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MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl anrebpbl kak pewérku. Bynesbl romomopdbusmel n nopganrebpeoi

Paspensl

Q Bynesbl anrebpsbl kak pewétkun. Bynesbl romomopdusmsi
1 nopanredpol



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl anrebpbl kak pewérku. Bynesbl romomopdbusmel n nopganrebpeoi

Hoeoe onpeaeneHne dynesoii anredpobl

Onpepenernune

NuctpnbyTneHas pelléTka ¢ AONOAHEHNAMN Ha3bIBaeTCa byseBoil
anrebpoii.

HeTpyaHo ycTaHoBUTbL, 4To oba onpeaenerus bynesoii anrebpsl —
AAHHOE TOJIbBKO 4YTO N B Ha I'IepBOI7| JNIEKUNN — SKBUBAJIEHTHbI!
COrnacHo nepBoMy onpeaeneHuto, B bynesoii anrebpe
BbIMOJIHSIIOTCS 3aKOHbI AUCTPUOYTUBHON PELETKN C AOMOJIHEHUSIMY,
a B Heli [ONONIHEHNA eIUHCTBEHHbI N CNPaBeANNBbLI akcuomsl Ditr
n Abs smecte ¢ Cmp’ wn Isl’.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Bynesbl anrebpbl kak pewéTtku. Bynesbl romomopdusmel n noganrebpbi

CooTHoueHus B bynesoii anrebpe

Lnsi ntobeix snementos = n y bynesoii anrebpbi (¢ HyneBbIM 1
EANHNYHBIM 3JIEMEHTAMU O U L COOTBETCTBEHHO) CMPAaBEAINBO
Q zCy & zNy’'=0 & 2'Uy=1 &
S zlly=z < csUy=y,

Q@ zCy < z' Jy' — 3aKoH aHTUN30TOHHOCTYN AOMOHEHNS.

4

HokasatenbcTBO

@ Crnegyer u3 onpegeneHme otHoweHus T B peluéTkax —

zCy def zNy=xz(wm zCy & zUy=y)

— u 1eMMbl 06 OCHOBHbIX COOTHOLLEHUSIX B bynieBoii anrebpe.

Qz2zCy & axNy=z & (zNy)' =z’ & 2'Uy’' =2 &
S y'Cr! & 2 Jy.
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Bynesbl anrebpbl kak pewérku. Bynesbl romomopdbusmel n nopganrebpeoi

Bynesa anrebpa otobpa>keHuii

Teopema
Mycte (B, U, M, " o,1) — bynesa anrebpa u A — Henycroe
MHoxecTBo. Torga mHoxecTBo BA Takxe byger bynesoii

anrebpoii OTHOCUTENbHO «MOTOYeYHbIX» onepayui LI, M n \ —

(fUg)(2) = f(z)Ug(z), (fNg)(z) = f(z)Ng(z),
(f (@) = (f (=)
ans mobeix f,g € BA. Hyném n eguuuueii BA 6ygyT noctosiHHbie
otobpaxenusi fo(x) =0 un fi(x) =1 coorBeTcTBEHHO, T € A.

Mpu A = B™ nonyunm bynesy anrebpy BB" Bcex dyHkunii us
B™ B B, urpatoLyto BaXXHyIO pojib B Teopumn bynesbix
MHOFOYJIEHOB.

B uyactHocTu, npu B = 2 nony4aem bynesy anrebpy 22" Bcex
ByneBbix OyHKUW OT 7 NEPEMEHHBLIX.
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Bynesbl anrebpbl kak pewérku. Bynesbl romomopdbusmel n nopganrebpeoi

Bynes romomopcusm

Onpepenernune

ByneBbiM roMoMopghy3MOM Ha3bIBAKOT PELLETOYHbIN
romMmomMopusm @ Mmexay bynesbimu anrebpamu, obecneqnBatoLyuii
pasencteo ¢(z') = p(z)".

VinbekTuBHbIE DyneBbl rOMOMOPU3MbI Ha3bIBAIOT bys1EBLIMU
MOHOMOPGU3MaAMU.

Takum obpazsom, bynes romoMoppuam — 3To oTobpaxkeHne ofHON
bynesoii anrebpbl B Apyryto, COrNacoBaHHOE CO BCEMM NATHIO
bynesbIMU onepaunaMu.

Mpn nobom BynesoM romomopdusme @ 0bsi3aTENLHO UMEET MECTO
p(0) = 0, p(v) = .

Bynee romomopcusm byget byneesiMm nsomopdbusMom npu
ONEKTNBHOCTN COOTBETCTBYIOLLENO OTODpaXkeHUs!.
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Bynesbl anrebpbl kak pewérku. Bynesbl romomopdbusmel n nopganrebpeoi

Bynes romomopdusm: npumep

Mycte B — aTomHas bynesa anrebpa u a — eé atom. Torga
oTobpaxkeHue j, : B — 2 Takoe, 4TO

) L, ECIAN T COLEPXUT a,
Ja(w) =
0, WHaye ,

ecTb romomopcusm. Takue romomopdramel bynesoin anrebpei
Ha3bIBAOT 4BY3HAYHLIMU W XapaKTEPAMU.

MMpon3BONLHLIA peléTouHbIi roMoMopdu3M ofHol byneBoii
anrebpbl B APYryto MOXET U He bbITh ByneBbiM roMoMopd3Mom:
Hanpumep, ecnu A C B, To ectecTBenHoe BnoxeHne P(A) B
P(B) siBnsieTcst peluéTO4HbIM MOHOMOPMU3MOM, HO He ByneBbiM
romomopu3mMom (1 nogasHo, He ByneBbiIM MOHOMOPKU3IMOM), T.K.
A1 NPOM3BOJILHOrO nogMHoxecTBa A ero gononHewus 8 A u B
pa3finyHbI.

Mpoobpas Hyns ¢ #(0) Gynesa romomopcdusma ¢ — ero s4po.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Bynesbl anrebpbl kak pewéTtku. Bynesbl romomopdusmel n noganrebpbi

Mopanrebpbl bynesoii anredbpobl

Onpepenernune

Bynesa anrebpa B’ HnasbiBaetca nogasnrebpoii bynesoii anrebpeol
B, cumeonunyeckn B’ < B, ecnu B’ C B nHa B’ yctoiiuuss
CyXeHus Bcex onepauuii B.

Byneea anrebpa n eé nopanrebpbl nmetoT obuime o n L.

© bBynesa anrebpa Py’ nornyecknx yHKLNA OT 1 NepeMeHHbIX
ABAsieTcst noganrebpoii anrebpbl Pp BCEX NOrMYecknx
pyHKUNIA.

@ MMycts A C B. Torga P(A) & P(B), nockonbky 3Tnn bynesbl
anrebpbl UMEIOT, HaMPUMEp, PasHbIe eAUHNYHBIE SJIEMEHTbI
(4TO NOBNEYET 1 HeCOBMAAEHNE [OMONHEHNI B HUX).
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ByneBbl konbua n cTpyKTypbl

Paspensl

© Bynesbi konbLa U CTPYKTYpSI
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ByneBbl konbua u cTpyKTYpbI

Anre6paw1eCK|/|e KOJibLlAa: HAaNOMuUHaHune

Konbuyom nasbisaetcs AC (R, +, -, 0), rae R — MHOXecTBo,
coaepxatuee anemeHT Hynb (0), Ha KOTOPOM onpefeneHbl aBe
BuHapHble onepaunu cnoxerue (+) 1 yMHOXeHune (-) Takue, 4TO
ans mobbIx ,y, 2 € R cnpaBea/inBbl COOTHOLIEHUS
(z+y)+z=2+Wy+2), z+y=y+z, 24+0=12
Vedy:(z4+y =0)
(ykasaHHoe o3Hauaer, 4to peaykT (R, +, 0) konbua ecTb abenesa
rpynna no CAOXKEHWIO, WU MOZY/b) 1
(x4+y)-z=z-24+y-z, x-(y+z2)=z-y+z-z

(p,I/ICTpI/I6yTI/IBHOCTb YMHOXEHNA NO OTHOLLUEHUIO K CJ'IO)KeHI/IfO).
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ByneBbl konbua u cTpyKTYpbI

Anre6paw1eCK|/|e KOJibLlAa: HAaNOMuUHaHune

Hynb KonbLua — eaMHCTBEHHbIV 37eMeHT, obnagaownii CBORCTBOM
z+ 0 = x. DneMeHT Yy TaKoi, Y4TO T + y§ = O Ha3blBalOT
obpatHbiM K x, ero obosHayeHne — (—x) B CUY €ANHCTBEHHOCTH.

Ecnu ymHoxeHne obnagaer cBOMCTBOM accoLnMaTuBHOCTU

(x-y)-z=a-(y 2)
I/I/I/IJ'II/I KOMMYTATUBHOCTI
Ty =a-y,
TO N KOJIbUO HA3bIBAKOT COOTBETCTBYHIOLLE.

Ecnn konbuo copepxnT eguuuy (1) — yHUKanbHbI 31€MeHT, ans
KOTOpOro
r-1l=1-2 =z,

TO roBOPST O Kosble ¢ egunuyei (ynutansiom): (R, +, -, 0, 1).
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ByneBbl konbua u cTpyKTYpbI
ByneBbl Konbua

Onpepenerune

AccoLnaTuBHOE KobLO, 0baajatoLLe CBONCTBOM X2 = & gJisi

ntoboro cBoero sseMeHTa HasblBaeTCA 6_y!7€BbIM KOJ1bLjOM.

Teopema

Byneso kosnwbyo (R, +, -, 0) kommyTaTnsHo v —x = .

JokazatenbcTBo

LokaxkeM cHa4ana BTOpoe yTBepAeHUE:
z+rz=(2+2)l=2?+22+22+2°=(z+2)+(z+2) =

g8 4= av = (),
Orcrona
z+y=(+y’=24+zytyr+y’=c+aytyr+y =
zy +yxr =0

n ganee rnosiy4aem
vy =zy+0 =2y + (zy + yz) = (zy + zy) + yz = 0+ yz = yz.
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ByneBbl konbua u cTpyKTYpbI

Ot OyneBoii anredpbl kK OyneBy KoJbLly

Teopema

Mycte B = (B, U, 1,’, 0,1) — bynesa anrebpa.
Lns nobeix x, y € B nonoxum
x4y = (xNyHYU(z'MNy), z-y==xNy.
Torga ACB* = (B, +, -, 0, L) — byn1€BO KOJIbLIO C €ZUHNLIEN L.

HokasatenbcTBO

| \

KommyTaTnsHOCTb BBEAEHHBIX onepauuii cioxenus (+) un
YMHOXeEHNS (), acCOYNaTUBHOCTb YMHOXEHMUS, CPaBEAINBOCTb
paBeHCTBa x> = X W Ha/nMyue efuHULbI L C eé CBONCTBOM
T-L=T 419 BCEX T — OYeBUAHBI.

VcnoBus TeopeMbl NO3BONSAIOT HE Pa3NNyaTh ONepaLnu YMHOKEHNS
1 nepeceqeHus.

C y4étom storo — x +y = xy' Uz'y = 2 D y.

N




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
ByneBbl konbua n cTpyKTypbl

Ot OyneBoii anredpbl kK OyneBy KobLLy...

[oka3atenbcTBo (NpoaoKeHune)

Wcnonb3ys 3akoHbl bynesoii anrebpei, noay4unm
(x+y)+z=(y' Uz'y)z'U(zy’'Uz'y) 2z =
=zy'z'Uz'yz' U (z'Uy)(z Uy )z =
::Uy’z’ I_I:U'yz’ I_I:U'y'z Uzyz,
z+(y+2) =z(yz'Uy'2) uz'(yz'Uy'z) =
=z(y'Uz)(yu)Ux'yz"'Uz''y =
:my’z' Uzyz I_Iac'yz’ I_Ix'y’z.
Takum obpaszom, (x +y) + z = (x +y) + z, M accoynaTnBHOCTb
onepaumn —+ rnokasaHa.
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ByneBbl konbua n cTpyKTypbl

Ot OyneBoii anredpbl kK OyneBy KobLLy...

asatenscTeo (NpogosixeHue)

Hanee: x+0 = zo'Uz'o = 21 = =,
T.e. B* okasbiBaeTcs abesneBori rpynnoii No CAOXKEHNIO.
W, HakoHeL, BbIKI1aaKN
(x+y)z =(xy'Uz'y)z = zy'2Ux'yz,
Tz +yz =x2(yz) U(z2) (y2) =
=zz(y' Uz U (z' Uz )yz = zy’zUx'yz

AOKa3blBarOT ,[{l/lCTpl/I6yTl/IBHbIl/7 33dKOH YMHOXEHUSA OTHOCUTEJIbHO
CJIOXKEHUA.

OcHoBHbIM NpuMepom bysieBa KobLA U SBASIETCS Kak pa3 KOJbLO
(P(A), @, N, &, A), nony4aemoe ykasaHHbIM Cnocobom 13
TOTaNIbHON anrebpbl MHOXECTB.
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ByneBbl konbua u cTpyKTYpbI

Ot byneBa konbua Kk bOyneBoii anrebpe

Teopema

Mycts R = (R, +, -, 0, 1) — byneso konbyo ¢ eguHnyei. [ns
obeix T, y € R nonoxum

zly=z+y+z-y, zNy=z-y, z' =x+1.
Torga AC R* = (R, U, N,’,0,1) — bynesa anrebpa.

HokasatenbcTBO

| A\

AccoymatnBHocTb BBEZEHHBIX onepaymii L1, M un 3akon [dL (c
yuétom x + x = 0 ) nposepsitoTcs HenocpescTseHHo, a 1d 1
Hacsnegyercs n3 ‘R.

KommyTaTusHocTs byneBa kosbua, obecrneqynsaer
KoMMyTaTuBHocTb LI w [1.

Llanee B Boiknaakax 6e3 nosiCHEHN UCNOb3YIOTCS CBOVICTBA
bynesa KoJibLa.

N
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ByneBbl konbua n cTpyKTypbl

Ot byneBa konbua Kk Oynesoii anrebdpe...

Hoka3zatenbctso (NpoposixeHue)

VcTaHoBUM CpaBeaInBoOCTb 3aKOHOB MOTJIOLYEHMS:
(zUy)Nz =(z+y+ay)r =z+ay+azy = x.
zU(xNy) =zU(zy) =xz+ayt+oy = .

Takum obpaszom, B* — pewwéTka.

HenocpescTteeHHo npoBepsieTcsi BbinoAHEHUE Nap 3aKoHOB Lo, Mt
n e, To.

B cuny atoro 0 n 1 cyTb yHuBepcasibHble rpaHu peluétku B*.
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ByneBbl konbua u cTpyKTYpbI

Ot b6yneBa konbua k bynesoi anrebpe... CtoyHoBCKas

JBONCTBEHHOCTb

[Jokazatensctseo (np eHue)

W3 paBeHcTB

zMNz’ =z(l+z) =2z+2z =0 n

zUz' =2U(1+4+2) =2z+14z4+2(l+2)=14z4+2 =1
BbITEKAET, 4TO B* — pewéTka ¢ JOnosHeHNIMMY.

PaBeHcTBa

(zUy) Nz = (x+y+zy)z = zz4+yz+zyz = (xN2)U(xM2)
HOKa3bIBalOT CpaBeaMBoCcTb B B* nepsoro guctpubyTnsHoro
3aKOHa, a BTOPOIl [JOKa3bIBAETCS ABONCTBEHHO.

Takum obpasom, noboe Byneso KoAbLO C eanHULER MOXET ObiTb
3ajaHo C nMomoLLbto byneBoii anrebpbl 1 HaoboporT.

Cnencteue: B** = B n R** = R,

TeM caMbIM yCTaHaBAWBAETCA T.H. CTOYHOBCKAasi ABONCTBEHHOCTb
mexgy bynesbimu anrebpamu u byneBbIMyN KObLAMU.
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ByneBbl konbua u cTpyKTYpbI

BbyneBa cTpykTypa

OnpepgenexHue

AC (B, U, M,', C, 0,¢) Takas, uyto (B, L, M, ', 0, 1) — bynesa
anrebpa, a oTHoweHne T 3agatoTcs no npasuly

zCy def xMNy=x (wm zCy def xUy=vy)

Ha3bIBAETCs bY/I€BOI CTPYKTYPOIA.

VTBepxaeHue

—

JokazaTenbcTBo

InemeHT a bynesoii anrebpel B senserca atomom, iff o < a.

llycte a n b — anemeHTbl bynesoii anrebpel B. Torga
eo<a = (aCb)V(agd) = (aNb=a)V (aMb=o),
Te. a € At(B);
@ ecma€ At(B) maC b toallb=a#bubdg At(B).
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

Paspensl

© Vaeanui, bunbTpsl u koHrpysHumn 8 6ynesoit anrebpe
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

Bynesbl ngeans u punbTpbl: onpegeneHve

Onpepenernune

Vpeanom [punbtpom| bynesoii anrebpbl HasbiBatOT €€ peléTouHble
npeansi [ bunsTps! |.
Ecnn I — npean bynesoit anrebpel B, 1o nuwyt I < B.

Kaxablii bynes ugean I v counstp F' bynesoii anrebpel B
obnapaert BCeMu CBOMCTBaMMN PELIETOYHBLIX, 1, KPOME ITUX, ELLE

(xel)&(x'el) = 1=Bwn (zeF)&(x'eF) = F=B8B.
[eiicteutensHo, no onpeaenennto naeana ¢ = x Lz’ € I, otkyna
I = B wn ananornyvo gis puasTpos.

Ha ngeansl n dunstpel bynesoin anrebpbl NepeHOCATC NOHATUSA,
COBCTBEHHBIX, HECOBCTBEHHBIX U FNaBHbIX UAEaNOB U (PUILTPOE.

Mockonbky bynesa anrebpa ectb pewéTka, To B KOHEYHOI bynesoii
anrebpe Bce maeansl N GUALTPbI — FNaBHbIE.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

ByneBbl ngeans u pnunbTpbI: NpUMepsbl

Q lMycte B C A. Torga cOBOKYMHOCTbL BCEX MOAMHOXECTB
mHoxecTBa A, cogepxawmxcs B B ectb ugean bynesoii
anrebpsl P(A), a cogepxawux B — dunstp P(A).

DT0 — rnaBHble ngeanbl n punbTpbl B beckoHeuHoi bynesoli
anrebpe.

@ [lpuBeném npumep HernaBHbIX UAEANOB U PUILTPOE.
Mycte A — Beckoneunoe mHoxecTBo. CoBokynHocTs Py(A)
BCEX KOHEYHbIX NMOAMHOXECTB A eCTb HernaBHbIA naean, a
COBOKYMHOCTb MOAMHOXECTB, MMEIOLLMX KOHEHHOE LOMOJIHEHNE
8o A — Hernaehblli punbTp bynesoii anrebper P(A).
DunbTp yKa3aHHOro BUAA Ha3blBalOT ¢puabTpom Ppetue.

To, yto I — cobcTeeHHbIli ngean byneeoit anrebpel B byaem
3anuceiBath [ < B.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MakcumanbHble ngeanbl n unbTpbl. YabTpacunbTp

Onpepenernune

WNgean [ cpunstp ] Bynesoii anrebpbl Ha3blBAETCS MaKCMMaslbHBIM,
€C/IN OH HE COAEPXKUTCS HN B KaKOM [pYyroM COBCTBEHHOM maeane
[ punbTpe].

PunbTp bynesoii anrebpel B HasbIBaeTCs Y/IbTPahUILTPOM €Cn
ans noboro b € B eMy nNpuHagne>XuT B TOYHOCTU OAUH U3
anemeHToB b n b'.

MOHATHO, 4TO eCIM & — aTOM [ KOaToM | KoHeuHol byneBoii
anrebpsl, To 2 [2V] — eé makcumanbHblii bunsTp [naean].

B koHeuHbIx bynesbix anrebpax ynbTpacunbTpbl APYrux BUAOB, B
04eBMAHO (KaK B pelérkax), OTCyTCTBYHOT.
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Npeans!, punbTpbl 1 KOHrpyaHUuMn B Bynesoii anrebpe

CgoiicTBa MakcuMasibHbIX OyneBbix naeanos u puabTPoB

Q Kaxgbiii cobcTBeHHbIN ngean byneBori anrebpbi COAEPKUTCS B
HEKOTOPOM MaKCUMAaJslbHOM UZEAsIe.
AHanorn4Ho gnsi ¢pusibTpos.

Q /Vgean [¢punetp | bynesori anrebpei B siBnsercs
MakcumanbHeiMm, iff gns noboro © € B B HEM copepxutcs B
TOYHOCTU OAVH U3 3JIEMEHTOB T U T'.

© Cobcreennbii ngean I bynesoii anrebpel B bynet
mMakcumanbHbiM, iff gns nwobeix x, y € B u3 ycaosus
(xMy) € I cnegyet, yto mbo x, ibo y npuHasnexut 1.

Cobctaennbii punstp ' bynesoii anrebpel B byaet
mMakcumanbHbiM, iff gns nobeix x, y € B un3 ycnosus
(xUy) € F cnegyet, 4to mbo x, mbo y npuHagnexut F.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

CgoiicTBa MakcuMaJibHbIX OyfieBbix naeanos n puabTPOB:
3amMedaHune K Teopeme

K 1. 1. [Janvoe yTeepxaeHne ans bunbTPOB HacTO Ha3bIBAOT
Teopemoii 06 ynabTpagpuisTpax bynesoii anrebpbl.

K . 2. [laHHoe yTBepXAeHMe [OKAa3bIBAET 3KBNBAJIEHTHOCTb MOHSTUI
«MaKcuManbHblli UNLTPY U KYAbTPapUILTP».

K 1. 3. [lpoctoii — cobcTeeHHblii hunstp F' Bynesoin anrebpel B,
YLAOBNETBOPSIIOLLNIA YCIOBUIO
(zUy)eF = (zeF)V(yel).
T.o. paHHOE yTBEPXKAEHWE [OKa3blBAET SKBUBAJIEHTHOCTb
MOHATWIA «yNbTPadUALTPY U «KNPOCTON unsTpy Oynesoi
anrebpeil.

B bynegoii anrebpe:

«MaKCUMaJIbHBIRY = «MNPOCTOiY = «yAbTpapuibTp»
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

CgoiicTBa MakcuMaJibHbIX OyfieBbix naeanos n puabTPOB:
3amMedaHune K Teopeme

Mycte B — byneBa anrebpa, a ~ — KOHrPyaHUWS Ha HEli, Kak Ha
pewéTtke. Ecan npun atom ewé n
x~y = a’ ~y’,

TO ~ — KOHIPysHUMsi Ha [aHHOW bynesoii anrebpe.

KoHrpysHuumn bynesoii anrebpel B obpasyoT nosxyto
anctpubytuehyto pewértky Con B. E€ HauMeHbLUMM 31eMEHTOM
ABNSIETCS TOXK/ECTBEHHAS KOHIPYSHUMsS Ap, a Hanbonbwnum —
amopepHasi KoHrpysHyms V g.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

CgoiicTBa ngeanoB Oynesoii anredpobl

Otnaunune npeanos bynegoit anredbpbl OT PELLETOYHLIX:

nepBble HAXOAATCS BO B3aMMHO-OLHO3HAYHOM COOTBETCTBUMN C
KOHIpyaHUUsiMu ByneBoii anrebpbl, T.e. ecnm ~ =~ —
KOHIFpYy3HUMs Ha bynesoii anrebpe B n I = [o] — knacc
SKBWBAJIEHTHOCTU, COAEPXKALLUWNIA dneMeHT o, To I — ungean B,
NPUYEM BbINOJAHAETCS COOTHOLLEHMNE

a~rb < Jz(alzx = bUux).
I
N obpatHo, ecnin I <1 B, To oTHoweHne ~; Ha B, onpeaenédHoe

3TUM ycnosuem, ByaeT KoHrpysHuuveli Ha B, npudém [o] = I.
Bonee Toro, cnpasegnneo

VT1BepxaeHune

lyctb a u b — anemenTsl bynesoii anrebper B u I < B, Torga
ar~rb < (anbd)U(a'Mb) €1.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

®dakTopanredpsl

Ecnn ~ — koHrpysHumsi Ha bynesoii anrebpe B, a I — ngean,
COOTBETCTBYOWMI [aHHOW KOHFPYSHLMWU B YKa3aHHOM Bbllle
cmbicnie, To dakTopanrebpy B/ ~ obosnaqatotr B/I.

Otobpaxerne ¢ : B — B/~, ¢(z) = [z]|~, cTaBsLee B
COOTBETCTBUE 3NEMEHTY B ero cMexHblIli KNacc no KOHrpysHLMu
~€ Con(B), ABNSIETCS, 04EBUAHO, FOMOMOPMU3MOM.

Takoli romoMopdn3M, B COOTBETCTBUMN C ODLLMM MOAXOA0M,
Ha3blBaeTca ecTecTBeHHbIM. C apyroli CTOPOHbI, ecim ¢ —
romomopcu3m bynesoii anrebpel B, 1o ¢(B) =, B/Ker ¢ n
Ker p € Con(B).

Teopema

Wpgean I 6ynesoii anrebpei B makcumane, iff B/I = 2.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

®dakTopanrebpbl: npumepsbl

Cnpasegnue nsomopdpusm B/xV =, [o, z'].

1. Bewn npumep: nycte B — atomuas bynesa anrebpa n a — eé
aToM.
Torpa otobpaxeHue j, : B — 2 Takoe, 4TO

. L, €CAN T COAEepXuUT a,
Ja(T) =
0, WHave ,

€CTb roMOMOpPU3M.

Npeanom npusegéHHOro B 3TOro ABy3Ha4HOro roMoMopdusma j,
")V, nopoxaéHHblii koaToMom a’.

Byget rnaeHblii ngean (a
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Npeans!, punbTpbl 1 KOHrpyaHUuMn B Bynesoii anrebpe

®dakTopanrebpbl: npumepsi...

A
2. Mpounntoctpupyem nsomopdusm B/xV =, [o, x'] pns
Bynesoii anrebpel B3.
E€ aTombl byaem obosHavats a, b u ¢, a OCTaNbHbIE 31EMEHTbI —
yKa3aHUEM COAEepXaluxcst B HUX aTomoB. Ecin B kavectse ngeana
I B3aTb @, TO KNaccaMn 3KBUBANEHTHOCTM NO ~gv ByayT

[a]ZQVZI:{a,Q}, [b]:{abab}v [C]:

{ac, c}, [be] = {abc, bc}.

dakTopanrebpoii bynesoii anrebpel B3 no BbIbpaHHOMY Uaeany
ByneT nsomopcHas B2 anrebpa n3 ykasaHHbIX BbillE KJACCOB C
Hyném I, atomamu [b] n [c] v egnnuuein [be].

Mockoneky bc = a’ m @ €I, 70 B/a" = [, a’].




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Npeans!, punbTpbl 1 KOHrpyaHUuMn B Bynesoii anrebpe

®dakTopanrebpbl: npumepsbl

Bynesa anrebpa B3 (knacchbl 3KBUBANEHTHOCTU MO ~qv BblAENEHbI
ABOlHBIMN NuHusMU) u bakTopanrebpa B3/a":
abc

ab ac\bc
XX 7N
N7 NS

& 1
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHune be3aTomHo Gynesoii anrebpbl hakTopusauueii

1. PaccmoTpum TotansHyto anrebpy (P(Z), U, N, ~, &, Z) Hag
MHOXECTEOM LieNbIX YuCen.

2. Onpepenum oTHoweHne ~ Hag snementamn P(Z): A~ B,
ec/u CMMMeTprYecKasi pa3HoCTb MHOXecTB A 1 B KoHeuHa.

MocKoNbKy ~ — OTHOLLEHWE SKBUBAJIEHTHOCTH, MOXHO 0bpa3oBaThb
akTopmHoxecTBo P(Z)/~. Bce koHeuHble (BKItOYasi nycToe)
nogmHoxectsa P(Z) OyayT, 04EBUAHO, SKBUBAJIEHTHLIMU.
Obo3Haunm 3TOT KJ1acC KBUBANEHTHOCTU [T].

Takxe OyfyT 9KBUBANIEHTHBIMU BCE MOAMHOXKECTBA LiEsIbIX HNCE,
NMEIOLLNX KOHEYHbIE AOMOJHEHUs [O Z, BKIOYasi camo Z; 3ToT
KJ1aCC 9KBUBAJIEHTHOCTN 0b03Hauum [Z].
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHune be3aTomHoi GyneBoit anrebpbl chakTopusauuei...

3. Jlerko npoBepuThb, YTO BBEAEHHOE OTHOLLEHUE SBASETCA TAKXKE 1
CTabubHBIM OTHOCUTENIBHO TEOPETUKO-MHOXKECTBEHHBIX OMEpaLnii,
T.e. ansi nwobeix A, BE€ P(Z) ws A ~ A’ v B~ B’ cnegyer
AUB ~ A'UB', ANB ~ A'NB’' v A ~ A’. 3710 o3Hauaer,
uto AC (P(2)/~, U, N, ~, (@], [Z]) bymeT siBnsaATbCst bynesoii
anrebpoii.

4. Vbeanmcs, 4To naHHas bynesa anrebpa He MMEET aTOMOB:
AeACTBUTENBHO, NobOoI oTanYHbIA oT [J] anemenT P(Z)/~ ecTb
KNlacC BECKOHEUHbIX MHOXECTB.

ATOM — 311eMEHT, HEMOCPEACTBEHHO Criefytownii 3a [J], a TakoBble
otcytcteytoT B P(Z)/~, T.e. B 1tobOM DECKOHEHHOM MHOXECTBE
X wmoxHo (c nomowbto AC!) ykasate nogmHoxecto Y Takoe,
4TO N OHO, €ro JONOsHeHNe BeckoHeuHbl, 1 nostomy [Y] cTporo
copepxnTes B [X].
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

TpusuansHbie ynbTpadunbTpbl

[oBOpAT, 4TO rnaBHbIe YAETPaPUNLTPLI anrebpbl MHOXECTE,
MOCKONIbKY BCE OHU UMEIOT Bug a” , DUKCMpoBaHbl B TOYKE @
MHOXeCTBa. VX Ha3bIBAOT TpUBMALHEIMY YNBTPAPUIBETPAMU.

CoBMmecTHO ¢ punibTpamu Ppele oHM UTPatoT BaXKHYHO PoJib Mpw
NCCNEAOBAHNMN CXOLMMOCTY B aHaim3e (Tononoruyeckas cucrema
OKPECTHOCTEl AaHHOW TOYKUN ABIAETCS (PUKCUPOBAHHLIM B Hel
TPUBMasbHLIM YNLTPaUILTPOM).

[nagHble yNbTPaPUALTPLI TakXKe UCMONb3YIOT, HanpuMep, Npu
UCCIEA0BAHUSAX MOJIHOTLI JIOTUYECKUX CUCTEM B asirebpax
JlnHgernbayma—Tapckoro, NOPOXAEHHBIX COOTBETCTBYOLLEN
JIOTNYECKOI Teopueil.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

OOutee peweHne bynesa ypaBHeHUsi — ynbTpacunbTp

Mycte A = { A, B, ...} — MHOXeCTBO hopMy”n HaA
BblCcKa3biBaHuamMu B KUB.

Ecnam A = B — TaBTon0rus, 10 rogopsaT, 4to dopmynsl A n B
JIOFNYECKN SKBUBAJIEHTHbI NN PABHOCUJIbHbI, YTO 3anuCbIBAlOT Kak
A ~ B. 5IcHO, 4TO ~ eCTb OTHOLUEHME SKBUBANEHTHOCTW Ha A.
Knacc akBuBaneHTHOCTH, nopoxaaemsblii hopmynoii A byaem
obosHavaTh [A], Knacchl TOKAECTBEHHO NCTUHHBIX hopmyn — T, a
TOXAECTBEHHO NOXHbIX hopmyn — F.

Ha dakTopmHoxecTBe A/~ KNaccoB 3KBUBANEHTHOCTU hOPMyY”
anrebpbl NOrMKN MOXXHO 3a4aTb TEOPETUKO MHOXKECTBEHHbIE
onepauyun gononternsi (), obbeguHerus (U) n nepecedenus
(N), npnyém

[Al = [-4], [AJu[B] = [AV B], [A]n[B] = [A&B].
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

OOutee peweHne bynesa ypaBHeHuss — ynbTpaduabTp...

Jlerko yctaHoBWTb, 4TO BBEAEHHbLIE OMepauny Hag Kaaccamu
3KBUBANIEHTHOCTEN MMEIOT ClefyroLe CBOMCTBA:

@ onepaumn U 1 N KOMMYyTaTWBHbI 1 B3aUMHO ANCTPUDYTNBHBI;
@ BbinosiHsitoTcst cootHowwennst [AJUF = [A] n [A]NT = [A];

@ cnpasegnussl 3akoHbl [A]U[A] = T un [A]N[A] = F.
7o o3Hauvaer, 4to AC (A/~, U, N, =, T, F) — bynesa anrebpa,
Ha3blBaeMasi gpakTopasirebpoii normyeckux cpopmyst; ans KB ona
COBMafaeT C COOTBETCTBYOLWER anrebpoii JlunaeHbayma—Tapckoro
(B nocnepHeii akTopU3aLMsi NPOBOAUTCS MO OTHOLUEHMIO ~~
Takomy, 4To A ~ B & AF B un B A).

C kaxabIM anemeHToM A/~ cBsi3aHa COOTBETCTBYIOWAs (DYHKLUS
anrebpbl noruku.

O6osHauum vepes A, MHOXeCTBO chopmyn anrebpbl NOrMKKU Hag 1
3/1EMEHTapPHbLIMU BbiCKa3blBaHuamu. Torga A, beckoHeuHo, a

n
chakTopMHOXecTBO A,/ ~ — KoHeuHo (copepxuT 22" 3nemMeHTOB).
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

OOutee peweHne bynesa ypaBHeHuss — ynbTpaduabTp...

PaccmoTpum ypasHeHue
a(Z) & X(z) = F,

rae a(Z) v X(Z) — copmynbl, peasnsytoLe COOTBETCTBEHHO
N3BECTHYIO 1 UCKOMYIO Bynesbl hyHKLuM (415 NPOCTOTHI
YKa3bIBalOT UMEHHO POPMYJibl, @ HE MOPOXKAEHHBIE MU KNACChI).
Torpga pelueHnem AaHHOrO ypaBHeHus byaeT nwobas dyHkums,
peanusyemasi popMysiaMmn 13 r1aBHOIO UAeana, NOPOXKAEHHOIo
copmynoii a(Z) B cooTBeTCTBYHOWEN anrebpe
Nunpenbayma—Tapckoro.

[anee 3HaK KOHBIOHKUMN & Byaem Ansi MPOCTOThI OMyCKaTh.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

OOutee peweHne bynesa ypaBHeHuss — ynbTpaduabTp...

Hanpuwmep, nyctb a(Z) = T1T2, T.e. [AHO ypaBHeHMe

flfQX(xl, CCQ) = F. (*)

Vmeem T1To = x1 V T2, v rnasHbllii naean anrebpei
Nunpenbayma—Tapckoro, NOPOXAEHHBIA Knaccom hopMy

[z1V x2], cocTaBnstoT knacesl [x1 V 2], [21], [x2],

[$152 \/flxg}, [56152], [561.732], [511’2] n F.

Ha pucyHke cnepytrowero cnaiiga gaHHblii ngeasn.

[ns KaXkporo Knacca ykasaH BEKTOP 3Ha4YeHMii COOTBETCTRYIOLLEDN
yHKumnm (nogpasymeBaeTcs ynopsinodeHme Habopos 3HaueHwid
MepemMeHHbIX CHavana no x, 3aTem Mo y).
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OOutee peweHne bynesa ypaBHeHuss — ynbTpaduabTp...

[xl V 1‘2]

(0111)
[21] [£1T2 V T122 ]
(0011) >< (0110) >< 0101
(2172 ] [2122] [Z122]
(0010) (0001) (0100)

F
(0000)

Pewwennem ypasHeHus (%) Bymer niobasi bynesa dyHkums,
peanusytowasncs popMynamMn n3 npueBeaEHHbIX KIaccos.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHue HernaeHoro ynbTpacduabTpa

B beckoHeuHbIx Bynesbix anrebpax, MOryT CyLLEeCTBOBATbL U
HernaBHble (HeTpuBManbHbie) ynbTpacunsTpel. Vx Takxe
Ha3bIBAOT CBOOOAHLIMM, MOCKOALKY OHU He (PMKCUPOBAaHLI HU B
KaKol TOYKe UCXOQHOrO MHOXeCTBa. [lepeceyeHne BCex 3N1EMEHTOB
Takoro punbTpa ecTb eAUHUYHBIV SN1EMEHT.

Onnwem B caMom obLLEM BUAE, KaK MOXET DbITb MOCTPOEH
HernaBHblii ynbTpacpuabTp F byneaHa P(N).

1. PaccmoTpum dunetp Ppelue, koTopblii 0bosHadum Fy. OH He
ABJIAETCS MAKCUMaJbHBIM, MOCKOJIbKY, HaMpUMep, HUI MHOXKECTBO
4éTHbIX yncen 2N, Hu ero gonosnHeHne (MHOXXECTBO HEYETHBIX
yucen) He npuHagnexat Fy. [ostomy Hago npuHsTh pelexue,
oTHecT 2N K KOHCTpyupyemomy ynbTpacpunstpy F nan Her.
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Npeans!, punbTpbl 1 KOHrpyaHUuMn B Bynesoii anrebpe

MocTpoeHue HernaBHoro ynbTpacpunbTpa...

A
2. MycTb npuHATO peluermne o Tom, 4yto 2N € F'. 10 byamer
03Ha4aTb, YTO HEKOTOPbIE APYrMe MHOXECTBA (BCE MHOXECTBA,
cogepxawme 2N ) Takxe byayT npuHagnexate F'. [MonyyeHHbiii
bunbTp obozHauum Fi.

[MOHSTHO, 4TO OH TakXe He ByfeT ABAATHCA NCKOMbIM
ynbTpadUALTPOM, MOCKOJIbKY OTHOCUTENIBHO Psifia MHOXECTB
HEOMNpeAeNEHHOCTb OCTAHETCS: HaMpUMep, HU MHOXeCTBO 3NN, Hu
ero AOMoJIHEHMe He MpuHagnexat Fj. 3pecbk CHOBa HY>KHO
MPUHSATbL PELLEHNE O BXOXKAEHNMN OLHOMO U3 YKa3aHHbIX MHOXECTB B
F1, noctpoute Fy n 1.4,

3. MNokazaHo, 4TO B pe3y/ibTaTe BbIMNOJHEHUS ‘TPAHC(UHUTHOrO
yncna waros’ ByAeT NOCTPOEH UCKOMbI ynbTpacdunstp F.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHue HernaBHoro ynbTpacpunbTpa...

Mol npusenu 4pesBbivaiiHo rpybbIii Habpocok cnocoba nocTpoeHus
cpunstpa F, Ho B HEM ponb AC: HMKakoro cnocoba ykasaTb, Kakoe
MHOXXECTBO HYXXHO paCCMaTpMBaTb Ha Ka>KAOM LUare gns
BKJIOYEHUSI €r0 WJIN €ro AONoaHeHus B F', HeT.

Kpome TOro, Ha KaXXAoM Lare MO>XHO MNMPUHATb ﬂl06ny n3
YKa3aHHbIX aJIbTEPHATUB.

MbI BUAMM, 4TO Npouecc nocTpoeHns F' CyuiecTBEHHO
HEOAHO3HA4YeH, N, Ha CaMOM feJfe, A0 CMX NOP He YKa3aHO Hu
OAHOrO HErNIAaBHOrO yAbTpachuibLTpa B SIBHOM Buge, bes
NPUMEHEHUST aKCMOMbI BbIbOpa.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHue runepaencTBUTEsNIbHbIX Yncen

MHoxecTBo runepaeicTenTensHoix Yncen *R npeacrasnsiet coboii
HeapXxMMe[oBO YNOPsAAOYEHHOE MoJie, SABASAIOLLEeCs paclupeHnemM
nonsa R pelicTBUTENbHBIX Yucen.

IT0 o3Ha4aeT, 4To *R — uenb, B KOTOPYHO BIOXKEHO MHOXECTBO R
(cTaHmapTHble rMNEPAEACTBNTENbHbIE YNCIA) U COAEpXKaLLEe,
KPOME TOr0, MHOXECTBO T.H. HECTAHAAPTHLIX rUNEPAENCTBUTENbHbIX
qucen. Mpun 3ToM B *R BbINOAHAIOTCA BCe aKCUOMBI MOAS, OAHAKO
He BbINOAHAETCA cnpaseanusas B R akcuoma Apxumesa:

« A5 106bIX ABYX MNOJOKUTENBHLIX YUCES a U b
CYLLIeCTBYET HaTypasibHOE N TaKoe, YTO 1.~ a > by.

Abpaxam Poburcon (Abraham Robinson,
1918-1974) — amepuKaHCKUii MaTeMaTuK,
Co3paTeNlb «HECTAHAAPTHOrO aHann3ay.
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MocTpoeHue runepaencTBUTEsNIbHbLIX YUCEN...

CornacHo npuHLMNy HacnefoBaHUsl CBOWCTB MPU pacLUVipeHnin,
akcmoMa ApxumMena MOXKET HapyLaTbCs JINWb KOrAa XoTst bbl ogHO
M3 4ynucen a n b HecTaHfapTHOE.

Cpean HeCTaHAAPTHLIX YNCEN BbIAENAOT BeckoHeYHO bonbLine 1
HeckoHeYHO Manble: ecinm Yynucna € u I cyTb NoNoOXKUTENbHbIE
COOTBETCTBEHHO BEecKoHeYHO Masioe n beckoHevHo bonbLuoe
runepaeiicTBuTeNbHbIE, @ T — MONOXUTENbHOE AeliCTBUTENBHOE,
TO HEpaBeHCTBA N-€ > = W n-x > I He OyAyT BbINOJHATLCS HYA
A1 KAKOrO HaTypasbHOro 1.

Mone runepgeiicTBuTeNbHBIX Yncen *R MOXHO NOCTpouTh,
NCMoJIb3ysi HEKOTOPLIN HernaBHbliA ynbTpacdunstp U B P(N).

PaccmoTpum BCeBO3MOXHBIE MOCNEA0BATENBLHOCTI OBbIYHBIX
AelicTBuTeNbHbIX Yncen. byaem roeoputs, 4To
nocnegosatensHocTn a = (ay, ag, ...) n b = (b, ba, ...)
SKBMBA/NIEHTHBI, €CIIN PAaBEHCTBO a; = b; HapyLIaeTcs Ha
MHOXXeCTBe, He npuHagnexaiwem U.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHue runepaencTBUTEsNIbHbLIX YUCEN...

Jlerko nposepsieTcsl, 4TO, B CUNY CBOMCTB YAbTpadhuabTpoB
BBEJEHHOE OTHOLUEHUA AENCTBUTENBHO SBASIETCA OTHOLUEHNEM
3KBMBAJIEHTHOCTN U1, HAaNpUMEp, BCE MOC/IEL0BATENLHOCTH,
OT/INYAIOLLNECS B KOHEYHOM YUCIE YJIEHOB, SKBUBANEHTHbI.
Monyuvatowmecst Knaccbl 3KBUBANEHTHOCTU HA30BEM
rUNEepAERCTBUTENBHLIMI YNCTaMK; OHN U ByayT ABAATLCA
snemeHtammn *R.

[elficTBUTENbHOMY YNCNY @ COOTBETCTBYET KJIaCC SKBUBAJIEHTHOCTU
[(a, a,...)], aTo — cTaHfBapTHOE rMNEPAECTBUTENBLHOE HICIO.
HeTblpe apudmMeTnyecknx AeACTBAS NPON3BOAATCS Haf,
nocnefoBaTeNbHOCTAMI MOHIEHHO.

bynem cuntath, 4TOo a < b, ecnn HepaBeHCTBO a; = b;
BbINOJIHAETCA Ha KakoM-n1Mbo MHoxecTBe, He Bxoasiwem B U.
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Npeanel, bnneTpel n KoHrpyaHuumn B bynesoii anrebpe

MocTpoeHue runepaencTBUTEsNIbHbLIX YUCEN...

HetpygHo nposeputh, 4T0, nockonsky U — ynbTpadpuistp,
MOJYHYEHO YNOpPsiOYEHHOE noJe.

B aTom none, ogHako, akcuoma ApxnmMena He BbINOSHAETCS:

Hanpuwmep, [(1, %, %, ...)] ecTb beckoHeuHo Maroe, a
[(1,2,3,...)] — beckoHeyHO DonbLUOE rUNepAeicTBATENbHBIE

4yuncna.

Mpn nposepke 3TUx cBONCTE M Tpebyetcs, 4Tobbl U Gbin
HErNaBHbIM YAbTPaUILTPOM.
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Bynesbl MHOro4neHs!

Paspensl

@ Bynesui MHorounens
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Bynesbl MHOro4neHs!

EyﬂeBbl MHOro4Jj1eHbl: onpeageneHune

Onpepenernune

Mycte X, = {x1, ..., Ty } — N -31EMEHTHOE MHOXECTBO

nepemMeHHbIX.

Bbynesbl MHoroyneHbl Hag X, — opMysibl U3 NEPEMEHHbLIX 1

koHcTaHT 0 u 1 Hag mMHoxecTBom cumeonos { LI, I1,’}, Te.
Q =x1,...,xn, 0, 1 — Bynesbl MHOrOYMEHBI;

e ecan p n q —_ 6yJ'IeBbI MHOIO4Y/1€Hbl, TO TAKOBbIMU ABJIAKOTCHA
n (pUq), (pMaq), ().

CuHTaKCcM4eckoe TOXAECTBO: FTOBOPUM, YTO MHOTOYNIEHBI P U ¢
paBHbIl, €CNn

P = q < D U q COBNAJAKT KaK CTPOKN CUMBOJIOB.

P, — mHOXecTBO BCex DyneBbIX MHOro4/eHOB Hag X,,.
D70 He bynesa anrebpa, T.K., Hanpumep, 1 Ll xo # xo L 1.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl MHOro4neHs!

ByneBbl MHOrouneHbl: NnoAMHOMUanbHas PyHKLUS

,EI,anee nosib3yeMCA N3BECTHbIMU NpaBu1aMnn SKOHOMUNN CKODOK.

Mycte B — bynesa anrebpa u p — Oynes mHorouneH us P,.

ObozHauum 4yepes pp(by, ..., b,) anemeHT u3 B, koTopbiii
nony4aeTcs U3 p 3aMeHoit x; — b; € B, i = 1,n, a oTobpaxeHue
pp:B"— B, (bi,...,by) — pp(b1, ..., by)

HA30BEM MOJIMHOMUAJIbHON PyHKLMEN, NHAYLMPOBAHHOM OyneBbIM
MHoro4seHom p Ha B.

Pp = {pp|p € P,} — MHOXeCTBO BCEX MOANHOMMNASNBHBIX
bYHKUMNA, MHAYLMPOBaHHBIX MHOro4neHamu us P, Ha B.

n
Acho, uto P C BB".



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Bynesbl MHOro4neHs!

ByneBbl MHOro4neHbl: NOANHOMUaNbHasS DYHKLMS. ..

Mpumep (Besge n = 2)
Q@ Nycte B=2={0,1}, p=o21Uxe n ¢ = 29U z.
Torpa
° pFyq,
e pg = aVb qgg =bVa,
e PB = (B, T.K. Npn NobO 3aMeHe B 3TUX BbipaXKeHNAX Dyke a
u b sanementamu {0,1} nonyHnm OfMH U TOT >KE SJIEMEHT.

Q@ MNyctb B=P(A), p= (r1Uz2)" n ¢ = 21’ Mas’.
Torpa

o pp = XUY, gg =XNY,rae X,Y CA+#0,




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

EyJ'IeBbI MHOro4s1€HbI

P% — nopanrebpa B5"
SlcHo, uto (PR, U, M, ', 0, 1) — bynesa anrebpa.

Teopema

HokasatenbcTBO

- n
Vbeaumcs B ycToriunsoctu nomHoxectsa Pp C BP
OTHOCUTENILHO onepayuii byneBoii anrebpei.

o onpegeneHnto NOMHOMUANBLHEIX PYHKUMEA, A5 LI n
npousBosibHoro a € B™ umeem

(Pr U ds)(a) = Prla) Udn(a) = (PUq)p(a) € PR,

Vcrtoiiunsocts onepauuii 11 n ' [A0oKa3bIBaeTCA aHaAOrNYHO.

Takxe Pg n BPB" cogepxat cpyrkymm fo =0 un fi = 1.




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Bynesbl MHOro4neHs!

EyﬂeBbl MHOro4J1€Hbl: 3KBUBAJIEHTHOCTb

Onpepenernune

[ea byneBbix MHOro4YneHa p,q € P, Ha3biBatoTCA
9KBUBANEHTHLIMY (CUMBOJINYECKUN P ~ ¢ ), €CAN PaBHbI NX
NoAMHOMUaNbHbIE PYHKLMM HA 2, T.e. p~ ¢ < D2 = 2.

~ [eliCTBNTENbHO €CTb OTHOLLUEHMWE SKBUBANEHTHOCTU Ha P,
(cBoiicTBa pedbNEKCUBHOCTY, CUMMETPUYHOCTM U TPAH3NTUBHOCTY
HAC/IEAYIOTCSl N3 OTHOLLEHNSI PAaBEHCTBA (DYHKLNIA).

C nomowbto Teopembl CTOoyHa [0Ka3bIBAETCs

Teopema

llyctb p,q € P, n p ~q.
Torga gns nponssosibHo bynesoii anrebpel B crnpaseganso
PB = GB-




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl MHOro4neHs!

dakTopMHOXECTBO F,, N0 3KBUBA/IEHTHOCTN —

Teopema
P,/ ~ ectb bynesa anrebpa, u P, /~ =, PJ.

HokasatenbcTBO

Onpegennm otobpaxenne p: Py — P,/ ~, koTopoe nepeBogut
MOIMHOMUANIbHYIO (byHKUMIO PY', MHAYLUMPOBaHHYIO MHOMOYIEHOM
P Ha 2 B KJAcc aKBUBANIEHTHOCTY [p].~..

LlaHHoe onpeneneHne KOPPEKTHO, T.K.

P2 = G2 = p~q = [pl~ =g~

Jlerko npoBepuTs, 4TO © M €CTb UCKOMBIN BysieB N30MophU3M.




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl MHOro4neHs!

Bynesa anrebpa: nonnHomMunanbHas NoaHoTa

Ecan P2 =, BPB", 1o nasosém bynesy anrebpy B
MONMHOMUASILHO MOJTHOVA.

MonMHOMManbHAsA NOMHOTA O3HAYaET, YTO KaXAYIO (OYHKLMIO
MOXHO MPeACTaBUTH MONMHOMOM.

V3 eanHcTBeHHOCTU NpeacTaBneHns bynesbix (2" — 2) dyHKuni
B Buge coseplenHbix JH®, KH® nan AH® (nonnnomos
YKerankuna), cnegyet, uto |P,/~ | = 22"

OTcropa:

n
@ nockonbky P/~ =, P, To anrebpa 2 nosvMHOMUanbHO
NnoJiHa.
@ ecm |B| = m > 2, 70
n n n
|PR| = |Py/~| = 22" <m™ = |BB"|, 1e. 2 —
EANHCTBEHHAs NONNHOMWAJNIBHO NMNOJIHAA 6yJ1eBa anre6pa.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

ByneBbl ypaBHeHUst

Paspensl

© Bynesbi ypasHenus



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
ByneBbl ypaBHeHUst

ByneBbl ypaBHeHus: onpegeneHve

Onpepenernune

Mapy (p, q), rae p, ¢ € P, Ha30BEM Oy/n1eBbIM ypaBHEHUEM.
Mycte B — npoussosibHasi bynesa anrebpa.

dnemenT (b, ..., by) € B™ Ha3blBaeTCs peLUEHNEM ypPaABHEHUS
(p, q) B bynepoii anrebpe B, ecnn

pB(b1, ..., bp) = qB(b1, ..., bn).

CoeokynHocts { (pi, ¢;) | i =1,m} obpasyer cuctemy ns m
YPaBHEHU.

PeLueHnem cuctemsl Ha3bIBAETCA 0bLLEe peLueHre BCEX YpaBHEHU
cncTeMbl.

VpagHenue (p, ¢) BONYCTMMO 3anuCbiBaThb B BUAE P = (.

Hanpuwmep, xjzo V x3 = x1(x2 V x3) — byneso ypaHeHue B 2,
a (101) — ero pewenue.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
Bynesbl ypaBHeHus

OkBuBafeHTHoe nNpeobpa3soBaHue bynesa ypaBHeHUSA

Vpasuenuss p = q n (pNq’)U (p'Mq) = 0 umeror ogHu n e xe

PELLEHUS.
Mycts B — bynesa anrebpa u (b, ..., b,) € B™.
Monoxum a = pp(bi, ..., by) n b = qp(b, ..., by).

Torga, ¢ 04HOW CTOPOHHI,
a=b= (anNb)U(a'Mb) = (aMa’)U(a’'Ma) =0U0 =0,
a c gpyroui —
/ / . amllb’ =0
(amb)U(a'Mb) =0 = { aAb=0 =

alldb' =1

r_
:{al_lb =0 = a=0" o a=0.




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
ByneBbl ypaBHeHUst

OkBuBafieHTHOe Npeobpa3oBaHMe CMCTEMbI DyneBbiX ypaBHEHWIA

Mo paHHOI Teopeme cuctema ypasHeHuU

{pi,q)|i=1,...,m}.
5KBUBANEHTHA €AUHCTBEHHOMY YPaBHEHUIO
m

| J(minghuping) =0 (»).

i=1

Ecnu pewenne nwetcs B anrebpe 2, TO Bblpa3uB NIEBYO 4acTb B
KOHBIOHKTUBHOI (hOpMe, MOJTy4UM, YTO ypaBHeHME (k) umeer
pelleHmne, Korga xotst bbl OGUH U3 COMHOXUTENEN NPUHUMaeT
3HadeHune 0 u, NpupaBHMBas NX NOCiefoBaTenbHO K 0, HAXOAAT BCe
PELLEHNS] CUCTEMBI.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl ypaBHeHus

PewweHune cucrtembl OyneBbl ypaBHeHWii: npumMep

Pewum B 2 cuctemy { (z122, z123 V 22), (21 V b, x3) }.
Mepenuwem cuctemy B NpUBLIYHOM BUAE

r1To = 2123V 29,

rmVah = x3.
OHa 3KBMBaNEHTHA eAUHCTBEHHOMY YPaBHEHMNIO

.%'11’2(1'1.%3 Vv ZL'Q), V (.’EliL'Q)/(:leg Vv iUQ) Vv
V (z1Vah)zh V (e Vay)zg = 0.
Mpeobpasys nesyto yacte 8 KH®, nonyunm ypasHeHue
(w1 VaaVah)(zivehves) = 0.

Takum 0bpa3om, pelleHnst paccMaTpUBaEMOil CUCTEMbI —
anemenTbl (b1, bo, b3) € 23 ynoBneTBOpsilOLIME COOTHOLIEHNSIM

(b1 V by V 53)(61 \/EQ VB?)) =0,
T.e. 310 (001) n (111).



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
ByneBbl ypaBHeHUst

Cucrtembl OyneBbl ypaBHeHUI B Npou3BO/bHON OyneBoii anredpe

B obuiem cnyudae, korga pelleHne UWETCs He B npocTeiileli, a B
npousBosibHOl bynesoii anrebpe B # 2, To npuseaeHne
ypaBHEHUs (%) K KOHBIOHKTUBHON POPME MPUBOAMT K NOTEpE
peLleHunii B cuny Toro, 4To B He obnagaeT CBoWCTBOM
NOJINHOMMWAJILHON MOJIHOTHLI, U B HEN

s allb = o He cneayet, 4To nmbo a = o, mbo b = o.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

ByneBbl ypaBHeHUst

Bbiknagku B bynesoi ctpyktype (B, L, M,’ C. o, ¢)

Lalz =0« (aNz)Ua’' =a’" & (aUa )N (zUa") =a’" &
sSzla' =a & 2Cad (& ala).

AnanormyHo bMa’ =0 < bLC . @ @

=

< r=0BUu)MNa &
< x=(a'Mu)Ub.




MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
ByneBbl ypaBHeHUst

PeweHnune Gynesa ypaBHeHUs C O4HUM HEN3BECTHbLIM B
npon3BoJiLHOI OyneBoii anrebpe

MycTb B Bynesoii ctpyktype (B, U, M,’, C, 0, t) 3agaHo
ypaBHeHWe p = q, rge p, q € Pj.

MeTon coCTOMT B BLINOJIHEHUU CNEAYIOLLNX LIATOB.

2]

[MprBOAMM AaHHOE ypaBHeHUE K PaBHOCUJILHOMY YPaBHEHUIO C
0 B MpPaBol YacTu.

Mp1BOAMM NONYYEHHOE ypaBHEHNE K PaBHOCUILHOMY
ypasHeHuto Buga (aMz) U (bMa') = o, rae a m b —
M3BECTHblE 3N1eMeHTbl .

3ameHsieM NOAYYEHHOE YPaBHEHME HA SKBUBANEHTHYIO CUCTEMY
afllz = o, bz’ = o.
Ecan b Z a’, To ncxopHoe ypaBHeHMe pelleHns He nMeer.
Whave, nckomoe pelweHne — x Takoii, 4To
bCxzCa’ wwm z=0bUu)MNa = (a'Mu)Ub,
rAe U — NPON3BOJbHbIN dneMeHT B.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

ByneBbl ypaBHeHUst

PeweHune GyneBa ypaBHeHus xllc = d

Pewnm byneso ypasHeHue
zUc=d

B nponsBosibHol Bynesoli ctpyktype (B, L, M, " C, 0, ).
Qzlc=d< (zue)Nd) U (zUc)nd’) = o.

Q ((zUle)Md) U ((zUc)Nd’) = (x'Me'MNd) U (zMd’) U (eNd
= (z'ne'Nd)y U (xnd) U (zNend’) U (z'MNend
= (xn(d U(cnd))) U (z'n((c'nd)u(crd’))) = o.

A e

d/

)
)

Q Nmeem d'Max =0, ((¢'Nd)U(cnd))Na’ = o.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

Bynesbl ypaBHeHus

PeweHue GyneBa ypaBHeHus xllc = d...

@ VlcxogHoe ypaBHeEHME UMEET peLIeHne ecin U TOJIbKO eCin
(¢'Md) U (end’) C d.
MokaxkeM, 4TO JaHHOE yCNOBUE 3KBMBaNeHTHO ¢ T d:
((c'md)u (emd)) Ed & (¢'Nd)u(cnd’)Ud = d <
S dU(cnd)=d & (dU(cnd))MNe=dnec &
& (cnNd) U (cnd’) =dNe & ¢c=cNd & cCd.

ObLyee pelueHne NCXOLHOTO ypaBHEHUST —
x = (c¢'Nd) U (eNdYUu)Nd = (¢'MNd) U (uld) = dM (¢ Uu),
rae U — MPOW3BOJIbHbLIV 3NEeMEHT bynesolt cTpyKTypbl B.

HeobsizaTensHas npoeepka:

Dtr2

(dn(c'Uu))de =" (dUe)Me = dUc e

d.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

YTo Hapgo 3HaTHL

Paspensl

@ 4o napo 3HaTh



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)
YTto Hapgo 3HaTL

@ bynesa anrebpa kak pewértka. CooTHoweHUs B ByneBoii
anrebpe. byneea anrebpa otobpaxkeHuii. bynes
romMomopusm.

o Bynesobl konbua. Teopembl nocTpoeHuns Oynesa konbua u3
bynesoii anredbpbl n bynesoii anredpol n3 dynesa
konbua. CToyHOBCKasi ABOCTBEHHOCTL MexXAy OyneBbiMu
anrebpamu 1 byneebiMu Konbuamu. bynesa cTpykTypa.

@ Bbyneebl ngeansl n punstpel: onpegenerve. Punstp Ppewe.
MakcumansHble ngeanst u bunbTpbl. YabTpaduasTtp.
CeoiicTBa MaKCUMasibHbIX DyneBbIX MAEaNOB U PUILTPOB.
®akTopanrebpsi.

@ [ocTpoeHune bezaToMHO byneBoii anrebpbl hakTopUsaLueii.
TpuenansHele ynsTpacdpunstpel. Obuiee pewermne bynesa
ypaBHeHust — ynbTpacduabTtp. MNocTpoeHmne HernasHoro
yneTpadunsTpa.



MpuknagHas anrebpa. Tema V: Bynesel anrebpel (npogonikeHue)

YTto Hapgo 3HaTL

@ bByneBbl MHOrouYNEHbI: ONpeaeneHne, paBeHCTBo,
NOMMHOMMANbHAs PYHKLNS, SKBUBANEHTHOCTb. Teopema:
n ~
P% — nopanrebpa BB". MonuHommanshas nonHota bynesoii

anrebpel.
o Teopema 00 3kBMBaNeHTHOM npeobpa3oBaHun DyneBbix

ypaBHeHuii. Pewenne bynesa ypaBHeHNs1 B NPON3BOJILHOI
bynesoii anrebpe.
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