIO;
mye yCAOBUS:

1) (x, )=, »)
2) (%11 %2, ¥)=(x1, ¥)+ (X2, ¥}
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.3 (hx, )=A(x, 9), LEC;

) % %) =0, mipruem (X, x)—O@x 0.
- B yHuTapHOM OpOCTPAHCTBE -#e *ONpele/fieTcss ' Yyrodl MeXAy BeKTO-
pamr. OfHAKO BCE€ OCTA/IbHbIE OMpefleJIeHHA U Pe3yJAbTaTh, copmyaupo-
BaHHbIe BBIIIE JUIS -€BKJIMJOBA INPOCTPAHCTBA, OCTAIOTCS CIpaBefIHBbIMH
H JJI YHUTADHOTO IPOCTPAHCTBA.

EBK/IUAOBH H YHHTapHble NPOCTPAHCTBA B na.nbnem.ueM Ila3blBalO‘N:ﬂ
nPOCMPAHCIMEOM CO CKAAAPHbIM NPOIL3BedeHiEM. - -

LR

4.58, IloxasaTb cllefyiol e ¢BoiicTBa CKaJsIApHOro Mpo-
M3BeJleHHs. YHHTAPHOTO MPOCTPAHCTBA: .

a) (x, Yit+3)=(x, y1)+(xr z)

6) (x, Ay)=1(x, y);

B) (X;—x,, .v)—(x., ) — (%, 3);

1) (%, 0)=

4.59. IIOKasaTb, yto Gasuc B=(e;, ..., €,) B yHUTAp-
HoM npoctpatcTse U, ABJSIETCS OPTOHOPMHPOBAHHEIM B TOM
H TOJBKO B TOM cnyqae, KOr/a BBIMOJIHEHO Jo6oe 3 Clie-
AYIOUHUX YCJIOBHH: :

a) et X=x8;+...+x.€, H Yy=y,e;+...+y.e,
TO (x’ y')_xlyl—'l_"'_{—xnyn’ !

6) ecit x=x,8,4...+x,.e,, 10 x,=(x, €,), k=1,...,n.

4.60. loxka3atb, 4TO Mio6asi crcTeMa moma pHO oproro-
HaJIbHBIX BEKTOPOB JIHHEHHO He3aBHCHMA.

4.61. Ilonp3yscb HepaBEHCTBOM KOLL[H-ByHHKOBCKOFO.
noxasa’rb clelyioulie HepaBeHCTBAa TPeyroJNbHHUKA!

) |2 +y|<|x|+|y];
6) IIXI-— ysix+yl

4,62, a) Hoxasats, yt0 B NMpoCTpaHCTBE R~ ¢>opmyna
(xv y) xlyl+"'+xnyn'

rae X=(Xg «o.y X,) U ¥Y=y, -+., Y,), 320aCT cKaJsipHOE
npou3BeleHHe (HoJydaeMoe eBKJHAOBO MPOCTPAHCTBO apug-
MEeTHYEeCKHX -BEKTODOB B JaJibHefilueM. OyleM Takxke . o60ma-
yaTh cumBosiom R7).

6) lNlokasaTts, 4TO B eBKJIHAOBOM TpocTpaHcTBe R* Kamo-
unyeckuii Gasuc (cM. § 3 ra. 3) sABaAAGICH OPTOHOPMHMPO-
BaHHbBIM.

8) Hanucate mepasencrso - Kouwm—bByHsakosckoro mns
eBKJIHAOBa fpocTpaHcTBa R”.

1) HanucaTsh HepaBeHCTBAa TPeyrOMbHHKA B €BKJIHIOBOM
npoctpanctse R”, ,

4.63. Ilyctp x—-(x,, X)) H ¥= (Y1, Y,)— NPOU3BOJIBHBIE
BekTOpHl apupmetnyeckoro nmpoctpaHctsa R®. Ilokasatb, uto
cKaJjifipHOe MpousBeleHHe B R® MOXKHO onpeienuTb CJIAEAYIO-
LHMU CHOCOBAMH:
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a) (%, ¥)=2x.y; + Sx,y5;

6) (X, ¥) = x1, + %1935+ XYy + Xob;.
Bruneants cxkansipHoe npouspeieHHe BeKTOPOB X = (1, —2)
U y=(5 1) KaXabIM U3 yKa3aHHHIX CNOCOGOB.

4.64. [oxasaTb, 4TO B NPOCTPAHCTBe P, MHOrOUJIEHOB
crenend < n—1 ckaaspHoe mpou3BeieHHE MHOIOYJIEHOB

py=a,+at+...+a, y"?
H
gU)=by+bl4 ... b,_y1772

‘MOXKHO OnpejleJme cnocobamu!
a) (p, 9= ‘fzobo"l' ab+ ... Fa, 4,1

6) (, 9 =k§ p(t,,) g(t), tyy ++ .y {,— I PON3BOJILHbIE 110~

NapHO pa3/inuHble AefcTBHTENbHbIE YHCJa.

BHUHCIHTD CKaJisipHOe NPOH3BEAEHHE MHOTOUJIEHOB p (f) ==
=1+4+t4+12u q(f)=1t—2>4 3t KaxkALIM H3 YKasaHHHX
cnoco6oB (n=4), ecau B cayuae 6) t;=—2, t;=—1, t,=1,
1,=2. .

) -4.65. a) [loxasatb, yto B npocrpaHctBe Cig, ) COOTHO-

HI€Hue
b

to={inewa

3a]aeT CKaJspHOe NpPOM3BEAEHHE.
6) Hanncatb nepaBeHcTBO Komn—B yHskoBckoro ans
9TOr0 NpPOCTPAHCTBA.
B) Hanucatp HepaBeHcTBa TpeyroJibHHKa AJs TOro npo-
CTpaHCTBa. -

[lpumMeHuTb npouecc OPTOrOHaJHSaUHH K CJEAYIOWHM
CHCTeMaM BEKTOPOB €BKJHAOBAa mpocTpaHcTBa R” (cMm. sapa-
uy 4.62):

4.66. f,=(1,—2,2), fi=(—1,0,—1), fo=(5,—3,—T7).

4 [lonaraem ej=f1=(1, —2, 2). Bextop eq nmem B puie e€g=fy—
—ciP%;. Tak Kak (fa, €1)=—3, (1, €1)=9, To ci" =(f, &1)/(€1, €1)=
= —1/3. ChenoBaTeabHO, €3==(—2/3, —2/3, —1/3). Hakonen, BekTOp €3
HaXOAMM B BHAe caéiyiomell JuHefiHON KOMOMHALMK: eg =f,—ci”e,'—
— ciVeqy. Briuncass ckaaspheie nponssesenus (f, €;) =—3, (fa, €3) =1,
(€3, €5) =1, HaxonuM sHauenus Kospduumenton ¢i¥ =(fy, €;)/(e1, €1) =

= —1/3, &t¥ = (fs, €s)/(€3, €5) = 1. CaefopateanHo, €5 = (6, —3, —6). W

4.67. fl=(l, 1, 1, ])’ fa=(3: 3, —1, _l)» .fl'_‘("'z’
0, 6, 8).
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4.68. f,=(1, 2,1, 3), fi=(4, I, 1 1), fr=0G 1,1, 0)
4.69. fi=(1, 2, 2, 1), f,=(1, 1, =5, 3), fim (3, 2

—7).
470% fi=(2, 1, 3, =), £,=(7, 4,3, =3), fi=(1, 1,
—8, 0), f4—(5 7, 7 8).

pUMeHsis npouecc OpTOrOHaNH3alHH, MOCTPOUTH OPTO-

FOHAJ/IbHBI 6a3uC MOANPOCTPAHCTBA, HATSHYTOrO Ha NAHHYIO
CHCTEMY BEKTODOB B €BKJHJIOBOM MpocTpaHcTBe R™
g 4;[ fi=1,2, 2, —1), f,=U,1,=5,3), f£;=0,2,
[ )

172 fi=(. L B =D, fim (48 =8, fi= (L,

HpOBepmb oproronanbuocn cnenyroumx CHCTEM BEKTO-
poB B '€BKJHAOBOM MnpocTpancTse R” W HONOMHUTL HX A0
OpTOroHaJ/bHLIX 6a3HCOB:

A

4.73*. e, = (1, —2 1 3), e,=(2, 1, —3, ).

4.74. e,=(1, 1, 1, 1, 1y, eg_(l 0,0, 1, —2), = (2,
1, —1,0, 2).

4.75. e, = (2/3 1/3, 2/3), ez—(l/S 2,3, —2/3).

476, e;=(1, 1, 1,2, e,=(1, 2, 3, —3)..

4.77. Tlycts L—mmemloe IO/ pOCTpaHCTBO B é’ ~[lo-
KasaTb, YTO:

a) oGOl BEKTOP X € &, OAHO3HAYNO MPEICTABHM B BHJE
x=y-{2, rae y€L u 2 oproronaned ¥ L (y HasblBaercs
0pMocoHarbHOU npoekyuell BekTopa X Ha L, a z—opmoeo-
HaabHOd cocrnaezmrouqeu X OTHOCHTE/HHO' Ly;+

0) ecnu =(ey, .. ,ek)—~6asuc L Toy Z 84 rne Koaq)

qmuuemu Cpr t-_l 2 , by ozmosuaquo l[dXOAYITLH u3
CHCTCMbl Y paBHEHHil

R =
,21 e, e)ci=(e;, x), j=1,2, ...,k
azg=x—y.

Henosb3ys pesysbrar safaun 4.77, HaHTH -OPTOrOHAJb-
HYf0. IPOEKIIHIO Y- W OPTOTOHAMBIYIO COCTABAAIONLYIO & BEK-
TOpa X Ha JMNEfHOe HOATPOCTPAHETED L eBK/HAODA npocr
pauctsa R

4.78. x=:(—3, 5, 9, 3), L HatsailyTO HA BEKTOpLL: @; =
=, 1, 1~, ), e,=(©2 —I1, 1, 1), e,=(2, —7, —1, —1).
479, x=(4, —1, —3,74), L. HaTAHYTO 'HA BEKTOPbLL
e;==(1, 1,1, 1), e,=(1, 2, 2, —1), e;=(1, 0, 0, 3).

" 4.80. x=(5, 2, —2, 2), L HaTAHYTO Ha BCKTOPBL €, =
=2, 1,1, —1), e,=(1, 1, 3,0), eg=(1, 2, 8 1).
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4.81. Jloxa3atp, 4TO B JieHCTBHTEJNILHOM €BKJIMJAOBOM npo-
CTpaHcTBe. cnpaBeasiBa Teopema Iludaropa, a Takme eil
ofpaTHasi: ABa BEKTOPa X M ¥ OPTOrOHaJbHE TOIAA ¥ TONbKO
TorAa, Korja |x—y [P =|xP-+|y %

4.82*, JlokasaTb, u4TO Teopema I'lmparopa ocTaerca €npa-
BeAJMBOH M B. YHUTADHOM NPOCTPAHCTBE: €CJM BEKTOPH X
W ¥ OpTOroHalbHE, To |X—y[P=|x|*4|y[*. Ilokasars
BMecCTe ¢ TeM, 4yTo oOpaTHoe K Teopeme [lugaropa yTBep-
JAECHUE B 3TOM CJlyyae HEBEpHO.

§ 2. Jluneiinbie onepartopnl

‘1. Asre6pa auHelHbIX onepaTopoB. JIunednvim onepamopom B JK-
HellHOM NPOCTPaHCTBe £ HasbiBaeTCA BCAKoe oTobpamenne A: £ — &
npocTpancTsa £ B ce6s, obaajaomee cBoACTBaMH

AAx)=AAx u A(x}y)=Ax+ Ay.

[ycts A—auNeilnbli ONepaTop B KOHEYHOMEPHOM MpOCTpaHcTpe £,
n B=(e1, ..., €;)—BeKoTOPHH ¢uKCHpoBanKLN Ga3uc. Pasnoxum
pekroph Aep, k=1, ..., n, no 6asucy -B:

Aep,=ape1+ ...+t agge, k=1, ..., n.

Teraa matpuna
a1y Qia <.« Qi
A= Qo1 Qg3 «.. Qgp -

ap1 Qpg ++- Qup

nasuiBaeTcs mampuyetl onepamopa A é 6asuce B. MaTpuuy onepatopa A
Gyacm mHOTAa c6o3HauaTh Takke cuMmBoaomM [A] nau [Alg, ecan cyme-

CIBENHO, O KaKoM Ga3suce HIET peusb.

Ba,uaunem MaTpHIlbl ONIEPaTOp ONpPENeNAETCS ONHO3HAUHO, 4 HMCHIO:
ecan y=Ax, 10. Y =AX, rne X, Y —croabus xoopiansar BeKTopOB X,
y n A—martpuna onepatopa A B Gaauce B.

Mycrs A u A’ —matpuubn onepatopa A B 6Gaswcax B u B, a
T=Tg_,  —maTpnna nepexosa oT Gasuca B k Casucy P’. Torpa

¢opmyna npeoOpa3oBaliifn MATPHILLL. onepaTopa NpH npeob6pajoBanny Ga-
31Ca HMMEET BHA

A'=T=1AT, ()

Npumep 1. B 6asnce B={(I, f, k) nanucatb Matpuuy oneparopa
npoekTHpoBanns Py na naockocts a: x+y-4z=0.

<@ OnepaTop NPOEKTHPOBAHHA Ha NJIOCKOCTH O ONpEJeNAeTcs pPaBCHCT-
BOM PoXx=Xq, Tiae Xq~—OPTOrOHaNbHAA NMPOCKUMS BEKTOpa X Ha njo-
ckocTh @. Mimeem

(n, x)

=X—
Tap ™

n
Pax=x—x,,=x—np,,x~l—nl—
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rAe M—HOpMabBbE: BeKTOP IAeCKeeTH o B paccMaTpupaeMoM: ciyuae
n=14j+R u; enenonammo, ’

' 2, 1, 1
Pa‘—i— ﬂ—-a 31—-§~k;

Paj=j—‘-—n=—f——i+£j—-lk

OTKYAa
2/3 —1/3 —1/3
P, =(—-l/3. 2/3 —l/3>. >
—1/3 —1/3 243

Hag anuefinniMu oneparopaMu; . AeH@TBYIOWNMH B quoupoaanﬂom
npocTpancTee £, BBOAATCSA CJelyloline omepanun:

a) coxere onepatopos: (A -} B) x= Ax-} Bx; npu 5TOM [A+B}_
=A+B
6) ymnomeuue‘ onepaTopoB na uyucaa: (AA)x=A(Ax); nmpu sTOM
[AA4]) =24,

B) YMHO)KCHHC onepartopos: (AB)x=A (Bx); npn arom IAB]—AB

O6pamuoim K onepatopy -A HasbiBaercs onepatop A=} Takoit; uToO

AA-1=A-1A=E, rae E—edunuunoii onepatop, peanu3yiOuhii Towx:

RecTBenHoe oToOpaxenue. Onepatop A uMeeT OGpaTHMIi (M B 5TOM Cay-
uae Ha3bIBACTCA MEGHIPONCOEHHLILM) B TOM H TOALKO B TOM CJIydae; KOTAa
ero matpuua A HeBuhipoXiena (b JioGom Gasuce); npu stom [A~!]= A=%,

B 3apnauax 4.83—4.89 yctanoBuTb, KakHe M3 3aJlaHHBIX
orebpaxenuii npocTpaHcTBa 9%, B cefs ABAAIOTCA  JHHER-
HbIMH OMEPATOPaMH; BBIIHCATh MX MATPUULI B OPAMOYIrO/b-
Hom Gasnce B=(i, J, k). :

4.83. Ax=MAx, A— qucupoaauuoe 4H1CIIo.

4.84. Ax=Ax+a, A 1 @ QuKCHpOBaiILL. )

4.85. Ax=(x, e)e, rue e—sanaﬂubm e).lMHH'-lem BEK-
T0p. BBHISICHHTb [e€OMETPHYECKHIA CMBIC 3TOFO OTCOPAKEHI 1.

4.86. Ax =[a, x], a—®duKCHPOBaHHbII BEKTOP.

4.87. Ax=(a, x)x, @ —(UKCUPOBaHHLIA BEKTOP.

4.88%*; (e, (p)—-—OToGpameHue, cocTosilee B NOBOPOTE
Ha yFOJl @ BOKPYI OCH, 331aBaeMOil elMHHYHLIM BEKTOPOM €.

4,89, Ecan x= xi+yj+zk TO

Ax=(y+2)i+@2x+2)j+@x—y+2)k.

B sapauax 4.90—4.95 ycraHOBUTH, Kakue M3 3ajaHHBIX
oto6paxenu ﬂpOCTpaHCI‘Ba apupmeTHUECKHX BeKTOpOB. R?
B ceba ABASIOTCH JIMHEHHBIMM oOllepaTOpaMH; BbHIMCATH WX
MaTpuubl B KaHOHHYecKOM basmuce. -

4.90. Ax =(x;+ x5, 2x1—|—x3, 3xy—x; -} X).

491, Ax=(x;, 51, x,+2).

4.92, Ax=(0, x3—x,, 0).

4.93. Ax=(xi+2x5,+ 2)(3, —3x§—|—x,, 2)(1:—}- 3X3).
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4.94. Ax = (3x;+ Xy X1—2%5—X5, 3%+ 2x;).

4.95. Ax = (3x;-+5x5, x;+ x5+ 1, 3x;—6xy).

B npocrpanctBe R® 3ajaHbl /(Ba JIMHEHHBIX olepaTopa
A u B. Huiiru matpuny [C] suuelivoro onepatopa €=
= AB—BA u ero siBHbl BHA B KaHOHHYecKOM Oasuce R*:

4,96, Ax = (2%, —2x;+ 35+ 2x5, 4%, —x;+ 5xy),

- Bx = (—3x;+ %y, 23+ x5, —x,+ 3X,).
4 Tax kak Ae;=(0, —2, 4), de;=(2, 3, —1), Adez=(0, 2, 5) u Bej =
= (_30 0: 0)r Be2=(0, 2, '_l)» Bes=(l,- .l.» 3)’ ‘TO

0 20 -3 01
'A=(—2 32), B.=( 0. 21>..
415 0—13
0 4 2 4 -7 5\
AB=(, 6 4 7>, BA=< 0 5‘9).*
—12 —7 18 14 —6 13

-4 13
[C]=AB—BA=< 6 —1 —2).

_ . —26 —1 5/
Mo ompefie/leHHIO MaTPHILI JHHERHOTO omepaTopa B KaHOHHUYECKOM

Gasuce Rn ee cronbust sBasioTes HaGopaMu KOMNOHeHT o6Gpadop’ Gasuc-
HBIX BEKTOpPOB, T. €.

Cer=(—4, 6, —2), Cey=(1l, —1, —1), Ces—=(—3, —2,).

Haunee,

[MosTomy

v

Otclofa HaXOAuM:

Cx = C'(xiey -+ xses -+ x3e;) = x,Cey | x,Cey |-xsCeg =~ e
= (—4X1+ ‘IXQ 7'—3x3, G'xl'-—XQ—QXa, ’—26X'1'—X2+ SX3). »

4.97. Ax = (Txy+4x5, 4x,—9x,, 3%, +x,),
Bx = (x,—6x5, 3x,+ Txg, X+ x,—x3).
4.98. Ax = (2, — X, 4 5xy, X, 4 42, — X5, 3%, —5x, + 2x,),
Bx = (4,445, F 3%y, 2%, 4 x5, 3x,—x5). v
4.99. Ax = (3x,4x,—2x, 3x,—2%,+4xy, —3%,+5x,—x,),
CBx = (2%, Xy, X Xy 4205, Xy 20, Xg)
4.100. Ax = (3%, + X, -+ x5, 2,42, -+ 2x,, x; 4 2x, ++ 3x,),
Bx = (xi o Xy — X5, 26, Xy 4 Xgp Xy b X). n
B: sagauax  4.101—4.105 HafiTh MaTpHUbl YKa3aHHBIX
JIMHEHHBIX 0nepaTopos A, IeHCTBYIOHIUX B TIPOCTPAHCTBE ¥4y
B Oasuce B’ u3 samauu 4.18.
' 4.101. Ax =[a, x], @a—duKcHpOBaHHbIA BEKTOP. . .,

ik
4 [lycrs a=ayi+a,j+ask. Torga matpuna JMHeitHOro- omnepatopa-'4
B Gasuce B=({, J, k) umeer. BUR (cM. 3ajauy 4.86): )

N4 0 -—ai, Qa
[A]@F.(, as, O -a1>-

. —Q3 ay 0
XK

170



Matprna nepexopa un3 6asuca B B 6aszuc B’ Ouna nafigena B 3a-

Javye 4-]8: 1 0 0
To_ p= (0 cos p —sin (p).
' Osing cosg
Tax Kar
1 0 0
Tg‘_, B =<0 cos ¢ sin (p);
0 —sing cos @

70, ncnoabsys ¢dopmyay (1), naxoznm

1Ay =Tl o [4lp Ty, =

1 0 0 0—a3 ap /1 0 0
=<0 cos ¢ —sin (p)( a © -a,) (0 cos ¢ sin (p):
Osing cos@p/ \—a, a1 O 0 —sin ¢ cos ¢

0

—ag COS P-}-a Sin ¢  ag sin -4 a, cos @
-—=( ag cos p—ay sin ¢ 0 —aj ) »
—ag §in ¢ —a, cos @ aj 0

4,102, Ax =hx, A—oduxcupoBaHHoe UYHcJO.

4.103. Ax = (x, e)e, rie e—3ajaHHbl{ CANHIYIILIA BEK-
TOP.
4,104, Ax =(a, x) X, @a—(}UKCHPOBAHHLIA BEKTOP.

4.105. A=Ue, ¢, 13 sanaun 4.88, (p0=-g; cos o —
= cos[:&=cos'y=—l—3_-—.

4.106, B 2, saman JauHeiiHbli onepatop A, MaTphuua
KOTOpOro B HeKOTOpoM Gasuce B =(e;, €,;, €;, €,) paBHa

12 01
30~12
A={45 3]
12 13

Hafitu matpuny sroro onepatopa B 6a3ucax:
a) B’ = (e, e;, €, €,);
6) B’ = (e, es--€;5 €+ €+ 6, e;+e;+e,--e,).
4,107. B &, sanaun nBa Gasuca!
B'1 €,=28e,—6e;+7e,, e;,=—16e,;-} 7e;—13e,,
e;=9e,—3e; -+ 7e,,
B"1 e, =e;—2e;+ e, €,=3e,—e,+ 2e,,
e:: 281+e,—|— 28,.
Hafitn MaTpuuy onepatopa A B Gasuce ¥B’, ecau ero mar-
puua B Gasuce B’ umeer suA

1 —18 15
A =(-1 —22 20),
1 —25 22
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4.108. B npocrpanctee Z; onepatop A B Gasuce B'1
e{;él+ 2e;, e;=2e;+ 3e; ﬁmeeT MaTpHILY (3 5) Onepa--
T0p BB 6a3nce B e;=3e;+ e; e;= 4e;+ 2e; nmeer Ma'l‘-
puILy ( ) Hafitu MaTpuLy oneparopa A+ B B Gasuce B".

4.109. Iycts p (t) = a,,_lt”“l-l— vee +a1t -+ a,—HekoTo-
pblit MHOrouwleH M A —JuHeinbii onepaTop. Paccmorpum
onepatop p (A), onpenensemMblilt paBeHCTBOM

pA)y=a,_ A"+ ... +a1~A+a.,E.

Haiitu marpuuny omepartopa p(A4), ecau p (f) ==3t’—2t+5

a omepatop A 3ajaH MaTpuUeH A=( 9 ) 1

4.110, B npoctpanctee P, 3alaH JHHEAHBIA onepatop

auddepennpoBani D—-g— Haifitu matpuuy 3storo onepa-

Topa B basuce!

a) 1,¢ 12 ..., ",

— t—t)n=1

6) 1, (t—ty), L5t """((n—ll)l)! , L ER.
Hoxasatb onepaTopnoe paBeHcTBo D" = O (O — ry»egoii one-
patop: Ox =0).

4.111. B MpOCTPaHCTBE 17’ 3aJaHO omépameuue

.

Ap(t):og K(t, %) pwdr,

rie K (¢, T)—MmHOrouseH OT ABYX MepeMeHHbIX, CTereHb KO-
Toporo no ! ue mpeBocxogut 3. Hokasarb, uro A— nuuHei-
Hbll omepatop B 7,; Hailth ero matpuuy B Gasuce 1, f, {2,
13 pas caydast, korpa K (4, t)={f-t.

4.112. B npocrpancree P, 3ajauno orobpameHue

Ap () =p(t-+h),

ric h—muekotopoe ukcupoBaunoe uyucsao. Jlokasath, 4To
A, —JMHeANBId omepaTop, U HANTH ero Marpuuy B Gasuce
1, ¢, %, 3.

4.113. B mnpocrtparctee dyuxkunil, nuddepeHiupyembix
Ha BCefl ocH, 3ajlaHbl oneparop aupdepeHUUPOBAHUT D=i¢
n onepatop A=e ymuoxenua Ha ¢yukuuio eM. I[Iposeputs
paBeuctBo DA—AD =AA.
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‘B sapauax 4.114—4.119 tpe6yeTcst yCTaHOBHTb, KaKkue
W3 3aJaHHLIX JIMHEHHBIX ONepaTopoB B 9?, SBJKIOTCS HEBLI-
POMAERHBIMH, “H HAaWTU A HHUX ABHbIH BHJA OOpaTHBIX one-
patopoB (€ — (PUKCUPOBAHHBIA BEKTOp €IMHHYHON JAJIMHBL, a
x=uxit+yj+zk). ’

4.114. Ax =Ax, A— PUKCHPOBAHHOE YHCJIO.

4.115. a) Ax =(x, e)e; 6) Ax=]e, x|.

4.116. a) Ax=x—(x, e)e: 6)* Ax=x—2(x, e)e.

4.117. Ax={y+2)i+Cx+2)j+ Bx—y+2)k.

4.118. Ax=2zi+(x—2)j+ 2x+32) k.

4.119. A =U e, ¢) —oneparop NoBopoTa Ha Yyroa ¢
BOKPYL OCH, 3aJaHHOH BEKTOPOM e. '

YcTaHOBUTb, Kakue M3 33aJaHHBEIX JIMHEHHBIX OmnepaTopos
B R® sBJSIOTCSA HEBHIPOKIAEHHBIMH, W HalTH SBHBIA BUA 00-
paTHHIX ONepaToOpOB:

4.120. Ax =(x,—x;+ x5, X3 X,).

4121, Ax = (X3} 2x5, —xy 2X,—Xy).

4122, Ax = (x;+ 2x, -+ 2x4, 2%, -+ x,—2x4, 20,— 2%, x,).

Muoxectso T 4 Bcex BekTOopoB Ax, x € £, Ha3LBaeTcs 00pazom one-

patopa A. Muoxectso N 4 Bcex BexTopos X € L, st KOTophix Ax=0,
naanBaercst adpom onepatopa A. O6pas M aApo JMHENHOro omepaTtopa
ABAIOTCS nojnpocTpaiuctBamu B L. Tlpu 3ToM pasmephocTs 06Gpasa
r4==dim T 4, naswiBaeTcs paueom, a pasMeprocTs fipa np=dimN , —
depexmom onepatopa A. CnpaBeflMBO PaBEHCTBO 74N 4=n,The n —
pPa3MCPHOCTb NpCCTpancTBa L.

4.123. Onucats ofpas M AAPO CJAEAYIOWMX JHHEHHbIX
onepaTopoB, AEACTBYIOHX B NMpOCTpaHCTBE 72 :

a) Ax=(x, e)e, |e|=1;

6) Ax==[x, a], a0.

4.124, Onucatb o6pas u sApo onepatopa AuddepeHinn-
posauus ), AeicTBYIOUET0 B MpOCTpaHCTBe P,

B sajauax 4.125—4.127 pnsa yrasanHBIX JIMHEHHBIX Ofe-
parTopoB, AeiicTBYIOWMX B NpocTpaHcTBe R?, onpenesntbh panr
¥ neexrt, a Takxke HaiiTH Gasucel o6pasa M sapa. -

4125, Ax == (x,+ 2x, -+ X3, Xy— X3, X;+ X,).

<4 [lns npejctapiennn apuMeTHUECKUX BEKTODOB H 3aJaHNOr0 JIiHeii-
1Orb orepaTtopa BOCIONb3yeMcsl KanonHuecKHM Gasucom B R3. B stoM
Gasiee MaTpuila OMEpaTepa MMEET BUA ’

K L2
A=<1 0 —1>.
110
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Ilo onpenenenuio yET 4 B TOM U TONLKO B TOM Ciyyae, KOria
Haiinercs Bexrop x € R? Takoit, uto ¥ = AX, uaH, B KOODJAHHATHOR 3aNHUCH,

12 1 X1 21 .
Y=AX=<1-0 —l><x2>=xlk >+x,< \-I—x,(—-l) 2
1 1 0 X3 0 B

Papenctso (2) o3Hauaer, uto o6pa3 T , cosnajaer ¢ auneltaod’ 060-

soukoft cucTeMbl c10J6moB MaTpuubl A. CiefoBartesbHO, paHr omepa-
TOpa A COBMajJaeT C PaHroM ero MaTpHIUb, T. e. ganeu ABYM, a B Kavue-
ctBe Gasnca T 4 MOXeT ObiTh BEIGpaH Ji0GOH M3 6a3ucoB CUCTeMbi CTONG-

uoB martpuibl A, Hanmpumep

() =()

Auanornuno x€ NA B TOM M TOJbKO B TOM Cayuae, kKorfa Ax=0,
WJH, B KOODAUHATHOi 3amucu,

12 3 X1 0
AX =<l 0. -.—l)(xz):(o). 3)
11 0 X3/ 0 . )

Otciona caenyer, 4to sapo N 4 COBMAJAeT C MOAMPOCTPANCTEOM petenuii
OJLHOPOJHO#H cucTeMbl (3), T. e, ,necpem onepatopa A pascH, nA—-n—rA =
=3—2=1, a B KauectBe Gaguca B N, Moxer Gbith BhiGpana ¢yiaa-

’ 1
MeHTa/JbHAA, CHCTeMa pewleiinfi cuctemur (3), nampumep,’ E=(-—T> »

4,126, .4.::--(2:61--x2 \xa, —2x, - X3 XX, — 2x,).

4.127. Ax——(xl—i—xf} Xu» x, [ Xy |- Xg0 Xy 4 X, + x,)

4.128. JlokasaTb, 4TO onepatop A HeBbIPOXKAEHHBIH TOrJA
H TOJNBKO TOrjAa, Koraa ero jaedeékt pdBeH Hydio; a, ciedo-
BATEJIbHO, PAaHr COBMajaer ¢ pHSMBpHOCTbEO NpocTpaHCTBa.

2. CoScTBeHHBIE YiHCaa " coﬁcneﬂuue nemopu JIMHEHHOro orepaTopa.
[lycts yucao A.u BekTOp X E€£, X # 0, Takossl, 4TO

~Ax=)hx. 4
Toraa 4uca0 A Ha3bIBaeTCH: coGé:maeuubw 4ucaom nuHelHoro oneparopa A,
a BeKTOP X —COOCMEeHHbIM: 6eKMOpOM STOrO OIepaTopa, CCOTBCTCTBYIO-
wuM COGCTBEHHOMY YHCIY A.

B koHeyHoMepHOM MpoeTpaHCTBe L., ‘BEKTOPHOE.. PaBeNcTRO .(4). 2KBH-
BaJICHTHO MAaTPHYHOMY paBeLCTBY :

(A—AE) X =0, X #0. (5)
Orcioaa cJleayeT,4To 4HENQ A. eCTb. COGCTBEHHOE tmcno ongparopa , A
B TOM H. TQILKO B TOM Cayuae, Koria det(A4-—Al £)y=0, . e. A écTh

KOpeHb MHOrouJjeHa p (\) =det (A—AE), nasiBaemoro xapaicn’epucmu-
ueckum muozouseqom oneparopa- A. Cronbeu ‘koopauuar X Jodoro co6-
CTBEHIOrO  BEKTOPa, COOTBETCTBYIOWEro COGCTBEHIOMY uueny A, ecThb

HeKOTopoe HETPHBHAJLHOE pelleHue @¥Hopopnoi cucrtemur (5).
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MNprmep 2. Haiitn coGcTBeHnble uHcaa ¥ COOGCTBEHHBIE BEKTOPH!
enepaTopa P, NpoeKTHpoBanus Ha naockocts Oxy B npocTpancTee 92y,
o ]) Teomerpuueckoe pemenre. Papenctso Poyyx=»Ax, X # 0, osHa-
46T, YTO OPTOrOHaJbHAasl NpPOEKUHA BeKTOpa X Ha mJjockocTb Oxy KoJ-
JAHEeapHa CaMOMYy BeKTOpY X. Ho 5TO BO3MOXHO JMIIb B JBYX CJAYYasiX.

a) Bextop x # 0 Komnaanapen nJockoctH Oxy. s Bcex Takux
BeHTOpOB Ppy X ==X, T. €. BCE OHH SIBJAITCA COOCTBEHHEIMH BEKTODAMH
onepatopa Pgy,, COOTBETCTBYIOIMHMMH COGCTBEHHOMY uHCAy Aj=1.

6) BekTop Xx # 0 optoronaisen naockocth Oxy. Hns BCeX Takux
BekTOpOB P, x=0=0.%, T. €. BCe OHH SBASAIOTCH COOCTBEHHEIMH BeK-
fopaMu onepatopa Pgyy, COOTBETCTBYIOLMMH COGCTBEHHOMY unCay Ay =0.

. B urore sgkmoyaeM, uto onepatop P, MMeeT 1Ba COGCTBEHHBIX
uwncaa: Ay=1 1 Ay=0. CoorBeTcTByIOWHE HM COGCTBEHHBIE BEKTOPLI:

A«] =1 x(l‘) =xi+!£ia x(kl) 9“. 00
Ag=0: x) =2z, x® 20,

2) AnanuTHueckoe-pemesue. Marpuua omepatopa P, B npsMo-
yroabuom Gasuce B= (1, j, k) umeer BuA

100
P=(010>.
000

XapakTepucrnueckoe ypablieHue:
' 1—a 0 0
det (P—AE)=| © 1—A 0 |=—3A(1—=A)2=0,
0 0 —A

oTKyZia M{=1 n Ay=0—cobcTBennNe uHCAa ONepaTopa.
HajiieM co6CTBEHBEIE BEKTOPHI, COOTBETCTBYIOLLHE COGCTBEHHOMY UUCHY
M=1. [pn A=1 cucrema (5) npuHUMaeT BUA

00 O\ /x 0
(P—E)X=<0 0 [0><y>=<0).
00—1/\2 0

.<Dynp.auenTaJleaﬁ cHCcTeMa pemeﬂnﬁ:

1 0
(i) w(})
0 0
X
in+yEa=(g>.

OTcioaa 3aK/II04aeM, YTO COOCTBEHHLIE BEKTODb, COOTBETCTBYlolue cober-
BCHROMY YMCAY Aj==1, HMEIOT BHI

20 =xi+yf,
Tfie X B y—IPOUSBOJAbHbIE YHCJA, He PaBHble ORHOBPEMEHHO HYJIO.
AHaJOryyHO paccMatphBaercs cayyali Ag=0. Ilpu aTomM noayuum

£ =2k,
FREe 32— NPOR3BOJIbIOE YHCIO, OTAHYHCE OT HYaAA, »

a ofwee pemenne:
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B 3anauax 4.129—4.133 nafitu co6CTBEHHBIE YHCAA U COG-
CTBEHHBIE BEKTOpHI orepaTopoB B %7, Pewnts 3TH 3ajaun
reoMeTpUYeCKH, T. €. B MHBapHaHTHOH (opMme, He CBA3AHHON
¢ BHGOpOM Kakoro-nu6o Gasuca B 9?2, (cM. npumep 2, reo-
Mmerpuueckoe peuterue). ITocne sroro B 3agauax 4.129—4.131
NPOBECTH aHAJIMTHYECKOEe pelleHHe.

4.129. Ax=ax, a—bHKCHPOBaHHOE YHUCJIO.

4.130. Ax=(x, i)i—onepaTop nNpoeKTHpOBaHHA Ha ocb Ox.

4.131. Ax=][i, x].

4.132. A=U (e, ¢)—onepaTtop MOBOpOTa HA YroJ ¢ BOK-
pyr OCH, 3aJaHHOH BEKTOPOM e.

" 4.133. Ax=x—2(x, e) e—onepaTop 3epKAJBLHOroO OTpa-
JKEHUSl B MJIOCKOCTH C HOPMaJbHBIM BEKTOPOM €.

B 3anauax 4.134 —4.143 naitu co6CTBeHHBIE YHCAA U COO-
CTBeHHbIE BEKTOpPH! JIHHEHHBIX OMepaTopOB, 3aJaHHbIX CBOMMH
MaTpHUAMH.

2 —1 2 010
4.134. A=< 5 —3 3). 4,135, A=<—4 40>.

—1 0 —2 —2 12

4 —5 2 ;1 —3 3
4.136. A=<5 -7 3). 4137, A=| —2 —6 l3>. .

6 —9 4 —1 —4 8

1 —3 4 7T —12 6
4.138. A=<4 —7 8>. 4,139, A=<10 —19 10>.

6 —7 7 12 —24 13

1 00 26 —15

4.140. A=< 12 l>. 4.141, A=<l 1 —5>.

—1 01 12 —6

1 -3 1 0 —I1 0
4.142, A=<3 —3 —l>. 4.143. A=< 11 -2),

3 =5 l —1 —1 0

4.144. B npoctpaHctBe ¥?, reOMETpPHUECKHX BEKTOPOB HA
IJIOCKOCTH 3afalt onepatop noopora U(yp) Ha yron 0<C¢p < 2m
BOKpYr Hauana koopauuat. Ilposeputp (reomeTpuyeckd #
aHAJIMTHYECKH), 4TO NpU @ 7% 0, 7 3TOT onepatop He HMeeT
cOGCTBEHHBIX 4YHcen. IDTOT MpUMep MOKasbiBaer, 4TO JIHIeH-
Hblil onepatop B AeHCTBHTENBHOM MPOCTPALCTBE MOXET HC
HMETh COOCTBEHHBIX 4KCea (H COOCTBEHIBIX BEKTOPOB).

4.145. B xommjexkcHoM mpoctpaHcTBe &, onepatop A =
= A(9) 3apaH maTpuued

cos ¢ —sin @ :
(slnq> coscp)’ 0<e < 2n.
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Haiitu ero coGcTBeHHbIe YHMC/IAa M COGCTBEHHBIE BEKTOPLI.
CpaBHHTb MOJIy4eHHble pe3yJbTaThl C pe3y/abTaTaMH 3afAuH
4.144. :

4.146*, Tlyctb omepatop A, AefCTBYIOLHI B KOMIJIEKCHOM
npoctpaHcTBe % ,, 3aJaH B HeKOTOpoM 0a3uce MaTpuiei
¢ JAedACTBUTENbHBLIMH 3JeMeHTaMH. [lokasath, yTO:

a) ec/M A— coOCTBEHHOE YHCJO, TO A—Takxke co6CTBeH-
HOe YHCJIO;

6) ecmu X®M—croaGew 'KOOpAUHAT COGCTBEHHOTO PeK-
TOpa, COOTBETCTBYIOUIErO COGCTBEHHOMY 4HCAY A, To X% —
CTOJI6EL, KOODAMHAT COGCTBEHHOTO BEKTOpPA, COOTBETCTBYIO-
uero coGCTBEHHOMY YHCHY A.

4.147*. B KoMNJeKCHOM MpocTpaHcTBe ¥, HalTH coOCT-
BeHHble YHCJA U COGCTBEHHbIe BEKTODBI JIHHEHHOTO onepaTopa,
3aJJAHHOT'O BeLLeCTBEHHOH MaTpHuue#

4 —5 7
A=( 1 —4 9>.
—4 05
4.148. TlokasaTb, YTO ec/M X —COOCTBEHHbIH BEKTOp Olle-
patopa A, COOTBETCTBYIOWIMI COOCTBEHHOMY 4HCAY A, TO
OH sABJfAETCH COOCTBEHHBIM BeKTOpoM omepatopa p(A) =
=a, ;A" '+...4+a,A+a,E, cooTBeTCTByOI UM COOCTBEH-
HoMmy 4ucay p(A):
4.149. JokasaTb, 4TO:
a) onepartop A uMmeeT 0OpaTHBI#i B TOM H TOJBKO B TOM
cliydae, KOTAA OH He HMeeT HYJeBbIX COOCTBEHHBIX 4YuCes;
6) ecad onepatop A umeer o6paTHbIHl, T0 A u A™! UmetoT
OllMH H Te )Ke cofcTBeHHble BeKTOph. Kak cBasaHbl Mexiy
co60it coGCcTBeHHbIe UUC/IA ITHX ONepaTopoB?

3. Jluneitnuie onepatopul B NPOCYPAHCTBAX CO CKANSIPHBIM MPOX3Be-
neumnem. [lycte A —auHeltnnit onepatop, AeHCTBYIOWHHA B MPOCTpPAaHCTBE
€O cKaJNApHLIM Npoun3BelenueM “(x, ¥). Jluuehunit omepatop A* Haswi-
BACTCSA CONDANCEHHBIM K onepamopy A, ecau jas JOOLIX BEKTOPOB X, ¥
BULITTOJIHAGTCA PABEHCTBO ’

(Ax, 9)=(x, A*p).

Jlna Besikoro omepatopa A compsxeuuuil onepatop A* cywecrsyer u

CAMHCTBEH. _ : ]
Ecau onepatop A B opronopmupoBaHHOM 6a3uce HMeeT MaTpHLy

A=(ai/), TO COMpsAMEHHLI omnepatop A* B TOM ke Oasuce umeer

* * -
MATpUILy A*=(a£i). rae app=a; (Marpuua A* uasbisaercs . coaps-
weunoll- k Marpuue A). B uwacrdoM cayuae eBx/aMAOBA OPOCTPaHeTBa
A* =AT, ’
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MNpumep 3. Jluneinmii oneparop A: E3—» &3 B Gasuce B' =
= (e;, e;, e;) HMeeT MaTpHIy

11 3
=(02 ).

Hspectno, uto e;=e;-2e,-1-€5, €,=e;}-e312¢35, e;=61-6; n
Gasnc B = (e, ez, €s) opronopmuposay. HaliTh MaTpuny conpsimenHoro
oneparopa A* B 6asuce B

<« Tax Kak Gasuc B’ ne opToHOpMHpOBaH (npoBepbrel), TO, YTOGH BOGs
NOJbSOBATLCS YTBEPK/JEHHEM O CBS3M MaTpui onepatopos A ¥ A%, Be
XOAuMO HaiTH MaTpuuy [Aly. Himeem

111 ] —2 2 0
T$48'=<2 1 ]>g T8'4£=T53> a:z?( 1 -1 !)|

110 3 —1 —1
¢Jie0BaTENbHO,
2 —37 2 6 6
[Alg =Tz, p-[Alp * T _~,,B=<6 —4 6), [A*],,:(—a —4 -5).
6 —55 7 6 b

’

OTcm;ua OKOHYATECJILHO NOJIyYyaeMm: {
—36 —37 —15

K‘*]a: =T§1_>”M[A‘]Q'T$_’sr=< 30 30 ]4). >
26 27 9

4.150. JlokasaTb, yTo onepauus * nepexosa OT onepa-
Topa A K conpsxkensomy A* obnajaer cJepyOUMH CBOHCT-
BaMMu!

a) (A*)* = A.
« 3anyumeM lLeNOYKy PaBEHCTB, BePHBIX A JN06LIX BeKTOPOB X M Y,
(Ax, y)=(x, A*Y)=(A*Y, X)=(y, (A%)* x)=((A%)*x, y) = ((4%)*x,)),

1. e, (Ax, y)=((4")*x, j). O1cI1043, B CHIY NPOH3BOJILHOCTH BEKTOPOB
X, ¥, noayuaem A=(A*)* (nokasaTh moppoGee!). P

6) (A+ B)*=A*+ B*; B) (AB)* = B*A*; 1) (¢d)*=aA*;
B) (A™%)*=(A4%)"%, ecin A HeBLIPOXKJEH.

Jlunefinnit onepatop A B Gasuce B’ =(e;, ..., €;) nveer
matpuny A. Hafith maTpuuy conpsikensoro oneparopa A* B
ToM e Gasuce B', ecau BeKTOpHl €, ..., €, 3a4aHbl CTONG-
IlaMH CBOHX KOOPAHHaT B HEKOTOPOM OPTOHOPMHPOBAHHOM
6asnce B=(e; ..., €,):

sast A=) 1), Ei=(p). Ei=(])-

. 11 3 1 1 1
4,152, A=<05 —-l), E;=<2>, E;._._.<1>’ E;.—:(l),
27 -3 1 2 0
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7111 27 1 . 70
4.153. A=<l e 8’), e=e’ , E;=<l->,. E;=(l>
1 ete ’ 1 1
1
().
0

B npoctpaHcTBe MHOTOY/IEHOB &5 3aflaHO CKaJIfipHOE Mpo-
u3peleHUe
¢y @) =aby+ab,+ab,, (6)
rie f(f)=a,+a,l+a,t?, g(f)=0b,+0b,t+b,t%. Ha#itn mat-
pHIlbl onepaTopa AuddepeHLHpOBAHHA D=£ H COMpsikKeH-
HOTo o,nepapoa D* B 6asuce B: - S

1 1 1 1
4.154, 23:‘(-2—t2—7t, 21, _E;ur?t_),

4155, B=(1, , 30—

4.156. HaiitH conpsKeHHBbIH onmepatop AJIsi NOBOPOTA €BK-
JIMIOBOM IJIOCKOCTH - HA YyroJ ¢ BOKPYr HayajJa KOOpAHHAT
NPOTHB 4aCOBOH CTpEIKH.

4,157, yers Oxy — pexdpToBa 'MPAMOYTONBHAS: CcHeTeMa
KOOPAHHAT Ha MJOCKOCTH W A—omepatop npoexmpoaaﬂuﬂ Ha
ocb Ox mapanfenbHo npsMoi 1 ax+by= (a;EO) Haiitu
MaTpHLY COMpsizKeHHOro omepatopa A*. ’

. 4.158. Ilyctp, Oxy—pekapToBa NpsIMOYrOJibHAsl CHCTeMa
KOOpllHHaT Ha MJIOCKOCTH H A-—oneparop OTpaxeHHsI TOueK
IIJIOCKOCTH OTHOCHTeNbHO fipaMoft I ax4-by = 0. Halitu mar-
puily- onepatopa A*.

RN

Tousatue COMPSXEHNOro OnepaTopa MOXKeT ObiTh HCTION 30BaHO npu
MCCJTeIOBaHHH - COBMECTHOCTH HEONHOPOJHOM . CHCTEMbl JIMHEHHLIX; ypaBHe-
unit. [lycts AX =B —marpuuyas 3amucb TaKOH CHCTEMbl, IPHYEM m = n.
Torna X # B—cronbubl KOODAMHAT COOTBETCTBYIOUMX apu¢>MeTH¢lecxux
BEKTOPOB B KallonHuecKoM. 6asuce eBKJMAOBa mpoctpanctsa R7, a ksap-
paTnoit Marprie A B 3TOM XKe GAa3UCE COOTBETCTBYET- HEKOTOPHIL " JHHei-
nuii oneparop Ar R7.— R#, Cacrema A*X:==0, rae .A* — maTpuua-conps-
WeHioro oneparopa A* B KaHOHHYECKOM . 6aauce, HaBHIBAETCH  CONPA-
goennod  OAHOPOAHOW  CHCTEMOH. Bepua c.nenyxomaa TeopeMa
Dpenronsma daa imozo umobsi cucmema AX =B 6bira cosmecritia,
Heolx00umo 1 Gocmamouno, 4mobel sexmop-cmoabey B -6oa opmoeanaren
KO 6CoM DEUIEHUAM CONPAJICEHHOL 00HOPOOKHOL CuCmeMoL.

4.159**, JlokasaTb Teopemy CDpéLLronbMa.

. Hcnonbsys teopemy ®pearosibma, HCCIEIOBATH, COBMECT-
HOCTb CJIEJlYIOIHX CHCTeM JIMHefHbIX ypaBHEHHH:
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4.160. 3x,+ 20, -+ xy=—1, 416 x,+ x, 4 x,==0,

7x1"_6x2"|“'5xa:5’ x1+xz+xa.=lv
5x,+4x, + 3x5 = 2. X xy+xg=—1.

4.162. 2x,+ x,—2x;=1, 4.163. x,+x,+x,=1,

X —20,+ xg=1, X+ x,Fxg=1,

— 2,4+ x4+ xg=1. X+ x,+x3=1

4.164*. [lokasatb asibTepHaTuBy ®pearonabpma:
aubo cuctema AX = B coBmecTHa npu mo6oii npasoii yactu B,
abo conpsixkeHHass oaHopoanas cuctema A*X =0 unmeer
HeHYyJIeBble pellleHns.

4.165. Kakue 13 cucrem JMHeHNbIX ypaBHeHWH, yKasaH-
HeIX B 3ajauax 4.160—4.163, comecTnnl npu JioGoi npaBoi
yacTH?

Jlnneiinbiit onepatop H B mpocTpaHCTBe CO CKaJsSipHLIM NPOH3BE/e-
LineM HasbiBaercs camoconpascenrnoim, ecau H=H*. Camoconpsixennuiit
OnepaTop B YHHTApHOM (€BKJHJOBOM) TPOCTPAHCTBE HA3LIBAETCH TAKKE
spmumosoim (cummempuurbim). Jlas Toro utoGut oneparop A Obla SpMH-
‘TOBBIM (CHMMETpH‘leIM), llEOﬁXO}lHMO "  JAOCTAaTOYHO, 4TO6H! B JoGoM
OPTOHOPMHPOBaHHOM Gasnce €ro MaTpuua A= (a;;) ynosnersopana coor-

NOWEHNIO a;; =a;; (@;;=aj;). Takue MaTPHLEI HA3LIBAIOTCH SPMUMOBHML
(cummempuurbinu).
JInneitnpiit oneparop U B ynuTapHOM (eBKJAMAOBOM) IIpOCTpaiCTBE
1a3bIBAETCS YAUMAPHLIM (OPMOZOHAAbHOLM), €CIU
VU*=U*U=E, 1. e U*=U"1

Jns  Ttoro  uto6wm cnepatop A Oul  yUMTapuLM  (OPTOTOHAJbHLIM)
HCOBXOAMMO M- JIOCTATOUHO, wroGLl B JNOGOM  OPTOHOPMHDPOBAHIOM
Gu3uce ero Marpuna A==(a;;) yJoBACTBOpANA coOTHOWeNUIO A~ 1=A%

(A-*= AT). Taxue MaTpuub NasLIBAIOTCS YHUMAPHOLMU (0PMOZOHAAY-
HoLML).

4.166. loxa3aTb cepyiolye CBOHCTBA CaMOCOTIPAXKEHHOTO
oneparopa:

a) co6CTBeHHbIe 4HCJ/a NEHCTBHTE/bHLL;

G) coGCTBeHHble BEKTODBl, COOTBETCTBYIOULHE PA3JIHuDLIM
COGCTBEHHBIM YMCJ/IaM, OpPTOrOHAJbHBI.

4.167. lloka3aTb cJielylollHe CBOJiCTBA YHMTaPlOro onepa-
TOpa: : v

a) coOCTBEHHble YHCIa MO MOAYJIO PaBHbLl €AMHILE; .

6) AaA TOro uyrobbl JIMHEHHbIH onepaTtop Gbll YHUTADHBIM,
HeOGX6AMMO M JOCTATOYHO, 4TOOLI OH TepeBOANJ OPTOHOPHiM-
pOBaHHLIH Ga3uc CHOBa B OpPTOHOPMHPOBaHHBIA 6asuc;

'B) YHHTapHHIl ONepaTtop COXpaHsieT CKaJsipHOe MpoizBe-
Jenue;

) YHAUTapHbld ONepaTop COXpaHsieT AJHHBI BEKTODOB.

4.168. Tlokasatb, 4r0 B NpOCTpaHCTBE P?, cieAyloiine
ONepaTOPL! ABAAIOTCH CHMMETPIYHBIMIL
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a) Ax =Ax, A—(}HUKCHPOBAHHOE YHCIIO;.

6) Ax=(x, e)e, |e|=1,

B) Ax=x—(x, e)e, |e|=1.

4.169. TlokasaTh, 4To B [POCTPAHCTBE MHOTOUY/IGHOB J°4 CO
CKansApHbIM npou3sBefeHHeM (6) cliepyroliHe onepaTopsl ABJfA-
I0TCA CHMMeTPHYHBIMH:

) [()+f(=1); O f(t).:t_nf(tL).

4.170. TToka3aTs, uTo B npoctpaHcTBe ¥°; onepartop U (e, ¢)
NMOBOPOTA Ha YroJ ¢ BOKPYT OCH, 3aJaHHOH eJHHHYHBIM
BeKTOpoM e (cM. 3amauy 4.88), sBasieTC OPTOTrOHAJbLHBIM.

4.171, Tlokasatb, uto omepartopbl 3afauu 4.168 sBasiorcs
OpPTOrOHAJIbHBIMH. e

4. NMpuBeneHHe MATPHIBLI JNHHEHHOro oONMepaTopa K AHArOHAJIbHOMY
suny. Eciu omepatop A, mefictByomuit B npoctpaHcrse £, HMCET

JIMHENHO He3aBHCHMBIX COOCTBEHHBIX BEKTODOB €f, €y, ..., €,, COOTBETCT-
BYIOI{UX COGCTBEHHLIM uucaaM Ag, Az, ..., Ay, TO B 6asuce U3 STHX BeK-
TOpOB MaTpHila onepaTopa A HMeeT IHaroHaJbHbIH BHJ :
/ A\ 0
Ay
’ Y]
* AN AN
0 A

Mpuwmep 4. [pusectn mMatpuuy A JuHEHAHOTO omepatopa K AMAro-
HaJIbHOMY BHAY ‘M. HafiTu COOTBETCTBYIOWMH 6asuc, ecau

L2 0
A=< 0 2 o>.
—2 —2 —1I

« XapakTepUCTHUECKOE ypaBHelHe

1—A 2 0 '
det(A—AE)=| O 2\ 0 |=A—2)(1—A%) =0
—2 =2 =2 ' '
nmeer Kopiu Ay=2, A =1, Ag=— 1. CnenoBsatennHo, MaTpHIa MOMKeT

Guth npuBelena K JAuaroHa’dbHoMy Buay. HaxXomum coorBercTByrouue
coGerBennble BeKTopul, IIpu A =2 cucrema (5) mpuHuMaeT BHA:

v —1 2 O\ /x 0
(A-—?E)X:( 0 0 0)(1«:2>=<0>a
—2 —2 =3/ \x3 0
— Xi+2x, =0,
—2x; —2x3 —3x3=0.

niau
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@dynpamenTalbHas CHCTEMa pEWeHWA COCTOMT M8 OAHOro BeKTopa Ej=
=2, 1, —2)T. Ananoruuno, npu A=1 cucrema (5) npunuMaer Bun:

0 2 O\ /x 0 0
(A-——E)X=< 0 1 0><xa>=<0>" W 5. xa— : 4
_o—g o)\ 0 2xj — 2xg — 2x3 =0,

U3 370l CHCTeMb HaXOAMM BTOPOii cobeTBennmi BekTop Eg=(1,0,—1)T.
- Haxonen, npy A=—1 u3 cucTemn

(A-I-E)X=< 0 3 0><x,>=<0>s wan 100
—2 —2 0/ \xg 0 T

naxofuM TpeTud cobersennnii Bextop Ez=(0,0,1)7T.
Haiipennne Bektopn Eq, E;, Eg o6pasylor uckoMmil 6asuc, B KOTO-
poM MmaTpuua A Junedinoro npeo6pasoBaHMs HMeeT CJeAYIOWHH - Auaro-

HaJbHBHIH BHJ:
20 0
<01 0>. »
00 -1

B 3ajauax 4.172—4.179 BHACHHTDb, KaKHe K3 3aJAHHEIX MaT-
PHLl JIHHEHHBIX ONEepaTOPGB MOXKHO JMaroHaJH3HpoOBaTh nepe-
XonoM K -Hopomy Oasucy. Haiith stoT 6asuc u coorserct-
BYIOULYIO €My AMAaroHajJbHYI (OPMY MaTpHLbL

4.172. /112 3 4,173, 010 0
c22 4 001 0
001 —2 /" 000 1/°
- 000 2 —6 17 —1 N
4,174, /111 4.175. 2-—-1 2
(1 11 ( 5 —3 3),
111 —1 02
4,176, ,1/201/2 4.177. /—13 —1
(B18). +™ (3330),
1/2 0 1/2 —33 1
4178. /71 1 1 1 4,179, 70001
I 1 —=1-1 0010
1—1 1—=14 0100 J°
1 —1—1 1 1000
4.180*, Boiuncaures A7, ecami
a) A=(g5): 6 4=(33).
BLluHCAHTR]
4.181. (17 —5)" 4.182, (43 —3\¢
3% —12) * 23 —2) .
44 -3

Marpuina A CaMOCORPHXKENNOIO ONEPaToOpa BCETAA NPHBOAUTCA H
InarokasbyoMy Buay. ITpn sToM, ncmonb3ys NoHsATHE YHHTapHOro one-
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paTopa, ee MOXHO MpEACTABHTL B BHAE
A=UDU-1,
rie U-—wmaTpuua yHHTapHOTO OIlepartopa, OCyLIeCTBJIAIOILEro Mepexol or

HCXONHOTO 6asuca K 6a3ucy H3 COGCTBEHHBIX BEKTOPOB onepatopa A, a
D — nuaronanbHast MaTpuua Buja (7).

Haiitu opToHOpPMHpOBaHHbIA Ga3uc M3 COOCTBEHHBIX BeK-
TOPOB H MaTpULY B 3ToM Gasuce AJs JHHeHHOTO omepartopa,
3alaHHOTO B HEKOTOPOM OPTOHOPMHPOBaHHOM Gasuce MaTpH-
et A (uckomblii 6asuc ornpefeneH HEOJHO3HAYHO):

11 2 -8 17 —8 4
| 4.183. A=,< 2 2 10>. 4.184. A.=<—‘8 17 —4>'.-‘*

—810 5 4 —4 11/
3—10 112

4.185. A=(i 3 0>. 4.186. . A=<1 1 2>.
0 04 224

Jlna naHHoi maTpHubl A HalTH AHAroHa/bHYO Matpuuy D

M YyHHTapHylo (opToroHanbHywo) wmarpuuy U Takue, uTO
A=UDU%:- = N .

‘,4‘.,;87."A.=( 8 2+2‘). 4.188. A=i( 3 2—“'),:,;,:

22 1 244 T
1 40 . :
4.189. Av=<—4i 1 0),
NN 00 1/ > Vo
4.190. A=<-—‘2 4—'2>. 4.191. A=< 2 5_4>.
0—-2 5 T —2 —4 5§/

§ 3. Buanueiinbie M KBaApaTHUYHbE (OPMbI

1. Jluneiinnie opmbl. [OBOPAT, 4TO B JEHCTBHTEABLHOM JHHEHHOM
npocrpancTse £ 3ajdna Auxelinaa opma, CCAU-KaKIOMY BEeKTOpY X € L,
NOCTABJCIIO B COOTBETCTBHE UHC/IO f(X), MPHYEM BLINOJNHEHBl YCJIOBUS

fOx)=Af(x), x€%£, LER.

HokasaTb, 4T0 B MpocTpaHcTBe £ QyHKUHA f(X), X €.Z,
ABJsieTcs JHHeHoli (opmoi: ‘ '

b :

4192, f(xn)={x(ydt, Z=Crn, x=x(t);

a . Lo L
4.193. f(x)=x(t), Z=Cusv, X=x(t), t;€[a; b];
4.194. [(x)==(x, @), ¥ =97, a€P°,—durcuposaH-
HLIH BeKTOD. o L
- 4195, [ (%) =abx, Z =7, a, bEP’;—odukcupoBaH-
Hble BeKTOpbI. '

NS
»
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4.196. [(x)=x"(t;), ZL=C{is; x=x(t), t,€][a, b].

'4.197, Tlycte . B npoctpanctee % ¢uxcupopan G6asue

B=(e5 ..., €,). I'lyCTb, nanee, f(e)=a; i=1,2,,..:,n,
rae f(x)—anuneiinasn gopma B ¥ )

a) Hokaszarb, urto f(x)—alx,—}— -+a,x,, rie x; ...
<.+, X,—KOODJAHHATHl BEKTOpa X B Gasnce B, '

6). 'O6osnaunm #* MHOMECTBO MHHEMHLIX dopm [ (x),
B. KOTODOM BBEJlelibl ONEpAaUMH CJIOKEHUA W YMHONEHUS Ha
4yuCao ceayiomuM o6pasom:

g=Fi+F: ecmm Vx €2 (g (%)=, (x)+ [, (¥));
h=M\f, ecin Vx € Z (h(x)=Af (x)). -

Hokasath, uTo Z*—NMHEH1I0€ NPOCTPANCTBO.

B) Hokasats, uro dim . ¥*=n (npocrpanctBo .Z* Hasbl-
BACTCA CONPANEHMBIM K APOCTPANCTBY Z):

4.198. Hoxasatb, uro:

a) ecnn X €ER”, x =(x,, ..., x,), To Gopmyaa f(x) =
onpegenser Juneinylo Gopmy;

6) BCSAKYIO He pPaBHYIO TOXJAECTBEHHO HYJIO JHHeHHYIO
dopmy [(x), x €R", Hapnexawum BeIGOpoM Gasduca MOMKHO
nNpuBeCTH K BuLY f(X)=x,, rje x,—InepBas KOOpAMNaTa
BeXTOpa X B 3TOM Gasuce. \

2. Buanneiinne dopmu. Uncnosas dpynxnns A (x, y): LX L — R,
3a)lanhas Ha AEI‘;ICTBMTQJH:HOM J]MHQHHOM npocCTpaHcTee. 2 Ha3biBacrcst
Ouaunetirnod (f)opmou eCJ]H npH (I)HK(,HPOBHHIIOM Y OHa an.nnercn JlHliCH-
1oil ‘hopMoii N0 X, a Tpu (pHKCHpOBalIOM X — Nunciinoit dopmo#t no y,
Buanneitnas popma HaawiBaeTcs cummempudecxod, ecan A (x, y)=A(, x),
x, Yy € L. Ecan B. npocrpanctee £, (ukcupopan :Hekotophii 6a3uc
B==(e1, .-, €y), TO MaTpuua A=(a;;), a,/_A (e;, ej), HA3LIBACTCH
mumpuyeli Guaunednoid popmor A (x, y) B Gasnce B.-

Hoxasatb, uto B npoctpaHcTBe Z (yHKUHs. /l(x, ).
aABAdeTcs OuanneiHoll Qopmoii:

4.199. A(x, y)=],(x)/[,(y), rne fl, ]‘2 — JAnHelHbIe q.\op-
Mmbt B Z.

bb "
4.200. A (x, »={k (s: 1) x(s)y (1) dsdt,tpe Z=Cpq, 01,

a a . . Lo
X=x()€Cigp), ¥=y()ECla v K (s, {)—nexoropas xe-
npepuiBHas QYHKIUS ABYX nepeMenHbiX.

4.201. A (x, y)= 2, a;xiy;, the F=R", x, yER",
(a,,)———HeKoropafi ]n_aalpuua D
4.202. Ilycrp B npocrpanctse %, ¢ukciposan Gasuc
B=(e;, ..., e,), Ax, y)—ﬁmmnemmn dopma B &, H
A(e;, e;)=a;;. Hoxasartb, yTo;
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n
a) A (x, y)=i jz=la‘/xiy/' raexp yp b j=1,2, ...n,—

KOOpAMHATH BeKTOpoB X H y B Gasuce B; ‘

6) ecan A’ = (a;;)—maTpyuna Guauneiinoi gopmu A (x, y) B
Gasuce B’ = (e, ..., e;), 10 A =TTAT, rae T =Ty, 9 —
MaTpulla nepexoja ot Gasuca B k Gasucy B'.

Ilycte B npocTpanctBe R® 3aaana OuanHefinan ¢opma
A (x, y)..Halitn ee maTpnuy B Gasuce B = (e;, e,, e,), ecan:
4.203. A(x, y)=xy;+2xy,+ 3xys, e,=(1, 1, 1),
ez‘:(l’ I, '_‘1)’ e,=(1, —1, — )s
4.204. A(x, ¥)=X4,+%Ys+ %y, €,=(1, 0, 0), e,=
= (1, 1, 0), eg=(1, 1, 1). ‘
B npocrpancree R” sapana Guaunneiinas dopma A(x, y)
B Gasuce B. Haiitn ee marpuuny B Gasuce B, ecan:
4.205. n=4, A(x, ¥) =%y + XoYs+ XsY,,
1 1 1 1
I'—1 11
TB»!B'= 1 1 —1 —1 5
1 —1 -1 1

4.206. n=2, A(x, y)=xyi+ XYy -+ Xy — %45
1 1
Tﬁ -9 = (l __l) .

4.207. JloxasaTb, 4TO CKaJfApHOE NpoH3BeleHHe (X, ¥)'B
€BKJIMJIOBOM TNIPOCTPAHCTBE & ABJAsAETCH GUAHHEHHON (OpMOil.

3. Ksappartnunnie diopmb. ITycTe A (x, ¥)—cuMMerpuyeckas Guin-
neitnas dopma. dopma A (x,.£), KoTopan noayuaercs u3 A (x, ¥), ecan
NONOMHTL ¥ ==X, hasuipaetcs keadpamuunot. Tlpu srom A (x, JX Ha3hl-
BacTcs Guannciinoit gopmol, noasprod K Keajpatnunoii dopme 4 (x, x).

Ecan B AcHCTBHTCABLHOM JhleiinoM npocrpalictee £, dUKCHpoBan
HEKOTOph  Basuc B=(ey, ..., €,), TO KBaApaTHyhas dopma A (x, x)
B 9T0M Ga3nce nmcer BHA

A, )= D axxg, 1))

i j=1

rae A:- (a;;) —MATpWua KBajpaTuuHOM POPMHL U X=X €1+ ...+ x,e,.
Tlycri B yiekoTOpoM Gasuce Bmpaxenue (1) KBajpaTnuno#i ¢hopMui ne
COACPXKUT NPOUSBEJICHHE Xxjx; (i £ J), T. e.

n .
Afx, x)= D M. )
i=1
Torpa Bupaxcenue (2) Ha3LIBaeTCH KAHOHUYECKUM 6uOOM KB3APATHYHON
dopmul. B uactnocry, cean A;j=41, 0, i=1, 2, ..., n, T0 nonyvaem
Hopmaavnod eud KBaapaThunoi gopmur A4 (x, x).
Jlnst Beakoi KBajparmiiHoil QopMbr cymiecTBYET Takoil Gasuc Bg
B KOTODOM 0Olla HMEET KaHOHMUECKHH (M Jax(e HOPMAJbBHIL) BHJI.
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Metonbl npuBemeHUS KBAJpATHYHOH (GOpMbI K KAHOHHYECKOMY BHAY.

Metonx Jlarpauxa BolAeNeHHA NONHB X KBaXpPaToOB.
[lycts kBampaThuHast dopMa A (x, y) B Gasuce B umeer Bun (1). Ecan
Bce KO3bdHIHEHTH a;; (npu KBagpaTax x), i=1, 2, ...; n, pABHH HYAI0
¥ B TO Xe BpeMs $opMa He paBHA TOXJECTBEHHO HYJIO, TO OTJIHYHO OT
HYJA XOTSl OBl OJHO NPOH3BeJeHHe, HamnpuMep 2ajsXiXs. BrimosHuM -mpe-
obpa3oBaHHe O6a3uca, .NPH KOTOPOM KOODAHHATHl BEKTOPOB B CTapoM H
HOBOM 0asucax CBA3aHbI PopMyJIaMH

’ ’

Xy = xl+ X3y

’ r

2\ Xg == X1— X2y

’ .

xi-xiv 1—3, cesy B

Torna 2ay,xi%e =205, (x1 — X2 )— 2a12x1 —-2a12x3 5 J TaK Kak, 1o mpef-
MONIOKEHHIO, afj =d93=0, To KO>PdULHEHT mpu x1 OTJIM4eH OT HYVIsE.
Takum o6pasoM, Bcerna Haiaercs Takofi 6asuc B, B KOTOpOM B 3a-
nucH (1) xors 6l oauH KOSQ)CDHLIH&HT NpH KBajpaTe OTJIHYEH OT HYyJf.
B nanbuefimem cumtaeM, 4to ayi # 0. (Ecau ay;=0, To oraunyen or
HyJs Ko3bD¢HIHeHT NpH KBajpaTe KaKoi- HHG)’}IB APYTofl KOOpAUHATHI U
K. paccMaTpHBaeMOMY CJYy4al0 MOXHO IPHHTH, HHaue 3aHYMepOBaB BeK-
TODBI :81, €3, ««+ e,,, YTO . TAKXKe fBJAETCH HeKOTOPHIM npeo6pasoaauuem
6a3uca.) .
Paccemotpum yactb KBa;[paquou Cl)Oprl, co;uep)xam.ylo Xt e

0y =a;ix1+ 2aj3%i%a~+ « . 2215 %1%
JIONOJIHUM 3Ty CyMMy [0 MOJIHOrO KBajpara:
I .
Y1 =a— (apxit oo Fainxn)?—v;

rR¢ pecTs anredpanueckasn’ cymma ‘lJleHOB, 'He 3aBUCAILUX- ot x[. ‘Ecan
Tenepb CAEAATh 3aMeHy : v s

Xl =apxi1+... +al'nxn.

xi=x;,  E=2,...,n O

10 KBajpaTHuHasd GopMa B HOBOM Ga3uce NMpHMeT BHJ

n
1 2 L 1 2
A, X)=—x1 + E agXxi=—x1 + Ay
Do '.alt.. i i 2-' (B .au oo bilahy e

o : P N Do - E e Y

HEEE DU ] fy

. b
B nOJIy‘lEHHOH cbopme Bbl}leJIGHO caaraemoe o xl , a OCTaBLUaﬂCﬂ qacrb
11
Ay sBIAETCA KB4JAPaTHYHOMH cpopmon B XL,_1. Hanee paccyxaenus mno-
BTOPSIOTCA AJIS KBAJPaTHYHOH (OpPMBI Al(x X), u T. I
[Tpumep 1. Meronom Jlarpamka OpPUBECTH K KAHOHHYCCKOMY BHAY
KBajpaTHuHyio topmy I
A (x, X)=2x1x,+ 4x,x3— x5 —8x5.
’ B ’ ’ ' o
<4 l-e npeoBGpa3oBaHue: X;= Xg, Xp =X, X3==X3. . TOrJId NOJYyuHM
. ,2 ror s .2 '
A=—x1 +2x1x3+4x203—8x3 «
Voot
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. .2-e npeo6pasoBanne: X3 =— X1 X3, X2 =Xz, ¥g=xg. [lonyusm Ho-
BOe BhipayeHHe AJf KBaZApaTHuHON Qopmbr:

”8 n2 " n2
=—X1 +X2 +4x2x3—8x3 .

rer ” ree ” ” 13 ”
3-¢ npeoGpasoBaHue: x3 =xi1, x3 =x2-+2x3;, X3 =ux3; u Qopma
DPHHMMA6T KaHOHMYECKMil BHA:

142 1542 1142
Ax, x)=—1x1 Fx3 —12¢5""
Ilpu oTom
e
X1 =Xxj—Xg,
- 1
X3 =xj -+ 2x3;
X
xs' = xg. P

Metoxn cobGcTBenHHX BeKTOpOB. bBynem paccmatpumath
xBappaThysyio ¢opmy (1) B eBkanioBom nmpocrpanctee R%. Tak Kak ee
MaTpuia A=(a_i-/) CHMMETPHYHA, TO OHa MOXeT OhITb NPEJCTaBJena B
mine A=UDU'", rne D— puaronalbnas MaTpuua, Ha JAHATOHAaJH KOTO-
polt crosT cobcTBEHHbIE uHMCaa MaTpuubn A, a U—oOpToroHalibHas Mar-
puna (cM. nn. 3 u 4 § 2). Croa6uk MaTpuubl U ABAAIOTCS KOOPAMBATaMK
©EKOTOPOTro OPTOHOPMMpOBanHOro Gasuca B'=(ej; ...; €,), B KOTopom
MaTpuua A umeer auaronanbinifi BuL D, M, ClelOBaTeNbHO, KBaapaTuu-
nas ¢opma— nckoMut kanonnuecknii Bull. CooTsercTpylomee npeoGpaso-
Banyie KOOPAMHAT CNPELEJSeTCs COOTHOLIEHHEM

.
x5 X3

Xn An

Npumep 2. Halin opToronanpuoe npeoGpa3oBanye, NpHBOLsILee

wpanpatnunyio Gopmy A (x, x) = 6x1--5x3 4 743 — 4xixy+ 4%, %, sapan-
HYI0 B €BKJHJOBOM mpocTpanctee RS, x KaHonmueckomy Buiy.Hamucats
9TOT KAHOHMYECKMH BHA.

« Marpnua KpafipaThunoi ¢opMbl HMeeT BHA

6 —22
A=<—2 5 0).
2 07

(OGpatuTe BHEHMaHNe, KaK MOJYYAlOTCHA SNEMEHTH ai; (I # [) H3 sABMOro
BUAa KpajpaTHuHOl Gopmml) CoGcTBeHHHE YHCAa STOH MAaTPHUMW CYTh
Ay=3, A3=6, A3=9. CooTBeTcTBylOMNE OPTOHOPMHPOBaHHKE COGCTBEH-
Hbie BEKTOPhE

er=(2/3, 2/3, —1/3),

ea=(—1/3, 2/3,2/3),

es=(2/3, —1/3, 2/3),
M; CAEROBATEIbLHO,

21 2 2 21\
U=%—( 2 2--:),-UT.-;, (—1 2 2).
-1 2 2 21 2

@) -
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B 6Gasuce §B’==(e1. e;g, es) , 8a/lalHad: KBajApaTHIHAS . ¢dopma Hmeer BH]
A(x; x)= 3x1 +6x3 —|—9x3 , -4 COOTBETCTBYIOHIEe -Npeobpa3oBaHHe KOOp-.
BHWAT:
l ’ ’ ’
= (2x1— %2+ 2x3)s
)

l ’ ’ "
ta=-— (2x14 255 —x3)y

m=ib—ﬁ+mﬂd@.>

4.208. HokasaTb, yTo Bcsikast KBafpaTHuHas popMa A (X, X)
B €BKJHIOBOM IIPOCTpaHCTBe &, MOXeT ObITh 3allMcaHa B
Bute A(x, x)=(4x, x), rie (x Y) —CKaJlsipHOe MIpOn3Be-
Jetne B &, U A—HEKOTOpbli JHHEHHBIH onepaTtop.

4.209. IloxasaTb, uTO MOMSAPHAS Gununeitnas popma A (x, )
%Hosﬂaqno onpene/sercs CBoek KBH,IlpaTI/I'{HOﬁ (popMoﬁ

*, %)

Mertomom Jlarpanxka HalTH HOpPMa/bHBIA BHJ M HEBbI-
pomnexmoe JIHHelHOe npeoﬁpasoBaHue, npuBoAsllee K STOMy
BHIY, AJf CJAEAYIOLIHX KBaJpaTHYHBIX (BOpMi

4.210. x3} -+ 5xi—4x3 -+ 2x,x, —4x,X,.

4.211, %X, 4 X,X5 4 X3%;.

4.212, 4x3 4+ 12+ x5 —4xx; -+ 4,6 — 35, %5

Haiitu oprorona/nbHoe mpeoGpasoBanKe, NPUBOLSILLEE Cle-
JIYIO[IJ,PIC q)OprI K KAaHOHHYECKOMY BHAY, H Hal’lﬂca’[‘b 3[01‘
KaHOHHYEeCKHH BHA! -

4,213, 11x¥--5x3 4 2x3 4 160,x; + 4x1x3—-20x,x3.

4.214. x} -+ x5+ DK% —6x 065 -+ 2% 15 —2X,x4. -

4.215. X+ X3+ x5 dxy x5+ dxpxg - 4x,x,.

4.216, 17x2 4 14x2 4+ 14x3 —4x, 05— 4x,x, — 8,44,

KBanpaTaunas dopma A (X; X), onpeienerHas B IeHCTDHTENLHOM
JuHedHOM MpocTpaHcTBe £y,; HAasLIBAETCS MOJIOKHUTENBHO (OTPHLATENBHO)
onpefiesieHHOH, ecad st BCAKOTO X € £, (x # 0)

Ax >0 (<0,
[ycre A=(a;;)—matpuna kBagpatTuuuol popmur A (x, X) u
. ' Ay Gy +.. Ogn
agg ag laxx azp ... 0a
Dl:=al..f’ D2=' 1L 12'7 cery Dn= 21 22 2n
aﬂt aza . " . . * » e
Ani Qpa «+- Opp
~— I0CAE[0BATE/ILHOCTD [VIABHHIX MUHOPOB MATpuust A. i

Kputepuem nosoxutenstoll onpesenenHocTn KsagpaTHunofi popamt
ABJACTCA Caeiyiowes yTBepkieHue (kpurtepuit CuansecTpa):
018 moeo 4mobst keadpamuunas Gopma A (X, X) 6614 N0A0HUMELOHO

onpedesennod, neobxodumo w Oocmamouno, 4mobGer ace 2rABHBIE MUHOPOL
ee mampuyss A Ooiau norowmumensro, m. e. Dy >0, k=1, 2, ...,.n.
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4.217*, Jlexasartb: ‘ANa TOFo uToObI KBajpaTHyHad ¢op-
Ma A (x, x) Obla OTPHIATENLHO ONipefeNeHHOH, HE0OXOAUMO
M AOCTaTOYHO, 4yTOOHI HMenn MecTo HepaBeHcTBa (—1)% D, > 0,
k=12, ..., n

B sapavax 4.218—4.224 onpepenntb, Kakhe KBaipaTuy-
Hpie GOpMBI ABJAIOTCA TOJOXHTENbHO JN6GO . OTpHUATENILHO
onpeje/ieHHbIMH, a KaKHe HeT:

4.218. x34 26x; + 10x,x;.

4.219. — x3+2x,x,—4x3.

4.220. x3— 15x3 4 4x,x;,—2x,%4 + 6x,%,.

4.221. 12x,%,— 12x,205 + 6x,0;— 1162 — 6x3 — 6x3.

4,222, 9x2 4 6x3 + 6x3 + 12x0,%, — 10x,005 — 2x,x4.

4.223. 2x2 -+ X, x5+ X, X3 — 2X X5+ 2X,X,.

4,224, x3 4 4x2+ 4x) 4 8x3 4 8xyx,.

4.225. JlokasaTh, YTO KBajpaT MJIHHHI BeKkTopa |x|?
B N-MEDHOM €BKJHIOBOM IIPOCTPaHCTBe &, SIBJSETCS NOJIOXH-~
TeIbHO ONpejeNeHHON KBaApaTHuHOH (opmoi.

4. KpnBne M NOBEPXHOCTH BTOPOro nopspka. [ unepnosepxuocmivi

8mopoco nopadka B €BKNHIOBOM NpocTpaHcTBe R” Ha3LIBAETCH MHOMKECTRO
TOYEH, KOOPANHATHI KOTOPHIX YJAOBJETBOPAIOT yPaBHEHHIO

n n
A, )+2(0, 0)+e= X apxin+2 D bpte=0,
. . i, je k=1
TA€ B JIEBOA YaCTH CTOMT MHOrOuWJieH BTOPOH CTENEHH OT 7 NepeMeHHbIX
X3, Xgy «oey Xp.
3anava KaaccuduKanum THnepnoBepXHOCTEH BTOPOFO NOPSIKa Co-
CTOWT B HaXOXJEHHH TaKoro Gasauca B R”, B KOTOpDOM JieBas uyacTh
. ’ . ’
ypaBluenysi B HOBHIX NEPEMEHHBIX X3, X2; «..; Xn HMeeT Haubojee npo-
cToli BuA. Ilas oTOTO €Havasa uuleTcs TaKOe OPTOroHasibHoe npeobpaszo-
BalMe, YTO B HOBLIX INlepeMeHHLIX KBajpaThuHas dopMa A (x, x) =
n '
= 2 a;;x;x; wmeeT Kanonnueckuli BuA. B noBom 6asuce ypasuenne (3)
i j=1 ]
3anuchpaercs caenypoumuM obpasom:

& '3 < ‘: .
2 Mk 2 D bpxs =0,
k=1 k=1

npuueM ne Bce Ay, i=1, 2, ...; n; paBnn mymo. Ecam Ay # 0, To
MEPEHOCOM HaYalla KOOPAMHAT MOXKHO YHHUYTOXKHTb JIHHEHHEIA uJjieH:

.3 , . by )2
Apxp +2bkxk=7~k(xk+xi) -—A’—k=7»kxk—,,ﬁ.

INocne smix npeoGpasopanuil noJyuaeMm (U3MeHds] HyMepali0 NepemeH-
HBIX, -€CIH 5TC HeoOXO0/iMO)
'

v n2 n2 ” ” . e
“ 7\,p‘f1 -I— cee +7»sx5 +bs+1xs+1 +C’.’=_0. (4)

YpéaBrenre (4) Ha3bIBaeTCs KAHOHUYECKUM YPAGHeHUeM TRIEPTIOBEPXHOCTH
BTOpPOro mopsaaka. B
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~ MHOXKeCTBO TOYeK MJAOCKOCTH R2, yIOBJETBODAIOWUX ypPABHEHHIO 3),
‘Ha3bIBAETCA ' KPUBoL 6Mopoeo - nopﬂafca B atoM cayuae kanohuudtkoe
ypaBHeHHe (4) MoXeT NDHHHMAThb ONMH M3 CJIEAYIOWHX BHAOB (B mepe-

MEeHHBIX X, y):
D At hey?fe=0 " (Aho 75 0).
2) Aix*+4-by=0 (M #
3) Aix*+-c=0 (M # 0)

Mpumep 3. Hanmucath KaHOHUYECKOE ypaBHEHHE KPHBOH BTOPOIO
nopsaKa:
3x24 10xy - 3y2 —2x — 14y —13=0,
OMpelesuTh ee THN M HafiTH KaHOHHYECKYIO CHCTeMY KOOp/IHHAT.
4 MaTpHua KBaJpaTHYHOH 4YaCTH MHOrouJieHa BTOpPOH CTemenH paBHa

(g g Ee co6cTBennble uncia: Ay==8 H Ay =—2; co6CTBeHHBIE BEKTODBI:
) . :

ey = —) 2 —_—, — ==

(V 2 V 2) ( V2 V 2

Bauue

) . Bpmoauss mnpeo6paso-

rol

7x=;}— W), V‘2 "

nosiydaem
16 12 -
x' _ y'—13=0.

Tak KaK M H Ay omuqﬂm or. HyJI, TO IO xaxmoi_& H3 [OBHIX nepeMeH-
HuX x' Y’ Moxmo BbIfle/IHTE | TIOJTHBIH KBajpar:

.8x’?-.——‘7.1%-_x.' =8 (x—}—/—%) —4, '

-2y 2+V§y ——‘ 2(y V2) +9

3ameHoit ‘e pemen HBIX:

2y12

po i3 |
V2_ ' _

COOTBGTCTBYIOLU,QH CABHTY IO KaxIoi H3 KOOPAHI[&THUX OCCH, HOJIY‘IHM

V —
—2—-a y'=y"—
8582y =8 =0, win x"Z—T yr=1, ;

[Tocsiennee ypaBHeHHe ecTb KaHOHHYECKOE ypaBReHHE FHNepGoan. Pesy.ib-
THpylolee npeoGpasoBaHue Koopnuﬂa'r HMeeT BuA

—(J/’-I-J”)-l-2
V
y= _(x —y)—1,
V2
a KaHOHH!leCKaﬂ cHcrema KOOleHHaT (O» ei, €, raec 0' (2, —1),

1--—;‘1 —=J2 2= —i
Y3 tygh ey -y
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B 3apauax 4.226—4.231 nanucarth KaHOHHYECKOe ypaBHe-
BYe KPHUBOH BTOPOro NOPSKA, ONPEeNEeNUTb ee THII H HaiTu
KaHOHHYECKYIO CHCTEMY KOOpAHHAT.

4,226, 9x*—4xy-+ 6y*+ 16x—8y—2=0.

4,227, x*—2xy+ y*—10x—6y + 25 =0,

4.228. 5x*+ 12xy —22x—12y—19=0.

4,229, 4x*—4xy+y*—6x+3y—4=0.

4.230, 2x*+ 4xy—+ 5y*—6x—8y—1=0.

4.231. x*—4xy+ 4y*—4x—3y—7=0.

4.232. Kpusasi BTOpOro nopsijka onpeiensiercss ypapHe-
HHEM:

ca) R—2+A(y*—2x)=0; 6) x*+2Axy+y*—1=0.
QnpezennTh ee THN NpH H3MEHeHMM mnapaMeTpa A Or — oo
o0 -+ oo.

MHOXeCTBO TOYEeK e€BKRJMAOBa npoctpancTsa R3, ynomaersopsiommx
paBHeHnio (3), HaSHIBAaeTCHA 106€PXHOCMbIO 6MOPO20 hOopPAOKA. Kanonu-
%écxoe ypaBHeHHe (4) B 5TOM cJyyae NPHHHMa3eT OAMH HS CJEAYIOLHX
HIAOB (B NEPEMEHHHX X, Y, 2):
IE Max® -+ hayd +Ag2 4-c= 0 (ahshs # 0),

2) hx? gy bz=0 (Mhg # 0)g
3) Ax®+Agy?l+c=0 (MAg # 0),
4) Mx?tby=0 (A1 # 0),
) Axt4e=0 (A1 # 0).

Ioeepxxoctn Thnop 3)—58) #BAAIOTCA UHAHHAPAMH (SITHITHYECKHM,
IRNepGOJHYECKEM H T. J. B SaBHCHMOCTH OT THN2 KPHBON B CeYeHuM
mIocKocTelo 2=10).

" Tlprwmep 4. HannucaThb KaHOHHYECKOE ypaBHeHHe NOBEPXHOCTH BTO-
poro mopsjxa ‘

4x3 - 4% — 822 — 10xy -} 4yz -} 42x — 16x— 16y — 82472 =0,

ONpeNieHTL €e THN M HalTH KAHOHHYECKYIO CHCTEMY KOOPAMHAT.
4 Marpuua ! KBaJpaTHyHOH YacTH _MHOrOuJIEHAa BTOPOll CTeNeHM paBHa
4 —5
-5 4 2 ). Ee cobcreensbie uncaa: Aj=9, Ag=—9, Ay=0; a
2 2-—8 .
colcTBeHHBlE BEKTOPHI

Bunoanns npeo6pasopanie
1

X.—=3 Vf( 34y 42 V-g z‘),

ym b (4 2V )
1 ’ '

zzﬁ( —4'+V2),
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NOJAyudeM
9x'2—0y'2—722'4-72=0,

FlpeoGpa3oBanie CIBHra HEOGXOLHMO BHITOMHUTS JIHIIL MO MepeMeHsoft 2':
—T722'4-72=—T2 (! — 1) =—T22",
Bropoe npeo6pasoBanne KOOPAMHAT HMeeT BHX
=x', Y=y, =2-—1,

#TKYAa j OKOHYAaTe/bHO MONyuaeM KaHOHH4ECKOe ypasHeune ranepGo-
dnueckoro mapa6osionga

PeayasTHpyOliee npeodpasonaﬂﬂe KOOPAHHAT TaKOBO}

)‘+""’o

ﬁ
y= —V—(—sx +¢ +2V22)+'3'.

=z V_f( — 4y V-22")+'3-.

a KaHOHH4YeCKas cHctema koopauHar (0', eq, e, es), rae

o(g 3 ;) e1=(‘—/l—§, ‘—-V%i,?o).
e'“=(3 V’f’s;;? _3;2‘)' e"=(§%%) >

B 3agavax 4.233—4.240 HanucaTh KaHOHWYECKOE YpaBE:-
HHE MOBEPXHOCTH BTOPOrO MOPAJKA, OMpPEAeJHTH ee ,THH U
HaiiTH KaHOHHYECKYIO CHCTEMY KOODAHHAT.

4.233. 7x*-4-6y* -+ 52" —4xy—4yz—6x—24y-- 1824-30=<0.

4.234; 2x*—Ty*—42* + 4xy + 20yz — 162x - 60x — 12y +
+ 122—90=0.

4.235, 2x*+4-2y*—52 4 2xy —2x —4y—4z4-2=0,

4.236. 2x2 - 242 - 322 + dxy+2yz + 2zx —4x 4
+6y~2243=0.

4.237, 4x*+ y* 442> —dxy + 4yz —8zx — 28x +
+2y+1624+45=0. _

4.238. 2x®+4 5y 4 22° — 2xy—4xz + 2yz 4 2x —
—10y—22—1=0.

4.239, x4 5y*+ 2* + 2xy 4 2yz -} 62x —2x + 6y+ 2z =

4.240. x*—245 - z’ +4xy+ 4yz—102x 4 2x +
+4y— 10z—1=0. .
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I'nmasa b

JN®PEPEHIHAJIbHOE WCHUCJEHHME @ YHKL{MHA
OJIHOW TEPEMEHHON

§ 1. Mpoussonnas

1. Onpenesnenne npoussonuoit. Huddepetuuposanne ssuo - 3ajan-
noix  Qynxunit. ITyets . Af (xg, Ax) = (xo+ Ax)—f (xo) — npupawernue
yrkyuu y=f(x) B TOuKe Xx,, COOTBETCTBYIOUIEE APUPAUWEHUIO aply-
menma Ax. [1poussodnod 1-ro nmopsaka (uad nepeod npoussodHod) ¢yuk-
uHH y= (¥) B TouKe x, HasulBaeTcs Mpejen

Af (v, Bx)

= Jim S g
Uucna N A
S )= lim A e 89
L (%)= Mllgl_ o Ax
n
Af (xy, A%)

fi )= Ax]T1+o Ax

Ha3LIBalOTCH COOTBETCTBEHHO 4e60lf W npaeoli npou3sodnbimi (HyuKIIHY
y=/[(x) b Touke x,. Ilnst cyuecTBOBaHHA NPOH3BOAHON [’ (x;) (ryHKUUY
f (x) B Touke Xy HEOGXOZHMO H IIOCTaTOYHO, UTOBLI ee Jsiesad U npasas
NPOM3BOAHLIE B STOHl TOUKE CYIIECTBOBA/JHM U COBMAjajH, T. €.

F. (x0) =/‘; (*0)-
Mpumep 1. Haitu f2 (0) u [, (0) nna dyukuun f(x) =|x|.
« Vmeem no onpesenenuio
| Ax | , —Ax

f- (0) = A‘J]tl;r!-o Ax = A.£IE]—0 Ax =—1
' A A
’ . : X | _ . X =
o= lm R = im &=

3aveTuM, uro ¢Qyukuus f(x)=|x| He uMeeT npoH3BOAHOH B TOUKe
xo=0. :d
[ponssoaHast (QyHKUHH [ (X), paccMaTpHBaeMass Ha MHOXKeCTSE Tex
ToueK, I'le OHA CYIIeCTByeT, caMa siBasietcsl ¢pyuxunueil. [Tpouece Haxox-
JIeHHsT MPOU3BOAHON Ha3LIBAIOT TaKxe Oudqpeperyuposariien.
Ta6auua NPOHU3BOMHDL X OCHOBHBLIX 3/EMEHTAPHLIX (YHKIHE.
1. (x®)" =ax®~1, a #0.
2. (@) =a* Ina, a > 0; (¢*) =e*.

3. (loge ¥ =logaern, a >0, a# 1; (nn)’'=—.

7 on ven. A. B. Edumosa, B. I1. demunaosuua 193



4. (sin x)’ =cos x.

5. (cos x)' =— sin x,
6. (tg xy:coszx‘
7. (ctg %)= _s_n%.

1
8. (arcsin x)' = — (arccos x)'—_:m.
9. (arctg x)" = — (arcctg x)'=T1x2.

IlpaBuna nunddepenunvpoBaHud GYHKUHN

I. Tlycrs C—nmnoctosivHas 4 f (x), g (x) —anbgepenunpyembe ¢yux-
nnu. Torpa:

1. (€)' =0, 4, (fgf)"=f’g.;-l—fg‘-]t
g FY . le=gf
2. (+or=r+en 5 (L) =LEZEL gao.
3. (CH'=Cf.
1I. Tlyers [pynruua y=f(x) umeer npousaonn;no‘n TOUKE X;, A

GyHKUNA z2=g (y) MMeeT NPOH3BOAHYIO B TouKke yo=1{ (x,). Torma cnox-
Has ¢ynKuna z=g (f (x)) B Touke x, MMeeT MPOHIBOAHYIO, PaBHYIO

2" (k) =g' (yo) I' (x0) @

(npasuso Ougpdpeperyuposanus caomHold Gynrxyuu).
MMpumep 2. Halitn npousBopnylo ¢yHKuMM 2= log, (arcsin x).
d Tlonaras z=loggy u y=arasinx, uMeceM

1
Vi—xn

1 '
¢ @)=logse-7 n y' ()=

Orciona, coraacho (2), nonyuaem

logze 1

7 )= grcsinz " Vi

Haiitu Af (x,, Ax), ecan:

5.1, f(x)=x% x,=1, Ax=0,1.
5.2, [(X)=V "% x,=1, Ax=0,25.
5.3. f(x)=1gx, x,=100, Ax=—90.

Haiitn Af (x,, Ax) Kax ¢yHkuuio Ax, ecaus
5.4, [(x)=sinx, x,=mn/2.

d lmeem

Af(i, Ax)=s1n (%+Ax)-sln%=
_ Ax no Ax\ _ 2 Ax
_-2sin?cos (54——2—)— 2sin -5 >

B f(x)=2x2, x,=—1. 5.6, [(x)=¢*, x,=1.
5.7. f(x)=logsx, x,=1.
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[Tonb3ysick TOMBKO OMNpejeseHHeM IPOU3BOXHOM, HaHTH
f" (x):
5.8. f(x)=ctgx.

4 Umeem:
P ctg (x4 Ax)—ctg x 'sin (— Ax)
(ctg x) _A\:T _Al,: M Axsin x sin CEY Y

1
Alx..o sin xsin (xAx)  sin®x’

5.9. f(x)=1/x% 5.10. f(x)=Vx.

5.11. f(x)=2*%. 5.12. f(x)=log, x.

5.13. HassectHo, uto f(0)=0 u cymectByer mnpeaen
f f‘) . JHokasate, u4TO 3TOT mpefen pasen f'(0).

—_

,llm

5 14*, [lokasaTb, uTo ecau f(x) umeer MpOU3BOJHYIO
B TOYKE X, TO

tim LED=5 @ _ £ () —xf (x,).

XX, X—Xo

Hnsa sapanuofl’ f(x) Haiith f (x,) H fi (x,):
5.15. f(x)=|x—1|+|x+1],-x,==x1

[ X, x< 1,
5.16. f(x): xo=l.
(| —x242¢, x> 1,

4 lmeem
Py f(x) f(y__ x—1
f—(l)—xl-l'T Tx—1 XEI 0x—1 =1

o

Sy Tim L= — x4 2x—1

i (1)—):}:?]40 x—1 x-l:;nw-x——l—

=— lim (x—1)=0. »

: X—>1+0
0, x<0, “
5.17. f(x)= elnx, x>0, x,=0.

5.18. f(x)= 1/1—e-x2, x,=0.
{0 x=0,
5.19. f(x x,=0.
f( ) l+el/x, x#O 0
5.20*. IToxkasatb, uTo QyHKIMSA

fx )_{{ )c:sml , Xx5£0,
lO’ x=0v
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HenpepbiBHa npH ¥=0, HO He HMEeT B 3TOH TOUKE HU Je-
BOH, HM NpaBofi NpOH3BOAHOH.

Haiitu ﬂpOPlsBOJIHble CeAYIOWHX byHKUNM
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D) 4 5xb
5.21. y=3— 2x-|——x 5.22, y—-——F.
11 —1
5.23. y»4=-g—;g' 524 Y= +l
5.25. y=— L 1 5.2 y——(x“—-l)(x’ 4) (x* 4 9).
14-3 - I
5.27. y= V’zn - 5.28. y= oy
_a Ve _a+by
5.29. y= i/;‘—l T 5.30. Y=Tm
2 , 2|—Vx
5.31. y=g—s——". 5.32, —
5.33. y=(Vx —1)<?:+1). 5.34. y=3%/‘;5—-2:/9.
5.35. y=(3 X467 x ¥'. 5.36.
BV ¥+6y%) Y y= '/ ,/xa
5.37. y=xiclgx. 5.38. y—=-5L
. =
5.39. y=l—_°|;°§i—f‘—x. 5.40. y=V'%x sinx.
5.41. y=x /0 (2Inx—3). 5.42. y=3log,x+ 5.
. sinx—cos x
5.43, y=2sinx—31tg x. 5.44. y=s%_’_&§—;.
e 3T 1— 2
5.45. y=x32 /X + a. 5.46. y= T_i_—':—,,
5.47._/——8111-—- 5.48. y= 6cos-
5.49, y=(1- 4x‘)° 5.50. J—/(1+3x2)s
5.51. y=—-sm2 . 5.52, y=V 1-+sindx—} 1—sin4x.
X
5.53. y=xarcsinlnx. 5.54. y=cos® (-74-—7).
5.55. y=1/(1-Fsin?x)®. 5.56. y==x%"%.
5.57. y=e3 cos“%.
5.58. yz—-%l/x’—l-a—!-%ln(x—}-l/x“-i— a).
x 14 x2
5.59. y=Intg (% -|——2-) ..5.60. y=1In l/l_—x§



5.61. y= ]/aréctg'g. 5.62. y= i// l+tg(x -1-%) .

5.63. y=0032(sin%>. 5.64. y=7/ sin}x .
5.65. y =arctg (X—Vl—:l-?)

_ b4-acosx
5.66. y=arccos aThcosx”

_ X -2,
5.67. y=Vxe?. 5.68. y="—.

x
5.69. y=2Tx 5,70, y=2"%nx
5.71. y=32x, 5.72. y*_—lnx‘lgx_]na,]“gax‘

5.78. y=1log,In2x. 5.74. y=¢VIn(ax*+ix+a),

5.75. y=Inarctg V1 +x% 5.76. y=In(x+ l/az—l—xé).

Ha#itn npousBoanbie eunepboruteckux ¢ynkyui:
exX —e=% .
5.77. shx=— (eunepboruueckuti cunyc),

5.78. chx=21°""

3 (eunepboauveckull KocuRyc),

5.79. thx= zﬁ—f‘ (cunepboauueckutl mareenc),

h Y
5.80. cthx = z-h—g (eunepdoruteckuli Komarzewc).

Jlozapupmudecxod npoussodnod GyHKUNK y = (x) Ha3piBaeTCA NpOU3-

BUAHAf OT Jorapudma stofi QyHKIHH, T. €.

- 4
In '=y—.
(In y) 7

IMpumenenue npeiBapHTENbHOrO JIOrapuGMHUPOBAHHUSA UACTO YMpOLLaeT

BLIYHC/IEHHE DOHSBOJHOM.

Mpumep 3. Halitu mponssoauyio dyHxunn y= 1/
4 Tak kak Qyukuns onpeneneHa npu x€[0,1]U (2, + o), 10
1ny=% (Inx+Injx—1|—Injx—2).
Orcrona (cM. npumep 5.117)
CO S Sy 5 SRR S
(ng) = y _2(): o )

x:—4x 42
2Vx(x—_~l) (x—2)3 ’

y'=(Ingp) .y=

x(x—=1)
x—2

.

MMpumep 4. HaliTu npousBOAHYIO C€A0%HO-NOKA3AMEA6HOU (YHK-
* ;

DHH Y= l+7 .
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<« JlorapudmMupys, noayuum (Tak Kax l—l—% > 0)
1
Iny=xIn (l—]——;).

O1ciona HaXoXNM NpOH3BOAHEIE JeBOH M MpaBoil wacTeit
1

’ _.. y, — _] ——
(Iny) f'——ln(l+ ) I .
CaeosaTtensno,

e am(142) ({12 >

Hcnoabsys npeaBaputenbHOe JiorapudMHpoBaHHe, HaHTH
NPOH3BO/HLIE CAeAYIOHX (YHKIMI:

5.81. y= =D 582 4= j/ eaeoIt

5.83. y— Y IE2 |
V =12 @+ 1)

5.8 . = x° ___X_—_l=____ .
oy xl/<x+2)1fx—2
5.85. y=x*. 5.86. y=x*".
—3/%
5.87. y=V'x . 5.88. y=(Inx)/,
5.80. y= (sinx)arcsinx, 590, y=x*",
591, y= ““ T 5,925,y ¥ 4 gt 425,

Beoas I]pOMG}K)’TO‘lele nepeMeHHbie, BBLIYHCJIHTb TPOU3-
BOZHble 3aJaHHbIX (YHKIH:

5.98*. y=In (cos®x+4 V' 1+ cos? X).
5.94. y=(arccos x)?In (arccosx).

5.95. y__ e—*% arcsin (e—"’)

V-l——e"z"2

5.96. y= 1+ lxarctga *,

5.97*, Ilycrtp
f(x)={ x2+2x, x<0,
ax+b, x>0.
Haiitn kosdduumentel @ u b rtax, urobsl yHKuHs f () Gbina
HelnpepuiBHa M AuddepesunpyeMa B JI0G0OH TouKe,

5.98. Ilyctb
1
foy=] T IFI=
ax*+b, |x] < L.
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Haiitu koapduuuentsl a u b Tak, 4tobsl PpyHkuus f(x) Gbira

HempepblBHA H AuddepeHuupyema B Jo0OH TOuKe.
Haiits nponsBonHeie cienyiomux QyHKIuii:

5.99, y= i/:iﬁ;‘ . 5.000. y= Y x+9/ x4V % .
5.101, y=""*}/(1—x)*(1+x)"
5.102, y=sin(cos?x)cos (sin®x). 5.103, y=

5.104, y= (%)x (%)a (%)b, a, b>0.

5.105. y—ln(In" mx). 5.106, y=—— 1n Y 3=V

1
cos®mx °

2V6  «V34+V7?
5.107. y=log, sin(?n_x +%) 5.108, y=arctg (tg*x).

5.109. y=log,e. 5.110. y=(sinx)os*,
5.111. y=Vx*x, 5112, y=)cosx-a"® *,
5.113. y=In (shx) + 5. 5.114. y=arctg (thx).

5.115. y=e"*shax. 5.116. y=arccos (1/ch x).
5.117, y:-——IﬂIXI

4 Oyukuus y=In| x| onpenenesa VxER, x#0, un

. _J Inx, x>0,
ln]xl—{ In(—x), x<0.
Ortciona
%"‘>° 1
(n]x) = ) = x#0. b
';-, x<0

5.118, y=arcsin|]T|. 5.119. y=|sinx]|.
5.120. y=|arctg x|.

5.121. y=|x]x, rae [x]—uenas wacTb uncna X.

4 Oyuxuus y=|x] x onpeleneua ¥YxER. Ecan k€ 2, 10 y=Fkx upn

xE|[k, k4 1). Tlostomy
y' =k, x€(k, k+1),
a B TOuKax x==k, RE€Z:

f-(y=k—1, fy ()=t B

I—x, x<<0

5.122, y={ ANy

, N ES x <0,
5.123. y—{ In(1+x), x> 0.
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xe=*, | x| <1
1/e, x| > 1.
2 3/73°x
5.125, y= — 1/(3—|-x)2 .
5.126. y=(x—a) (x—ay))% ... (x—a,)™.
5.127. y=a*". 5.128. y = (log, a)*.
5.129, y=sin(sin(sin x)). 5.130. y = (1/x)'/*,

5.131. _l/ In3. sln;c‘—|-cos x

5.124. {

:Z‘SZ: 1 sin®ax

5.132, y=3 T3 o

5.133. IloxasaTtb, 4TOo Mpou3BOAHAA YeTHOH (YHKUHA —
(yHKUMA HeyeTHAsl, a NPOH3BONHAS HEYeTHOH (yHKUUH —
q)yuKuvm 4eTHan.

5.134. IlokasaTh, 4TO NpOH3BOAHAA NEPHOAHUECKOH (PYHK-

OUH eCTb (YHKILHS TaKKe MepHOAMYecKasn.

5.135*. Haitn ' (x,), ecan f (x) = (x — x,) ¢ (x), rie Gynx-
UuA ¢(X) HenpeprlBHA B TOYKE X,.

ITycts @ (x) #u 1 (x) —anddepenunpyevble  GyHKUHI.
Haiitn npousBojiHbie CleAyOUHX CJIOXKHBHX GYHKIHNA:

5.136. y=V 92 () T ¥ (r). 5.137. y=arcig L),

Y
5.138. y=1x)?®, ¢(x) > 0.
5.139. y=logp ¥ (x), ¢ (x) >0, p(x) >0, ¢(x)=1

<4 [lepeitnem K nartypansnuiM aorapupmam:

—logo () ¥ () =
OTcrona naxonnm
¥ x) In ¢ (x) P () In (x)
Y "¢ —Tw L (VW ¢
M2 ¢ (x) lmp(x)(w(x) Yy (x))‘ >

Iyctb f(x)—npousnonbuaﬂ nugpdepennnpyeman  (QyHK-
uusa. Haimi y'

5.140. y={f (Inx). 5.141. y=In (f (x)).
5.142. y=Ff(e*)e ®.

« Vimeew y' =" ¥ exel O [ ex) el D (1) =el O (@5’ @4) 4
+F @ ). »

5.143. y={(f (x).
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2. Nnddepenunpopanne dyrkumii, 3a1aHHHIX HeABHO MAM napamer-

pndecku. TUBopaT, uto dynknua y=/7{(x), x€ (a, b), mueasno 3adana
ypaBrenueM F (x, y) =0, ecnin ans Beex x€(a, b)
F(x, [ (x))=0. (©)

Ins BluMCIEHNS NPON3BOAHOH GyuKuun y=f (x) caepyer ToxIecTBO (3)
npoanddepenupoBath No ¥ (paccMaTpHBas JIEBYIO YacTb KAK CJOXKHYIO
YHKUHIO X), a 3aTeM NOJIY4YEHHOe YpaBHEHHE Pa3pEIIUTb OTHOCKHTENBHO
" (x).
Mpumep 5. Ypasnenne x2-4-y®=1 nesBuO Onpeje]seT Ha HHTEP-
sasne (—1, 1) nBe QyHkunu:

=y 1—4,
Yo ) =—V1—x2. @

Hailty nx- npousBopHLIe, He HCMOJbL3YA SBHLIX Bripamenuii (4).
« Tlycth y(x) —aio6as n3 stux ¢yukunit. Toraa, auddepenmupys no x

TOXKAECTBO
B4yt (x) =1,
noayyum
2+2y () y (0=0.
Orciona
v =——,
’ y (%)
T. €.
’ X X
b W=—ym= Vi
u
i =— = e
Yo (%) V] — x2

Mpumep 6. BuiBectn npasuao apuddepesnnpoBanns  c6paTHOH
byuKuny.
4 Ecom x=[-1(y), y€E,—dynrnus, obpatuas kK y={(x), x€D, 10
s Beex y €E BLIOANEHO paBencTBo

FE=* @) —y=0. -
Wnaue ropops, obpatnas oyuxuusa x=f-*(y) ectb dynKuus, 3ajaHHas
HENBHO ypaBHelHeM
f(x)—y=0. ©)
s Boiuncaennsi mnpouapoguoll ¢yskuun x=/[-!(y) nuddepenuupyem
(5) mo y:
' (x @) ¥ () —1=0,
OTKYJa J
1 e
>
YO=rae

IMpu HesiBuoM sajamun ysKuUMi, a TaKXKe AN CAOKHBIX GYHKUHI

GyleM IAs NPOH3BOAHON HCMONB30BATh TakKe OGO3HAUEHHS THNA Yy
TaM, rje Heo6XOAMMO YTOUHMTb, NO Kakoif mepeMenHol Befetcs andde-
peHuBpoBaHKe.
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5.144. Haiitu sHaueHue y, B Toyke x=1, ecau
=22+ 5x+y—5=0, y(l)=1.

5.145. Haiitu y, B Touke (0, 1), ecan e/ +xy=c.

Haittu g, ana caenyrownx $yHKUM, 3aaHHBIX HEABHO}

5.146. 2+ ¥ — 1. 5.147. x4yt =2,

5.148. Vx +Vy=Va, a>0. 5.149, 2ylny=x.
5.150. e*siny—evcosx=0. 5.151. sin (xy) - cos (xy) =0.
5.152, 2x  2v= 2x+y, 5,153, x—y=arcsinx—arcsiny.

5.154. arctgL =1}/ ¥ 2 5.155. xy=arctg <.,

Y = X Y = =
5.156. x/ = y*. 5.157. av (y) .

5.158, [lokasaTh, uTo (QyHKIHA y, OmpeneseHias ypab-
HenneM xy—Iny=1, yIoBreTBOpseT TaKkKe ypaBHEHHUIO y* +
+ (y—1y =0.

Haiitn npoussoanble ¢GyHKuMEH, OGpaTHBIX K 3aJaHHBIM:

5.189. y=shx.

X __p=X X _|.e~X
e——2i—. Tak kak (shx)’———-e——%e— >

> 0 mast Bcex x ER, 1o hynkuns sh x moworonio Bo3pacraer na npeeit
JICHCTBHTEABLHON OCH H, CJeloBaTelbHO, HMeeT 06paTiyio, 0603HauaecMyio
arsh x. ITo npaenay auddepenunponanns obpatuoé GHynkiMi noayuaem

x},:(arshy)':-lf___Q___l___ 1 |
Yx

« Hmeem 1o onpejienennio sh x=

CnefoBaTenblio, Mepexofis K OOBIYHBIM 0603HaueHHSIM, HMeeM
(arsh x)’=ﬁl~l-7 . »
5.160*. y=chx. 5.161. y=arcsin 2*,
5.162, y=2x*—x, x€(1/2, 4-00).
[Tycts  y=a(x)—¢yukuns, obpaTHas K 3aJaHHOH
y=[(x). Boipasute @’ (x) uepes x u a(x), ecau:
5.163. y=x*.

4 YuutniBas, uTO

*)Y =x*(nx++1),
nosayyaem: .
L ! = 1 N
yr  (nxt+1) y(na@+1)’

xy=
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TaK Kak x=0o. (y). B o6uiunnx o6o3nauennsx

' 1
“O=mamTn

5.164. y=x-}¢*. 5.165. y="1/x+ x°.
5.166. y=x-log,x. 5.167, y=x1Inx.

Ilycrp 3agann dysxunn

x=9@); y=v@), t€(, P. (6)

Ecau npn 5TOM x=¢ (f) na untepnane (x, f) nmeer obparnyio {=¢=* (x),
TO onpejeneHa nopas QyHKUHA

p )=y @), ™

HasuBaeMast GyHKIHeH, 8a0anKod napamempuyecKy COOTHOWeEHUsMU (6).
Huodepennnpys (7) no x u ucnoan3ys npasujo Auddeperunposanus

o6patHoil ¢yHKuHKM (mpHMep 6), nonyuaem -
DAY A [ ®
P X

ﬁpnmep 7. Haiitn y;, eCcJ/IH
x=cos*t, y=sint, {€(0, n/2).

4 Tax xak @;=—2cos {sint, P;=cos?, 10 no popMmye (8) Haxoaum

Ins QyHKnHi, 3ajaHHBIX MapaMeTPHUECKH, HANTH yi!
5.168. x=2¢, y=23t2—5¢, t €(—oo0, + ).
5.169. x=1*+2, y=0,5¢2, t € (—oo, +oo).

1
570 x= 37, 4= (t4_1) tot —
.71, x=2"%, y=2%, t€ (—oo, —]—oo).
5.172. x=acos @, y=>bsing, ¢ € (0, x).
5.173. x=tgt, y=sin2t—|—2cos?t te(—n/2 7/2).

Vl V1+t2 » 1€ (0, o).

5.175. x=In (14 ¢?), y—-t—arctgt t € (0, 4o0).
5.176. x=3log;ctgt, y=tgttctgt, t€ (0, n/2).

6.177, x=arcsin ({2—1), y=arccos% , LE(0, V' 2).

3 — —
8.478. x=V 1—VT, y=V 1= /T, te(l, +o).
B.179. x=asht, y=beht, t€(0, 4 00).

5.174. x =arccos—=——, y=arcsin—=—=
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Haittu y,- B yka3aHHBIX TOYKaXx:
5.180. x=1t1nt, y="21 (=1.
5.181. x=1(! cost—QSmt),

y=1(lsint+2cost), t=m/d.
5.182, x=elcost, y=etsint, { =mn/6.

3at 3at?
5.183. X=7yp Y=Typm> =2

3. MpousBoansbie BbICIUHX nopsakos. [1pou3sodnoii 2-20 nopadka ot
GYyHKIHR y= f (¥) HasuiBaeTcs mMpou3BOAHAT OT ee MepBOH MPOH3BONHOMH,

T. e
Y= ®).

Boo6uie npoussodnoi n-2o nopadka (Wam n-i npoussodHod) Ha3biBaeTcst
NpOM3BOJHAS OT MPOH3BOAHONH mMopsifika (n—1), T. e.

¥ ) =@y ), n=2, 3,
Iana mpousBoxHOit £-ro MopsAKa ncno.nbsyerca TaKkKe OGO3HaueHne
Mpumep 8. Haittn ¢, ecnn y=1In (x4} T-F £?).
4 Umeem y' =

d"y
d n*

. CnenosaTtenbHo,

1
]/l-l-2

1 ! x
= ——= ) =———" P
d <V1+x2) (14223
Hafitn nponssoanble 2-ro mopsifka OT CAeAYIOUHX (yHK-
LU #:
5.184. —cos‘x 5185 y=arctg «%
5.186. y—log2 T—x%. 5.187. y=e-*,
5.188. y=-ﬂ°ﬁm—”. 5.189%, =¥
Vl—x“"
5 190. Ha#u 4 (O) y" (0), y""(0), ecan y(x)=e** sin 3x.
5.191. Hapmu y' (2) ecan y=In(x—1).
5.192., Haiitu y'v (1) ec y = =x%Inx.
5.193. Haiitu y (0), ¢’ (0), y" (0), ecan y= 2%~ cos (sin x).

) I'I,ych ”f (1) — nBaxabl auddpepeHuupyemas pyskuus. Hai-

™ Yy uy', ecau:
5.194. y=f(1/x?). 5.195. y=In f(e%).

Ilycts u(x) " v(x)——naa}x}n:l auddepenuupyemole GyHK-
uun. Hadtitu o', ', ecan:

5.196, y=u" (u> 0).
4 Hwmeem Iny=vlnu. Orciona Haxomum

’ vl
‘%:v’ Inu +7 u’y
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v v
y':y(v’ In u-{~7 zt');z;”(v’ In u-—]—; u’),
v v’ v'u'uou"u—vu'?
!/'-——.y’(v’lnu—}—-{;u')-l—{/(v" In u-l--— u' 4 + =

u?
u’ un”—u'®t | 2’
=uz’<(v—u-—|-v’ Inu) do—— 4+ +tu ). B
u

5.197. y=V uii 5.198. J——Ini

Hax?md GopMysly ANS n-i NPOM3BOAHON 3alaHHBIX (PYHK-
uni

5 199, y=x", meN. 5.200. y=a**, k€R.

5.201%, y_sinx. 5.202. y=Inx. 5.203*%, y=cos’x.

5.204. '+"

—x"

anMeHﬂﬂ pas.nomelme B JIHHe#Hylo KomMGHHanuio Gosee

MpocThIX (GYHKUMH, HaHTH yKasaHHbie NIPOH3BOJHLIE OT 3a-
JaHHBIX (PYHKLHH!

2x

5.205. y=7—

~
d [IpeoGpasyem Buipaxkenne K BHALY
2x 1 1
S — —'x+l+x—

7+ Hailty y""

Tak xaxk

1 (nj l
(zoxaxnurel), TO |
l )
=i ”'((H—l)ﬂﬂ"’(x—l)"“)"

1
5.206. y= m ,

5.207%. y=-l/l_—;l'___f;-—;,_ HaltH Y%,

Haiitn  y®o,

. Ilycts w4 (x) 1 v (X) UMEIOT NPOU3BOAHLE JI0 n-T'O NOPAAKA BKJIOYH-
tenbno. Torza  Aas NPOMSBOJHON 7n-r0 nopsaka X npOPISBe,IleHHB
u(x)v(x) cnpapenmuBa Gpopmydaa JledGunua

(uv)(ll) o u(n)v..i. nu(n—l) v _l..___.n (n ") ) u(n—Z) U”_l_ e _|- Uy =
= 2 CZu("'ﬂ’v‘k’,

’ =0 .

n(n—1) ... (n—k41 n!
rae 0=y, W=v n Ch= ( 1).2...(..k 1 )=k! (n—k)l_-.dn'

HOMHaJIbHbEe KO(PQHIlHEHTHI.



Ilpumenss dopmyay JlefiGuuna, HaliTH NPOU3BOAHEIE yKa-
3aHHBIX NMOPSJAKOB OT 3afaHHbIX (YHKLMMH:

5.208. y=(x2+x+ 1)sinx, Haittu y“%.

5.209. y=(x*—x)e*, Ha#itn y**,

5.210. y=sinx-e~*, HaiiTh y'?.

5.211. y=xlog, x, Hafith y4,

5.212. y=xshx, Hafitnu y“o”,

5.213*, IlokasaTb, 4TO

(€%* cos bx)"® = res* cos (bx + ne),

rie r=Va 107, ’tgq9=i, sing=—

5.214. [okasaTb, 4to (x"~le!)® =(—1)"

xn+l M
5.215. Bbluncanth 3HaueHHe n-#i MPOU3BOAHOH (QYHKUMH
yr:%%|5 B Touke x=0.

« [lo ycnoBHIO HMeeM

Y (x) (x*—2x+5)=3x|2.

IMponud:bepeHunpyeM 3TO TOMAECTBO n pa3, mpuMeHsas dopmyay JleiiG-
unna. Torza (mas a=2) noayuum

4 () (63— 264-5) 4 ngn = @2 —2)+ LD yn- .20,

otkyaa npu x=0 .

5y (0) —2ny =1 (0) +- 1 (n—1) y* =2 (0) =
HJH

¢ (0) =_2. nytn=1 (o)_'ﬂ__” g =2 (0).

Mbl _ontyuuan pEK)é)peHTHle dopmyay past OmpeeNerus n- -i mpo-
u3BogHoi B Touke x=0 (n==2). 3nauenus y(0) u y’ (0) uaiinem uc-
NoCpeACTBEHHO:
2 s om . —xE—4x4-19 19
yO =%,y (0)—-m =35
3atem, mnoJarasi nocjejoBaTenbHo n=2, 3, 4, ..., C NOMOLWLIO PeKyp-

PEHTHOH (OpMYJIbl MONYYHM 3HAYEHHA POM3BOAMLIX BLICIUHX MOPSIKOB.
Hanpumep,

L2 .19 21 2 56

YO=5-25—5 5=

oyl .g. B 52 10 m
5

Ilpumenss wmeroj, onHcaHHbH B 3amaue 5.215, Haiitu
NPOU3BOAHYIO 4-r0 mopsiika B TOYKe x= 0 ot samannoi
QyHKLIHH:
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_ax+b __x 2+ x-1

5.216. y_m, C#O 52]7 Y= x—|—1

5.218. Tlokasatb, uto (QyHKUUS y——arcsmx YyAOBJeTBO-
psieT RauddepeHnuanbHoMy ypaBHeHHO (1 —x2)y" =xy'.

5.219. Ilokasate, uyrto ¢yHKHUS y=C e2"—[-C~xe2"—re"
y,uOB.neTBopﬂeTm@(pepeHuuaanomy YpaBHEHHIO " —4y +4y=

5.220. IlokasaTh, 4TO QYHKUHS y=e ¥ COSX YAOBJETBO-
psier nnddepennranpHomMy ypasHeHuio yIV' 44y =0.

5.221. [loxasaTb, 4T0 hyHKLHS y=x"(COS (lnx)—l—sm(ln x))
ynosneTBopﬂeT anddepeHnalbHOMY — ypaBHeHHIO X%y -

+ (1 —2n)xy’ + (1 + n*)y=0.

B 3apauvax 5.222—5.226 naftH npoM3BOAHEE 2-rO moO-
psAKa OT (QyHKUHH, 3aJaHHBIX HESABHOI

_I{-
5.222, V x*+y2= aetertg *, a>0.

d [uddepenunpys ypaBHeHHe, onpefeasiomee QYHKIHIO ¥ (x); moayyaem

x+yy' ___aea’“!% Yx—y _ y'x—y

Vate R
Orciona
xtoy =xy'—y ©)
M, CJIe/l0BaTeNbHO;

‘ y =L, (10)
Hunbdeperunpysa (9) u ucnoas3ys HafilenHoe Ans y' Bhipaxenue (10),
noayvaem

y=2E+7)
o=y’

5.223. y*=2px. 5.224. y=1 xe’.

5.225. y=tg(x+-y). 5.226. e*"=xy.

5.227. BriBectn dopmyary s BTOpOH NpPOH3BOJHON (YHK~
uuM, o6paTHO#H K 3ajaHHON (QyHKUHH y=[(X).

5.228. Ilokas3aTh, uTo ecau (a-+bx)e¥*=x, 1o x°y" =

= (xy' —y)".

Hajitn mpousBoaHble 2-ro nopsifka cleAylOmUX QyHKIMIL,
3aJlaHHBIX NapaMeTpHYecKH: -

5.229. x=In¢, y=1, t€(0, +o0).
4 Hwmeem

rgse
= -— = 3¢3 = — == = 3.
yx lt 3t " yxx (!/x)x (!/x)i t xt Vi3 9t

3aMeTHM, YTO B JIaHHOM cJlyyae napameTp ! JIerKO HCKJIOYHTDb M3 sajan-
#bIX ypaBHenuil; monaras ¢=e*. CefoBaTenbHo, BhpaeHHe Aas Yrx
KaK (QYHKUMH OT X MMeeT BHJ Yxx=963%. B
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B oGwmem ciyuae, ecmn . x=9(@®), y=v (), 1 Yrr BLIMHCIASETCA 110

bopmyae o OV O

P VO O—e" OO _ ¢ (v ()
. @ ) CHOR

5.230. x=sect, y=1tgt, te(0, n/2).

5.231. x=arcsin{, y=In(1—12), t€(—1, 1).

5.232. x=arctgt, y=In(1 4+ 1?), t € (—oo, 4+ 0).

5.233. x=acos*t, y=asin*t, t € (0, n/2).

5.234. Tlokasath, uto ¢yHKUHS y(x), 3agaHHas napa-
METPHUYECKH YpAaBHEHHSMH x=sin{, y=ae'V? +be~!Vz,
t €(— /2, n/2), npu MOGBIX MOCTOAHHBIX a U b yoOBJAETBO-
pser audgepennyalpHOMy ypaBHeHHIO (1 —x?) yy, — Xy, = 2y.
Y 4. TeomerpruecKHe H MeXaHHYECKHE
y=f(z) NpUNOKEHHST TNPOH3BORHON. 3Hauenuc

npousBofuoii [ (xy) OyHKUHH y=f (x)
B TOYKE X, PaBHO YIJIOBOMY KO3dduuu-
enty k=1{g ¢ kacateavhoii TT’ Kk rpa-
¢uKy 9TO# GYHKIHHM, NMpOBeAeHHON ue-
pes Touky Mg (xo, Yo), TAE Yo =1 (¥,)
(puc.  37) (reoMeTpHYECKHUH
CMBICJ MPOM3BOJIHOH).

YpaBuenne kacamesvnoi TT' x
rpapuky ¢yHKuun y=f(x) B ero Tou-
Ke My (xg, yo) ¥MeeT BHI -

Y—yo =" (x0) (x—xo). }
Pue. 37 [pamas NN’, npoxomsmas de-
pes TouKy Kacanus M, uepnenzu-
KYJSipHO K KacaTeJbHOH, Ha3LIBAGTCS HOPpMAAbe K TpabHKy GYHKUHH
y=1[(x) B aToéi Touke. Y paBHEHHEe HOPMAJH

(x—xo)+ 1 (x0) (4 — o) =0.

Hanucath ypaBHeHHS KacaTelbHOH H HODMAJH K rpaduKy
¢yHkuuu y={(x) B LaHHOH TOUKe, €CJH:

5.235. y=x>—5x+4, x,=—1.

5.236. y=1x*+42x*—4x—3, x,=—2.

5.237. y=V'x, x,=4.

5.238. y=1tg2x, x,=0.

5.239. y=iInx, x,=1.

5.240. y=e'-*, x,=—1.

5.241. Hanucatb ypaBHeHHs KacCaTeNbHOH M HOpMaJu

B Touke M, (2, 2) K KpuBOH x=]—t'|;—t, y=2%+%, t0.

5.242. HanucaTp ypaBHeHHA KacaTe/JbHbIX K KpPHBOH
x=1{cost, y=tsint, t € (—oo, -+ o0),
B Hayajle KOODAMHAT M B TOuYKe = m/4.
208
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5.243. HanucaTb ypaBHeHHA KacaTe/bHOH M HOpMaJH
K KpHBOH ¥*+y*+42x—6=0 B Touke ¢ opnuHatoll y,=3.

5.244, Hanucath ypaBHeHHe KacaTesibHOi K KPHBOIi
X+ y*—2xy=0 B Toure M, (1, ).

5.245. Tlon kakum yroiom rpaduk QyHKUHH y= e*/? nepe-
cekaer nNpAMyo x=2? ,

5.246. B kaxkoit Touke M, kpuBofi y®=2x* RacaTe/bHas
neprneHAHKyaApHa K npamol 4x—3y+2=0?

5.247. Hafitu koaduumenTtsl b W ¢ B ypaBHEeHMH Napa-
Compl y=x*+bx+c, Kacawomeiics npaMo# y=x B TOUKe
M,(1, 1.

—4

X
5.248, Tloxa3aTh, uTO KacaTeJbHble K runepSoJie Yy=7—%

B TOYKaX ee MepeceyeHUsl C OCAMH KOOPAMHAT NapaJieJibHbl
Mexay coboii. _

5.249. CocrtaBHTb YypaBHeHHe HOpMalH K rpaduxy QyHk-
IHH y=—V3c—+2, B TOYKe . llepeceyeHUss ¢ GHCCEKTPHCOH
[IEPBOr0 KOOPAMHATHOIO YyrJa.

5.250. CoctaBuTh ypaBHeHHe TaKoH HOpMaJH K NapaoJie
y=x?—06x+ 6, koTOpas NepneHAHKYJsfpHa K NpsMOH, co-
eMHROIeNl HAYaJO KOODAMHAT C BEPLIHHOH NapaGoJel.

5.251. B Toukax nepecedeHus npsmMod x—y-+1=0n
napa6onnbl y=x*—4x+5 nposeneHsl HopMaJau K mapaGoJe.
Haiity nnomane tpeyrosbHHKa, 06pa3oBaHHOTO HOPMAJISIMH
M XOpHOH, CTArHBaloLieH yKa3aHHbIe TOYKH INepecedyeHHs.

5.252, IlokasaTb, 4TO HOpMaJii K pa3BepTKe OKPYKHOCTH
x=a(cost+tsint), y=a(sint—itcost) saBaslOTCH Kaca-
TeNIBHBIMH K OKDYKHOCTH X%+ y?=a*:

Yerom © mencdy xpusoimu y=Ff; (x) 1 y=f, (x) B ux obueit Touke
M, (%4, yo) HaspiBaeTCa yroa MeXJy KacaTeJbHBIMU K STHM KpPHBbLIM
B Touke M,. .

fz (x6) — F1 (%)

5.2563. , uto tgw= ; ; .
Hoxkasatb, uto tg o i+ i i

Hafitu yrael, moa KOTOpBIMU MepeceKaioTcsi 3ajaHHBIE
KpHBbIE:

5.254, y=x* u y=1x>

5.255. y=(x—2)* u y=4x—x*+4.

5.256. y=sinx u y=cosx, x€[0, 2n].

5.257. xX*+y*=8ax n Y=5—.

5.258.. [loka3aTbh, 4TO CyMMa OTPe3KOB, OTCEKaeMbIX Kaca-
TeJbHOH K KpHBOM x1/2-+4yl/2=ql/2 Ha OCAX KOOPAMHAT,
IJisi BCEX ee TOYEK paBHA 4.
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5.259. Ilokasatp, uTO OTpesoK KacaTeJbHOH K acTpouie
x2/3 4 y?/3 = q?/3, 3aKJIOYEHHbIl MEXAY OCSIMH KOOpPAHHAT,
MMeeT NOCTOSIHHYIO JJIHHY, PaBHYIO 4.

5.260. Hafitn paccrosinme OT Hayaja KOOpAMHAT A0 HOp-
MaJM K JUHUH y=e>* 4 x%, mpoBelleHHOH B TOuKe @ alcuuic-
coii x=0.

5.261. Jloka3aTh, YTO OTPe30K KacaTeNbHOH K mpakmpuce

_a, atVaE—x? —
y=g I Sy VA

3aKJIIOUEHHBIE MeXAY OCbIO OpAMHAT M TOYKOH KacaHus,
UMeeT NOCTOAHHYIO ILJIHHY.

Ecnu kpuBass sajana B nossp-
HbIX KOOpAWHATaX YypaBHEHHEM r=
=r(¢), To yroa 6, o6pasoBaHHEI}
KacateabHolt TT' u papuyc-BeKTO-

pom OM ToukM kacamus M (puc.
38), onpepensieTcst COOTHOMIEHHEM

tgo="9, (1)
T
5.262**, BriBectH ¢opmy-
ay (11).
Puc. 38 5.263. Haiitu yros 6 mex-
Ay KacaTeJbHOH M pajauyc-
BEKTODOM TOYKH KacaHMsi JNIA JOrapudMHUeCKOH crupaiu
r=aqae*®.
5.264. Hakitu yron 0 Mexay KacaTelbHOM M pajuyc-Be-
TOPOM TOYKH KacaHHs IJIfi JIeMHHCKaThl r*=a®cos 2.

Ecan x=x (f)— GyHKUHA, CHUCHIBAIOWAA SaKOH JIBHMEHHS MaTe-

X .
pnaanou TO‘{KH, TO nepBasi NPpOU3BOJAHAA dt—x €CTb CKOpOCTh, @ BTO-
2y .

d o
as NpOM3BOAHAA —-3 =X— yYCKOpPEHHe 3TOH TOYKH B MOMEHT BpeMeuu ¢
de?

(MexaHHYeCKHH CMbBICJ nMepBOH H BTOpOH NpoOHSBOL-
H Bl X).

5.265. 3akoH ABHXKEHHS MaTepHaJbHOH TOYKH IO l'lpﬂMOH
uMmeer BUL x=1/,1*—4¢% -} 1642,

a) B KaKue MOMeHTHI BPEMEHH TOUKA HaXOJMTCH B Hauase
KOOpJHHAT?

6) B Kakue MOMeHTHl BpeMeHH HanpaBJ/ieHHE ee [JBHXeHHS
COBMaJaeT C MOJIOKHTENbHBIM HanpaBjieHHeM ocH Ox?

B) B Kakue MOMeHTH BpeMeHH €€ YCKOpEHHe PaBHO HYJIOP

5.266. Haiitu cxopocn: rapMOHHYECKOTO KoJ1e6aHus ¢
amMnIuTyA0H @, yacToToH © M HayaJbHOH (asoli ¢ =0.
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5.267. Temo Maccoit 4 HBHKeTCA NpPSAMOJIMHEHAHO MO 3a-
KoHy x=1{*+4¢-+41. Onpemenurb KHHETHYECKYIO 3SHEPTHIO
Tesla B MOMEHT BpeMeHH f =05,

5.268, B kaxoit momeHT € [0, 2n] Hago ycTpaHuTh Jei-
CTBHE CHJI, 4TOObl TOYKa, Yy4acTBYIOIlas B TapMOHHYECKOM
KOJIeGAHHH X = c0S 3f, MPOROJ/IKaNa IBHraTbCs PABHOMEPHO
CO CKOPOCThIO U= 3/2.

5.269. Touka nBuxKeTcss mo JorapudMHYecKOH cnupasu
r=2¢". HafiTu cKOpoCTb H3MEeHeHHs IOJIIPHOIO pajuyca,
€CJIM H3BECTHO, YTO OH BpalllaeTcsi C MOCTOSTHHOH CKOPOCTBIO ©.

5.270. ‘Touka pABHKeTCA IO OKPYXKHOCTH r=2acos@.
Hafith ckopoctH u3MeHeHHsi abCHMCCBI M OpAMHATBHI TOYKH,
ec/H MOJISPHBIA paJMyC BPaIlaeTcs C YIJIOBOH CKOPOCTBIO ®.

5.271. B kakoii Touke smnunca 16x®-9y* =400 opaunara
yOblBaeT ¢ TOH ke CKOPOCTbIO, C KaKoH abciucca Bo3pacraeT?

5.272. Paauyc mapa usMensercs co ckopoctbio v. C Ka-
KOH CKOpOCTBbIO H3MEHSIOTCS 00beM H MOBEpPXHOCTb Liapa?

5.273. Kouseco Bpamaercs Tak, YTO yroJ IOBOpPOTa Mpo-
TIOpUHOHAJIeH KBajapaty BpemeHH. IlepBuiit oGopoT Obln ciie-
JaH KoJsecoM 3a Bpems T =8 c. Hafitu yraoByio ckopocTb o
B MOMEHT BpeMeHH f{=32 c mocJie Haya/ja JABHXEHHS.

§ 2. Ouddepenunan

1. Muddepenunan 1-ro nopsaaka. Pyuruua y=f(x) Ha3bBaercs
Sughgheperyupyemoli B TOUKe x,, €C/IH ee MpHpaueHHe Ay (x;, Ax) Moxer
GLITb NPEACTaBJEHO B BHJE

Ay (xo, Ax)=A Ax+ o0 (Ax). (1)

Tnasnas anueitnas yacte A Ax npupawenns Ay nasuviBaetrcs Oudpepen-
yuaasom 3Toft GYHKIUKH B TOYKE X,, COOTBETCTBYIOLU(MM IMpHpALIEHHIO AX,
i o6o3Hauaercs CHMBoJIOM dy (xy, Ax).

Ilns Toro yto6u pyHKUMA y={f (xr) Gblia AuddepeHnupyemOit B TOU-
Ke xj, HeoOXOQMMO H JOCTaTOYHO, YTOObI CYlIECTBOBaJa MHpPOM3BOJHAS
' (xo); npu sfom cmpasesnuBo paBeHcTBO A= (x,).

3710 yTBepJeHHe NO3BOJsIET Ha3hbiBaTh AH(pepeHLHpyeMoil BCAKYIO
(PYHKUHIO, HMEWY0 NPou3BOJHYI0. VIMEHHO B TakoM CMbiCjle Mbl H
ynoTpe6siin 3T0 BolpaxKeHue B § 1.

* Boipaxenne s Auddepenunana nmeeT BUJ

dy (xo, dx)=1[" (%) dx,

rie npHHATO oGo3naueHne dx=Ax. M3 dopmyan (1) crenyer, uto ecan
f (x0) # 0, 10 mpu Ax — O npupaumenue GpyHKUHK H ee AuddepeHLHaT
dy B GUKCHPOBAHHOM TOUKE SIBJASIOTCH SKBUBaJIeHTHHIMH GECKOHEYHO Ma-
JILIMH, YTO NO3BOJISIET 3alHCaTh MPHOJHXKEHHOe PaBEHCTBO:

Ay ~dy mpu |Ax| <L 1. @

Mpumep 1. Halitu npubamxenso 3xHauenne ob6bema V mapa pa-
auyca r=1,02 m.
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<4 Tax nak V(r)=%m3, TO, monaras ro=1, Ar=0,02 n ucnoansys

dopmyay (2), moayuaem:
V(1,02)=V (I)4-AV (1, 0,02) &2 V (1) V' (1)-0,02=
=% n+4-4n.0,02 ~ 4,43 M3, P

Feomerpuuecknuit cmbca gubdepennnana. Hudde-

peHuran dy (xy, Ax) paBeH NpHpPAallEHHIO ODJHMHATLI KacaTelbHOM TT'

K rpapuxky o¢yukunn y=f(x) B

YA Touke Mg (xq, 1) TPH NpUpaLIEHUN
Ti aprymedTa, paBuoM Ax (puc. 39).

H(zg*Az: 40 + A9) 5.274. Hcnoabsys ¢opmy-

4  nydy=y dx m npasuna Bul-

. YHCJIEHHSI TPOH3BOAHBIX (CM.

dr. § 1, n. 1), noxasate caenyio-
AT 7+ e csoiicTBa auddepentnana:

oy Ty AT a) d(C)=0, rpe C—no-

CTOSIHHAS;
Puc. 39 6) d(Cu-tCu)=C,du-|-
+C2 du; - .

B) d(uv)=udv+4vdu; 1) d(%):m—_“@-.

ay

Mo(To90)p

v2

5.275. Ilyctb z (x) =z (y (x))—caoxxHaa ¢yukuus, obpa-
30BaHHas KOMNo3uuued QyHkuuil y=y(x) n z=2z(y). Hoka-
3aTb, 4TO

dz (x, dx) =2, (y) dy (x, dx),
T. €. BblpaseHde M1s AHdEepeHnHana Ca0xHOH (yHKIMH
uepes auddepennyuas TNPOMeXYIOYHOIO apryMeHTa Hmeer
Takyio e (opMy, 4TO H OCHOBHOe onpejejenne dz (x, dx) ==
= 2, (x)dx (3TO yTBepxKIeHHe Ha3blBAaETCsi UNGAPUAHMHOCTLIO
dopmer 1-20 Ougpgpeperyuara).

5.276. dokasaTtb, 4To A/ JMHEHHON (PYHRUMM y=ax-+ b
npupauenne Ay u audepepenunan dy coBnaiaior.

5.277. Haiitu npupawenne Ay u puddepenunan dy dynx-
MM y=x°, COOTBETCTBYIOLlHE 3HAUYEHHIO aprymeHTa X,=2
M JBYM pa3/iHYHbIM NpHpalleHusm aprymenrta (Ax),=0,1 &
(Ax), = 0,01. '

5.278. Haiitn npupawmenne AS u auddepenuuan dS nio-
maau S KBajiparta, COOTBETCTBYiOUIHe NpHpauleHnio Ax cro-
poHul x. C noMowplo pHCYHKa TreOMeTpHUYEeCKH HCTOJNKOBAThH
AS, dS wu pasnocts AS—dS.

»5.279, MarepnanbHaa Touka M paBHKeTCH NPAMOJMHEHHO
no 3akoHy s={(f{), rie {—MOMEHT BpeMeHH, a S—IIPOiifieH-
Hel nyTh 3a npomexyTox Bpemedn ot O po f. Ilatb Mexa-
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HHYeCKoe HCTOJNIKOBaHHe AupdepeHuHana myTtH ds, COOTBET-
CTBYIOULErO NPOMEXYTKY BpeMeHH Af={,—1;.

5.280. HMcnosmbays pesysbrtat npeasiayuiesr 3agayu u ¢op-
myay (2), Hafith npuOIHKeHHO NyTb As, TPOHAeHHBIH TOY-
Ko# M 3a mpomexKyTOK BpeMmeHH OT {;=3 10 ¢,=4, ecau
3aKOH JBHXKeHHs ToukH M 3aman dopmymoii s=1+ arctgt.
ComocTaBUTh OTBET C TOYHBIM 3HaueHueM As.

5.281. [lna ¢yuxunii: a) f (x) =x" u 6) @ (x) =sin x HaiiTh
3HayeHHsl aprymeHTa X, NMPH KOTOPHIX AH(depeHIHa bl STHX
(yHKUHA He SBJSIOTCH SKBUBAJIEHTHBIMH HX [pPHpAlLEHUAM
pu Ax — 0. _

5.282. Jlan otpesok [x,, X, -+ Ax] nameHeHHs aprymeHTa x
¢yukuun y=Ff(x); Ay u dy—cooTBercTBylOmMUe NpHpalleHHe
v aupdepennuan ¢yHkund y. Bo3MOXHBI JH paBeHCTBa:
a) dy=%—Ay, 6) dy—=Ay, B) dy= —;-Ayi Ha BCEM 3TOM OTpe3Ke?

5.283. PeGpa ky6a yBesnuuenni Ha 1 cm! ITpu arom audipe-
pernuan dV o6vema V kyGa okasasncs pasueiM 12 cm®. Haiitu
nepBOHaYabHYIO AJHHY pebep. ,

. 5.284, Paauyc kpyra yeenuued Ha 1 cM. Huddeperunan
MIoWAAM Kpyra oKasajcsl npu 3ToM paBHbiM 67 cM?. Haiith
nepBOHayaJbHYIO BEJHYHHY paauyca.

Haittn nuddepeHumansl ykasaHHeIX (QYHKUME OPH NPOH3-
BOJIbHLIX 3HAYEHHAX apryMeHTa X M [pH MPOU3BOJILHOM €ro
npupaweHun Ax =dx:

5.285. xV a*—x* +a*arcsin % —5.

5.286. sin x—xcosx 4.

5.287. xarctgx—In}/ T+ x%. 5.288. xInx—x+1.

5.289. xarcsinx+V T—x*—3.

. Tlpu BeuucHeHHH AubQepeHUHANOB HeSBHO 3aJaHHBIX (YHKUME
yA0GHO HCMOJNBL30BATh OCHOBHblE CBOWCTBA Autdepeniuasna, nepeducieH-
nule B 3agadax 5.274 u 5.275. ;

Mpumep 2. Haiitu dy, ecnu dynkuua y=y(x) SsajaHa HesBHO
ypaBHeHueM

Y _ o 3
‘ In =Xy 3
« TlepenumeM (3) B BHIe TOXJECTBA
In -‘l/—fcﬁ)--=x2y2 (%)

H BHLIYHCIHM Iuddepenuuans aesoit i npasoii uactH. Hemonssys ceoiictpa
JuddepeHnrana, HaXoouM

~ YNt g(y\_xxdy—yax 1, 1,
d(ln7>—y/x'd(x>—y w g W
d (x2y?) = x2 d (y?) + y? d (x®) = 2x% dy 4 2xy® dx.
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IMpupaBuuBas nosyuenHuie BhIPAaXKEHHS, MOJYyUaeM

1 | P 9
gdy-— P dx =2x% dy -+ 2xy? dx.

N3 s10r0 ypaBHenus, JIMHEHHOTO OTHOCHTENBNO dy, HAXOJUM OKOHUYa-
TeJibHOE BhIpaxieHue Js dy uepe3 x, y u dx:

g 142c%
X2 1—252427"

Orciona; B 4aCTHOCTH; MoXeT OLITh IIOJYYEHO H BLIpaXeHue JJIs
Npon3IBOJAHON HeABHON (yHKUHH:

f__ Y 14-24%2
¥=" 1 —2x242" >

dy=

Hafitu auddepeHumansl crefyomux HESBHO 3aJaHBbIX
byHKUMA:

5.290. yity—xt=1. 5.291, x*+ y*=x%>

5.292, x84 y2/s=q2/3, 5,293, &¥=x-y.

5.204, y=x-arctgy. 5.295. y=cos(x+y).

5.296. arctg —Z- =InV ¥ Fy%. 5.297. cos(xy)=x.

B 3agauax 5.298—5.302 npoussectd yka3aHHble NpHGIH-
MeHHble BBLIYHCJIEHHS, HCNOJBb3Ys 3aMeHy mNpHpaleHus Ay
noaxoAswed OGyHKuHH y={(x) AuddepeHuuanom dy 3Toi
GYHKLUMH TpH Masofi abCo/IIOTHON BeJIHYHMHE NpHpalleHns Ax
aprymeHTa x.

5.298. Brwuncauts  npuGamxeHnHo: a)  arcsin 0,05;
6) arctg 1,04; B) Inl,2.

5.299. OGocHoBath npub/HKEHHYIO GOPMYJIY

Y Xt A~V x —.AL__-
l/+ l/.-l_3i‘/x2

H BHIYHCJHTBL 1O 3Toi (opmyne 13/ 25.

5,300. Haiitu npubmuxennoe 3HaueHHe QyHKUMH f(x) =
=& ~¥ npu x=1,2.

5.301*%, Haiitn npubankeHHOe BblpaxKeHHe AJs NMpHpalle-
Hust AV ofbema V mpsiMoro Kpyrosoro IMJIHHAPA C BLICOTOM A
NpH H3MEHEHHHM PajMyca OCHOBAHHS r Ha BeJHYHHY Ar.

5.302*%, Tlo sakony Kunanefipona o6vem V, 3anumaeMmblil
rasom, JaBjeHue rasa p W abcoJsioTHasi Temnepatypa T cBsi-
sanbl ¢opmynoii pV =RT, rme R-—rasoBas NOCTOsIHHasl.
Haiith npuGnnxeHHoe Bblpaxcenue s npupamenus AV
ofbema V npu H3MEHeHHH JaBJeHHsl”p Ha BeJIHUHHY Ap,
cuuTas HeH3MeHHOH Temnepatypy 7. '
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2, Juddepennnans soiclnx nopsakos. PaccmoTpum anddepenunan
dy (x, Ajx)=][" (x) Ayx KaK OYHKIMIO x mpH GUKCHPOBAHHOM Ax=A;x.
[Npeanonaras, uto pynkuns y= f(x) ABax sl AMddepeHLHpyeMa B TOUKE X,
naiigeM auddepenunan ot dy (x, Ajx) npu Ax=A.x:

d (dy (%, Alx)) lx' Ax=A,x=f” (x) Aix Azx.

3HayenHe NMOJYYEHHOIO BHIPAXKEHHS NMPH Afx = A,x=dx Ha3bIBaeTCA 6/M0-
poim  Ougppeperiyuarom unu Ougppepenyuarom 2-20 nopadka GyHKUUK
y="{ (x) u o6o3znauaerca cuMBosioM d?y (x, dx).

Takum o6pasom,

d*y=f" (x) dx?
AHaJIoruuHo
By =d (d¥)=[""* (x) dx%,
e P B 5 0 8 0 P 9 P o

t;"y =d (dn—~1y) = fim) (x) dxn.

Haiitn nuddeperunansl 2-ro nopsiika yKasaHHBIX (QyHK-
UHH y aprymeHra x:

5.303. y=asin (bx-+c). 5.304, y=3-*",
5.305. y=>"%. 5.306. y=ar'+bx+c.
1
x2—3x42"°
5.308. y =1/ T—x*arcsin x.
5.309. y=In(x+V 1+x).
5.310. y=arcsin (asinx). \
5.311, lokasatb, uTO BTOpOH AH(bbepeHIHaN CIOXKHOH

¢bynkuuH 2 (x) =2 (y (x)) Belpaxaercs yepe3 An(pdepeHLHallbl
dy u d’ npOMeXYyTOYHOro aprymeHTa (opMmyJon

d*z =z, dy* +2,d%.

5.307. y=

« [na nepsoro anbdepeHnnana uMeem (cM. 3sagayy 5.275) dz=z;, dy,
oTKynla, AupdepeHunpys eume pas3 (Mo X, HO HCHOJAb3YS HHBaPHAHTHOCTh
¢dopMbl IepBOro AHddepeHIHasa), MOJYyIHM:

d*z2=d (dz) =d (2, dy) =2, d (dy) +-dy-d (z;) =2, >y + 2y dy®. W

OtoT mpuMep nokaskeBaer, 4TO AuddepeHnHaNbl 2-r0 mopsaaKa (M 6o-
Jlee BBICOKHX NOpPSAJKOB) He 06/1afal0T HHBapHAHTHOCTBLIO (GOPMbI, CBOHCT-
BenHolt an¢odepenunanam 1-ro nopsaaxa (cM. 3apauy 5.275).

Hatitu nuddeperunansl 2-ro nopsaaka cielyOWUX HEABHO
3allaHHbIX (YHKLHH:

5.312. xy+4-y*=1.. .

5.313. (x—a)*+ (y—b)?=R*

5.314, *4+y*=y. 5.315, x=y—asiny.
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3. Teoj)ému_ o nuddepenunpyembix GyHKUHAX.
Popmyaa Teinopa :

1. Teopemn ©0 cpeaneM.

Teopema Poansa. Ecau ¢ynxyus [(x) nenpepuisha Ha ompesxe
[a, b], Oudpepenyupyema npu x€(a, b) u f(@)=Ff (), mo cyuwecmsyem
no kpadned mepe o0na mouxa { € (@, b) makaa, amo f' ({)=0.

Toukn; B Kotophix f’ (x) =0, Ha3bLIBAIOTCA CMAYUOHAPHLIMU MOUKAML
odynkuun f (x).

Teopema Jlarpanxa. Ecau ¢ynkyusa [ (x) nenpepusna Ha
ompesxe [a, b] u Jupgepenyupyema npu x € (a, b), mo cyujecmsyem 1o
kpaiined mepe o0Ha mouka § & (a, b) makas, wmo

fO)—f@=F (E)(—a) (popmysa Jazpansa).

Teopema Komu Ecau ynxyuu f(x) u g(x) Henpepwsnst Ha
ompesxe [a, b), dudgeperyupyemer npu x € (a, b) u g’ (x) # 0 0an sccx
x € (a, b), mo cywecmayem no Kpadnei mepe odua mouxa § € (a, b)

maxkas, wmo
[®)—Ff@ _ ')
gby—g@ g ¥

(gopmyaa Kowu).

') .

5.316. Qynkuus f (x) = 5';," HMeeT Ha KOHLAX OTpe3Ka
[—1, 1] paBHbie 3Hauenus (nposepnTe!). Ee nponssognasn f' (x)
paBHA HYJMIO TOJBKO. B JBYX TOUKax Xx=- V10 (upo-
BepbTel), pacnosoXeHHEIX 3a NpejeJaMH  9TOrO  OT-
peska. KakoBa mpuuMHa HapylleHHs 3aKJIOYEHHS TEOpeMbl
Ponnsa?

5.317. Ilokasatb, uto dynkuus f(x) =x*—1 Ha oTpe3Kke
[—1, 1] ynoBnerBopsier ycaoBusam Teopembl Pouas. Haiitu
BCE CTAallHOHAPHbIE TOYKH 3TOH (DYyHKLHH. }

5.318. Ilyetb f(x)=x(x—1) (x—2) (x—3). Hokasars,
9TO BCe TPH KOpPHA ypaBHeHHs [’ (x)=0 peHCTBHTeNbHLL
- 5.319*. llokasatb, ut0 ypaBHeHne 16x*—64x+431=0
He MOXKET MMeTb JABYX pPa3/IHYHBIX JeHCTBHTEJbHBIX KODHEH
Ha unrepBaje (0, 1). ‘

5.320*. JlokasaTb, 4yTO ypaBHeHHe €*~! 4 x—2 =0, nmeio-
mee KopeHb x=1 (npoBepbTe!), He MMeeT APYrHX ACHCTBH-
TeJIbHBIX KOpHeHl. ' _

5.321*, JlokasaTb, 4TO ecau ¢yHKHHSA f (x) HempepbiBHA Ha
oTpeske [a, b] u anddepeHunpyema Ha uHTepsane (a, b), TO
dymkuns  F (v) = (F () —F (@) b—a)— (F ) — (@)) (x—a)
MMeeT Mo KpaiiHell Mepe OfHYy CTalHOHApHYIO TOUKY Ha HH-
tepBane (a, b). ‘

5.322. 3anucaB ¢opmyny Jlarpanxa ana ¢pynkuuu f(x)=
=)/3x*+3x ua orpeske [0, 1], maiitn na unrepsane (0, 1)
COOTBETCTBYIOlIEE 3HaueHne E.
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5.323. [okasaTtp, uto ecnu npouspopnas f’ (x) Tompect-
BEHHO paBHa HYJIO Ha uHTepBane (a, b), To dynkuusa f(x)
NOCTOSIHHA Ha 3TOM HHTEpBaJe.

5.324. JlokasaTb, 4yto ecau f' (x) > O0(f' (x) < 0) Ha um-
TepBase (a, b), T0 ¢ynkuua f(x) MOHOTOHHO BO3pacTaeT
(MOHOTOHHO YOHIBAa€T) Ha 3TOM HHTEpBaJe.

@ynguas f(x) yaosnerBopsier ycaoBuio Jiunmnuua na HHTEp~
Base (a, b), ecan cywmectsyer 1akoe K € R, K > 0, uro
L) —F (x1) | < K -] xg—x1]
ana mobuix xq, xy € (a, b).

5.325. [lokasaTh, 4TO ec.r’m sup f’ (x) =M, 10 pyHRUHA

f(x) Ha HHTepsaze (a, b) ynoa.ne’raopﬁer ycaosuio Jlunmnua
¢ KoHctaHToi K, paBHoH M.

5.326*, ﬂyCTb [ (x) n @ (x) aBaxkabl Amp(pepeﬂuupyemm Ha
nntepsane (a, b). Hokasats, uto ecan [ (x) = ¢" (x) Ha (a, b),
10 [(¥) B @(x) oTaHualOTCS HA JHHEHHOe c.naraemoe

5.327. JlokasaTb, 4to ecan QyHKuLHA f(x) yroBJeTBOpSeT
ycaoBuaM Teopembl Jlarpamxa Ha [a, b], To lf(b) —fla)|=
=m-(b—a), rae m= mf f x).

5.328. 3anucas Q)opmy.ny Koum ansa f(x)=2x4+5x+1
" g(x) =x*-+4 na orpeske [0, 2], naitTh sHavenus E.

2. NMpasuno Jlonutans — Bepny.mm. Pac KpHTHE HEONp ehe-

. -
NeHHOCTEeN THITa "o [Mycte mpn x—a cdynkunn f(x) u

0 .
¢ (x) o6e Geckoneuno Majibie Hau obe Geckoneuno 6osbiuue. Toraa ux oTHo-
WeHHe He ONpeje/eHo B TOYKE X=a, H B 5TOM CJyuae FOBOPAT, 4TO ono

npeacTaBiaser coboit neonpe,ueuemlocn THNA —0— HIH coome-rc*raeﬂuo -—

OnHaKo 3TO OTHOLIEHHE MOXET HMeTb Ipeje] B TOYKe X=a, KOHequm
nan Gecxoneunnift. Haxomjenue sToro npesena HasoiBaercs pacKphiTHEM
neonpenesenHocTH. OLHHM U3 CNOCOGOB PACKPHITHA HEOTpeAeJeHHOCTe

(-] . :
™Na ’(-)— a -o—o- ABJIsieTCA NpaBHJIO JlOHHTaJlﬂ—BepHleJlH,- OCHOBAaHHOE

Ha caenywouieil Teopeme, HocsleH -HX HMS.

Teopema. ITycmv 6 Hexomopot oxpecmuocmu U mouku x=a
¢yum4uu f(x) u @ (x) aucbzpepeﬂuupyemw acroy, Kpome, Moxcem Gbimo,
camod mouxku x=a, u nycme @' (x) #0 6 U. Ecau ¢ynrxyuu f (x) v @ (x)
ABARIOMCR 00HO8PeMeHHO AUBO GeCKOHEUHO MArbiMU, AUOO OecKOHedHO 60Ab-

WUMY NP X —> G U NPU JMOM CYWECTBYEM npedes OMHOUEHUA P ((x)) ux

npou3sodHbIX npu x — a, mo mozda cyuecmeyem maxdce u npedes omHo-
3

weHun oY) camux pynxkyul, npudem

tim L9 i P 6).

x-+>a (p(x) x-»a‘P (x) M
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l'lpaapmo MpHUMEHHMO H B CJydae, KOrja a=oo.
2%

[Mpumep 1. Haiiru lim

oK —
—————— | T. €. pacKpHITb HeompeJeseH-
x- 0 arctg bx ( packp pen

HOCTb THIA - ).
4 Hcnoassys dopmyay (1), noayuaem:

tim o=l gy 22

x-0arctgBx oo 1 5_5’

14 25x2
' 1
2% 3 _
MOCKOMIbKY €2%¥ —> 1 u D — 1 npu x— 0. »
B HexoTOphIX cayuasix pacKphiTHE HeompeleJeHHOCTEH BHIa —8— HIH

0
- Momer notpe6oBaTh HEOJHOKPATHOTO MpHMeHEeHU A paBiJa JlonuTtana —

Bepuynnu.
o Hai . In%x
[Mpumep 2. Haiith lim =5\ T+ © PAaCKphTb Heompeesck-

X = + o

(-]
HOCTb THNA — ).
o

< [lpumenss psaxap dopmyay (1), moayuaem:
2lnx

1

. . X 2 Inx 2 . x
lim = lim ——== lim ——=- Ilim 5
x» +o X x> +ow OX Bxot0 X 3 xote 3
Ha kaxjoM stane npuMeHeHHs npasuna Jlonurtana—Bepuyanu cie-
AyeT MOJIb30BAaThCS YNPOLWAKOLHMH OTHOIICHHE TOMIECTBEHHLIMU NMpeolpa-
30BaHUAMH, a TaKKe KOMOMHHPOBATb STO NPABHJO C JIOGHIMH JPyruMu

In? x

=0. »

MNpUCMaMH BBIMHC/IEHHS NIpeleJOB. -
o . tgx—sinx
[Tpumep 3. Haltth lim ————— | T. e. packpuiTe Heompe-
X —+0 x3

JeTeHHOCTh THNA 6 .

4 Ucnonsayem dopmyay (1):

—Ccos X

., tgx—sinx . cos2x 1 1—cosdy

lim 3 = lim 3 = —a

x>0 X £ 0 3x 3 x—+0 x2costyx

OcBo6oauM 3HaMeHaTelb JApOGH OT MHOXHTeNS c0S%x, MOCKOJNbKY OH
umeer npegea | npu x — 0. Pa3BepHeM CTOSULYIO B YHCIUTENE PA3HOCTh
KyGoB H 0cBOGONMM uucauTeab OT comHOXKHTeNA (I --cos x4-cos?x),
umerowiero npegen 3 mpu ¥ —» 0. Tlocne sTux ympoweHuii noayyaem

. tgx—sinx . 1—cosx
lim g 5 = lim 3 .
X —+0 X X -+0 X
[Mpumensem cuosa (1)
., tgx—sinx ., l—cosx . sinx
lim -& = = lim 7——=lim ——.
x>0 X X =0 X X -0 2x

Hcnonb3ys mepBhIl 3aMeyaTesbHEIR INpefes, MOJyYaeM OKOHUaTeNbHHIH
orser 1/2, yxe He npuGerasi BHOBb K npasuay Jlonutansa— Bepuyanu. P
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Pacprm: HEONpeAECJICHHOCTH THUNa ’g- HJIH %!

5.329. lim Jnc0s 2t 5.330. lim x—a;l‘actgx.

x>0 Slo2x ’ x>0
5.331. lin’;l:%“ men, az=0.
5.332, xlim’ojxl_‘_-&”;, a#b, c+d.
In sin ax

5.333. lim

x>0 lnsinbx’

, 3/~ 8,/—
5.334. lim —<"=!_. 5.335. lim Y.x=V/5

x- 0 aresindx * x>5 Vx—V5
. Incosax s eX¥—e—X 2
5.336. xlgnom. 5.337. x]l-l;ﬂom.
5.338. lim I=22'8% g 339 i X=SNX
x>+ e7%—1 x—>0 x—"tg.x
. eX—e—% . e 3x—1
5.340. a;ll_l;llom¢ﬁ. 5.341. xll_l;ﬂo—w.
. tgx—1 . x%—4x24-5x—2
5.342, lim S8X—— | 5343, lim =2 T°X—%,
LA sin 4x x> 1 X¥—5x24-7x—3
3
. Inx . Inx
5.344. x_l:lllqu, m> 0. 5.345. xgﬂ}-om—.
Tix
te 5 cos x-1n (x—3)

5.346. lim . 5.347. lim

x> 1—0 In(1—x) x>34+0 InEx—ed) °°

In(1—x) 4tg %
5.348. lim .

x=>1—0 ctg x

Packpritue HeonpenenensHocted Tuma 0.0 H o0 —oo.
Jas soiuncaennst lim f (x) @ (x), rie f(x) —GeckoneuHo Manas, a @ (x) —
xX—>a . )

GeckoHeuHo Goabliast NpY x —» @ (PaCKPHITHE HeONpeeNeHHOCTH THIA

0.0), caeayer npeo6pa3oBaTh NpoOH3BeleHHEe K BHAY i /‘P'Ix) Heomnpeze-

JICHHOCTh THIIA [ﬂ) HWJIH K BHAY M HeonpeaeJJEHHOCTb THIIA 2
0 1F (%) o

H Jajlee HCNOJb30BaTh npasuio Jlomurans— Bepryamu.
[Mpumep 4. Hafitu lim sin (x—1)-tg %x_ (pacKkphiTh Heompeje-
aennocts thHna 0- o). i
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& Umeem: lim sin (x—1)-tg 12"-.-: lim S0
P |

X =1 t nx
ctg 5=
= lim _costx—=l) _ 2 lim cos (x—l)sln2ﬂ=——2—. »
x-»1_£ 1 T x=1 2 J
2 4
sin® =5~

Jns BHYHCTIERU A lim (f ()= (), rae f(x) u @ (x) —6BeckoHeuHO

Gonbuine Mpu x —» a (pacxpmne HEOTIPENE/IEHHOCTH THNA ©0 — 00), Cle-

Ayer npeo6pa3oBaTh PasHOCTb K BUAY f(x)( }P(( ))) , saTeM paCKprTb
AR € B 2 ke
HEOIPEAEJEHHOCTh - . e THHA - CJIH, Jm, f() 'rc\)
lim (f () —@ (x)) = . Ecnu xe lim ?(()) 1, To mosyuaem Heompe-
X -+a

lleJleHHOCTb THIA 0.0, PacCMOTPEHHYIO BbILLe.
Ilpumep 5. Hafitn  lim (x—1n3 x) (packpbiTb Heonpe,ueaeﬂﬂoc'rb

X>+®
THIA 0 — ¢0).
4 Hmeem: .
Um (x—In3x)=lm x(l—— In x).
% > 400 X > oo x
Tak kax
1 1
31In? x.— 21n xo—
fm T g DT E g gy Iy g D
X++0 X X o0 1 K+>400 X X+ 1
1
=6 lim ¥ —6 lIm =6 lm 4=0,
K400 Xt 1 K>t X
%0

lim (x—Indx)=4oc0. P

K>+ o

PaCKprTb I;GOHPEAQJICHHOCTH Tuna 0.-oo HJAH 0o — ool
5.349. lim x (¢}*—1). 5.350. lim (ctgx—-—‘)

5.351. hm xme=%, 5.352. lim xlna

x> ® x—++0
5.353. lim (n—x) tg2

X—>T
5.354. lim (e¥ 4-e=*—2) ctg x. 5.355. lim x%e'/*",

x=0 x>0
5.356. lim (x— 1) ctg m (x—1). 5.857. lim xsm—

x—+1 x—>®

1 x

5.358. . —1). 5.359, ——
358 Jt_l:}n:glnxln(x 1). 5.359 x&?},o(]“" lnx)

5.360. lim (—‘——l).

£=0 arctg x X
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. 1 1
5.361. Hf( 21—V 30—y %) )

. x f] o 1 1
5.362. lim (ct—gx-m) 5.363. 1213(;,-—-ctg2x).

2

PackpuTne neonpenenennocrtedl tuma 0° o 1~ Bo
BCEX TPeX CJAydyasiXx uMeeTcs B BHAY BHIYACJEHHE TNpelela BLIPANKEHHS
(f (x))®™, rne f (x) ecTb B NepBOM cJyuae GeCKOHEYHO MaJjasi, BO BTOPOM
cnyuae— GeckoneyHo GoJsbliasi, B TPeTheM CJyyae —(YHKIHSI, HMEIOUasn
npesient, paBHu ennHnue. PyHKUHMS Xe @ (x) B MepBHIX ABYX cJyyasx
aBsercss GeCKOHEMHO MaJiol, a B TPETbeM CJyyae— GecKoHedHo GoJbIIoN.

Tloctynaem cuepyiomnm c6pasom. Jlorapupmupys npeiBapHTeabHO
y=(f'(x))®?®, noayyaeM paEeHCTBO

Iny=q ) Inf(x) . (b9)

¥ HaxomuMm npefen Iny, mocne vero HaxoAuTcs M mpepen y. Bo Bcex
Tpex cayyasx Iny B cuay (2) sBasieTcs HeompeneJenHocTbio THna 0. co
(npoBepbTe!), METOA PacKpHITHS KOTOPOH H3JI0XKeH Bhille,

[Mpumep 6. Haittu lim (l—}--;—)” (packphITh HeonpeAeNeHHOCTh

X»+00

THna 1),

<4 Bsenem o6osnauenne y=(]-—]—%)2x. Torna’ In y=2xln(l+%)

fABJAETCS HeonpelenennocTbio ThHna oo -0. IpeoGpasys Beipaxenue Iny
' In l+%

K Buay lny=2 7%

; HaxonuM no mnpasuay Jlonnrtaas— Bep-

1 (___1),

2

1+% *
lim Iny=2 lim ————l——=2 lim
X—>+oo X-r+oo X-++oo l+7

HYIH

)
CaenopaTteabho,

X+ + 00 X—++o0

lim y= lim (l—l-jl-)”:e*. [

Packputh Heonpepenennoctd tunma 0°, oo, 173

5.364. lim xsin*, 5.365. lim (arcsinx)t*,

x—>+0 X—>+0 ]
5.366. lim (n—2x)c0s*, 5,367, lim xIn€®-1D,
x40

7
x—»T-—-O

5.368. lim x!/*. 5.369. lim (x- 27!/

X—>+® x>+ ®
5.370, lim (ctg x)!/nx, 5371, lim  (igx)2*-=,
x=>+0

U
X_—?T—O



5.372. lim x'/i-0. 5.373. lim (1+—)

x—1

6.374. lim (cos 2x)%/%*, 5. 375 11m (e +x) /=,
x>0
nx

5.376. lim (2—-‘1-)&2“.

Xx—>a

e\ 1
5877, tim (£, 5,378, tim (222,

x—0 x—0

3. ®opmyna Teiimopa. Ecnu ¢dyukuus y=f(x) uMeer Nnpou3BOAsLIE
Zo (n--1)-ro mopsjKa BKJIOYHTENbHO B HEKOTOPOIl' OkpecTHocTH Uy (a) ==

={x]lx—a]| < 8} Touku g, To Ans Beakoro xE€Ug(a) cnpanemmna
dopmyna Teiinopa (nopagka n) '

T =1@+L c—a) - L e,
SR G YPRED )

rie

fn 1 (@46 (x—a)) n+1,

Rn+l (x)—' (n+l)! (x a)
(ocraTounnblit unen B popme Jlarpanxa). Takum o6pa3om, hopmyJa
Teiilopa nopsjaka n NO3BOJISET NMPEACTABHTb (QYHKUHIO y= f(x) B ‘BHJe

CYMMbLI MHOTOYJIeHa ni-H CTeneHu M OCTAaTOYHOTrO uJjeHa.
B uacrtHocTH, TpH a=0 HMeeM

o=@+ L@ g PO oy | 1Oy

[+ @x)
W )C'Hl, 0<0<t

0<0<l1

(popmynna MaxknopeHa).

5.379. Muorounten 2x*—3x®+b5x-+1 pasnoxuth no cre-
nedsiM AByusieHa x - 1.

5.380. [lns mHorounmeHa x*-4-4x*—x-+3 Hamucatb ¢op-
MyJay Teﬁ.nopa 2-ro mopsanka B Toyke a=1. 3anucath oc-
taToyHeli ujJeH B ¢opme Jlarpanxka u Hafitn 3uaqex-me-9
COOTBETCTBYIOIEE CJAEAYIONM 3HAYeHHIM aprymenra: a) x=0;
6) x=1; B) x=2,

5.381. [lyctb P (x)—mMHorousieH 4-it crenenu, P (2) = —1,
P (2)=0, P"(2)=2, P'"'(2)=—12, POV)(2)=24. Bpluuc-
aurte P (—1), P'(0) u P"(1).

Hns 3apanubix GOyHKUHE HanucaTbh ¢opmyny Makisopena
n-ro nopsjaka:

5.382.y=¢". 5.383. y=sinx. 5.384. y=cosx.

5.385. y=In (14x). 5.386*, y=arctg x. 5.387. y=(1-}x)*.
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Hcnonb3ysn ¢opmyasnl MaksopeHa, moJiyueHHble B 3aja-
yax 5.382—5.387, HanucaTb mnepBHe 1 YNeHOB (OPMYJIHI
MaxJopena (6e3 0CTaTOYHOTO YJleHa) A5l CIEAYIOWAX GYHKIUI

x2

5.388% y=e 2. 5.389% y=sin®x. 5.390, y=sin

5.391. y=1In(4-+x%. 5.392. y= o/ 8+ .

5.393. Hanucarp Qopmyny Teiinopa 3-ro mopsinka nas
GynxunH == B TouKe a=2, [locTpouTh rpaduku Aan-
Holt yHKUHH U ee MHorouineHa Teftnopa 3-# cremenu.

5.394. Hanucate c¢opmyny Teitnopa 2-ro mopsimka paus
¢ynkuun y=tgx B Touke a=0. Iloctpourb rpacdukn nan-
HOl ¢yHKuMH M ee MHOrousnena Tefsopa 2-if cremenu.

5.395. Hanmucate ¢opmyny Telinopa 3-ro mopsimka aas
¢ynkuun y=arcsinx B touke a==0. [Tocrpouts rpadpuku
laHHoM ¢yHKUMH u ee MHorousneHa Tefyopa 3-# cremenn.

5.396. Hanucaro copmyny Teifimopa 3-ro mopsaka ans
bYyHKIHH y=ﬁ- B Touke a=l. Iloctpouts rpaduku pau-

HOi (yHKUHH H ee MHoroustena Teitnopa 3-ii crenenu.

5x
2 .

dopmysna Teltnopa WHPOKO HCHOMb3YeTCS nﬁn BBIYHCJIEHHH 3Haue-
HUl QYHKOMHM C SaJlaHHOM cTemeHblo TOuHOCTH. [lycTh, Hampumep, Tpe-
GyeTcsi BBHIUMCIMTL 3HaueHHe OYHKUHE f(x) B TOUKe X, ¢ a6COJIOTHO
NOTPEIHOCTBIO, He NIPEBOCXOASINEH €, €C/IH H3BECTHO 3HaueHHe 3TOH (YHK-
OUH M ee NMPOM3BOJHBIX B Touke a. M3 ¢popmyan Teitopa caepyer, uto

1o = f@+ T2 wo—ay o+ 2O oy,

rlie fg— MHHUMAJIBLHLIA HS HOMEPOB f,; AJIsl KOTOPHIX
| Rnyi(x)l <e.

Mpumep 7. BLIUHCANTD YHCIO € ¢ aGCOMIOTHOM MOTrPelIHOCTLIO, He
npeBocxonsmeit 0,001.
« Tlpumenss popMmyay Makiaopena K GyHKuHH f (x) =e*, nonyuaem
. o
e

e=I ) =1+ g+ Fortapm 0<O<h

: e
HauMmenbmee 3nauenne n, yXOBJETBOpSIOLIEE YC/AOBHIO mg 0,001;

rae 0 < 0 < 1, paBHO ny=6. CienoBaTtenbHo,

1,1 1
e 1bqrtgr b b =2718. B

5.397. BuiuncauTb ¢ a6COJIOTHOH IOT PeLIHOCThLIO, HE TNpe-
pocxopsimei 0,001, npuGaHKeHHble 3HaYeHHS CJERYIOMHX
quce!
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a) sinl; 6) V'e; B) In1,05; r) 3/33.
5.398. BbIsCHHTD MNPOHUCXOXKJIEHHe TNPUOJIHKEHHEIX pa-
BCHCTB:

— 1 | i
a) I/l-l—le+7x—-gx2, lx] < 1;
3 1. 1
6) /1+le+§x——9—x’, |x] < 1,
U HafiTH WX TpefelbHble a6COMOTHLIE norpeumocm‘.
Ocrartounniit uieH B gopmyse Telslopa moxer 6uiTh 3amucaH B ¢ o p

Me [leano
Rupii(¥)=0(x—al?),

HCIIOJIb30BaHHE KOTOpOH NoJIe3HO NPH BBIYUCJAECHHH npene.noa.

1—cos®x
IMpumep 8. Hanm lim BT T
4 Tax Kak l—cos"x:(l—cos %) (1-+cos x4 cos?x), a 5x24-7x3~5x2,
10
l—cos®x . 3(l—cosx)
;13210 Sx24 743 !cl-n.]o 5x? '

SaMeZHﬂﬂ COS x ero pasyioxeHueM Io ¢opmyse MaknopeHa cosx=1—
— -%—+o (x%), moayuaem
x? 2
jim Locos®x 8 Ftot) 4 x2/2
X =0 5x"‘—|—-7x3 5 X0 x?

=— lim

X0 x' ’

. 2
x2 X
NMOCKONIBKY =~ 0 (x?) ~ = npu x — 0. OKoHuaTe bHO
Vg g P

l—cos®x 3
lim EEacat) >

. x—1—sin 2x—2)
Mpumep 9. Hatitu }‘1211 *—TFsinGr—3) "

<4 Tlo ¢opmyne Teitnopa
2(x 1)

6in (2x—2) =sin 2 (x— 1) = Fo(x—1}),
sin (3x—3)—3 (x l)--}-0 (Ix—=1).
CneAOBaTe.ano,
lim — 1 —sin (2x—2) =lim — (x—Nh—o(lx—1))?

o x—l+sln(3x ) e R ¥ oy | Wy ()

Ot6pachiBasi 6eCKOHEYHO MaJible BBICHIMX MOPSIAKOB, T.e€. MEpexois B YH-
cAuTeNie M B 3HaMeHaTelle K OSKBHBAJIGHTHBIM GECKOHEYHO MaJbiM MNpH
x — 1, nonyuaem

x—1—sin (2x—2) —(x—1) 1

22’1 *—1Fsin (3x—3) EH‘; dx—1) & >
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5.399. Ilokasath, uTo pasjoxkenue no gopmyJte MakJo-
peda aasa ¢ywkuuit sinx, tgx, arcsinx, arctgx, e*—1 wu
In(l4x) moxHo 3amucaTh B BHAe x-+o(.x|) M uyTo mnpH
x— 0 Bce 3TH (QYHKUMM SKBHBAJEHTHB GECKOHEYHO MaJiof
o (x)=x (1, cie10BaTe/bHO, 3KBHBAJNEHTHbL MexIY COGOil).

5.400. Hcnoabsys pasnoxenue mo ¢opmyne MakjopeHa,
BBIYHCJIHTD Tpejesibl:

Vidx—V1—x . 6) li
— .

tg x—sinx
B4xt

a) lun
x>0

I —cos x .
mn ———; B) lim
-0 x2+x3 ’ )x—>0

§ 4. Hccaeposanue GbyHKUMI B MOCTpOcHHe FpadHuKos

1. Bospactanue n yGusanne dynxuun. Ikerpemym. Pyuruusa y=f(x)
nasviBaetcs eo3pacmaroweldl (ybwiearowed) B uHTepBade (a, b), ecnH u3
Heparencrsa Xy < X, i€ X1, X2 €(a, b) cneayer HepaBercTBO [ (X)) <
< f(xg) (cootBercrento f(xy) > [(xg)). :

Ecau pyukuns f(x) audiepenunpyema Ha untepnate (a, b) n f'(x)-> 0
npn Bcex x€(a, b), To dyukuda f(x) Bospacraer Ha (a, b); ecau xe
f"(x) < 0 npu Bcex x€ a, b), 10 f(x) ybIBaeT Ha 3TOM HHTepBase.

B npocteftwiux chayuasx obmactb onpeienenuss dyukuun y=f(x)
MOXHO pa36uTh Ha KOHEUHOE YHCAO UHMepsanos moHomourocmit. Kaxcuoli
M3 HHTEDBAJIOB MOHOTOHHOCTH OTDAHHYEH KDUMUUECKUMU MOYKAMU, B KO-
topeix f/(x)=0 uau f’(x) ue cyniecrnyer.

Ecau cyulecTByeT Takas okpecTHocTb U s (Xg) TOURH xy, 4TO MJIA
BCAKON TOUKH X # X, 9TOfl OKPEeCTHOCTH BLITOJNHAECTCA HEDAaBEHCTBO
f(x) > (x0) (uam [ (x) < f(xp)); TO TOUKa X, HA3ILIBACTCH MOUKOL MUHU-
syma (maxcumyma) QyHKIHH _[y=f (x), a uucao [ (xo) —Mutimymon (ma-
xeumymos) stoli GyHKuuMM. TOUKH MHHHMYyM3 H MAKCHMyMa YHKIHH
11a3bIBAIOTCS €€ MOUKAMU SKCMPEMYMA.

Heo6xonumoe ycanoBue skcTpemyma. Ecan xy—Touka
skctpeMyMa (ynkuun f (x), To [/ (xg) =0 uau ' (x,) He cyuectsyer,T. e.
Xy ~——KPHTHYECKAs TOUKA STOH (DYHKUMH.

O6patuoe, B3O6WE FOBOPS, HEBEPHO.

HocTaTounpe YCJAOBHA SKCTpPEeMyMa HeNnpepLB-
woit dpywruuu. 1) [lycts dyukuua f(x) nuddepenunpyema B Heko-
Topoit oK pecTHOCTH (xy— 8, xy - ) KpHTHUECKOH TOYKH Xy, 32 HCKJTIOUGHHEM,
GuiTh MOXET, caMoit 3Toft TOUKM. Ec/M Nnpu 3TOM'B ReTepBallaX (xo—90, xo)
u (xy, %-0) npoussoanas f’(x) uMeeT NPOTHBOMOJIOKLLIE SEAKH, TO
£y —TOUKa 3KCTpemyma, mpuueM, ecad [ (x) >0 npu x€(x—0, x,) n
F(x) < 0 npu_x € (xg, xy-}08), T0 x9— TOUKa MaKcumyma, a ecau [’ (x) < 0
npi xE(rp—38, x,) u f (x) >0 npu x€(xo, x9+-0), TO X —TOUKa MH-
iumyma. Ecan xe f'(x) npu xe(xoo—ﬁ, %+8), x i x, coxpanser
311aK, TO TOUKA X, He sIBJAETCS TOUKOH IKCTpemyma.

2) Iyers pynxuua f(x) asaxas AupdepenunpyemMa B KPUTHYECKOH
TOUKe X; H B HEKOTOpOl ee okpecTHocTH. Ecan f" (%) < 0, T0 xo—TouKa
MakcumyMma @yukuun f(x), ecan f'(x,) > 0, T0 Xy —TOUKA MHUHHMYMa.
Ecaun xe f” (%) =0, TO TpeGyIoTCS JOMOJHHUTE/NbHbIE HCCACIOBAHHUA.

Mpumep 1. HaltTu uuTepBasbl MOHOTOHHOCTH K TOUKH SKCTpeMyMa

|x—1
GbYHKLHY f(x)=—-—x§——.

[\]
Fae]
Gt

8 on pen. A. B, Edumosa, B. [1. Jemngovnqa



« Haxoanm npouseonnyio:
x—2

2
Fe={,

x3

npu xé(—_—oo, oOu©; 1
npu x€(l; -Fe0).

[MpupaBuuBas ee Hydo, nonyuaeM x =2, TakuM o6pa3oM; KpHTHUECKHMH
TOYKaMH (C YYETOM Tex TOYEeK, TJe NMPOH3BOAHAS He CYyMeECTByer) ABs-
otes: xj=0, x3=1, x3=2. Onu pasOupaior 061acThb onpeaesenns f (x)
Ha yeTHIpe MHTepBaja MOHOTOHHOCTH: (—o0, 0); (0, 1); (15 2) B (2, o).
Tak xaxk f/ (x) > 0 npy xE€(—o, OU(1,2) u f(x) < 0 mpu x€(O, HU
U@, +»), 10 f(x¥) BO3pacTaer Ha uHTepBamax (—eo; 0) u (I; 2);
y6uiBaer Ha mHTepBatax (0; 1) m (2, 4-o);, B TOuKe x3==2 JOCTHraer
makcuMyma (f (2)=1/4), a B Touke x3=1—munnmyMa (f (1)=0). [Toay-
yeHHbIe PE3YJbTATH YIOGHO CBECTH B CJeAYIOMYIO TabaHmy:

Ta6anna 4.1

fw| o | e | | O AN I N
f' (x) >0 He cyu. | <O H;a cym. >0 0 <0

3ameTHM, YTO B DPacCMaTpMBAaeMOM NpuMepe MNepBOe AOCTaTOYHOe
yclloBHE TNOSBOJISIET ONPENENHTh XapaKTep KaMJol M3 KPHUTHUECKHX TO-
vek JaHHO# GQyHKnHH. B To e BpeMA BTOpoe NOCTaTOUHOE YCJIOBHe
HENPHMEHNMO B TOYKE Xz, TaK KaK B SToli TOUKe He CYlIeCTBYeT NepBas
npoussojHas: P

-5.401*, [lokasaTb cjenylollee oGoblieHre BTOPOro jaocra-
TOYHOTO YCJIOBUA 3KcTpeMyMa. [TycTh x,— KpHTHUeCKas TOuKa
¢yHKuME f(x), ¥ MepBas M3 'He PABHBIX HY/I® MPOH3BOAHBIX
STOA QYHKIHMH B TOUKe X, MMeeT mopsaaok k. Ecam k—uer-
HOe YHCJIO, TO X, ABJAETCA TOYKOHR SKCTpEMyMa, NpHUYeM
Touyko# MakcumyMa, ecan f%® (x,) < 0, u Touko# MHUHHMYMa,
ecan % (x,) > 0. Ecin xe k—HeueTHOe WHCHO, TO 3KCTpe-
MyMa B TOYKe X, HeT.

5.402. HccnenoBaTb Ha SKCTPEMYM B TOUKE X, (GyHKLNIO
f(x)={(x—x)*¢(x), tne k€N u @(x) HempepniBHa B Tou-
Ke X,, npuuem o (x,)==0. .

5.403%, Tlyctb

_fremu®, x40, _f xe~U¥, x=5£0,
f(x)_{ O’ x=0’ g(x)—{ O’\ x=0.

Hoxasatb, uTo QyHKuUMS f(X) HMeeT B ToukKe X,=0 MHHH-
MYyM, a QyHKUHS g(X) He HMeeT B TOUKEe X, SKCTpeMyMma,
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X0Ts
{0 (0)=g®» (0)=0, keN.

J1a ykasaHHBIX QYHKIMA HafTH HHTepBaJbl BO3paCTaHHS
U yObIBaHHA H TOYKH 3KCTpeMyMa:,

5.404. y—xV T—x%. 5.405. y=2271 5.406. 4 ==
5.407. y=x—2sinx. 5.408. y=x—2Inx.

5.408. y=Inx—arctg x. 5.410. y=e*cosx.
6.411. y=x*. 5.412. y=ch®x+ 1.

l

|

Haubonbwee (Haumervuiee) sHavernue HempepuiBHOH (yHKUMH f(x) Ha
JanHoM orpe3ke [a, b] AocTHraercsi MJIM B KPHUTHYECKHX TOYKaX, HJM Ha
KOHIAX 3TOro OTpe3Ka.

v .

Onpenenuts Hau66sbmee M u HauMeHbllee m 3HAYEHHS
chaenyomux GYHKUMA Ha YKa3aHHBIX OTpe3kax (a ecad OT-
pe30K He' yKasaH, TO BO BCefi 06JlacTH ONpejeseHHs):

5.413. y = —3x* 4 61 [—2, 2]. 5.414. y = x -2}/ x; [0, 4].
5.415. J:x—;-:; [0, 4]. 5.416. J:m_*;, [0, 1].
5.417. y= 1/x+1-—,/x—~] [0, 1].

5.418. y—alctg4_{ [0, 1)
5.419. y=21. 5.420. y=re-rP2,

Jlokasath CJlefyolIHe HePABEHCTBA! ,
5.421%, ¢ > 1+ x, xséo. 5.422. cosx > l—%z, x50,

5.423. CLEI S 1 2 vt
5.424. smx-l—tgx>2x, x € (0, m/2).

5.425. JlBa Tesna ABHKYTCA C MOCTOSTHHBIMH CKOPOCTSIMH
v;M/c ¥ UzMm/c. JIBHXKEHHe NPOHUCXOAMT MO JABYM [MPSIMBIM,
o6pasyomuM yroJa /2, B HanpasJeHHH K BepIUHHE 3TOrO
yrJaa, oT KOTOpoHl B Hadaje IBHXKEHHS TMepBOe TesNo Haxo-
JMJIOCh Ha pacCTOSIHHH @M, a BTOpOe —HA DPAcCTOSHHH b M.
Yepe3 CKOJIBKO CEKYHJ ToOCJ€ HayaJa JBHXKEHHs PacCTOsHHE
MeXxJy TesaMHu 6yleT HAHMEHbIIUM?

5.426. s JIOCTaBKH NpPOAYKIHH. 3aBoga N B ropox A
(puc. 40) crpoutes wocce NP, coenunsiollee 3aBOJ C Ke-
JesHo# " noporofi A'B, nmpoxoasiueit uepes ropox A. Croumoctsb
IepeBO30K M0 WOCCe BABOE O6OJbLUE, YEM MO  KEJe3HOH
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popore. K xakoMy nyHKTy P HYXKHO DpOBECTH IIOcCCe, YTOGH
oflas CTOMMOCTh HepeBO30K MPOAYKUMH 3aBoja N B ropox A
[0 LIocCe M N0 JKeae3HOH Jopore Oblia HauMeHbLUeH?

5.427. OkHO nmeer (GOPMY MPAMOYrOJNbHHKA, 3aBEpLIEH-
Horo nosaykpyrom (puc. 41). 3agan nepumerp p 310t ¢H-
rypel. Ilpn kakux pasmepax X M-y OKHO OyjeT NpomyckaTh
HanGoJIblllee KOJHMYECTBO CBETa?

5.428. M3 Tpex MoCOK OIMHAKOBOH IWHDHHLI CKOJauH-
BaeTcsl Xesno6 And nojgaud Boael. ITpu kakom yrie o HakzaoHa
GOKOBBIX CTEHOK K JHHILY »Kesofa MJIOLLaab MolepedHoro ce-
yeHusi kejoba OyneT HauGosbieH?

5.429. B TpeyrosbHHK C OCHOBAaHMEM @ H BLICOTOH /1
BIMCAH NPSMOYTOJbHUK, OCHOBaHHE KOTOPOTO JIEXHMT Ha OC-
HOBaHHMH TPEYrOJbHHKA, a ABE BepPLIHHH—HA GOKOBHIX CTO-
poHax. Haiitu nanGosbliylo NJOWAaAb BIHCAHHOIO MPSAMO-
yroJibHHUKa.,

5.430. [Tepuverp oceBOro ceyeHuss UMJHHApA paBeH 6a.
Hajitu nan6osbmmii o6beM TaKOro UMJHHADA.

y/ ¢
M
A
g
A )4 Bl 8 g
| 500 %m !\N
< A 8 '
Puc. 40 Puc. 41 Pue. 42

5.431. llunuHnp BnHcaH B KOHYC ¢ BhICOTOR A ¥ pagmy-
coM ocHoBanus r. Haiitu HauGonbmuii 06beM BHHCAHHOIO
UMJHHApA. ' '

5.432. Halitu naumeHbwiMii o6Gbem KOHyca, OIHCAaHHOIO
0KO0JIO 11apa paguyca r.

5.433. Haiitn nHanGosbuinii o6beM KoHyca NPH. 3aAaHHOM
anuHe ! ero oGpasymwouei.

5.434. Onpenenutb HanGoOMbLIIYIO MNJIOMAAb NPSIMOYTOJIb-
HHKa, BIIHCAHHOTO B KpYr pajuyca r. ’

5.435. Ha napa6ose y=x* Hailtu TOouky N, Haumenee
yAaJeHHYI0 OT NpsMoH y=2x—4.

5.436. B moaykpyr pammyca R BhnHCaH NpsMOYTOJNbHHK
¢ HauGoublell njomagpio. OnpeenuTb €ro OCHOBAaHHE X U
BLICOTY Y.
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5.437. Orpesox IMHBI @ pasjeNdTb Ha JBe YaCTH TaK,
yToOBl CymMMa mJjouladefi KBaipaToB, MOCTPOEHHBIX HA STHX
YacTaX, Obla HauMeHbILeH.

5.438. Konuuyeckas BOpOHKA, pafMyC OCHOBAaHHS KOTO-
poii R, a Bricora H, Hanomnena Bopoii. B Bopouky morpy-
waerca wap. Kakum nomken GbiTh paguyc wapa r, 4ToObl
06beM BOJBl, BBITECHEHHBIH H3 BOPOHKH MOTPYKEHHOH Y4acThio
wapa, Gbl1 HauOOJbILHM?

5.439. Onpenenuth HauMeHbHIYIO BLICOTY 4 =|OB| aBepu
BepTHKaabHOH Gamnu A BCD, 4T0o0s! yepes Ty ABepb B GalliHiO
MOXKHO OBLTO BHECTH KeCTKH crepxkeHbp MN anunu [, Koxen
KoToporo N CKOJB3HUT BAOJMb TFOPH30HTaNbHO!H mpsiMod AB.
Mupuna Gawnu |AB|=d <! (puc. 42). »

2. Hanpassienue sbinykjoctu. Touku nzperuba. [paduk auddepen-
uupyemoli yHKUNY y= [ (X) HA3LIBACTGH GblAYKAULM BHUS (HJIH BOCHYMbLM
68epx) Ha uHTepBaJe (g4, b), ‘ecnmu Oyra KpHBOfi Ha 3TOM - IPOMEXyTKe
pacnoJ/ioxena BbLile KacaTesbHOH, OpoBeNeHHOH K rpaduky dyHkuuu
y=F{(x) B moGoi Touke x & (a, b).

J \y=f(x)
flz)
0| a - ':I:a-. b z

Puc 43

Ecnu ke Ha unTepsase (@, b) BCAKAA KacaTesbHas pachosaraercs
pulle Ayrd KPuBOH, TO rpaduk AxddepeHunpyeMod ¢yHKUMH Ha ITOM
MHTEpPBAJI& HA3LIBACTCH 85iMyKAvM 83¢pX (MJIH 602HyMbIM 6Hu3) (HA puc. 43
rpaduk QyHKUHA y=f (X) TBAAETCH BLINYK/LIM BHU3 Ha KHTEpBAJe (a, Xo)
B BRIYKJGIM BBepPX Ha uHTepBane (xg, b)).

Ecau dynkuds gsasisl AuddepeHunpyema Ha (@, b) u ' (x) >0
(f" (x) < 0), 0 ea rpaduk ABAAEICA BHIYK/LIM BHU3 (BBepX) Ha 3TOM
MHTepBaJe.

B npocrefiwnx cayuasx obnacte onpefeiends ¢yuknuu f(x) MoxHO
pasbuTb Ha KOHEYHOE HHCO MHTEPBAJOB C [OCTOSIHHBIM HANpaBJeHHeM
punykJaocTH. Kaxipil M3 5THX WHTEPBA/OB OPaHUYEH TOUKAMH, B KO-
topuix [’ (x) =0, au6o f” (x) e cymecrsyer. Touka (xg, f(xy)). B KoTO-
poll HampaB/eHu€ BHLIYK/IOCTH Fpaguka QyHKUHH MeHTeTes Ha IPOTHBO-
noJIOXKHOe, HasniBaetcs mouxkod nepezuba (cM. puc. 43).

Hdoctaroynoe ycJaoBHe TOukKu meperubGa. [lycrs
Qyrxkous f(x) mpaxasr AuddepeHuupyema B HEKOTOPOH OKPECTHOCTH
Us (%) Toukm xg, B KoTOpOil [’ (x9) =0 nitm f* (%) He cyuiecrryer. Ecau
npu sToM B uHTepBatax (xy—0, xy) u (xy, x,-+0) npoussomHan [’ (x)
UMEET MPOTUBONOMOKHLIE 3HAKH, TO Xy—TOUKA neperuda.
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Mpumep 2. Halitn unTeppalnl BHNYKJAOCTH K TOYKH nepernGa

rpaduka GyHKUHM y=£c;—ll
<« HaxoauM BTOpYIO NPOHSBOAHYIO!
2Q@—x)

=D | xg(—w, OUO 1
F =
2, ken 4o

x4 ’ ’ .

CJaefoBaTe/IbHO, KPUTHYECKHMH TOYKaMM TNepBOil NPOM3BOAHON SABJSIOTCH
TOUuKH X;=0, x3=1, x3=3. Ilpu atoM B TOuKax x; U X, BTOpas mpo-
W3BOAHas He cyulecTByeT (B uacTHoetd, f- (1)=4, a fi (1)=—4), a
B TOUKE Xg OHa paBHa HYJIO. -

IMonyuaem uetbipe MHTepBaja Bumykaoctu: (—eo, 0), (0, 1), (1, 3),
(3, +o0). Hccaenys sHak BTOpO# NpPOH3BOJAHOH B KaXKJOM H3 STHX HHTep-
BajiOB, BHIBOAMM, YTO Ipa¢uK (PYHKUHH SABJSETCH BLINYKJBIM BHHS Ha
nnTepBadax (—oo, 0), (0, 1), (3, ) H BHNYKJLIM BBepx Ha HHTep-
pane (1, 3). CnenoBaTeNbHO, TOYKH X; H X3 ABJAAIOTCS TOYKaMH nepernta
rpadbika QyHKIMH, a X He aBasercs. [lonyueHHHE pesyabTaTh yRoOHO
CBECTH B CJeaylouyio Tabauuy:

Ta6anuna 4.2

x w0l o fonl 1 | 0,9 | 3 |@+w

Boim. | BLII. BBII. 2 BHINI,
fx) BHH3 to || O BBEDX 39 BHH3
(0 >0 He cym. [ > 0 |necym.| <O 0 >0

>

Hafitn unTepBasbl BRINYKJOCTH TpadnKa QYHKUHH y =
= [ (x), ToukH nepernba u yrioBbie Ko3pduuMEHTH R Kaca-
TeJIbHBIX B TOYKaXx Heperuba: ; .

5.440. y=x1+4T7x+1. 5.441. y=x*4 6x2.

5.442. y=1/(x—2)*+3. 5.443. y= X+ 1— 3/ F—1.

5.444. y= 3/ x+1)2+ 3/ (x—1)°. 5.445. y=sxe* 1 1.

5.446. y=xIn|x|. 5.447. y=x*Inx+ 1.

5.448. Ilpn KakuX 3HauyeHHsX a M b Touka (1, 3) sB-
JISIETCsl TOYKOH mneperu6a KpHUBOK y = ax® -} bx®?

5.449. Ilpu KakoM BhIGope mapameTpa h kpusas 6eposam-
Hocmu

.____h__ - h2x2
Y= Vie , h>0,

HMeeT TOYKH nepernba ¢ aGtuuccaMy x = 4 6?
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X .
5.450. IlokasaTh, 4TO KpHBas y= xz—"_l'_ll- HMeeT TPH TOUKH
neperu6a, Jexalye Ha OAHOH NpPAMOIi.
5.451%, TlokasaTb, 4YTO TOYKH neperux6a KpHBOH y = xsinx

Jexat Ha Kpusoh y* (4 x%) = 4x%.

3. Acumnroth. [lycrs Aas . ¢yHRumm g=/Ff(x) cyulecrByer Takasn
npAMas, 4To paccrosHHe oT ToukW M (x, f(x)) rpaduka o¢yukuum g0
9TOR MpAMOH CTPEMHTCS K HYJIO NpH GeCKOHeYHOM YJHaJeHHH Touka M
OT Hauana KoopauHaT. Tora Takas mnpsMas Ha3HBaeTCsl AcUMAMOMOL
rpaduka QyHKNHH. :

Ecau npu stom KoopauHaTa x TO49KM M CTpeMHTCS K KOHEYHOMY
uucay a, To noaynpsamas x=a (y >0 aubo y < 0) sBasercs BeprH-
KaJbHOH acuMnToTOH. [N CyleCTBOBAHHSI BEPTHKAJbLHON aCHMNTOTH B
TOYKe X=a HeOGXOAHMO M JOCTAaTOYHO, 4TOOLI XOTA Gbl OAUH U3 mpefe-
gos  lim f (x) 661 paBeH GeCKOHEUHCATH.

x—>ax0

HenpepbiBHLie (YHKUHH He HMEIOT BepPTHKAJbHBIX aCHMITOT.

Ecau e koopAuHaTa x TOYKH M cTpemHTcs K +-00 HaH —o0, TO
IMeeM HaKJ/OHHYIO acUMNTOTY- y=kx-+b, LI CYUIECTBOBaHUS KOTOPOH
Heo6XOAHMO H JOCTaTOYHO CYWECTBOBaHHe HBYX IpelesoB

lim -,-2’—)=k v lim (f (x)—kx)=0b.
X xX— ®

X—> ®

[Tpu sTom ykasanHule npejetbl MOTYT CBITE PaSAHUYHBIME NPH X —> -}-00

(a9 MpaBoH HAKJOHHOH aCHMUTOTLI) M NpH X —> —co0 (1451 Jepofi Ha-

KJOHHO! aCHMITOTHI). .

x—1})
x2

4 Tak kak (yHKUMA HenpepbiBHa Ha Bcefi ocH, Kpome Toukn x=0, To

BepTHKa/JbHasf aCHMOTOTa MOXET CyLIeSTBOBATb J/UIIb B 3TOH TOYKe,

Mpuamep 3. Haitn ackmnrort rpaduka dyskoun y=

Hmeem:
) , x—1] .
lim -'———-2—|—=+eo,
x= £0 X

U, cjaenoBaTeNbHO, MpAMan X=O—BepTHKaJleafl ACHMIITOTA,
Halinem Hak/JOHHBIE aCHMNTOTHL -Tak kak

[x—1]
2 ’ -—
lim ———=0=~k u lim (M—o.x)ﬂ:b6
x> +® x r—> to X

1o npamas y=0.x40=0 sBasercs OAHOBpeMEHHO M MpaBOf u JeBOH
HaKJIOHHOH (B AaHHOM CJyyYae [OpM3OHTa/NbHOH) acumnToTOll. B>

Hatitn acumnrotsl rpadukoB YKa3aHHBIX byHKURUill
5.452, y= V x—_-"_—,‘, . 5.453, y=y ©¥—i.

5.454. y=V [x*—3[/x. 5.455. y=3x- arctg 5x.
5.456. y=""EFD 4 oy 5457, y =20,



5.458._y =xln (e + —i—) 5.459. y = x arcsec x.

5.460. dokasatb, 4To rpadHK Lejol pallMOHAJIbHOH QYHK-
UHH Y =@aX"+ax" *+ ... +a,_x+a,, n>=2, He uMeer
HHKAaKHX acHMITOT.

4. Mocrpoenue rpaduxos ¢yukumit. Jaa mocrpoenus rpaduka ¢yHK-
uuE y=F(x) ¢ HenpeprBHOK BTOpPOH NpPOH3BOAHOM (BClOAY B 06JacTH
onpefesenns QYHKUHH KpoMme, GbITh MOXKET, KOHEYHOro 4HCJIa TOYeK)
CHayaJjla MPOBOAMM 3J1eMEHTapHOE HCCJIeZOBaHHE, BHISCHSIONLEE HEKOTOpbie
ocoB6eHHOCTH (YHKIHM (€CJAM OHM HAMEIOTCSH): CHMMETDPHs, IePHOAHUYHOCTD,
NOCTOSIHCTBO 3HaKa, HyJu, TOUKM nepecedyeHust ¢ ocbio Oy, TOukn pas-
pHBAa H T. 0. 3aTeM, WCIIONL3Ysl MEpPBYI0 M BTOPYIO NPOH3BORHLIE, HAXO-
IUM TOYKHM 3KCTpeMyMma W nepern6a, MHTepBaJbl MOHOTOHHOCTH H°BBIYK-
JIOCTH, @ TaKXe aCHMIITOTHI.

[x—11

x2

4 Oyuxknus ompeieneHa H HenmpepuiBHA BCIOAY; KpoMe Touku. x=0,
BCIOAY HeoTpuUaTeJbla W paBHa HyJio Juwb B Touke x=1. Ee wnccue-
JloBaHHe npoBeneHo B nmpumepax |—3. Pe3ysbrar sToro HCC/ENOBaHH:
[10N1€3HO CBECTH B OAHY Tabauny— obwvexunende tabuun 4.1 u 4.2. [Ipu
STOM CJIEAlyeT BLIYHCJHTH H SalHCATb B COOTBETCTBYIOILYIO KJETKY Ta6-
sl f(3) =—1/27—yraoBoit koadrbuunedt KacatenbHoll K rpaduky
¢dyukuHM B TOuKe nepern6a. PexomeHjyercsi TdKXKe BLIYNCAHTBH - (1) =

=—1 1 f(1)=1—yraoBEe Kos(puuHEHTH NEBOK H TMPaBOil KacaTelb-
#ex B Touke (I, 0) rpaduka. DTH naHHble MOMOralOT TOuliee MOCTPGHTH
rpa¢uk QYHKUMH, NpHBeJEeHHEI! Ha pHC. 44.

MMpnu Me p 4. [ocrponts rpaduk GyHKOMH y=

[Mpumep ;5. Tlocrpoute rpadur PyHKuHH y= f/x (x—1)3.
4 QyHxuusa onpejiesieHa H HenpepnBHA Ha Bcell AEHCTBHTeNbHOH ocu
¥ obpaiaercs B HyJb B Toukax x=0 u x=1.
Haxoaum nepsyio mpOHSBOAHYIO
1

X——=

P 3xP—Ax41 3
3/ FE=1)F v/ Ex=1)

[pupaBHuBas ee Hymo, noayyaeM x=1/3. Takum o6pa3om, KpHuTHuec-
KHMH TOYKaMH QYHKUMH fBAsioTcA: X3 =0, xa=1/3, x3=1 (B Toukax
x1=0 n xg=1 npousBoAHas He CywecTByeT). ITH TOYKH PasGHUBAIOT
o6nacTb ONmpejeNeHns] Ha ueTHpe HHTepBaJa MOHOTOHHOCTH (—wo, 0),
®, 1/3), (1/3, 1), (1, +»). Tak Kak y' (x) >0 npu xE(—w, O)Y
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Uo, 173U, +w), 10 y(x) BO3pacTaer Ha uHTepBa’ax (— oo, 1/3)

u (1,4 0). Anajnoruuno paccyxjias,

HaxopuMm, 4to Y’ (x) < O npu

x€(1/3, 1) n, cnenoBatebHO, QYHKIMA HAa 5TOM HHTepBajge YyO6uisaer. B
TOuKe Xp=1/3 (yHKIUUA HOCTHTaeT MaKCHMYMa (Ymax (1/3) =—§ i3/4— z
~ 0,529), a B Touke x3=1-—MUHUMYMA (Ymiy (1)=0).

Ta6anna 4.3

£ [, 0 0 O3] 13 8,0 1 (1, +w)
v >0 |mecywm. | >0 0 < 0 | ne cym. >0
Y’ >0 He Cyil. <.0 He CyIl. <0
3 = ’
/ vV N 7
y 0 ' 0 —
BB, - . BbIIL.
BHH3 BuIn. BBEPX BBEPX
Haxonnm Tenepb BTOPYIO NpPOH3BOAHYIO y"=——3——__2.__—_.__
. 9 /xs x—1)7

K puTiryeckumMH TOUKaMh MepBOd NPOM3BOJHOMN siBastoTest Xy =0 u xg=1
He cyuwectByer). [leayuaem Tpu

(BTOpas MPOM3BOJHAR B STHX TOUKAX
HHTepBaJa BBLITYKJOCTH  HCXOAHOM
(byHKU.HH: (—OO, 0): (0’ 1) 1 (lr +°°)'
B nepsoM uHTepBane (QYHKUHMS Bbl-
nykaa sHu3 (Tak Kak y’ >0 mpu
x<0), aBo BTOPOM M TpeTheM—
BemykJaa seepx (4" < 0 npy x>0,
kpome Toukn x=1). Crenosarejnno,
(0, 0) smasercs TOuKo# nepernGa
rpaduka GYHKLUHHM (C BEPTHKANBHOM
KacaTeJbHOM). _

Pesy/ibTaTH NMPOBEJIEHHLIX  HC-
c/IelOBaNMi CBOMMM B Tabiuny (ral-
auua 4.3).

Jnsa  yTOYHeHHus NOBEJIEHH R
GyHKUME B  OKPECTHOCTH  TOUKH

x=1 samernm, uro f.’. (1)=—o0,
fi(l)=+o, T e BTOuK® (I, 0)
rpadvka GyHKUHH JeBaf H npaBas

‘

g /
Va
T
I
N/ 1 Z
Puc. 45

KacaTeJbHble COBNAjAOT, 06Pasysi BEPTHKAJbHYIO KacaTeJbHYIO.
Haxoueu, onpefejuM acHMOTOTH. TaK KaK (YHKUMs HenpepbiBHAa

na BCeit OCH, TO BEPTHKAJbHBIE aCHMITOTH OTCYTCTBYIOT. /s ol pepese-

HHA HaKJOHNLIX acHMITOT HaXoJMM CHadaza

im 29— gim
x> 4to X x>+

®

'g/x(x—l)z |
< =

’
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a 3aTeM
'lii ‘=(y(x)—x)= lirn (Vx(x—l)’—x):
X = @
— lim —2x%4-x —
x> xo o/ E@—i4x ) X k=142

Cile0BaTeNbHO, npaBas M Ji€eBasg HAKJIOHHBI® AaCHMNOTOTLI COBNAJAAIOT H

—2/3.

2
OIpe/IeNAOTCH YPaBHEHHEM § =X —5-.

Ipaduk yHKUMH NpHBEJEH Ha puc. 45. P

[TocTpouTh rpaguki CAEAYIOWUX (YHKIMHA]
__E\3
5.461. y="S= 5462, y—1 v (23,

125
3
5.463. y =5 (*—5). 5.464, Y= 35—y -
5.465. y= - . 5.466. y=2=2% 5.467. =?3‘i_1'
5.468. y= "y - 5.469. y=—r . 5470 Y=
3

5.ATL. y=——7 . 5.472 y=——5. 5473, y=7"

x2—1 x3
5.474. y=—x_21_f . 5.475. y’—_—‘m.

5.476. y= Y/ xF1—/¥—1. 5477, y= /¥ —2x.
5.478. y=y/ (x+ 1>2+ V =T |

] 3/ T
AT9. Y=~ . 5.480. y=/T—x.
5.479. y f/x—l-l l/" 0 VT =%
5.481. y=1/ xF+ 1+ x—1.
5.482. y=1/ x“’ 14+ v/ x—1.

5.483. = —— V = - 5484, y=-}7xziﬁ.
5.485. y=?i,/’fﬁ. 5.486. y=——§,/::—:_4—.
5.487. y=-317&_§‘-_3:;___2—)2. 5.488. y=-ﬁ’;i_;l-.
5.489. y=@. 5.490. y=—g—/-(xf=+r)7.
5491, y= Y131 5400 y=7l—_’:—”-__-l—|—.
5.493. y= [—_ 5.494. y=Vx*—2P.
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5.495. y=sinx+cosx. 5.496. y=—— x-:-cos P

6.497. y=xarctg x. 5.498. y= % --arcctg x.
5.499. y=e2*-*', 5.500. y=xe=-+*/2,
5501, y=— e}, 5502, =y e-1im,

5,503, y=xe'/*. 5.504, y=%e;1/x" .

15,505, y=(x—2)e-1/% 5.506. y=(2x—1) e/,
B.507, y=(x2+ 1) e~/ 5.508. y= xeo/s,
5.509. y=x%e-+"2,

5.510. y=In (x+ V1 1). 5,511, y=11%
6.512, y—\xlnx

5.514. y="101. 5.515. y=x'In*x.

5.516. —x’/]n|x|. 5.517. y=xIn?|x|.

5518, y=In|x*—1|. 5519, y=— In*|x]|
6.520. y=x*, x> 0. 5.521*, y=x1/*, x> 0.
5.522, y=(14x)1/*, x >—1. 5.523%, y=SiLxx.

TocTpoutb KpuBHIE, 3aJaHHBE NapaMeTPHUECKHU:.
5.524, x=1tet, y=te~t, tE€R.

5.513. y—=x*Inx.

4 Hpoue).'eM BCIIOMOTraTeJIbHLIE BHIYHCJAEHU S

, / 1—1¢
x=(1+40e, yy=(1—1t)e"?, y\—-—?e‘z'

Ky=@Q+0e, yu=@—2e"t, yy=2 me'“

Tak Kak x;=0 npu t=—1 u x3 (—l)=—:— >0, T0 xmin_——.—-el— . Tax
p

Kak y;=0 npu {=1 u yh (1)=f—:— <0, 10 ymax=%. Orciona

cnelyeT, 4yTo KpHBasA pacmosioxeHa B obaacty {(x, y) | xE[—1/e, +o0),

YE(— o, 1/e]}. Us Buipaxenus Ajas NPOU3BOAHOIM yx onpejenseM Kpu-

THueckne 103K f=1(y (1)=0) B f,=—1I (4 (—I) ve cymectnyer).
KpHThueCKHe TOYKH NepBOH NPOHSBONHOI HAXOLMM H3 BHPaXEHA A

Bropolt  npoussopHoli yrrits =V 2 (ux (Y 2) =0), ti=—V 72
(yax =V 2) 0) Htg=—1 (yzx(—1)me cymecmyefr) CuieloBaTebHO,
A (—V 23, —V 2¢"3) u B(Y' 2V, ¥V 2" %) —roukn nepe-
ru6a.
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Hakonern,;

HaxoAnuM

aCHMIITOTHI.

Ecmu ¢ —>—o0;

0o %——0;

ay——oo, T. . x=0—BepTHKaJbHas acuMnTOTa. OTMETHM; YTO NpH
npuGIHKEHHH TOYeK KPHBOM K 3TOH acHMOTOTE HX KOOPAHHATa MO X
ocraercst oTpHuatenbHod. Ecauw ¢t —+4- 00, 10 ¥ — 400, a y—0,

Ta6nuuma 4.4

) x y vy U;x Mosenenue KpHpOH
6Bunyma BBEPX,
—o, ybuiBaer, x=0—
( v <0 <0 <0} <0 BepTuanmHaa acHm-
HTOTa
2 -
V3 |- :,f_z _VgeV 2 > 0 | Touka neperuta
(_1/'_2, Bemmykaa  BHHS,
=1) <0 <0 <0 >0 y6biBaeT
—1 _el_ —e c;:l. C;ﬁl- Touka BO3Bpara
Buinyksa BBepx,
_ BO3pacTaer, TOYKa
=L >01<010,70) acwur na
Kpusoit '
1 e .:_ 0 Makcumym
= Buinyksaa BBepx
(1, V72 >0 >0 <0 | <0 | y6umaer '
- - 2
V2 V3 oV VV? 0 Touka nmeperu6a
e
Brinykaa Omma,
5 y6uiBaer, y =0 —ro-
(V 2 +°°) >0 >0 <01>0 pH30HTabHAA
acHUMNTOTa




T. e. y=0-—ropusonTaipHas achMuToTa, TOUKH KpHBOH NpH npudian-
JKEHHH K HeH HMEIOT NOJIOXKHTEJbHYI0 KOOPAMHATY 1O Y.

PesyabTaThl HCC/I€OBaHHSI CBOAHM.B Tabauny (tabanua 4.4) u ge-
JaeM Bce HeOOXOAuMMbIE BBIBOABI B NpaBoil.ee KoJOHKe. Kpusas npuse-
Zena Ha puc. 46. p :

Iha
G

5

-

_’.l
£|
]
I

Puc. 46

5.525, x=1>—2f, y=1t*42¢, tER.

5.526. x=1t-4e"t, y=2t+e"%, {ER.

5.527. x=acos’t, y=asin®¢, t€[0, 2n).

5.528. x=1(*—3m, y=¢*—6arctg {, tcR.

[TocTpouTe clenyiomue KpHBbE, 3aJjaHHbIE B MOJAPHOH
cHCTeMe KOOPAHHAT!

- 5.529, r=asin3¢. 5.530, r=a (1 +cosy). .

5.531. r=V wjg. 5.532. r®=2a%cos 2.

§ 5. BekTropHble H KOMAJEKCHbIE DYHKUHH
AeifiCTBHTEbHOH NepeMeHHOoi *

1. Onpenenenve BeKTOp-(BYHKUHM NeHCTBHTENbHONl  nepeMeHHOM.
Ecnu  KaxAoMy SHaueHuio JefcTBHTeNbHOH nepemennodt {€DcCR no-
CTaBJeH B COOTBETCTBME BeKTOp @ (f) €73, TO TOBOPAT; YTO HA MHO-
wecrse D sanana eexmop-pynxyus a = a (f) reficteutebHOIl NepeMeHHOl 1.

3aganue BexTOP-QYHKIMH @=a (f) PaBHOCHJILHO SaJlaHHIO Tpex
YHCJOBHIX GYHKUHH ay (¢), a, (f), az (!)—KOOpRHHAT BEKTOpa @:

a=ay (t) i+ay (t)j+03 (t) k’

MR, KPaTKo, @==(a. (1), a, (8); az(?). Ecan BekTOp @ siBagercs pa-
NUyc-BeKTOpOoM Toukd M (x, 'y, 2), TO COOTBETCTBYIOULYIO BEKTOP-pYHK-
UM NpPHHATO 0003HAuaTh!

r=r)=x@i+yOJ )k
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T'odozpaghom BekTOp-QYHKUHH #=r ({) Ha3bIBaeTCH JHHUHSA, ONHUCHI-
paeMasi B IPOCTPAHCTBE KOHIIOM BeKTopa r. Bcsikywo JuHHIO B mpocT-
paHCTBE MOXKHO pacCMaTPHBaTh KaK rojorpad HeKOTOPOil BEeKTOp-(hYHK-
nuu. [lapamerpuueckue ypaBHeHusi rogorpada:

Cx=x), y=y ), z=2().
IMpumep 1. Haiitu rogorpad BeKTOP-QyHKILUH
2
r(t)=}—_l__—-f2 i+—1§_t—t-2-j+k, (ER.
4 Mmeem napamerpuueckHe ypaBnenns rogorpada
1—¢ C21
=iyer YTiyee
Hckiouast napamerp £, mosyuum

1 —12)24-42
o= =

z=1.

CnenosatenibHo, rojorpahoM BeKTOp-pyHKUHH F ({) ABJseTCS OKPYXK-
HOCTIy

X2lyti=1, z=1,
M3 KOTOpoil HcKaiouena Ttouka (—1, 0, 1), noayuawwascs B mpesese
npu t— £ ». p

Haiitu rojorpadel BeKTOp-pyHKIHIA:
5.533. r=02t—1)i+(—3t+2)j+4ik, tER.

5534, r=VT1—0i+VTH12], t€[0, 1].

5.535. r=4cht.-i—j+3sht -k, tER.

5.536. r=3t+ (2t —13)J, tER.

5.537. r=cost-i4sint-j+tk, tER.

5.538. r=2cos*t-i+2sin*{.j, t€[0, 2n].

5.539. r=ti4-t3j 3k, tER. »

5.540. r=cos?t-i+sintcost-j+sint-k, t€]0, 2a].
5.541. r=>5cost-i+4sint-j+2k, t€[0, 2n].
5.542, r=(sht—1)i+ch?*¢t.f 43k, tER.

2. udpdeperunpoBanne sekTop- byHKuUH. [1pou3eodnod eexmop-pyHK-
yuu a=a (f) no aprymenty ¢ Ha3niBaercst HoBasf BEeKTOD-QYHKLUHA
da Aa a(t4+AH)—a (¥)

—= lim —— = lim
dt “ar>0 Af T Afso0 Af

Ecan a ()= (a, (), ay 0, az (%), 1o

da _(dax () day () da, (t))
dr T\ dt ' Tdat ' T ar )

d
Ecan r=r ()= (x (%), y (¥, 2(!)), 1o npoussoanas —d—-';- €CTh BeK-
TOp, HaMpaBJeHHLIA Mo Kacaresablolt K rogorpady BeKTOP-QYHKUHH

r (f) B cTOpOHY BO3pacTaHHA aprymenTa f.
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- dr
Ecan {—Bpems, T0 —7 =T €CTb BEKTOD CKOPOCTH KOHa BEKTOpa 7.

MMpasuaa fndpdepeHUHPOBAHASA BEKTOP-PYHKLHH
(@=a (), b=>b (). by

1) %:0, rAevc—noc'roanHui BEKTOP.

2 TidT (aa)=a-d?at- , TAe 0.—NOCTOSHHHIL CKafip,

- d da -:- db
3) aj(aﬂ:b)=7':l:ﬁ'-

4) dit (pa) =-‘;if— a-+¢ %‘:— , Tle =0 ({) — cKkansipHasa GyHKUHS OT .
d da Idb
5 5 @ b)—(‘gt-' b)-l—(a, —d—[) .

6 - la, b]=[%{; b]—l-[..a, LA}

d d d
7 i a(Q (t))=-a% . % » TR g=0 (f) —cransipnas GpyHRuEs ot £.

5.543. Joxkasatb, uTO (a, %‘:—)=O, ec1H |a|=const.

5.544. Jlano ypaBHeHHe nBHxeHus r==3{i—4¢J. Onpe-
JIe/IUTh TPAEeKTOPHIO H CKOPOCTb ABHXKEHHS. .

5.545. JlaHo ypaBHeHHe ABWXeHHA r =3+ (41 —1?)].
OnpegnesnTe FPaeKTOPHIO H CKOpocTb ABHxeHusa. [loctpo-
HTb BEKTOpPbl CKOpPOCTH AJfi MOMeHTOB (=0, (=1, {=2,
t=3.

5.546. JlaHo ypaBHeHHe JBHMeHHs r=2({—sin{)i }
+2(1—cos#)j. Onpenenntb TpaeKTOPHIO H CKOPOCTb JBH-
xenusi. [JocTpOHTb  BeKTOPH CKODOCTH JJI1  MOMEHTOB
{=mn/2, t=m.

5.547. Haitn eluHNWuUHBIA KacaTe/bHBIR BEKTOp Foforpada
BeKTOp-QYHKUMH 7 = e*'i — (t+ 8)¢/3] npu ¢=0. ,

5.548. Haiitn enuHHYHBIH KacaTe/lbHbIA BEKTOp roforpaga
BeKTOp-QYHKUMU r= (£*+ )i+ ] npu-li=—1.

5.549. Hafitn npoussoiHbie BeKTOP-GOYHKIHHAI

a) r=sint¢-i4cos*t-f+sinfcosi-k;

6) r=1icost-i+tsint-j4(k;

B) r=(t-+cost)i4tf+sint k.

5.550. Hafitu npousBo/Hble BeKTOp-QyHKIMHI

a) r=eli+costj- (4 1)k B Touke (1, 1, 1);

6) r=1014(t+ ])2~j+Vtz+1k npu {=—2.

5,551, Haiitu Edt-(a, b), ecau

a=1i i+ Ok, b=i+1j+ k.
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5.552. Haiitu %[a, bl, eciu a=i-+tj+1t*k, b=
=+ j+ 2k

5.553. Haiitn %‘;— , €cliu @ = ui + u*j -+ uk, roe u =sinf.

Ecau r=r )=, y (), 2(f), 10
ar  d (dr >= ( e dy d2z>

T dr\dr dE AR dit
d2r do
Ecan t— Bpems, TO Wi =W=w—nemop YCKOPEeHHSI KOHUA BeK-
TOpa r. -

5.554. Haiitu BTOpBIE NMpPOH3BOAHEIE BEKTOP-()YHKLHH;

a) r=cost-i+ej-+(1*4 1)k,

6) r=ti+tcost-j+tsint-k
[pH mpou3BosbHOM [ U npu ¢ =0.

5.555. laHo ypaBHenue mBHKeHHA: P =2 ({—sinf)i +
+ 2 (1 —cost)j. Onpenpenutb YyCKOpeHHe JBHXKEHHS. IIo-
CTPOUTb BEKTODPbl YCKOpEHHf AJIsi MOMEHTOB [ =m/2, { =

5.556%. JlaHo ypaBHeHHe ABHXKeHHs: r = 3ti - (4¢ —t’)j
OnpepenuTb yCKOPeHHe W JBHXKEHHS H €ro TaHTeHUHAaJlb-
HYI0 W; H HOpPMaJbHYIO W, COCTABJSIOLLHe B JIIOGOA MOMEHT ¢
u npu t=0..

5.557. Jlano ypaBHeHHe  JBHXeHUA:  p=1/,t} +

+ /5 (2t41)32j. Onpenennts ycKOpeHHe IBHXEHHA H €ro’
TaHreHunaJIbHy!o H HOPMAJIbHYIO COCTaBJjfiouie B JoGol
momeHT ! u npu [=0.

3. KacateabHas K npocrpancnenuoﬁ KPHBOH M HOPMaibHaf mJjoC-
KOCTb. Y'paBHEHMA KacCaTeibHOHl K NpPOCTPAHCTBEHHOH KpHBOR Xx=x ({),
y=y(f), 2=2(!) B TOouke M, (%9, Yo, 2p), KOTOPOH COOTBEICTBYET 8Ha-
yenue mapamerpa fy, HMEIOT BHI

-

X—X __ Y=Y ___ _2—2%
o TE T
dt lt=¢, dt lt=1, dt |r=t,

r)le‘ X, Y, 22— TEKYyLHe KOOPAWHATLI TOUKH KacaTeJbHOMH. YPaBHeHHe
HOpMaJleOI'i IIJIOCKOCTH B TOH Ke TOuKe:

dy dz

_— —L 2—27) ——

o-l_(y yo) di =to+( 0) di

[Tpumep 2. NokasaTb, 4TO KacaTeibHasi K BHHTOBOH JIHHHH
r=(acost, asint, bf) o6pasyer noCTOsIHHLIL yroa c ocbio Oz.
4 Haiigem pekTop, Kacatesbhsiit K rojorpady BeKTOpa 7

-d—’;=(— asint, acost, b).

I=1ty

dx
(£ —xy) G

(=t t
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Orcioza
2 () b

“Vain

cosy=

T. e. y=const.
ITpamep 3 ‘Hanucats ypaBueHHs KacaTeJbHOM n HODMaJIbHOI
MIOCKOCTH K KpuBoH x=1(2—1, y=1¢t41, 2=1% B Touke M, (0, 2,.1).

« /laHHOil TOuKe COOTBeTCTBYeT 3HaueHHe mapamerpa f=1. Hmeem
dx ay dz o,
T =% = =
[Moncrannsas sHavenne {=1, nonyuaem
x| o dy | de |
dt t=1— ! dt t=|_— Todt t=1—
VY paBHeHUsI KacaTeslbHOMH:
r_y—2_ z—1
2 - 3

VY paBiienye HOPMasNbHOA MAOCKOCTH:
2(x—0)+1-(4—2)4-3 (2—1) =0,
HJH
2%+y-+432—5=0. »

Ins KaxaoH H3 CJelyOUWHMX KPHBBIX HallHCaThb ypaBHe-
HHS KacaTe/abHOH H ypaBHeHue HOPMA/IbHOH  IJIOCKOCTH

B JAHHOH TOuKe:

5.5568. x =4sin*{, y 4smtcost z=2cos*¢ mpu t =m/4.

5.559. x=§t’, y=—5t3,‘z=—4-t4 npu =2

5.660. x=acht, y=asht, z=a¢ npu {=0.

5.561. x*+ y*=10, y*+ 2*=25 B Touke M, (1, 3, 4).

5.562. 2x*+43y*+22=9, 3x*+y*—22=0 B TouKe
M,(1, —1, 2).

4. lluddepenunanbibie XapakTePUCTHKH MJOCKHX KpuBuiX. [lycts
kpusas B nJockocTH - Oxy sABasercs roforpagoM  BeKTOP-(yHKunu
r=r(s)=(x(s), y(s)), rAe s— IJHHa AYTH KPHEOIL.

Kpususnod xpusoit B Touke M, Ha3blBaeTCs YHC/IO

lim &

K=
M—>M, As

rie (--yron NOBOPOTa ~KacaTe/biiOM, COOTBETCTBYMOWMI Jyre MM
(puc. 47, naunoii KpuBoH, a As—;umua stoit ayru. Benunuwna R =1/K
HA3L1BaeTCA paduycom KpusUBHOL.

KpuBusHa K onpefensieTcsi COOTHOLICHHEM

d*r

K=\Z=

MMoa pen. A, B. Edumona, B. I1. Jemngosuya " 241



dopmyas AJsi BHUHCJEHHS KDHBHSHB: 1) ecanm KpHBas S8ajand
ypaBHeHueM B fBHOH ¢opme y= (x), To
B AN
“=larerrl

2) ecnm KpHBasi 8ajJaHa ypaBHeHHeM B HesiBHOH dopmel) F (x, y).=
=0, 10 :
Fyx Fyy Fl
Fyy Fyy Fy
Fy Fy 0 ||,
FZ+FS|

3) ecn KpHBasf SajiaHa NapaMETPUYECKHMH YpaBleHHAMH X =x (f),
y=y (@), 10

K=

xl yl
xﬂ yll
(x/a+y/z)a/z H

4) ecnM KpuBas 8ajaHa B INOJSPHEX KOODPAHHATaX ypaBHEHHEM
r=r(g), 1

K=

r3+2r'2—rr"
(r2 11720

Ok pysicHoCMbl0 Kpususne: (CONPUKAcaoweldcs OKpYIHOCMbLIO) K PHBOR

B ee Touke M Ha3mBaeTcs npejelbHOe NOJOXEHHEe OKPYKHOCTH, NpoBe-

nenHoli vyepes Touky M M jnBe JApyrue TOoukH Kpusok P u Q, Koraa
P—MunQ—M,

Pannyc OKPYXKHOCTH KPHBHSHE DPaBeH DaJnyCy KDPHBH3HHI B COOTBET-

cTBylome#t Touke M, a IEHTP OKPYXKHOCTH KPHUBH3HH (4eHMp KPUGU3NbI)

. HaxXOAMTCA Ha HOPMaJH K KpHBOIL,

»(s) nposefienHoit B Touke M B cropouy

BOTHYTOCTH KDHBOH.
Koopaunatt X mu Y uentpa
M KPHBH3HLI PaBHEI

K=

MEAEYLY
Y

Mg
14472
Y= e
y+—
Puc. 47 Se0a10mod KpPHBOH HaSHBaeTcs

JIHHHUSA, OIHCHIBaeMasi LEHTPOM KpH-

BH3HEl IIPH JBHXKEHHH TOYKH MO KpHBOH., DopMmysnl AJasi KOOpAHHAT
LIeHTPA KDHBH3HH ONpEleNsOT NapaMeTpHYeCKHe YPaBHEHHS SBOJMIOTLL.
ITpumep 4. Haittn ypaBnenne seomoTsl mapa6oas y?=2(x--1).

« Mmeem 2yy' =2, 1. e, y'=%. IMocne mosroproro Jaudepenunposa-

’2
pua noayuaeM y'2-fyy’=0, oTkyAa y'= —!/7= -—% . Haxoaum xo-

1) 3peck HCNONL3YIOTCS YACTHBHIE MPOH3BOAHBIE (YHKUMM ABYX Ie-
peMeHHLIX; onpeliesekne cM. B 1. 3 § 1 ra. 7,
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OpAUHATH [EHTPA KPHBH3HLL:

1 1)

—(14=
Xy YOy 9y ( Ty
h y 2 —1/y°

1+y” ra s
Y= y+ +_l/ys"“_y»
TeM CaMbIM HaHJeHb napaMeTpH4Ye€CKHE YypaBHEHHA 3BOJIIOTHIY
3
X=? ya, Y=— ya.
Hckaiouns napamMerp y, Haiinem ypaBHEeHHE 3BOJIIOTBI B BHAE

ety

BoluucauTh KPUBH3HY JAHHOH KPHBOH!

5.563. y=x* B Hauane KOOpAMHAT H B Touke M (I, 1).

5.564. x*+ 9y*=9 B BepunHax ssmnca A (3, 0) u B (O l).

5.565. x*—xy+y*=1 B Touke M (1, 1I).

5.566. x=1?, y_-lf—l/at3 npu {=1.

5.567. x=1/2t2, y="1/3t> B Toure M (Y5, */5).

5.568. r=a(l —cosg) B MoGOA TOUKE H NpPH @ =,

5.569. r2=a’sin2¢ npu @=mn/4.

Hafitu paguychr KpHBHBHbI {B mobOi TOuKe) NAHHBEIX
KPHBBIX: -

5.570. a) y= /x, 0) - e-L—

5.571. a) xm-{—y’/"-—a”/3 6) x=acost, y=bsint.

5.572. x=a(t—sint), y=a(l —cost).

5.573. a) rt=aqa? cos?cp, 6) r=ao.

5.574*, Bepuwiunod xpHBOH Ha3blBaeTCsl TaKas ee TOukKa,
B KOTODOil KPHBH3Ha MMeET MakCHMYM i MuHuMyM. Haiirn
BEpLIHHY KPHBOH y=e"~*,

5.575. Hafith BepuHy Kpusoit y=Inx.

Boluncauts KOOPAHHATBI UEHTPOB KDPHBH3HBI M HAIHCATh
yPaBHEHHS OKPYXKHOCTeH KpPHBH3HBI IlaHHbIX KDHBBIX B YKa-
3aHHBIX TOYKaX:

5.576. y-'—a),‘_l'_x2 B touke M (0, a).

5.577. y=e~-* B Touke M (0, 1).

5.578. y=uxe* B Touke M (—1, —1l/e).

5.579. y=sinx B Touke M (n/2, I).

5.580. x=a ({—sint), y=a (1 —cosf) B Touke M (na, 2a).
Hailtu sBosoThl KpUBBHIX: ,

5.581. a) y=x% 6) x®*—y*=a% B) ¥*°+y*?=aqa"3,
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5.582. x—aln Ll/yaz;-i——l/a2—~y”.
5.583. x=2f, y—12—2.

5. JluddepeHunancHele XapaKTePUCTHKH NPOCTPAHCTBEHHBIX KpH-
smx. Bo Bcsukoil neocoGoit Touke M (x, y, z) MpoCTpaHCTBeHHOH KPHBOIl
r=r ({) MOXNUO NCCTPONTh TpH B3aMMHO NEpPNEHIHKYJSAPHLIX BEKTOpa:

dar. . ) o
T=-‘Tt— (1anpanasioWKii BEKTOp KacameabHod),

“dr d*r o, .
B= v R (uanpann_momnu BeKTOp Guropmaiu),
N=[B, T) (uanpapasiomuil BEeKTOP 2AA6HON HOPMAAL)
HA¥ COOTBETCTBYIOLIHE MM OCHOBHbLIE eQUHUYHOIE 6EKMOpbL:

el g B _N
Tl 18]’ INT’

KOTOpLI€ MOXHO BLIYHCJIHTb TaKKe no QJODMleaMI

_ dr ___d‘r/ dt .
— e v_ds d_s ’ ﬂ*[Tr ‘V]-

ds
Tpexrpannuk ¢ Bepwnnoii 5 Touke My, [e6paMu KOTOPOTo Cayxat Kaca-
TeJbHas, TIJIaBHast HOpMaJb M GUHOpMalb, HA3LIBAETCS €CHIECHGEHHbIM
mpexepatrukom (mpusdpom) npocTpancTtbennofi kpupoit. [pausamu ero
ABJIAIOTCS MJOCKOCTH: conpukacarmuancs (MpoxoauT yepe3 Bektopnt T u N),
Hopmaavras (MPOXOAMT uepes BeKTophl N u B), cnpamaswuias (1poXonut
yepes BeKTopl B u T). B
YpapHenns IJaBHOi HOPMaJH HMEIOT BHJ

X—Xo _ Y—Yo 2—2
- - ’
N, N, N, .
rae x, Yy, Z—TeKylHe KOOpJMHATLI TOUKH rJlaBHOH Hopmaau, N, Ny,

N, —xoopanHaTil BekTopa N. i
YpaBuesus Ganopmanu;

X—Xo _ Y—Yo _ 2—2
By By B,

YpaBuenne conpHKacaiouleiics NJIOCKOCTH:

By (x—x0)-+ By (y— o)+ Bz (z—20) =0. .
y

VYpasuenne cnpamasioell NJI0CKOCTH:

Ny (x—x0)+ Ny (y—yo)+ N5 (2—20) =0.

Npumep 5. Haiith ocHOBHBIE eJHHMYHBIE BEKTOPH T, v H fb
KpuBoM x=1—sinf, y=cost, z=1! B Touke M, KoTOpOil COOTBETCTBYET
snauende napamerpa t==0. Hanucatb ypaBHenus KacaTeJbLioii, IVIaBHO
HOpMaJil K OMHOPMaJu B 3TOH TOUKe.

< limeem ,
r=(1—sint)i4cos t-j+ &,
%=—‘cos tei—sint-j+k,

2 ) )
—F =sin t-i—cos {-f.
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Tpu ¢=0 noayuum

dr d*r
T=Zp=—it+k, Sp=—J,
; i jk
2
B={%;;., .‘;t_’;J= —1 01]|=i+k, )
0—10
] 1k .
N=[B, T]=| 10 1|=-2].
—101
CinenoBaTesbHO; Ik
— i-+k
1= ViQ_ 5 V=—], 5=—,_=2—-
Tak xkak npu £=0 umeem x=1, y=1, z=0, To:
x—1 y—1 =z . -
=" =T —YPasHeHHA KacaTenbHoif;
x—1 y—1
=" =1 — YpasHenus TJIaBHOH HOpPMaJiu;
x—l;—_-y;l:-z-—ypasﬂeﬂua Guxopmaau. P

EC.’Iﬁ npoCTpanCTBeHHas KpHBasg 8ajana KaK I[epeceyeHde JByX

MoBep XHOCTER .
. F(x, y, 2)=0,
G(x, y, =0,
dr  dr
To ynoGHee BMeCTO BEKTOPOB =F 4 @  PacoMaTpuBaTh  BEKTOPH
dr=(dx, dy, dz) n d*r =(d%x, d*y, d?z), mpHYEM MOXHO CUUTATL OLHY
H3 NepeMeHHBIX X; Yy, 2 He3aBHCHMOH u ee BTOpoil aupdepeHmuan pas-
. HBIM HYJIIO. )
MMpuwmep 6. Hamucarb ypasHenus conpuKacaruleics, HOpMaabHOM
u cnpamasouel I0CKoCTP#i KpHBOR
Ky =6,
xB—yP =4
b ee Touke M (1, 1, 2).
4 [dupdepenunpys IaHHblE ypaBHEHHA H CGUATAS X He3aBUCHMON
nepeMeHHoM, MOJy4YuM:

xdx+ydy-+-zdz=0,
xdx—ydy-42zdz=0

A+ dy+y &y +dz*+ 2 d*2 =0,
dx®—dy? —y d¥y--dz* 2z d*2 =0,
[pu x=1, y=1, 2=2 umeem:

dy =0, dz=—-é—dx; d?y =0, d”z=—-%dx2.
Crefl0BaTeNLHO, dr=(dx, 0, ——% dx) , dr=(0,0, —% dx’) .

3aMeHuM 5TH BEKTODbl BEKTOpaMH, UM KoJuIHueapuemd, (2, 0, —1) u
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(0, 0, —1), oTkyna

T=(2’ O’ _l)t
ij R i1j R
B=|20—1|=2j, N=|02 0|=2(—i—%).
00 —1 20 —1

Orci0/la HaXORHM:
y—1=0—ypaBrenne conprkacalouefics NJIOCKOCTH;
9% —z=0—ypaBHeHHe HOPMaJIbHOH ITOCKOCTH;
x-}2z2—5=0—ypasnenne cnpamisioumed NJIoCKocTH. P

HaliTn OcHOBHLIE €JlMHHYHBIE BEKTOpH ¥, ¥, B H cocra-
BUTb YpaBHEHHsl KacaTe/lbHOH, I'JIABHOM HODMa/H H GHHOp-
MaJ¥ [JaHHBIX KPHBBIX: ‘

5.584. x=¢', y=e~t, z=1 npu =0,

5.585, x=1t—sinf, y=1—cost, -z=4sin% npu t=m.

5.586. x=2¢, y=Int, 2=1* npu t=1.

5.587. y=x, z=2x* B Touke x=1.

5.588. Hanucatb ypaBHenus mJockoctelt, o6pasyomux
€CTECTBEHHBIH TPEXIPaHHHK KpPHBOH x=1{2-+11, y=cost,
z=¢' B Touxke (I, 1, 1).

5.589. Hamucate ypaBHenusi mnuockoctefl, 0Gpasyloutsx
ecTecTBeHHHIl TpexrpanHuk kpusoit x=1[V'2, y=t/V'?,
z=Insint npn t=mn/2. .

5.590. HaiiTh BexkTOpH T, v, B M HanucaTb ypaBHeHHs
Bcex peGep M MJIOCKOCTeH, O6pasyiolMX eCTeCTBEHHEIN Tpex-
rpaHHHK KpuBoi x=(l+ 1)} y=13, z=)1Fr1 B Touxe
(1, 0, 1). .

"5.591. HajiTu BekTOopht ¥, v, P M HanucaTh ypaBHeHHS
Bcex pe6ep M NJOCKOCTeH, 06pa3yIOMHX eCTeCTBEHHHI Tpex-
r+y+2=14,
xX4+2y—z=2

Kpususna npocTpancTBeHHOR KPHBO#H ONpeAEJNETCA aHAJOTHUHO
KPUBH3Re IJOCKOH Kpupoii. Eciin KpuBas 3ajlana ypaBHenueM - =r (s), T0

1 d?r
k=g =| &
B cayuae ofuiero napaMeTpHYecKoro 3ajaHHs KDHBOH HMeeM
| |

1 dt ’ de?

. K.=.—R"='—d_?|'3—.
dt
Kpyueruem (smopod Kpueusnod) NpPOCTPAHCTBEHHON KPUBO B ToY-
Ke M HasnBaercs 4HCIO : o

1
G_F_Nu.'."' As?

IpaHHHK KDHBOH { B Touke (1, 2, 3).

’
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rae 0—yroa nosopora GHHOpMAJH, cooTBercTByromuii ayre MN. Besn-
YHHA P Ha3blBAeTCA PadUYycoM KpyqeHus HIH paduycom 8mopoLi KPUBUSHYL,

Ecan r=r(s), To

dr d®r d°r
o=TF dp — ds ds? Tdss
| [@rp "’
ds®

roe 8SHak MuHyc Gepetcsi B TOM c/ayuae, KOr&a BEKTOPHI —Z% H v HMEIOT
OIMHAKOBOe HanpaBJieHHe, H 3HAK IJIIOC—B IPOTHBOMOJIOXKHOM CJay4Yae.
Ecau #=r (f), rae {—npousBo/ibHEIH Mapametp, TO
dr dr d°r
 WAEdE
- l dr d“r'J 2

i

ar e
[Mpumep 7. Hafitn  KpuBH3HY M Kpyuenue Kpusoii x=et cos ¢,
y=etsint, z=et B moboit Touxe.

4 [meem
r=(tcost, etsint,.el),
.Z_ = (e (cos t —sin {), et (sin ¢-}-cos {), et),
%—=(—2e‘ sint, 2t cos t, e?),
—dd—_.(— 2¢t (sin ¢ - cos £), 2t (cos t—sin f), et).
Orciona
! i J k
[d_r’ _dz_';]= el (cost—sinf) ef(sinf-fcosf) et|=
dt dt __23‘ sin t 2et cost et

=e¥ (sln ¢ —cos t, — (sin ¢+-cos #), 2),
et (cos t—sinf) et (sintf-cost) et

ar & Pr —2tsin ¢ 2etcost  et|—ge,
dtdeddi —2et(sint4-cosf) 2t (cost—sinf) et
CnenoBatesbHO, .
__ ey (sint—cos f)®+ (sin {4 cos #)2 4 4. V_ze-f
St ((sin f—cos t)2+(sm ftcos )2+ 1) 3
e—t
3 »

= et ((sin t-—cos t)2+(sin tcos t)24-4)

BHIYHC/IHTE KPUBH3HY H KPY4YeHHE KDHBBIX:
5.592, x=e!, y=e™!, z=1)/2 B moGoil Touke H mnpH

t=0.
5.593. x=t¢, y=12% z=1* B moGoil Touke u npu {=0.
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5.594, x=3t—1%, y=3(* z=3t+1, B mobOH TOUKe
unpn t=1. ' ,
5.595. x=2¢, y=1Int, z=1* B /moGoi Touke u npu t=1.

5.596. y=i22-,. 2='—t3i npu x=1.
5.597. 2x=y* z=x* B MoGOA TOouKe u npu y=1.
5.598*%, [laHo ypaBHeHue ABHXKEHHS r=ti+t2j+—§- t°k.

OnpesenuTh YCKOPeHHe W ABHXKEHHS, TAHTE€HLHAJbHYIO Wy
¥ HOpMaJbHYIO W, COCTaBJfIOLUIME YCKODEHHA B J10O60H MO-
menT ¢t u npu ¢=1. -

6. Komnaexcuble ¢yHKHHH ReACTBHTebHOH nepemeHHoil. Eciu Kax-
JOMY 3HaueHuio JeficTBMTeabHOH nepemenHok /€D < R nocrasneno
B COOTBETCTBHE ONpENeJEHHOE KOMIIJIEKCHOe 4HCIO z=x-}-iy, To 2 (f)
HasulBaeTc  KomnaexkcHoll pyuxyued Odedemsumenvnod nepemenHod t
¢ o6aactbio onpegenennsa D:

z=z()=x()+iy O,

3ajanHe KOMIVIEKCHOH (YyHKUMH 2=z (/) paBHOCHJIBHO 8alaHHUIO IBYX

NeHCTBUTONbHLIX GYHKUMH x=x (f), y=y ({), HIH 3aNaHHIO BEKTOD-

dynxunn r () =(x (), y (?)- .
-Ipumep 8. IlocTpouTs KpHBYIO, 3ajlaHnylo ypapnenueM z (f) =

=e(a+lﬁ)t' — <t<+0°.

4 Tak Kak z (f)=e% (cos Bt-}-isin Bt), 10|z ({) | =e*! wargz ()=Pt.

[lonaras ¢=P¢, naxoaum, ecau f # 0, t=% . CnenoBaTtenbto, r=|z ({) |=
a

——w -
—=eB (—® <P <+ ®), ¥ M NOJAYUHIH YpaBueHHe Jorapumu-
yeckoir cnpaan (ra. 2, § 3, m. 5, a Takke puc. 13, ciena), ecan af # 0.
[pn a==0—oxpyxHoets r=1, npu B=0—uayy ¢=0.

ITpou3sodroli KOMIIEKCHOH (yHKIHK 2 (f) Ha3bIBUETCSH KOMIJIEKCHasn
¢ynkung 2’ ()= lim Az, A)

yH At -+ 0 At

MM LeHCTBHTENbHOH NepeMeHHOl pacnpocTpaHsIOTCs OOLIMHEIE NpaBUJa
audpepennuposanua (cm. o. 1 § 1), :

Mpumep 9. okasats, uto (M) =AeM, rae A=a--if—npous-
BOJILHOE KOMILIEKCHOE 4HCJIO,
o4 Ilycth z (f)=eM = etw+iP ¢, Torpa x (f) =e*! cos Bt u y (f) =e* sin .
Orciona HaxoauM:

=x' ()-+iy* (). Ha komnaekcuLie GpyHK-

x' (f) = ae® cos Bt —Be sin B,
Y (¢) = ae%! sin Bt - Bex? cos .
Crief0BaTeNbHO,
2 () =x" () iy’ (1) = (e cos Bl —Pe%! sin Bf) -
+i (e* sin Bt 4 Pex! cos Bf) = e (cos B¢ i sin f1) -
- iPet (cos Bt i sin B1) = qe@+iBX 4 et B t =
= (ot i) e@tiP t =hers, P

Hocq‘po’}m: KPHBEHIe, 3alaHHEIE YpaBHeHHsMUH 2z =2z (f),
U Ha#Ttd 2’ ({):
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5.599. z=={*+it, { € (— o0, -+ o0).
kLS

5.600, z=1—i+t1le *, {€(— 00, + ).

5.601. z=2¢", t€]|0, a.

5.602. 2=23¢' +e7 1, t € (— co, 4 o0).

5.603. 2=2+i)et+ (2—i)e7t, t€(—o0, + o0).

5.604. 2=1(>+it*, { €(— 00, 4 o0).

5.605. z=1t-4-i—ie~‘t, { €[0, 2n]. ‘

5.606. z=qae'* (1 —if), a€R, ¢t €(— oo, -+ 00).

5.607*. llsBectHO, uTO 2z=2(f) onpenensieT 3aKOH [BH-
MEHHS TOYKH Ha IJIOCKOCTH. HaHTH KOMIOHEHTEI CKOpPOCTH
H YCKOpeHHS$ N0 HalpaBJeHHIO KacaTesbHOH K KPHBOH 2=z (¢)
M TIepIeHAUKYJISPHOMY K HeMy.

5.608*, Touka z nmpoGeraer OKpy>XHOCTb |2 |= R ¢ nocro-
SIHHOM YIJIOBOM CKOPOCTbIO, paBHOH enunuue. Haiith Bexktop
CKOPOCTH TOYKH W, JABHXYLIeHCA BMeCTe C 2 MO 3aKOHY

w=f(2).

[ycts D=-‘-ft—-'onepa'rop auddepenunupoBanns, T. e. Dz () =2’ (7).
Jlnueiiuuii AuddepeHnuanbHEIl  onepaTop C MOCTOSHHBIMH KO3(hdUUHEH-
tamu p (D) =a,D"+-...--aiD -} a, onpenensierca crenyiomum oGpasom.

P D)z ()=a2® (4. +ai2’ (402 ().

5.609*. [loxasaTb cJejyiOllHe CBOHCTBA JIMHEHHOrO Au(-
(pepeHIIHAILHOTO OnepaTopa ¢ NOCTOSHHBIMH KOd(pdHIHEHTaMu;

a) p(D)e =p(}) et .

6) p (D) (eMz (t)) =e*p (D+M) z (¢), rae z (f) —npoussons-
Has KOMIUIEKCHO3HauHas (yHKuMs, n pas auddepenurpyemas
npu Jmobom ¢ € (— oo, -+ oo). :

Ons sajaHHBIX (YHKOUHA BBIYHC/AUTB. YKa3aHHLIE JIHHEH-
Hbie KOMOHHAUMH NPOU3BOAHBIX!

5.610. x" (¢)+3x (£) 4+ x(f), ecan x (¢)=te~tcost.

«q 3amernM, uto x(f) = Re (t& =1+ 1), T[lostomy x” (f) 4 3x" (9) -
4+ x () = (D? 4 3D -+ 1) x (f) =Re (D?-}- 3D+ 1) tet=1+it, Hcnonways
peaysbTaT 3ajaun 5.6096), Haxoamm:
(D?4-3D 1) tet =3+t =l =2+Dt (D i—1)2+-3(DF-{—=1)+ 1)t =
=e=1+Dt (D24 2 (i—1) D4 (i—1)2 43D 43 i— 1)+ 1) t=

== 10! (DA (1 +2) D (—2+1)) £ =440t (1= 20+ @+1)) =

=e~t (1 —2f) cos t— (2} ¢) sin £) i (1 —2f) sin {4 (24 1) cos 1)),
Orciona nmonyyaem: . "
X" (0435 () +x (f) =Re (D* 43D+ 1) tel=1+D! =

=¢=! ((1—2f) cos { — (2 ) sin £). P

5.611. x'' (¢) - 46x (?); x(f)= et cos 3¢.
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5.612%, x"(ty—x" ()4 2/, x (), x (f)=-e!/’sint.

5.613. x"(f) + 2x" ()+2x(f); x(f)=etsin2f+etcost.
5.614. x'"" (f)—x(f); x(f)=1sint. ,

5.615. x" (t)—2x' ()+5x (t); x(t)=etsin2tV 1+ 12
5.616. Y/,x" (t)—x" () +x(1); x(t)=(1+#)etcost.

§ 6. YucnenHole meToapl (GPYHKUHH OXHOH mepeMeHHOH

1. Yucnennoe pemenue ypasuenwil, Kopene EE€ (a, b) ypapuenus
f(x)=0 u3sosuposan na orpeske [a, b], ec1u Ha 5TOM OTpe3Ke He CO-
JIepKHTCS APYTHX KOpHe#l yKa3anuoro ypasHenusi. OTpesok [a, b] Hasbl-
BaeTCH OMPpPe3KOM UB0AAYUL KOPHSL.

MeTton xopa. Ilyere Ha orpeske [a, b] M30IAUMHM KODHSA ypas-
nenusi f(x) =0 BHINOJHAIOTCA YCJIOBHS:

a) ¢yukuud -f (x), f' (x) u f’ (x) HenpepuLIBHM;

6) [(@-f(0) <0;

B) Oyukuuu f’ (x) u f’ (x) He M3MEHSIOT CBOEro 3HaKa.

Onpegendm uyucaa x, (n=1, 2, 3, ...) paBeHcTBaMu

3 xn-i—(x';‘(;:f)) _f_ (; a‘)ﬂ i+ Xo=0b, ecan f(a)-f(x)) <O,

Xp=
"’ (b—*n_y) [ (xa_1)
=1 =T ) — (tam)

 Torga mocieloBaTeJNbHOCTD (x,,)n ¢ [ CXORHTCS K KOPHIO Empun— oo,

, x=a, ecan f(a)-f (x)=0.

H }lﬂﬁ BCE€X HATypaJbHLIX 71 BLINOJHAIOTCA HepaBEHCTBA

L ()|
| n—81 < L0

M—m
Il —8 << m | Xp—%n-1ls

riem= "min | &) |nu M= max |f ()]
ag<x<b a<x<h
INpumep 1. Halitu KopHu ypaBHeHHd
xiarctg x—1=0

MeTOIOM XOpA ¢ ToyHocTei0 Ao 0,0001. .

4 [loctpouB rpadukn ¢ynkuuit y=arctg x u y=1/x, no pacnosoxe-
HHI0 TOYEK IepeceyeHHA BaKJ/IOYaeM, YTO YKa3aHHOE YpaBHEHHe HMeer
nBa kopHA Ej u Ey, paBHBIX IO aGCOMIOTHON BeJHYHHE ¥ DPABJHUHBIX
no 3suaky. Hafinem nomoxurenwamiit kopens &y, BHGpaB oTpeskom H3o-
JISIIHH 3TOTO KODHA OTpes3ok [I, V 3].1[.11;: ¢yukuun f (x)=x-arctg x—1
nmeeM

f’ (x)=arctg x+~l—:—:—-x—2- , f” (x)=(l+ixz)-'5

n

F()-£(V73) =(%‘- —1 )(V’%-l > =—0,2146019.0,8137992 < 0,
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nosToMy ycsosus a), 6) u B) Bemoansiorcs. Tak kak f'(x) > 0 npu
€[, V3], o m< " (x) <M, rze

m=Ff (1) =%+%=l ,2853981;

M=F (V"g):%_}. _V_;._i=1,4802102,

n M;m=0,1515577. Uro6sl ompelesnnTb 3HaK npoussefenus f(1).f (x),

HaitgeM xi. ITOCKOJBKY
(VB0 59708
. FV3)—F)
H, caefiopatelbho, f(1)+f (x1) > 0, To uHecna x, clenyer BHuMCAATL MO
¢dopmyne

X{=

(V_a.__xu—'l) f (xn~1) .
f(}/ 3)"[("11-1)

Xpn=Xp-1—

CBezieM BHIYHCJEHHS B TaGauuy:

n Xn-1 f(xu-x) ~(xn=2xpn_3) Xn -»1’-;-1’ (Xp=xpn-1)
111 —0,2146019 | —0,1527608 |1,1527608 0,02355%0
21 1,1527608 |—0,0129601 | —0,0090807 [1,1618415] 0,0013762
3| 1,1618415 |—0,0006758 | —0,0004730|1,1623145 0,0000716

Mocneannit cronGen onpenenser npelebHyio a6COMIOTHYIO IOTPEIHOCTD 1),
Taxum obpasoM, §y=1,1623 £ 0,0001 u E3=—1,1623 4 0,0001. »
MeTtox kacaTeabHux. Ilyctb Ha ortpeske [a, b] H3odsuuu
kopus E ypaBHenns [(x)=0 BHNONHAIOTCA yKa3aHHHE BHINE YCAOBHA
a), 6) ¥ B) H uHCaAd X, (n=1, 2, 3, ...) onpeaensioTcs paBeHCTBOM

f (xn=1) -
xn-_—xn-i’_'fi ('xn_ll)'
npuueM .
a, ecmu f(a)-f(c) <0, . _©—a)f@
we{ B TGS e cmo AL,

Torga nocneAoBaTeNbHOCTD (Jt,,)nEN CXOIHTCH K KOPHIO § IpH #—> 0,
M AN BCEX HATYPAIbHEIX N BHIIOJIHAIOTCH HEPAaBEHCTER

1f (xn) ]

M .
jx—El<< —m U bxp—E| <2—”: (n—Xp-1)%

1) 3jech B BO BCeX NPHBENEHHBIX AaJiee PACUETHRIX 3ajayax Ipome-
JKYTOUHbE BLIUMCJEHHS HPOBOAATCH C TAKHM UHCJOM AECATHUHBIX SHa-
X0B, KoTopoe ofecrneunBaeTcs Hcmoabayemoii DBM.
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rie
m= min |} (x)], Mi= max |f"(¥)].
agx<h a<xsh .
Mpumep 2. Halth  nonoxuTeNbHEI KOpEHb gpaaﬂeﬂml

x-arotg x—1=0 MeToloM KacaTelbHbIX ¢ TouHOCThbIO fo 0,0
< Kak u B OpeibillylieM IplMepe, OTPE3KOM HSOJIALHMH SIBJSETCA OTpe-

sok [1, V' 3). Mockonbry s dyukuns’ f(¥) =x.aratg x—1 umeeM

%}—}—:TI)—;((IL;_I,ISWGOS>O g f()f() >0, To ancaa x,

BLIYHCJISIEM MO opMyJie

Xn =xn-i—ffr(&::i)) y X = V.3-'

Gdynxuuu ' (x), f"(x) v 3Havenne m = 1,2853981 Haﬁneﬂbr B npumeps 1,
Hanee, My=f"(1)=0,25, notromy ato f'!/ (x)—-—(1+

oL < 0 na or-

peske usonsuun. Hakonen, ‘_2%':0’0972461'

PesyanbTaThl BuiuucaeHHd cBeleM B TaGaHIY:

: M
n Xn—1 ftna) | Flonay |=(n=xp-1) Xn :ﬁ'(xn”xn—x)'

1 {1,7320508]0,8137992]1,4802102] 0,5497862 [1,1822646 0,0534645
2 |1.1822646(0,0270628|1 ,3617976| 0,0198728 |1,1623918| 0,0000384

CrnenoBatesibHO, KopeHb ypaBuenus E=1,16239 £ 0,00004. »

Y6enutbcsl B TOM, UTO YpaBHeHHs He HMeioT [eAeTBH-
TeNIbHbIX KOpPHe#! :

5.617, 2* —x—?%;=0. 5.618. x"’-—arctgx-l-l—

5.619. (x*+2x+2)?=0. 5.620. }/ 2x—1 l+lg—=0

5.621. xt—x24+1=0.

5.622**, Kopeub § ypaBHenus f(x)=0 usonupoBaH Ha
orpe3ke [a, b], oyukuus f(x) HempepsiBHa u f(a@)-f(b) < O.
CoctaBHTb Ha (OpTpaHe MOANPOrpaMMy YMeHbILIEHHS OTpesKa
H3OJAIIMH B 27 pa3, HCNO/b3Yys MOCJAeNOBaTeNlbHOE JefieHHe
orpe3ka nonosaM. [Tapamerpamu BbiOpaTh Benuuunnl F, A,
B, N, rze F——nuenmcpuxamp noAnporpaMmbl-QYHKLUHH AJIs
BLIYMC/ISHHS 3HaYeHHH o¢yukuuu f(x), A 1 B-—KOHUBI He-
XOJHOrO OTpe3Ka H30JIAUMH [0 BBIYHC/IEHHH M KOHIBI MOJY-
YEeHHOro OTpe3Ka H3OJSLHH mocse BbluHcseHuH, N -—nokasa-
TeJIb CTeMeHH B BbIPaXKEHHH 2%, XapaKTepH3YIOlleM YMeHbLIeHHe
OTpe3Ka H30JIALMH.
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5.623. Pemmtp ypaBHenue x°-+-X*—3=0 Kxombunupo-
BAHHBIM METOJOM, NpPHMEHAS METOJ XOPA H MeTOX Kacarelib-
HHIX H CPAaBHHBAs Pe3yNbTaThHl.

-4. [Moctponus rpadukn GyRKuMi y=x3 n y=3—x>, NPUXOLUM K BHIBOLY;
YTO YKa3aHKOe ypaBlieHHe HMeeT ONHH AeHCTBmewubxﬂ KOpDeHb & Ha
orpeske [, 2]. 3}] MeHbIWHM OTPE30K HM30JSALMH B 4 pa3a, HCIOAb3Y S METO
nojoBrHHOro getenust. Ona f(x)=x34-x2—3 umeem f(l)=—1< 0 n

F(Q)= 9 > 0. Hanem f (1 5)—§ > 0, nostomy GoJiee YSKHM OTPe3KOM

HSOJIHLIHH apaserca orpesok [1, 1,5]. Haiina f(1,25)=0,515625 > 0,

noayusm otpesok [1, 1,25]. Tag kax

_ 1,25—=0 )
c=1— ——-———-—————f(l =7 (D) =1,1649484 >0 =u

TO, MpUMEnfisl METOA XOpA, 1eoGXOMIMO HCMOJB30BaTb opMyJay *
(1,256—xp_1) f(Xp-1)

M e >0,

Xp=Xp_i— L n=1, 2, 3, ...),
e F(1,25) —f (xp—2) )
a, NpUMeHAS METOJ KacaTeJbHEX,— GopMyay
FamFag—tm=) 93 ) f=1,25.

f’ (;n—-l)

PeayabTaTel BLuMCAENNH CBeleM B JBe 'raﬁmmu
a) Mg MeTojla XOpA:

n Tt Fxn_s) ~(n=xp-1) *n

1. 1. —1 —0,1649484 1,1649484

2 1,1649484 —0,0619384 —0,0091209 1,1740693

3 1,1740693 —0,0031786 —0,0004651 1,1745344

6) AJaa Meroja KacaTeJdblbiX:

n X1 FEn—y) F (xn—3) —(In=%n-1) *n
1| 1,25 0,515625 7,1875 0,0717391 1,1782609
2 l 1782609 0,0240767 | 6,5214179 0,0036919 1,1745690

[Tpu BuiuMCAEHNM METOJOM XOpPJ MONYUHJH BO3PacTalOULYI0 MOCIEN0-
BaTeJbHOCTh (X,) MPHOJMIKEHHI KopHs §:

1 < 1,1645484 < 1,1740693 < 1,1745344 <... < §,
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a MpU BHIYACIEHHH METOJOM. KacaTeslbHLIX — yObIBAIOMYIO MOC/IeN0BaTeNb-
HOCTb (Xp):

E<...< 1,1745690 < 1,1782609 < 1,25.
CoBnajamouye JeCATHYHblE 3HAKM UJEeHOB OGeHX MOcCJejoBaTesbHOCTEH
ABJAOTCH TOYHBIMH Aas Kopus E. [lo 3anaHHOf mpefenbHO# a6CoMIOTHOMN

MOTPEIIHOCTH € 3HAaueHHe £, NMPH KOTOPOM NOCTHIaeTcsl HeoGXoAHMas
TOYHOCTb, HAXOXMTCH M3 HepaBeHCTBA

| ;n “En |<e,
npH 3TOM §=% (et %) + €. Takum 06pasom,
£ =1,17455 4 0,00003. »

BLIUKHCAMTL OJHMM H3 YKa3aHHBIX METOJOB C TOYHOCTBIO
g0 0,0001 neficTBuTeNbHBlE KOPHH ypaBHeHHH: a) MeTojoM
XopA, 6) MeToAOM KacaTe/IbHbiX, B)' KOMOHHHPOBAHHLIM Me-
TOAOM:

5.624, x*+2x—8=0. 5.625. x*4+x4-1=0.

5.626. x*—3x*4+4x—1=0. 5.627. x*--2x—30=0.

5.628. x*—3x*+x—1=0. -5.629. y’—2x—5=0.

5.630. x*—5x+ 1=0. 5.631. 2x> —5x24-7x—2=0.
5.632. (x+ 1)*—x=0. 5.633. x*—2x—2=0.
5.634. x*—4x+1=0. 5.635. x*+x+4+1=0.
5.636. x=1/5—x. 5.637. x=2+/x.
5.638. x*+60x—80=0. 5.639, x*—x—2=0.
5.640. x=101gx. 5.641, x=2—lgx.
5.642, x*=—Inx. 5.643. x*=In (x4 I).
5.644. 4x=2*, 5.645, x?=¢*- 2.
5.646. x4-sinx—1=0. 5.647, x—cosx=0.
5.648. x*=cos x. 5.649. x=arctg)/x.
5.650. Inx=arctgx. 5.651, x*4+-Ilnx—4=0.

5.652, x.arctgx—1=0.

5.653. CocraBuTb Ha (POpTpaHe MPOrpamMMy peLleHHSs clie-
Aylolel 8ajgayd: HaHTH METOAOM XOpA KOPHU YypaBHEHHS
¢~3—x =0 o TouHocTbio g0 0,0001. ‘

4 IlporpaMmy CaeiyeT NpEICTaBHTb KaK COBOKYMHOCTb TpPex NpQrpam-
MHBIX €AMHHIL! OCHOBHOM NIporpaMMbi, MOAMPOrpaMMbl-pyHKIHH HaXOXIe-
HHSL KOPHA ypaBHeHusi f(x)=0 MeToJoM XOpPA Ha .OTpe3Ke H3OJSALHH
KOPH;[( [)a, b}, moanporpaMmel-hyHKUHH BBIYHC/ICHHS SHaueHHHA ¢YHK-
wun f(x).
ITodnpocpamma-pyrKyua Boiauctenus BHA4ERUE PYHKYUL:
FUNCTION F(X)
F=EXP(X-2)—X
RETURN \
END
Hoanpoepaﬁma-déymcuun Haxoxdenun kopus memodom xopd, Ilapa-
merpsl: F, A, B, S, EPS, F—umsa moanporpaMmbl-GyHKUHH BBIUHC/ICHHS
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‘snavennfi dynkuum f(x); A m B—KOHUB OTpe3ka mu30AAUMH KODHS,
S—mnanMenbiee: 3navenne |f/(x)| Ha oTpeske wusomsuun, EPS—npe-
RelbHasi alCOMIOTHAS MOTPELHOCT.

FUNCTION CHORD(F,A,B,S,EPS)

FA=F(A)

FB =F(B) .

X = AE-)((B—A)*FA/(FB—PA)

FX =
IF(FA»FX.GT.0) GO TO 2

1 X=X—(X—A)FX/(FX—FA)
FX=F(X&
IF(ABS(FX)/S,GT.EPS) GO TO 1
CHORD =X

RETURN

2 X = X—(B—X)+FX/(FB—FX)
PX=F(X)
IF(ABS(F )/S.GT.EPS) GO TO 2
CHORD=X

RETURN

END
- Oneparopst FA=F(A); FB=F(B) n FX=F(X) ucnoabsyorcsa
B yXasaHHON MOAmporpamMMe AJs Toro, urto6n MSGexaTh JMIIHHX BHYHC-
nenuR sHaveHHA GYHKUME f (X); Npu MCIOMHeHHH nporpaMMu samucs F(X)
BneyeT o6palleHHe K MOAnpOrpaMMe-GyHKIHH H BHIYHCJIEHHE COOTBETCT-
BYIOLLEFO SHaYeHHs 3Tol dyHKnHH.

OcHoeras npozpamma. ABaNK3supys nosesenne GyHKURH f(x)=e¥=3—

H ee POU3BOAHOM [’ (x)=€¥=3—1, saKniouaeM, 4T0 ypaBHeHHe ¥~ 3—x=0
MMeeT ABa KopHs Ha orpeskax [0, 0,3] u [3, 3,2]. IMockoabky f” (x) =
=¢*-2 >0, 10 f/(x) BOSpacTaeT; M BHIOJHAIOTCS HEpaBEHCTBa
—0,864665 =¢-2— 1 < [’ (x) < e~7"—1=—0,817316 a1s xE[0, 0,3],
1,718281 =e— 1 &< f' (x) K €112 —1=2,320116 naa x€[3; 3,2]. TlosTomy
|f" (x)] > 0,8173 B neprom cayuae u |f’ (x)| > 1,7182 Bo BTOPOM. DTH
YHCJHa BMECTe C KOHIIAMH OTDE3KOB M3OJAIMM H SaJlaHHOR NpelenbHOM
a6COMOTHON NOTPELIHOCTBIO ONpeeIoT SHAYeHHs] NaPaMeTPOB, T. €., KaK
TOBOPAT, ABJAKTCA (GAKTHYECKHMH TapaMeTpaMH AJIS INOANPOTpPaMMbI
CHORD. OcnoBsasi mporpamMma HMeeT BHA: -

EXTERNAL F

ROOT1 =CHORD(F,0.0,0.3,0.8173,0.0001) !

ROOT2= CHORD(F,3.,3.2,1.7182,0.0001)

WRITE (3,1) ROOTI1, ROOT2
1 FORMAT (! KOPHH YPABHEHMSI',F6.4,) n !,F6.4)

STOP
END . »

.

CocTaBuTh Ha popTpaHe NMOANpPOrpaMMbl-QYHKUHH IJs Ha-
XOXKIEHHS YKa3aHHBIM METOJOM KOpHS YypaBHeHHs [ (x)=0
Ha oTpeske usoasuuu [a, b]. Ilapamerpsi: F, A, B, S, EPS;
F—ums noanporpaMmbl-GyHKIHH  BBIYHCJIEHHSI SHAYEHH
¢yukunu f(x), A 1 B—KoHIB OTp€3Ka H3OJALUH KOpHT,
S—napamerp, onpeneseHHp Huxke, EPS—mnpeneibnas a6-
comoTHast morpemHoctb. Ilapamverp FD—uma nomnporpawm-
MbI-pYHKUHH BhiuHCAeHH: [’ (x).

255



5.654. Meron xopa. Ilapamerpn:: F, A, B, S, EPS, S=
M=m  rne M=max|f (x)| 1 m=min| ' (¥)| 219 x € [a, b].
- 5.655. Merton xacareibHbiX. Ilapamerpe: F, FD, A, B,
S, EPS, Szﬂml, rie Mi=max|f"(x)| 1 m=min|f (x)]

s xe [a, b]. )
5.656. KowmGuinposaunuiii Metox. [Tapamerper: F, FD, A,
B, EPS. .

5.657. Hna ypapueuus f(x)=0 ogno#t u3 sagau 5.624 —
5.652 coctaBuTL Ha hopTpaHe MOANPOrpaMmy-(QyHKIHIO Bbl-
ypcsaeHus 3HaueHHH. dyuxuny f(x).

CocTaBuTh Ha (opTpaie MPOrpamMyMbl pelleHHs ONHOH u3
3a1ay 9.624-—5.652 ykasaH!bIM MeTOAOM:

5.658. Meron xopa. Hcenosbaosats petnenus sagad 5.654
u 5. 667

5.659. Meron kacateqpbHbix. Hcnosb3osath pelenus 3a-

naq 5 653 u 5.657.

5.670. KombunnpoBanubift meron. Hcenosnb3oBath peruenus
sagau 5.656 u 5.657.

2. Hurepnosnposanue cbynxuuu [Mycrs ¢ynruua y=f{(x) B yasrax

unmepnoasyuu x, € [a, b}, k=0, 1, ..., n, npunumaer 3Havenus f(xg)==yg,
TOorja pasdelertole PA3HOCIIL onpeaenmmca paBeHCTBaMH:
Ye—Uk+1
Ay (x Xk+1)——-————
v W Xp—Xpyr
Ay (x4, Xk+1)—-/\'/ (X130 Xkt o)
Ay (g, Xgpegy X = LE
Y (ks Xrair Xpan)= xk—ka ,
Ay (s Xpsis oo o) xk+l 1 Xre) =
Ay (xg, x, ceey Xpap=1)—Ay (x ceey Xp
!/(kv Rts oo o) k+l‘l) Y (Fratis oo Xiegr) ki),
X Xk+1 ’

a unmepnorayuonnoid noaunom Qynkuuu f(xr) Ha ortpeske [a, b] umeer
BHA

P ) =go+ D (x—x) (x—x1) eor (£ —Xpmt) At (X0, X1y ooy )i (1)
. k=1

MpH 5TOM B CJyuae CYuleCTBOBAaHHSA HeNpephiBHO mpouasoiioi fin+l) (x)
ua [a, b] Bunoanserca uepaneucno
Il (=),

My 1= max |[E+D(£)]..
as<xgh

EES

n+.

I TET @

l , (X) —lIn \"

rnpe

Mpumep 3. Haiitu } 2 c tounoersio o 10-4, mocrpous aas
Qyukuay f(x)= ) * HUTEpNOAAUHOHHLIE TOMHHOM Ha oTpeske [ 1,69, 2,25].
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-’ BoiGepem n==2 u ysanl untepnoannun xy==1,69, xy=1;96; k=225,
Ouenum muﬂog'rb no @pyyae (2). Tak gax fIV) ‘”’f"‘“% £~ <0,
dyuxuua [ (x) .-.-.—g- x‘s'/ 3 y§u3ae‘r Ha oTpeske l = [l.,69, 2,25]; nostomy
R
(1,69)%.1,3
Toraa pas pasHoctd rg (x)=/f (x) —ps (X) mONYyuYHM HepaBEHCTBO

|ra(x)] < %’-l (x—1,69) (x—1,96) (x—2,25)|,

My =max /' (1) = f'** (1,69 =—. . =0,1009984,
xel 8

OTKyAa q.ﬁenye‘r BHHOJIHGHHQ HepaBeHCTBa
1wl < '&6_009984 0,31.0,04.0,25 =0,0000521

H ROCTHIKEHHEe SaJaHHON TOYHOCTH. . )
HafigeM Ko3(pHUUUEHTE HHTEPNONALHOHHOTO MOJHHOMA, BHIYMC/IUB
pasheseHHble PasHOCTH M [OMECTUB PesyabTaTH BbIYMC/AEHHH B Tabauuy;

Bl | e 80 (% g4t A9 (% Fpais %paa)

0 [1,69] 1.3 1314 0,3703703—0,3448275 _

Ul yosl o] TRO=TOE— 087002 [8—2%
L] La—=1p =—0,0456121
2 |2,05( 1,5 L96—2

IMonunoM mmeer BHA

P (¥) = 1,34 0,3703703 (x — 1,69) — 0,0456 121 (x—1,69) (x—1,96),
pa (2) =1,34-0,3703703.0,31 —0,0456121.0,31 .0,04 =
=1,340,1148147 —0,0005655 = 1,4142492.
Orciona
’ V 2=1,4142 4 0,0001. B

Koneunse paswocmu ARy; (k=1, 2, ...; (=0, 1, 2, ...) onpene-
JAIOTCA paBeHCTBaMH: . .
Alyr=Ayr=yis1—yp
A=Ay 1—Ay1,

ARy =AR=1y; g —AR=1y;
s pasnoomemosuyux y3no8 xp=xo-+kh (k=0, I, ..., n) ¢ warom
untepnosauud h > 0 unHTepnonAnuonHbt moauHOM (1) mpuoGperaer BuA

j .
pu(=go+ 3, Do b D) ey @
k=1 '

9 TIlon pen. A. B. Edumona, B, 1. Hemugopuda 252



X—Xo

rae t= d ARy, —KoHeunbie pa3HOCTH k-0 MOPsALKa, a HEPABEHCTBO
(2) —Bup -
Ii(x)—pn(x)lémh”“ f[ (f—k)l- @)
] (n+1)! 2=
[Tpumep 4. Pynguns y=f(x) sazana Tabanneii
x| 1,0 1,1 1,2 1,3

y | 2,7854 2,8330 2,876l 2‘,9151

OnpefeniTh, KaKHM aHAJUTHUECKHM BbIpaXKEHHEM MOXHO TpeJCTaBUTh
yKa3aHHYlo ¢ynkuuio Ha orpeske [l, 1,3], u Buuucauts f(1,15).

<« Ananuriyeckoe BeIpaxKeHHe, MO3BOJIOUIEe BHIYHCIHTh 3HaYenns QyHK-
unn f(x), He Zauupie B TaGauue, 6yAeM HCKaTb B BHAe MOJIiNOMa, 3Ha-
YeHUst KOTOPOTO COBMAJAIOT C 3ajaHHLIMH 3HAaYeHHAMH (yHRUAH, T.e.
B BHJle NOJHHOMA pj(X), YJOBJETBOPAIOUETO COOTIOWEHHAM pPg (Xz) =
= f(xg) npn k=0, 1, 2, 3. EJINHCTBEHHLIM MOJHHOMOM C TaKHMH CBOMN-
CTBAMH BJSIETCSl MHTEPMOJSUHOHHEIA TOJHHQM pg (X), OnpejenseMbli
papencrsoM (3). Hafinem KoHeunble pa3HOCTH, CBejisl. BLIUHCJIENMST B CJe-
Aylomyio Tabnuny:

k "k Yr B4 Aty Ay
0 1 2,7854

1 1| 2:8330 | 3:047¢ 10,0045 0.0004
2 2 | 28760 | 00380 | —0.0041 | O

3 1.3 | 29151 | &

Mpumensis popmyay (3) npu h=0,1, n=3 u xy=1, noayuum
ps (x) =2,7864 40,476 (x— 1) —0,225 (x —1) (x—1,1)-}+

40,0666 (x—1) (x—1,1) (x—1,2).
Torpa
ps (1,15)=2,7854+0,476.0,15—0,225.0,15.0,05 -}
-+40,0666-0,15-0,05 (—.—0,05) =2,7854 4 0,0714—0,0017 - 0,0000 = 2,8551.
Mansa Boluncaenns f(1,15) samernm, uto f (1,15)=ps(1,15), n mnpenein-
10it a6CcoMOTHON NOrpelHoOCTbI) PaBeHCTBA [ (X) = P, (x), eCIH npous-

Bojnas f("+1) (x) Heu3BecTHA, CUHTaeTCs MOAYJAb NOCJEIHEro H3 cJjarae-
MbIX, BXOoAsuux B cymmy (3). ITostomy f(1,15)=2,8551. »

5.671%. Jloxa3atb paBEeHCTBO
k
Aty = 2 G (=1)" Gos 1w

K ol =1.

e Ci=Srp—w1>
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5.672*, lokasatb paBeHCTBO

Ay (xpy oo ey xlz)—Zw AAE

b
rae wy, = H (x—x,).

5.673. Oas ¢yuxuun f(x) = cos-— v
NOJIALHOHHBEIA MOJIMHOM, BBIGPaB y3abl X,=0, x;=1, x;=2,

Tt
X, =23. BbHC/IUTB COS 5+

5.674*, Ilna ¢ynxkunu f(x)=Inx nocTpouTh HHTEpmo.JA-
LHOHHBIA IOJMHOM, BBIOpPAB Y3Jbl X,=9, x;=10, x,=12,
x3==15 u ucnosb3ys sHayenns In 2=0,693147, In 3—1 098613
u In5=1,609438. Bbiyucautp In11.

®yukuna y=f(x) samana Ttabauue#t. Hafitu 3HaueHus
3TOi (QYHKUMH TNPH YKa3aHHHIX, HE BXOAAMHKX B TaGaHIy
3HaYeHUAX X; H X; apTyMeHTa X.

5.675.
x 1,0 1,1 1,2 1,3 1,4 1,5 1,6 1,7

X TNOCTPOHTbL HHTEp-

Y 1,042 1,061 1,087 1,119 1,160 1,212 1,274 1,350
x,=1,26, x,=1,58.

5.676.
x l 1,8 1,9 2,0 2,1 2,2 2,3 34 2,5

Y l 1,958 2,107 2,268 2,443 2,632 2,841 3,071 3,324
x,=1,89, x,=2,43.

5.677.
l 0,75 0,80 0,8 0,90 0,95 1,00 1,05 1,10

y l 0,742 0,789 0,835 0,880 0,924 0,967 1,008 1,046
%;=0,83, x,=0,97.

5.678.
x ll,70 1,75 1,80 1,8 1,90 1,95 2,00 2,05

y I 1,2322 1,2097 1,1789 11,1389 1,0888 1,0281 0,9558 0,8713
x.=1,74, x,=1,97.
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8.679,
» |2,70 2,75 2,80 2,8 2,9 2,9 3,00 3,08

Y 1,6827 11,4865 1,3721 11,2383 1,0838 0,907% 0,7069 0,4817
*=2,72, x,=2,93.

" 5.680.
=) 10 15 20 25 30 3 40 46

y| 0,985 0,966 0,940 0,906 0,866 0,819 0,766 0,707
x,=23, x,=41.

5.681.
x l 1,1 1,6 2,1 2,6 3,1 3,6 41 " 46

v | 1,02 1,389 1,649 1,80 1,82 1,82 1,739 1,632
x =13, x,=4,0.

5.682.
X ‘0,13 0,18 0,23 0,28 0,33 0,38 0,43 0,48

4 10,1206 0,1790 0,2280 0,2764 0,3242 0,3712 0,4173 0,4626
%, = 0,20, x,=0,41.

5.683.
x I 1,1 1,2 1,3 1.4 1,5 1.6 1,7 1,8

y |0,|198 0,0897 0,0660 0,0477 0,0339 0,0236 0,0162 0,0109
x =125, x,=1,76.

5.684,
x| % 8 60 6 70 75 80 85

Y |0,285 0,319 0,223 0,042 —0,148 —0,273 -—0,283 -—0,178
X, =58, x,=179. '

5.685. Briuncauth 3Hauenna unmeepasbtoeo cunyca Si (x)=

x
=S sl;‘lf dt npn x=0,26 u npn x=0,45, ucnonbsys Tac-
0

JUIY €ero 3HauyeHwii:
x |0,l7 0,22 0,27 0,32 0,37 0,42 0,47 0,52

Si (x) l0,16973 0,21941 0,26891 0,31819 0,36720 0,41591 0,46427 0,51225
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5.686, Buaucauts SHAaYeHWs unmezpara’ eeposmnocmedt
X
CD(x) V—S e“t'dt ‘upu x=0,27 w npu x=0,58, Hcnoas

3yA Tabiuly ero 3HaueHuf:
x |0,05 0,15 0,25 03 045 055 0,65 0,75

Q(x)|0,05637 O,-IGBOO 0,27633 0,37938 0,47548 0,56332 0,64203 0,71116

5.687. INpumennn HHTEPNONUPOBAHHE, PEIIUTH ypaBHEHHE
x-lnx—1=0.
4 Haorpeske I =[1,6, 1,9] usoanuun kopus pasn dyuxuun y=x lnx—1

HMeeM: ‘
x l 1,6 1,7 1,8 L9

| —0,2479952 —0,0979324 0,0580148 0,2195226

Oyukuua y=xInx—1 na orpeske / BO3pacraer, MOCKOJBKY y'=
=Inx+1> 0 npn x € /. Cregosatensto, cywecrsyer obpareasn Qynk-
uuA x=@ (y), AAA KOTOPOH, CUHTAR Temepb y apryMEeHTOM W. X 3Hade-
HieM GYHKIUH, NOCTPOUM HHTEPNOJALKOHHBIA MONHHOM X3 (y). JlaHubui
npHeM HasniBaercsi obpamnod unmepnoanyued. [lomecTus pe3yibTaThl
BHUHC/AEHUH ‘B TabauuLy, NOJAYUHM:

A% (Vg g1 |AF (Upr Vi,

k x Ax ’
: 9 (e Yr+1) Upss) Ye+r Yp+9)

—0,2479952

0 16 |
8 | 0,6663876
1|—0,097932¢| 1,7 | O —0,0821705
2| o.0580148| 1,8 | O:31I%2 | _ol0gosese | 0.0270049
3| o2195226| 19 | &

OT1c101a HCKOMBIA MONMHOM HMeeT BHK

£s (4) = 1,6-0,6663876 (y +-0,2479952) —
—0,0821705 (y-1-0,2479952) (y -+ 0,0979324) -+
~0,0270049 (y - 0,2479952) (y - 0,0979324) (y —0,0590148).

Jna HaXOXJAEHHA KOPHA HYXKHO mosoxuth y=0. [Tonyuaem
x3 (0) =1,64-0,1652609—0,0019956 —0,000038 = 1,7632273.

Cnegosatesbno, kopenn pasen 1,76323 ==0,00004, rae mpenensHas "a6-
CO/MIOTHAA MOrPelIHOCTb [MOJaraeTcss pPAaBHON aGCONMOTHON BelHYUHEe MOo-
C/eJHEro cJaraeMoro B BblpaMeHuH s xg(0). P
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5.688. TMosnb3ysce Tabauueil 3Hauenuit Gynknuu y=f(x),
HalTH 3HaueHHe X, NpU KoTopoM f(x,) = 0,569:

P I 1,50 1,55 1,60 1,65 1,70 1,75 1,80 1,85
y |—l,125 —0,926 —0,704 —0,458 —0,187 0,109 0,432 0,782

5.689. Tosmbsyscy Tabauueil sHaueHHd QyHKIHH y = f (),
daliTH sHauyeHHe X,, NpH KoTopoM f(x,) ==4,498:
x | 1,1 1,2 1,3 1,4 1,5 1,6

Y | 2,431 2,928 3,497 4,144 4,875 5,096

5.690. Mcnosb3ys Tabnuuy, MeToaoM oOpaTHOrO HITEpNO-
JIHPOBaNHs pelnTh ypasHenne shx = 4,9370:

x | 2 2,2 2,4 2,6

y | 3.6260 44571 54662 9,6947
5.691. HMcnosnb3ya tabanny, metouom o6paTHOro HHNTepIo-
JIMpOBaHHS peliuTb ypaBlienue tgx==1,767:
x |60° 61° 62°

g 1732 1,804 1,881

CoctaBuTb Ha GOpTpaHe YKasaHHblE MOAIIPOrPaMMEI!

5.692. Ilognporpamma BbIYHC/ICHHA pasjieleHHBIX PasHO-
crelt Ay (Xy, Xy o .oy X)), k=1, 2, ..., n, Ay(x) ==y (x,).
[Napamerpei: X, Y, N, rae N-—uncno 3/1eMeHTOB MaccHBOB
X u Y, coiepxKalluX COOTBETCTBEHHO 3HaueHHsl aprymeHTta
M 3HaueHHsl (YyHKUWH. PesysnpTar BEIUMCJIEHHHA COLEPKHTCS
B MaccuBe Y. A

5.693*. IlognporpaMmma BblYHC/IEHHSI KOHEYNbIX pa3HOCTeli
Ary,, k=1,2,...,n—1. Ilapamerpst Y u N, rae Y —mac-
CHB, coaepXaulufi N 3J/1eMeHTOB—3HaueHHd (YHKLHH npH
BXOJe M KOHEYHble pPa3HOCTH MpH BBIXOLE M3 MOANPOrPAMMBI.

5.694*, [loanporpamma-¢yHKUHA BbIYHCJAEHHS 3HaueHUM
HHTEpPIOJIALLHOHHOTO NOJIHHOMA W JId (QYyHKUMH, 3aJaHHOH Ta6-
anuHo. ITapamerpei: X, Y, N, KEY, ARG, rze X —maccus
3HayeHHH aprymeHra, Y —MacCHB 3HaueHHH (QYHKLHH, ecan
KEY =0, n maccuB paszesieHHbix pasHocteli, ecnu KEY 540,
N —pasmeprocts MaccusoB X u Y, ARG—3HnaueHne apry-
MeHTa MOJIMHOMa.

5.695. Ilogmporpamma BbIYHCJIEHHS] 3HAYEHHIH HHTEpHOJs-
IMOHHOIO roJiHHOMa (PYHKUMH, 3ajaHHOH TaOauyHo. [lapa-
merpei: X, Y, N, KEY, ARG, P, EPS, rge X —maccus
3HayeHHH aprymenta, Y —MaccHB 3HaueHUH GYHKIHH, €CsH
KEY =0, n maccuB pasaeneHnbix passocreii, ecii KEY 5= 0,
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N — pa3meprocts MaccuBoB X Y, ARG—3nayenue apry-
MeHTa noJjuHoMa, P —3Hayenne mnomnnoma, EPS—monymn
MOCJIE/HETO CJIaraeMoro, BXOAALIEr0 B HHTEPMOJALHOHHBIA
TIOJIHHOM.

5.696. IToanporpamma-byHKIHA BBIUHCJIEHHS  3HAUeHHH
HHTEpPMOJIALMOHHOrO MOJIMHOMA (YyHKIMH, 3aJaHHOH Tab-
JUYHO, MpPH paBHOOTCTOSIIUHX Yy3JaX WHTEPNONHPOBAHHSI.
[Mapamerpei: X, H, Y, N, KEY, ARG, rzge X —HauanbHnlii
y3en wuHrTepnosupoBanus, H-—inar, Y -—wmaccuB 3HauyeHHH
oyuxuuu, ecmn KEY =0, u wmaccuB KoHeuHpIX pasHocTefl
C COOTBETCTBYIOWMMH Ko3thduuuentamu, ecau KEY 520,
N —Benuynna wmaccuBa, ARG-—3HaueHne aprymenrta MOJIH-
floma.

5.697. Mcnonbsysa noanmporpammy-¢yHKIHIO, MOJYYEHHYIO
B 3ajmaue 5.696, pemnts ¢ mnomoubio OBM oy u3 3agau
5.675—5.686.

5.698. HMcnonbsyst noamporpammy-¢yHKIHIO, MOJYYEHHYIO
B 3ajgaue 5.694, pemwntp ¢ mnomoupbio IBM oxHy u3 3anau
5.687—5.691.

5.699. Mcronb3ys moanporpamMmy, MOJyueHHYIO B 3ajauye
5.695, pewntb ¢ nomousio IBM oany 13 3agau 5.688, 5.689.

3. Yucnennoe anddepenunposanue. PopMyant uneseHHOro Audde-
peHUHPOBaHHS MOJAYYAIOTCA B pe3ynabraTe AHpdepeHUHPOBAHHA HHTEpIO-
JISILHOHHLIX (OpMYJT:

F () = pn (®) = Ay (xo, %1) + ((x —x0) -+ (x—21)) Ay (%0, x1, %) -
+ ((x —x0) (x—x1) + (x —x0) (x —x3)+
4 (x—xp) (x—x2)) Ay (x5, %1, X2y X3)-fours

fip{ 3TOM MOrPewiiocTb MPHOIHKEHHOrO paBeHctBa f’ (x)=p,: (x) paBHa
POM3BOAHON OT MOFPEIIHOCTH ry (X) =f (X) —p, (x).

B cinyuae paBHOOTCTOAIHX Y3M0B Xp=xp-;1--h (=1, ...; n),
x € [a, b] ¥ [(xg) =yp cnpaBelJHBB COOTHOLICHHUS

) 1 2 —1 32—t -2
P = g (80 + Zg ane+ B w1

20392411 —3
PESCLW Y

72 —1
R e R et) P

|
rae l=7(x—xn). Dopmyast (5) 1 (6) colep:kaT COOTBETCTBEHHO MO

u n—1 caaraemomy.
Mpumep. 5. Matepuanbuas Touka M apinKeTcA NPSAMOJIHHERHO.
3aron ABixenusa s={(t) npejcTaBJeH C MOMOWbIO TAGAUUL (T —BpeMs
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. B CEHYBAGX, S— NYTb E METPax):

1'0123456

. 6
“l

0 2 10 30 6 130 22

Hafitu cropocTs © 1 ycKopenne w Toukn M B moment Bpemenn T=23,5.
4 CocrabnsieM Talanly KOHeUHmX pasnocreli pynxunu s=f (1)

L3 s Aas Ats A3 | Ass
0 0

12 26|,

2 10 20 12 6 0
3 30 38 18 6 0
4 68 62 24 6 0
5 130 a2 30

6 222

Tpunuman 82 navanbnbifi MOMENT BpeMenn MoMent T=3, Gauxafi-
mnll K T=23,5, 6ynem nmetsb t=3' ]_ =0,5. Tpumensa ¢opmyan (5)

u (6), nonyuaem:

v=F (3,5)=.:_ <38+ 2.0,25—1 "

3.(0,5)—6-05-+2 ¢
= .

=37,75 (u/c),

w=f”(3;5)=L,(24+(O,5—-])06+ 6-(0,5)‘3._1128-0,5+]] ~0)=

1
=21 (w/c). »

®ynxnua f(x) sapana Tabauuefl. Briumcauth 3HaueHus
npon3BoaHOf f'(X) B yKa3aHHbIX ABYX TOUKAX X, H X,

5.700.

x {18 1,9 2,0 2,1 2,2 2,3 2,4 2,5

F(x)]1,44013 1,54722 1,67302 1,81973 1,98970 2,18547 2,40978 2,66557

x,=2,03, x,=2,22.
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5.701,

xlr,o 1,1 1,2 1,3 1,4 15 1,8 1,7

J(x)|1,0083 1,1134 1,2208 1,331‘0 1,4'449'1,563; 1,6876 1,8186

X, = l,l4,.x,=vl.-,‘-42. .

5.702,

x 2,8 2,9 3,00 3,1 3,2 3,3 3,4 3,8

f(x)]3,92847 4,41016 4,93838 5,51744 6‘,15213‘6,84782' 7,61045 8,44671

x,=3,02, x,=3,31.

5.703.

x (0,76 0,80 0,8 0,9 0,9 1,00 1,06 1,10

f(x)ld,zso:s 0,3186 0,3592  0,4021 0,4472 0,4945 0,5438 0,5952
x, == 0,82, x,=1,03.
5.704,

x |11 1,2 1,3 1,4 1,5 1,6 1,7 1,8

f(x)|0,8802 0,9103 0,9340 0,9523 0,9661 0,9764 0,9838 0,9891

x,= 1,34, x,=1,65.

Buuncauts sHavenns ' (x) u [’ (X) B yKasaHHOH TOuKe!

5.705.
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fw |1 3 19 8 21 63

x=2,5.
CoctaBHTh Ha (opTpaHe yKa3aHHble MOANPOrpPaMMBL:
5.707*. TlonnporpamMma-QyHKUHS BBIYHCIEHHS 3HAYEHHI
nepBoit mpouspoiHoii moimHoMa w, (f)= [ (¢t —#). Mapa-
k=0
metpel: N, T.
5.708*%, [Toanporpamma-pyHKIHA Bb[’-IHCJleHHH 3Haqennﬁ
BTOPOH TNPOM3BOJHOH MNOJHHOMA W, (t)—H(t—k) INapa-

merpet: N, T. o
5.709. Iloanporpamma-pyHKIHS BBIYHC/JIEHUS  3HaueHHI
nepBOf MPOM3BOAHOH HMHTEpPMNOJISIHOHHOTO MOJHHOMA

n
N t(E—1) ... (¢t —kF1 —
Pn (x)=y0+k2‘l ( ) kl( 1) Ak!/o' t=u‘!..

h

[Mapamerper: X, H, Y, N, KEY, ARG, rae X —HauaJbHbli
y3eq MHTEpNOJHPOBaHHS, Y —~MacCHB 3HaueHHii q)nymm

npn KEY =0 u maccus, cogepxaunii BEJIHYHHBL Y, kl Aky,

(k=1,...,n) npu KEY 50, ARG—3nauenne aprymesta,
MPH KOTOPOM BhlUHC/IAeTCS MpousBoanas, N ects n--1.

5.710. HonnporpaMMa (QYHKLHA BLIUMC/EHHS  BHAUYeHHIl
BTOPOH NPOU3BOAHOH HHTEPHOJIAIHOHHOTO MNOJHHOMA p, (X).
[Mapamerpsl Te ke, uyto B 3agaue 5.709.

5.711, Hcnosbsyss noanporpammy-¢yHKIHIO, COCTaBJeH-
Hyio B 3ajaue 5.709, Hanucatb Ha (QopTpaHe nporpammy
pewwenus ofHOH u3 3agau 5.700—5.704.

5.712. HUcnoab3ys noanporpamMmel-GpyHKIHH, COCTaBIEHHbIE
npu pewenuy 3agady 5.709 u 5.710, manucate Ha doprpane
nporpammy peluenus oiHo#i u3 3ajau 5.705, 5.706.



Fnasa 6

MHTErPAJIbHOE MCYUCJIEHHE & YHKUUA
OJHOH NEPEMEHHOH

§ 1. OcHOBHBIE METOAbI BLIYMCJEHHS HEONpPENEIEHHOro
MHTerpaJa

1. MepBooGpasnas u HeonpeledenHwil uHTerpat. Pynkuus F (x)
HasnBaercsl nepsoofpasrod GyHKUHU [ (x), 3alaHHON HAa HEKOTOPOM MHO-
axkectBe X, ecan F' (x)=f(x) pna Bcex x € X. Ecau F (x) —neprooG-
passas ¢ynxuun f(x), To @ (x) asnserca nepBooGpasHodl Toil xe GyHK-
UYH B TOM W TOJbKO B TOM cayuae, korga @ (x)=F (x)4C, rue C—
HekoTopast noctosHHast, COBOKYIOHOCTb BCeX IM€PBOOGPa3HuIX (GYHKIHH
[ (x) nasmBaercsl HeonpejeeHHLIM HHTErpajoM OT 3Toll pyHKUMH H 0Go-

SHAYaeTCs CHMBOJIOM Sf(x) dx. TakuM o6pa3oM, N0 OnpefeeHHIO

{7 ar=(F w+c), )
rie F(x)—onna u3 nepoobpasueix ¢yHKuuu f(x), a nocrosunas C
NpHHHMaeT JeHCTBHTE/IbHbIE 3HAYERHA,

B cuany ycranosuBmeiics TpaiuluH paBeHCTBO (1) 3anuchiBaercs Ge3
fIBHOro 0603HaueHHs MHOMKECTBA clpaBa, T. €. B BHJAE

{10 ax=F @+,

nph 31oM C Ha3LIBAOT MPOHSBOJBHOA NOCTOSHHOH.
CBoficTBa HeonmpefeJdEeKHOro HHTerpaJaa

1. (S_f(x)dx) = (x).

2. {F@war=fw+c.

3. Saf(x)dx:an(x)dx, a #0.

£ (ho+ha=(h@at(hea

Ta6ayuma OCHOBHH X HeONpeJeNeHHHX HHTErpaJaos

g+l
1. Sx"dx= Z1H0 @E—D.

2. S‘%‘:mxl-;-c.

8. (arde=t 0 @>0,a#1) Se"dx:e"—{-c.
V]

4, S sin x dy =— cos x+C.
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5. S cos xdx=sinx-{C.

dx
cos’x—tgx+c'
dx
7. ngzx=-—ctgx+c.
dx x
8. S—mx._lnltg?l+C=ln{cosecx—ctgx|+C.

dx ~ftx  nw\|, ~ :
& ln]tg (74.7) FC=1n|tg x4sec x]|4+C

10. S‘ -d—xa—=—l-arctg -'-t—-|—C (a#£0).

x2+ 2
dx -f- :

n. | aa=g | (@4.0).

12 9 arost C, |xl<|al

N == osn;—+v. x| < |af.

13. -_dx._——lhlx-I—VX" @|4+C; x| >la]>0.
V *Zat

4. XV S |n(x+Vxﬂ+aﬁ)+G (@a#0).
15. shxdx-chx—l—C
16. Schxdx:shx—i—c.
17, Scl‘]’;‘x=ih x+C.

dx
18. Sm—'— cth x+C.

Haiitu nepsooGpa3stble cnepyomux QyHKUui
6.1. 2. 6.2. 4Y/%. 63, > 43

x?°

6.0, 23—l oo (VD g6 | _ggim®

X xV--— oV '2_0
1 1
. ———. 6.8, 273, 6.9, ——=.
B Va—|—bx 8 e “‘/5"
6.10, —— 524 . 6.11, ’;_'_H 6.12. 1—8sin®2xcos® 2x.

.‘_ . i X ain2 X

6.13. (cos 5 + 2sin 7 COS 2 sin 72-) .

6.14. cos (& + x) cos (x—x) + sin (a -+ x) sin (@ —x).
OTHCKBHHe HeonpeJeJIeHHOro0 HHTerpaJja ¢ noMombio Tabx (bl OCHOB-

HBIX HHTErpajioB U TOXAECTBEHHLIX npeoGpasOBaHuﬁ HASKBAIOT HeMmocpea-
CTBEHHbIM HHTEIPHPOBAHHEM.
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Mpuwmep 1. Busncrnts Sx.,—di-.

A
dx dx«  _ Cl1—x4a3
< x'—x‘-Sx’(l—x’)_ x’(l—x‘)d =

s ety »

Hcnonbays Tabnuny OCHOBHHIX WHTETrpaJloB, HaHTH cJe-
AyIollHe HHTErpajbl: '

6.15, S (Bx‘—l— 2x -+ %) dx. 6.16. S
6.17. SVm—xdx. 6.18. jT/""—_-

, 1 x4 '
0.19. y(—_‘q/—_,——rfx.;)dx.
6.20. [ ERV 2 o g, (242 4y,
T Vx|
6.22. { 2¢ ¢*dx. 6.23. { 2¢(14 3¢ 277 dx.

6.24. { (2¢--3cos x) dx. 6.25. S 2—sinx

X.
sin2x

6.26. (2=2ct2* 4. 6.27. 5 _Cos2%

cos3x cos? xsin? x

dx.

2x43
I‘

6.28. S sin® % d.
6.29%. a) Stg“‘xdx; 6) § the xdx.
6.30. S 6.31. S(arcsinerarccosx)dx.

cos 2x -}—sln’ x’

6.32. S (sm——cos —2-)’dx.
dy

6.33. ,+4 6343‘5 . 6.35, fya_x’,

VE=3_y @3 (1 +2?
6.06. [ =2t odr. 6.7, § s d.

6.38. { (x+a) (x-+b)dx. 6.30. § (@4 xpar.
6.40. SME"S_"—_EM

cos?y

6.41. a) { ctgrx gx: 6) { cth? xdx.
6.42. S

dx
V 2= 8



2. Metoa samennl mnepemenHofi. CyuecTByiOT c/lefyiowue 183 Ba-
pHaHTa 3TOro MeToxa.
a) Metox noaBefeHHs moj 8SHak Audpdepennuana.

Mycts TpeGyercss BoiuHCAHTH HHTerpaa \ f(x) dx. I[Ipemnosoxum, uyto
cymectBylor Auddepenunpyemas ¢yHKunsa u=q¢ (x) H ¢yHruHa g (u)
TakHe, YTO IIOJBIHTErpaJbHOE BhIpaxKeHHe f (x) dx MOXKET GBITb 3aMHCAHO
B BHJE

fx) dx=g (@ (x)) ¢’ (x) dx=g (u) du
(yKasaHHoe nmpeo6pa3oBaHHEe Ha3bIBAeTCH MOJBeJeHHEM U= @ (¥) MOX 3HAK
Iubgepennnana). Torna

(fwar=fe@wo war=(gwal

u=@ (x)°’
T. €. BbIUHUCJIEHHE HHTerpaja Sf(x) dx CBOAMTC K BHIYHCJIEHHIO HHTer-
pana S g (4) du (koTOpLIf MOXeT OKa3aTbCs MpOLle HCXOJHOrO) H mocJe-

Jiylouteil MOACTAHOBKe U == (x).
I[Tpumep 2. BeluHcAHTL HHTErpas S sin® x cos x dx.

4 lmeem:
4
S sin® x cos x dx == S sin® x d (sin x) = S u“du:%

—

u=sln x
in4d
N =Sll’; x_*_c. >
2x4-1

Mpumep 3. Buuncants HHTerpanSmdn
4 Hmeem:

2x 41 deem d(x2+x—3)__s‘d_u__
sz-l—x——S T ) 2+x=3 " Ju

=In|u|lu=xr+x-3+C=In|x2+x—3|4+C. B

Onepanus mnoxsefienuss ¢yHkuuu @ (x) nmox 3uak Auddepenunana
9KBHBAJIEHTHA 3aMeHe NepeMEHHOll X Ha HOBYIO NepeMeHHYIO u=@ (x).

Mpumep 4. Boruneaute mi'rerpa.:tjv e = _f__. — .
v/ BxF1)?
<« TlpousseneM 3aMeny nepeMeHHo# no copmyie
u=3x-+}+1.

Toraa du=23dx, 1. e. dx=%du "

dx 1 S‘ du 1 3/3° 7T
_— e | —— =y 1/3 4+C=3/3x+14C.
j v/ @B+ 1)? 3) w? u=31r+1 /

BHINOMHeHHOE TPe06pa30BaAHHe SKBHBAJIEHTHO NMOABENCHWIO MOK 3HAK A~
tepennuana GyHkuun u=3x+41. »

BouIuHCIHTD HHTErpaJiel ¢ MOMOILBIO ﬂO}J.XOlIﬂIIiEﬁ 3aMEHBI;
6.44. (V'3 xdr. 6.45. { (3—4sinx)1/scosxdr.
270



6.46. chrshxds. 647. (2 ax,

6.48. lenz 6.49. Sa_l_b‘.

Cc0S ———

6.50. S sec’x e 651 \— V2 g0
btgx 29— 3sin X
V3

8.52. { ctgxdr. 6.53. { 307 dx.

6.54. { cos (ax+b)dx. 6.55. S sin(Inx) &,

6.56. jsinV}--Lx_-. 6.57. ( —% .
V' cos (

x—2
4

dx dx.

X
6.58. Ssh"’—3x 6.59. 5W

— 2 dx
6.60. Sx-5 *dx. 6.61, SW.

e=ax dx
6.62. S mdx. 6.63. XW .
] . 6.65. sinx dx )
6.64. V'gxz —1 0 5 V cos®x-+4

*dx xdx
6.66. [ 7. 6.67. yw‘%l.

slnax
6.68. Saz o - 669, SC%, 3
6.70. { ch* xshxdx. 6.71. (s
6.72. ( tgxdx. 6.73. cth4xdx.

aqV¥ xdx
6.74. S dx. 6.75. Sch,(x2+]).
dx

6.76.Sm(0<b<0).
xdx
6.77. S“H 6.78. S4x2+7
x? dx A
6.79. y . 6.80. J’Vsz':Td”

[Npumenss paammnble NpPHEMB], HaHTH HeoONpeJe/IeHHLIe
HHTErpaisl.

x—1 x?
6.81% [ Zoprdr. 682, {1odx

dx.
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6.83. [ 252 dr. 6,84 { i

alxt

6.85. { 55 dx. 6.86. S-Lﬁ—d

x8+4-5x—8

4/ T X dx .
6.87. § x* §/Bx*—3dx. 6.88. j(s Vx’+l)Vx*+l

6.89. ([ —*EL_ 4x. 6.90. y““ a® + 0%

pan

> 0242 dx.

Vicie
6.9!.S'g—/=x. 6.92. { e* /4 + ¥ dx.

.93&, = dx. 6.94%, 52,+l

6.95. yeam’;}%‘ﬁ' ds.

6.96.

V
V‘ -1
dx
68, { ey O V =k
6.100%, { sin® xdx. 6.101%. { cos® xdx.

6.102. S d”x . 6.103, S(sin ax 4 cos ax)? dx.
8in ——

V2 ,
dx. 6,105, ([ LAeoe? g

cos 2x

6104&05(&
6.106. f‘/*“”" dx. 6.107. f-rcﬂ’ll"-—dx.

3=cos’x 0st x 43

6.108%. Sm 6.109. j'ctgwx.

6.110. { thardx. 6.111. { tg*(ax+b)dx.
6.112. Sx’ ctg? (x® — 3) dx.

6.113. S esec tg x sec x dx.

6) Metoa nmoactaunoBKH. [TyeTs TpeSyercs BHIUUCAATL HHTEr-
S f (x) dx, rne dyukuusa f (x) onpefesiena Ha HEKOTOPOM MHOXKecTBe X.

Beefiem HOBYIO nepeMeHHYI0 & topMyJIoit

rae

x=¢u): U—X,

oyHkuHa @ (1) nuddepeHuHpyeMa Ha HEKOTOPOM MHOMecTss U u

OCYICCTBAAET B3aUMHO OfiHOSHauHOe orobpamenne U Ha X, T. e. uMeer
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06paTHYyO
u=¢=1(x): X — U. .
{loxctasus x =@ (4) B HCXOAHOE MOABIHTErPaNbLHOE BHIDAKEHUE,; NOMYYaeM
Fx)de=F (9 (&) @* (4) du=g (u) du.

Ilanee, crnpaBeisiuBO PaBEHCTBO

frma={rewe @

=Sg(a)du|

u=p=t(x) u=9~2(v)’

T, €. BLIYHCJIEHHEe HHTerpaJja S[ (¥) dx cBogMTC K BBIYMCJ/ICHUIO HHTEr-

pana Sg(u) du (KoTOpBli MOXKET OKa3aThCA MPOLIE HCXOZHOrO) M Hoc/e-
Ryloweil noictanoBke u =@ (x).

14x
l/'x

« B paccMatpuBaeMoM cayuae o6JacTb onpeneneﬂnn MOAHHTErPa/IbHOA
¢yukuun X =[0, + o). [IpoussegeM nmoacraHoBKy

x=¢ W)=u?, u€l0, + o).
Toraa dx=2udu, u=g¢-t(x)=V x; otkyaa

T4-x udt-u du
H_dex 2 _Hdu_ 5(u'-—u+2)du—-4 u+l=

=2 (% u“-—? u3+2u)-—4 Inu+1)+C Iu=V,T=

Mpumep 5. Beuucauts uurerpan 5

=2( 3 =g a4 208 )~ (VE+1)4C. >

HpHMeHﬂH yKasaHHb[e 0JACTaHOBKH, HaﬁTH HHTeI‘paJlbu
dx '
6.114, | —————, x=(1—1)/3,
: S sV 1—x8" ( )

dx 2
6.115. ym, X=—=,
6.116. 5-"-": x=1,

3

6.117. S,,+ldx, x=Int.

IMpumensia nopxoxsune nop.cmaosku, Han'm HHTErpabl
6.118. ‘s‘x (5x— 1) dx, a’x

Cox4-2 :
6120, - —dr 621, S e s
dx S‘ dx
Vite YV AFT

3, Mevoa nuterpuposanus no uacraMm. Ecan u (x) u v (x) — mudde-
peHt{upyeMbie GYHKIHH; TO CIpaBefIHBa cilefylowas GopMy/1a HHTErpH-

.

6.122, 6.123.
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POBaHHA MO YacTAM:
S u(x) v (x) dx=u (x) v(x)—s v (x) u’ (x) dx;

HJH B KpaTKOil 3amHCH

| Sudv-—-uv—g vdu. 2

Sta ¢opmyna HchoJab3yercs B ‘TeX CJAyuanX, KOTZA NOLBIHTErpasbHOe
BhIpaXKeHHe f (x) dx MOMHO TaK IIpPeiCTaBHTb B BUAE « dv, YTO CTOSIUMI
B NpaBOif yacTH (2) MHTerpa; npu HajjexameM BHOOpe BbIpaXKeHMi 4 M
dv MOXeT OKa3aTbCsl MpoIle HCXONHOTO MHTerpana. [Ipu aToM 3a u yno6HO
NPHHHMAaTh MHOMHTENb; KOTOPHIH ympomaercs npu AuddepeHIHpOBaHUH.
HanpuMep; ecnd moj 3HaKOM HHTerpajia CTOMT NPOM3BeJeHHe MHOIOUJIeHa
Ha TPUrOHOMETPHYECKYIO MJIH IIOKa3aTeJbHYIO (YHKLUHIO, TO K & CJeAyer
OTHECTH MHOrouYJieH, a ocTaBlleecsi BeipaxeHue K dv, [Ipu atoM dopmy-
Ja (2) MOXeT NPHMEHATbCH HEeOJHOKDATHO.

Mpumep 6. Haiitn szcosxdx.

« [lonaraem u=x2%u dv=cos xdx. Torna du=2xdx n v= S cos xdx=
=sin x (nocrosiHHylo C 3fech nojaraeM paBHON HYJIO, T. €. B KauecTse
v GepeM onHy 13 nepBooGpasHbix). ITo dopmyné (2) nmeem

S x? cos xdx =x2sinx— S 2x sin x dx.

K crosmemy cnpasa HHTerpaly CHOBa HpHMeHsieM (GOPMyJy HHTErpHpo-
BaHHA 1O 4YacTsM, INIpHYeM K # CHOBa OTHOCHM MHoroujeH (T. e. 2x).
HmMeeM: u=2x, dv=sin x dx. Otcioaa

du=2dx n v= g sin x dx =— cos x.

o

[Mpnmenss dopMyny (2), mosyuaeM OKOHHATEJNbHO:
S x2cos xdx=x%sinx— (—2x cos x— S(—— oS X) 2dx) =
=x%sin x+2xcos x—2sinxJ-C., P

Ecan moppiHTerpasbHas (YHKUHS CONEPXKUT COMHOMKHTEJ]EM Jiora-
pnbMHUECKYI0 HJH 06paTHYI0 TPHUIOHOMETPHYECKYIO (YHKLUHH, TO HX
cleflyeT NPHHMMaTh 3a 4, TAK KaK B pe3yabraTe AuddepeHunpoBaHHUS
STH QYHKUHMH YIPOWAIOTCS.

Qpumep 7. Haiitu Slnxdx.]

1

4 [lonaraem u=Inx, dv=dx. Torza du=% H U= (dx:x. IToacra-
BHB B QopMyJay (2), Haxoaum “
Slnxdx:x Inx— \‘ X d;x=x Inx—x-{-C. P

Hrorza nocne asykparsoro npymenennsi OpMyJisl HHTErpHPOBAHHUS
MO 4YacTsAM, NPHUXOLHM .B TNPaBOH 4YacTH K BbIPaXKeHHIO, COAepIKaileMy
HCXOJHBII HHTErpas, T. €. NOJyuyaeM ypaBHeHHEe C HCKOMBIM HHTErDajoM
B KayecTBe HEH3BECTHOIO.

Npumep 8, Hailitn S €%% sin bx dx.
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< TMonaraem u=e%%, dv=sln bx dx. Toraa du =ae?* dx, y=— % cos bx,

[loncraBuB B (2), HMeeM
S e%* sin bx dx = — % e%% cos bx+% S e%% cos bx dx.

Temeps mosnaraeM u=e%*, dv=cos bxdx. Torna du=ae®*dx, v=

=77-sinbx u

1 . . a [ed*

€% sin bx dx = — — e%% cos'bx-} — [ —
b b\ b

B uTore nonyueHo ypaBHeHHME OTHOCHTEJbHO HEH3BECTHOrO HHTerpaJa

S e%% sin bx dx. Pewas 3T0 ypaBHeHHe, HaXOJUM

sin b:é—-% S’e“” sin bx dx) .

- 2
'(]-]-%E)Seaxsinbxdx:e‘”‘asm bx — - L cos bx +Ciy
o ‘ __esx (. b b bx)
ax a sin bx—b cos bx +
Se sin bx dx = prRw C. »

[Mpumensis GopMysny HHTErPHPOBAHHA MO YACTAM, HAHTH
HITerpasbl;

6.124. Sarccosxdx. 6.125. chosxdx.
6.126. {zinxdr. 6.127. { L dx.

X

6.128. S(x’—x—l—l)lnxdx. 6.129, S'_x’sinxdx.
6.130. {xre=xdr. 6.131. §xverdx.

6.132%, st e dr. 6.133. (1 dx.

6.134. 5xarctgxdx 6.135. S”mxdx.

cos?
6.136. § esvcostxdr. 6.137. { emccosxgy.
6.138. {In(x+VTH ) dx. 6.139. (wlnxde. .
6.140. {x3+dr. 6.141. { (x»—2x+3)cosxdr.
6.142. S‘cz:ﬂxx' 6.143. Scos (In x) dx.
ITpuMenss pasnuyHble MeTOXB!, HaHTH HHTErpPaJbli
6.144*, (&% dr. 6.145. { x(arctg v dr.

6.148. (2 %dx. 6.147. chtg’xdx

6.148. S“:::xdx. 6.149*, S( e .
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6.150**. BLipecTH pex yppenTHylo $opMyny 1Jis BHTErpana
ds . .
] =Sm)7‘. Hahtu l§ /] 1.8'
-Baiitu HHTET paJinl.
** 2 *%
6151+ (V¥@tade 6.152 - a?:z’id°
6.153. Sxarcsmxdx 6.154, S'"(l”)d

6.185. Sx”arctgxdx. 6.156. S“’;}S‘" 'i" dx.

6.157%, { V& —x dx.

§ 2. Hn'rerpnpbnanue OCHOBHBIX KJacCOB
8NleMEHTapHBIX - (BYHKIMH

1. BurerpnpoBanne panuona.m Hbix apofefi. MnrterpupoBanne npous-
Pp(®) bmx™+...+b1x+bo
Q@) ax+...Ffaix+ta,
BHTEJBHLIMU Ko3(p(hHIHEeHTaMu B OOuleM CJyuae NpOU3BOAWTICH CEAYIO-
M o6pasom.
P,

Qn (¥)
AYeT TNpeRBapuTeNbHO BLILGJNTb B STOR JAPOOH Yeayw wacme, T. €, NPEi-
€TaBUTL €€ B BHjE

¢ nefier-

BOJILHOMN" paunouanbuon Apo6u

Ecam m=>==n, T. e. ucxonnas apobb HenpasusbHas, 10 ene-

R, (0

D Muon )+ g (1)
rne M, _,(x) u R, (x) — Muorouscun_crenenell m—n>=0 u r coorser-
cTRENNO, npHueM r < n, T. €. Apobb R, () npasuronan.

Q (*)
Buijenienne nenoit wactu B Jipobn l;’: g; NPOH3BOJUTCA JlesiemieM

YHCJINTENsE HA SHAMEHATeNb «YrOJKOM».
Mpumep 1. Buigeants neayio yacto xpobu

Pal) __ (1)
Q) x(x2—2x+41)
< kpo6b nenpaBuabnas, Tak Kak m=0 > n=3. Jnga Buienenus nenoi
YaCTH 3aNNCLIBAEM YHCJAKTEIbL M 3lHaMenaTeslb B KAHOHHUYECKOM BHAE:
@2 1)3 =284 3x44-3x2 1,
X (=2 1)=x3—242+x,
W laJjiee, BLINIOJHSAA JieJeHNe «YToJKOM» TNepBOr0 MHOTOYJIEHA Ha BTOpOl,

nonyyaeM B uactHoM x®-}2x24-6x--10, a B ocratke 17x2—10x1.
CnejnoBatenbHo,

17%3—10x+ 1

2 9
41y =xs_l_2x2+6x+10+m'

x(x2—2x41)
H BhZleNleHMe 1leJOH uacTH 3akonueHo. P
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Kak nokaswisaer ¢dopmysa (1), omepauua BbifefeHun @enofi dacty
CBOANT MHTELPHPOBAHHUE HPOUIBOMALHOA pailkoHanbHON KpoGH K unrerpn-
pOBaHHMIO MHOTOWJEHa W NPaBUJIBbHOM panmoHanbHOA APOGH.

HOnsa toro u4To6H NpPOHHTErPHUPOBaTH NPABWIBHYIO PAUROHAABHYIO

Py (x)

b
APo6e 3 ) _ ) |
TaK Ha3biBaeMbIX MpocTefitnx ApoGed. D10 pasnomeHue ocyiuecTsiAseTcs
caegyiomum o6pasom. [lycte sHamenatens Qp (¥) =apx®-...-t-ax-|-a,
HMEET [ICHCTBHTE/LHbIE KOPHH Oy «.o; O KDATHOCTEH Si; +oey §; H
KOMILIEKCHO-COMpSIXKEHHble Maphl Kopuedt B, Pr, «.., Bs, Pr KpaTHOCTER
tty «.., fp COOTBETCTBEHHO (it oontsi4-2it 0o+ 2g=n), . e
CpPaBeA/INBO PANOKEHHE

Qu () =ax (x—a)* .. (c—a)™ (P pxtg) oo, (24 pex+an)®
rje

m < n, CleiyeT MpelBAPUTEALHO DPANOKHTL €€ B CymMMmy

x’-|—pvx-|—qv_=(x— V) (x-B_v), v=l, ey R

Toraa pasnoxenue aApobu "‘( ) 5 CYMMY OpPOCTEHIHX HMeeT Bl
Qn () P
(l) (l)
Pa (x) AP A ~
Qn ) x‘-—oc1+ + ozl)‘l + +"°—°¢t+ h
(0
A N B‘,”x—|—C(1” o Bgf)x-l— Cg‘l)

s
L
o (x;at)s‘ Lt ptan (2 pre+ )" K
k )
B(k) _I_ C(k) ng)x +C$k)

N\

et @

x2+pkx+qk ‘“+(x2+pkx+qk)!lc‘m

Kosddpuumentst A(” P uc B stom Pa3NOXKEHHH ONMpefe/sioTcs MyTeM
NpUPABHUBAHUSA Koa¢¢nuuearon fNpH OJMHAKOBBIX CTEMEHAX X Y MHO-
rounesa P, (x) u MHoroujena, KOTOpPH MOJy4aeTcs B WHCAHTEJE NPaBoi
yactH (2) nocJe npuBefleHus ee K oflieMy SHaMeHaTeNto (MeroX Heompe-
XeneHHbIX Kospduuuentos). MoxHO Takxke onpeaeastsh 3TH KOSGpHmUen-
Tbl, MoJjiarasg B paBeHcTBe (2) HJIH eMy 3KBHBAJIEGHTHOM X DaBHBIM NOA-
XOAsile MOXOGpaHHBLIM YHC/aaM (B NMepBYIO oyepeib SHauYeHHAM AeRcTBH-
TeJbHHX KOpHelt snamenatens Q, (;c)).

IIpumep 2. pebs P (:- )1)2 pA3JIOXKUTb B CyMMY MpOCTEHIUHX.
« Hckomoe pasnoxeHne HMeeT BHI

(x+2?* _A
x(x—10)?  x 'rx—l+(x——l)"'

IMpusoas mpaBylo uYacTh K O06IWEeMYy 3HaMEHAaTeNo, MOJy4YaeM TOMKIECT-
BEHHOE DABEHCTBO

x24-4x+4=A (x—1)24 Bx (x—1)-}Cx. 3)

npnp:{snunaﬂue KO3(QQHIHEHTOB IIPH OJAUHAKOBBIX CTEMEHAX X HAeT CHe
CTeMy YypaBHEHH:
A4-B=1, —24A—B4C=4, A=¢4,
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oTkyaa noayuaem A=4, B=-—3, C=9. CuepoBateJbHO, HCKOMOE pa3-
JIOXKEHHEe HMEeT BHA:

x2+4x—|-4_i_ 3 + 9

x(x—1T  x  x—1" (x=12

MoxHo onpepenuts kospduunentss A, B, C apyrum cnocobom, mo-
Jaras nociejoBatenbio B Toxuecte (3) x=0, x=1 u, nanpumep,
x=—1: 1npu x=0 naxonum A=4, npu x=1 nonyuyaem C=9, a npu

=—1 uveem 44A4+2B—C=1, 1. e. B=—-3.

[Tpu pewennn storo mpumepa Jyuie Bcero 6bl10 6bl KOMGUHHPOBAThL
o6a cnocoba, T. e. Halith A=4 npu x=0, C=9 npux=1, a B onpe-
ilquBb u3 p?eHQTBa Ko3pduuuesToB npu x? B (3), T. e. U3 pabeHcTBa

=1.
+‘<I>opmyna (2) nokasbiBaer, YTO HHTEIPHPOBaHME MPOH3BOJIBHOM pa-
ILHOHaJIbHOH JApOOH CBOJAHTCA K HHTETPHPOBAHKIO IpocTeHunx ApoGeit
CIeAYIOUIHX YeThipeX THMOB:

n A, S A4 fx=Aln|x—a|+C.

vy e A A 1
2 k=2,3,....S——d = _ _.cC
) (xA—oc)kB( ) (x—oa)k g k—1 (x——oc)"'1+
AxtB a4,
) Ayprfq’ P MS

Meroa uHTerpHpoBaHHA ApoOel 3TOro THIA PacCMOTPHM Ha NpuMepe.

X —
x24x 1 dx.
4 B pacgmatpuBaeMOM ciyuae NMCKPHMHHAHT KBaJpaTHOTO TPeXuJeHa,
CTOSILIEro B SHaMeHaTele, OTpuuatesen: p*—4g=1—4=—3< 0, 1. e.
nMeeM Apo6b TpeTbero tuna. Tak Kak (x24-x--1)’ =2x-1, 1o uncau-
TeJb Apo6H npeoGpasyeM clefyiomHM 00pa3oM:

f—l=g @t ) — s =t (P x 1) =3

(310 mpeoGpa3oBaHHe HA3bIBAeTCH BbifeJEHHEM B UMC/IHTeJe MPOH3BOAHON
KBaJipaTHOTO TpPeX4JeHa, CTOsero B 3HaMenaTese). ITosromy

x—1 L) 3 dx
S‘x=+x+1d"“»7 Py d"_fs‘xﬂ-px-u—

1 2 3 Jdx
= ln( +x+l)—.§..5m,

Mpumep 3. HaﬁmS

OcTaBwnifics MHTErpaj HAaXOAMTCH BhIJE/NEHHEM TIOJIHOTO KBajApaTa B KBaj-
PAaTHOM TpexuJieHe:

e N 1 dx =
Sx2+x+‘ S(x+%)2+“i‘ 35‘}_}_(_2%-';)’)
)

=——2= arctg Ztl

=\’ —=+C.
V351+<2(x+%)>2 viTetys T
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B pesyabTate 3afaHHBI HHTerpaj paBeH

r— 1, _
Sx2+x+ldx—' In(@2+4x4+1)—y3 arotg V —|—C.
__Ax+B
(2 4-prt-g)*’
Meton wmuTErpHpOBAHHS ApoGeii sToro THma paccuoTpum TaKKe Ha
npumepe.

) x—l—?
IMpumep 4. Hafitu S(xz-l 2x+3)2
4 3rech p2—49=4—12=—-8< 0, T. e. umeeM npocrefimyio ApoGb
yerBepTOro THna. CHauasia Bbie/IsieM B UHC/IHTeNe NPOH3BOAHYIO KBajpaT-
HOTO TpexuJeHa:

S x+2 S‘/z (**+2x+3)"+1
(*+-2x 4 3)2 (**+2x+3)

pi—4g <0, k=2 3, ...

dx=

1 C dx
20 F2x+3) " ) (B 2x 132"
Jlnst BBIYHCEHHS OCTABLIErOCH MHTerpaja NpeABAPHUTEIbHO MPUBELEM

ero K CraHjapTHOMY BHAY, BbIIEAAS MOJIHBIH KBajpaT B KBaJpaTHOM
TpEXUJeHe:

dx

(x*+2x+3)*“s «x+1)2+2)= T S (1+( x+1> )

Ve
= ]_S (’;;—2:) — I_S du”
2]/2‘( (%)) 2y 2 (l-i-u)u_“1

T vy

Hanee HCMOJIbL3YeM METOA HHTErPHPOBAHHSA MO 4YaCTAM.

_(14ut—u®  du wrde
S(1+u2)2‘ (Fu?) d"_S1+u*“S(l+u2)2“

=arctg u—|——é— S ud(l_'l_—u,,)——-—arctg u+%-l—%—é—arctg u+C$

=%(arctg U+=—3 l'l‘ )-I—C

OKOHYaTeILHO nojqyuyaems

x+2
(’fz-l-2’6-1-3)2
1 1 x+41 1 x+1
RS T V3 arotg V3 trernste ”

B ofuwem cayyae & > 2 paccMOTpeHHbIHt B NpHMepe 4 NpHeM MO3BO-
JIleT CBECTH BBIMHC/EHHe HHTerpasna S (14+u?)~%kdu K BHYHCIAEHHIO

HHTerpaia S (1 u?)—k+1ldy, 1. e. paer peKyppeHTHHII MeTOJ BHYHCJIE-
HHS HHTErpaJioB 3TOro THMa.
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TIpowAAIQCTPUPYEM MeTON WHTETPHPOBAHMS PauBOHANLHEIX ApoGeit
B 1IeJIOM Ha CJEAYIOMEM NpHMepe.

dx
ﬂpuuep 5. Hal'ms TETIR
<4 QIpo6s -——;———- NpaBnaLHaN, €e pasoKenne B cynmy npocreimn%

x (x241)2
Apoleli nMeeT BUA

1 Bx+C . Dx-}+E '

o, X Terr Terye

Hiveen
1= A (4 14 Bad (124 1)+ Cx (> 1)+ Da* 4 Ex.

MNMonaras x=0, naxomum A=1. ﬂpupanunnaﬂ 1(oaq§)uuuewm ApH onm-

Haxonux crenensx x, noayuaeM 0=A 2A-+B+D,
=C+E, 1. e .
B=—1,C=0, D=—1 u E=0,
Caenopatensno,
dx - R x dy=—
x(x’—{-'l)”—_s‘ x x2—|—l o)

=Inlxl—5In (x=+1)+—2(x—,‘_m+c.

3avernM, 9TO pasnoxenne npo6u PP e Ha NpocTeiitiie MOXNOo

MONYUNTh M He NPUMEHAR MeToAa Heonpene.nennblx KosppuunenTon,
a uMenno-
- (l—l-x"‘)-—x’ 1 X
x x‘—ld)” ¥ (BN T x4 BN
(A —a2 x 1 X L
IR RN ) S e R TR )

HahTtu nnrerpanmn

6.158. [t . 6.159. (.
6.160. S’F-Ls‘%-‘? 6.161. gx,—_fs“'j—ﬁ
6162, (% 6.163. [ 27 dx.
6160, (X0 6165 [mins
6166, [ . eaer. (o

x"!-l ‘x4 3x* 4 Wt —5
6.168. S dx. 6.169. S Pl

6.170 Midx. 6.171. S(—,—Q-’idx

dx.

AN Ly By T 4
dx
6.172. Sm 6.173. Sx,_“
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a=Nar xdx
- 8.174%, S 6Ty 6'75 S(x l)(x’+x+1)”'
2—xF4 '
6.176. 5‘<x"‘a)<x_b') 6.171. {eraa—gin
5x—13
6azs. § 2o 6.179, gmdx
4
6.180. Sfi‘dx. 6.181. S ,+2 Ry

Hafitn uuterpanbl, He npuMenss Metoa Heon pefie/IeHHEIX
KO3(pHLLHEHTOB!

d. .
6aser. (. eassv. (2.
. dx -
6.184, S—m 6.185% [
6.186. S Pl 6.187*, Sm—d.’ﬁ

6.188. {2 dx. 6.189. [ 2t 4,

2. Wnterpuposanie  TPHrOHOMETPHYECKHX H  rHNEpOONHYECHUX
d;ymmuﬁ
a) Mnrerpany puaa S sin™ x cos” xdx

Ecam XoTs Gii ORHO W3 WACEN M WAH Nt— HeuETHOR NONOMUTENBHQE
uenoe ¥MCAO0, TO, OTAENsA OT HEUeTHON CTENeHM OXMH COMHOMHATENbL U
Bhpaxas ¢ nomowbio QopMydit sin? x-}-cos? x=1 ocraBmylocs ueTHyio
CTenenb 4Yepe3 AONOJHATENbHYIO (YHKHRIO, - npuxomm K TaGanunoMy

uHTErpany.
, sin®xy .
Mpumep .6. Haiitu dx.

V
cos x
4 lmeem:

s 2 —c0s2 x
j’ 4sin L 4sln X smxdx__._j'lTCO_s"_dcosx:
l/cosx /cosx I/COS”
2
=._5‘ :icosx + 4cos X _ dcosx=
l/cosx ;/cosx
=—-% "/cos"x—i—lil l‘/cosl!x-}-G. -4

Eciu e m W n—vueriible HEOTPHIATENbHLIE YUCJA, TO CTENeHH IO-
HHXKAIOTCHA NOCPEACTBOM Nepexoina K ABOAHOMY apryMeHTy ¢ NOMOUIbIO
TPHIoHOMeTpHuecKHX Qopmya:

cos? x=lic2ms__2x 5 sln2x=l——c-2&s—2f , sinxcos x=-;— sin 2.

Mpumep 7. Hafitn Ssln’xcos‘xdx.
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4 Hmeem:

S sin®x costx dx = S (sin x cos x)? cos? x dx =

‘2
=S‘ sin®2x 1--cos 2x dx=i S sin® 2x dx -

2 8
l-—cos 4x
8 sin% 2x.cos 2x dx_. 3

= et

1 2 _1_sln 4x ’sln" 2
16Ssin 2xdsln2x_16 i —=+C. P
Ecnu m-+n=—2k, k €N, T. . m--n saBafeTcs LEJBIM YeTHHIM

OTpHILATEeNbHEIM YHCJIOM, TO L1eJeCO006pasHO HCNO/Ib30BaTh MOJACTAHOBKH
tgx=1{ nan ctgx=

Mpumep 8. Haiitn Sslnl/”xcos“”/“xdx.

1
d Tak kKag —-—-—==—4, TO BLIUHCJElIHE HHTETpaja CBOJUTCA K HI-

TErpUpPOBAHHIO creneHned TaHrelca:

Ssln‘/“xcos‘”/“xdx-:Stg‘/3x~ dx _
costx

gtg1/3x(l+tg2x) _—Stg‘/:‘xdtgx-[ stg’/*xdtgx_.

__3 4/3 2 to10/3

Jna’ BbIUHCHAGHHS HHTETPaJoOB BHJA S tgm x dx, S ctg™ x dx, rne
m=2, 3, ..., HCOJIb3YIOTCS TPHroOlOMeTpHUECKHe (opMyJul

tg?x=sec?x—1, ctg?x=cosec?2x—1.

Mpumep 9. Buuucaurs S ctgd x dx. ’
4 Hmeem:

S ctgixdx= S ctg? x (cosec?x — 1) dx=

=— S ctg’xdctgx—-g (cosec?x—1) dx =
ctgdx
3

+-ctgx-|-x+C. »

B obuem cayyae MHTErpajnl BHIA Ssln”’ xcos"xdx, The m U n—
fiehle YHCJIa, BBIYKC/ISIOTCS C MOMOILLBLIO PEKYPPeHTHBIX (OpMYJ, KOTO-
pble BLIBOAATCS MYyTeM HHTErpUPOBANHA MO YacTsM.

dx

Mpuwmep 10. BoiBectn pekyppentuyio dopmyny Aas SW
H C ee NOMOUIbI0 HalTH \ ———,

cos?x
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<4 Pmeem:
dx sin? x-}-cos? x
lapsr= dr=

Costhtiy oSkt x

sin? x dx sin x
=S costk+1y dx—l-S costh=1y = ) S ¥ oy 46t Lok

sin x
[Monaraem u=sinx, du:m qx. Torma du=cosxdx, v

1
=m, H NATErpHpPOBAHHEM NO YaCTAM MNOJYyuaeM

sinx
lap 1= 2k cos?k x 2k$ cos?k= 1x+12” Y

A
sin x 1
Toevi=—gp oy +(1—§Te) Tok-1

(pekyppentuas ¢dopmyaa).
B uacrnocts, npu k=1 nMeem

Jo— dx  sinx —
8= cosf’x_2cos2 2 oS x
sin x 1
=§-C—OS—2)—‘+—§-lnltgx+secxl+C. »

Haiitn nurerpansi:

6.190. S sin®x dx. 6.191. S SWE g,

6.192. S cos? x dx. 6.193. S cos* & dx.
6.194. Ssinzxcos’xdx. 6.195. Scos“xsin‘ xdx.,
dx sin? x

6.196. Sm 6.197. SCOSO dx.
dx
6.198. S sin®x cos®x ° 6.199. S in‘xcoszx :
cos (x+£>
6.200. S——“ dr. 6201, (-2,
sin x cos x COS® x
6.202. S tg® x dx. 6.203. S (ctg“— %-{—ctg‘ -%-)dx

6.204, S—VE—S‘Ix——i——"; . 6.205. SCOS?de.
X sin-



6.208, f SI?x_ gy, 6.207. j sin® 2 dx.

V cosx
dx dx
6.208, | 27, 6.209. 5 —
?S‘ ?
6.210, S T 6.211, S.,cosx,cos’2xdx.

6) lna MuTerpupOBAHHA NPOU3BEAEHHA CUHYCOB M KOCHHYCOB pas-
JHAHBIK apPTYMEHTOB l'lpHMeHﬂlO'N:ﬂ TPHTOHOMETPHUYECKHe HOPMYJILI:

€OS o, oS, [3:.—. (cos (o —B)+-cos (a-l—ﬁ)),
sin o sin ﬂ=§ (cos (a—ﬂ)fcos_(a+ B)),

e - 8ln o co8 ﬂ=% (sin (@ ~P)+-sin (- B)).

Mpusep l1. Hafitu Scostcos"Sx'dx.'
4 Hwmeem

S ¢0s 9x cos 5x dx-—— s (cos 4x+cos 14x) dx=

1 .
=_-—8- sin 4x+2-—8 sin 14x4-C. »

Hatttu uuTerpansi
6.212, {sin3xcos5rdr. 6.213. {sin 10xsin 15¢dr.

6.214. Scos —’;—cos —;-dx. 6.215. Ssln%—cos 23—‘dx.

6.216. {cosxcos?3rdr. 6.217, { sinxsin2xsin3rds.

B) Huterpanm suna
S R (sin x, cos x) dx,

rae R (4, v)—panuonanbHas GYHKIHS ABYX MepeMeHHBIX; NPHBOAATCSH
K MHTErpajaM OT palHOHaJbHOA (GYHKUHM HOBOro aprymeHta ! NOACTA-

HOBKO#l tg X =t IIpu 3rom ucnonnayiores GopmMyJant

2
inx= 2 cosx———l_t2 de= 24t
SN t=1ym’ =iyer YTiEee
dx

[Tpumep 12. Haittu

4cosx-}+3sinx-45°
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<« [lonaaraem g %:l. Torna

e dx ___2S di
4cos x}3sinx+5 1—12
5 ( 77 +3-,+,,+5)u+ﬂ)

=2 S mrerrs =2 arr— e e
2 o

tg%-—}-3

Ecam nojl MnTerpasoM sin x M €OS X COAEPMATCH TOALKO B YETHHIX
CTENCHAX, TO YioOHee UCNOJbL3OBAaTh NOACTAHOBKY tg x=1.
. dx
1 —5sin3x °
« PaspenuB YHCANTENb ¥ 3HaMEHATCAbL HA OS2 X M HCNOJLSYR NOACTa-
nopxy g x==¢, nonyuum:

. digx S a1, 1|—21|+C
S}——Ssln’x—'Sl—Hg%—stgz ] —4137 4

Npumep 13. Haitmu S

=i %ﬁ% 1c. v
tlahmn mnerpa.nbl: |
6.218. S m 6.219. S 3_281n”j+ —

6.220%. (0% g 6221 (.
6.222. S s SnE 5 dx. 6.223, (%dx.

: dax dx
6.224. SW— . 6.225%. S (sin x-}-4) (sinx—1)"

1-Fctg x 4 dx
6.226. S —clg x dx.  6.227. S sin®x+-8sin x cos x4-12 cos3x’

r) Unterpnporanne runepGonuveckux ¢ynKilmit NpoMSEOANTCA aHa-
JIOPMMHO MHTETPUPOBANHIO TPUTOHOMETPHYECKHX DYHKIHMH, NpHUEM HCNOJb-
3YI0TCs1 caeaylomne ¢opMyJan:

ch?x—sh?2x=1, shxch x=-;- sh 2x,

ch? x=% (ch2x--1), sh? x=—%— (ch2x—1),

1

2y =
cth? x—1 o

1 —th? x=

1
ch?x’

Hajitu unrerpansn
6.228. {ch?axdr. 6.229. sho2xax.



6.230. Ssh”xch*xdx 6.231. { chtxax.

6.232. | 6.233% { ot
dx

6.234% [ 2. 6.235. (Y ehxTTadx.

6.236. {cth®xdx. 6.237. {thexdr.

sh? x hzx *

3. UnterpHpoBaHue HEKOTOPbIX HMppauHOHANbHBIX GyHkuuil. a) Hu-
Terpajnl BHIA

ole (=27 (2227,

rre R (x, y, 2, ...)—pauHoHaJbHasA (PYHKIHS CBOHX apryMeHTOB, mj, nf,

my, fa, ...,—IeJble YHCIA, BHIUUCASIOTCS C MOMOUIBbIO MOJACTAHOBKH
ax-+b o o my My

=15, rjne s—o6wui 3HamenateNnb JApobGeit ——, ~—
ord ™A P ni ' ng’

IIpumep 14. Hailitu y ry __d)' .

(V x+3—1) VT3
<« [Ipoussopum noacraHoBky x--3=¢% Toraa dx=4£3d¢, u, cnenosa-
TeJIbHO,

edt__, (itdt ¢=D+1
y(/x+3—l)V =\ one 4§t—1“4 7 =
=4(t+ln|t—1|>+c=4(/x+3+1n|,/,7:3_1|)+C, >

Ha#tu unTerpassr:

6.238. [ —2—. 6.239. xdx
5(5+x)1f1+x 51/2:: 3

6.240. j—_.-"——-_— 6.241, S Vipa—t
x—V x (x+a) (1+i‘/x+a)

x+1 dx
6.242. 5"1/ . 6.2, S(x S

x—l

6.244. Sm 6245§ 1/x+1

6) BoiunciieHue HHTErpajoB BHAA
S R (x, V ax?Fbx +c) dx,

rie R —paunonanbuas (yHKUUA ABYX apryMeHTOB, MPOH3BOAUTCH C
[OMOUBIO TPHTOHOMETPHYECKHK MOJCTAHOBOK CJefyIouthM o6pa3oM. Beuze-
JieHHeM MOJIHOPO KBajpaTa B KBAaJApaTHOM TpexuwjeHe H NOCAEAYIOuwel
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" b
3aMeHON IepeMeHHOM u=x+% HCXOJHLIA HHTErpall MPHBOIKTCH K HH-

1erpa.ny OJJHOro Hu3 CJle}lyIOLuHX TpeX THUIIOB:
DSRw,Vﬁ:ﬁMh
9§ R, VT ey
3) g R (u, Vui?=1%) du.

[Tocsieannie HHTErpassl TPUTCHOMETpHYECKOM HJTH rrep6oMHYecKoli ojcTa-
HOBKOH COOTBETCTBEHHO

1) u=Isint wm u=Itht,
2) u=I1gt wau u=lIshi,
3) u=lIsect wm u=lcht

NPHBOAATCS K HITErpajaM BHJA S R (sin ¢, cost)dt uan S R (sht; cht)dt.

[Mpumep 15. Haiitu S V x®*—atdx.
<4 [lpoussonum TIOACTaNOBKY x=acht. Torna dx=ashtdi,
V x¥—da?=asht, u ganee
S sz_azdx a?-S shztdt_—S(ch2t—l)dt-— (3—’122_:>+C=

__-2- (shtch t—t)+C=—2— sz_a2_-2-1n|x+1/x"2—' a%|+-C. »

P
[Tpume 16. Ha#tu )
PR e

<4 Buinensas nmoaublii KBaJIpaT B KBAaApATHOM Tpexu/eHe; UMeeM

rie u=x-42,

du
jvu+u+m*5vw+w‘

ITponssoas Tenepb MOACTAHOBKY U = V_gbtg ¢, du =c1:s;

3 —
T dt Vur 3=

=V Bsect, nomyuaem:

y __"__=( V3 dt=l§costdt=
V ¥ 4x13)% cos2t Y 33 sec3 ¢ 3 ,
1 u 1 2
=—3—slnt+C—- Vs =-.;3-V;%_+_7+C. >
[pu BHYHC/IEHHH HHTErpajioB BHAA
mx-+n de
Vax*fbx+tc

CJaIe/lyeT NnpeiBapuTeJbHO BLIACIHTL B YHC/HTENE NPOHSBOAHYIO KBajapar-
HOI'0 TpexuJieHa.

—1
Mlpume 17. Haiitn ;_—_.dx.
P P $V1—4x—x2
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4 Hueem

ot S —% (— 2% —4)—3
—_——dr= —_——— dx =
fVl—M—x’ Vi—&—+2

=.-=-—l— {1 —4x —x?)" _Sj dx —

YV i—ax—x? Vi—x+2)°
d(x+2
Vs —V T—4x —x*—3arosl c
l/‘l_(f’-fﬁ) —4x — x—aroan_g+ .

5

3amernm, 4TO B 3TOM MpUMepe HET HEOGXOAUMOCTH NMPOUSBORUTH TPU™
TOHOMETPUYECKYIO MOACTAHOBKY, T4K KAK BblACJeNHeC NOALOr0 KBaApaTa
r:pasiy;‘ NPUBOAUT K TaGIu4HOMY unTerpany. »
HTerpajan BHAA

dx
v .

CBOAATCA K paCcCMOTPCHHLIM BbLILIE HHTErpaJjaM C noMOulbio NMOACTaHOBKH

-V i=tx—r—

mx+n=-—t—.
dx
MNpuwmep 17. Hatirn \ —————.,
P P y V'x“‘ 2x—1
< Tlonaraem x——:- Toraa dx::—t—‘-, VA =—2c—1= 1/______4_,
yI=0%i=p ’
=—_j_
Ix - dt . a
x YV E=2%—1 Sl" I A T Ve—=({+13
4 3
1
141 +l
=—-arosm-——+C——arosln +C-—arosln +C L4

VE & T
Hatitu unrerpassn
dx dx’
6246 (g 0 (o 7

6.248. SVi——l—dx. 6.249. f;_
X V‘ v

a?—x?

dx.

dx

dx
T . 0251. e —
Ver—o 6 jlthl RN
dx

_*_
e 088 [t

6.250. y
6.252. 5
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6.254.

6,256,
6.258,

8.260.
6.262.

6.264,
6.266.,

6.268.

dx.

' x—3 ]

dx dx
j.x V81 6.257, 5( x—1) Vbx ——5"
dx

2V I—x+Fo2 - 6.259. j(x—l— 22y 2F5
(VT—2x—xidr. 6.261. (Y B—2xr—xiydx.
x2dx YV E—1
m. 6.263, y P dx
(V¥ —orrT10dr. 6.265. §VTx—xide.
T2 L5 2
V"x,+ > dx. 6.267, 5 7”— dx.

x3—q?

d I
j—V'_(xﬂ—:_-_f}F 6.269. SV(x’—l)’dx.

§ 3. CmMewanHble 3apaun HA HHTErpHpPOBaHue
Ha#itn unrerpansi

6.270. (ZE2 cdv 6om. [t ax

6.272, (7‘:5:%4‘-‘95 6.273. S(ﬂ,—""——

6.274. (i 6.275, j e 2:f’:+2

6.276. - VE‘JI_}TTI%W 6.277. Sﬁ?
6.278. {x V¥ —ddx. 6.279. {xV ¥ 4x—bdr.
6.280. (/¥ 4x +5dx. 6.281, f ?ﬁ%l’ﬁ
6.282. 5%“"7"_—-— 6.283, XW_—"?—W

6.284. |- ——% ;+l. 6.285. Sﬁ; :—T%dx
6.286. { "X _dx. 6.287. Sl;c";‘“

6.288. S(l S dr. 6280, S2 e

6.200. (3—ime;. 6201, f%}t—gidx'

Moa pea.

A, B. Eduunora, B, I1, Jemunosuia
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6.202, [ _Sccxtex ;. 6,293, S—“-’E”—"—dx.

VYV 5—sec® x sin x+5
dx
6.294. SW 6.295. Scose
6.296. sin-" . 6.297. stmxcos 2x dx.
dx
6.298. Sshxchx‘ 6.299. Ssh"‘ x-+4ch?x’

6.300. { th®xdx. 6.301, §°“V‘+" dx.

ch®x
6.304. { xe>dx. 6.305. { xe=**dx.

X d. x__b)'cz
6.306. | r—rpr—s - 6.307. (ot

6.308. §emesnxdy. 6.309. )& —1dw.
6.810. [ZSt b o 6311, [TRdx.

6.302. (2% 6.303. {sin®(lnx)dx.

PRV pa
6.312. S’i’]—‘“}i—"dx. 6.313. { x(1+x?) arctg xdx.
6.314. (MO dr 6315 [xin (449 ar
6.316. {x V@1 1In)/ @ —1dx.

X

X
6.317. fvl_xalnvl_xzdx.

i arctge*? 4.
6.318. {x*(1+Inx)dr. 6.319, g——————xlza_l_ex)

. § 4. OnpenencHHbI MHTErpand H METOAbI €F0 BbLIUHCJIEHHS

1. OnpeneneHntlid HHTErpajd Kak npefen HHTerpaibHoli cymmb, Ecau
q)ynxum f (x) onpepenena na oTpeske a<<x=<bhb Ha=Xxy < x; < X3 < .

+ < Xp-1 < X =b—npoU3LO/ILHOE pa30HEHHE STOTO OTPe3Ka Ha n wac-
Tcn (puc. 48), To unmeepasvrod cymmod dynkunu f(x) va [a, b] nasu-
Baercs1 CyMMa BHJIA

n
Su= D [ (&) Axp,
k=1

TR Xp—1 << Ep <, Axp=xp—xp_1, k=1,2,3, ..., n. Feomerpuucckn
S, ecTb aareGpamueckasi CyMMa nJowanei npﬁmoyrom,mmon, MMCIOIH X
ocHOBaHHAl Axp u BricotH f(Ep).

Ecan onpenenennas Ha otpeske [a, b] dyuxuns f(x) taxosa, uto
CYUIECTBYET KOHeUHBbIH Npefes NOCJIeNOBaTeNbHOCTH HHTErPATbHBIX CYMM
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Sp NpH YCIOBHH, YTO HanGOJbWast U3 pa3HocTelt Ax, cTpeMHTCS K HYJIO,
npuyeM 3TOT Mpejiesl He 3aBHCHT HH OT croco6a pa3bHeHUss OTpe3Ka [a; b]
Ha OTpe3kH [xp-i, Xg], HH OT BhGopa Touek Br Ha 9THX OTpeskax, TO
oyukuus f(x) HasbiBaetcst usmeepupyemod Ha ortpeske [a, b], a cam
npefesl Ha3bIBAaeTCs OnpedeneHHbIM UHMeePaAAOM bor oyukuuu f(x) B mpe-

Jlellax OT @ A0 b u o6o3Hayaercsi CHMBOJIOM Sf(x) dx. TakuM o6pasom,
a .

max Axy —> 0 k=1

Fb n
(reyax=1im 3 f (0 Arg M

Henpepuisuas Ha orpeske [a, b] dyukuns f(x) uuTerpupyema na stom
oTpeske.

I'eoMerpuyeckn onpefedesHuifi HHTerpad (1) mpeacrasaser co6oii anre6-
panyecKylo cyMMy mJowajeli ¢Guryp, orpaHd4eHHbIX TpadukoM ¢yHKUHU
y=f(x), ocblo Ox H NpPAMBIMH X=a
M x=b, mpuuem mJowWwaa4, pacmho- PN
JoXeHHble Bbile OtH Ox, BXOAAT B
9Ty CyMMY CO 3HaKOM IJIIOC, a MJIO-
Waju; pachosoXeHHble HHXe OCH
Ox,— CO 3HAKOM MHHYC.

[lpumep 1. Boiyucauts

416

Sx’ dx, paccMaTpuBasm omnpejeJseH-
]

Hof MHTErpan Kak mOpeflesl HMHTer- ]
paJbHBIX CyMM. J
4 14 cnoco6. Pasgenum otpe-
30Kk wunterpuposanus (1, 2] na n

paBHLIX 94acTedl MJIHHBL Ax =—_ - Puc. 48
Touku penenus:

fo=l =14, B=ld 2, o =140

n '’

Xp=2.

B kauecrBe Touek £y BuiGepeM, HampuMep, JieBble KOHIDLI KaXJOro vac-
THuioro orpeska. Toraa

fr=1; f(xl)=(l+"l?>zi f(x2)=(1+72{)23 ‘oo
o Tmep =142 )"

CaenosaTtensHo,
st () (2 e {1425)) -

2n—1 n=1
___% nz+(n+1)2+(n+2)*+..-+(2n—1)’)=% 2 "2‘2’9)-
k

=1 k=1

10* 291



[pnMenas GopMyJay CyMME KBaJpaToB HeNHX 9HCceN

2": k,;n(h+l%(2n+l)'

k=1
HaxoauM
s 1 ((2n—l)2n(4n—-l)_(n—l)n(2n—]))=ﬂl4n’—9n-.|-l
" nd 6 6 6nd ,
OTKYAQ .
Sx’dx:rli_ﬂ%?j—l=%-.

1

2.t cnoco6. Paso6bem otpesok [l, 2] Ha uwactm Tak, 4TOGH
a6ClHCCH TOYEK HesieHust 06pasoBajii FEOMETPHYECKYIO NPOrPEccHio:

x=1, x1=¢, x3=@% ..., Xp_i=q""1 x,=¢"=2,
rae ¢=2"", Touky &, BmGepeM Ha JeBOM KoHue k-ro orpeska. Toraa
o) =1, f(x)=g% [(x))=0¢% ..., [(xn-y)=q*"""—D),
Axi=q—1, Axy=q¢*—q=q(@q—1), Axg=q%(g—1), ...
coes Dxp=gn-1(g—1),
Sp=1-0—N+¢G—D+¢* @—=N+... +¢ P g—1=

— 4 n - pu— qan.—l_ qan—] =
=@—=00+¢*+g4...F@EB-D)=(g—1) P —1 —q’+q+| -
7

. 21
=22/u+21m+l=22m+21/n+1~

Crep0BaTeNbHO,
H 7 7
2 dp = lim ——————— o =—=—,
IS" de=lim gy =3
Briuncaute OlpeacJ/iCHHbIC HHTErpaJinl, paccmannBaﬂ HX
KaK npejesibl COOTBETCTBYIOUIMX HHTErpasibHblX CYMM:
5

/2
6.320%. { (1 +xyar. 6.3217 § cos xar.
0 0
10 3

6.322%. Sexdx. 6.323%, [ &2,
0 1

2. Buuncnenne npocrefiluux MHTerpaioB ¢ mnoMOWbI0  dopMynn
Huiotona — Jleii6nnna. Ecan F (x) —omna n3 nepsooGpasHiIX Henpe-
puBHoit Ha [a, b} dymxumm f(x), To cnpaBeaausa caepyiomas ¢ o p-
myaa Hoiotona—Jlefi6uuna:

b
(1wa=Fw[ =Fo)—F@.
a
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o
ITpumep 2. Buuucaurs S‘ s
e

tinx’
4 Umeem
’.
chll:x— d(‘lgx)-—lnllnx}l =In(lne?)—In(Ine)=1In2 ~ 0,69, »
e

Hcnonbsys ¢opmyny Hbiotona — JlefiGHnna, BHIYHCAHTD
HHTErpaJsl:
2 8

6.324. fx-"dx 6. 325.5' .
Vx

1
6.326. S(3x=—2x+1)dx. 6.327. § (Vx+ /%) dx.
1 0 )

8 3/~ 9
6.328. S?%;/‘-dx. 6.329. 5 Y x—ldx.

dx
cos?x*

0
6.330. \ sinxdr. 6.331. S

2 -J1/4

qeyy ™

6.332. {evdr. 6.333. {2rax.
4

6.334. (2~
X

2
d»

6.335. \ 7——
Zr—

b=
/4

¥de o 337, §sin’q>dq>.

6.336. el

—

Y oty = Ny "y

[

/ 2
6.338. { tg*xdr. 6.339. {shexdr.
0

/6

1
dx

6.340. §4x,+4x+5 6.341. :Sm

4 -l
6.342. S’f 2 dr. 6.343. { 2Ly

3 —2

2 L ;
6.344. X etf 6.345.S9%ﬂdx.

1 1
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[4 /2
dx
6.346. Sm. 6.347. §cos"ada
1/3 3
6.348. | chdxdr. 6.349. (L
0 2
: d
(" X
6.350. \s V-Q——-}-fj_—__x—_—_?t?. 6.351. Sm X
3/4 0
1
6.352. (2t gy

(x+ 1) (x*41)

C ITOMOHlb}O onpeje/ieHHBIX HHTErpasioB HaHTH Npelelbl
CyMM:

. n n n
6.353%*. lim ( s+ +...+m).

n—»wo

6.354. lim ﬁn(l—}—cos +c052 =t —|—cos(n——l)2)

>
6.355.1m 5 () 1+ L+ Y 1424+ ) 14 2).
BriyncauTte miomagd (QUryp, OTpPaHHUYEHHBIX JIMHHSMU:
6.356. y=—1—x2 y=0, x=2, x=3.
6.357. y=|/x, y=0, x=1, x=8.
6.358. y=6—x—2x2 y=x-12.

6.359. y=2, y=2)'%

6.360. y=cosx, y=0, x=4,—-121, X=—
6.361. y=e-*, y=0, x=1, x=2.
6.362. y=2, y=0, x=2, x=3,

6.363. y—=, x4 y=—4.

X

ki
T

3. CpoiicTsa onpepencHHOro WMTerpana.
1) Ecan f(x)=0 na orpeske [a, 5], T0 Sf(x) dx=0,

2) Ecan f(x) < g (x) na [a, 8], 10
b b
S fE)de<< S g (¥) dx,
a a
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b b
Sf(x)dxl<§lf(xndx-

4) Ecam f(x) HenpepniBHa Ha [a, b], m—uaumenbmee, M —Hau-
Goaburee 3HaueHus f (x) ua [a, b], TO

b
mb—a) < S f ) de<< M (b—a)
a

3)

(reopema 06 oMeHKe ONMPQAEJEeHHOrO HHTETr pasa),
[Mpumep 3. OueHurb uuTerpan e

1
d
1=j.——x—_—.
Vit
0
§ Mrveem: 11422 mpu O0<x <
' (- 1
—_— — 1,
VISVizs="
1 . 1
T, €. m=72:, M=1, b—a=1, Caenosareasto, -V—Q_gl <lp
5) Ecau f(x) wenpepeinna, a g (x) unterpupyema wa fa, b}, g (x) =0,
m v M —nanmeHbwee W HauGoJbiee 3uadenus | (x) Ha [a, b], TO
b b b
mSg(x)dx<Sf(x)g(x)dx<M Sg(x)dx
a a a

(06o6uennan Teopema 06 ouenkKe ONpelLeseHHOPO
MHTEerpamna).

6) Ecan f(x) uenpepeiBHa Ha [a, b], TO cyuiecTByer Takas TO4Ka
c¢E(a, b), 4TO CNPaBELJHBO PABEHCTBO

b
S Fo)de=F () b—a)

(reopemMa o cpegHeM SHadeHHH),
Yucao

‘

b
to=5=5 [ o e

HassipaeTca cpednum sHawenuem Gyuxkuuna f(x) Ha orpeske [a, b].
7) Ecan f (x) HenpepeisHa, a g (x) uHTErpupyema Ha [a, b] u g (x) =0
TO CyulecTBYeT Takas TOuKa ¢E(a, b), 4TO CIPaBEANHBO PaBeHCTBO
b

b
Sf(x)g(x) de=F(c) Sg(x) dx

a

(o606meRHas TeopemMa O cpefHem),
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8) Econ f’ (x) u g2 (¥) HHTErpHpyeMH Ha la, b}, 10

<]/§f*(x)dx§bg (1) do

(nepaBsencrBo Komu—bByuskoBeckoro).
9) HinterpupoBanue 4eTHH X H HeuYeTHH X QyHKUHA B CHMMeT-
a

S F ) g () dx

pHuHbHIX npepenax. Ecmu  ¢ynkums f(x) ueTHas,; TOS f(x) dx=

-a
a

a
=2 S f (x) dx. Ecau ¢pynkuus f(x) Heuethas; TO S f(x) dx=0.

0 -a
10) Ecan ¢ynkuus f (x) nenpepniBHa Ha orpeske [a, b], TO unmee-
DAA C NEPEMEHMbIM 6ePXHUM npedesom

X
ow={rma

ABAseTCA NepBoobpasHoil Ans dysRuuH [ (x), T. e.
4

x
@ (x)=(Sf(t)dt> =/, x€la, Bl.

11) Ecan o¢ynxunn @ (x) u P (x) Auqaqaepenunpyemm B TOYKe
x€(a, b) n [ (1) nenpeprsna npn ¢ (@) << (b), TO

Y (x) R\
( S F df) =TV W—F(@E) ¢ @)

Q (x) »

Mpumep 4. 1 (x)= S e~t* dt. Haiitu I’ (x).
0
« VYcnoabsys ceoilcrso 11) n yunthBas; uto @ (x) =0; T. e. ¢* (x) =
nMeeM
I’ (x) =e=0M . (x2) = 2xe~1*. p

6. 364. Onpenenmb 3HaKH uHTerpa.non, He BBLIYMC/AS HX]
ay* S,/Adx 6) S B dx; B)S xlnxds.
173

6.365. He Bbiuucana uHTErpasoB, BHISICHHTb, KaKOH M3
MHTErpaJoB 6oJblie:
2 2 2
dx
T’
: l 1

2
dx Sd
a ¥
)§V1+x= J %
B):Se"‘coszxdx HJTH Se""cos*xdx.
0

.4“-

1
1
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6.366. Hajitn cpennee 3HaueHne (YHKIMM Ha JaHHOM
oTpeske:
a) 23, 0<x<1; B) cosx, O<x<<n/2;

6) Vx, 0<x<l; 1) cos’x, 0 x << /2.
6 367. Cn.na TIepeMeHHOr0 TOKa MeHsieTCsl 10 3aKoHy [ =

= /,sin (—7—.t+\p), rae T—nepnoa. Haiitn cpepnee 3sHa-
YeHHe CHJIbl TOKa 32 MOJYNepHol.
1

6.368. Onenurtb MHTErpa S l/'8—'|-x3 dx.
=1

! dx
6.369. Ouenutb uHTErpan .§ VTTM
1

6.370. Ouenutb uuHTErpan S‘V(l—l-x) (14 x% dx, NnoJib-

0
3yACh:

a) o6o6leHHOH TeopeMoll 006 OlleHKe HHTerpaJfa;
6) nepaBenctBoM Kown —Bynsxosckoro.

1

6.371. OueHutb MHTETpaJ SV(4+x3)xdx, NOJIb3YACL:
0

a) ofobueHHOl TeopeMoii 06 oOlleHKe HHTerpaJa;

6) HepaBeHcTBoM Komm —bByHnsakoBckoro.

6.372. Haiitu: a) g—g, 0) %, ecs -

B
1={Zax 0<a<h).
¢
6.373. Haiitn Toukn skcTpemyma QyHKiun
@(x):f%“dt (x> 0, 0<a< ’21)
a

Haiitu. nponsBongxe cleayomHX QYHKURIA:
Vx
6.374, @ (x)= S t.  6.375. ®(x)= S sin (%) dt.

1/x
AO

. 8.377. D () = & x> 0.

X3

6.376. O (x) =

"Q/-DQQ



6.378. IokasaTth, 4TO
3
x3sin x
S TFx dx=0.

-3

4. 3amena nepemenHoii B onpefeneHHom uHTerpane. Ecin dynkuus
f(x) nempepsiBHa Ha orpe3ke [a, b], a OYHKUHMS Xx==¢ (f) HenmpepsBHO

nudpdeperunpyema Ha otpeske [fy, ?;], npuuem a=o (f;), b= (f;), TO

b t,
(rwax=(reme @
a t,
n T—x2
Mpumep 5. Buuucaurs S Viz_x dx.
Va2
4 Tlpumenum TOACTAHOBKY x=sin!. Torna dx=cos {dl, {==arcsin x,
t; = arcsin _'/.-2_2_=.g— u fy=arcsin lzg. Crepopareanslio,
1 /2
V’I—Jc2 1—sin? ¢ cos??
S X S st cos fdi= S sin® ¢ dt
V22 /4 si/4
1—sin?¢ e
—sin? n n b4
__S e dt=(—clgt—0)| =—F+i+T=1-T. p
a4 n/4

6.379. MoxHO Jin HHTErpasn S / 1 —x?dx BBIUHCIHTD

C MOMOIIbI0 MOJCTAHOBKH X = Sin t?

Buiuncauthb HHTErpaJibl ¢ NMOMOIIbIO YKa3aHHBIX MOJCTa-
HOBOK;

6
dx o _ 42
6.380. ,SI+V'3x—2' 3x—2 =2,
In8 d
6.381. \ —= v l=12
e
sh 1

6.382. S‘ Vi 1dx, x=sht. -

0
/2

6.383. S‘L,tgézt.
0 -

298



n/4

6.384, tg x =1,

G
J 142sin?x?

1
6.385. S' V3=3%x—x3dx, x+1=2sint.
]

Bbl'JHCJIPITb HHTErpaJiol ¢ IoMolbl0 3aMeHBI nepemem-loﬁ:
2 0

dx ’ dx
6.386. —= . 6,387, S —
2/§.3x1/x*—1 _Sz V34V 438
Y3 L4E] ix

6.388. S '/” 4 dx. 6.389.
2
2

6.390. Ja + G 6391

" Vit

dx
+ Va1

(.,jm

xdx
6.392. ExV1+4x° 6.393. S‘Vs -
n6

3
6.394. S EVeE=2 1 6.305. Sx‘-'VQ —x2dx.
0

In 2 e"—l—2
2
dx e
o[
1

/2

dx cos x
6.397. Tlokasatnb, uto S dosinE = S : dx.
e /4

6.398. Y6eauthcs B TOM, 4TO

2
S‘ 3x7—-2x5+x3—xa.
x4L3x241

6.396. Ilokasath, uTO

“L./-;'?.

0.

w
i

=2

5. Mmerpuposaxme 1o  HacTaM. Ecan dysknun u=u(x), v=uv(x)
B ux npoussoisbie 4’ (¥) # v’ (x) HempepwiBHB Ha oTpeske [a, b], TO

b
b
Sudv =uv —Svdu
a

a a
(popMyna MHTErpHPOBaHHSA MO HacTaM).
e

Mpumep 6. Bhuucauts S In x dx.
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«4 Tonoxum u=Inx, dv=dx, Toraa du.—_d—:, v=x. Hwmeen
e ¢ 4
e e
SInxdx:x,lnxll -—Sx--é—‘:e-—xllae—-e-{—_l=l. >
Y .

BeiuHC/IHTL UHTErpasisl METOAOM HHTErpHPOBAHHA IO
qacTAM:

I
6.399. \ xe*dx. 6.400, S‘-'E“'s‘é dx.
5 Vifx
n/3 d e
xax
6401, [ 2o 6.402, Sln’xdx.
/6
o4 2V3

6.403. bg ¢ sin 4x dx. 6.404. 5 L’;‘;iidx.

e {
6.405. §xln xdx. 6.406. §xarctgxdx.
/4 /2

6.407. S X2 cos 2x dx. 6.408. S e* cos x dx.
0 0

6.409, Ilokasatb, 4T0 ANfl HHTErpaJa
/2 /2

I, = S sin®*x dx = Scos"xdx. neN,
0 1]

BepHa pekyppeHTHas ¢opmyJa l,,="n—'ll,,_s. Boraucauts

I, n Iy
6.410. Iloka3atb, uTO AJA HHTErpana

1
I,= Sx"e"‘dx, neN,
0

BepHa pekyppeHTHasa ¢opmyJa l,,=—ei+nl,,_x. Betquc-
antb 1,.

§ 5. HecoGcTsennbie MHTErpansi

1. Unterpanu ¢ GeckoHeunwimn npenenamu. Ecan dyskuua f(x)
HEMPEepbIBHA NPH G« X < - 00, TO MO ONpeleeHHI0

+® b
{ twar= Jim_ (7w ar. W



EcJiu cymecTByeT KOHeuHn# npelien B npasoil wactn ¢dopmyan (1),
TO HecOOGCTBEHHDLII HHTErpaJl HasLIBaeTCs CX00RuyuMCA, €CJH 3TOT Ipele
He CYIeCTBYeT, TO— pacxo0aUuMCcR.

Ieomerpuuecku HecoGeTBeHHbN Huterpax (1) B cayuae f(x) > 0 ects
nsomaib GUrypsl, OrpaHHyeHHOH rpadukoM ¢yHKUEH y=f (xr), npaMoi
x=a ¥ ocbio Ox (acuMnToOTOH).

b
AnanornyHo onpejensieTcsi HHTErpaJ S f (x) dx. Ianee, no onpene-
-
JIEHHIO
+ @ [4 + @
(fwar= § rea+  1oan ©
-0 - c
rie ¢, — o < ¢ <-}+oo, —NPOHU3BONBHO, TNpPHYEM HNTErpad B JIEBON

uacTH paseHcTBa (2) CuMTaeTCs CXOLSHIHMCAH, €CJH CXOAATCA ofa HHTe-
rpaja B NpaBod YacTH.
MMpu3nakn CXONHUMOCTH W PacXONHMOCTH NpHBeLEM
TOJNLKO I HHTerpanos Buaa (1),
1) Ecan F (x) —nepsooGpasHas Aas [ (x) W CymecTByeT KOHEUHHIH
npegea lim  F (x) =F (4-o), 1o nurerpan (1) cxoiutcs W paBeH
X—>+

+®
S [ (x) dx=F (+®)—F (a);
a

ecan ke lim  F (x) ne cyxiJ.eC'rByeT, To nHTerpan (1) pacxoamrcs.
x>+ ®
+ ®
2) Mycrs npy a<<x<4» 0<f(x) <<g(x). Ecam S g (x) dx

a

+o +® +®
CXOAHTCH, TO CXOAHTCH H S f (x) dx, npnuem S f @) dr<< S g (x)dx.
’ a a a )
+ @ +

Ecaun S [ (x) dx pacxonurcs, TO pacXomHTCs H S g (x)dx (npHs-

a a
HaKR CpaBHeUH).
3) Ecou npn a<<x <+ f(x) >0, g(x) >0 u cywmecrsyer Ko-

f (x) + o + 00
HeunIf npenenxliTm P17 #0, To unrerpann S f)dx n S glx)dx
a a

CXOAATCS MJIM PACXONATCA ONHOBPEMEHHO (NpeN€JbHHI NPH3HAK

cpaBHEHHS).
+ ® + ®

4) Ecam cxomutcs S | f (x) | dx, TO cxomurcsa m S fx)dx (no-
a a
cle/HNY WHTEerpaj HasblBaeTCsl B 3TOM CAydae abCoaomHo cx00auumcs).
+ ®

Mpumep 1. Bouueants S e=3% dx,
0



o Hwmeem:

+ o

. 1 b
Se‘“’ﬂix:: lim \ e~3¥dx= lim (——e"’x ):
5 b->+on0 b >+ oo 3 il

1 1
— Li —p 30} = ——
= b;],:rllw (1-—e—3b) 3. >

Ha NMpakKTHKe B KayecTBe MHTEr'paja, C KOTOPbIM INPOH3BOAHTCSA
CpaBHEHHe, OGBIYHO HCMONBb3YIOTCH MHTErpaJibl BHAA

+ o |
S —adx. a>0. (Z>O.
x
a
KOTOpHle cxonsiTca npu o > 1 u pacxoflates npu a<S 1.
+ o
IIpumep 2.Hccaenosats Ha CXOAHMOCTb HHTET PaJ j ;__{_:T]_ dx.
P
1
4 ITpy x —+ o umeem
1
41~ (H‘?) 1
l/‘;j‘ - x3/2 ~ x1/2 *
+ ®
Taxk kak uHTErpaj S '% pacxomutcs (a=1/2< 1), TO H 3anaH-
x

1
HbIi MHTErpajl TaKxXe PacXORHTCA. P

BrluncIuTh HeCOSCTBEHHBIE WHTErpalbl (MM  YCTAHOBHTDH

HX PacXoJHMOCTb):
+ a + o

dx dx
6.411. 5 . 6412, S =
+o +®
dx -~
6.413. | gy 6414, [ em*vcosxar.
-0 [}
6415, { 24 garp  _lE2
A Sx—??ﬁ ' S a(+n "
0 1
+ o + o
xdx _yt
6.417. §_———V(x2+5)3' 6.418. [ xe-* dx.
+ o + ©

6.419. x cosx dx. 6.420. -;'l—dx.
ES .[5 ¥ 48
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+

L dx. 6.422. X dx
{7

+ @

- 6.424, S e~ dy.

6.421,

——y
8
%

_

+
.3

<0

+o
6.423, S =

I/Icc.ne;[oaarb Ha 'CXOJHUMOCTb HHTEr paJibll
+ ®

+® —_—
Cdx VE+V i
6.425. S TToe A 6426, J S dx.

1
+ o +®
6.427. Seﬁ%‘ﬂdx 6.428, S 3+S“”‘
1 1
t® +o sin—
dx
6.429. SW—ET 430, 3: - xVx
6.431 T—‘”‘—-— 6.432 ("
. L] ] V}+coszx . . . e’ x]nlnx L[]

2. Murterpann or HeorpannueHHmX ¢ywkuni. Ecau dynruug f(x)

HeNnpepuBHA NpH Aa<<Xx < b ¥ 111;1 0f(x) @, TO MO ONpelesNeHHI0
x—>b- .

b—vy

b
(1 ar=tim § f@an Q)
a LA

Ecan cymecTByeT KOHeuHbH npenies B mpaBoii yactH ¢opmyan (3),
TO HeCOGCTBEHHBIH HHTErpaj Ha3blBaeTCs CXOOAWUMCR, €CH 3TOT TNpejen
1l€ CYLIECTBYET, TO-— PACXOOAUUMCS.

Feomerpuueckn hecoGCTBeHHHH uHTerpati (3) B cayuae f(x) > 0 ects
njomajb GUryphl, orpaﬂuqeﬂﬂou TpadukoM yHRUHH y= f (x), npsmoi
X=a ¥ BepPTHKaJbHOH acHMNTFOTOH X =b.

AHaNOrnuHO ONpeje/]sieTcsl HecOGCTBENHbI HHTerpaJ B  Ciyuae

lim f(x)=
x—>a+0

B cayuae, korga c¢€(a, b)—Touka paspniBa B QyHKuuA [ (x) He-
orpanuuena B JI0GOH OKPECTHOCTH TOUKH C,

b = b
aS fx)de= v,l-iﬂ . § f () de+ vzllﬂ . C;S; f (x) dx. O]

anSHaKH CXOJ.'[HMOCTH 1 pacxoJuMOCTH HecOGCTBEHHBIX HMHTErpaJos
OT HEOTPAHHYEHHDIX Cl)yHKllHH aHaJIoOTH4Hbl NMPH3HAKaM U3 0. 1.
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. Ha npaktuke B KadecTBe HHTErpasa, G KOTOPHM NPOHSBORHTER
cpaBHeHHe, OGHYHO HCNOJIL3YIOTCA HHTerpajhl BHAA

b b
(et oo >0 ®

KOTOpH® cxofATcas mnpu o <1 u pacxoxsarca npu aa=>1 (cpaBHHTe
C aHAJOrHYHBIMM HHTErpajiaMd B cJyuae GeCKOHEYHBIX NDENesOB UHTe-
rpupoBaHHs),

I[Tpumep 3. HccaenoBars Ha CXOAUMOCTB MHTErpan

2

=

Inx *

1
4q Moy x — 1 -ﬁl;-~’-c_l—[ (3xBuBaseHTHEIe GeckoHeuHo GoJbuine),
TaK KaK
1
im 0% opm f=l o oum L,

x>1 1 x=+1 Inx  xot I/»
x—1
2

Hurerpaa Siﬁf pacxonurcs Kak uurerpaa tuna (6) mpu a=1, Cre-
1

2
. dx
A0BATENbHO, pACXOAUTCA B | {—— . »
1

Mpumep 4. HcenenoBaTs Ha CXOAHUMOCTSH HHTErpad

1
-
24V
tgx—x

u

& 3ajada coCTOUT B TOM, 4GTOOB YCTAHOBHTH XapaKTep MOBEAEHHS
noanuTerpaabuoi GyHruun npu x — 0. B uncaurene npu x —4-0
umMeeM

2x2 + ‘/";::xt/z (2x"‘/2 + l) ~xl/2,

B suameuarene BocmoJb3yemcs ¢opMyJoit Maknopena mas pynkuum tg x:
. 1 3 ) _— 1 3 3 1 3
tgx—x= (x-—-3—x o (x ))—x..—-g-x +0 (£3) ~— 3 &

Cneposarensto, npu x —+4-0

2LV x &2 !
~ 3=—3 "% .
tgx—x —L/gx? x
1

dx
Tak kak unterpan S PacXOfuTCH, TO PACXOAUTCA H  3a4aHHBL

ﬁsla
uuTerpan., p
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Buiqucauts HeCOOCTBEHHBIE HHTErpafbl (MM YCTEHOBHTH
HX DPACXOAHMOCTD)!

1 e
dx
6,433, §m 6.434, SfT'i)‘T 6.435. Sm
) 4 i 2/3 p
x x
6.436-, §7_6x—:~_x=‘;’?8— . 6.437. {53 W_:T .
2.
8. x3dx 439, di_ .
6.43 S 6.439 5x e
Viin 1

1 dx
6.440. coS—g+ —5. 6441, \ —r—-.
(S P ~§Vx(l—x)

Mccnenoaarb Ha CGXOAHMOCTbH HHTErpaJbll
1

cos - -,
6.442. ST/-;—dx 6.443. vg—',%;dx.
’ 1
6.444. Sﬁg"?x 6.445. | 'i(;:a@dx
0 I B
6.446. S . 6447, 57%@

t

6.448. 5 & . 6.449. yl""

V x—1

1 0
6.450. xs%;idx. 6.451. S e dx.
-1
6.452. okasats, uto mpu o > 0 onpepensiiouuil eamma-
+ >
pynkyuo T (a) unrerpan Dinepa I' (o) = Se""x""dx cxo-
0

JLHMTCA, M YCTAHOBHTb CJEJYIOUlHe COOTHOIIEHHS:
a) ecsnn a=n—1uemnoe yuciao, 10 I'(n+1)=nl;
6) I'(@+1)=al' (@) ana moboro a > 0;

B) T (%) =V'm

Moxa pexn. A. B. Ebamona. B. 1. Hemunonuua 305



)1 (3)-YE:

nr (n+—il,—)= 1.3.5.. .(2n—-l)—‘g—,,“—, n—uesoe.

§ 6. T'eoMeTpHUECKHE NPHIIOKEHHS ONPEAENEHHOrO
HHTErpasa

. 1. NMaomaaps naockod ¢urypul. Ilromans ¢urypsl, orpaHuyeHHoR
rpajgukoM HenpephiBHON QyukuHH y=f (x) (f (x) =0), AByMs npAMBIMHA
x=a u x=b ¥ ocvio Ox, WIH IUVIOWALL KDUEOAUHEHHOI mpaneyuu,

‘1/1\ A
L y=fh(2)
h !
0 il v/ axs b z
§=1 (z)

Puc. 49 Puc. 50

orpannueHHolt nyroit rpaguxa dyskumn y=/{(x), a << x<<b (puc. 49),
BLIUHCASETCS N0 popMmyTie

b
3=S f (%) dx. (1)
a

ITnomans ¢uryph, orpannquHt;‘ﬁ rpadvKaMi HenmpepuIBHLIX GYHKIMI
y=FfHx v y=f2(x), f1(x)<fa(x), u nByMA npambMH x=a, x=b
(puc. 50), onpenensercs no gopmyJe

b
§={ (2 (=11 () d. @

IMpocrefimve sanaun Ha npuMenenue dopmya (1) n (2) 6bn npuse-
Ienbt B § 4 (3amaun 6.356—6.363).

ITpumep 1. Halitn naomansy ¢uryps, Jexameidt B npapofi mosy-
n;locxocm H OrpaHHYeHHOH OKpyXHOCTbIO® ¥*-y2=8 wu mnapabosoii
y2=2x.
< HailizeM TOuKH NepeceyenHs KpHBHIX (puc. Bl), pemms cucreMy ypas-
HeHHH

x|yt =8,
y2=2x.

TMoayunuM Touku (2, 2) u (2, —2). Hcnoabsyst CHMMETPHIO OTHOCHTENLHO
ocu Ox, HaiileM MCKOMYIO IUIOafb S Kak YABOEHHYI0 CYyMMY ILIomajeit
KpHBOJIMHEHBLIX Tpaneiu#, orpanHYeHHLIX COOTBETCTBEHHO AyraMu napa-
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Gonst y=V 2%, 0<<x =<2, U OKpYIKHOCTH y=VB8=x, 2<x<V 8

2 Vs
S=2<S V oxde+ S Vs—xzdx>=
0 2
=2(V§--§x3/3

2 P
-|-<-;— V' 8=x%+44arcsin
0

x > VT3>=
V'8 /I
=2 (—g—-l—2n—2—n)=2n+%. Lg

Uuorna ynoGHO HCMONbL30BaTh (opMyJsl, anatornunsie (1) u (2), Ho
Mo mepeMeHHON y (CuMTas x ¢GYHKIHeH OT y), B YaCTHOCTH,

d
S= S 2 ) —F1 (v) dy. ' 3

[4

Mpumep 2. Haftrn niomans Guryper, orpaHnyeHHoll napa6oaoi
(y—2)*=x—1, KacateqpHOH K Hell B TOYKe C OpAMHATOH Ypo=3 H
ocbio Ox.

4 Dopma ¢urypsr (puc. 52) He mo3BoJseT Henocpe}fcmeﬂﬂo MPUMEHATD
dopmyant (1) wiu (2). OnHako ecain paccMaTpPHBaTh QUTYPY OTHOCHTEIBHO
ocu Oy, TO MOXHO MpHMeHHTB ¢opMyay (3). Mrak, nycrts y—ue3sapucu-

g

Puc. 51 Puc. 52

Maa nepemenHasi. Y pasHenHe napaGosisl samuieM B Buie x=y>—4y--5.
Hafigem ypaBHeHHe KacaTeqbHOH K napaGose. OHO HMeeT BHI: X—xp =

= x, (y—yo)- Tak Kak x;=2(y—2), 10 xo=x |,_s=2. Haiixs, nanee,
abeikccy TOUKH KACAHUA Xo= 2, MOJyYaeM ypaBHeHHe KacaTelbHOH
x—2=2(y—3), nin x=2y—4.

[Monaran B (3) [y () =2¢—4, f2 () =y*>—4y-+5, umeem:

3 3
s={ w—w+5—@y— dy={ ¢ —6y+9 dy=
0 0

3
1 3
=(v—vra=gu-3[ =0 ».
0 .

307



‘3ametuM, uto mpuMenenne dopmya (I) u (2) npn pememm npnuepa
2 notpe6oBaJjio Gbl BLIYHCJEHUS CYMMLI TPeX WHTErpaios:

5= | (orre) act § ((bb2)—@rvimD) ars
-1 1
+§(2_V;_-1) dx.
1

Mpumep 3. Halirn naomage Guryps, OrpaHHYeHHOH KpPUBOH
y=1/x%, ocvlo Ox n npsamMoii x=1 u Jexauwell npasee 3ToH NpAMOA.
<€ Hckomas nnomafe (puc. 53) Bhipaxaercs HecoGCTBEHHBIM WHTerpajiom

-]
S_._l

T ox
i

Ecau ¢urypa orpannsena KpHBOii, HMeIOLIEH NapaMeTpPHUYECKHe ypaB-
nenns x =x (f), y=y(f), npamemMu x=a, x=»> u ocblo Ox, TO NJIOWAAb
ee BLIMHCAAETCA NO GopMmyJe

=1, W

12 f,
s={yayxma={ynao, @
4 A

rfie npeiean MNHTErPUPOBAHHS HaXoAsTcs U3 ypaBHeHnit a=x (1),
b=ux (1) (y ({) =0 na otpeske [?y, {,]).

¥

_0 J KA
Puc. 53

s
Dopmyna (4) npumeHnMa Takxe IR BLIUNCJEHHA TJIOWALH (HTYDH,
OrpaHuueHHOll SaAMKHYTOM KPHBOI (W3MeHenne napaMerpa ! oT I3 10 tp
ZOJIJKHO COOTBETCTBOBATb OGXOAY KOHTYpa 11O YacCOBOIl CTpeJiKe).
Mpumep 4. Haiitn nJomans neriu K pHBOH

x=a (2-1), y=b(4t——~13) (@>0,6>0).

<@ Haiinem Tounn mepeceyenuss KpuBOi C KOOpAHHATHRIMM ocsiMH. HMMeem:
x=0npu t= + 1; y=0 npn t=0, t= 1 2. CregosatesnbHO, NONyYaeM
caeayiome Toukn: (0, 3b) npn t_], ©, —3b) npn t=—1; (—a, 0)
npu t=0; (3a, 0) npu ¢=1 2. Touka (3a, 0) sBasieTcs TOYKOH caMo-
nepecevedna Kpupoil. Ipn 0<<i<<? y=0; npp —2<1<<0 y<<O
(puc. 54).
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Tnowans ¢Guryps HaxofuM KaK YABOGHHYIO IJIOWAAb BepXHedl ee
NOMOBHHbL:

3a 2 2
S=2Syu=2gyquawazguu—4nwmm=
-a 0 0

2
: 4 |2 256
= 2 — (4 = —_— 3 —— —_——
4ab§(4t —t4) dt 4ab(3t 5),0 5 ab, »

IMnomans ¢urypsl, orpaHHyeHHoR rpaduKoM HenpepbiBHOH GyHKRIHH
r=r (@) 1 AByMs Ayuamu ¢ =a, p==P0, rle ¢ u r —noAPHEIE KOOPAUHATH,
WM TUIOWAAL KPUBDAUNEEHO20 CeKmopa,
orpaHuyeHHoro Ayro#i rpajpuka ¢yHK- r
unn r=r (9), @ & ¢ < P, BHUHCATETCA

no gopmysie. 24 =2asing

B
— 1 2
x

Mpumep 5. Hadru naowans ays-
KH; OrpaHHYEeHHOH JyramMu OKDYIKHOC-
Tell r==2acosQ, r=2asing, I<y g
<n/2, a>0.
€ OxpyXKHOCTH MepeceKaloTcsa  [pH
@ =1/4; paccmaTpusaemas Qurypa (puc.
55) CHMMeTpHUHa OTHOCHTE]bHO Jyda @=rm/4. Crenosatennno, ee mio-
IAL6 MOMHO BRIYHC/IATH TaK:

/4 /4

S=2-—;— S 4a? sin? @ dp = 242 S (1 —cos 2¢) dp =
b o

g 2a

Puc. 55

4
=2q? ((p—-;—san(p)I::/ =(%—!) aﬁ’ »

6.453. Hafith nnomagb ¢urypbl, orpaHHYeHHON 'KpHBO#
y=Inx u npambivu x=e,x=e?, y=0.

6.454. Ha#itu nnomans ¢urypsl, orpaHu4eHHON SJTHICOM
2 2 )
StE=L

6.455. Haitu nuomans ¢urypbl, orpannyeHHod mnapaGo-
Jamu yt=4x u x*=4y.

6.456. Haiitu nnomanp ¢urypel, orpannueHHod napaGo-
Joit y=x%+42x n npamo# y=x-+2.

6.457. Haiitu nnowanp ¢urypsi, OrpaHHYeHHON KpPHBBIMH

27 x2

Y=g " ¥=%-

6.458. Hafitn naomanb ¢urypsl, orpaHHYEHHOH KPHBBHIMH
y'=2px u y’=%(x—p)“ (»>0).
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6.459. Haiitu naomaap ¢urypbl, orpaHHYEHHOH OKpYyXK-
HocTsMH X2+ P =a?, x*4 y*—2ay=a® u npamoi y=a.
6.420. Haiitu n10Wa b (urypbl, OrpaHHYeHHOH KPHBLIMH
a asx
y= peET R y=a3—|-x2 H OChblO 0Oy.

6.461. Haiitn nyowane ¢urypel, orpanuuentoit ocoio Oy,
napaboJsofi (x—a)?*=2p (y—0b) 1 KacaTeqbHOM K Hell B TOuKe
¢ abcuuccolt x=c¢ (¢>a>0, p>0).

6.462. Haiitn niomane ¢urypsl, orpaHHYeHHO# KPHBBHIMH
y=e*'—1, y=e*—3, x=0.

6.463. Hafitu nuomaas ¢urypel, orpaHuueHHoii napa6o-
Jaoil y=3+2x—x* u ocbio Ox.

6.464. Haiitn nuomwans ¢urypsl, orpaHHYeHHOR KpPHUBOM
y=arcsinx u npambiMu x =0, y=m/2,

6.465. Hafitu nJomajns BepxHeil JYHKH, OrpaHHYeHHOI
OKPYXHOCTAMH x*4 y*=a® u X2+ y?+ 2ay=a®.

6.466. Haiitu nnomans GuUrypsl, orpasuueHHONl JHHHAMU
(c—1)(y+2)=2 1 x+y=2.

6.467. Haiitn njowanp ¢GUrypel, orpaHH4eHHol KpHBOH
y=Inx, KacaTeJlbHOH K HeH B Touke x=¢€ M ocbio Ox.

6.468. Hafitn nyomans ¢urypel, orpaHHueHHOH KpPHBHIMH
y=Inx+2), y=2Inx, y=0.

6.469. HafiTu nyomaau Ka)aod H3 JBYX uyacTed, Ha Ko-
Topble Kpyr x2+ y?* < 2ax pasjesen napaGoJoi y?=2ax—a?.

6.470. HaiiTn niomwaip JyHKH, OrpaHHYeHHOH runep6o-

Moft x*—y*=a® u napaGonoit y’= - ax.

6.471. Haiitu naomanb runep6osHYecKOro CerMeHTa ¢ Bbl-
COTOM h W OCHOBaHMeM 2r (#eficTBHTeJbHas MOJYOCh TIHIep-
GoJibl paBHa a).

6.472. Hajitu nsowans ¢urypsl, orpaHMYeHHOH KpPHBOII

a”yz=2x5 U ee acHMITOTOM.
a—Xx

6.473. Hakitu niomanb ¢GuUryppl, orpaHuyenHol JMEHAMH
xt—yt=a? (x*—a®?®y*=a® n ocvio Ox (x > 0).

6.474. HaiiTu naowany ka0l 13 ABYX yacTel, Ha KOTO-
pbie KPYr x2-+ y* < 2ax pasaened runep6osoit 4x®—3y? =a?.

6.475. HaiitTn nsomaab 3/JIHNTHYECKOTO CETMEHTA C BhI-
cOoTOH h M ocHOBaHHeM 2r (6oJbluasi MOJIYOCb 3JUIMIICA paB-
Ha Q, OCHOBAHHe CerMeHTa.lapajjeJ]bHO MaJoH OCH).

6.476. Haiitn nyomans ¢urypsl, orpaHHueHHOH KPHBbIMH
a3. ax
y“"az_l_xzr y—‘az_l_xz u ocoio Ox.

6.477. HaiiTn nmomaap ¢urypsi, orpaHu4eHHOH KpPHBOH
x!
Y?= 35— H ee acCHMNTOTaMH.
af—x
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6.478. Haiitn njomanp ¢urypsl, orpaHHueHHOA acTpou-
ol x=acos*t, y=asin®t.

6.479. Hafith nJomaab neTyin KpHBOH x=%t(3—t’),

=12

6.480. Haiit nyomane ¢urypel, orpaHHdeHHOH OXHOH ap-
KO#l LMKJOHAb x=2(t—sint), y=2(l—cos?) u ocbio Ox.

6.481. Haiitu nuomanps netnu KpuBodl x=a(*4-1), y =
= b (1*—31).

6.482. Hafity nsomans netnn KpHBOH x=2f—f?,
y=2—1.

6.483. Haiitu nuomaap GHrypel, orpaHHYeHHON KapAHOHU-
poit r=a(l+4sing).

6.484. Haiitu nuomane OXHOTO JeNmecTKa KPHUBOH 7 =
= g sin 2¢.

6.485. Haiitn nuomans ¢urypsl, orpaHH4eHHON KpHBOH
r=asinbg.

6.486. Haiitu nyomanp ¢urypel, orpaHH4eHHOH KPHBBLIMH
r=atggsecq, r=2aco0S¢® ¥ NOJAPHOH OCHIO.

6.487. Haiitu nuowanp ¢urypsl, Jexaueit B nepeofl yer-

BEpPTH, OrpaHHYEeHHOH KPUBLIMH 7 =a tg ¢, r =

tosg 1 moaap-
HOH OCBIO.

6.488. Haiitu nuomane ¢urypsl, orpaHHyeHHON AByMs [10-
cJieJoBaTeJbHBIMH BHTKaMH JIOrapugMHYECKOH CiHpany r = e®,
HauuHaa ¢ ¢=0.

6.489. Haiitn muomanp ¢urypel, orpaHH4eHHOH KPHUBBLIMH
r’=2cos2¢, r=1 (r=1). ;

6.490. Haiith nsomane ¢urypel, orpaHH4YeHHOH KpUBOWH
r=acos 3¢.

6.491. Hafitn niomans GUrypsl, orpaHHyeHHOH JIeMHHCKa-
Toft Bepuyann r?=a?sin 2¢.

6.492. Hafitu nsowanap ¢urypel, orpaHu4eHHON OKpYKHO-
ctoio r=V'3 sing M Kapauouao# r=1-—cos¢ (BHe Kapau-
OMARI).

2. Jlanna ayru kpuBofi. Eciu riagxas KpuBas SajaHa ypaBHeHHeM
y=[(x), To pnuna ! ee Ayrd paBsHa

b

1= VTFuya,
a
rie a u b—a6uuccH KOHLOB AYTH.

Ec/nn e KpHBas 8aaHa MmapameTPHYECKHMH YPaBHEHHAMH f=x (1),
y=y(t) (li<i<1y), TO
2 —_—
1=V &+ @) ot
1
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AHanOrHuHO BHIPaXKaeTcs AJMHA AYTM NPOCTPAHCTBEHHOI KPHBOI, 3a]aH-
HOMi napaMeTpHUeCKHMMH YypaBHewusMH x=x (I}, y=y(f), z=2z(f),
tl <i<< tz:

ty
1=V P+ Gip+ G an,
15
Ecau  3apano noJsipHoe ypaBHenHe TIJIanKoR KpuBOR 7=r (Q),
a<p<<P, 10 b
={ VAFTya.
o

Mpuwmep 6. MHalith zauuy AYrM noaykyGHueckoil napa6osibl
y?=x® or Hauala KOOPAMHAT Ao Touku (4, 8).

« Hnmeem:
y=x3/2,- y’=%x1/’,~
4
9 _4 2 9 \sz2|s_ 8 —
l=$ ]/l—]—Txdx——g---é-(l-l-Tx) ,o——27(10 YV10—1). »
0

NMpumep 7. Halitn pauny actpouan x=acosd?, y= asm3 t.
« Umeem

x;=—3acostsin?, y;=3asin®tcost;
w2
71—1 = S V 9a? cos* I sin? {+9a? sin* f cos? tdl =
0
i 2 jws 3
sin® ¢ |/a a
=3a *.S sintcosidi=3a. 7, =75
oTkypa !=06a.

>
IIpnmMep 8. Haﬁ‘m AJHKRY Kapauoupbl r=a (l—cos¢q) (a> 0)
« Vimeem:
=asin @;

n
-——'-S V a® (1—cos ¢)* a2 sin? g dp=
0

T kg
S 2 (T—cos g)dp= QaSsln %dcp:«;a,
0 0

oTkyAa !1=8a. p

6.493. Haiitn pnuny nyrn napaGonel y=x* or x=0 no
=1.

6.494. HailtTu piumy ayru KpHBOH y=%(3—x) Vx
MeXJly TOUKaMH ee mepeceyeHusi ¢ ocbio Ox.
a2 '



6. 495 Haittn pmny  ayrn nonyxyﬁutxecxoﬁ napaGost
Y=g (x p)2 Jexalel BHYTpH napabonbl y®= 2px.

6. 496 Haittn anuny ayru kpusoit y =a In (a2 —x?) (@ > 1),
Jexameit Brie ocn Ox.

6.497. Haiitn yiuny 3aMKHYTOH KpuBo# 8a%y* = x? (a2 —x%).

6.498*, HaiiTu nepumeTp JyHKH, OGDa30BaHHON OKpYX-
HoctaMu: X2+ yi=2ax u x*+ Yy =2by (a>b>0).

6.499. Haittu aanny Ayru nenHoil JIMHUK y_% ch2x or
x=0 po x=3. .
6.500. Haittn Anuny Ayrn KpuBO y=% In sin% or

x=1/2 po x=23/2.
6. 501 Haittu mmmny Aayru noaykyGuueckoll mapa6osnl

Y= (x—p)8 oTcekaeMoil mpsamoii x=2p (p > 0).

6.502. Haiitn nanny Ayru KpuBo# x =a (3 cos t—cos 3¢),
y=a@sint—sin3¢) or t=0 no t=% (@e>0).

6.503. Haiitn panny Ryrn kpuBoi x=e'cos?, y=etsint
or =0 pgo t=1. _

6.504. Haiitn anuny netnu KpuBoil x =12, y =1 (-15—- vt’)
{4

6.505. Haittu nauHy Ayru KpuBO# x—%, Yy=2—— T

MEXIy TOYKaMH ee TiepeceyeHHs G OCSAAMH KOOPJAHMHAT.

6.506. Haittn paauny netin KpuBoi x=a (24 1),
Y= %(t“——-St) (a>0).

6.507. Ha umuxkaouze x=a(f—sint), y=a(l—cost)
HalTH TOYKY, KOTOpas NeJUT AJHHY NepBOH apKH UHKJIOHADI
B orHomenuu 1:3, cuntas or wavana koopauHar (a > 0),

6.508. Haiitu JAIMHY LyTH JIOrapuMHuecKoll crnupaiu
r =%, HaxopsmeHca BHYTPH OKpyxkHocTH r==1 (a > 0).

6.509. Hailty panuHy Ayrn Kapavouzusl r—2(1—cosq>),
Haxopsuelicas BHYTpH OKPYXHOCTH 7 =1.

6.510*, Haiitn anuny Bcell KpuBO# r=acos“’% (@>0).

6.511. Haittu pnuny ayru cnupann Apxumena r = 5g,
Haxoasilefics BHYTPH OKpyXHocTH 7= 10m.

6.512, Haiitn anuny Bceit KpHBOii r-asm‘ (a > 0).

Haiiti pymMHB Ayr NpoCTpPaHCTBEHHBIX KpHBbIX

6.513. x=at?, y=a (t-{-%t“), z2=a (t—aivt“-‘) ort=0

o t=V3 (@>0o).
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6.514. x=e’cost, y=etsint, z=e' MeXAY MIOCKOCTAMH
2=0wu z=a (a>0). 4

6.515. x*=4y, 922=16xy Mexay mnmaockoctamu x=0
H x=4,

6.516. x=al)/fcost, y=al/ tsint, z=at or t=0 xo
npousBoJibHOrO t >0 (a > 0).

6.517. x=t—sint, y=1-—cos?, z=4cos % MeXAy ABY-
Msi TOUKaMH MepeceyeHHs] KPUBOH c mJjockocTbio Oxz.

3. Muowans nosepxHocTH Bpawenus. [laomans nosepxHOCTH, 06pa3o-
BaHHOM BpaieHHeM BOKPYr och Ox AyrH KpuBOil, 3ajanHofi ¢yHKuUuei
y=F[(x), a<<x<<b, BbIUUCIACTCH NO QopMyJe

b
Qu=2n S F® VI 0)%ax.

a

Ecnu ayra 3aaana napaMeTpuuecKUMH ypaBheHusamu x=x (), y=y (f),
tl < ¢ < tzf TO
ty
Q=2 { g VT O OF d.

ty

Ecsiu Ayra 3ajaHa B NOJSAPHLIX KOOpAHHATAX r=r (9); a < p << P, TO
%
Q.=2n S rsing Y i (r")® do.

@

Ecnu gyra KpuBOil Bpauiaercs BOKPYr MPOM3BOJLHOH ocd; TO [JI0-
aAb MOBEPXHOCTH BpPALIEHHs BHIPAXKAETCA WHTErpajioM

B
Q=2nS Rdi,
A

rie R —paccrosiiue OT TOYKH Ha KPHBOH RO ocH BpaweHus, dl — nug-
¢epeHiuan Ayrd, A B B—mpelens HHTerpupoBaHHs, COOTBETCTBYIOULHE
Koluam ayru. Ilpm stoM R u dl BONMKHE GLITh BBIDAaXKEHH uepe3 mepe-
MEeHHYI0 HHTEeIPHDOBAHHA.

[Ipumep 9. Hafitu naowane nosepxHocTH, 06pasoBaHHON Bpatue-
rueM actpounst ¥%/3 4 y*/% = a2/ pokpyr ock Ox.
d Hwmeem:

y—_,—-(azl'q_x2/3)3/2'
(02/3_x2/3)112

3 2 -
Y __—_7 (azlg.._x2/3)l/2 (._ §x l/s)= —7 ;

gk g
l/-l-l.-—-_—xz/" —|Xll/;’<'
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ChaenoparenbHo,

a a
1/3
Q,=2-2n '5 (a%/8—x2/3)3/3 ,%m dx = 4na13 S (a2/8 — x23/8)3/2 =173 d ==
0
3 (a2/3— x2/3)8/2]a 12
= 1/3 e i~ 7 | ==<-mqg?
=—4na ) 3 g na’. »
2 0

Mpumep 10. Haiitn niomazr noeepxHOCTH, OGPa30BaHHON Bpa-
INEHHEM OJHOH apKH LHKJOHAH X==a ({—sin ), y=a (1—cos ¢) BoKpyr
ocn Ox.

o Hmeem:

xi=a(l—cos?t), yj=asint,

V (2 + (52 =V a*(1 —cos )2+ a?sin? t =
=aV2(l—cos )=2a sin'L .

2
O1ciona
2n ; 27 ;
Qx=2n (a(l—cos I)'2asln?di=8na’§sln3?dt=.=
) b
2n
=8na"‘S l—cos’L slnLdt==
) 2 2

2n

coss—t-
= —16na? <cosi— 2>
2 3

NMpumep 11, Hafitm nnomans noBepxXxHOCTH, 06pasoBaHHON Bpa-
1eHHeM Kapauouas r=2a (1 -}-cos ¢) BoKpyr noiaspHolt ocu,
4 meem:

—_— 2
0 3na.>

r'=—2asin ¢,
V() =V 4a® (1 -+ cos )2+ 4a? sin® ¢ =4a cos

H, Nanee,

3

|8

11 ELS
Qx=2nS 2a (1 4-cos @) sin @-4a cos %—dtp:&na’S cos‘%sm% dp=
0 0

6.518. Haiitu nusomans neBepxHOCTH (Ha3biBaeMo#H Kame-
Houdom), 0oO6pa3sOBAaHHOH BpalleHHeM AyrH LEMNHOH JMHHH

= %ch 2x, 0<< x<C 3, Bokpyr ocu Ox.
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.6.519. Haiitn nuiomaap noBepxHocT! 3/M4nCOMAa, 6Opa3o-
BaHHOTO BpauleHuem siiudaca 4x?+ y*=4 Bokpyr: a) ocu Ox;
6) ocu Oy.

6.520. Hafith nuomaap noBepxHocTH, 06pa3oBaHHOA Bpa-

mieHMeM BOKPYT ocH OX AyrM KpHBOf y=%x’ or x=—1

no x=1.
6.521. Haiitu niowass noBepxHocTH, o6pa3oBaHHON Bpa-

menueM Bokpyr ocd Ox Ayru KpHBOH y=—é—l/f (x—12) mex-

AY TOYKaMH €€ MepecedyeHHs C OCbIo Ox.

6.522. Halitu nJyomwanp noBepxHocT#, 06pa3oBaHHON Bpa-
menueM BOKpYr ocu Oy AyrH noaykyGuueckofi mnapa6oJisl
9ay® = 4x®, oTcekaemoli nNpsAMOl x =a.

6.523. Haiitu nuowaznp noBepxHoCTH, 06pa3oBaHHOi Bpa-
menneM netin Kpueoil 9ay®= x (3a—x)? Bokpyr: a) ocu Ox;
6) ocu Oy.

6.524. Hafitu njowags noBepXHoCTH, 06pa3oBaHHOH Bpa-
HieHHeM AYrH KpuBoll y=e-*2,0 < x < -} oo, BOKpYyr ocH Ox.

6.525. Haiitu nyomanp noBepXHOCTH, 06Gpa3oBaHHON Bpa-
weHneM Ayru Kpusoil x=a(3cost—cos 3f), y=a(3sint —
—sin 3¢), 0<<t << /2, Bokpyr: a) ocu Ox; 6) ocu Oy.

6.626. Haiitu nsomanp noBepXHOCTH, 06pa30BaHHON Bpa-

weHueM netad KpuBod x=a (24 1), y=%’(3—t“) BOKpYP

ocu Ox. : ‘ ,

6.527. Haiitn naowane noBepxHoct, o6pa3oBaHHOi Bpa-
IeHUeM ORHON apKH UHMKJIOHAB X =a(t —sin ¢),y=a(l —cos {)
BOKPYT' €e OCH CHMMETDHUH. _

6.528. Hafitn niomaznp nosepxHocTH, 06pa3oBaHHOR Bpa-
MeHueM AYTH 3BOJIbBEHTH OKpyxKHOocTH X =2a (¢sin{+cost),
y=a(sint—itcost), 0<{¢t<m, Bokpyr ocu Ox.

6.529. Haiiti nuomans nosepxHOCTH, 06pa3oBaHHON Bpa-
IUEHHEM OKDYXHOCTH 7 = 2a sin @ BOKPYT MOJSIPHOH OCH.

6.530. Haittn naowanp noBepxuocTH, 0Gpa30BaHHON Bpa-
IEeHHeM - KapiHouasl r=a(l 4-cos¢) BOKpyr KacaTe/abHOH
B ee BepumHe (2a, 0).

6.531. Jlokasatb, YTO MJIOL[AAb MOBEPXHOCTH, OOPA30BaH-
HO# BpaLIGHHeM JIeMHHCKaThl r2=a®sin 2¢ BOKpYyT NnoaspHoi
OCH, PaBHa MJIOWIAJH ‘TIOBEPXHOCTH cepbl pajHyca 4.

6.532. Ha#itu nsomans noBepxHOCTH, 00pa3oBaHHOA Bpa-

WeHHeM AYTH KPUBOA r = a sec? % y <o 1;— , BOKpyr mo-
JIApHOA ocd.
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"4, O6wem tena. Ecan maomane S () ceuesHs Tena IIOCKOCTLIO,
TiepnenauKynsproi ocu Ox, siBNsieTCA HenpepuiBHOM (YHKUHEH Ha OTpes-
Ke [a, b], To o6beM Tena BHIUMCASETCA NO GopmyJe

b

V= g,s ) dx. ®)

Mpunmep 12. Halith ob6beMm Tena, OCHOBaHHE KOTOPOrO—Kpyr

pajuyca a, a ceyeHHe IVIOCKOCTbIO, MEPHEHAHKYAAPHON (UKCHPOBaHHOMY
JIHaMeTPy Kpyra, ecTb PaBHOGEAPEHHLIl TPEYrOJbHHK BHICOTHI A.
4 BpilepeM cucTeMy KOOpAMHAT Tak, 4ToObl MJockocTh Oxy coBnajana
C TMJOCKOCTbIO Kpyra, Hauajlo KOOPAHHAT—C €ro ILeHTpoM, a ocb Ox
cozepxana (QuKcHpoBaHBHi Auamerp (puc. 56). IToayumm ypasnenne
OKpyKiocTH B BHae x4 y?=a?. ’

Ceuenne TeJla NJOCKOCTbIO, NMEPNEHAHKYJsApHOIl ocH Ox, ecTb paBHO-
GellpenHLIil TpeyroabhuKk ¢ ocuoBanneM 2y—2 ) a®*—x3 u BricOTOM h.
Hmeem:

S(x)=—;-~2 Va—x2h=hV a®—x? (—a=<<x<a),

a a
V=nh S Va’—x’dx:%&v Vo —xtdx=
Za 0
—on (X ya—aLs x la-— o
_2h(2Va x+23rcslna)0—2h 7D

Buipaxkenne aas ¢ysKkumr S (X) J0CTATOYHO NPOCTO NOJYHaeTcs
B cJyyae Tes Bpauehus. Tak, eciH KDHBOJMHeHRAas Tpameuus, QrpaHu-
yennas KpHBOH y=f(x), a<<xs<b, Bpamaerca BOKpyr ocu Ox uau

Mn

1
= — na?
_Qnah‘ >

Puc. 56

ocn Oy, 10 06beMH TeJl BPallleHHS BHYHCJAIOTCS COOTBETCTBEHHO 1O ¢op-
Myaam;

b
Vi=n S 1% () dx, Y]

b a
V,,=2ngx|i'(x)|dx, a=0. ®

Ecan  KpuUBOJMHEHHBIH CeKTOp, OrpaHHueHBHM\ Kpupoi 7=r.(p)
B JayyamH ¢=o, ¢=0, Bpamaerca BCKPYr noJiAPHOH OCH, To 06DBeM
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TeNa BPauUleHHs PaBeH

B
V=—§-ﬂ S r3sin @ do,
o

Boluncnienne 06beMOB  Tesl  3HAYMTEJNbHO  Ipolle MPOH3IBOAHMTCS
C nOMOUIbI0 KPaTHbIX HHTerpajoB. [losToMy MBI OrpaHHUHMCH SIeCh
TOJILKO NPOCTEHIIHMH 3ajayaMH.

IMpuwmep 13. Purypa, orpaHHueHHas KPHBBIMH Y= V2px

H g=—2— (x—p)s/ 2, Bpamaercs Bokpyr ocd Ox, Haiita o6vem Tena

Vo
BpallenHs.
« Haiirem Toukn nepecedeHHss KPHUBBIX:

V2—pfc=% (x—p)*/2, uwan 2p=4(x—p)?;

OUEBHAHO, yPaBHEHHIO YAOBJIETBOPSAET 3HAYEHHE X == 2p, H TorAa ¥ ==2p, T. e.
HMeeM TOUKY nepeceuenust (2p, 2p),—puc. 57, Mckomblit 06beM ecTb pa3HoOCTb
IByx o6pemoB: obbvema Vy, MOJyYEHHOTO BpAIUEHHEM KpPHBOJHHEHHONH

TpanewHH, orpannueHHoR napa6osofi y= Vorx 0<xs 2p), n o6bema Vs,
TNOJIy4eHHOTO BpAllleHHeM KPHBOJIHHEHHOH TpamelMH; OrpaHHYeHHONH moay-

Ky6uueckoil napaGoioit y=l—/.2—;)_—(x—p):'/2 w<r<2p),
Ucnonnsys dopmyay (7), noaydaem:

Vey=Vi—Ve=
2p 2p 2p

2p
::.:n§ A dx—-ns Vi dx=n-2p§ xdx—ﬂ-%S (x—p)3dx=
p v

2 12p —p)t|2p
=2J‘[pc-%- l() —-%. .(_f__4_p)_|p -_—_-4np3_np3=3np3, »

INMpumep 14, Purypa, orpaHHueHHas KPHBOH x=acost, y=

=asin2t (0<<f<a7/2) u ockio Ox, Bpawaercs Bokpyr ocu Oy, Haiity
o6beM TeJa BpalleHHS.
« Ouesunno, uro 0<Cx<<a v 0Ky a, a Takie uto y=0 npu =0
M npH t=m/2, T, € paccMaTpHBaeMass (QHrypa sBJIAETCH KpPHBOJHHEHHOMN
rpaneuuet. danee; npy t=0 x=a, npu t=mn/2 x=0, Cregosaresnlio,
HCKOMRIlT 06beM Bbipamaercsi gopmyJoin (8), HMmeem:

a 0
V”v=n2n§x(t)y (H)dt=2n S acos t-asin 2t (—asin f) dt =
/2
/2 s:n/s
= ng® S sin? 2 dt=’-‘2“—S (1—cos &) di =
0 0
="T"a (t—%-_;m 4:) ;”2 =“—’4‘13. >
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[MIpumep 15, Kapauonmpa r=a(l—cos¢) Bpamaercs BOKpPyP
noasipHo# ocu. Halitu o6bem Tesla BpaweRHs.

Tt
—_— 4
< V=-23—ﬂ§a’(l—coscp)ssmq>d<p=%na3(l—czs-®— :-..-:%naa. >

6.533. Hafitu o6bem Testa,” OCHOBaHHE KOTOPOro— 06/1aCTh
nnockocth  Oxy, OrpaHHyeHHas acTpPOMAOH X=acos®t,
y=asin®{, a ceyeHHe NJIOCKOCTBbIO, NEPHEeHAHUKYISIPHOI OCH
Ox, ecTb KBajapar.

6.534. Halitn o6beM KJMHA, OTCEYEHHOTO OT MPSMOro
KpYroBOro LMJHMHAPA pajuyca a IJIOCKOCTbIO, NMpoxoasiiei
yepe3 JHaMeTpP OCHOBaHHS MOA YIVJIOM & K IJIOCKOCTH OCHO-
BaHH4.

6.535. Hailitu ofbeM Tena, 06pa3oBaHHOrO BpalEeHHEM
BOKpYr och Ox ¢urypbl, OrpaHHYEHHOH JHHHAMH 2y = x3
u 2x4+2y—3=0.

6.536. Haiitu ob6beM Tesa, 06pasoBaHHOrO EpauleHHEM
BOKpyT ocl Ox QUrypel, OrpaHHuYeHHON JHHUAMH y = e~ % —1,
y=e*+41, x=0.

6.537. Haiitn ofbvem Tesna, 06pa3oBaHHOrO BpalEHHEM
BOKpyr ockh Oy ¢uryphl, OrpaHHYeHHOH JIHHHAMH Y= X,
y=x-+tsin?x (0<<x<< 7).

6.538. Haiith obwvem Tesa, 0Gpa3oBaHHOrO BpalletHen

Bokpyr ocH Oy @uryphl, OrpaHHYeHHOH JIMHHMAMH y=f§-+

+2x4+2 1 y=2.

6.539. Haiitu o6reM Tesa, o6pasoBaHHOTO BpalleHHeM Ia-
pabosyeckoro cermenTa ¢ OCHOBaHHEM 2a U BEICOTOM A BOKpYT
BBICOTHI.

6.540. Haiitu o6bembl TeJ1, 00pa30BaHHEIX BpallleHHEM (H-
rypnl, orpainyennoll xpusoit x=at? y=alnt (a>0) n ocs-
MH KOOpAHHAT, BOKpYr: a) ocu ‘Ox; 6) ocu Oy.

6.541, Hafitu o6vem Tena, o6pa3oBaHHOTO BpalleHHEM BO-
Kpyr ocH Ox ¢uryphl, OrpaHHYeHHOH KpPHBOH x=acos{,
y=asin2t u ocbio Ox (0<Cx<a).

6.542. Haiitu o6pem Tesa, 0Opa30BaHHOTO BpallleHHeM acT-
pouisl x =acos*t, y=asin®!{ BOKpPYr npsaMmol x=a.

6.543. Haiitn o6bem Tes1a, 06pa3soBaHHOrO BpalleHHEM KpH-
BO#l r=asin? @ BOKpYr NOJSIPHOH OCH.

6.544. Hapitu ofbem Tesna, o6pa3soBaHHOTO BpalleHHEM
JIEMHUCKATH r%=a%c0S2¢ BOKPYr NOJSPHOH OCH.

6.545*%, Hailitn o6bem Tesma, 06pa3soBaHHOIO BpalleH)eM
rokpyr ocn Ox ¢urypsl, OrpaHMYeHHOH KpPHBOIl y:—s—i;%i
H oceio Ox.
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§ 7. lipunoxennst onpeaeieHHOr0 HHTErpajia K PelIeHHIo
HEKOTOPbLIX 3aja4 MeXaHHKH H (PU3HKHK
1. MoMeHTH H LEHTPR Macc MIOCKHX KpuseiX. Ecu ayra KpuBOX 8a-
JaHa ypasHenueM y=[ (x), a << x << b, H UMeeT MIOTHOCTH 1) p==p (), TO
' cTATHUECKHE MOMEHTH STOH ayru M, u M” OTHOCHTEJIbHO KOOpPAMHAT-
upix ocefi Ox u Oy paBHBI
b

Me={ 00 F () VT 0P dx,

b
My=( o2 VTFF @R ds,

momenTsi muepuun /o u I, orHocHTenbHO Tex xe ocelt Ox u Oy BHuMCHS-
forca N0 Qopmynam ’

b
L= o0 PwVIFT @,

s

Iy=\p () VI+F () ds,

|

a KOODAMHATH LEHTPA Mac £ M y —Io Gopmysiam
b
_M 1 -
F=— =ij(x>xlfl+(f' @)? ax;
a

b
w. e ————
‘F=A%=HP @ f @) VI (@) dr,

rae 1—wmacca Ayru, T. e.
' b
1= o0 VTFT @ ax.

a
Mpuwmep 1. Haltth craTHuecKne MOMEHTH M’ MOMEHTH HHEpUHH OT-
nocutensho oceft Ox u Oy ayru nennofi yuunH y=chx mpn 0Zx 1.
& Uveem: g’ =sh x, YV 14+(y)¥=) T4sh®x=chx. CnenoBateanHo,

1 1

Mx=§ ch’.vdx::-é-lg (14-ch 20 dr= (x+-;-sh u)[(’):

1
=7 2+sh2),

1) Beiony B safauax, rfie IVIOTHOCTH He yKasaHa, PEANOJAraercs, 4ro
KpHBaA ORHOPOAHA M p==1.
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1 1 1
My=gxchxdx.= Sxd(shx):xshxlé—g shx dy =
0 0 0

0

=shl—chx| ==sh1l—chl41,

r L )
_Cas _ 2 _ LAY L b
Ix—-§ch xdx—§(l+sh x)chx de= (shx-[——3 )lo_shl-} 3 shd1,
1

1 1 1
1,= S'xz chxdx=S x%d (shx) =x%shx’ —QS rshxdx=

0 0 0
1
1
—Schxdxﬁ:
0 /
0

=shl—2chl4+2sh1=3shl—2chl,

0

1
=shl—2g xd(chx)=sh1—-2 (x chx

0

Mpuwmeyp 2. Hafitu KoopAHHATBl [EHTpa MacC AYT'H OKPYKHOCTH
x=acost, y=asin ¢, pacnojoxeHHOH B mMeppBoil 4YeTBEpTH.

no 1 , ;
q Hwmeem: l=—2—, 0<t<5, xr=—asint, yy=acost,

V ()4 (yi): = V a¥sin® [ F-a® cos?  =a.

Orciona moayuaem:

e 2
M, =a? g costdt=asint|  —ug,
0 .
0
/2
- 2 n/2 2
My=a® \ sintdi=— a’cost =q?,
0
§ .
-;_ y__ a? __20 - a? __2(1
T "ma2 w' VT w P

B nmpuJsoKeHHSX 4aCTO OKa3bIBaeTCs MOJIE3HOH cheayiouias

Teopema I'ynwbaena. [lrowado nosepxrocmu, 06pasoeanHod
epaujeriuem Oyeu nirockol Kpusol 60Kpyz ocl, -Aexcawfeli 8 NAOCKOCLU
Oyeu u ee He nepecekarowjet, pasHa npoussedenuro Oaunot Oyeu Ha OauHy
OKPYIHCHOCMUL, ONLICOIBaeMOl ee YeHMmPOM Macc.

MMpumep 3. HallTH KOOPAHHATHI LEHTPAa MacC TMOJYOKPYHKHOCTH
v=V a®—i2
4 Beaencrue cummerpun x=0. [Ipn BpaimeHud moJyOKpYXKHOCTH BOK-
pyr ocu Ox nosyuyaercs cdepa, mJIOLAJb NMOBEPXHOCTH KOTOPOH paBHa
4na?, a JUHA MOJYOKpPY:KHOCTH paBua ma. [To Teopeme I'yibnena umeem

4n0® = ng - 2ny.

- 2a
Orciona y=—>5 T. & UeHTP Macc C umeer xoopauHaThi C ( 0, 2—;[1) S

11 [on pea. A. B. Edumosa, B. II. D.cmmolauqa 321



6.546. Hafitn craruueckuii MOMEHT CHHYCOMIB y=Sinx
(0<<x ¥ n) orHocHTenbHO ocu Ox.

6.547. Hafitu craTHyecKHH MOMEHT H MOMEHT HHepUMH
OoTHOCcHTENbHO ocH Ox ayru kpupoll y=e* (0<{x<1).

6.548. Haiitn craTHyeckMli MOMEHT H MOMEHT HHepLHH
OTHOCHTeJbHO ocH Ox ONHOH apKM LHKJIOHAH X =a ({ —sint),
y=a(l—cost).

6.549. Hajitn craTHyeckuii MOMEHT M MOMEHT HHEpLUH
TNIOJTYOKPYKHOCTH pajiiyca a OTHOCHTEJIbHO ee JHaMeTpa.

6.550. Hafith cTatTHyecKrHe MOMEHTHl OTHOCHTENLHO Ocei
Ox u Oy Bceft Iyru OKPYXHOCTH r=2acosq, Jexalled
BLille MOJISPHOH OCH.

6.551. Haiitn LEHTP MacC AYIH UENHOH JIHHHK y=ach%

0L x<a).

6.552. Haiiti neHTp Macc Bcell 1yru acTpousl X = a cos® ¢,
yy=asin® ¢, pacnoJsoxeHHO! Bhille ocH Ox.

6.553. HailiTn nekapToBbl KOODAMHATHI LEHTPAa Macc AYrH
kapavonas r=a(l +cosg) (0 <o m).

6.554. [loabaysce Teopemoit I“ynbzleua HalTH lenTp macc
AYru acTpouipl x =acos’t, y=asin®{, Jgexalled B rnepsoH
4eTBepTH.

2. ®u3nveckne 3anaun. Hexoropble npHMeHeHHS ~OMpeJieIeHHOro
HHTerpasa npd peuleHMH (U3KYECKUX 3aJay HJJIIOCTPHPYIOTCH HHXKe
B npumepax -4—7.

MMpumep 4. CropocTb NpsMeOJHHEHHOTO IBHKEHH TeJa BhIpa-
Kaercs dopmynoil v=2¢{+ 312 (m/c). Haiitu nyTs, npOHJleHHblH TEJIOM 3a
5 ceKyHX OT HauyasJa JBHXKCHHI.-

4 Tak Kak nyTb, NPOMJEHHLI TEJIOM CO CKOPOCThIO U (f) 3a OTpe3oK
BpeMenHu [fy, 1], ‘BbIPAXKAETCsl HHTErpajioM

. t,
S=\v(@)adt

TO HMEEM.
5

={erpsma=4nm 2=150(M). >
0

IMMpumep 5. Kakyio paory Heo6XOLHMO 8aTpaTHThb AJsS TOTO,
9TO6bI TEJIO MAacChl /1 MOAHATH C IOBEPXHOCTH 3eMJH, pafguyc KoTopoi R;
Ha BhicoTy h? Uemy paBha paGoTa, ecjH TeJO YAaJaseTcs B 6eCcKOHeu-
HOCTB?

4 Pa6ota nepemenHoit cuabl f(x), zeiicTBylowmeii BRoAbL ocu Ox Ha oT-
peske [a, b], BEpaxaercs umerpanou

=\r ,
A § (x) dx.
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CorslacHO 32KOHY BCEMHPHOrO TAroTeHus cuia F, IeficTByioulasi Ha Teso
maccel /m, paBHa

F=t™M
r

rie M —Macca -3emnu, r—pacCTOsIHHE MacchHl /M OT UEHTpa 3eMan, k—
rpaBHTAllUOHHAsl NOCTOsIHHasA, Tak KaKk Ha NOBePXHOCTH 3eMJH, T. €.

npu r=R, umeeM F=mg, TO MOXeM 3amucaTb mg:k%/;l-. Orciona
HaxofuM kM =gR?, a notomy
. R?
F=mg -
CiregoBaTesibHO, MCKOMasi paboTa paBHa
R+h R+h i [} R4k ;
— — 2 & of LR L
A= S Fdr = ,‘S mgR p =mgR ( r)’R —ngR_l_h.

Orciona npu h — - oo Hmeem

lim A=mgR. »
A+
. &

Mpumep 6. BbluucaIUTL KHHETHYECKYIO 3HEPTHIO OXHOPOJHOTrO
KPYroBoro KOHYCa, BpalllalOWEerocss ¢ YIVIOBOH CKOPOCTbIO © BOKPYT
cBcefl OcH, ecad 3aJaHbl pajHyC- CCHOBaHUS KoHyca R, Buicota H n
MJIOTHOCTD . ‘

4 Kunernuueckasi sHeprus Tesa; Bpallalollerocs BOKPYr HEKOTOpOit ocu

. 1 .
¢ yryioBoit CKOpOCTbIO ®, paBHa 7Jco2, rie /—MOMeHT HHepIHH Tesa
OTHOCHTE/IBHO OCH BpalleHHs. 3a 3JeMeHTapHylo Maccy dm IpHMeM Mac-
Cy MOJIOro I\MJIMHAPA BBICOTHI A C BHYTPEHHHM PaiHyCOM I H TOJILIHHON
creHok dr (puc.'58). Torna dm=2nrhydr (0<<r<CR). U3 monobusi Tpe-
yronbHukoB OCD u OAB wumeem

r H—h r
= e.h—h'(l—7>.

CueioBaTeILHO,

dm =2nyH ( 1 —-1;—) rdr,

M 9JeMeHTapHbIi MOMeHT MHepuun d/ paBeH

dl=dm-r2=2nyH>(l—-%) 3 dr.

-

TakuM o6pa3oM, MOMEHT HHEDIIHH BCEro KOHYCa €CTb
’ .®

R R J .
- = TN 34— Rt _R_“)._l
1_§d1_§2:w (I—R)r dr—.2nyH( ) =g RS,

N KHHETHYeCKasa SHeprus K_(SHyca paBHa -
1 v
—_— 402
K =55 TwHRY02. p
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IIpumep 7. C xarolt cuaOf KHAKOCTb IVIOTHOCTH 9§ A2BHT Ha
BEPTHKAJbHYIO TPEYroJbHYI0 IJACTHHY C OCHOBaHHEM @ M BBICOTO /1,
TOTPYXKEHHYIO B JKHAKOCTh BEPUIMHOH BHM3 TaK, HTO QCHOBaHHE HaXO-

LuTCS Ha ee TMOBEPXHOCTH?
| a
Al 0 '_ IB

1 4

: 1A B ) / >y
ar. . 1
— N 4 .
) | s [\

= = N
| Ciyn
c
G z "
Puc. 58 N Puc. 59

4 Cornacno saxony IMackanst cuna P, ¢ KOTOpO#l MHAKOCTb NJIOTHOCTH Y
JABUT Ha NJOMAAKY S mnpu rayGune TIor py Kelus H, paena

P==vygHS.

Beoas cncTcmy KOODAHHAT, TNOKa3aHHyl0 Ha puc. 59, paccmoTpum
3JIEMEHTAPHYIO NPSMOYTOJBHYIO NJIOIAAKY, HaXOAsAWLYCH Ha raybuse x
U VIMEIOUY10 GCcHOBaHie b n Bmicoty dx. M3 nopo6us TpeyrojibHuxoB
CAB u CDE rnmeem
h—x

‘a
5T e b=7{ (h—x),

L
——

CJIeA0BATENLHO,
dS=b dx=% (h—x) dx, dP =vygx 43=$(h—x) dx.

Takum oﬁpaacm, CHJa AABJIEHHA XHUIKOCTH HA BCIO IIJJaCTUHY paBHa

h
_ _vga vga (h® B\ _ ygah?
P_.‘gdP__ OSx(h %) dr= "~(2_3v_' .

6.555. CkopocTb Tena, GpOLIEHHOrO BepPTHKAJbHO BBEpPX

€ HayaJbHOH. CKOPOCTBIO Uy, 6e3 yuyeTa CONPOTHUBJIEHHS BO3-
1yXa paBHa v=v,—g¢, Ile !-—npoTeKilee Bpemsi, g—yc-
KopeHHe cBoGoiaHoro mnafenus. Ha Kakylo MaKCHMaJlbHYIO
BBLICOTY IOAHHMaeTCsl TeNo?
* 6.556. Touxa ocn Ox CoBepwiaeT rapMOHHUeCKHe KOJeGa-
HHS OKOJIO Hauajla KOOPAHHAT CO CKOPOCTBIO U= U, €08 (&f + @),
rae {—spems, U, ®, ¢—rnocTosiHHble. Halith 3akoH Kose-
6aHusi TOYKH M CpeliHeR 3HaueHHe a6comomon BEJIMYHHBI
CKOPOCTH 3a mepuoj, KoJseOGaHHH.

6.557. JIBa Tena ABMaKYTCH NO OJHOH M TOH XKe NpPAMOH:
nepBoe CO CKOpOCThbio U;=31*—4¢ (M/C), BTOpOE CO CKO-
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pocTbio 0,=4(t+3) (m/c). Eciiu B Haua/bHbIA MOMEHT OHH
OblIM BMeCTe, TO B KAKOH MOMEHT H Ha KaKOM pacCTOSiHHH
OT Haya/Ja JBHXEHHS OHH ONATb GYIYT BMecTe?

.6.558. CkopocTb gABHMeHHS TOYKH v=0,l1f{e-%% (m/c).
Hafitn nyTb, npoliieHHbIHl TOYKOH OT Haya/ja JBHXKEHHS JIO
nosHo# octaHoBku (v (£,) =0).

6.559*. Kakyio paGoTy Hafo 3aTpaTHTh, YTOGH pPACTAHYTb
NpyXUHY Ha 5 cM, eciu cusia B 1 H pactsiruBaer ee Ha 1 cm?

6.560. Beiuucauts paGoty, KOTOPYIO Haj0 3aTpaTHTh,
yToOLl HACHINATh ‘KYYY -lleCKa KOHHYECKOH (POpMBI C pasnycom
ocHoBaHHsl R u Beicorofi H. IlnoTHocTh mMecka y

6.561. Boiuncauth paGoTy, KOTOpYID Hal0 3aTPaTHTh,
yTOGLl BHIKAYaTh 2KHAKOCTH MJIOTHOCTH Y M3 KOTJIA, HMEIOUEero
dopmy napabosonaa BpaileHHs, OGPALLEHHOTO BEPIUHHON
BBepx. Pamuyc ocHoBanus R, Beicota H.

6.562. BrluncauTh paGoTy, KOTOPYIO Hal0 3aTPaTHTh NpH
MOCTPOHKe HMPaMHIBI C KBaJAPATHBIM OCHOBaHHWEM, €CJIH Bbl-
cora nupamulpl FH, CTOpOHA OCHOBaHHS @, MJIOTHOCTb Mare-
puana y.

. 6.563. Bruncauth paboTy, KOTOPYK ‘Halo 3aTPaTHTb,
uyToGbl BBIKAYATh MKHIKOCTb MJIOTHOCTH Yy M3 pesepByapa,
MMeIoIero (GopMy KOHyca, OOpalleHHOro BEPLIMHON BBEpX.
Pamuyc ocHoBanust R, Beicota H.

6.564. Beruucaute pa6oTy, KOTOPYIO HAAO 3aTPaTHTh,
yTOGhl BbIKAYaTh XKHAKOCTb MJIOTHOCTH % H3 LHCTEPHBI, Orpa-
HUYEHHOH MOBEpXHOCTAMH: y*=2pz, x= = a, z—p(p>0)

6.565%. DekTpHYECKUH 3apsfd e, COCPEeJOTOYEHHBIH B Ha-
yaje KOOpIAHHAT, OTTaJKHBaeT 3apsai e u3 Toukd (a, 0)
B Touky (b, 0). Onpenenurb paGoty A cuJbl oTTanKuBaHus F.
Uemy paBHa pa6oTa npH yAaJieHHH -3apsAja e B GECKOHEYHOCTh?

6.566*. LluauHAp C MOABHKHBIM OPILIHEM 3aMO/JHEeH MapoM
o6vemMa V,=0,2M® ¢ ynpyroctbio p,= 10330 H/m?. Kakyio
pa6oTy Hano 3aTpaTUTb, YTOGH! MpH MHOCTOSIHHON TemIepatype
(a30TepMHUecKHi npeilecc) 06beM napa YMeHbLIUTb B 2 pa3a?

6.567%. Onpeaenutb paGoTy, NPOM3BENEHHYIO NpPH alua-
6aTHYeCKOM CXKaTHH BO3lyXa, HMEIOIero HavaJjibHble o0beM
V,=8m® u naBnenue p,=10000H/M? no oGpema V,=2m?®.

6.568. HaiiTn KHHeTHUECKYIO SHepruio OLJHOPOJHOTO Iapa
paguyca R u mjoTHocTH Yy, Bpallaowierocs ¢ YrJoBoH -CKo-
pOCTBIO ® BOKPYT CBOEro JHamerpa.

6.569. HaiiTH KHHeTHUECKYIO 3HEprHIO MJACTHHKH, UMEO-
me#t ¢opMmy napaboJHYecKOro CerMeHTa M Bpailaouefics
BOKPYF OCH MapaGoJibl ¢ NOCTOSTHHOH YIJIOBOH CKOPOCTBIO O.
OcHoBaHHe cermeHTa ‘@, BHICOTa h, TOJIIMHA MJIACTHHKH d,
IJIOTHOCTD . MaTepHana y.
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6.570. Haiitn KHHETHYECKYIO SHEprHio TpeyI‘OJleOH njaac-
THHKH, Bpaulaiouiefics BOKPYF OCHOBAaHHUS, C YIJIOBOH CKo-
pocTbio ®. OcHOBaHHE MVIACTHHKH @, BbiCOTa A, TommuHa [,
NJOTHOCTB .

6.571. Hafitu xkHHeTHUeCKYIO 9Heprui0 OAHOPOAHOTO Kpy-
FOBOTO LIiMiIAPA MJOTHOCTH Y C PajAHYCOM OCHOBAHHS R
¥ BbicaToil H, Bpaulaiouwerocs ¢ YrJoBoH CKOPOCTBIO ® BOK-
pyr cBoeii OCH.
© 6.572. C kakoll cuJofi KHAKOCTb IJIOTHOCTH Yy JaBHT Ha
BEPTHKAJbHYIO TPEeyroJbHYI0 TMNJACTHHKY C OCHOBaHHeM a
U BbICOTOH h, MOrpyXeHHyl0O B Hee TakK, 4TO BeplUHHa Ha-
XOJHTCSA Ha MOBEPXHOCTH, a8 OCHOBaHHE MapaJlleibHO MOBepX-
HOCTH?

6.573. -Konew tpy6bl, norpyxeHHOH .B MHAKOCTb MJOT-
HOCTH ¥y, 3aKpbIT Kpyrsof 3acnoHkoit. Onpenenutb cuay
JaBJieHHS Ha 3aCJOHKY, €c/H ee paauyc R, a neHtp Haxo-
murcs Ha ray6Guxe H.

6.574. Hafitnu cnay, ¢ KoTopofi KHAKOCTb MNJIOTHOCTH Y
AaBHT Ha BepPTHKAJBHYIO CIEHKY, HMelollylo ¢opMy moJay-
3/Knca, 6o/blias OCb KOTOPOro HaXOAHTCA HAa MOBEPXHOCTH
XuAkocTA. Bosbwas nosmyoch aanunca a, manas b.

6.575. Haiiru cuay naBJeHHS! KHJIKOCTH TJIOTHOCTH ¥,
sanosnsioweii Kpyropofi UMJAHHAP, Ha COKOBBIE CTEHKH WH-
JHHApPa, ecJH pajuyc ocHoBaHusl R, Beicota H.

6.576. Haittn maccy crepxHs AMHHBI [=5M, ecan Ju-
Heilllas MONOTHOCTb CTEPKHA MeHsieTcs Mo 3akoHy y=1 +
+ 0,1 x* (xr/M), rile x-—paccTofiHMe OT OZHOIO H3 KOHLOB
CTepXKus.

6.577*. Haiitu kosuuecTBo TenJia, BBLAeJIsIeMOe IepeMeH-
ubiM TokoM [ =/ cos ! B TeueHHe mepHoAa 27/® B NpPOBOA-
HHKe ¢ COHpOTHBﬂeHHeM R.

6.578%. 3a kakoe BpeMsi BOJAA,-HANOJHAIOWAS LHIUH]PHU-
yeckuil cocya ¢ nuewlaipto ocHoBaHus S=100cM? u BbICO-
Toil H =20cn, BHITeyeT yepe3 OTBepCTHE Ha AHE MJIOLIALbIO
S,=1cm??

6.579**, [lpu ycraHOBHBIUEMCS JIaMHHApHOM (CprHHOM)
TEUEHHH XHIKOCTH uepe3 TpyOy KpYIVIOrO CeueHHs pajuyca
@ CKOpOCTb TEUEHHA U B TOYKe, HaXoAslleAC Ha paccTos-

HHM r OT ocu TpyOwl, paercss (opmyJoH v=4L”l(a’~—r“),
: L3

p— pa3HOCTb 1aBJeHHH JKHIKOCTH Ha KOHUAX TPYGHI,
{\ — BA3KOCTb XHAKOCTH, [—pauHa Tpy6u. Onpenenutn
pacxol KHMAKOCTH Q, T.e. 06beM KHAKOCTH, NpOTeKa-
folllel yepe3 MomepeyHoe ceyehHe TPYOBl B ENMHHIY ~Bpe-
MeHH.
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6.580*%. C kakoii cusofi MOJIyKOJbLO pajauyca R u mMacchl
M npursir#Baer MmaTepuasibHYIO TOYKY M, HaXOASLULYOCS
B ero leHTpe?

6.581. 3a Kakoe BpemMs BOJAAa BBHITeYeT H3 KOHHUYECKOH
BOPOHKH, HMetoweli Boicotry FH =50cMm, paauyc BepxHero
OCHOBaHHA R =5cM, paauyc HHXKHero ocHoBaHHs r = 0,2 cM?

6.582. OnpeaennTb pacxoA KHAKOCTH dYepe3 -BOLOCJIHB
MpPAMOYrOJIbHOTO CeyeHHs. BricoTa BOAOCAMBA A, WIHPHHA @,
BA3KOCTb KHAKOCTH .

§ 8. YncnenHoe uHTerpupoBaHue (yHKUHI oaHON
nepemMeHHoii

YucnenHoe UHTErpupoBaHue COCTOHT B HAXOXIAEHUH WHTErpanaa

Sf(x) dx or HenpepuiBHoii ¢yukunu f(x) no xeadpamyproi Popuyre
P R

b n
S f(x)dx ~ Z appf (x,,)..

k=1

rie Ko3bbOUUHEHTH a,p — AEHCTBUTENbHBIE UHCAA U Y3Jbl Xy IPHHALIEKAT.
la, 0], k=1, 2, ..., n. Bun cymmer

n
Sal) =Y, auf (xe)

k=1

onpenesseT METOA YHCJAEHHOrO UHTErpHpoBaHHWs, a Pa3HOCTb

b
Ra() = (1) dx=$,(
a

— MOTpEINHOCTh MeToja.
Oas meTona npsaMOYronbHHUKOB

b n
(raxmnY ie, (W
. a k=1
h= :a(mar paaﬁueﬂnﬂ),x¢,=a—'—g—,xk=xk_1~—[-h (=1, 2, ..., n).
Jdnsa metoxa - Tpanenuf
b n-1
(1w~ h("i’;ﬂ+2 f(xk)>; ®
a k=1
h———'b—a; Xy=a, Xk=Xk_|+h (k=l, OB
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HAns metrona Cumncona

k=1 k=1

b n-1

[fwa g </(a)+f(b)+4§__/(x2k 1)+2Li(xok)> @
a

b—

h=

2 y Xo =g, Xk=;\'k-1+h k=1, 2, ..., 2n).

IMpasbie wacth dopmya npsamoyronshukos (1), Tpaneunti (2) n Cumn-
coHa (3) SABJASIOTCA HHTErpajJbHbLIMA CYMMaMn H npH h —s 0 crpemaTcs
K Jl2eHOMY unHTerpany. OfHako npH (HKCHPOBaHHOM A KaXXJad M3 HHX
OT/IHYaeTCs OT COOTBETCTBYIOWLErO HHTerpaja Ha seauunny Ry, (). Ilo
3ajlaHHOl mpenesbHON abcoJioTHOH norpewHoctd € > 0 uonéupaerca na-
pamMeTp n, HJH, YTO .TO K€ Camoe, WIar /i, NpH KOTOPOM BbINOJHSETCR
HepaBeHCTBO

IRn(/)|<3-

Bennunns R, (f) (B npeanonoxeHun CymeCIBOBaHHS BXOASMLINX
B HHX IIPCH3BOJHKIX) XapaKTepu3YIOTCS PaBeHCTBaMH

R, (f)?-”%;—al" (£) %, E€[a, b], ans MeTOAa DPSMOYTONBHHKOB,

Rn (f)—"b_

(E) h?, E€[a, b], a1 meroja Tpaneuwui,

11.715! metona Cumncona.

Rn ([)“’ ]80

Mpumep 1. Haiitn In 2 ¢ rounocrvio fo 10=% u3 cooTHOWEHHA
1

fdx .
In2= g i BLIMMCAMB UHTerpan merofoM Cumncona,
0,5
. . ) . 1
4 HAas nopuHTerpadbHoil dynkunu f(x)=—x— Ha oTpeske |, 1],

umeem. fV) (=5, orKyna |1V )| < 24;25. Yuurmipas, u4t0 a=
1

?:

1
b=1, h_4—n , noayuaem

I ERY 1
{Rn(f)|<m24'2 (717) y  RJIH |Rn(f)|<W-v

Jna nocTHKEHU s 3aallHOH TOYHOCTH HeOGXOAMMO BhUIO/NHEHHE HepaBEeHCTBA

108

~a 4N o
10=4, nau n TR

1
1204 <
yto Gyzner umets mecto npu n* > 100. ITostomy caenyer BhiGpaTh n=4.
. 1 . .
Haiina h=-—==0,0625, ™Mb 3aBeOMO CMOXEM BHIYMCJIHTb 3HaUYeHU:

. 16 A .
¢dyskuuu ¢ Tounoctbio go 10—%, Tlonyyum tabauny !):

1) CM. cHocKy Ha c. 251,
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1=0,5 fxg) =2

%, =0.5625 f (e = 1,7777777
X2 =0,6250 _ fxs) =16
X3 = 0,6875 [ (x3) =1,4545454
x4 =0,7500 f (xg) =1,3333333
x5 =0,8125 f (x5) = 1,2307692
Xg==0,8750 | g =1,1428571
x; =0,9375 F (x2)=1,0666665 :
Xg== 1 f (Xg) =1

gy=3 0y ==5,5297589 . 03=4,0761904

[Toacunras cymmy
0 =0, 40, }- 203 = 33,271415

w| =

u —-=0,0208333, mo ¢opmyne Cumncona (3) mosnyuaeMm pe3y’bTaT:

In2=0,6931. p

Jpyrofi cnoco6 OleHKH MOrpPelHOCTH MeTOAA YMCJEHHOTO HHTerpH-
POBAHHS COCIOHT B TOM, 4TO'UCBOJIL3YeTCS aCUMNTOTHYECKOe pPaBEeHCTBO

b
"v S"v -
{10 dx—s,,, (=222 {Q D to s,
a

rae .
n +1=)"nv 0‘> l)» ‘V=l, 2» 3» ee ey

H m=2 JAJs MeTONOB NpPAMOYTOJLHUKOB M Tpaneuui, m=4 LI MeTOAd
CumncoHa. Boluncnenns no ¢opMynam Aas HaxoxieHus cymmst S, (/)
NPOUSBORATCA NpPH N=ny, Ng, M3, ... RO T€X NOp, N0Ka He GyAeT BHI-
MOJHEHO COOTHOIUEHHe :

Sr Sn
I V‘H;fn)_l V(i)l “)

YKas3aHHHH cnoco6 HasblBaeTcs NPaBHJIAOM P yure. Kpurepuem ero
[PUMEHHMOCTH fBJIAETCS COOTHOLIEHNEe

ISnv+1 (D—Snv (f) |
| Snv U) "‘Snv_l (f) I

Yueno A > 1 BuiGHpaercst’ MoGLIM, OIHAKO MPEANOYTHTEALHO PaBHHIM 2
uiu 3.
Mpumep 2. Bulyucaurb MeTofOM Tpameuuii ¢ ToyHocThio Zo 10-4
HHTErpaJ

~Am,

1
dx
Vite '
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& BuviGepem ny=10, n,=20 ¥ BLIYHCAMM 3HAUEHUS NOABIHTErPaNbHOM

dyukunn f (x)=

k=1,2,..

CHauvauna

1
Vite

HaxoaHnm

cymMMy

COOTBETCTBEHHO B y3aax x{D =i+ kh =

10

., 10)n x;?’=x0+kh2=2£() (k=1,2,...,20) (cM. Tabauny 6.1).
Sny =01l =0,90916186,

-, rhe

o
o = 6 )+f(x’° LA LEAsME a2 LLAET Z FG™) nh =l0 Tlpumenss cuosa dop-

MyJy Tpaneuwuii (2), Haiiiem

s

Spy = (03 +05) Ky =0,9094937,

10
e ha= " O":Z f(x$89-1). Hs  cootnowenni 1’ =x{,
o
Ta6nanua 6.1
K =0 Fax)=1_ xF =
x‘;’_o 05 | f (x) = 0,9999376
&V =0,1 | f(x)=0,0935004 | =0,
, 1=0,15 | [ («") = 0,9983168
' =0,2 | f(x")=0,596023s xff’ =0,2
' ’ 280,25 | ) (x?)= 0 9929778
=03 (x§7) =0,9807674 ‘2’—0.’3
1$=0,35 |/ (x) = 0,9792281
=0,4 | f(x$")=0,9694584 | xi" =04
2 ==0,45 | f («¥)= 0,5573324
#0=0,5 | f(x)=0,5428091 | x{a’=0,5
o AP =0,55 | 1 (x7)= 0,9250358
=0,6 | f(x?)=0,9068453 .\‘,22'——0 6
).‘123’-—0 65 | [ (x$3)= 0,8¢57451
=07 | f(x")=0,8629030 | x{3=0,7
“2=0,75 | f (x2)=0,8386278
=08 | f(x")=0,8132501 | %% =0,8 -
' x‘,%’_o 85 | f (x{¥) =0,7871027
=09 | f(x")=0,7605057 | x¥=0,9
x,%’=‘o 95 { f (x{3) = 0,7337535
=1 f (x)=0,7071068 | x& =1
0;=9,0916166 =9,0982576
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k=0, 1, ..., 10, BugHo, yTO .AAA HAXOXeHHSI Sy, Her He06x011uM0cm 3a-
HOBO BBLIUHCJHATH KaxK/10e u3 2] 3HaueHuil (pym(uuu a K HalileHHBIM paHee
3yayeHWsM, BOINENIIMM B CYMMY Oj, Cjaeiyer )106amm= 10 HoBHIX 3Haue-
uui, o6pasylomux cymmy Op. [losaras B JieBoif uacTH HepaBeHcTBa (4)
A=2, m=2, yunthiBas 3uavenus S, u S,, noayuaem

S,,—S

%:0,0001106.

Hostomy ¢ Tounocteio fio 10~% umeem
1

dx
—_— = 0,9094.
§V1+x'~‘ ke

Mpumep 3. CocraButb Ha ¢opTpaHe NpPOrpaMMy BHIYHCIEHKH
1 ;

MeTOJOM NpPSMOYIO/MLHHKOB HHTErpana yd—xa
» p Vitx
« 3ananue pas IBM ueinecoo6pasno coOCTaBHTL B BHJE TPEX NPOTpaMM-
HbIX €NMHHIL: OCHOBHOH MPOTPaMMbl, NOANPOrPaMMBbI-QYHKIKH, BBIUHCISI-
fouledl 3HAYEHHs MOAbIHTErpasNbHON (GYHKLUNHH, M MOANPOrPAMMBEI-DYHKILUH,
KOTOpasi OCYLIECTB/fET BLIYUC/IEHHE HHTETPaja METOJOM MPAMOYTOJb-
HHKOB.

OcHoBHasi nporpamma:

EXTERNAL F
S=RECT (0.,1.,F,20)
WRITE (3, 1) S
| FORMAT (" UHTETPAJI=" F6.4)
STOP
END

[Moanporpamma-gyHKUMSA A7 BHUHCJEHHS 3HaYCHHH MOJLHTErpajk-
noit ¢yHxuuu:

FUNCTION F(X)
F=1. /SQRT(I -+ X#23)
RETUR

END

IMognporpamMMa-pyHKUMA BHIYKHCAEHHA ONpEJEJEeRHOro  HHTerpana
METOJOM ITPSAMOYTOJIbHHKCB:

FUNCTION RECT(A, B, F, N)
H=(B—A)/N
RECT =0.
X=A—H/2.
DO 1 I=1,N
X=X-4H
| RECT =RECT+F (X)
RECT =RECT+H
RETURN
END >

B - 3agauax 6.583—6.606 BHLIUMCHHTL YKasaHHBE ONpe-
LeJIeHHBle MHTErpanel ¢ TOYHOeThbio Ao 107* oaHuUM H3 cJe-
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IYIOWHX METOLOB: a) METONOM - NPAMOYTONbHHKOB, 6) METOLOM
Tpanenuui, B) meropom CumricoHa.

3,6 1
xdx
6.583. 5V5+4x . 6.584. Sx“+l 6.585. 5x2+3x+2.
0
p)

2 4

d 1

6.586. f et 6.587.5 +x‘2/~xdx. 6.588. § 1T #dx.
. )

0,6
dx

20 0,5
dx
6.589. { VTt dx. 6.590.§V1——+7. 6.591. { Tt
0 o 5 ¥

10 1
6.592. _. 6.593. —%)d
6.592 §3,/l-|—x2 6.593 §Vx(1 %) dx
1 1
6.594. {xln(l+x)dx. 6.595. { e dx. ‘
01' 0,5 ° 3
6.596. (¢ dv. 6.597. { &% dx. 6.598, S’Ij’]—"x
0 .0
11n(1+x) 3,1416
6.599. Swdx 6.600. 1n(5—|—4 cos x) dx.
1] 0
1 :
6.601. g—_dx 6.602. §V§cosxdx.
g 0 ‘
)1 1 t
6.603. {)/sinxsin d. 6.604. S‘-’E’;Ei‘dx.
0 0

0,
6.605.. S—dx 6.606. S LEY P
X 0

B 3apauyax 6.607—6.613 cocraButh Ha opTpane moxmpo-
rpaMMbl ISl BbIYHCJIEHHS ONpefesNeHHbIX HHTEerpaos, IpH-
MEHHB YKasaHHbBle MeTOAbl M BHIGPAB Ha3BaHHBIE [apaMeTpBl,
o6osHauuB uepes A, B n F cooTBercTBeHHO HauaJso OTpe3Ka
HHTETPHPOBAHHS, €ro KOHell M HISHTH(PHKATOp MOANPOrpaM-
MBI-QYHKIHUH, BBIYMCASIOMEH 3HaYeHHS TNOABIHTErpajbHOH
(DYHKLHH.

6.607. Tloxnporpamma-pyHKIUs BBIYHC/IEHHS ONpPELeNeH-
HOTO HHTErpaja MeTOAOM MpPAMOYI'ONBHHKOB, apaMeTphl:
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A, B, F,'N, rue N —uHczio oTpeskoB, Ha KOTOphle pa36i-
BaeTcs HCXORHBIA oTpesox [A, B].

6.608. Iloanporpamma- (yHKIHUS BBIYMCJCHHA OMpeienel-
HOrO HHTErpajia METOJOM Tpaneuui, napamerps: A, B, F, N.

6.609. Iloanporpamma- q)ym(mm BBIUHCJIEHHS Onpejelien-
HOro HHTerpajia MeTolAOM Tpaneuuil, mapamerpoi: A, B, F,
EPS, rae EPS—npenenbnas -a6coMoTHAS MOTPELIHOCTb.

6.610. TloanporpamMma-QyHKUHS BBLIYMCJEHHUS OIpEAeJEH-
Horo uHrerpasna MmerogoM Cumncona, napamerpsl: A, B, F, N.

6.611. CocraButh Ha - (poprpaue [IOAANPOr PAMMBbI- quHKun.
AN BBIYMCJIEHMS 3HAYE€HHMH MOABbIHTEr pasbHbLIX cbym(umx
B 3ajavax 6.583—6.606.
 6.612. CoctaBuTb Ha (opTpaHe NporpaMmy peuienus 3a-
Aau 6.583—6.606, wucnonb3ysi noanporpaMmel, MNOJAyYeHHble
npy peuwleHuH 3ajay: a) 6.608 u 6.611; 6)* 6.607 u 6.611,
B) 6.610 u 6.611.

6.613*. CocraButh Ha ¢QopTpane noorpammy peLueH#s-
3afnay 6.583—6.606, ucnosb3ys nROANPOrpaMMbl, NOJyYeH-
Hble NpH peweHud 3amau 6.609 n 6.611.



I'maBsa 7

JAN®PEPEHUHAJIBHOE HUCYUCJAEHHE ®YHKUHHA
HECKOJIbKUX MEPEMEHHbIX

§ 1. OcHoBHble nOHATHS

1. Monsatue GyHKUHN HecKONBLKUX NepemeHHbIX. Beskuil ynopsgoyen-
Hbl Habop W3 n JeHCTBMTEJBIBbIX 4ucel Xy, ..., x, o6o3iauaercs
(*1, ..., xp) wam P(xy, ...,.x,;) ¥ Ha3pIBaeTcs TOUYKOii A-MCPHOro
apudmersyeckoro npocrpancrsa R*, uycaa x;, ..., X, Ha3bIBAIOTCA KOOP-
AuHaTaMH Toykd -P=P (x;, ..., x,). Faccrosnue MeXAy ' TOYKaMmH

P(xy, ..., xp) 0 P/ (a1, ..., .x'n) cnpejeasercs GopmyJoit

(P, P =V {xi— 21+ .. +(ta—xn)".

[Tycre D R” —n1pou3Bo/IbHCE MHOXCCTBO TOYEK 7A-MEPHOro apud-

METHYeCKOro npocrpanctsa. Ecau kawxpoit Ttouke P (xy, ..., x,)€D
MOCTABJIEHO B COOTBETCTBHE HEKOTOpOE - BIOJHE OnpeleneHnoe AeHCTBH-
teabuoe uncao f(P)=f(xy, ..., Xn), TO

roBopfT, 4TO Ha MHOXecTRe D 3afana wucao-
san gpynxyus f: R* — R or n nepemeHHbIX
X1, ..., X,. MuoxectBo D Ha3sbiBaetcsn
061acTLIO  OnpeflesieHusl, a  MHOXKECTBO
E={u€R|u=f(P), PED}—cbaacrsio
3nauenuil pynkunn u==f (P).

B yactHOM ciayuae n =2 byHKuHs ABYX
nepemMeHHbIX z=/[ (X, y) MOMKeT paccMmar-
puBaTbCR KaK OYHKUHS TOYEK MJIOCKOCTH
B TPEXMEDHOM TeQMeTPHYECKOM MpOCTpaH-
CTBe C PUKCHPOBAHHOM CHCTEMOHl KOOPAMHAT
Oxyz. 'paduxoM 3TOR YHKIMH Ha3bIBAETCA
Puc. 60 MHOKECTBO TOUEK

P={kx 9, 2ER | z=f(x, ¥},
npejcrasJsiiomiee coGoit, BooGIE roBops, HEKOTOPYIO MOBepXHOCTb B R3.
[Tpumep 1. Halitn o6aacts onpesenenus ¢yHKUKHA

z=arcsin Y .
X

<4 QyHKuHA onpeleseHa Npu
—1<f<t,  xxo0

CnenoBatebHo, —r<Sys<x npy x>0 H x<y<<—x 1npu x < 0.
OGnacre onpenesenuss GyHKIHM H306paxceHa Ha puc. 60 (cozepsur
rpaHHLbl, 33 HCKJAKYEHHEM Haya/ja KOOpAHHAT), P
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r :
. Haitu 3, —2), (v, %),

2__
Mpamep 2. Mycrs f(x, y) =2

4 Hmeem ‘
re. —a=2E -2, 16, x)-y;y"',
L
x 'y

7.1. Beipasutb nuomane S TPeyroJbHHKA Kak (DYHKLHIO
ILJMH ABYX €ro CTOPOH X M Y, €CJIH ero IepuMeTp paBeH 2p.
Haiiti obnacte onpenenenus stolt GpyHKHHH. ,

7.2, Bripa3utb o6veM V Kpyroeoro KoHyca Kak ¢GyHKIHIO
njowasd S ero G0KOBOH NOBEPXHOCTH H AJMHHBL [ 0Gpa3yio-
meit. Halitu o6nacte onpegesienus srtoii GyHKUuH.

7.3. Beipasuth miowans S paBHOGOYHOM TpaneuuH - Kak
($YHKUHIO AJIHH ee CTOpOH, eCH X W y— AJHUHBl OCHOBaHHMH,
2—JJiHa GOKOBOH CTOPOHHI. Hafitn o6nacte onpenenenus
3TO. BYHKIHH.

Hafitu ob6nacti onpenenenns (QyHKIOHE ABYX nepeMeHHBIX
(R =const):

74. 2=VR2»—x2—J’ 15. 2=Vt —R.

16 2 17, 2= !

) VR —x2—y’ Vity2—RE
7.8. 2= (2x43y— 1)/(x—y).

79. 2=V 1= +y? 7.10. z=In(—x—y).
711, 2= ]/;:““jf'”" 7.12. z_yl/cosx

7.13. z=}log, ®®*+ ¢?). 7.14. z= arccos ——
7.15. 2=V 9 —p+ V't —4.
7.16. z=arcsinyi,—|—arcsin(1-—y).

7.17. f(r, @) =rV sing. 7.18. f(r, ¢) =r )/ cos2g.
Haiitn obnacti onpenenens thyHKUHMA TpeX MepeMeHHbIX:

7.19. u=V x*+y*+ 22— R? (R = const).
7.20. u=arcsinK£z+—ya.
7.21. u=In(1—x*—p*+27).

-l-y»

335



Haiitn ofnactu ornpenenenns ¢yHKUHA n MepeMeHHbIX:
722 u=YT=B+VT—x+... +VT=x.

728 umy/ | _A_A_ &
% g o ' a -
7.24. [lana ¢yukuus f(x, y)._ Zy ‘Hagita f(@2, 1)
f(, 2, f@, 2, f(a a), fa, -a)
7.25. ana ¢yuxuns f(x, y)= % Hatitu f(—3, 4)

] f(l, %) .
. 7.26. Haﬁ—m f (x), ecam i(y) Vm (x> 0).

7.27. IMycts z'=x—|—y+f(x—y) Hai’lm dyuxuun f uz,
ecay z=x? npu y=0.

7 28**, Haiitn f(x, y), ecau f<x+y, y)—xz-—j‘"

7.29. auet oyurunn: f(x, y)=x*+ 12, @ (¥, y) = x*—y2.
Haittu: a) f(o(x, 9), ¥*); 6) @ (f(x, v), @ (x, v)).

7.30. Hauu rbyHKmm P(x y _e"cosy P (x, y)=e*siny.
JokasaTte: )

a) @*(x, y)— w’ X, §)=0(2x; 2y);

6) 29 (x, NP (x, y)=v (2%, 2y). _ :

7.31. Haupt ¢yukuuu:  f(x, y)=x*—y%, ©¢(x)=-cosXx,
¥ () =sinx. Hafime: a) f(@ (), $(2): 6) @ (f(x. 9)).

~

2, Mpenen n HenpepbigHOCTHL q)ym(uun Yueno A Ha3nBaeTcs npe-
Cerom q)ym(unu u=f(P) npu crpemieHdu TouKd P (xi, Xz, ..., Xp)

x touke Py (a1, @3, ..., Gy), ecan pas meGoro € > 0 cymecrnye‘r'raxoe
§ > 0, uto .u3 yc.nonnn

0<p P, P)=V n—al T Fm—ai <

caenyer v
[f (21, X2 ooy xp)—A| <&,
[Tpu stom mumyT:
- A= hm f(P)— Hm f (xg, Xay e ooy %)
Xy—>ay
x,—»a,

Xn—>an

2 2
MMpumep 3. BusicHuts; HMeer JaH GyHRUUS xz -I-y’ npexen mpu
x—0,"y~0?
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4 [lycte Touka P (x, y) crpemutes- K -Touke Py (0, 0), Paccmorpum
W3MeHEHHEe X M y BUOJb NPAMOA y= kx. [Tonygsaem

lim B i SR 1— k2 1—k?
x~+1 - Ox“-i—k"x“' ot 14 k27 14 k2

x>0
y—>0

Pe3ysbTat uMeeT pasjuuHble 3HaYeHHs B 3aBUCHMOCTH OT BHGPaHHOrO k,
U [03.0My dJyHKuua npejesia He HMeeT,

Dyuknun “u=Ff (P) nasuiBaercs uenpepazeuou 6 mouke Py, - ecoan
BHINOJTHEUH! CAEAYIOWHE TPH yCJAOBHS:

1)- dyukuus [ (P) onpeneacHa B 104Ke Po,

2) cymecmye'r llmf P);

3) "m f(P)—-f (Pu)

<I>ymmm| Ha3biBaeTcs uenpepbtenod e oﬁ/lacmu, ec/d OHa Hempe-
pulBHA B KaXAOH Toyke 3toit obmactu. Ecam B touke P, XOTH Ob' ‘0AHO
u3 ycnosu#t 1)—3) napyweHo, To P, HasbBaeTCa TQUKOM - pa3puiBa PyHK-
wad f(P). ToukH paspbiBa MOTYT 6bITh HSOJ'IHPOBaHHHMH. 06pa3oBhipaTh
JIHUK DPa3pbiBa, MOBEPXHOCTH Pa3pbipa W T. I

Mpumep 4. Haiiru Touku paspeisa cpyHKulm

| —xyz.
2x+3y—z—|—4

4 Dynguua He onpejéNeHa B TOYKAaX, B KOTOPHIX 3HaMeHaTeln OGpa-
maetcsi B HyJ b, [lo3ToMy OHa HMeeT MOBEPXHOCTb Pa3phiBa — IJIOCKOCTD
» .

2x+4-3y—z44=0.
Ha#itn npenenst:

782 lim oo 755 lim 2

y—>0 y->0
7.34. ’lir’lg sin_xy . T:85. 11m (I4+x2+ yz)xwf-y’

§0 y-»O X
7.36. llm (2 4+y? Smx’-}- A

y-m

7.37. Tlokasatb, yto npu x —0'u y — 0 ¢pyHRUHA 2z =

X
= j—% MOXeT CTPEeMHTbCA K moboMy npegeny. IlpuBectu

NpHMepbl TAKOTO NPUOIUIKEHHS TOUKH (X, y) K Touke (0,.0),
npu KotopoM limz=3, limz=2, limz=1, limz=—2.
7.38. Tlokasate, 4To mas PYHKUUH f(x, ) =22 pe

x+y
cymecTByer llmf(x, y) quucnna [IOBTOpHbIe M peaessl

11m (llm F(x, y)) lim llm f (x, y)).

x—0 \ y—>0 y—>0 x—»O

[on pex. A. B. Edumosa, B, I1. Jdemunosuua 337



7.39. Hoxaéarb, uyto A5 QyHRUMH f(x, y) = m

CYLIECTBYIOT M PaBHEI MEX1y cOGOH MOBTOPHBIE NpeAesbl
“ lim (llm f(x, y)) = 11m ( llmof(x, y)) =0,

x->0
Tem He Menee limf(x, y) He cym,eCTByeT.
x>0

. -0 ’
7.40, Bbmch’{mb, uMeeT Ju ¢yskuua sinln (x* 4+ y?) wpe-
nen npu x— 0, y— 0?

. x2
7.41. Boisichutb, uMeer JH (YHKIHSA 4—_::y, npefes npH

X —» 00, Yy — 00?
7.42*%, TlokasaTb, 4TO (YyHKLHA

(_*% . 2 2
F e, g)= im, ecad x4 y?s£0,
’ 0, et . x=y=0

B Touke (0, O) HenmpeprIBHA BHOJIb KaXIOro Jyua X = f COSa.,
y=tsina (0t <+ o0), npoxoasilero yepes 3Ty TOUKY,

T. e. limf(¢cosa, tsma)-—f(O 0), oaHako 3Ta GyHKuUHA
t—>0

He fiBJIsIeTCS Henpepbnaﬂou B Toyke (0, 0).

7.43. Ilokasatb, yto B Touke (0, 0) cienyromue (pyHKan
HenpepbIBHE! 110 KaXKJ0H M3 MepeMeHHbIX X H Y, HO pa3pblBHbI
N0 COBQKYMHOCTH NepeMeHHEIX: ‘

({ xy 2.1 .3
a) f(x, ‘y)=i(’_‘—x2+y2)“ ecmn  x*+yt 0,
' 1 ecn x=y=0;
(_x—y C g2 2 b
6) f(x, 4) = i<x+y>s' comm’ #1440,
ecin x=y=0.
Hality Touku paspbiBa (QyHKUMH HBYX MEepEeMEHHBIX:

' ! 1,
144, z= =12+ (@+1n? " 7.45. ?=sm’ nx—+sin?qy *
1 : S
7.46. Z=m 7.4?, Z=]n(l__x2__y2).
X +y? co 1
8. =g T = mram e

Hatitu Tomm paspmaa GYHKLUA Tpex mepeMeHHBIX:
1

7.50. u—— 7.51, u————-—
BN
: 1 1
7.52! u=m. 7.53. u-—'xs_l_yz_z,_l .
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1 Vi

754, u=—5+—5———

U= Fra—arT-

3. Yacrunie nponzsomubie. [Tyctb (xj, ..., Xp, ...; X,)—IOPOH3-
BosbHAA (UKCHPOBAHHAN TOYKa H3 'CO/MACTH ONpejeneHdss YHKUHH
u=f(xy, ..., X;). [lpunanas snauenuto nepemennoil xp (k=1, 2, .,., n)
npupaiuenne Axg, paccMOTPHM mpejel

lim f(xls L) Xk—l—AX}z, L) xn)_[(xlv ey xkv' L) x‘n)
Axk

Axk—>0

DTOT npexen -HaSHLIBAETC 4acmHod hnpoussodHod (l-20 nopadka) naHHOMR

c%ynxuuu Mo " mepeMeHHOH X B -TOUKe (X1, ..., X;) H 0Go3Hauaercs
U , B

a5, HJIH f,,k_ (x1, + ooy Xp).

YacTHble MPON3BOAHBIE BBIYHC/IAIOTCS MO OGLIYHEIM NMpaBHJAaM H ¢op-
Myaam AuddepeHHpOBaHE T (IPH 5TOM BCe MepeMeHHble, KPOMe Xg, DACs
CMaTpHBAIOTCHA KaK MOCTOSIHHBIE).

Mpumep 5. Halfitu uacTHble Npon3BojHble GYHKUHHU

z=arctg % .

<4 Cuurass y NOCTOSHHOH, ‘MOJYYHM
0z 1 ( Y ) y
¥ Py avve w1l Gl he et wrmpralt
0x 'H‘(’%) x x4y

CunTast x NMOCTOSAHHOM, MOJY4HM
0z 1

e

Oyukuus #=f(xy, %o, ..., X,) Ha3viBaercs 00HOpodxod yHKUHeE(l
CTEMeHu m, ecau AAs A60ro AeicTBHTEAbHOTO uucaa ¢ # 0 cnpased-
JIHBO PaREHCTBO

[ (tx1, txq, i) Uxp) =17 -f (%1, X2, ooty Xn).

X

i v

1_
—=

Ecnn omuopoanas crenenu m yHRuus 4 =f (x;, X3, ..., X) HMeer
YaCTHpIe MPOM3BOAHbLIE MO Ka)KJ0H M3 MHepeMeHHBbIX, TO BHIIOJHAETCS
COOTHOLUeHHe (TeopeMa Ditaep a) 4

’ ’
xify, (o1 X2y ooy g F 20y (510 X2y oony xR) .o
. ; o
...+x,,fx" (X1, X3y eeey Xp)=mf (X1, X2, +e0y Xp)e

Mpumep 6. INpoeputs Teopemy diinepa, ecan

f(x, y)=Ax2+2Bxy4Cyt.
4 Hwmeem } \
f(tx, ty) = A (tx)*+2B (tx) (ty) +-C (=13 (x, y).

CrefoBaTe/IbHO, m=2;
’ fx(x, )=2(Ax+By), [y (x, ) =2(Bx+Cy),
xfe (%, Y)+ufy (v, ) =2x (Ax+By) 42y (Bx+Cy) =2f (x, y). »
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‘Yacmuoimu npoussodrsismu 2-e0 nopsdka GYHKUHE & == [ (X1, Xg, « .., Xp)
Ha3blBAIOTCS YAaCTHHIE NPOH3BOJHLIE OT €& YAaCTHBIX NPOW3BOAHEIX NEPBOTO
HOpANKa. Hponano;mbxe BTOPOro ‘nopfjaxa 0G603HAYAIOTCA CJEAYIOWHM
o6pasoMm:

9 [ Ou\__ 0% = (x X v %)

an axk = ax XX 1 Koy eeey Xpy coey Xnly .

d [ 0u 0%u ” . .

E{;(a;;>=a—£k_—axl—ka¥[ (xl, Xoy oeey Xpy ooey Xt,/ ceej xn)
H T I

AHaJIOl'H'-lHO onpeensiorcss ¥ 0603HAYAIOTCST YACTHblE NPOH3BOAHLIE
nMOpsiiKa Bbllie BTOPOrO.

PeayabraT MHOroxpaTHoro AudxpepeHuMpoBaHust GYHKUHM 1O pas-
JIMYHEIM TNepEMEHHLIM He 3aBHCHT OT OYEPEAHOCTH AH(bepeHUHpOBaHHSA
NpH  yCJOBHH, YTO BO3HHMKAIOLUIHE NpPH 9TOM «CMELIAHHbIE» WACTHLIE INpO-
M3BOJHbIE HENMPEPLIBHEL.

n pH M ep 7. Haiitn vacTheie. npouaso;mue 2:ro nopazma Q)yHKU.HH
z2= arctg =

<4 Hmeem (CM npuMep 5)

ox ~  x2}y? dy ~ x4’

Hudxpepenunpyem sTOpnuHO:
P2 0 .y \__ %y
ox? T ox\ X4yt (4 yH .
2z d ( -y )= (2 —29y_ y2—x?

%oy~ g\ T A N, O T
0% 9 x 1. (x’+y’)—2x X _ Y 352
oyox 6x(x’+y’) (12 y2)3 T (T2
(Mbl 3aech yGeIULHCL B TOM, Y4TO z—e o' _ o )
! 0x 0y 0y Oy Ox
_6’;2_2(':: )_ . 2xy >
o0 oy \P+y*)  FH

Haiitu wacTHpe npousBoanbie 1-ro ¥ 2-ro nOpsaKoB OT
33/laHHBIX (QYHKUHA:

7.55. z=x°+°—5x%°. 1.56. 2z =_xy+-;y‘-.
757, 2=—2L . 7.58. z=xe~.

Vx2+y’
7.59. z=°°sy 7.60. z=y~.

— 3 2 — s ___y___.
“7.61. z=In(x -|-y). 7.62. 2 arcsm‘ Ve

N S AN
163, u= s T84 (x) X
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7.65. u=xy*2*t*+3x—4y+2z2—t+41.

7.66. Hafitu f)’; (3: 2)) f'y (3o2)» I‘;x (3v 2)v f;y (3’ 2,’ f”yy(3v 2)’
ecan f(x, y)=xy+ xy*—2x+3y—1.

7.67. Hatin f,(1, 2, f,(1, 2, Fu(l 2, (1, 2),

x4yt

fr, (1, 2), ecau f(x, y) = S etdt.
azz 0%z
Oxay By ox

0% 0%z Y
7.69. TlokasaTtb, 4TO =—- 3% 0y — 3y 0% €C/IH Z=CO0S arccosX. ,

7.70. Haitu f7, (0, 1), ftxy(o 1), f;;/y(O 1), fyyy(o 1),
ecu [ (x, y) =e*.
7.71, Hafitu

7.68. Tloxasats, 4TO , ecan z=xsin (ax+by).

1
V=0 +t@—m
6
7.72. Haittu 5—?‘%7‘ , el u=x*siny -+ y*sinx:

U
m— y €CJIH U = In

7.73. Hafitu o Pauq y €CHH U= (X—X)” (Y —Y,)7.

B sapauax 7.74—7.77 npoBepuTb TeopeMy Oitnepa 06
OAHOPOIHBIX (DYHKLHAX.

774 z=x+xy—y*. 1.76. z=7%

Y
x+y+z

7.76. z=arctg%. 777, u=

7.78. Bruiuucautb
ox 0x or
8r op a0
8y dy 0y

ar ¢ 90 |°
0z 0z 0z
9r 9y 0
ecm x=rcosBcosg, y=rcosOsing, z=rsinb.
7.79. TlokasaTtbh, uTO (g—i)a-{—%—i—x—}—z-——o, eCIH 2=
=4e ¥+ (2x+4y—3) e v—x—1.
- . ou du ou 3 _
7.80. IlokasaTs, uyTO —0;+W +¥_'——x+y+z’ eClid U=
=In (x®+y* 4 z”—3xyz)
7.81. Ilokasatb, uTO ax + + 5 + T =0, ecin u—

X— t—x
T z—t + y—z '
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7.82. Tokasatb, yto QyHkuus u= A sinAxcosaht ynos-
JIETBOPSAET YPABHEHUIO Koaebanutl CmpyHol

0%u 0%

-a-t—z'—a W'
- 7.83. Ilokasath, uTO- PyHKLHSA u—me yIOB
JIETBOPSIET YPABHEHUIO MENAONPOBOOHOCHILL

ou  , 0%

=V a3

1
V (x—a) +y—b)*+(e—0)?

7.84. Tlokasath, 4TO QYHKUHSA U =

YIOBJIETBOPSET ypasreruro Jlaniaca

0%u d%u 0
o tar Tt =0

.

7.85%, Tlokasarth, 4ro yHKUM

f(x’ y)=(;2—x:—!;-2, eCJIH x2+y2¢=0’
i 0, et x=y=0,

MMeeT 4YaCTHble NPOM3BOAHBIE [y (x,y) M [, (X, y) B TOuKe
(0, 0), xoTa M paspbiBHa B 3TOH TOUKe.

7.86*. [lokasaTtb, yTO AAfA (YHKUHH

xa_yz 2 2
f(x,y)={xym’ ecan x*+4y%5=0,
0, eciH  x=y=0,

3HaueHHe BTOPOIl CMellaHHOH mnpoussoaHoit B Touke (0, 0)
3aBHCHT OT TOpsAAKAa JAHpdepeHUHPOBaHHS, 4 HMEHHO:
fxy(o’ 0)=—-—l, Zm(o’ 0)'—._1'

4. NunddepeHunan ¢yHkunn H ero npumeHeHue. [Toanvim npupaiye-
Huem OYUKUHH u=f (X1, X9, ..., X;) B TO4Ke P (x1, X3, ..., X,), COOT-
BETCTBYIOILMM MpHpalleHnsM apryMeHtoB Axy, Ax,, ..., Ax,, Ha3wBaetcs
PasnoCTDb

Au=Ff (x4 Bxg, Xo-l-Axgy ovvy Xyt-Brg)—F (K1, Xy «-e %)

Oynkuus u={ (P) nasuiBaerca Ougpepenyupyemold B TOUKE (X1, Xa, ...
v+, Xp), €CJM BCIOAY B HEKOTODOH OKpPEeCTHOCTH 3TON TOYKH MOJIHOE
npupaulenie GyHKUHH MOXeT GbITb NpeACTaBJeHO B BHJe

Au=A; Ay As Ay 4. A, Axf,+o(p),

rue p=V A’xf-l—Axg-}-... +Ax2, A, Ag ..., A,—uncaa, He 3aBHCs-
uiMe ot Axy, Axg, ..., Ax,.

Auppepernyuarom du 1-20 nopadka GyHKUHH u=f (X1, X3, «,., X,)
B TOuKe (Xj, X3, ..., X,) Ha3bIBAETCH IVIaBHasl YacTb MOJHOTO MpHpaile-
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HUs 3T0H QYHKUMH B paccCMaTpHBacMOH TOYKe, JHHeHHAsT OTHOCHTENbHO
Axy, Axyy oo., Axp, T. 8

du=A1Ax,-|—A Axg+ ...+ A, Axp.

Jluddepennuanbl He3aBHCHMbIX NEPEMEHHBIX [0 CHNpENe]eHHIO MpPHHH-
MaloTCS paBHBIMYM KX TPHpALLEEHSM:

dx;=Axi, dxy=Axs, «.., dx,=Axy.
IOns puddepennnana ¢dyukuun @==f (xy, Xs, «+e; Xp) CIpaBeNIHBA ¢op-
MyJa

ou
du---a—- dxy +ax dx,+ +‘a—- dx,, (1)

OYHKUHH #, U HECKOJbKHX MEePEMEHHLIX MOAYHHAIOTCA OOLIYHLIM
npaeujaM AxMddepeHHpOBaHHA:
d(u+v)=du-tdv,
d(uv)=vdu-udo,

d(_u_)_____ vdu—zudv’
v v

[Tpumep 8. Halith nonnoe mpupamenne n aucddepenunan ¢yHk-
uun f (x, y)=x2% B TOouke (x, Y).

< f(x+Ax, y+Ay) = (x--Ax)? (y+Ay),
Al (x, 9) = (x+4x) (y+Ay) —x*y =
=2xy Ax -4 x2 Ay-+2x Ax Ay +y Ax? 4 Ax% Ay,
Cdf (x, y) =2xy Ax4-x2 Ay, B

[Mpumep 9. ‘Hafitu nuqmepenunan YHKIHI

R 2z
X, Yy 2)=———.
T D= yarR
4 1-% cnoco6. Hwmeem
of xz of yz of 1

— — e — e

T @) W ey 0 Vate

ITo dopmyane (1) mosyuaem

.

xz yz 1 _
A A= e T Y
= (P+y?) dz—2z(xdxtydy)

(x2+y%)*/2
2-#t cnoco®. anMEHHﬂ npasusia nuqncbepeﬂuuponaﬂuﬂ, HMeeM:

df (x, y, 2= sz—l-y“‘ dz—z.d Vx2+y2

.

x4y
; '_ad ., xdx+4ydy
SRS = Y LY T
FE (g2
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-[Ipu JAOCTAaTOYHO Manom VAx1+Ax2—|-...+Ax,, s audde-
peHUBpYyeMOil GYHKUHH u = f(xl, Xgy ++e5 Xp) HMEIOT MECTO NPHGJIHMKEH-
HHI€ paBeHCTBa

Au =~ du,

[ xi+Axi, xa4-Axy; ooo5 Xp+Axy) =
= f (*i, %q, cees Xn) - df (xi; %25 ooy xa)
Mpumep 10. Bruncants npHOIHKEHHO
V @057+ @3,07)%.
<4 Hckomoe uncao Gynem paccMaTpHBaTh KaK  3HaueHHe (YHKUHUH

Fx, ) =V xF 2 nmpn x=xo-+Ax, y=yo-t+Ay, et xp=4, yo=3
Ax=0,05, Ay=0,07. Hmeem: - .

[@, )=V PEE3=5
A (e ) 5 df (e, ) = 2LV

VETa

'4.0,054+3-0,07 -
——“5_—— ~ 0,08-

Af 4,3) ~
CreoBaTeNIbHO,
¥V 4,052+ (3,07)% ~ 540,08=5,08. »

Jugpepenyuaron 2-20 nopsdka d®u OYHKUHH, U= f (Xi, X3, ++., Xp)
HaswBaeTcs Au¢pepenunan or ee Auddepenunana 1-ro nopsika, pac-
cMaTpHBaeMoro Kak dyunxuus TIEPEMEHHLIX X{, X3y +++, Xp IPH dmx{cupo-
Ba.lmux 3HayeHnsx dxy, dxs, ..., dx,:

diu=d (du).
Ananoruuso onpeAen}aeTca Anddepenunan 3-ro nopsaKas
dPu=d (d%).
. dmy=d (dm-1u).

Huddepennnan m-ro nopsaka oGynKUHH u4=f (X1, %3, +..y Xa), rze
Xy Xgy «ovy x,,—nesasncuuue fiepeMeHnbe, BhpaXaercs CHMBOJ]H'!&CKOH

(popmy.noﬂ

Boo6uie,

d"'.“=(327 dxl-l-a—x-dx,—l-...—l——— dx,,)mu, 2

KoTopast q)opuanbuo pacKkpbiBaeTcss N0 GHHOMHAJILHOMY 3aKOHY.
Hanpumep, B ciyuae ¢yHrunn z2=f(x, y) ABYX He3aBHCHMBIX Nepe-
MEHHBIX X H y AAsa Auddepennnanos 2-ro v 3-ro NOPSAKOB CHpaBEAJIUBLI

dopmy bl

0%2
dz_a-— dx® +20x6 d,vcdy-}-a 5 )
62 s 0%2 ‘ Pz, o
d32_- 5 dx +36 26 dx? dy—}—Sa 3y 5 dx dy? +0_y@dy R @

ﬂpuMep 11. Haiitn d?2, ecnn z=e*Y.
« Hmeem (mo npaBuaaM audxpepeHMpPoBaHHs)

dz=e%y.d (xy) =e*Y (y dx -+ x dy).
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JuddepennnpyeM BTOPHYHO, YYWTHIBAsl, UTO dx ¥ dy He SaBHCAT O X
H y (1. e. cyHTas dx ¥ dy NOCTOSHHBIMH):

d*z=e*y d (xy) (y dx—+x dy) +ex.d (y dx—+x dy) =
=e%Y (y dx+ x dy)® 4-e*¥¥2dx dy=e*y ((y dx-+-x dy)2+2 dx dy). »

7.87. Ha#itn mnonuoe mnpupawenne H audxpepenunan
(yHKIMHE 2 = x*—xy -+ y?, ecan x - u3Mensercss or 2 po. 2,1,
a y—or 1 go 1,2.

7.88. Haittu nosnxoe npupaiwenne u anddepenunan ¢yHx-
uHH 2 =lg(x*+y?*), ecau x namensercsa or 2 go 2,1, a y--
or 1 no 0,9.

Haiitu anddepenunanst pynkumis -
7.89. z—ln(y-}-l/x?—}-f) 7.90. z—tg—

7.91, z—ln(.osj. 7.92, u=(xy)*.
7.93. [(x1) X5 Xqy Xg) = X755 In x,.
7.94. Haiiru df (1, 2, 1), ecn f(x, y, 2)=

BuiuncanTh npu6aHIKEHHO:

7.95. (2,01)%03, 7.96. }/ (1, 02)3—1—(1 97)3. -

7.97. sin 28°-cos 61°.

7.98. LluauuApHYeCKHil CTakal HMeEET BHYTDEHHHE . pa3Me-
pul: paauyc ocHoBaHH R=2,5wm, Bbicory H=4 M u TON-
wuHy creHok /=1 am. Halitu npuGankenHo oGbem Mare-
pHana, 3aTPaueHHOTO Ha HM3rOTOBJIEHHE CTaKaHa.

7.99. I1psAMOYroJbHBIA Napanjienenunel HMeeT H3MepPeHHs:
a=2M, b=3M, ¢=6mM. Hailltu npuGnmkenHo BeJHUHHY
M3MEHeHNs AJMHBl JHaroHa/lH napaJjenenunena, eciu a yse-
JauunTcd Ha 2¢cM, b—Ha lcM, a ¢ yMeHbluHTCA Ha 3 cM.

7.100. B yceuennoM KoHyce paauychl ocHoBaHH# R == 20 cm,
r=10cm, Boicora h=30 cm. Kak NPHOJIHKEHHO H3MEHHTCS
o6beM KOHyca, ecld R yBelnuuTb Ha 2 MM, r—Ha 3 MM H
h ymeHbWIHTL Ha 1 MM? -

Haiitn ,uuq)qJepeHuuaJlu l-ro u 2-ro- mopsaAKoB cuepyio-

mux GyHKUMA (¥, y, Z— He3aBHCHMEIE NCPEMEHHble):

7001 z=x"+3x%—y. 7.102. z=~—2,

Y
Vo Lou _ Yy
7.103. 2= sz—l-?xy.- 7-]04. Z—m
7.105. z=(x4y)ev. 7.106. z=xIn L,

2
Ay’

7.107. z$arctgﬁ;. 7.108. u=xy-+yz+2x.
7.109, u=ev2,
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7.110. Haiitu d?z, ecan z=esin x.

7.111, Ha#ity d®u, ecam u=x®4-y® 4 28— 3xyz.
7.112, Haiitu d°u, ecin u=In(x+y- 2).
7.113. Hafitu d™u, ecnu w=e®*tby+cz,

§ 2. MuddepeHUHpPOBAHHE CIOKHBIX ¥ HesABHBIX (yHKUHI
1. CrhoxHble HYyHKIUH ORHOA M  HECKONbKMX HE3aBHCHMbBIX nepemeH-
Hoix. Ecau u-—f(xl,xg',. s Xp) —AnddepeHUHpYeMan  (PYHKIHA Mmepe-

MEHHBIX X1, X2, +.+, X, KOTOPbl€ CaMH fBJAIOTCA nuq)q:epeuuupyemumu
QYHKUHAMH He3aBHCHMOH NepemeRHOi ¢:

=@ (1), x3=q5(8), +.0y Xp=0, (1),

10 NMPOH3BOAHAA CI0XKHOH QyHKUMH u={f (@ ({), (pz 1)y voeyr Pu () BH-
aHesAeTes Mo (opmyJie

du__ Ou dx, dx, Ou dx,

7l = ox; +0x @t tetan M
B uwactHoCcTH, ecan ¢ coBnajaer, HanpHmep, ¢ IepeMeHHOH Xy, TO «mOM:
Hasg» npousBoAHad ¢yHKUMH { 1O X; paBHa

du  Ou dx, ou dx,
dx; 6x,+0x, dx,+ +6x,, dx; ' @

[Mpumep 1. Hai‘xru t’ ecan u=xyz, rie x=1(24-1, y=Int,.

=tg L.
<4 Ilo dopmyne (l) uMeeM

du =yz.-2{+xz —+xy esec? { =
=2t |n“gt+w+(lz+l)ln!secﬁt >
. . 0z dz _ _
anMelp 2. Haiitn 5% g e 2=y*, rie y=¢ (x).
<4 HMwmeem g—;=y" Iny. Tlo /(popmyne (2) nonyunm

gi——:y" In g4 xy= =1’ (). ®

nyCTb u_f (xlv Xoy sooy xn)' l'ﬂ,e xl_(Pl (tl! 121 sy m)’ Xg =
= @y (f1, P S Y "n—(Pn( Bla e lpn) (B by, .. sy ! —He3a-
BHCHMbIE nepemeﬂﬂble) Yacthtie npouaaomlble q)yuxunn u no tl, Iy,
R BBIPAXKAIOTCA CEAYOIHM 06pa3om:

cee

ou _ Ou axl ‘0w 0x2 ou ax,,

611 6x1 atl +6x2 6!1 + +0x,, 0tl

ou Ou 6x1 ‘ou ax, ou  Ox,

Fre ax. at, +0x2 3, T +$,‘, 30 3
au Ou axl Bx, 6x,.

of, 0% + 6x, + + dx,, ‘ot ,
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[Tpn stom BLIpaXKeHHe (1) u3 § 1 nas anddepenunana 1-ro nopsixa
coxpaHsier cBoii BUA (ceodcmso unsapuanmrocmu gopmbi nepsoeco dughgpe-
peryuanq)

3] 0
du a;‘ dx1+ dxyt .. +a“

Bripaxenns zia LuddepeHIHaNoB BLICIIMX NOPSAKOB CI0XKHOA (yHK-
unH, Boobule rOEOps, OTJIHYAIOTCS OT BhIpaXceHus BHAa (2) u3 § 1.
Hanpumep, anddepenunan 2-ro nopsika Bbipaxaercss ¢opmyJoi

Y R L L
L= o "“"ax,_"z T gy, P
ou ., U o Ou ,
+a—ldx1+a;dxz+-n+mdxn- @

Npumep 3. Haittu dz u d?2, ecan z=f(u,0), Tre u=(x*—y?%/2,
U= xy.
4 Vmeem dz=f, dut[,dv, rne du=xdx—ydy, dv=y dx-+xdy. Cre-
LOBaTeJIbHO, :

dz=[/-(x dx—y dy) [, (y dx+ x dy) = (ef;, 4 y1) dx+(xf,,— of;) dy-
JupdepennupyeM BTOPHYHO: '
@2 =d (f;)-du+f}+d (du) +d (f) do-+[d (de) =
=(f, dut[; -dv) du~-f»d®u--(f;  dud-f,, dv) dv-f+d%,
rae d?u= d;c2 —dy?, d%=2dxdy. CnenoBaTteabHo,

diz=(f;, (xdx—ydy) [, (y dx+xdy)) (x dx—y dy) +
+F, (dx2 —dy®) + (f,, (x dx—y dy) - F;, (y dx+x dy)) (y dx+ x dy) -
A fy-2ds y=f,, (xdx—y dy)*+f,, (v dx+x dy) (x dx—y dy)
-+ (dxt—dy?) -, (x dx—y dy) (y dx+x dy) -+, , (y dx 4 x dy)*+
+2f;, dx dy=F;,, (x* dx®—2xy dx dy-+y? dy?) +2f, (xy (dx*—dy?) +
+ (2 —y?) dx dy) T, (* dx®+2xy dx dy - x* dy®) - f,, (dx®—dy®) +
+2f dx dy= (2 - 220+ 42,4 F) dxt -
N A2 (yf - 2 —y?) Fry— 2yl 1) dx dy+-
+ WP, — 2x9f - 22, —F,) dy2. B

7.114, Haiitu i

7.115, Haiitn %, et z=xY, re x=In{, y=sint.

92 ocnn 2= €Y, rre X = tg t, y=12—t.

7.116. Haiitu g—tz, ec/u z=arctg%—, rie x=e+1, y=
= e2t—1. ’ I
7.117. Ha#fitu Z—i;, ecJH u——-%, rae x=¢et, y=Int, z=
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9z ' dz

7.118. Haittn 5o n -, ecH z=In(E*+e¢), rre Y =
=—;—x“+x.

7.119. Haiitn g—z z—z. ecau z=arctg’ﬂ,rne y=e+D?,

. 0z 0z . Y

7.120. Haiizu 5 o %’ eCin z=1u lnv, rie u=-<-,v=

= x4yt ‘
7.121, Haiitu dz, ecau z=u’v—v’u, rie-u=xsiny, v=
= y COS X.

7.122. Haittn =
=x*—3y.

7.123. Haiitu g—i- H g—;, ecan z = f (4, v), rae u = In (x*—y?),
v=xy’. .

" 7.124, Ha#tu dz, ecnu z=f (4, v), The u=cos (xy);, v=

=X —Ty.

7.125. Hatitu dz, ecan z—--:f(u.‘t_)), ‘T8 u=sin-:-, V==
=V xly.

7.126. Hafitu du, ecmn u=f(x, y, 2), rae x—s’—{—t’
y=st—ts, z—2st

7.127. Haﬁm L on a’z‘ , €CIH U= f(xl. Xar Xg1' x4) rie
xa'— g (X1 x,), x4—h (%10 %4 X3).

7.128. TlokasaTsb, qTo GyHKUHSA z-y - ¢ (cos (x—y)) yJJ.on-

0z z
JIETBOPSIET YpaBHEHHIO —-+ W=7

az 0z

Fra 2=f(u, v), raeu= % y U=

x+y

7.129. Ilokasatb, ‘uto cpyﬁxum 2 =xf (-%—) —x—yt
YAOBJIETBOPAET YpPaBHEHHIO X g-; + yg—; =z—x?—yt.

7.130. HoxasaTb, 4To (PyHKIUS z=?-(x—',y_—y-2-) yIOBJIET-
BOPSIET YPAaBHEHHIO — gi—[-%g—;:-;;_.
7 131. Tlokasatb, yto pyHKUUSA u==l—2x‘——x8 (y+z)+

+5 xzyz +f (y——x, 2 —-x) ynonneTBopﬂeT ypaBHeHmo
a -I— E + 5 = xyz.
: o 02z %2 0%
7.132. Haifitu 3T axoy’ o CCH Z= f(u, v), roe u=
= XY, U=X/Yy.
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o 62 N
7.133. Haiitn 5;—%‘!-/, ecnn u=f(x, y,z), rae z=9¢ (x, Y).

7.134. Haiitu Bce wacTHbie NpoM3BOAHHIE 2-TO HOpSAAKA
oT QyHKUMH u = [ (x, xy, xyz).
7.135. Iloka3atb, uto QYHKIHSA U= x¢ (X + y) + yP (x+ ¥)
: 02 2

. 0%u 1 1
YIOBJIETBOPSIET ypaBHEHHIO -67——2 oy 4+ = 0.

7.136. Tlokasatb, uto QyHKUMS U= @ (xy) -+ (-;-) yI0B-
JIETBOPSET YypaBHEHHIO
0%u 0% , -0u du
22 T g2 Tl e ] e —
. Y gt i g—y5=0

-7.137. Haiitu d%u, ecan u=f (1), rae { = x4 y2+ 22

7.138. Haiiru Ni2u, ecan u = f (ax, by, c2).

7.139. Haiitu d%z, ecn z=f(u, v), rae u=xsiny, v=
= |/ COS X.

2. HenBuble GyHKUHH ONHOH M HeCKONbKHX He3aBMCHMBIX TNepemeH-
Beix.. ITycts ypaBHenne f (x, y) =0, rae f—nudpepennnpyemas ¢pyHKuus
nepeMeHHBIX X H Y, onpefesieT y Kak ¢yHKuuio x. [Tepsasi npoussoaHas
3TO} HeaBHOM (YHKUMM y=y () B TOuKe X, Bbipaxkaercs no gopmyJe

dy — Fx (%» Yo) ©)
% lx=x, f!; (%0» Yo)

NpH . yCJIOBHH, 4TO f; (x01 40) # 0, 1€ Yo=1y (xo), [ (x0, Yo) =0.
TMponsBoaHble . BLICIIHX TOPAAKOB BHYMCAAIOTCH MOCAEA0BATENbHBIM
JuddepeHnuposaineM gopmyasl (5).
dy d%

Mpumep 4. Hamud—x n 3, e

1+xy—In ¥y e-*y)=0.
<4 OGosnuaunm NeBYI0 4aCTb JAHHOTO ypaBHeHus uepe3 f(x, y). Torma
o Y —yem*Y  2yer*y
fy x 9) =y~ Xy Le=Xxy T XY | =%y’
f _ xeXy—xe=*y _ 2xe=*y
WO =X Sy T ay T e

!

ITo ¢opmyae (5) nonyuaem

Iuddepennnpyem BTOPHYHO, YYHTHBAsl, YTO y €CThb (GYHKLHA ¥

4y _ Y A
d2y d( y) W x(_ x) 2y ’
=— —— | == = =x-—a,

ax? ™ dx x X2 %2
IMycts ypaBuenue F (xy, Xg, .+ ., Xy, #)=0, rne F—auddepeHuupye-
Mas QYHKUHS NEPeMeHHBIX X1, X3, ..., Xy, U, ONpejeNsieT 4 Kak QyHK-

\
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[MI0 HE3aBHCHMBIX M€peMeHHBIX Xp, X3, ..., X;.. JaCTHHe J]pouanonuue

. 0 (1]
5TOA_HeABHOH QYHKUHM U =u (X1, X3, ..., x,) 8 Touke M?° (xl,xz, Ceey x,,)
BBIYHCAAIOTCA N0 (opmyaam

L 9 0 0
ou ka (xhxz, ooy Xny uo)
e =— = P (k=1,2, ..., n) ®)
KelM=M  Fy (xl, xp -0 %, 09)
npn ycnosuu, uto Fy (x], %9, «.., %0, 4% #0, rre w=u(M% u
F (M°, 4% =0.-

MoOXHO TakXe HaiiTH yacTHble NPOU3BOAHLIE QYHKUMH U CJEAYIOUIHM
06pa30M: BEIYHCJIsIEM NOJIHBIIH p,uMJepeHuHan dyHKUHN F (X1, X3, ...y Xp, W),
[IPHPaBHHBAeM €ro HyJio:

oF oF

Ed"l“'a_xad"*"' '{"—d "+6

¥ BbIpaXkaeM orciofa du.

L., 0z 0z
IIpumep 5. Hanma}u@-

x84-2484-28—3xyz—2y+3=0.

4 1 cnmoco6. OGo3HauuM JieBYI0 4acTh JAHHOTO YPaBHEHHS yepe3
F(x, y, 2. Torna

» €CJIH

Fy (%, y, 2) =3x2—3y2,
Fy(x, y, 2)=6y*—3x2—2,
Fa(x, y, 2)=322—3xy.

~

Io dopmysam (6) momyuaem:

_01 Fx * 9 2 3x8—3yz  x1—yz
ox pz (% v, z) T3 " 3ky wy— 22’

ﬁ Fy * v, z) _ y?—3xz2—2 _6y’—3x3_2
% oty 2) 32“‘-—?»xy 3 (xy—29)

2-i cnoco6. OuipdepeHunpyeM AaHHOE ypaBHEHHE:
3x* dx+-6y® dy + 32% dz—3yz dx—3xz dy — 3xydz—2dy =0.
Orciofa Beipaxkaem dz:
3 (x® —y2) dx - (62— 3x2—2) dy
3 (xy—27)

CpaBHHBasi-C duopmy.noﬁ dz=5; d:c-l-a—z dy, .nonyvaem
0z x*—yz 0z 6y —3x2—2
ox  xy—z2' 0y 3(xy—2% >

7.140. Haiitu Z—fz , €CHH X% — %t =0,

350



dy

" 7.141. Haiitn ecan ysinx—cos (x—y) =0.

E;)
. dy d% ) -
7.142, Haiitu I Gt e X+y=e*y.

7.143. Hatirn %, 2% econ x—y+arctg y=0.

dx’ - dx®?
: o dy d% . dYy
7.144. Hafitu Ix N w 3 , €CJIH
K x=1 x=1 X=1
Cly=1 y=1 y=1
X4 2xy+y*—4x+2y—2=0.
o 0 9z
7.145. Halitn == u a—; B Touke (1, —2, 2), ecam
2—4xz4-y*—4=0.
0z 0z Xy __
7.146. Haittu ox M 5y 0 ecm zln(x—l—z)—-z—‘—o.
7.147. Haiitu % " %; , ecaut F (x-+y-+2, x*+y2+2%)=0.
o 0 0
7.148. Haiitu 'a_,:‘ u a—yz’ ecan f(yz, e¥?)=0.

7.149. Haiitu dz, ecnn yz = arctg (x2).
7.150. Haiitu dz, ecnn xz—e¥ + x* -+ y* =0.
o 0z 0z 0%2
‘ 7.151. Ha#tu S 3y axay’ &M x2—2y’—|—22—4x.+
3 22—5=0. . » .
. 0%z 0%z 0%2
7.152. Haiitn sz' ' %oy’ g’ eCld X+ Y+ 2z =¢€-%.

“ x? A
7.153. Haiitu d%z, ecau EZ"I'%'%'—F: 1.

7.154. Tlokasatb, uTo (PyHKLHUfA 2z, oNpelesisieMasi ypaBHe-
HueM ¢ (cx—az, cy—bz)=0, rage ¢—npousBoJbHas U~
¢epeHLpyeMast GYHKUHS ABYX NepeMeHHBIX, YIOBJIETBOPSET
ypaBHEHHIO

02 02
a-(:’;'+bw=c.

7.155. llokasath, uTo GyHKUMA 2, ONpefiesiseMast ypaBHe-
. — 2
HHeM (x—acosa) -+ (y—asina)?= ( zm a , TIe a, a, m—

NOCTOSIHHBIE, YHOBJICTBOPSIET YpaBHEHHIO

(#)+(3) -
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7.156. Ilokasarh, 4yTo ¢yHKUMS 2, OnpejesnseMas ypas-
HesueM y=X@ (2) -+ (2), yAOBJETBOPSET YpaBHEHHIO

0%z [ 0z \? 0z 0z 0% 0% [ 0z )z_
W(?y‘) —2 5 3wy T o (6x =0.

3, CHCTeMB HesiBHBIX M napaMeTpHyeckd -3ajaHasix ¢yHkuufi. Orpa-
HHTUMOs pacCMOTpeHneM QYHKIKM ABYX HE3aBHCHMEIX NepeMeHHLIX, [lycts
eneTeMa JBYX ypaBHeHHH

F (% 4y u; 0)=0
G(’:i !;i u‘;'v)=0, @

MMeeT pelleHHe X ==X;; § =Yo; L =1Uy U U=0,, npuuem ¢yHkuuu F u G
HMEIOT B OKPECTHOCTH TOYKH Pg (Xg, Yoi Uos Vo) HENMpepLIBHbIE YaCTHHIE
IIPOMSBOJIHEIE IIepPBOrO NMOPHAAKA; M AKOOHAH

oF  OF
D(F,G_|u v
D v | 96 G

ou dv

oTHueH OT Hyas B Touke P,. Toraa B HeKOTOpO# OKPECTHOCTH TOUKH Py,
cucrema (7) ompeliesisieT eIMHCTBEHHYIO CHCTEMY HeNpEpLIBHHIX (yHKUHH

u(x, y) u v(x, y), MMeOMHUX HENpepLIBHbLIE YaCTHbIE MPOH3BOAHbBIE M
YAOBJIETBOPAIOUIUX YCJIOBHSAM

U (Xo5 Yo) =Hos U (%05 Yo) =1p.
Huddepennuanst stux ¢yHkuut du u dv (a SHaUMT; H YacCTHble PO-
H3BOJHbIE) MOXHO Hai‘rm H3 CHCTEeMbl ypaBHeHHM
oF oF oF aF
0G oG oG aG
Mpumep 6. OyHkuuM 4 M U HESABUCHMbIX MEPEMEHHBIX X M Y
8aJlaHbl- HEIBHO CHCTEMOW ypaBHEHHH
utv=x, u—yv=0,
Halta du, dv, d®u, d%o.

DF, G |1 1

« SlKoGuan CHCTeMb-I. D@ |1 _y|=—y--l OTJIHYEH OT HYJS

npu y #—1. IubdepeHnupoBaHueM HaXOZHM JBa ypaBHEHHS, CBS3bI-
paomue AupdepenHnHass BceX YeTbIpeX MepeMeHHLIX:

du+-dv=drx, du—ydv—vdy=0,
Pewas sty cucreMy oTHOCHTeNBHO du ¥ du MpH y# —1; moAyuuM

ydx+vdy
. du = - , dv=
14y

dx—vdy
I+y °
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AnddepeHurpyemM NoBTOPHO:
_(dxdy+dody) (1+y)—dy (ydx+-vdy)

(l+y)‘ .
d
=(dxd y+ 1+"y Yag) 09—ty wartoa)
(1+9)? -
(l+y) dx dy-+dx dy —v dy?*—y dx dy—v dy* 2 (dx dy—v dy?)
T+ R
dgv_—dvdy(l+t/)—dt/(d)f—vdy) '
(I+2*
d d
——-—x]——_i_vy—ydy(l—i—y)—dxdy—l—vdy?_
o U492 -
__—dxdytvdy—dxdy4-ovdy®  2(vdy*—dx dy) o
= o T

Ilyctb GyHKIHS 2z He3aBUCHMBIX [IepeMEHHLIX X M y 3ajaHa mapa-
METPHYECKH YyPaBHEHHSAMHU

x=x(u, V), y=y(u, v), 2=2(u, v)

ox Ox
D(x,y) |0u 0v
D(u,v) | dy dy #0
du ov

B OKPECTHOCTH TOuKH P (ig; tp). Torna nuddepenunan dz Stofi GyHKUMHM
(a snayut, M ee 4acTHble MPOM3BOLHbIE) B OKPECTHOCTH TOUKH P moxHo
HaliTH M3 CHCTeMbl ypaBHeHuil

dx=Q du —{-%)f dv,
dt/-—gyd -L- o,

- dz=wdu-|—?u—dv.

. 0z 0z .
[Tpumep 7. Haittu o Ll ecsn

x=ucosv, y=usinv, z=cv.

4V neem

Dix, 9 Y jcosy —usinv

D, v) |sinv u&:osv—:'u#0 mpg 4 0.

Ilnqxpepenunponaﬂueu Haxonum TpH ypaBHeHmt, cBf3bIBalOUIMe u.uq)cbe
PeHLHA/bl BCEX [ATH MEpEMEHHDIX:
dx=cosvdu—u sin v dv, dy=sinv du+u cosvdy,” dz=cdv.

12 Hon pea. A. B. Edumosa; B, IT. Hemunonuya: 353



H3 nepsuix aByXx ypaBHeHuil Halisem dv:

cosvdy—sinv dx
m .

dv=

[ToncraBuM HaliieHHOe SHayeHHe du B TpeThbe YPaBHEHHe!

, dz=% (cosvdy—sinvdx).’
Orcroza
0z csinv 0z __ccosv

ox u ' oy u

7.157. dJyHKunu Y W z He3aBUCHMOH mNepeMEHHOH X 3a-

IaHBl cHCTeMON ypaBHeHHH
Txat4y?—3z=—1, 4x*42y*—322=0.

dy dz dy  d%
de’ Tdx ' dx® ' Tdx? )

7.158. dyHKIUK y U z He3aBUCHMOH IepeMeHHOH x 8a-
IaHbl CHCTEMOH YypaBHeHHH

X+ yP—22=0, x*424*+32°=1.

Haiitu dy, dz, d¥y, d’z.
7.159. OYHRKUIMN 4 ¥ U HE3aBUCHMBLIX TIepEMEHHHIX X H Y
3aJlaHbl HEAABHO CHCTeMOH YpaBHeHHi
xuty=1, x+y+utv=0
Haiitu du, dv, d*u, d*.
ou
7.160. I[lokasaTp, 4TO X—— ax +y ay .—l-z = 0,
uw=3x—2y-+2, v*=x24y*4 2%
o 0z 0z
7.161, Haiitu o 1 5y eom x=u+tv, y=u—uv,
z2=u%?’
7.162. Haiimn -2
=bsinuchv, z=cshuo.
7.163. Hafitn dz, ecain x=e?cosv, y=e?sinv, z=uv.

7.164, Haitu dz, ecan x—-u+v, y=ur4+v?, z=ut+41*
(u=0).

4. 3ameHa nepemenHbIX B IMddepenunatbHbX Bhpaxenuax., Yacro
B nudpepeHnHaibHEX BHIPaXEHHAX BXOJSUIME B HUX NPOH3BOAHEIE MO
OLHUM NepeMeNHbM HEOGXOIHMO BHIPa3HTh Yepe3 MPOH3BOAHLIE IO HOBLIM
nepeMenHbIM.

MMpumep 8. ﬂpeoﬁpasosan. ypaBHeHHe

dy 2o,

Haiitu npu x=1, y=,—-2,'z-=.2.

€CJIH

0z . _ h
H 5y €CH x=acosucho, y=

(l-—x’)———x

nonaras x=cos i,
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« BblpasuM mpousBojHbE OT y HO X 4epe3 NMPOH3BOAHbIE OT y MO f:

4 dy
dy_at _

dx~ dx —sint’

dt
d (dy adxy dy
&y dy\ _ ¥ (d—x)_—s‘"" ar TSt g
dx? dx dx) =" dx sin? {-(— sin t) -
dt

__ 1 d% cost dy
T sin? ¢ df? sindt dt

TMogcTaBuM MOJYyYeHHbE BLIPAXKEHHs MPOM3BOLHLIX B JAaHHOE YypaB-
HeHHe M 3aMeHMM X Ha cos {:

2 1 d%  cost dy) L.
(1—cos t)(sln2t°dt2 sin®f " df COS:( sin ¢ d‘) =

HJIH E—z—=0 » .
NMpumep 9. IlpeoGpasoBars ypaslenue

d2y dy\* _
ot (a) =90,

npUHAB x 32 QYHKIHIO, A Yy 33 apryMeHt.
4 BnipasuM mpou3ssoiHbie OT y MO x 4Uepe3 MPOHSBOAHBIE OT X MO Y

dy 1 dy _ds 1 ds 1N, dy_
dx~ dx’ dr® —dx< > dy( dx> dx
dy dy dy '

d%x d2x
= 1 g

= - ‘Ez.i{ dxs'
dy dy dy

IToacTaBuM 3TH BLIpaXKeHHsi MPOU3BOAHLIX B JaHHOE YpaBHeHUe:

d?x
dy?

1
- dx)3 +2 - d_x)"‘
(d_y’ (dy

d2x dx
4% 9, % o,

=0,

HJIH

Mpumep 10, Iepeiith K MOJNAPHBIM KOOPAUHATAM B BbIPaXKEHHH
. ’
PN
Xy —y
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o Hmeem
x=rcos@; y=rsinQ;

dx=cos pdr—rsin@ dp; dy=sinqdr--rcos ¢dy,

oTKYyJa
dy _sin@dr+rcos ¢ do

T dx cosgdr—rsingde’

[MoacTaBhM, BHIpaXeHHs x, ys y' B A:

sin ¢ dr+ r cos ¢ do dr
reosp+rsin g - coupdr—-rslmpdq: do

A=
sin @ dr --r cos ¢ dg
reosge cos ¢ dr —r sin @ dg rsin @

Mpumep 1l. [lpeoGpasoBaTb ypaBHeHHe

N 4

nepeiifis K HOBHIM HE3aBHCHMBIM TEPEMEHHBIM LM U; €CH U =Xy, v=.!.{. .
4 BripasuM uacTHbie MPOMSBOAHHIE OT 2 [0 X H Y Yepe3 HacTHle [poH3-

BOJAHKIE OT 2 NO U M U.
Hmeem

o, w1 o x
xS HTY W T/
To ¢opmynam (3) nonyumm

dz 9z Ou , Oz 00 az 0z 1
=%u 6x+6u ox y+73_v—'7’
0z ) ov

02 0 _ 0 ( 02 ou _
X o‘(—ax")"m a_x) ox "‘av ( ox ) ox—
022 1 1 1
f’(au’ +0uav )y+(6uav/+av‘°7)'7=
ep P2y g 0% L 0%
=Y .au’+ éuav_l-y’ ot
.02 0z du oz v 0z 0z x

oy~ oa 0_/+Ov_—'—u T A
Pz _ 8 (02 i 2\
=5 ()= (% ( 5) - (w )"?ﬂ*"‘?u—"y?)“
_ ?in au 0% %2  ou 032 ov 2
= (Ou’ toue o (’75 + 5 ay) 1+00 y3)

— ( 622 — 022 ( 022 aﬁz . _;_c-) +dz )__
ou? 6u ov y“ uow TR E ) T )T
aPe_ 20 o 4o 20

=T TR uw T F R P vt
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IMoacraBum HaliieHHbIE BbIpaXK€HHA NPOH3BOJAHBIX B JAHHOE YpaBHEHHE:

02z 0%z 1 0%
2 292 AL A2 P
x (y 3 lamt aw) . -
| gl 2 0 50h 20
y ou? Y% Oudv "yt 9t 4 v

IMocne ynpowenuit npu x # 0. u y % 0 moayuum

P _ 1o L ol
Oudv™ 2xyov’ Y Gudv duow ®

IMMpumep .12. I'Ipeoﬁpaac;BaTb ypaBHeHUe Y %—i— xg—;=(y—x) 2,

NPHHSB 32 HOBble ~ HE3aBHCHMBlE NepeMeHHLle BeJHYMHbl 4 =x2-|-y2,
1,1
v= _.|_.— M.3a HOBYIO OyHKuHIO w=Inz—(x-+}y).

> BupaanM yacTHEIE MPOM3BOAHLIE OT 2 MO X H Y uepe3 4acTHbIE IPOU3-
BOAHLIE OT w MO ¥ M u. s 3toro npoaudpepenuupyem MaHHbie COOT-
HOLUEHHS:

du=2 (x dx4-y dy),

- dx | dy .
w=—(F+3%)
dw=gz£——(dx—|—dy).

VYuntoisas dopmyay (1) § 1, umeem

dw ow dz

HJIH
de | dg\ d
2—(xdx+ydy)— (x+TZ>-=——:——(dx+dy),
OTKYJa

dz—-z((2xb——%%% ) (2y au. 'ylz 00+l)d'/)
=) g

Cnenoaarenbno,
oz ow 0w 1 ow
737—’(2" U ( rm ?’b?‘“)'

az az
[MoacTaBuM 3TH nupax(eﬂna % M % B AaHHOE YpaBHEHHE:

dw -1 0w ow 1 ow
yZ(2;\:%——?—674-1)—.\:2(2&—07'-—F-%-+l>=(y—x)2,

WU iw—=0. »
_ov
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7.165. Hpeo6paaoBaTb ypaBHeHne

dx2 + 2x3 y 0

noJjarasa x=1/1.
7.166. HpeoﬁpasosaTb ypaBHex-me

2x
dx2 + 12 dx_l_(l—l-x’)2

nosaras x=tgf.
7.167. Tlpeo6pasoBaTbh ypaBHeHHE.

- (a2 dy By dy [dy\:
((22) - (2) -0

NPHHSAB y 3a apryMeHT.
7.168. [lpeoGpaszoBaTh ypaBHeHHE

(' —y)* =2xy (1 4+4"),
nepefils K MOJIgpPHBIM KOOPAHHATAM.
7.169, [1peoGpasoBatb BbipakeHHe w-—xa + ya ' nepeias

K MONSIPHBIM KOODAHHATAaM.
7.170. TlpeoGpasoBaTh ypaBHeHHe

a
() FE—(x— ) E=0,

nepeiiis K HOBBLIM HE3aBMCHMBIM MEPEMEHHBIM U H v, €CJIH
u=1In Vx‘+y , v—-arctg—

7.171. Ilpeo6pasoBaTh ypaBHeHHe xa 3+ a‘:—;-—O ne-

pennﬂ K HOBLIM HE3aBHCHMbIM I]epeMeHHbIM Unv, eiu U=y,
U=ylx.

7.172. ITpec6pa3oBaTh BepaXkeHHe w == 3:, + ==

K TOJSIPHBIM KOOPAHHATaM.
7.173. [lpeo6pasoBatb BbIpaXeHHe

0% 1 0% 0%u 1 0u
=T += % 9% +oF 022 ++ r.or?

2

.

pepefils OT UHJIHHAPHYECKHX KOODAHHAT K CHEpHUECKHM
(r=psind, p=09, z==pcosB).
7.174. l'lpeo()pasonan ypaBHeHne

(o + 2) 241 ——J‘) —=x+yz,
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NpHHSIB 32 HOBBIE HE3aBHCHMble IMepeMeHHble Lt“"JZ—-)C,
U=Xxz—y U 32 HOBYIO (DYHKLHIO W=xy—2.
7.175. [lpeo6pasoBaTb ypaBHeHHe-
0z + I 0%z 1
oy ' 2 Yy oy~ x !
. . X
MPHHAB 33 HOBbIE HE3aBHCHMBIE MEPeMEHHLIe U=, V=X

H 32 HOBYIO QYHKLHIO W=x2—y.
7.176. TlpeoGpa3oBaTh ypaBHeHHE

Ox? +0x0y+ a—x= %
[IDUHAB 3a HOBLIE He3aBHUCHUMBIE UGPEMGHIIBIE U= ﬂ U=

X—
= 2”.14 32 HOBYIO DYHKLHIO W == zeY.

§ 3. MpuioxeHus 4YaCTHHIX NPOA3BOAHBIX

1. ®opmyna Teiinopa. Ecnu ¢pynkuua [ (P) Auddepenunpyema m--)
pas B Hekortopoli oxpectHocTH U (Pg) Touk: Py (%) .0 os Xa), T 1%
BCAKOA  TOUKH P(xy, vouy xp)EU (P.) cnopapenusys  GopMyaa
Tethnopa s

df (Po, Axq, ..., A @f (Py, Axy, ..oy

| P = (o Lo xte s Sl BT P My )
d”‘,(Po, Axy, ..., Axy; dm+l/([3' Axh . A'{'n’

et ml —+ mE D D

rae Axy=12{—X; +.sy DXy=x,—%n; 3 P—uekotopan Touka ykasan-
110#f OKPECTHOCTH. ’

B cnyuae, HanpuMmep, ¢yukunu f(x, §) IBYX NepeMenHuIXx x H u
dopmyaa Teitnopa B pdSBepHyTOM BliJle 32[THCHIBACTCA CJAENY OWHM 06pa3oM

f(x, !/)—f(io» v +g7 (f Xos o) (x—xo) +Fi (X0, 10) (W—v0)) +
+—2!- (Fex (x0, yo)(x—xo)2—|— 2fy (Xoy Yo) (x — x0) (Il—yq)-i-‘
" .1 S0 L
+ fyy (xo, !/n)v(l/—yo)z)-l- cee -I-;l"l'( (x—xo)5;+ (!/“!/o)a% )m, (x0, Yo)+
0 . 0 \m+1+ - 0
gy (6 50 et =0 552 F (ko B (x— x2), o+

[Mocnennee cnaraemoe B ¢opmyae (2) (ocmamocmoza 4AEH) MOXKHO
Kopoué 3anucaTb B BHJE

olp™), rae p=V (x— x>+ H— yo)*
(bopma [leano).

B uactHOM cayuae, npu xe—yo—O cbopmyna (2) nHasbiBaercs po >
Mynoh MakaopeHna.
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Mpumep 1. dynxunio f(x, y) =x3—5x2—xy+y? +10x+5y‘—4
pasnoxuts no dopmyae Teisopa B okpecTHocTH Touku (2, —1).
4 Umeem [(2,.—1)=2. BpuucauM NocJeLOBaTeNbHO YacTHble IPOHM3-

BOJHbIE AaHHOH (YHKUHH H WX 3HaueHus B Touke (2, —I1):
frr, ) =32—10x—y+10, fr@2 = =3
fole, v) =—x+2y+5, fu@ =1 =1
fex (x, y) =6x—10, f @ =1 =2
fry (x, ) =—1, fry @ —1) =—1
fou (x, 9) =2, fow @ —=1) =2;
Fxx (x, 4) =6, frex 2, —1)=6.

Bce nocneAyiomme npousBOAHbIE TOXAECTBEHHO paBHH Hymo. [lTo ¢op-
MyJe (2) nmonyuaeM MCKOMOE pasJIOMKeHne

[ 9)=24+3 =+ @+ D+ 06— ——2) ¢+ 1)+_’S.l/(+ 1)’)—[— >

MMpumep 2. Pasnoxure no dopmyne TeAnsopa B oxpecTHOCTH
touku (1, 1) mo unenos 2-ro nopsjka BKJIOYHTENbLHO Q)ynxumo

f(x, 9)=y*. )
4 Hmeem f(1, 1)=1. BniuucanM uacTHble NpOM3BOAHBIE 1-ro u 2-ro0
nopsjaKka Aannol (YHKIMH M HX SHauenns B Touke (I, 1): .
fx(x, ) =y*Iny, fe(t, 1) =0;
by (e, §) =xy*=1, ful, ) =1

-

frx (5, y)=y* In*y, Fax (1, )=0;

By =y~ (xlny+1),  fo(, D=1

f;y(x, Y=x@x—1)y*-2, ﬁy(l,’l)=0.
Mo ¢opmyse (2) nonyunm

fe, =14+@—D+&—1) —1) 40,

rae p=V (x—17+@— 1. »

7.177. Pasnoxutb f(x+h, y4 k) no ue.nbm NOJIOKHTENb-
HeM cTenenam h n k, ecan f(x, y)=xy.

7.178. Haiitu npupawenne, nostyuaemoe pynkunei f (x, y)==
z=— x2+ 2xy + 3y —6x— 2y —4, npu nepexose OT SHaueHHit
x=—2, y=1 K 3Hauennsm x,-——2+h Y= 14k

“7.079. ®ysrunio [ (x, y)=x*—2y*+ 3xy pasNOKHUTDb no
dopmyse Teinopa B OkpecTHocTH ToukM (2, 1).

7.180. Pasnoxutb f(x+h, y+k, 2+ 1) no nensm no-
JIOXHTENbHBIM cTenenaM h, k, I, ecan f(x, y, 2) =x*+ 242+
+3z’+xy 2yz 4 3x—y— 4z-|—l ,

7.181. Oyuxumio f (x, y, 2) = X0+ + 22— 2(xy+xz+yz)
plansnommb no ¢opmyse Teitopa B OKpPEeCTHOCTH TOUKH
( 2).

7.182. Paznoxute no ¢opmyne MakjaopeHa 10 ujeHOB
3-ro nopsaxa BKJIOYHTENbHO (PYHKUHMIO f (X, y)=eYcoSx.
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7.183. Pasnoxure no ¢opmyse "Makjopena xo tsieHoB
4-ro nopsaka BKJKOYHTENbHO .DyHKUMIO f (X, y)=sinxshy.

7.184. Paznoxuts no gopmyne Teitopa B oKpecTHOCTH
Toukn (1, 1) 10 4neHoB 3-ro nopsiika BKJIIOUMTENLHO (DyHK-
wnio f(x, y) =ylx. '

7.185. Pasnoxutb no gopmyse Teisiopa B okpecTHOCTH
touku (1, 1, 0) no u/jieHOB 2-r0 moOpsAKa BKJIOYHTEJNBHO
yHkunio f (¥, 4, 2)=In(xy+22). S

7.186. Pasnoxuts no ¢opmyne Teiiopa B okpectHocTH
touku (1, 1) K0 uneHOB 2-ro mMopsAAKa BKJIOYMTENbHO HEfB-
HYI0O QyHKLMIO 2 (X,'y), ONpenessieMylo ypaBHeHHeM 22 + Jyz—
—4x=0, eciiy z(1, 1)=1. o s

2. Ikcrpemym dpyskun, Oyukuns u=f (P) umeetr maxcumym (Munumym)
B Touke Py (x3, ..., x}), ecan cyuecTByer Takas OKPeCTHOCTb TOUKH P,,
LSSt BCeX TOY€K P (Xi, vy Xp) KOToBoﬁ, OTJIHYHBIX OT TOYKM Pgy; BHI-
nonHsAerca HepaBeHCTBO [ (Py) > f(P) (coorBerctBenno f(Pg) < f(P)).
MakCcHMYM HaIH MHHAMYM OYHKUMM BaSHIBAaeTCH €€ SKCHDeMYMOM.

"Heo6xoanmoe ycanosue skcrpemyma. Ecan duggepen-
yupyemas (ynkuns f(P) nocruraer skctpemyma B Touke Py, 10 B. 3TOM
TOUKe

f:‘k-(Pq):O AJS BCEX k=l_, 2, ceisly ®)

WIH df (Pgs Axg; vuey Axp) =0 TOXI€CTBEHHO OTHOCHTEJILHO
Axiy ooy Dy, ) 4
Toukn, B KOTOPHIX BHUOAHAIOTCH YcAoBMS (3), HA3LIBalOTCA crnayuo-
sapueimu Toukamu Gynkunn u=f (P).. Takum obpasom, ecnn Py—Touka
skcTpemyMa ¢ysknuu u=f (P), To 1m6o Py—craunonapnas Touka, nu6o
B 9TOM TouKe (yHKUHSA HeXupdepeHunpyema. [
HocTaTouHne yCJaAOBHSA 3KCTpEMyMa. Mycrs
Po(x8, ..., x%)—cTaunonaphan Touka QyHKumn u=/f(P), npuuem sr1a
$yBkuns nBaxab AkddepeninuipyeMa B HEKOTOPOM OKPECTHOCTH TOUKH Py
M BCE €€ BTOpble. u4aCTHble MNPOUSBOAHDIE  HENpEephBRL. B TOuke P,.
Torpa: . . o
. ]X ecan pTopoi auddepennnan du (Py, Axgy, ...5 Ak,) Kak ¢yHk-
unn Axy, ..., Ax, MMeeT NOCTOAHBHA SHaK ' MpPA BCEBOSMOKHEIX HaGopax
suavennit Axq, ...,/\Xp, He PaBHLHIX OJHOBPEMEHHO HYJIO; TO (PYHKIHA
y=[(P) nMeeT B oOuKe P, 3KCTPEMYM, .a  HMEHHQ—MaKCHMYM WpH

du (Py, Axy, ..., Axg) <0 v munnvym npu d?u (Py, Axy, ..., Ax,) > 0;
2) ecnu du(Py, Axy, ..., Ax,;) sABAseTca 3HaKoNmepeMeHHOH ¢YHK-
nvefi Axy, ..., Ax,, T. €. IpHHAMAET KakK- NOJOXHTEJEHbE, TaK i OTpH-

uaTtesbuble 3Hauenns, TO -TO4Ka P, He sBJSETCS TOUKOM SKCTpemyMa
¢ynRunn u={ (P); N : S

3) ecan d2u (Py, Axi, ..., Axp) = Onan d®u (Py, Axy, ...; Ax,) <0,
fpHIEM CYUIeCTBYIOT Takne HaGopul 3nauennit Axy, ..., Ax,, He paBHBIX
OJLHOBPEMEHHO HYJI0, AJNf KOTOPHIX 3HaueHHe BTOpPoro aubdepeHunana
ofpaulaetca B HyJab, TO YHKUHA-u=[(P). B Touke P, MoXeT umernb
3KCTPEMYM, HO MOXKET M He MMeTh ero (B 5TOM CJyuae IIf BhISACHeHHS
Bonpoca TpeGyeTcss JOMOJHHTENbHOE HCCNeJIOBAaRHe).

B uacTHoM cayyae (yHKUMH ABYX TepeMEHHBIX OCTATOYHLIE YCJIOBHA
SKCTpeMyMa MOXHO COpMYJHPOBAaTb cCaefylowuM  obpasom.  [lycrs
Py (xy, yo)—cTaloBapHast TouKa oyHKUMM 2z=f(x, y), npuueM 5Ta
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yHKIMS ABaXAbl AHGbdepeHIIpyeMa B HEKOTOPOH -OKPECTHOCTH TOUKH Pg
H BCe ee BTOpbie YaCTHble NPOM3BOJHLIE HerpepbiBHbI B Touke Po. Baenem
0603HaYeHH A:

A =f:cx (x(h .l/o), B =f;_l/ (Xo, yO)» c=f;!l (x01 yo)

D= AC — B,

Toraa: .

1) eciu D >0, 10 ¢pyurunst z={ (x, y) umeer B Touke Py (xy, Yo)
3KCTPeMyM, a HMeHHO —mMakcuMyM npH A < 0(C < 0) u muHUMYM npu
A>0(C>0); .

2) ecin D < 0, To skcTpeMyM B Touke Py (xg, Yg) OTCYTCTBYyeT;

3) ecin D=0, To Tpebyercsi NOMOJNHHTENbHOE HMCCAEAOBaHHE.

MMpumep 3. Hccaenosats 1a sKCTpeMyM (yHKUHIO

z2=x3+4 y3—3xy.

4 HaiineM uacTHble MPOH3BONHLIE 1-TO MOPSIKA H COCTABHM CHCTEMY
ypaBHeHu# Buaa (3): :

0z 2 0z
=3 —y) =0, G =3F—n=0,
HAH
x2—y=0,
y2—x=0.

Pemwas cucTeMy, HafiieM JBe CTaUHOHApHLIE TOYKH:
P10, 0 u Py(t, 1)

HaiizeM yacTHhie MPOM3BOAHEE 2-FO MOPAAKA:
0% %2 - ., 0%
—2—= Xy, 5= —3 y T
ox 0x Oy oy
3arem cocraBuM Auckpumunant D= AC—B? ans Kampaoli crauuoHap-

HOM TOYKH.
Has Touku Py

= 6y.

0% | ° %2 0%z
o |p, =0 B axdyl'P,  C=G |p, =0 D=—0<0.

Cnefonatenibio, 3KCTpeMyma B Touke Py 1er.
Onasa Touku P,

Ae 0%z

T oxF

—6 6% _ 0%z
p, ' " Oxoy T T oyt

D=36—9>0, A>0.
CaenoBaTtesbno, B TOUKe P, GQYHKUHS HMEET MHHUMYM, paBHblii
ey =141—3=~—1.
y=1
Jnsn toro uto6bl yCTAHOBUTb THUN CTALlHOHADHONH TOYKM, HeT HeoBXxoau-
MOCTH HCMOJIBb30BaTh H3JIOXEHHLIl BLILIE NPH3HAK, CBA3aHHBUI C onpeje-
JeHueMm sHakoB D u A. JloCTaTOMHO HEMOCPEACTBEHHO HCCJIEI0BATb 3HAK

BTOpOro AuddepeHnHnana Kak KBajpaTHYHOH ¢opMbl dx M dy, HCROJbL3ys
MeTOA BbIAeJeHHs IOJHOro KeajpaTa. Tak, HanpuMep, IJs CTallMOHApHOM
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Toukn Py nMeeM:

d?z (Py; dx, dy)=6dx2-—3dxdy+6dy2=6(dx—— ) -|- d 2,
OTKYZa Cpa3y BHAHO, YTO NpH JIOObIX dX M dy, He PaBHBIX OXHOBPEMEHHO
Hymo, d?z > 0 u, ciegoBatennHo, P, —Touka MuHHMyma. B>

Haiitiu skcTpeMyMbl (yHKUMH ABYX nepeMeHHBbIX:
7.187. z= x2+xy—}—y —3x—6y.

7.188. z=x* (1 —x—p) (x >0, y > 0).

7.189. z—3x2—xJ |—3y +4y

7.191, 'z=x“—1—y2—21nx—181r1y x>0, y>0).
7.192. z = x* 4 3xy?— 15x— 12y.

7.193. z=2x>—xy? +5x2—|—"

7.194. z= (2x2—}—y2) et

7.195. z=2— /21 4.

Ha#itin skcTpemymbl QYHKIHH TpexX NepeMeHHbIX!
7.196. u=x*4 >4 22— 4x+6y—22.

7197, u=xy*2*(1 —x— 2y—32) (x >0, y >0, z2>0).

et lpz 2
7.198. u=x+4 iy 7 +5-
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