
, II r I

!

�
.'..

I
.,

�� 1

B. B. nPACOllOB

j
".-I

Knacc

\

'."Ii
;,

o

"",



B. B. DpaCOJIOB

3a,n:aQH no aJIre6pe

7 KJIacc

MOCKBa

I13.n;aTeJIbCTBO MQHMO

2019



Y�K 512.1 + 517.1 + 511.1

EEK 22.141+22.161

TI70

TIpaCOJIOB B. B.

TI70 3a.n;aqH rro aJIre6pe. 7 KJIacc. - M.: MQHMO, 2019. - 80 c.

ISBN 978-5-4439-1395-7

KHMra co,n;ep)l(MT 3a,n;aqM rrOBbIllIeHHO:H CJIO)l(HOCTM rro a.n:re6pe ,n;JI5I yqa�Mx-

C5I 7 KJIaCca. EOJIbllIMHCTBO M3 11 rJIaB HaqMHaeTC5I C rrepeQMCJIeHH5I OCHOBHbIX

<paKToB M rrOIDITM:H, OTHOC5I�MXC5I K 3TO:H rJIaBe. 3aTeM rrpMBOMTC5I pellieHIDI

HeCKOJIbKMX HaM60JIee TMrrMQHbIX 3a,n;aQ. nOCJIe 3Toro CJIe,n;yroT 3a,n;aQH ,D,JUI caMO-

CT05ITeJIbHOrO pellieHIDI. B KOHn;e rrpMBe,n;eHbI OTBeTbI M rrOQTM KO BceM 3a,n;aQaM

,n;aHbI yKa3aHIDI.

,l(JUI yqMTeJIe:H MaTeMaTMKM M ,lVUI IlIKOJIbHMKOB, KOTopbIe XOT5IT HayqHTbC5I

pellIaTb 3a,n;aQM, HeMHoro 60JIee CJIO)l(HbIe, QeM 3a,n;aQM M3 yqe6HMKa. no 3TO:H

KHMre MO)l(HO rro,n;rOTOBMTbC5I K MaTeMaTMQeCKMM OJIMMrrMa,n;aM, ypoBeHb KOTO-

pbIX HM)I(e ypOBIDI 3aKJIIOQMTeJIbHOrO 3Tarra BcepOCCM:HCKO:H OJIMMrrMa,n;bI.

EEK 22.141 + 22.161

(0
ISBN 978-5-4439-1395-7

@ npaCOJIOB B. B., 2019.

@ MQHMO, 2019.



OrJIaBJIeHHe

TIpeAHCJIOBHe ........

CnHCOK 0603Ha"tJeHHH

5

6

fJIaBa 1. �p06H H npo�eHThI . . . . . . . . . . . . . 7

,l(P06M (9). ,l(eC5ITMqHbIe ,n;P06M (9). npOIJ;eHTbI (10). CMecM, KOHIJ;eHTpa-

IJ;MM (11). BbIqMCJIeHMe CYMM M rrpoM3Be,n;eHM:H ,n;po6e:H (11). AnMKBoTHbIe ,n;po-

6M (11). COKpa�eHMe ,n;po6e:H (12).

fJIaBa 2. CTeneHh C HarypaJIhHhIM nOKa3aTeJIeM . . . . . . . . .. 13

06�Me CBO:HCTBa (14). nOCJIe,n;HMe IJ;M<PPbI (14). ,l(eJIMMOCTb (14). PaccTaHoBKa

cKo6oK (15).

fJIaBa 3. �eJIHMOCTh "tJHCeJI. . . . . . . . . . . . . . . . . . . . . . .. 16

,l(eJIMMOCTb HaIJ;eJIO (17). ,l(eJIMMOCTb ,n;BYX qMCeJI (18). npM3HaKM ,n;eJIMMOCTM

M ,n;eC5ITMqHaR 3arrMCb QMCJIa (18).

fJIaBa 4. Pa3JIOmeHHe Ha npocThIe MHOmHTeJIH H AeJIeHHe

C OCTaTKOM ............................ 19

npOCTbIe M COCTaBHbIe QMCJIa (20). Pa3JIO)l(eHMe Ha rrpocTbIe MHO)l(MTe-

JIM (21). B3aMMHO rrpocTbIe QMCJIa (21). HaM6oJIbIlIM:H 06�M:H ,n;eJIMTeJIb M HaM-

MeHbllIee o6�ee KpaTHoe (21). ,l(eJIeHMe C OCTaTKOM (21). OCTaTKM rrOJIHbIX

KBa,n;paToB (22). AnropMTM EBKJlM,n;a (23).

fJIaBa 5. MHoro"tJJIeHhI . . . . . . . . . 24

CBO:HCTBa MHOrOq)leHOB (25). K03<P<PMIJ;MeHTbI MHOrOq)leHOB (26). ,l(eJIMMOCTb

MHOrOqJIeHOB (26).

fJIaBa 6. <l>OPMYJIhI cOKpa�eHHoro YMHomeHIDI H APyrHe

To�eCTBa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

BbI,ZJ;eJIeHMe rrOJIHOrO KBa,n;paTa (28). Pa3HocTb KBa,n;paToB (28). Ky6 cYM-

MbI M Ky6 pa3HocTM (29). <I>oPMYJIa ,n;;rn x
n

-

yn (29) . <I>oPMYJIa ,n;;rn

x
n

+ yn (30). CYMMa ,n;BYX KBa,n;paToB (30). Pa3HbIe TO)K,lJ;eCTBa (30).

fJIaBa 7. Pa3JIOmeHHe MHOrOqJIeHOB Ha MHOmHTeJIH . . 31

Pa3JIO)l(eHMe Ha MHO)l(MTeJIM MHOrOq)leHa OT O,n;HO:H rrepeMeHHO:H (31). Pa3JIO-

)l(eHMe Ha MHO)l(MTeJIM MHOrOq)leHa OT HeCKOJIbKMX rrepeMeHHbIx (32).

fJIaBa 8. AJIre6paH"tJecKHe APo6H . . . . . . . . . . . . . . . . . 33

npeo6pa30BaHMe ,n;po6e:H (33). ,l(P06b -

IJ;eJIoe QMCJIO (34). CYMMbI M rrpoM3Be-

,n;eHIDI ,n;po6e:H (35).



4 OrJIaBJIeHMe

fJIaBa 9. JIHHeHHhIe ypaBHeHIDI. . . . . . . . . . . . . . . . . . . .. 36

rpa<pMK JIMHeHHOH <PYHKQMM (38). PellIeHMe 3a,n;aq C rrOMOIIJ;blO CMCTeM JIM-

HeHHbIx ypaBHeHMH (38). JIMHeHHbIe ypaBHeHIDI C HeCKOJIbKMMM HeM3BeCTHbI-

MM (38).

fJIaBa 10. TeKCTOBhIe 3aAa"tJH ...................... 39

PellIeHMe 6e3 ypaBHeHMH (40). O,n;HO ypaBHeHMe (41). ,l(BM)I(eHM5I (42). norpY3-
Ka M yrraKoBKa (43).

fJIaBa 11. �OnOJIHHTeJIhHhIe 3aAa"tJH . . . . . . . . . . . . . .

3a,n;aQM Ha pa3HbIe TeMbI (44). neperrpaBbI (45). nepeJIMBaHIDI (45).

44

OTBeThI . . 46

49

77

YKa3aHIDI

npeAMeTHhIH )'Ka3aTeJIh



npe�HCJIOBHe

KHHra CO.n;ep)l(HT 3a.n;aqH rro aJIre6pe .n;mI yqa�HxcH 7 KJIacca. 3TH

3a.n;aqH HeMHoro CJIO)l(Hee Tex, KOTopbIe rrpHBOMTCH B yqe6HHKax KaK

OCHOBHbIe, HO He CJIO)l(Hee Tex, KOTopbIe rrpHBOMTCH KaK .n;orrOJIHHTeJIb-

HbIe 3a.n;aqH IDIH KaK 3a.n;aqH rrOBbIllIeHHOH Tpy.n;HOCTH.

EOJIbllIHHCTBO H3 11 rJIaB HaqHHaeTCH C rrepeqHCJIeHHH OCHOBHbIX

<paKToB H rroIDITHH, OTHOCH�HXCH K 3TOH rJIaBe. 3TH <paKTbI H rrOHHTIDI

eCTb BO Bcex llIKOJIbHbIX yqe6HHKax H rrpHBOMTCH JIHllIb .n;JIH HarrOMH-

HaHlffi. Te )l(e rrOIDITlffi, KOTopbIe eCTb B HeKOTopbIX yqe6HHKax, HO

He BO Bcex, rrpHBOMTCH B Tex rraparpa<pax, B KOTOpbIX OHH BrrepBbIe

BCTpeqaIOTCH. K TaKHM rrOIDITlffiM OTHOCHTCH, B qaCTHOCTH, aJIHKBOTHbIe

.n;P06H H aJIrOpHTM EBKJIH.n;a.

TIoCJIe rrepeqHCJIeHlffi OCHOBHbIX <paKTOB H rrOIDITHH BO MHorHX rJIa-

Bax pa36HpalOTCH pellieHIDI HeCKOJIbKHX HaH60JIee THrrHqHbIX 3a.n;aq. 3a-

TeM rrpHBOMTCH 3a.n;aqH .n;mI caMOCTOHTeJIbHOrO pellIeHlffi. B KOHI.J;e rrpH-

Be.n;eHbI OTBeTbI H KO BceM 3a.n;aqaM (KpOMe Tex, K KOTOpbIM )T)Ke caM

OTBeT HBJIHeTCH rrOJIHbIM pellIeHHeM) .n;aHbI YKa3aHlffi.

TIOpH.n;OK H3JIO)l(eHlffi MaTepHaJIa B 3TOM 3a.n;aqHHKe MO)l(eT OTJIH-

qaTbCH OT rropH.n;Ka H3JIO)l(eHHH B llIKOJIbHOM yqe6HHKe, rrOTOMY qTO

B pa3HbIX yqe6HHKax rrOpH.n;OK H3JIO)l(eHlffi pa3HbIH. Ho pellIaTb 3a.n;aqH

)l(eJIaTeJIbHO HMeHHO B rrpe.n;JIaraeMOM rropH.n;Ke, rrOTOMY qTO HMeHHO

B 3TOM rropH.n;Ke JIyqllIe Bcero rrpOHCIDIIOTCH B3aHMOCBH3H Me)K)J;Y pa3-

HbIMH 3a.n;aqaMH.

TIOpH.n;OK H3JIO)l(eHHH CTporo rrOCJIe.n;OBaTeJIbHbIH: HH B O.n;HOH H3

rJIaB MaTepHaJI rrOCJIe.n;yro�HX rJIaB He HCrrOJIb3yeTCH.
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rJIaBa 1

�p06H H np0:QeHTbI

OCHOBHhIe <l>aKThI H nOHHTIDI

p
IIoJloJ1CumeJlbHoe pa4UOHaJlbHOe 1.£UCJlO - 3TO qHCJIO BHtJ;a -, r.n;e p

q

H q
-

HaTypaJIbHbIe qHCJIa. TIOJIO)l(HTeJIbHOe paI.J;HOHaJIbHOe qHCJIO Ha3bI-

BalOT TaK)l(e 06bLKHOBeHHOu. OP06blO IDIH rrpOCTO Op06blO. qHCJIO P Ha3bI-

BalOT rrpH 3TOM 1.£UCJlUmeJleM opo6u, a qHCJIO q -3HaMeHameJleM opo6u.

,lJ;P06b
p

Ha3bIBalOT HecoKpamUMOu., eCJIH qHCJIa p H q He HMelOT

q

06�HX .n;eJIHTeJIeH.

,lJ;p06b
p

Ha3bIBalOT npaBUJlbHOu., eCJIH p < q.
q a c

06bIKHOBeHHaH .n;P06b b
60JIbllIe 06bIKHOBeHHOH .n;P06H d'

eCJIH

ad > be.

ECJIH 3HaMeHaTeJIb q .n;P06H
P

-

HeKOTOpaH CTerreHb qHCJIa 10, TO

q

3TY .n;P06b MO)l(HO 3arrHcaTb B BHtJ;e KOHe1.£HOu. oeC.R.mU1.£HOU opo6u. Ha-

rrpHMep,.n;p06H
5 3 7 192

10' 100' 10000' 10

3arrHCbIBalOTCH CJIe.n;yro�HMH KOHeqHbIMH .n;eCHTHqHbIMH .n;P06HMH:

0,5, 0,03, 0,0007, 19,2.

K(l)KtI;yro H3 3THX .n;eCHTHqHbIX .n;p06eH Ha3bIBalOT oeC.R.mU1.£HbLM pa3JlO-

J1CeHUeM cooTBeTcTByro�eH 06bIKHoBeHHoH .n;P06H.
ECJIH 3HaMeHaTeJIb .n;P06H HMeeT BHtJ; 2

n

sm, TO qHCJIHTeJIb H 3HaMe-

HaTeJIb .n;P06H MO)l(HO YMHO)l(HTb Ha 2
k -

n

sk-m, r.n;e k - 3TO HaH60JIbllIee

H3 qHCeJI n H m. B pe3YJIbTaTe rrOJIyqHM .n;P06b CO 3HaMeHaTeJIeM 10
k

; ee

MO)l(HO rrpe.n;CTaBHTb B BH.n;e KOHeqHOH .n;eCHTHqHOH .n;P06H.

,lJ;P06b, 3HaMeHaTeJIb KOTOpOH HMeeT rrpOCTOH .n;eJIHTeJIb, OTJIHqHbIH

OT 2 H 5, HeJIb3H rrpe.n;cTaBHTb B BHtJ;e KOHeqHOH .n;ecHTHqHOH .n;P06H, HO

MO)l(HO rrpe.n;cTaBHTb B BHtJ;e 6eCKOHe1.£HOU oeC.R.mU1.£HOU opo6u. HarrpH-

Mep, � = 0,3333. ..
= 0, (3). 3alIHcb (3) 03HaqaeT, qTO TpoHKa lIepHO,ll;H-

qeCKH rroBTopHeTcH. TIOBTOpHTbCH MO)l(eT H .n;pyrOH Ha60p I.J;H<PP; 3TOT



8 1. ,l(P06M M rrpOu;eHTbI

Ha60p Ha3bIBalOT nepUOOOM. TIepHO.n;HqHOCTb .n;P06H MO)l(eT HaqHHaTb-

CH Cpa3Y rrOCJIe 3arrHTOH, KaK .n;mI .n;P06H 0, (3). Tor.n;a .n;P06b Ha3bIBalOT

1.£ucmo nepuOOU1.£eCKou. ECJIH )l(e Me)l(.D;Y 3arrHToH H rrepHo.n;oM eCTb .n;PY-

rHe .n;eCHTHqHbIe 3HaKH, TO .n;p06b Ha3bIBalOT CMelllaHHO nepUOOU1.£eCKOU.

HarrpHMep, .n;P06b 0,73333... == 0,7(3) CMellIaHHO rrepHo.n;HqeCKaH.

JII060e paI.J;HoHaJIbHOe qHCJIO rrpe.n;cTaBJIHeTCH rrepHo.n;HqeCKOH .n;eCH-

THqHOH .n;P06blO (3a.n;aqa 1.13).

TIpH BbIqHCJIeHHH .n;ecHTHqHOH .n;P06H, rrpe.n;cTaBmIlO�eH 06bIKHO-

BeHHyro .n;P06b, HCrrOJIb3yeTcH .n;eJIeHHe C OCTaTKOM. TIO.n;P06HO OHO 06-

C)')K.n;aeTCH B rJIaBe 4. 3.n;ecb )l(e BrrOJIHe .n;OCTaTOqHO rrpe.n;cTaBJIeHIDI

o .n;eJIeHHH yrOJIKOM, KOTopoe OCHOBaHO Ha .n;eJIeHHH C OCTaTKOM.

II
1 OJ

p 0 4 eHm - 3TO
100

qaCTb .n;aHHoH BeJIHqHHbI, n rrpOI.J;eHToB OT Be-

JIHqHHbI a paBHo l�aO . YBeJIHqeHHe .n;aHHoH BeJIHqHHbI Ha n % - 3TO

YMHO)l(eHHe ee Ha 1 + 1�0 . YMeHbllIeHHe .n;aHHoH BeJIHqHHbI Ha n 0/0-

3TO YMHO)l(eHHe ee Ha 1 -

1�0 .

npHMephI perneHIDI 3a�aq

npHMep 1. qTO 6OJIbIIIe: ����; HJIll �����; ?

10001 100001
PerneHHe. BMecTo Toro qT06bI cpaBHHBaTb .n;P06H 10002

H
100002

'

10001 100001

cpaBHHM .n;P06H 1 -

10002
H 1 -

100002
:

10001 1 1 100001
1 -

10002
==

10002
>

100002
== 1 -

100002
.

�JIH HCXO.n;HbIX .n;p06eH 3HaK HepaBeHcTBa 06paTHbIH.
10001 100001

Omeem.
10002

<
100002

.

1 1 1

npHMep 2. 3arrHllIHTe .n;P06H
37

' "7
H

13
B BHtJ;e rrepHo.n;HqeCKHX

.n;ecHTHqHbIX .n;p06eH.

PemeHHe. ,lI;p06b
3

1

7
B B�e ,ZJ;eClITWIHoH ,ZJ;p06H lIpe,n;cTaBJUIeTCR CJIe-

.n;yro�HM 06pa30M. CHaqaJIa cpaBHHBaeM 10 H 37. TIOCKOJIbKY 10 < 37,

rrepBbIH .n;ecHTHqHbIH 3HaK - HOJIb. 3aTeM cpaBHHBaeM 100 H 37. Terrepb

)T)Ke 100> 37, rr03ToMy.n;eJIHM 100 Ha 37 C OCTaTKOM: 100 == 2.37 + 26.

BTOpOH .n;ecHTHqHbIH 3HaK 2. 3aTeM .n;eJIHM 260 Ha 37 OCTaTKOM: 260 ==

== 7 . 37 + 1. TpeTHH .n;ecHTHqHbIH 3HaK 7. OCTaTOK rrOJIyqIDIcH 1, rro-

3TOMY .n;aJIbllIe Bce 6y.n;eT rroBTopHTCH rrepHo.n;HqeCKH. �JIH .n;BYX .n;pyrHX

.n;p06eH BbIqHCJIeHIDI aHaJIOrHqHbIe.

Omeem. 0,(027),0,(142857) H 0,(076923).



1. .n;P06M M rrpOQeHTbI 9

TIpHMep 3. B MelliKe 6bIJIO 100 Kr orypu;oB, Ha 99 010 COCTOH�HX H3

BO.n;bI. TIOCJIe xpaHeHHH orypU;bI YCOXJIH, H Terrepb Bo.n;a COCTaBmIeT TOJIb-

KO 98 010 HX Beca. CKOJIbKO Terrepb BeCHT orypU;bI?
PemeHHe. CYXaR qaCTb orypU;OB BeCHT 1 Kr. ECJIH Bo.n;a COCTaBJIHeT

98 010 Beca orypU;OB, TO Bec BO.n;bI OTHOCHTCH K Becy orypU;OB KaK 98 010

OTHOCHTCH K 2 %. TI03TOMY Bec BO,ll;bI paBeH
9

2

8
= 49 Kr, a 06rn;HH Bee

paBeH 49 + 1 == 50 Kr.

Omeem. 50 Kr.

3C\Aaqu �JlH caMOCTO.HTeJIhHOrO perneHHH

�p06H

6
12345 12346?1.1. qTO OJIbllIe:
54321

IDIH
54322

.

1.2. Pa3.n;eJIHTe 5 H6JIOK rropoBHY Me)l(.D;Y llIeCTblO .n;eTbMH, He pa3pe-

3aR HH O.n;HO H3 H6JIOK 60JIee qeM Ha 3 qaCTH.

2 1
1.3. KaK oTpe3aTb OT llIHYPa B

"3
M KYCOK B

2: M, He HMeH MeTpa?
2 3

1.4. Ha oCTpoBe "3
Bcex M�qHH )l(eHaTbI H

5
Bcex )l(eH�HH 3aMY-

)l(eM. KaKaR .n;OmI HaCeJIeHHH OCTpOBa COCTOHT B 6paKe?
1.5. BaHHa 3arrOJIIDIeTCH XOJIO.n;HOM BO.n;OM 3a 6 MHHYT 40 ceKYJI.n;, ro-

pHqeM - 3a 8 MHHYT. KpoMe Toro, eCJIH H3 rrOJIHOM BaHHbI BbIHYTb rrp06-

KY, Bo.n;a BbITeqeT 3a 13 MHHYT 20 ceKYJI.n;. 3a CKOJIbKO BpeMeHH BaHHa

3arrOJIHHTCH rrpH YCJIOBHH, qTO OTKpbITbI 06a KpaHa, HO BaHHa He 3a-

TKHYTa rrp06KoM?
1.6. IIlKOJIbHHKH o.n;Horo KJIacca XO.n;IDIH B .n;Ba TypHcTHqeCKHX rroxo-

2
.n;a. B K(l)KtI;OM rroxo.n;e MaJIbqHKOB 6bIJIO MeHbllIe

5 06�ero KOJIHqeCTBa

yqacTHHKOB rroxo.n;a. �OKIDKHTe, qTO B 3TOM KJIacce MaJIbqHKH COCTaBmI-

4
6

OJ

lOT MeHbllIe
"7

0 �ero qHCJIa yqeHHKoB, eCJIH H3BeCTHO, qTO Ka)K)J;bIH H3

yqeHHKoB 6bIJI rro KpaMHeM Mepe B O.n;HOM rroxo.n;e.

1.7. Ha:H.n;HTe .n;P06b C HaHMeHbllIHM 3HaMeHaTeJIeM, 3HaqeHHe KO-

TOpOM 60JIbllIe 0,4 H MeHbllIe 0,5.

1.8. qHCJIHTeJIb H 3HaMeHaTeJIb .n;P06H -

HaTypaJIbHbIe qHCJIa. qHC-

JIHTeJIb )'BeJIHqIDIH Ha 1, a 3HaMeHaTeJIb - Ha 10. MorJIo JIH 3HaqeHHe

.n;P06H YBeJIHqHTbCH?

�eCHTH"tJHhIe APo6H

1.9. 3arrHllIHTe rrepHo.n;HqeCKHe .n;eCHTHqHbIe .n;P06H 0,(1), 0,(01) H

0, (001) B BH.n;e 06bIKHoBeHHbIx .n;p06eM.



10 1. �p06M M rrpou;eHTbI

1.10. TIpe.n;cTaBbTe rrepHo.n;HqecKyIO .n;ecHTHqHYID .n;P06b 0, (237) B BH-

.n;e 06bIKHoBeHHoH .n;P06H.
1.11. �oKIDKHTe, qTO JII06yID rrepHo.n;HqecKyID .n;ecHTHqHyID .n;P06b

MO)l(HO rrpe.n;cTaBHTb B BH.n;e 06bIKHoBeHHoH .n;P06H.

1.12. qHCTbIH rrepHo.n; .n;P06H
1..

COCTOHT H3 n I.J;H<PP. �OKa)l(HTe, qTO
m

qHCJIO 999... 99, COCTOH�ee H3 n .n;eBHTOK, .n;eJIHTCH Ha m. HarrpHMep,

999: 37 == 27, 999999: 7 == 142857 H 999999 : 13 == 76923.

1.13. �OKa)l(HTe, qTO JII060e paI.J;HoHaJIbHOe qHCJIO rrpe.n;cTaBJIHeTCH

rrepHo.n;HqeCKOH .n;ecHTHqHOH .n;P06blO.
1.14. TIo.n;6epHTe I.J;H<PPY d TaK, qT06bI .n;JIH HeKoToporo HaTypaJIbHO-

n

ro n BbIrrOJIIDIJIOCb paBeHcTBo 0,(d25) ==

810
.

llpOn;eHThI

1.15. qTO 60JIbllIe: rrHTb rrpOI.J;eHTOB OT ceMH MHJIJIHOHOB HJIH ceMb

rrpOI.J;eHTOB OT rrHTH MHJIJIHOHOB?

1.16. KHHra CTOHJIa 350 py6JIeH. B rrepBoM Mara3HHe ee CHaqaJIa

YI.J;eHHJIH Ha 40 0
/0, a 3aTeM e�e Ha 5 0/0, BO BTOpOM

- CHaqaJIa Ha 5 0/0,

a 3aTeM e�e Ha 40 0
/0, a B TpeTbeM Mara3HHe KHHry yu;eHHJIH Ha 45 0/0.

B KaKOM Mara3HHe KHHra .n;ellIeBJIe?

1.17. U;eHa KapTo<peJUI CHaqaJIa rrOBbICHJIaCb Ha 20 0
/0, a 3aTeM rrOHH-

3HJIaCb Ha 20 0/0. TIoBbICHJIaCb HJIH rrOHH3HJIaCb B pe3YJIbTaTe I.J;eHa? Ha

CKOJIbKO rrpOI.J;eHToB?
1.18. TIoCJIe KpH3Hca Bce I.J;eHbI rro.n;HHJIHCb Ha 25 0/0. Ha CKOJIbKO rrpo-

I.J;eHTOB MeHbllIe TOBapoB MO)l(HO KyrrHTb Ha TY )l(e 3apIIJIaTY?
1.19. B IlIKOJIbHOM Kp)T)KKe eCTb .n;eBOqKH, HO MaJIbqHKOB 60JIbllIe

94 %
COCTaBa. KaKoe HaHMeHbllIee qHCJIO IlIKOJIbHHKOB MO)l(eT 6bITb

B Kp)T)KKe?
1.20. KaKoe HaHMeHbllIee qHCJIO yqacTHHKoB MO)l(eT 6bITb B MaTe-

MaTHqeCKOM Kp)T)KKe, eCJIH H3BeCTHO, qTO .n;eBOqeK B HeM MeHbllIe 50 0
/0,

HO 60JIbllIe 40 % ?

1.21. TIo.n; KaKoH rrpOI.J;eHT BbIro.n;Hee rrOJIO)l(HTb .n;eHbrH B 6aHK Ha

ro.n;: 6 %
B ro.n; HJIH 0,5

%
B MeCHI.J;?

1.22. CKOJIbKO lIT 3epHa H)')KH0 CMOJIOTb, q'f06bI rrOCJIe OIIJIaTbI pa60TbI

(10 %
OT rrOMOJIa) OCTaJIOCb pOBHO 100 lIT M)'KH? TIoTepb rrpH rrOMOJIe HeT.

1.23. B ceMbe 4 qeJIOBeKa. ECJIH Mallie y.n;BOHT CTHrreH.n;HIO, 06�HH .n;o-

XO.n; BceH ceMbH B03pacTeT Ha 5 0/0, eCJIH BMeCTO 3Toro MaMe y.n;BOHT 3ap-

IIJIaTY
- Ha 15 0/0, eCJIH )l(e 3apIIJIaTY y.n;BOHT rrarre - Ha 25 0/0. Ha CKOJIbKO

rrpoI.J;eHToB B03pacTeT .n;OXO.n; BceH ceMbH, eCJIH .n;e.n;ymKe y.n;BOHT rreHcHIO?
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1.24. B OTqeTe 0 JIbI)I(HOM 3a6ere CKa3aHO, qTO 96% ero yqacTHH-

KOB BbIrrOJIHHJIH HOPMY. 113BecTHo, qTO 3Ta I.J;H<ppa .n;aHa C TOqHOCTblO

.n;o 0,5 %. KaKoBo HaHMeHbllIee qHCJIO yqacTHHKoB 3Toro 3a6era?

CMeCH,KOH�eHTpa�HH

1.25. 113 CTaKaHa MOJIOKa TPH JIO)l(KH co.n;ep)l(HMOrO rrepeJIHBalOT

B CTaKaH C qaeM, 3aTeM TPH JIO)l(KH rrOJIyqeHHoM CMeCH rrepeJIHBalOT

06paTHO B CTaKaH C MOJIOKOM. qero Terrepb 60JIbllIe: qCUI B CTaKaHe

C MOJIOKOM IDIH MOJIOKa B CTaKaHe C qaeM?

1.26. B KaKOM OTHOllIeHHH H)T)KHO CMellIaTb 6-rrpOI.J;eHTHbIH pacTBop

COJIH H 30- rrpOI.J;eHTHbIH, qT06bI rrOJIyqHTb 12- rrpOI.J;eHTHbIH?
1.27. �OmI 6JIOH.n;HHOB cpe.n;H rOJIY60rJIa3bIX 60JIbllIe, qeM .n;OmI 6JIOH-

.n;HHOB cpe.n;H Bcex JIIO.n;eH. qTO 60JIbllIe: .n;OJUI rOJIy60rJIa3bIX cpe.n;H 6JIOH-

.n;HHOB HJIH .n;OJIH rOJIy60rJIa3bIX cpe.n;H Bcex JIIO.n;eH?

BhI"tJHCJIeHHe C)'MM H npoH3BeAeHHH APo6eH

1.28. BbIqHCJIHTe C)'MMY

1 1 1 1

1 .2
+

2.3
+ ... +

98.99
+

99.100
.

1.29. BbIqHCJIHTe C)'MMY

1 1 1 1

3.5
+

5.7
+ ... +

99.101
+

101.103
.

1.30. BbIqHCJIHTe C)'MMY

1 1 1 1

2 . 4
+

4. 6
+ . . . +

96. 98
+

98 . 100
.

1.31. BbIqHCJIHTe rrpoH3Be.n;eHHe

(1- D( 1- �)( 1- 116 )".( 1- 2�5 ).

AJIHKBoTHhIe APo6H

AnuKBomHWl OP06b - 3TO .n;P06b, qHCJIHTeJIb KOTOpOH paBeH 1, a 3Ha-

MeHaTeJIb -

HaTypaJIbHOe qHCJIO n > 1. Ha3BaHHe rrpoHcxo.n;HT OT JIa-

THHCKoro CJIOBa aliquot; O.n;HO H3 3HaqeHHH 3Toro CJIOBa - pa3.n;eJIeHHbIH
Ha paBHbIe qaCTH. B �peBHeM ErHrrTe aJIHKBOTHbIe .n;P06H HCrrOJIb30Ba-

JIH OqeHb qaCTO, rr03TOMY HX HHor.n;a Ha3bIBalOT ezunemCKUMU opo6.flMu.
1

1.32. TIpe.n;cTaBbTe .n;P06b 2"
B BH.n;e C)'MMbI .n;BYX pa3JIHqHbIX aJIHKBOT-

HbIX .n;p06eH.
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1
1.33. TIpe.n;cTaBbTe .n;P06b 3

B BH.n;e CYMMbI .n;BYX pa3JIHqHbIX aJIHKBOT-

HbIX .n;p06eH.
1

1.34. TIpe.n;cTaBbTe .n;P06b '6
B BH.n;e CYMMbI .n;BYX pa3JIHqHbIX aJIHKBOT-

HbIX .n;p06eH qeTbIpbMH pa3JIHqHbIMH crroc06aMH (He yqHTbIBaH rropH.n;Ka

CJIaraeMbIX) .

1.35. TIpe.n;cTaBbTe 1 B BH.n;e CYMMbI a) Tpex; 6) qeTbIpex pa3JIHqHbIX

aJIHKBOTHbIX .n;p06eH.
1.36. CKOJIbKHMH pa3JIHqHbIMH crroc06aMH, He yqHTbIBaH rropH.n;Ka

1
CJIaraeMbIx, MO)l(HO rrpe.n;cTaBHTb .n;P06b

25
B BH.n;e CYMMbI .n;BYX pa3JIHq-

HbIX aJIHKBOTHbIX .n;p06eH?
1.37. CKOJIbKHMH pa3JIHqHbIMH crroc06aMH, He yqHTbIBaH rropH.n;Ka

1
CJIaraeMbIx, MO)l(HO rrpe.n;cTaBHTb .n;P06b '6

B BHtJ;e CYMMbI .n;BYX pa3JIHq-

HbIX aJIHKBOTHbIX .n;p06eH?
1.38. CKOJIbKHMH pa3JIHqHbIMH crroc06aMH, He yqHTbIBaH rropH.n;Ka

1
CJIaraeMbIx, MO)l(HO rrpe.n;cTaBHTb .n;P06b 12

B BH.n;e CYMMbI .n;BYX pa3JIHq-

HbIX aJIHKBOTHbIX .n;p06eH?
3

1.39. TIpe.n;cTaBbTe .n;P06b 8
B BH.n;e CYMMbI pa3JIHqHbIX aJIHKBOTHbIX

.n;p06eH.
1.40. ,l(oKIDKHTe, qTO JII06yID rrpaBHJIbHyID .n;P06b MO)l(HO rrpe.n;cTa-

BHTb B BH.n;e aJIHKBOTHOH .n;P06H HJIH CYMMbI HeCKOJIbKHX pa3JIHqHbIX

aJIHKBOTHbIX .n;p06eH.

COKpa�eHHe APo6eu
OJ 5l + 6

1.41. HaH.n;HTe Bce qHCJIa, Ha KOTopbIe MO)I(HO cOKpaTHTb .n;P06b 8l + 7
'

r.n;e qHCJIO l I.J;eJIoe.

1.42. l.{HCJIa a, b, c, d H l HaTypaJIbHbIe, qHCJIHTeJIb H 3HaMeHaTeJIb

al +b
.n;P06H cl + d cOKpaTHMbI Ha k. ,l(oKIDKHTe, qTO ad - be .n;eJIHTCH Ha k.



rJIaBa 2

CTeneHb C HaT)'paJIbHbIM nOKa3aTeJIeM

OCHOBHbIe $aKTbI H nOIDITIDI

TIpoH3Be.n;eHHe n MHO)l(HTeJIeM, Ka)K)J;bIM H3 KOTOpbIX paBeH O.n;HO-

MY H TOMY )l(e qHCJIY a, Ha3bIBalOT n - M cmeneHblO llUCJla a H 0603Haqa-

lOT an. l.{HCJIO a Ha3bIBalOT OCHOBaHueM cmeneHU, a qHCJIO n - nOKa3a-

meJleM cmeneHU.

TIpoH3Be.n;eHHe CTerreHeH C O.n;HHM H TeM)I(e rrOKa3aTeJIeM paBHO CTe-

rreHH C TeM )l(e rrOKa3aTeJIeM H OCHOBaHHeM, paBHbIM rrpOH3Be.n;eHHIO

OCHOBaHHM: an . b
n

== (ab)n.

TIpoH3Be.n;eHHe CTerreHeH C O.n;HHM H TeM )l(e OCHOBaHHeM paBHO CTe-

rreHH C TeM )l(e OCHOBaHHeM H rrOKa3aTeJIeM, paBHbIM C)'MMe rrOKa3aTe-

JIeH: an . am == a
n + m

.

CTerreHb CTerreHH qHCJIa paBHa CTerreHH Toro )l(e qHCJIa C rrOKa3aTe-

JIeM, paBHbIM rrpOH3Be.n;eHHIO rrOKa3aTeJIeM 3THX CTerreHeM: (an)m == a
nm

.

ECJIH qHCJIa a H b rrOJIO)l(HTeJIbHbIe H a > b, TO an > b
n

.n;JUI JII060ro

HaTypaJIbHOrO qHCJIa n.

npHMepbI pemeHHB 3a�aq

llpHMep 1. KaKoe qHCJIO 60JIbllIe: 31
11

HJIH 17
14

7

PemeHHe. JlCHO, qTO 31
11

< 32
11

== 2
sS

< 2
S6

== 16
14

< 17
14

.

OmBem. 17
14

.

llpHMep 2. l.{HCJIO n HaTYPaJIbHoe. Ha:H.n;HTe rrOCJIe.n;HIOIO I.J;H<PPY qHC-

JIa: a) 9
2n

; 6) 9
2n + 1

.

PemeHHe. PaBeHcTBo

(10k + a) (10l + b) == 10(10kl + al + bk) + ab

rrOKa3bIBaeT, qTO rrOCJIe.n;HHe I.J;H<PPbI Y rrpOH3Be.n;eHHH .n;BYX qHCeJI H Y rrpo-

H3Be.n;eHIDI rrOCJIe.n;HHX I.J;H<PP 3THX qHCeJI o.n;HHaKOBbIe.

a) JlCHO, qTO 9
2n

== (9
2

)n == 81 n, rr03ToMY rrOCJIe.n;IDIH I.J;H<ppa qHCJIa 9
2n

paBHa 1.

6) JlCHO, qTO 9
2n + l

== 9 . 9
2n

. TIoCJIe.n;IDIH I.J;H<ppa qHCJIa 9
2n

paBHa 1,

rr03ToMY rrOCJIe.n;HIDI I.J;H<ppa qHCJIa 9
2n + 1

paBHa 9.

OmBem. a) 1; 6) 9.
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3a�aqH �JIB CaMOCTOBTeJIbHOrO pemeHIDI

06�He CBoHcTBa

2.1. CKOJIbKO I.J;H<PP B .n;ecHTHqHOH 3arrHCH qHCJIa 10
10 °°7

2.2. l.JHCJIa a, m H n HaTypaJIbHbIe, a > 1 H m > n. �oKIDKHTe, qTO

am > an.

2.3. CKOJIbKO I.J;H<pP B .n;ecHTHqHOH 3arrHCH qHCJIa 2
2 °7

2.4. Moryr JIH qeTbIpe pa3HbIx CTerreHH .n;BOHKH co.n;ep)l(aTb O.n;HO

H TO )Ke qHCJIO I.J;H<PP 7

2.5. �oKIDKHTe, qTO .n;mI K(l)KtI;OrO HaTypaJIbHOrO n KOJIHqeCTBO pa3-

JIHqHbIX n-3HaqHbIX cTerreHeH .n;BOHKH He MeHbllIe Tpex.
2.6. �OKa)KHTe, qTO .n;JIH Ka)l(.D;OrO HaTypaJIbHOrO n KOJIHqeCTBO pa3-

JIHqHbIX n -3HaqHbIX cTerreHeH .n;BOHKH He 60JIbllIe qeTbIpex.
2.7. CKOJIbKO I.J;H<pP B .n;ecHTHqHOH 3arrHCH qHCJIa 2

10 °7

1010+1 10
11

+1
2.8. KaKoe H3 qHCeJI 60JIbllIe:

11
IDIH

12
7

10 + 1 10 + 1

2.9. Ha:H.n;HTe Bce HaTypaJIbHbIe n H m, .n;mI KOTOpbIX mn+m == n
12

H nn+m==m
3

.

2.10. �oKIDKHTe, qTO .n;JIH JII06bIX HaTypaJIbHbIX n H m BbIrrOJIIDIeTCH

HepaBeHcTBo nnmm � nmm
n

.

2.11. �oKIDKHTe, qTO .n;JIH JII06bIX HaTypaJIbHbIX a, b H C BbIrrOJIIDIeTCH

HepaBeHcTBo

a
2a

b
2b

c
2c

? ab+cbc+aca+b.

llocJIeAHHe �H<PphI

B 3a.n;aqaX 2.12-2.17 qHCJIO n HaTypaJIbHoe.

2.12. HaH.n;HTe rrOCJIe.n;HIOIO I.J;H<pPY qHCeJI 4
2n

H 4
2n + l

.

2.13. Ha:H.n;HTe rrOCJIe.n;HIOIO I.J;H<PPY qHCeJI 2
4n

,
2

4n + l

,
2

4n + 2
H 2

4n + 3
.

2.14. Ha:H.n;HTe rrOCJIe.n;HIOIO I.J;H<pPY qHCeJI 8
4n

,
8

4n + l

,
8

4n + 2
H 8

4n + 3
.

2.15. Ha:H.n;HTe rrOCJIe.n;HIOIO I.J;H<pPY qHCeJI 3
4n

,
3

4n + l

,
3

4n + 2
H 3

4n + 3
.

2.16. Ha:H.n;HTe rrOCJIe.n;HIOIO I.J;H<PPY qHCeJI 7
4n

,
7

4n + l

,
7

4n + 2
H 7

4n + 3
.

2.17. HaH.n;HTe rrOCJIe.n;HIOIO I.J;H<pPY qHCJIa:

a) 2
187

; 6) 3
llS

; B) 7
lS8

; r) 27
3S8

+ s3
27S

.

�eJIHMOCTh

2.18. �OKa)KHTe, qTO qHCJIO 16
11

- 2
39

.n;eJIHTCH Ha 31.

2.19. �oKIDKHTe, qTO qHCJIO 333
777

+ 777
333

.n;eJIHTCH Ha 37.

2.20. �oKIDKHTe, qTO qHCJIO 10
23

+ 10
19

- 182 .n;eJIHTCH Ha 18.
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PaCCTaHOBKaCKo6oK

B BbIpIDKeHHH a
bC

MO)l(HO paCCTaBHTb CK06KH .n;BYMH crrOC06aMH:

a
CbC )

HJIH (ab)c. Ho BbIpa)l(eHHe (ab)c MO)l(HO 3arrHcaTb rrO-.n;pyroMY:

(ab)C == a
bc

. 06bIqHO ero HMeHHO TaK H 3arrHCbIBaIOT. A 3arrHCb a
bc

6e3

cK060K rro.n;pa3YMeBaeT TaKyID rrOCJIe.n;OBaTeJIbHOCTb orrepaQHH: a
Cb

C

)
.

2.21. KaKoe qHCJIO 60JIbllIe: 10
1010

HJIH (1010)1°7
2.22. CpaBHHTe qHCJIa 2

22
H (22)2.

22

2.23. CpaBHHTe qHCJIa 2 C2 )
H ((22)2)2.

2.24. HaH.n;HTe rrOCJIe.n;HIOIO QH<PPY qHCJIa ((7
7

) 7)
7

.

2.25. MO)l(HO JIH .n;B)'MH pa3HbIMH crroc06aMH TaK paccTaBHTb B BbI-

pIDKeHHH 7
777

CK06KH, orrpe.n;eJUIIO�He rropH.n;OK .n;eHCTBHH, qT06bI rro-

JIyqHJIOCb O.n;HO H TO )l(e qHCJIO 7

2.26. ,lJ;JUI KaKHX HaTypaJIbHbIX qHCeJI a, b, C H d qHCJIa (ab)Cc
d

)
H

(a CCd))b paBHbI7
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�eJIHMOCTb QHCeJI

OCHOBHbIe <l>aKTbI H nOIDITH.H

llpH3HaK AeJIHMOCTH Ha 3. qeJIoe qHCJIO .n;eJIHTCH Ha 3 Tor.n;a H TOJIb-

KO Tor.n;a, Kor.n;a c)'MMa ero I.J;H<PP .n;eJIHTCH Ha 3.

llpH3HaK AeJIHMOCTH Ha 9. qeJIoe qHCJIO .n;eJIHTCH Ha 9 Tor.n;a H TOJIb-

KO Tor.n;a, Kor.n;a C)'MMa ero I.J;H<PP .n;eJIHTCH Ha 9.

llpH3HaK AeJIHMOCTH Ha 11. qeJIoe qHCJIO .n;eJIHTCH Ha 11 Tor.n;a

H TOJIbKO Tor.n;a, Kor.n;a pa3HocTb Me)l(.D;Y C)'MMOH ero I.J;H<PP, CTOH�HX

Ha qeTHbIX MeCTax, H C)'MMOH I.J;H<PP, CTOH�HX Ha HeqeTHbIX MeCTax,

.n;eJIHTCH Ha 11 (IDIH paBHa HYJIIO).

Kor.n;a B .n;ecHTHqHOH 3arrHCH qHCJIa BMeCTO I.J;H<PP HCrrOJIb3yIDTCH 6YK-

BbI, 3TO MO)l(eT rrpHBecTH K H errpaBIDIb HoMY rrOHHMaHHIO 0603HaqeHHH.

B 3TOM cJIyqae qaCTO rrHIIIyr al a2.. .a
n ,

3TO 03HaqaeT cJIe.n;yID�ee:

ab == 10a + b, abc == 100a + 10b + c H T..n;.

npHMepbI pemeHH.H 3a�aq

llpHMep 1. �OKa)l(HTe, qTO rrpoH3Be.n;eHHe JII06bIX Tpex rrOCJIe.n;OBa-

TeJIbHbIX HaTypaJIbHbIX qHCeJI .n;eJIHTCH Ha 6.

PemeHHe. TIo KpaHHeH Mepe O.n;HO H3 Tpex rrOCJIe.n;OBaTeJIbHbIX Ha-

TypaJIbHbIX qHCeJI qeTHO, rr03TOMY HX rrpoH3Be.n;eHHe .n;eJIHTCH Ha 2. O.n;-

HO H3 Tpex rrOCJIe.n;OBaTeJIbHbIX HaTypaJIbHbIX qHCeJI .n;eJIHTCH Ha 3, rro-

3TOMY HX rrpoH3Be.n;eHHe .n;eJIHTCH Ha 3. Cne.n;oBaTeJIbHO, rrpoH3Be.n;eHHe

JII06bIX Tpex rrOCJIe.n;OBaTeJIbHbIX HaTypaJIbHbIX qHCeJI .n;eJIHTCH Ha 6.

llpHMep 2. l.{HCJIa a H b I.J;eJIbIe, qHCJIO 14a + 13b .n;eJIHTCH Ha 11.

�oKIDKHTe, qTO qHCJIO 19a + 9b TO)l(e .n;eJIHTCH Ha 11.

PemeHHe. TIo YCJIOBHIO 14a + 13b == 11m, r.n;e qHCJIO m u;eJIoe. TIo-

3TOMY

19a + 9b == -(14a + 13b) + 11(3a +2b) == 11( -m + 3a + 2b).

llpHMep 3. �OKa)l(HTe rrpH3HaK .n;eJIHMOCTH Ha 3.

PemeHHe. �mI JII060ro HaTypaJIbHOrO qHCJIa n qHCJIO IOn - 1 .n;e-

JIHTCH Ha 3. �eHCTBHTeJIbHO, B pe3YJIbTaTe TaKoro .n;eJIeHIDI rrOJIyqaeTcH
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qHCJIO 33.. .3, COCTOH�ee H3 n TpoeK. CJIe.n;oBaTeJIbHO, pa3HocTb Me)l(.D;Y

caMHM IJ;eJIbIM qHCJIOM Hero CYMMOH IJ;H<pP .n;eJIHTCH Ha 3. TaKHM 06pa-

30M, IJ;eJIoe qHCJIO .n;eJIHTCH Ha 3 Tor.n;a H TOJIbKO Tor.n;a, Kor.n;a cYMMa ero

IJ;H<pP .n;eJIHTCH Ha 3.

3a�aqH �JI.H caMOCTO.HTeJIbHOrO pemeHH.H

�eJIHMOCTh Han;eJIO

3.1. �OKa)l(HTe, qTO .n;JIH JII060ro HaTypaJIbHOrO n qHCJIO n
3

-

n .n;e-

JIHTCH Ha 6.

3.2. �oKIDKHTe, qTO .n;JIH JII060ro HeqeTHOrO HaTypaJIbHOrO n qHC-

JIO n
3

-

n .n;eJIHTCH Ha 24.

3.3. �OKa)l(HTe, qTO n
3

+ 2n .n;eJIHTCH Ha 3 .n;mI JII060ro HaTypaJIbHO-

ro n.

3.4. �oKIDKHTe, qTO rrpoH3Be.n;eHHe JII06bIX rrHTH rrOCJIe.n;OBaTeJIbHbIX

HaTypaJIbHbIX qHCeJI .n;eJIHTCH Ha 120.

3.5. �oKIDKHTe, qTO.n;;m JII060ro HaTypaJIbHOrO n qHCJIO n
S

- 5n
3

+ 4n

.n;eJIHTCH Ha 120.

3.6. �oKIDKHTe, qTO .n;JIH JII060ro HaTypaJIbHOrO n qHCJIO n
S

+ 4n .n;e-

JIHTCH Ha 5.

3.7. MO)l(eT JIH cYMMa Tpex pa3JIHqHbIX HaTypaJIbHbIX qHCeJI .n;eJIHTb-

CH Ha K(l)KtI;Oe H3 CJIaraeMbIx?

3.8. MO)l(eT JIH cYMMa meCTH pa3JIHqHbIX HaTypaJIbHbIX qHCeJI .n;e-

JIHTbCH Ha Ka)l(.D;Oe H3 CJIaraeMbIX?

3.9. �oKIDKHTe, qTO qHCJIO 111.. .11, COCTOH�ee H3 n e.n;HHHIJ;, .n;e-

JIHTCH Ha 7 Tor.n;a H TOJIbKO Tor.n;a, Kor.n;a n .n;eJIHTCH Ha 6.

3.10. l.{HCJIO 111.. .11 .n;eJIHTCH Ha 7. �oKIDKHTe, qTO 3TO qHCJIO .n;e-

JIHTCH Ha 13.

3.11. B meCTH3HaqHOM qHCJIe rrepBaH IJ;H<ppa COBrra.n;aeT C qeTBep-

TOH, BTOpaH C IUITOH, TpeTbH C mecToH. �oKIDKHTe, qTO 3TO qHCJIO .n;e-

JIHTCH Ha 7, 11 H 13.

3.12. �oKIDKHTe, qTO qHCJIO 111.. .11 .n;eJIHTCH Ha 111.. .11 Tor.n;a
� �

np� mp�

H TOJIbKO Tor.n;a, Kor.n;a n .n;eJIHTCH Ha m.

3.13. �oKIDKHTe, qTO qHCJIO, HMelO�ee HeqeTHOe qHCJIO .n;eJIHTeJIeH,

HBmIeTCH TOqHbIM KBa.n;paToM.

3.14. �oKIDKHTe, qTO eCJIH B qHCJIe 12008 Me)l(.D;Y HYJIHMH BCTaBHTb

JII060e KOJIHqeCTBO TpoeK, TO rrOJIyqHTcH qHCJIO, .n;emI�eeCH Ha 19.
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�eJIHMOCTh �BYX "tJHCeJI

B 3a.n;aqaX 3.15-3.20 qHCJIa a, b, c u;eJIbIe.

3.15. l.{HCJIO 3a + 2b .n;eJIHTCH Ha 23. �OKa)l(HTe, qTO qHCJIO 17a + 19b

TO)l(e .n;eJIHTCH Ha 23.

3.16. l.{HCJIO 7a + 5b .n;eJIHTCH Ha 13. �oKIDKHTe, qTO 41a + 46b TO)l(e

.n;eJIHTCH Ha 13.

3.17. l.{HCJIO 6a + Ilb .n;eJIHTCH Ha 31. �OKa)l(HTe, qTO a + 7b TO)l(e

.n;eJIHTCH Ha 31.

3.18. �oKIDKHTe, qTO qHCJIa 2a + 3b H 9a + 5b .n;eJIHTCH Ha 17 O.n;HO-

BpeMeHHo.

3.19. �OKa)l(HTe, qTO qHCJIa lla + 2b H 18a + 5b .n;eJIHTCH Ha 19 o.n;-

HOBpeMeHHo.

3.20. qHCJIO 3a + 4b + 5c .n;eJIHTCH Ha 11. �oKIDKHTe, qTO qHCJIO 9a +

+ b + 4c TO)l(e .n;eJIHTCH Ha 11.

3.21. CYMMa U;H<PP a H b .n;eJIHTCH Ha 7. �oKIDKHTe, qTO qHCJIO aba ==

== 100a + 10b + a TO)l(e .n;eJIHTCH Ha 7.

llpH3HaKH �eJIHMOCTH H �eC.HTH"tJHa.H 3anHCh "tJHCJIa

3.22. �oKIDKHTe rrpH3HaK .n;eJIHMOCTH Ha 9.

3.23. �OKa)l(HTe rrpH3HaK .n;eJIHMOCTH Ha 11.

3.24. O.n;HO qeTbIpeX3HaqHOe qHCJIO rrOJIyqeHo H3 .n;pyroro rrepecTa-

HOBKOH rrepBoH H rrOCJIe.n;HeH U;H<PP. �OKa)l(HTe, qTO eCJIH O.n;HO H3 3THX

qHCeJI .n;eJIHTCH Ha 37, TO .n;pyroe qHCJIO TO)l(e .n;eJIHTCH Ha 37. HarrpHMep,
06a qHCJIa 1813 H 3811 .n;eJIHTCH Ha 37.

3.25. �aHo rneCTH3HaqHOe qHCJIO abcdef, rrpHqeM qHCJIO abc + def

.n;eJIHTCH Ha 37. �OKa)l(HTe, qTO H caMO qHCJIO .n;eJIHTCH Ha 37.

3.26. �oKIDKHTe, qTO qHCJIO 11.. .11 (2n e.n;HHHU;) COCTaBHoe.

3.27. MO)l(eT JIH qHCJIO, cYMMa U;H<PP KOToporo paBHa 2019, 6bITb

KBa.n;paToM U;eJIoro qHCJIa?

3.28. MO)l(eT JIH qHCJIO, 3arrHcaHHoe C rrOMO�blO TpexcoT e.n;HHHU;

H HeKoToporo qHCJIa HYJIeH, 6bITb KBa.n;paToM u;eJIoro qHCJIa?

3.29. MO)l(eT JIH qHCJIO, 3arrHcaHHoe C rrOMO�blO 100 BYJIeH, 100 e.n;H-

HHU; H 100 .n;BoeK, 6bITb KBa.n;paToM u;eJIoro qHCJIa?

3.30. MO)l(eT JIH qHCJIO, COCTOH�ee H3 rneCTHCOT rnecTepoK H HeKO-

Toporo qHCJIa HYJIeH, 6bITb KBa.n;paToM u;eJIoro qHCJIa?

3.31. �eJIHTCH JIH qHCJIO 111.. .11 (81 e.n;HHHu;a) Ha 81?

3.32. �JIH KaKoro HaHMeHbrnero n qHCJIO 111.. .11 (n e.n;HHHU;) .n;e-

JIHTCH Ha 333...33 (100 TpoeK)?



rJIaBa 4

Pa3JIOmeHHe Ha npOcTbIe MHOmHTeJIH

H AeJIeHHe C OCTaTKOM

OCHOBHbIe <l>aKTbI H nOIDITH.H

IIpocmoe llUCJLO - 3TO HaTypaJIbHOe qHCJIO, KOTopoe 60JIbllIe 1 H .n;e-

JIHTCH TOJIbKO Ha 1 H Ha ce6H.

CocmaBHoe llUCJLO - 3TO HaTypaJIbHOe qHCJIO, KOTopoe 60JIbllIe 1 H He

HBJIHeTCH rrpOCTbIM.

Pa3JLOJICeHUe llUCJLa Ha npocmble MHOJICUmeJLU - 3TO rrpe.n;CTaBJIeHHe

HaTypaJIbHOrO qHCJIa, KOTopoe 60JIbllIe 1, B BH.n;e rrpoH3Be.n;eHHH rrpo-

CTbIX qHCeJI, B3HTbIX B cooTBeTcTByID�HX CTerreHHX H 3arrHcaHHbIX B rro-

pH.D;Ke B03pacTaHHH 3THX rrpocTbIX qHCeJI.

OCHoBHaH TeopeMa apH<pMeTHKH. JII060e OTJIHqHOe OT 1 HaTY-

paJIbHOe qHCJIO MO)l(HO pa3JIO)l(HTb Ha rrpocTbIe MHO)l(HTeJIH, H TaKoe

pa3JIO)l(eHHe e.n;HHCTBeHHO. (06paTHTe BHHMaHHe, qTO OCHOBHyID Teo-

peMY MbI rrOKa rrpHHHMaeM 6e3 .n;OKa3aTeJIbCTBa. OHa COBceM He oqe-

BH.n;Ha H Tpe6yeT .n;OKa3aTeJIbCTBa.)

Hau60JLblllUU o6�uu oeJLUmeJLb .n;BYX HJIH HeCKOJIbKHX HaTypaJIbHbIX

qHCeJI - 3TO HaH60JIbllIee HaTypaJIbHOe qHCJIO, Ha KOTopoe .n;eJIHTCH Bce

3TH qHCJIa. HaH60JIbllIHH 06�HH .n;eJIHTeJIb qHCeJI a H b 0603HaqalOT

HO�(a, b). I1Hor.n;a HCrrOJIb3yeTcH TaK)l(e 0603HaqeHHe (a, b).

l.{HCJIa p H q Ha3bIBalOT B3aUMHO npOCmbLMU, eCJIH HO�(p, q) == 1.

113 OCHOBHOH TeopeMbI apH<pMeTHKH CJIe.n;yeT, qTO eCJIH qHCJIO .n;eJIHTCH

Ha B3aHMHO rrpOCTbIe qHCJIa p H q, TO OHO .n;eJIHTCH H Ha HX rrpOH3Be.n;e-

HHe pq. B qaCTHOCTH, eCJIH qHCJIa p H q B3aHMHO rrpOCTbIe H pa .n;eJIHTCH

Ha q, TO a .n;eJIHTCH Ha q.

HaUMeHblllee o6�ee KpamHoe .n;BYX HJIH HeCKOJIbKHX HaTYPaJIbHbIX qH-

CeJI - 3TO HaHMeHbllIee HaTYPaJIbHOe qHCJIO, KOTopoe .n;eJIHTCH Ha Bce 3TH

qHCJIa. HaHMeHbllIee 06�ee KpaTHoe qHCeJI a H b 0603HaqalOT HOK(a, b).

I1Hor.n;a HCrrOJIb3yeTcH TaK)l(e 0603HaqeHHe [a, b].

,4eJLeHUe C ocmamKOM HaTypaJIbHOrO qHCJIa a Ha HaTypaJIbHOe qHC-

JIO b - 3TO rrpe.n;CTaBJIeHHe BH.n;a a == qb + r, r.n;e qHCJIa q H r QeJIbIe, rrpH-

qeM 0 � r < b. l.{HCJIO r Ha3bIBalOT ocmamKOM om OeJLeHUfl., a qHCJIO q
-
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HenOJlHbLM lJ.aCmHbLM. qHCJIO a .n;eJIHTCH Ha b Tor.n;a H TOJIbKO Tor.n;a, Kor.n;a

OCTaTOK OT .n;eJIeH:IDI paBeH O. ECJIH qHCJIO a .n;eJIHTCH Ha b, TO qHCJIO q

Ha3bIBalOT rrpOCTO lJ.aCmHbLM, a He HerrOJIHbIM qaCTHbIM.

ECJIH qHCJIa a H c .n;alOT o.n;HHaKOBbIe OCTaTKH rrpH .n;eJIeHHH Ha b,

TO .n;JIH 3arrHCH 3Toro CBOHCTBa HCrrOJIb3yIDT COKpa�eHHoe 0603HaqeHHe

a c (mod b) H rOBopHT, qTO a cpaBHUMO C c no MOOYJl1O b.

TOlJ.HbLU KBaopam IDIH nOJlHbLU KBaopam - 3TO qHCJIO, paBHoe KBa.n;-

paTY HeKOToporo u;eJIoro qHCJIa.

B MaTeMaTHKe qaCTO BCTpeqaeTCH qHCJIO BH.n;a 1.2.3.4..... (n - 1) .

n.

3TO qHCJIO 0603HaqalOT n! (rrpoH3HoCHTCH «3H <paKTOpHaJI»).

npHMepbI pemeHHH 3a�aq

llpHMep 1. HaTypaJIbHbIe qHCJIa m H n CBH3aHbI COOTHOllIeHHeM

56m == 65n. ,lJ;oKa)l(HTe, qTO qHCJIO m + n COCTaBHoe.

PemeHHe. qHCJIa 56 H 65 B3aHMHO rrpocTbIe, rr03ToMY m == 65k

H n == 56k .n;JUI HeKoToporo HaTypaJIbHOrO k. CJIe.n;oBaTeJIbHO, m + n ==

== 121k == 11
2

k - COCTaBHoe qHCJIO.

llpHMep 2. ,lJ;oKa)l(HTe, qTO HO,lJ;(a, b) == HO,lJ;(a
-

b, b).

PemeHHe. ECJIH qHCJIa a H b .n;eJIHTCH Ha d, TO a == md H b == nd .n;JIH

HeKOTopbIX u;eJIbIX qHCeJI m H n. TI03TOMY qHCJIa a
- b == (m - n)d H b

TO)l(e .n;eJIHTCH Ha d. 11 Ha060pOT, eCJIH a
- b == kd H b == ld, TO a == (k + l)d.

llpHMep 3. HaH.n;HTe HaHMeHbllIee HaTypaJIbHOe qHCJIO, KOTopoe

60JIbllIe 1 H .n;aeT OCTaTOK 1 rrpH .n;eJIeHHH Ha 3, Ha 4 H Ha 7.

PemeHHe. TIYCTb HaTypaJIbHOe qHCJIO n .n;aeT OCTaTOK 1 rrpH .n;eJIe-

HHH Ha 3, Ha 4 H Ha 7. Tor.n;a qHCJIO n -l.n;eJIHTcH Ha 3.4.7 == 84. TI03To-

MY n == 84k + 1, r.n;e qHCJIO k HaTypaJIbHoe. HaHMeHbllIee n rrOJIyqHTcH

rrpH k == 1.

OmBem. 85.

llpHMep 4. ,lJ;oKa)l(HTe, qTO KBa.n;paT HeqeTHOrO qHCJIa rrpH .n;eJIeHHH

Ha 4 .n;aeT B OCTaTKe 1.

PemeHHe. KBa.n;paT qHCJIa 2n + 1 paBeH (2n + 1)2 == 4(n
2

+ n) + 1,

rr03ToMY rrpH .n;eJIeHHH Ha 4 OH .n;aeT B OCTaTKe 1.

3a�aqH �JIH caMOCTOHTeJIbHOrO pemeHHH

llpocThIe H COCTaBHhIe "tJHCJIa

4.1. ,lJ;oKa)l(HTe, qTO JII060e HaTypaJIbHOe qHCJIO, OTJIHqHOe OT e.n;H-

HHU;bI, HMeeT rrpocToH .n;eJIHTeJIb.

4.2. ,lJ;oKa)l(HTe, qTO rrpocTbIX qHCeJI 6eCKOHeqHO MHoro.
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4.3. ,lJ;oKa)l(HTe, qTO .n;JIH JII060ro HaTypaJIbHOrO n HaH.n;YTCH n rro.n;-

pH.D; H.n;�HX COCTaBHbIX HaTypaJIbHbIX qHCeJI.

4.4. RBJIHeTCH JIH qHCJIO 4
9

+ 6
10

+ 3
20

rrpOCTbIM?

Pa3JIOmeHHe Ha npOCThIe MHOmHTeJIH

4.5. Ha CKOJIbKO HYJIeH OKaHqHBaeTCH qHCJIO 100! (rrpoH3Be.n;eHHe
Bcex HaTypaJIbHbIX qHCeJI OT 1 .n;o 100)?

4.6. HaH.n;HTe HaH60JIbllIyID CTerreHb .n;BOHKH, Ha KOTOpyID .n;eJIHTCH

qHCJIO (n + 1) (n + 2) .

...

. (2n - 1)2n.

B3aHMHO npocThIe "tJHCJIa

4.7. MO)l(eT JIH rrpoH3Be.n;eHHe .n;BYX rrOCJIe.n;OBaTeJIbHbIX HaTypaJIb-

HbIX qHCeJI 6bITb TOqHbIM KBa.n;paToM?

4.8. ,lJ;oKa)l(HTe, q'f0 rrpoH3Be.n;eHHe qeTbIpeX rrOCJIe.n;OBaTeJIbHbIX Hary-

paJIbHbIX qHCeJI He MO)l(eT 6bITb qeTBepTOH CTerreHblO HarypaJIbHOrO qHCJIa.

HaH60JIhlliHH 06�HH AeJIHTeJIh H HaHMeHhlliee o6�ee KpaTHoe

4.9. HaH.n;HTe HO,lJ;(2n + 13, n + 7).

4.10. HaH.n;HTe HO,lJ;(2n
2

-

1, n + 1).

4.11. HaH.n;HTe HO,lJ;(n
2

-

n + 1, n
2

+ 1).

4.12. ,lJ;oKIDKHTe, qTO HO,lJ;(5a + 3b, 13a + 8b) == HO,lJ;(a, b).

4.13. ,lJ;oKa)l(HTe, qTO HO,lJ;(a, b) . HOK(a, b) == ab.

4.14. qHCJIO ab - TOqHbIH KB�paT. ,lJ;oKa)l(HTe, q'f0 qHCJIO a HO,lJ;(a, b)

TO)l(e TOqHbIH KBa.n;paT.

4.15. ,lJ;aHo 10 HaTypaJIbHbIX qHCeJI: al < a2 < a3 < ... < alOe ,lJ;OKIDKH-

Te, qTO HX HaHMeHbllIee 06�ee KpaTHoe He MeHbllIe 10a l
.

�eJIeHHe C OCTaTKOM

4.16. HaH.n;HTe HaHMeHbllIee HaTypaJIbHOe qHCJIO, KOTopoe rrpH .n;e-

JIeHHH Ha 3 .n;aeT OCTaTOK 2, rrpH .n;eJIeHHH Ha 4 - OCTaTOK 3, a rrpH .n;e-

JIeHHH Ha 7 - OCTaTOK 6.

4.17. HaH.n;HTe HaHMeHbllIee HaTypaJIbHOe qHCJIO, KOTopoe rrpH .n;e-

JIeHHH Ha 5 .n;aeT OCTaTOK 4, rrpH .n;eJIeHHH Ha 6 - OCTaTOK 5, a rrpH .n;e-

JIeHHH Ha 8 - OCTaTOK 7.

4.18. qHCJIa a H b rrpH .n;eJIeHHH Ha n .n;alOT OCTaTKH r H s. ,lJ;oKa)l(HTe,

qTO qHCJIa a + b H r + s .n;alOT o.n;HHaKOBbIe OCTaTKH rrpH .n;eJIeHHH Ha n

H qHCJIa ab H rs TO)l(e .n;alOT o.n;HHaKOBbIe OCTaTKH rrpH .n;eJIeHHH Ha n.

4.19. HaH.n;HTe OCTaTOK OT .n;eJIeHHH 2
100

Ha 3.
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4.20. HaIt.n;HTe OCTaTOK OT .n;eJIeHHH 2
100

Ha 5.

4.21. ,lJ;oKa)l(HTe, qTO 43
23

+ 23
43

.n;eJIHTCH Ha 66.

4.22. TIpHBe.n;HTe rrpHMep qHCJIa, KOTopoe rrpH .n;eJIeHHH Ha 5 .n;aeT

OCTaTOK a, a rrpH .n;eJIeHHH Ha 6 - OCTaTOK b.

4.23. TIpHBe.n;HTe rrpHMep qHCJIa, KOTopoe rrpH .n;eJIeHHH Ha 5 .n;aeT

OCTaTOK a, rrpH .n;eJIeHHH Ha 6 - OCTaTOK b, a rrpH .n;eJIeHHH Ha 7 - OCTa-

TOK c.

4.24. ,lJ;orrHllIHTe K 523 B KOHu;e TPH U;H<PPbI TaK, qT06bI rrOJIyqeHHoe

llIeCTH3HaqHOe qHCJIO .n;eJIIDIOCb Ha 7, 8 H 9.

4.25. PaBHOCHJIbHbIJIH cpaBHeHHH a b (mod m) H ac = bc (mod me)?

4.26. ,lJ;oKa)l(HTe, qTO OCTaTOK OT .n;eJIeHHH rrpocToro qHCJIa Ha 30-

3TO rrpocToe qHCJIO IDIH 1.

OCTaTKH nOJIHhIX KBaApaToB

4.27. MO)l(eT JIH cYMMa KBa.n;paToB .n;BYX HeqeTHbIX qHCeJI 6bITb KBa.n;-

paToM u;eJIoro qHCJIa?

4.28. MO)l(eT JIH cYMMa KBa.n;paToB Tpex HeqeTHbIX qHCeJI 6bITb KBa.n;-

paToM u;eJIoro qHCJIa?

4.29. TIpH .n;eJIeHHH Ha 4 qHCJIO .n;aeT OCTaTOK 3. ,lJ;oKIDKHTe, qTO 3TO

qHCJIO HeJIb3H rrpe.n;cTaBHTb B BH.n;e CYMMbI .n;BYX KBa.n;paToB u;eJIbIX qHCeJI.

4.30. MO)l(eT JIH qHCJIO (x
2

+ x + 1)2 + (y2 + y2 + 1)2 rrpH KaKHX-TO

u;eJIbIX x H y OKa3aTbCH rrOJIHbIM KBa.n;paToM?

4.31. ,lJ;oKa)l(HTe, qTO HH .n;JIH KaKHX u;eJIbIX qHCeJI m H n He MO)l(eT

BbIrrOJIIDITbCH paBeHCTBO m
2

- 4n
2

== 104.

4.32. ,lJ;oKIDKHTe, qTO HH .n;JIH KaKHX u;eJIbIX qHCeJI m H n He MO)l(eT

BbIrrOJIIDITbCH paBeHCTBO m
2

+ n
2

== 2012.

4.33. KaKHe OCTaTKH MO)l(eT .n;aBaTb KBa.n;paT u;eJIoro qHCJIa rrpH .n;e-

JIeHHH Ha 3?

4.34. ,lJ;oKa)l(HTe, qTO eCJIH cYMMa KBa.n;paToB .n;BYX u;eJIbIX qHCeJI .n;e-

JIHTCH Ha 3, TO H Ka)l(.D;oe H3 qHCeJI .n;eJIHTCH Ha 3.

4.35. MO)l(eT JIH .n;eJIHTbCH Ha 5 cYMMa KBa.n;paToB .n;BYX u;eJIbIX qHCeJI,

K(l)KtI;oe H3 KOTOpbIX He .n;eJIHTCH Ha 5?

4.36. ,lJ;oKa)l(HTe, qTO eCJIH cYMMa KBa.n;paToB .n;BYX u;eJIbIX qHCeJI .n;e-

JIHTCH Ha 7, TO H Ka)l(.D;oe H3 qHCeJI .n;eJIHTCH Ha 7.

4.37. KaKHe OCTaTKH MO)l(eT .n;aBaTb KBa.n;paT u;eJIoro qHCJIa rrpH .n;e-

JIeHHH Ha 8?

4.38. TIpH .n;eJIeHHH Ha 8 qHCJIO .n;aeT OCTaTOK 7. ,lJ;oKIDKHTe, qTO 3TO

qHCJIO HeJIb3H rrpe.n;cTaBHTb B BH.n;e CYMMbI Tpex KBa.n;paToB u;eJIbIX qHCeJI.
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A7IropHTM EBKJIHAa

An.zoPUmM EBKJlUOa corrOCTaBlliIeT HarypaJIbHbIM qHCJIaM a H b (a ? b)

qHCJIO d rro CJIe.n;yID�eMY rrpaBIDIY. ECJIH a .n;eJIHTCH Ha b, TO d == b. ECJIH

)l(e a He .n;eJIHTCH Ha b, TO .n;eJIHM a Ha b C OCTaTKOM: a ==

n1 b + r1, r.n;e n1

H r1
-

HaTypaJIbHbIe qHCJIa H 0 < r1 < b. 3aTeM BMeCTO qHCeJI a H b 6epeM
qHCJIa b H r1 H rrOBTopHeM .n;JIH HHX .n;eJIeHHe C OCTaTKOM: b ==

n2 r 1 + r2,

r1
==

n3 r 2 + r3 H T..n;. JICHO, qTO a > r1 > r2 > r3 >
..., rr03TOMY B KOHu;e KOH-

U;OB O.n;HO qHCJIO pa3.n;eJIHTCH Ha .n;pyroe: rk-2
==

nkrk-1. TIOJIO)l(HM d ==

rk-1.

4.39. ,lJ;oKa)l(HTe, qTO 06a qHCJIa a H b .n;ellilTCH Ha qHCJIO d, KOTopoe

rrOJIyqaeTcH rrpH rrpHMeHeHHH aJIrOpHTMa EBKJIH.n;a K qHCJIaM a H b.

4.40. ,lJ;oKIDKHTe, qTO qHCJIO d, KOTopoe rrOJIyqaeTcH rrpH rrpHMeHe-

HHH aJIrOpHTMa EBKJIH.n;a K qHCJIaM a H b, .n;eJIHTCH Ha JII060H 06�HH

.n;eJIHTeJIb qHCeJI a H b.

113 3aOalJ. 4.39 U 4.40 cJleoyem, lJ.mo lJ.UCJlO d, Komopoe nOJlytLaemc.fl.

npu npUMeHeHuu aJlzopumMa EBKJlUOa K lJ.UCJlQM a U b, - 3mo HO,lJ;(a, b).
21n+4

4.41. ,lJ;oKIDKHTe, qTO .n;P06b
14n + 3

HecoKpaTHMa HH rrpH KaKHX Ha-

TypaJIbHbIX n.

4.42. ,lJ;oKIDKHTe, qTO

HO,lJ;(a
n

-

1, am - 1) == ad -

1,

r.n;e d == HO,lJ;(m, n).

4.43. Ha�llTe HO.n;(.!.:.:J,> U).
m n

4.44. ,lJ;oKIDKHTe, qTO eCJIH HO,lJ;(a, b) == d, TO MO)l(HO rro.n;06paTb u;e-

JIbIe qHCJIa m H n TaK, qTO am + bn == d.

4.45. ,lJ;oKIDKHTe, qTO eCJIH qHCJIa a H b B3aHMHO rrpOCTbIe, TO MO)l(HO

rro.n;06paTb u;eJIoe qHCJIO m TaK, qTO am 1 (mod b)

4.46. Kor.n;a cpaBHeHHH a b (mod m) H ac be (mod m) paBHO-

CIDIbHbI?
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MHorOq)J:eHbI

OCHOBHbIe 4>aKTbI H nOIDITHH

MH020tUleH - 3TO BbIpIDKeHHe BH.n;a anx
n

+ a
n

- 1
x

n
- 1

+ ... + a
1

x + ao,

r.n;e ao, aI, ..., an
-

HeKOTopbIe qHCJIa, Ha3bIBaeMbIe KoacJjcJjUl.{UeHmQMU
MHOrOqJIeHa. K03<P<PHI.J;HeHT ao Ha3bIBalOT cBo600HbLM tUleHOM. ECJIH

an i- 0, TO qHCJIO n Ha3bIBalOT cmeneHb1O, a K03<P<P H I.J;HeHT an
-

cmaplllUM

KoacJjcJjUl.{UeHmOM. CJIaraeMbIe akxk Ha3bIBalOT OOHOtUleHQMU.

MHOrOqJIeH anx
n

+ an_1X
n

- 1
+ ... + alx + ao HHor.n;a COKpa�eHHO

0603HaqalOT P(x) IDIH .n;IDKe rrpOCTO P; .n;JUI 0603HaqeHHH MHOrOqJIeHOB

HCrrOJIb3yIDT H .n;pyrHe 6YKBbI, HarrpHMep, f, g IDIH h.

qHCJIO ao TO)l(e MO)l(HO paCCMaTpHBaTb KaK MHOrOqJIeH. ECJIH ao i- 0,

TO B COOTBeTCTBHH C 06�HM orrpe.n;eJIeHHeM CTerreHb MHOrOqJIeHa ao

paBHa O. MHOrOqJIeH 0 Ha3bIBalOT HYJleBbLM MH020tUleHOM. CTerreHb HY-

JIeBOrO MHOrOqJIeHa He orrpe.n;eJIeHa.

,l];Ba MHOrOqJIeHa Ha3bIBalOT paBHbLMU, eCJIH HX pa3HOCTb paBHa H)'-

JIeBOMY MHOrOqJIeHY, T. e. HX CTerreHH paBHbI H COOTBeTCTByID�He K03<p-

<pHI.J;HeHTbI paBHbI.

ECJIH MHOrOqJIeH f paBeH rrpoH3Be.n;eHHIO MHOrOqJIeHOB g H h, TO

rOBopHT, qTO MHOrOqJIeH f oeJlumc.fl. Ha MHOrOqJIeH g. MHOrOqJIeH h Ha-

3bIBalOT rrpH 3TOM lJ.aCmHbLM MHOrOqJIeHOB f H g.

,l(eJleHUe c ocmamKOM MHOrOqJIeHa f Ha g
- 3TO rrpe.n;CTaBJIeHHe BH.n;a

f ==

g h + r, r.n;e h H r -

MHOrOqJIeHbI, rrpHqeM JIH60 CTerreHb MHOrOqJIe-

Ha r MeHbllIe CTerreHH MHOrOqJIeHa g, JIH60 MHOrOqJIeH r HYJIeBOH. MHO-

rOqJIeH r Ha3bIBalOT ocmamKOM om OeJleHWl, a MHOrOqJIeH h - HenOJl-

HbLM lJ.aCmHbLM. MHOrOqJIeH f .n;eJIHTCH Ha r Tor.n;a H TOJIbKO Tor.n;a, KO-

r.n;a OCTaTOK OT .n;eJIeHHH
- H)'JIeBOH MHOrOqJIeH, rrpH 3TOM h Ha3bIBalOT

rrpOCTO qaCTHbIM.

qHCJIO c Ha3bIBalOT KopHeM MHOrOqJIeHa

P(x) ==

anx
n

+an_lX
n

- 1
+ ... +a1x+aO,

eCJIH P (c) == o. 3.n;eCb

P(c) ==

anc
n

+ a
n

- 1
c

n
- 1

+ ... + a
1 c + ao.
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TIOMHMO MHOrOqJIeHOB OT O.n;HOH rrepeMeHHOH x paCCMaTpHBalOT

MHOrOqJIeHbI H OT HeCKOJIbKHX rrepeMeHHbIX. HarrpHMep, MHOrOqJIeH OT

rrepeMeHHbIX x H y
- 3TO CYMMa HeCKOJIbKHX CJIaraeMbIX BHtJ;a amnX

m

yn.

TIpH 3arrHCH MHOrOqJIeHa B CTaH.n;apTHOM BHtJ;e HeT O.n;HOBpeMeHHO CJIa-

raeMbIX amnX
m

yn H bmnx
m

yn, T. e. Bce CJIaraeMbIe C O.n;HHaKOBbIMH CTe-

rreIDIMH x H y C06paHbI BMeCTe. TIpH 3arrHCH MHOrOqJIeHa B CTaH.n;apT-

HOM BHtJ;e qHCJIa a
mn

Ha3bIBalOT K03cjjcjjUl.{UeHmQMU MHOrOqJIeHa. CJIara-

eMbIe amnXmyn Ha3bIBalOT OOHOtUleHQMU. CTerreHb O.n;HOqJIeHa amnXmyn,
r.n;e a

mn 1= 0, paBHa m + n. CTerreHb MHOrOqJIeHa, 3arrHcaHHoro B CTaH-

.n;apTHOM BHtJ;e, paBHa HaH60JIbllIeH H3 CTerreHeH BXOM�HX B Hero o.n;-

HOqJIeHOB.

3a�aqH �JI.H CaMOCTO.HTeJIbHOrO perneHH.H

CBOHCTBa MHOrOqJIeHOB

5.1. IJ;eJIoe qHCJIO C HBJIHeTCH KopHeM MHOrOqJIeHa P(x) C IJ;eJIbIMH

K03<P<PHIJ;HeHTaMH. ,lJ;oKa)l(HTe, qTO cB060.n;HbIH qJIeHa 3Toro MHOrOqJIe-

Ha .n;eJIHTCH Ha c.

5.2. HecoKpaTHMaJI .n;P06b
P

HBJIHeTCH KopHeM MHOrOqJIeHa P(x)
q

C IJ;eJIbIMH K03<P<PHIJ;HeHTaMH. ,lJ;oKa)l(HTe, qTO cB060.n;HbIH qJIeH 3Toro

MHOrOqJIeHa .n;eJIHTCH Ha p, a cTapllIHH K03<P<PHIJ;HeHT .n;eJIHTCH Ha q.

5.3. Ha:H.n;HTe qHCJIa m H n, .n;mI KOTOpbIX MHOrOqJIeHbI (x
2

- 1) (x + m)

H (x -

1) (x + 3) (x + n) paBHbI.

5.4. MHOrOqJIeH

P(x) == aoxn +alx
n

- 1
+ ... +an-1x+a n

C IJ;eJIbIMH K03<P<PHIJ;HeHTaMH rrpHHHMaeT HeqeTHOe 3HaqeHHe rrpH x == o.

,lJ;oKIDKHTe, qTO OH rrpHHHMaeT HeqeTHbIe 3HaqeHHH rrpH Bcex qeTHbIX x.

5.5. MHOrOqJIeH

P(x) == aoxn +alx
n

- l
+ ... +an-lx+a n

C IJ;eJIbIMH K03<P<PHIJ;HeHTaMH rrpHHHMaeT qeTHOe 3HaqeHHe rrpH x == 1.

,lJ;oKIDKHTe, qTO OH rrpHHHMaeT qeTHbIe 3HaqeHHH rrpH Bcex HeqeTHbIX x.

5.6. BbI6epHTe IJ;eJIoe qHCJIO a TaK, qT06bI .n;mI HeKoTopbIX IJ;eJIbIX b

H C BbIrrOJIHIDIOCb paBeHcTBo

(x-a)(x-l0)+1 == (x+b)(x+c).

5.7. Ha:H.n;HTe Bce a, .n;mI KOTOpbIX MHOrOqJIeHbI x
4

+ ax
2

+ 1 H x
3

+

+ ax + 1 HMelOT 06�HH KopeHb.
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K034>4>H�HeHThI MHOrOqJIeHOB

5.8. MHOrOqJIeH P(x) rrpH Bcex IJ;eJIbIX x rrpHHHMaeT IJ;eJIbIe 3HaqeHHH.

06H3aTeJIbHO JIH K03<P<PHIJ;HeHTbI 3Toro MHOrOqJIeHa -

IJ;eJIbIe qHCJIa?

5.9. HaH.n;HTe CYMMY Bcex K03<P<PHIJ;HeHTOB MHOrOqJIeHa, KOTOpbIH

rrOJIyqaeTcH H3 BbIpa)l(eHHH P(x) == (x
3

-

x + 1)
100

B pe3YJIbTaTe paCKpbI-

THH CK060K H rrpHBe.n;eHHH rrO.n;06HbIX CJIaraeMbIX.

5.10. HaH.n;HTe CYMMY Bcex K03<P<PHIJ;HeHTOB MHOrOqJIeHa (1 + x)n.

5.11. ,lJ;aH MHorOq)JeH P(x) == (x
3

-

x + 1) 100. HaH.n;HTe C)TMMY BCeX

K03<P<PHIJ;HeHTOB a) rrpH qeTHbIX CTerreIDIX; 6) rrpH HeqeTHbIX CTerreIDIX.

5.12. a) MHoroq)JeH (1 + x
- y)3 rrpHBeJIH K cTaH.n;apTHoMY BH)J;Y.

qeMY paBHa cYMMa K03<p<PHIJ;HeHTOB rrpH Bcex o.n;Hoq)JeHax?

6) qeMY paBHa CYMMa K03<P<PHIJ;HeHTOB rrpH Tex o.n;HOqJIeHaX, KOTO-

pbIe He co.n;ep)l(aT y?

B) qeMY paBHa CYMMa K03<P<PHIJ;HeHTOB rrpH Tex o.n;HOq)JeHax, KOTO-

pbIe co.n;ep)l(aT x?

5.13. ,lJ;oKa)l(HTe, qTO B rrpoH3Be.n;eHHH MHOrOqJIeHOB

(1 + x + x
2

+ ... + x
99

+ x
lOO

) (1- x + x
2

-

x
3

+ ...

-

x
99

+ x
lOO

)

rrOCJIe pacKpbITHH cK060K H rrpHBe.n;eHHH rro.n;06HbIX q)JeHOB He OCTaeTCH

qJIeHOB, co.n;ep)l(a�HX x B HeqeTHOH CTerreHH.

5.14. 3HaqeHHe MHorOq)JeHa ax
3

+ bx
2

+ ex + d C IJ;eJIbIMH K03<P<PH-

IJ;HeHTaMH rrpH JII060M IJ;eJIOM x .n;eJIHTCH Ha 5. ,lJ;oKIDKHTe, qTO Bce K03<p-

<pHIJ;HeHTbI MHorOq)JeHa .n;eJIHTCH Ha 5.

5.15. HaH.n;HTe K03<p<p H IJ;HeHTbI MHorOq)JeHa (1 + X
S

+ X
7

)20 rrpH x
17

H X
18

.

5.16. ,lJ;oKa)l(HTe, qTO JII06aJI HaTypaJIbHaJI CTerreHb MHorOq)JeHa

x
4

+ x
3

- 3x
2

+ x + 2

HMeeT XOTH 6bI O.n;HH oTpHIJ;aTeJIbHbIH K03<P<PHIJ;HeHT.

�eJIHMOCTh MHOrOqJIeHOB

5.17. ,lJ;oKIDKHTe, qTO OCTaTOK OT .n;eJIeHHH MHorOq)JeHa P(x) Ha MHO-

rOq)JeH x
-

c paBeH P(c) (meopeMa Ee3Y).
5.18. ,lJ;oKa)l(HTe, qTO qHCJIO C HBJIHeTCH KopHeM MHorOq)JeHa P(x)

Tor.n;a H TOJIbKO Tor.n;a, Kor.n;a P (x) .n;eJIHTCH Ha x
-

c 6e3 OCTaTKa.

5.19. ,lJ;oKIDKHTe, qTO HaH60JIbllIHH 06�HH .n;eJIHTeJIb MHorOq)JeHOB

x
n

- 1 H x
m

- 1 paBeH x
d

-

1, r.n;e d == HO,lJ;(m, n).
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<l>OPMYJIbI COKpa�eHHOrO YMHomeHHH

H APyrHe To�ecTBa

OCHOBHbIe 4>aKTbI H nOIDITIDI

<l>opMYJIa KBaApaTa CYMMhI: (a+b)2==a
2

+2ab+b
2

.

<l>opMYJIa KBaApaTa pa3HOCTH: (a - b)2 == a
2

- 2ab + b
2

.

qacTo 6bIBaeT rrOJIe3HO 3arrHcaTb MHOrOqJIeH ax
2

+ bx + C CTerreHH 2

(
b

)
2 b2

B BH)J;e a x +
2a

-

4a
+ C. 3arrHCb B TaKOM BH)J;e Ha3bIBalOT BbLOeJle-

HueM nOJlH020 KBaopama. BbI.n;eJIeHHe rrOJIHOrO KBa.n;paTa rrOKa3bIBaeT,

b
2

B qaCTHOCTH, qTO eCJIH a > 0, TO ax
2

+ bx + c ? c
-

_

4
'

a eCJIH a < 0, TO

b
2

a

ax
2

+ bx + c � c
-

4a
.

<l>opMYJIa pa3HOCTH KBClApaTOB: a
2

- b
2

== (a
- b) (a + b).

<l>opMYJIa Ky6a CYMMhI: (a + b)3 == a
3

+ 3a
2

b + 3ab
2

+ b
3

.

<l>opMYJIa Ky6a pa3HOCTH: (a - b)3 == a
3

- 3a
2

b + 3ab
2

- b
3

.

<l>opMYJIa pa3HOCTH Ky6oB: a
3

- b
3

== (a
- b) (a

2
+ ab + b

2
).

<l>opMYJIa CYMMhI Ky6oB: a
3

+ b
3

== (a + b) (a
2

- ab + b
2

).

npHMepbI pemeHIDI 3�aq

npHMep 1. �oKIDKHTe, qTO .n;JIH JII06bIX qHCeJI x H Y BbIpa)l(eHHe
2

x
2

-

xy +
"7 y2 rrOJIO)l(HTeJIbHO IDIH paBHo HYJIIO.

PemeHHe. BbIpa)l(eHHe x
2

-

xy BXO.n;HT B rrOJIHbIH KBa.n;paT

(
1

)
2

2 1 2

x-2: Y ==x -XY+4 Y .

TI03TOMY

2 2 2

(
1

)
2 1 2 2 2

(
1

)
2 1 2

x -XY+"7Y
==

x-2:Y -4Y +"7Y
==

x-2: Y +
28

Y .

(
1

)
2 1

BbIpIDKeHHe x
-

2: Y +
28 y2 paBHo HYJIIO rrpH x ==

Y
== O. TIpH OCTaJIb-

HbIX 3HaqeHHHX x H Y OHO rrOJIO)l(HTeJIbHO.

npHMep 2. �OKa)l(HTe, qTO HH rrpH KaKHX u;eJIbIX x H Y He MO)l(eT

BbIrrOJIIDITbCH paBeHCTBO x
2

- y2 == 2018.
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PemeHHe. TIpe.n;rrOJIO)l(HM, qTO qHCJIa X H Y u;eJIbIe H x
2

- yZ == 2018.

Tor.n;a OHH JIH60 06a qeTHbIe, JIH60 06a HeqeTHbIe, rr03ToMY 06a qHC-

JIa x + y H X
-

Y qeTHbIe. CJIe.n;oBaTeJIbHO, qHCJIO XZ - yZ == (x -

y) (x + y)

.n;eJIHTCH Ha 4. 3TO rrpOTHBOpeqHT TOM)', qTO qHCJIO 2018 Ha 4 He .n;eJIHTCH.

npHMep 3. Pa3.n;eJIHTe MHOrOqJIeH x
n

-

yn Ha MHOrOqJIeH x
-

y.

PemeHHe. TIpH .n;eJIeHHH MHOrOqJIeHa x
n

-

yn Ha MHOrOqJIeH x
-

y

rrOCJIe.n;OBaTeJIbHO rrOJIyqaeM:

x
n

_

yn == xn-l(x _

y) +xn-ly _

yn,

xn-ly _

yn == xn-zy(x- y) +xn-zyz _

yn,

xn-zyz _

yn == x
n

- 3

y(x- y) +Xn-3y3 _

yn,

xyn-l_ yn == yn-l(x_ y).

TaKHM 06pa30M,

x
n

_

yn == (x
n

- 1
+ xn-zy + ... + xyn-z + yn-l) (x

_

y).

OmBem. x
n

- l
+ xn-zy + ... + xyn-z + yn-l.

3a�aqH �JIH caMOCTOHTeJIhHOrO pemeHHH

BhIAeJIeHHe nOJIHOrO KBaApaTa

6.1. ,l];oKa)l(HTe, qTO paBeHcTBo 4x
z

+ 9yZ - 4x + 6y + 2 == 0 BbIrrOJI-

1 1
IDIeTCH TOJIbKO rrpH x ==

2:
H Y

== -

3
.

1
6.2. ,l];oKa)l(HTe, qTO eCJIH qHCJIO x rrOJIO)l(HTeJIbHO, TO x +

-

? 2.

1
x

6.3. ,l];oKIDKHTe, qTO x(1 - x) �
4.

6.4. TIpH KaKOM x BeJIHqHHa (x
- a)z + (x

- b)z + (x
- c)z rrpHHH-

MaeT HaHMeHbllIee 3HaqeHHe?

Pa3HOCTh KBaApaToB

6.5. HaH.n;HTe Bce rrapbI u;eJIbIX qHCeJI x H y, .n;JIH KOTOpbIX BbIrrOJIIDI-

eTCH paBeHCTBO XZ - 8 == yZ + 4y.

6.6. HaH.n;HTe Bce rrapbI u;eJIbIX qHCeJI x H y, .n;JIH KOTOpbIX BbIrrOJIIDI-

eTCH paBeHCTBO XZ + 2x == yZ + 6.

6.7. ,l];oKIDKHTe, qTO

(3 + 1)(3
2

+ 1)(3
4

+ 1)(3
8

+ 1)(3
16

+ 1) =

3
32

2

-1
.

6.8. ,l];oKa)l(HTe, qTO 2
z0

- 1 .n;eJIHTCH Ha 25.
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6.9. qHCJIa a H b IJ;eJIbIe. ,l];oKa)l(HTe, qTO eCJIH a
2

+ 9ab + b
2

.n;eJIHTCH

Ha 11, TO a
2

- b
2

TO)l(e .n;eJIHTCH Ha 11.

6.10. HaH.n;HTe Bce HaTypaJIbHbIe qHCJIa m H n, .n;mI KOTOpbIX 2
m

+ 7 ==

== n
2

.

6.11. TIo.n;6epHTe qHCJIO C H MHorOq)JeH P(x) TaK, qT06bI BbIrrOJIHH-

JIOCb paBeHCTBO (x + I)P(x) + c(x
4

+ 1) == 1.

6.12. ,l];oKa)l(HTe, qTO eCJIH K rrpOH3Be.n;eHHIO qeTbIpex rrOCJIe.n;OBa-

TeJIbHbIX HaTypaJIbHbIX qHCeJI rrpH6aBHTb 1, TO rrOJIyqHTcH KBa.n;paT Ha-

TypaJIbHOrO qHCJIa.

Ky6 CYMMhI H Ky6 paaHOCTH

6.13. ,l];oKIDKHTe, qTO CYMMa Ky60B Tpex rrOCJIe.n;OBaTeJIbHbIX HaTY-

paJIbHbIX qHCeJI .n;eJIHTCH Ha 9.

6.14. Pa3JIO)l(HTe Ha MHO)l(HTeJIH (a + b)3 - (a
- 2b)3.

6.15. ,l];oKIDKHTe paBeHCTBO

3
_

(
x3 - 2 y

3

)
3

(
2x3 - y3

)
3

3
X - X

3 3
+ Y 3 3 +y.

x +y x +y

<l>opMYJIa Ami x
n

-

yn

TIpH perneHHH 3a.n;aq 3Toro rraparpa<pa HCrrOJIb3yeTcH rrpHMep 3.

6.16. ,l];oKIDKHTe, qTO .n;JIH JII060ro MHorOq)JeHa P(x) C IJ;eJIbIMH KO-

3<P<PHIJ;HeHTaMH H .n;JIH JII06bIX pa3JIHqHbIX IJ;eJIbIX qHCeJI a H b qHCJIO

pea) - PCb) .n;eJIHTCH Ha a-b.

6.17. ,l];oKa)l(HTe, qTO He c�ecTByeT MHorOq)JeHa P(x) C IJ;eJIbIMH KO-

3<P<PHIJ;HeHTaMH, .n;JIH KOToporo P(6) == 5 H P(14) == 9.

6.18. ,l];oKIDKHTe, qTO 7
2n

- 4
2n

.n;eJIHTCH Ha 33.

6.19. ,l];oKIDKHTe, qTO 11
10

- 1 .n;eJIHTCH Ha 100.

6.20. ,l];oKIDKHTe, qTO 2
1000

- 1 .n;eJIHTCH Ha 25.

6.21. ,l];oKIDKHTe, qTO .n;JIH JII06bIX HaTypaJIbHbIX n H r qHCJIO

10
6n + r

- 10
r

.n;eJIHTCH Ha 7.

6.22. TIOCJIe.n;HIOIO IJ;H<pPY 6n-3HaqHOrO qHCJIa, .n;eJUI�eroCH Ha 7, rrepe-

HeCJIH B HaqaJIO. ,l];oKa)l(HTe, q'f0 rro�eHHoe qHCJIO TO)l(e .n;eJIHTCH Ha 7.

2
n

- 2 2
2n - 1

- 2
6.23. t..{HCJIO

n
IJ;eJIoe. ,l];oKIDKIITe, q'f0 qHCJIO

2
n

_ 1
TO)l(e IJ;eJIoe.

6.24. ,l];oKIDKHTe, qTO .n;mI JII060ro HaTypaJIbHOrO n > 2 qHCJIO n
n -1

- 1

.n;eJIHTCH Ha (n - 1)2.



30 6. <t>OPMYJIbI COKpaII.J;eHHOrO YMHO)f(eHIDI M ,n;pyrMe TO)K,lJ;eCTBa

<l>opMYJIa AJllI X
n

+ yn

6.25. TIpH HeqeTHOM n pa3.n;eJIHTe MHOrOqJIeH x
n

+ yn Ha x + y.

6.26. �OKa)l(HTe, qTO 43
101

+ 23
101

.n;eJIHTCH Ha 66.

6.27. �OKa)l(HTe, qTO 2110 -1 .n;eJIHTCH Ha 2200.

6.28. �oKIDKHTe, qTO qHCJIO 2
9

+ 2
99

.n;eJIHTCH Ha 100.

6.29. �oKIDKHTe, qTO rrpH qeTHOM n MHOrOqJIeH

x
4n

+X
4n - 4

+ ... +x
8

+x
4

+ 1

.n;eJIHTCH Ha MHOrOqJIeH

xZn + X
Zn - Z

+... + x
4

+ XZ + 1,

a rrpH HeqeTHOM n He .n;eJIHTcH.

6.30. PacKpoHTe cK06KH H rrpHBe.n;HTe rro.n;06HbIe qJIeHbI:

(1 + x + XZ + ... + X
99

+ x
100

) (1 -

x + XZ -

x
3

+ ...

-

X
99

+ x
100

).

6.31. �OKa)l(HTe, qTO cyMMa 1
n

+ 2
n

+ ... + (n
- l)n .n;eJIHTCH Ha n

rrpH HeqeTHOM n.

6.32. �oKIDKHTe, qTO 3
zn

- l.n;eJIHTcH Ha 2
n + Z

H He .n;eJIHTCH Ha 2
n + 3

.

CYMMa ABYX KBaApaToB

6.33. TIpe.n;cTaBbTe BbIpIDKeHHe 2x
z

+ 2 y
z

B BH)J;e CyMMbI .n;BYX KBa.n;-

paToB.

6.34. TIpe.n;cTaBbTe BbIpIDKeHHe (x
z

+ yZ) (u
z

+ v
Z

) B BH)J;e CyMMbI

.n;BYX KBa.n;paToB.

PaaHhIe To�eCTBa

6.35. �oKIDKHTe, qTO eCJIH XZ + yZ + zZ ==

xy + yz + zx, TO X ==

Y
== z.

6.36. �oKIDKHTe, qTO eCJIH qHCJIa x, y, z rrOJIO)l(HTeJIbHbI H

x
3

+ y3 + Z3 == 3xyz,

TO X ==

Y
== z.

6.37. BbIpa3HTe qepe3 a == x + Y H b ==

xy CyMMbI XZ + yZ, x
3

+ y3,
x

4
+ y4, XS + yS .

6.38. C�eCTBYIDT JIH HeqeTHbIe I.J;eJIbIe qHCJIa x, y HZ, y.n;OBJIeTBO-

pHIO�He paBeHCTBY (x + y)Z + (x + z)Z == (y + z)z7
6.39. YKIDKHTe MHOrOqJIeH, KBa.n;paT KOToporo paBeH

(x + 1)4 + x
4

+ 1

2

6.40. YKa)l(HTe MHOrOqJIeH, KBa.n;paT KOToporo paBeH

(z - x)z(x - y)z + (x
- y)z(y - z)z + (y

- z)z(z - X)2.
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Pa3JIOmeHHe MHOrOq]leHOB Ha MHOmHTeJIH

OCHOBHble c}>aKTbI H IIOIDITIDI

MHOrOqJIeH C I.J;eJIbIMH K03<P<PHI.J;HeHTaMH .n;eJII1TCH Ha x
-

c, r.n;e qHC-

JIO C I.J;eJIoe, JIHllIb B TOM CJIyqae, KOr.n;a CB060.n;HbIM qJIeH MHOrOqJIeHa

.n;eJIHTCH Ha C He -

KopeHb MHOrOqJIeHa (CM. 3a.n;aqH 5.1 H 5.18). TI03TOMY

rrpH pa3JIO)l(eHHH MHOrOqJIeHa Ha MHO)l(HTeJIH eCTb CMbICJI rrpOBepHTb,

He HBJIHIOTCH JIH .n;eJIHTeJIH cB060.n;Horo qJIeHa KOpIDIMH.

npHMepbI perneHH.H 3a�aq

npHMep 1. Pa3JIO)l(HTe Ha MHO)l(HTeJIH MHOrOqJIeH x
3

+ x
2

+ 4.

PemeHHe. TIpoBepKa .n;eJIHTeJIeM cB060.n;Horo qJIeHa rrOKa3bIBaeT, qTO

.n;aHHbIM MHOrOqJIeH HMeeT KopeHb
-

2, rr03ToMY OH .n;eJIHTCH Ha x + 2.

TIo.n;eJIHB x
3

+ x
2

+ 4 Ha x + 2, rrOJIyqHM x
2

-

x + 2.

Omeem. (x+2)(x
2

-x+2).

npHMep 2. Pa3JIO)l(HTe Ha MHO)l(HTeJIH MHOrOqJIeH xy
-

x
-

y + 1.

PemeHHe. MHOrOqJIeH 06pa�aeTcH B HYJIb rrpH x == 1 H rrpH Y
== 1,

rr03ToMY OH .n;OJI)I(eH .n;eJIHTbCH Ha (x
- 1) (Y

- 1). TIpOCTaJI rrpoBepKa

rrOKa3bIBaeT, qTO

(x
- 1) (Y

- 1) ==

xy
-

x
-

Y + 1.

Omeem. (x
- 1) (Y

- 1).

3a�aqH �JI.H caMOCTO.HTeJIbHOrO perneHH.H

PaaJIOmeHHe Ha MHOmHTeJIH MHOrOqJIeHa OT OAHOH nepeMeHHoH

7.1. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
3

+ 2x - 3.

7.2. Pa3JIO)l(HTe Ha MHO)l(HTeJIH 2x
3

+ x
2

+ x-I.

7.3. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
3

- 6x
2

-

x + 30.

7.4. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
4

+ x
2

+ 1.

7.5. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
4

+ 4.

7.6. Pa3JIO)l(HTe Ha MHO)l(HTeJIH 4x
4

+ 1.

7.7. �eJIHTCH JIH 2
62

+ 1 Ha 2
31

+ 2
16

+ I?



32 7. Pa3JIO)f(eHMe MHOrO'VIeHOB Ha MHO)f(MTeJIM

7.8. MO)l(eT JIH rrpH rrepeMHO)l(eHHH .n;BYX MHOrOqJIeHOB rrOJIyqHTbcH

MHOrOqJIeH, B KOTOpOM MeHbllIe o.n;HOqJIeHOB, qeM B K(l)KtI;OM H3 COMHO-

)l(HTeJIe:H?

7.9. Pa3JIO)l(HTe Ha MHO)l(HTeJIH X
S

+ x + 1.

7.10. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
10

+ X
S

+ 1.

7.11. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
4

+ x
3

+ XZ + x + 12.

7.12. Pa3JIO)l(HTe Ha MHO)l(HTeJIH (x + 1) (x + 3) (x + 5) (x + 7) + 15.

PaaJIOmeHHe Ha MHOmHTeJIH MHOrOqJIeHa

OT HeCKOJIhKHX nepeMeHHhIx

7.13. Pa3JIO)l(HTe Ha MHO)l(HTeJIH (x -

y + z)z - XZ + yZ - zZ.

7.14. Pa3JIO)l(HTe Ha MHO)l(HTeJIH (x + y + Z)3 -

x
3

- y3 - Z3.

7.15. Pa3JIO)l(HTe Ha MHO)l(HTeJIH (x
- y)3 + (y

- Z)3 + (z
- X)3.

7.16. Pa3JIO)l(HTe Ha MHO)l(HTeJIH x
3

+ y3 + Z3 -

3xyz.
7.17. Pa3JIO)l(HTe Ha MHO)l(HTeJIH aZ(b - c) + bZ(c - a) + cZ(a - b).

7.18. Pa3JIO)l(HTe Ha MHO)l(HTeJIH a
3

(b - c) + b
3

(c - a) + c
3

(a - b).

7.19. Pa3JIO)l(HTe Ha MHO)l(HTeJIH a
4

(b - c) + b
4

(c - a) + c
4

(a - b).

7.20. Pa3JIO)l(HTe Ha MHO)l(HTeJIH

a
4

+ b
4

+ c
4

- 2a
z

b
z

- 2a
z

c
z

- 2b
z

c
z

.
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AJIre6paHQeCKHe APo6H

OCHOBHble c}>aKTbI If nOIDITIDI

f
Anze6paUl.leCKQ.Jl OP06b - 3TO BbIpIDKeHHe BH.n;a -, r.n;e f H g

- MHO-

.. OJ g
rOqJIeHbI, rrpHqeM MHOrOqJIeH g HeHYJIeBOH.

nplfMepbI pemeHIf.H 3a�aq

x+1 y+1
llpHMep 1. �oKIDKHTe, qTO paBeHcTBa y

==
_

1
H x ==

1
3KBHBa-

x- y-

JIeHTHbI, T. e. H3 rrepBoro paBeHcTBa CJIe.n;yeT BTopoe H Ha060poT.
PemeHHe. JIerKo rrpoBepHTb, qTO eCJIH X 1: 1 H Y 1: 1, TO 06a paBeH-

CTBa 3KBHBaJIeHTHbI paBeHCTBY (X - 1) (y
- 1) == 2. 3TO paBeHCTBO He

MO)l(eT BbIrrOJIIDITbCH HH rrpH X == 1, HH rrpH Y
== 1.

llpHMep 2. HaM.n;HTe CyMMY

�
+
�

+
2

+
4

+
8

+
16

I-a l+a 1+a
2

1+a
4

1+a
8

1+a
16

.

PemeHHe. TIpHMeHHM paBeHcTBo

�+� ==

2

1 -

x 1 + x 1 -

x
2

CHaqaJIa .n;JIH X == a. B pe3YJIbTaTe rrOJIyqHM, qTO cyMMa rrepBbIx .n;BYX .n;po-

6eH paBHa
2

2
. Terrepb MO)l(HO rrpHMeHHTb TO )l(e caMoe paBeHcTBo

I-a

.n;JIH X == a
2

. B pe3YJIbTaTe rrOJIyqHM, qTO cyMMa rrepBbIx Tpex .n;p06eH paB-

Ha
4

4
. 3aTeM rrOCJIe.n;OBaTeJIbHO rrpHMeHHM paBeHCTBO .n;JIH X == a

4
,

I-a

X == a
8

H X == a
16

.

32
OmBem.

32
.

I-a

llpeo6paaOBaHHe APo6eH

B 3aOal.lax 8.1-8.3 npeonoJlazaemc.R., l.lmo 3HaMeHameJlU Bcex pac-

cMampuBaeMbLX opo6eu 01TUlUl.lHbL om HYJlJl..

a b a+b b
8.1. �oKIDKHTe, qTO paBeHcTBa C

==

d
H

C + d
==

d
3KBHBaJIeHTHbI.
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a b a+b a-b
8.2. �OK(l)I(HTe, qTO paBeHcTBa C

==

d
H

e + d
==

e
_ d

3KBHBaJIeHTHbI.

a+b e e+d a

8.3. �OKa)l(HTe, qTO eCJIH
a

_ b
==

d
'

TO
e

- d
==

b.
b

Z
a

Z

8.4. qHCJIa a +
a

H b +
1J paBHbI. 06H3aTeJIbHO JIH paBHbI qHCJIa a

H b?
1 1 1 1 1 1

8.5. �OK(l)I(HTe, qTO eCJIH
a

-

b
==

a + b
'

TO

aZ
-

bZ
==

ab
.

1 Z 1
8.6. �OKa)l(HTe, qTO eCJIH qHCJIO a +

-

QeJIoe, TO qHCJIO a + 2 TO)l(e
a a

QeJIoe.

13 1
8.7. �OKa)l(HTe, qTO eCJIH qHCJIO a +

-

QeJIoe, TO qHCJIO a + 3 TO)l(e
a a

QeJIoe.

8.8. �OK(l)I(HTe, qTO

( �+�+� )( �+�+-.-L )
-

b-e e-a a-b b-e e-a a-b
-

a

+
b

+
e

(b - e)z (e - a)z (a - b)z
.

l+a l+b
8.9. �OKa)l(HTe, qTO eCJIH a> b > 0, TO

Z
<

b Z
.

l+a+a 1+ +b

8.10. TIpHBe.n;HTe K 06�eMY 3HaMeHaTeJIIO .n;P06b

2+2+2_
1

a b e a+b+e

H pa3JIO)l(HTe Ha MHO)l(HTeJIH qHCJIHTeJIb rrOJIyqeHHoM .n;P06H.
8.11. Pa3.n;eJIHTe .n;P06b

a
Z

b
Z

e
Z

a
Z

b
Z

e
Z

1J+c+a-c-a-1J Ha (a-b)(b-c)(c-a).

8.12. Pa3.n;eJIHTe .n;P06b

aZ(b - e) bZ(e - a) eZ(a - b) a(b - e) b(e - a) e(a - b)

b + e
+

e + a
+

a + b
Ha

b + e
+

e + a
+

a + b
.

xZ x

8.13. BbIpa3HTe 4 Z qepe3 a ==

Z i= O.
x +x + 1 x +x+ 1

�p06h -

QeJIoe "tJHCJIO

n+9
8.14. TIpH KaKHX QeJIbIX n qHCJIO

n + 6
QeJIoe?

19n + 17
8.15. TIpH KaKHX HaTypaJIbHbIX n qHCJIO

7n + 1
QeJIoe?

OJ n
S

+ 3
8.16. HaHTH Bce QeJIbIe qHCJIa n, rrpH KOTOpbIX .n;P06b Z

HBJIHeT-

n +1
CH QeJIbIM qHCJIOM.
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CyMMhI H npOHaBeAeHHR APo6eit:

8.17. Ha:H.n;HTe C)'MMY

11111

x(x+1)
+

(x+1)(x+2)
+

(x+2)(x+3)
+

(x+3)(x+4)
+

(x+4)(x+5)
.

8.18. Ha:H.n;HTe C)'MMY

1
+

1
+

1

(a-b)(a-e) (b-e)(b-a) (e-a)(e-b).

8.19. HaM.n;HTe C)'MMY

a

+
b

+
e

(a - b)(a - e) (b - e)(b - a) (e - a)(e - b).

8.20. Ha:H.n;HTe C)'MMY

be
+

ea

+
ab

(a-b)(a-e) (b-e)(b-a) (e-a)(e-b).

8.21. HaM.n;HTe C)'MMY

(x
- a) (x - b) (x - a) (x - e) (x - b) (x - e)

(e-a)(e-b)
+

(b-a)(b-e)
+

(a-b)(a-e).

8.22. Ha:H.n;HTe C)'MMY

(x-a)(x-b)
+b

(x-a)(x-e)
+

(x-b)(x-e)
C

(e - a) (e - b) (b - a) (b - e)
a

(a - b) (a - e)
.

8.23. BbIqHCJIHTe rrpoH3Be.n;eHHe

12_1+1 22_2+1 n
2

-n+1

1
2

+ 1 + 1

.

2
2

+ 2 + 1

.

...

.

n
2

+ n + 1
.
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JIHHeHHbIe ypaBHeHHH

OCHOBHble c}>aKTbI H IIOIDITH.H

JIuHeUHQ.Jl ifJYHK4UR - 3TO BbIpIDKeHHe BH)J;a Y
== kx + b, r.n;e k H b -

HeKOTopbIe qHCJIa. qHCJIO k Ha3bIBalOT KoaifJifJu4ueHmoM npu HeU3BecmHOM.

JIuHeuHoe ypaBHeHue C OOHUM HeU3BeCmHbLM - 3TO ypaBHeHHe BH.n;a

kx + b == o. YpaBHeHHe BH)J;a kx + b == 0, r.n;e k i= 0, Ha3bIBalOT ypaBHeHU-

LI

K
OJ b

eM nepBOU cmeneHU. opeHb ypaBHeHHH rrepBOH CTerreHH paBeH
-

k.
JIuHeuHoe ypaBHeHue C OBYMR HeU3BeCmHbLMU - 3TO ypaBHeHHe BH)J;a

ax + by + c == O.

CHCTeMa, COCTOH�aJI H3 .n;BYX JIHHeHHbIX ypaBHeHHH

a}x+ b}y + c}
== 0 H azx+ bzy + C z

== 0,

HMeeT e.n;HHCTBeHHoe perneHHe (x o , Yo), eCJIH a} b z
-

azb} i= O. qT06bI

HaHTH Xo, MO)l(HO YMHO)l(HTb rrepBoe ypaBHeHHe Ha -az, BTopoe ypaB-

HeHHe - Ha a} H CJIO)l(HTb HOBbIe ypaBHeHHH. B pe3YJIbTaTe rrOJIyqHM

c} az
-

cZa}
X ==

o
a} b z

-

azb}
.

qT06bI HaHTH Yo, YMHO)l(HM rrepBoe ypaBHeHHe Ha b z , BTopoe ypaBHe-

HHe - Ha -b} H CJIO)l(HM HOBbIe ypaBHeHHH. B pe3YJIbTaTe rrOJIyqHM

-c} b z + czb}
Yi

==

o
a}bz-azb}.

OCb KoopouHam - 3TO rrpHMaH I, Ha KOTOpOH OTMeqeHa HeKOTOpaH TOq-

Ka 0 (HallaJlO KoopouHam) H BbI6paH O.n;HH H3 .n;BYX JIyqeH, Ha KOTopbIe

TOqKa 0 pa3.n;eJIHeT rrpHMYID I (noJlOJ1CUmeJlbHQ.Jl nOJlyocb). TIpH 3TOM .n;o-

rrOJIHHTeJIbHO rrpe.n;rrOJIaraeTCH, q'f0 BbI6paHa HeKOTOpaH e.n;HHHI.J;a H3Mepe-

HHH OTpe3KOB. OCb Koop.n;HHaT C HaqaJIOM 0 06b:[qHO 0603HaqalOT Ox.

KoopouHama TOqKH M, JIe)l(a�eH Ha OCH Koop.n;HHaT Ox, - 3TO qHC-

JIO, paBHoe .n;JIHHe oTpe3Ka OM, B3HTOH co 3HaKOM IIJIIOC, eCJIH TOqKa M

JIe)l(HT Ha rrOJIO)l(HTeJIbHOH rrOJIyocH, H co 3HaKOM MHHYC, eCJIH TOqKa M

He JIe)l(HT Ha rrOJIO)l(HTeJIbHOH rrOJIYOCH. Koop.n;HHaTOH TOqKH 0 CqHTa-

eTCH qHCJIO O.
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ECJIH Ha IIJIOCKOCTH rrpoBe.n;eHbI .n;Be B3aHMHO rreprreH.n;HKYJIHpHbIe

OCH KOOp.n;HHaT Ox H Oy C 06�HM HaqaJIOM 0 H BbI6paHa e.n;HHHI.J;a H3-

MepeHIDI OTpe3KOB, TO rOBOpHT, qTO 3a.n;aHa np.RM0YZOJlbHQ.Jl CUCmeMa

KOOpOUHam. OCH Ox H Oy Ha3bIBalOT OCblO a6C4UCC H OCblO OpOUHam CO-

OTBeTCTBeHHO, a TOqKY 0 - HallaJlOM KoopOUHam. TIpHMOyrOJIbHyro CH-

CTeMY Koop.n;HHaT 06bIqHO 0603HaqalOT Oxy.

TIpoBe.n;eM qepe3 TOqKY M rreprreH.n;HKYJIHpbI MM
1

H MM 2 K OCHM OX

H Oy. KoopOUHambL TOqKH M - 3TO Koop.n;HHaTbI TOqeK M
1

H M 2 Ha OCHX

OX H Oy. Koop.n;HHaTY Ha OCH OX Ha3bIBalOT a6C4UCCOU. TOqKH M, a KO-

op.n;HHaTY Ha OCH Oy - opOUHamOu. TOqKH M. 3arrHCb M (x; y) 03HaqaeT,

qTO a6CIJ;HCCa TOqKH M paBHa x, a ee op.n;HHaTa paBHa y.

rpaifJuK JIHHeHHOH <PYHKIJ;HH y
== kx + b -

3TO MHO)l(eCTBO Bcex TOqeK C Koop.n;HHaTaMH

(x; y) == (x; kx+ b).

rpa<pHK JIHHeHHOH <PYHKIJ;HH y
== kx + b -

rrpHMaJI. ECJIH k == 0 H b == 0, TO 3Ta rrpHMaJI-

OCb Ox. ECJIH k == 0 H b i= 0, TO 3Ta rrpHMaJI

rrapaJIJIeJIbHa OCH OX H rrepeceKaeT OCb Oy B

TOqKe C Koop.n;HHaTaMH (0; b) (pHc.1). ECJIH

k i= 0, TO 3Ta rrpHMaJI rrepeceKaeT OCH OX H Oy

(
b

)
PMc.l

B TOqKaX C Koop.n;HHaTaMH -/(;
0 H (0; b).

rpa<l>HKH <l>YHKU;HH Y
= 2x H Y

= - � x + 2 H306pmKeHbI Ha PHCYH-

Kax 2 H 3.

y

y=b

(O,b)

o x

y

y

x
1 2 3

x

PMC. 2 PMc.3
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3a�aqH �JIH CaMOCTOHTeJIbHOrO pemeHIDI

fpa«p HK JIHHeUHOU «PYHKQHH

9.1. fpa<pHKH <PYHKI.J;HM Y
== kx + b H Y

== bx + k nepeceKalOTCH. HaM-

,l];HTe a6CI.J;Hccy TOqKH nepeCeqeHIDI.

9.2. TIpHMbIe y
== kx + b, y

== 2kx + 2b H Y
== bx + k pa3JIHqHbI H ne-

peceKalOTcH B O,l];HOM TOqKe. KaKHMH Moryr 6bITb ee Koop.n;HHaTbI?

9.3. B <POPMYJIY JIHHeMHOM <PYHKI.J;HH y
== kx + b BMeCTO 6YKB k H b

BnHllIHTe qHCJIa OT 1 ,l];0 20 (Ka)K)J;oe no O,l];HOMY pa3Y) TaK, qT06bI nOJIY-

qIDIOCb 10 <PYHKI.J;HM, rpa<pHKH KOTOpbIX npoxoMT qepe3 O,l];HY H TY )l(e

TOqKY.

PemeHHe aaAa"tJ C nOMOlQhlO CHCTeM JIHHeUHhIx ypaBHeHHu

9.4. qHCJIa a H b pa3JIHqHbI, MHOrOqJIeH P(x) npH ,l];eJIeHHH Ha x
-

a

H Ha x
- b .n;aeT B OCTaTKe A H B COOTBeTCTBeHHO. Ha:H.n;HTe OCTaTOK OT

,l];eJIeHHH MHOrOqJIeHa P(x) Ha (x
- a) (x

- b).

9.5. Ha:H.n;HTe OCTaTOK OT .n;eJIeHIDI MHOrOqJIeHa x
100

Ha x
2

-

x
- 2.

JIHHeuHhIe ypaBHeHIUI C HeCKOJIhKHMH HeHaBeCTHhIMH

9.6. KapaH.n;allI B 6 pa3 .n;ellIeBJIe aJIb60Ma, pyqKa B 2 pa3a .n;ellIeB-

JIe aJIb60Ma, aJIb60M CTOHT Ha 20 Py6JIeM ,l];opo)l(e KapaH.n;allIa H pyqKH

BMeCTe. CKOJIbKO CTOHT KapaH.n;allI, pyqKa H aJIb60M no OT,l];eJIbHOcTH?

9.7. PellIHTe CHCTeMY ypaBHeHHM: x + y
==

a, y + z == b, z -t. x == c.

9.8. Y KaccHpa B Kacce 30 MOHeT: 10, 15 H 20 KoneeK Ha cyM-

MY 5 Py6JIei1. �OKa)l(HTe, qTO 20-KOneeqHbIX MOHeT Y Hero 60JIbllIe, qeM

10- KOneeqHbIX.

9.9. Ha 6a3ape npo.n;alOTCH PbI6KH, 60JIbllIHe H MaJIeHbKHe. Cero.n;IDI

TPH 60JIbllIHX H o.n;Ha MaJIeHbKaJI CTOHT BMeCTe CTOJIbKO )l(e, CKOJIbKO

IDITb 60JIbllIHX Bqepa. A .n;Be 60JIbllIHe H O,l];Ha MaJIeHbKaJI CerO,l];IDI CTOHT

BMeCTe CTOJIbKO )l(e, CKOJIbKO TPH 60JIbllIHX H O,l];Ha MaJIeHbKaJI Bqepa.

qTO .n;opo)l(e: O,l];Ha 60JIbllIaJI H .n;Be MaJIeHbKHX cero.n;IDI HJIH nHTb Ma-

JIeHbKHX Bqepa?
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TeKCTOBbIe 3aAaqH

OCHOBHble c}>aKTbI H IIOIDITIDI

B <POPMYJIHpOBKax TeKCTOBbIX 3a.n;aq HHor.n;a BCTpeqalOTCH cpe.n;HHe

3HaqeHHH. 06bIqHO HMeeTCH B BH)J;Y cpeaHee apuifJMemUl.leCKOe n qHCeJI

1

aI, ..., an' KOTopoe paBHO -(aI + ... +a
n ).

n

,lL7rn .n;BH)I(eHHH C HerrOCTOHHHOH CKOpOCTblO cpea1-l5l.Jl CKopocmb Ha .n;aH-

S
HOM yqacTKe rryrH

- 3TO OTHOllIeHHe
t' r.n;e S -

.n;JIHHa .n;aHHoro yqacTKa

rryrH, a t -

BpeMH, 3a KOTopoe OH rrpOH.n;eH.

npHMepbI perneHH.H 3aAaq

llpHMep 1. TpH 3eMJIeKOrra 3a TPH qaca BbIKOrraJIH TPH HMbI. CKOJIb-

KO HM BbIKorralOT llIeCTb 3eMJIeKOrrOB 3a rrHTb qaCoB?

PemeHHe. 3a qac TPH 3eMJIeKOrra BbIKarrbIBalOT O.n;HY HMY, rr03ToMY

llIeCTb 3eMJIeKOrrOB 3a qac BbIKarrbIBalOT .n;Be HMbI, a 3a rrHTb qaCOB-

.n;eCHTb HM.

OmBem. 10 HM.

llpHMep 2. MHMO Ha6JIIO.n;aTeJUI rroe3.n; rrpoxo.n;HT 3a 10 ceKyH.,ll;, a MH-

MO MOCTa .n;JIHHOH 400 MeTpoB
- 3a 30 ceK)'H,lJ;. CqHTaeTCH, qTO rroe3.n;

rrpoxo.n;HT MHMO MOCTa HaqHHaJI C Toro MOMeHTa, Kor.n;a JIOKOMOTHB

B'be3)1(aeT Ha MOCT, H KOHqaJI MOMeHTOM, Kor.n;a rrOCJIe.n;HHH BarOH rro-

KH.n;aeT MOCT. Orrpe.n;eJIHTe .n;JIHHY H CKOpOCTb rroe3.n;a.

PemeHHe. Bo BTOpOM cJIyqae rroe3.n; rrpOe3)1(aeT Ha 400 M 60JIbllIe,

T. e. Ha 400 M OH 3aTpaqHBaeT 30 - 10 == 20 ceK)'H,lJ;. TI03TOMY ero CKO-

400
pOCTb paBHa 20

== 20 M/C. 3a 10 ceK)'H,lJ; OH rrpoxo.n;HT paccToHHHe,

paBHoe cBoeH .n;JIHHe, rr03ToMY .n;JIHHa rroe3.n;a paBHa 10. 20 == 200 M.

OmBem. 200 M, 20 M/C== 72 KM/q.

llpHMep 3. rpY30rro.n;'beMHOCTb MallIHHbI 10 T. MO)l(HO JIH ee rrOJIHO-

CTblO 3arpY3HTb KOHTeHHepaMH BeCOM 800 Kr H 900 Kr?

PemeHHe. HeCJIO)l(HO rro.n;06paTb CJIe.n;YID�ee rrpe.n;CTaBJIeHHe qHC-

JIa 100 B BH)J;e 8m + 9n, r.n;e m H n -

HaTypaJIbHbIe qHCJIa:

100 == 8.8+9.4.
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TI03TOMY MallIHHY MO)l(HO nOJIHOCTblO 3arpY3HTb BoceMblO KOHTeHHepa-
MH BeCOM 800 Kr H qeTbIpbMH KOHTeHHepaMH BeCOM 900 Kr.

OmBem. MO)l(HO.

3a�aqH �JIH caMOCTOHTeJIhHOrO perneHHH

PerneHHe 6ea ypaBHeHHH

10.1. 7 BOJIKOB C'be.n;aIOT 7 6apaHoB 3a 7 .n;HeH. 3a CKOJIbKO .n;HeH

9 BOJIKOB C'beMT 9 6apaHoB?
10.2. Y AHH H MalliH KOH<peT nopoBHY. CKOJIbKO KOH<peT AIm .n;OJI)I(-

Ha .n;aTb Malle, qT06bI Y MalliH CTaJIO Ha 10 KOH<peT 60JIbllIe, qeM Y ARH.

10.3. JIeTeJIa CTaH ryceH, a HaBCTpeqy HM JIeTHT O.n;HH rycb H rOBO-

pHT: «3.n;paBCTByHTe, CTO ryceH!» BO)KaK CTaH OTBeqaeT eMY: «HeT, Hac

He CTO ryceH! BOT eCJIH 6bI Hac 6bIJIO CTOJIbKO, CKOJIbKO eCTb, .n;a e�e
.. ..

CTOJIbKO, .n;a e�e nOJICTOJIbKa, .n;e e�e qeTBepTb CTOJIbKa, .n;a TbI, rycb,

C HaMH, BOT Tor.n;a Hac 6bIJIO 6bI CTO ryceH, a TaK...» CKOJIbKO )l(e ryceH
6bIJIO B CTae?

10.4. JIeTeJIa CTaH ryceH. Ha K(l)KtI;OM 03epe ca.n;HJIaCb nOJIOBHHa ry-

ceH H e�e nOJIrycH. OCTaJIbHbIe JIeTeJIH .n;aJIbllIe. Bce rycH CeJIH Ha ceMH

03epax. CKOJIbKO Bcero ryceH 6bIJIO B cTae?

10.5. TeJIeHOK BeCHT CTOJIbKO )l(e, CKOJIbKO K03JIeHOK BMeCTe C no-

poceHKoM. A nopoceHoK BMeCTe C TeJIeHKOM - CTOJIbKO )l(e, CKOJIbKO Hr-

HeHoK BMeCTe C K03JIeHKoM. CKOJIbKO BeCHT nopoceHOK, eC."':H HrHeHOK

BeCHT 30 Kr?

10.6. MHllIa pacnHJIHJI 6peBHo Ha 4 qaCTH 3a 12 MHHYT. CKOJIbKO

BpeMeHH eMY nOHa.n;06HTCH, qT06bI paCnHJIHTb O.n;HO 6peBHO Ha 5 qa-

cTeH H .n;Ba 6peBHa Ha 3 qaCTH K(l)KtI;Oe? (Bce 6peBHa o.n;HHaKoBbIe.)

10.7. TIeTH pellIHJI CKJIeHTb na3JI H nOBeCHTb Ha cTeHY. 3a o.n;HY MH-

HYTY OH CKJIeHBaJI BMeCTe .n;Ba KycKa (HaqaJIbHbIX HJIH paHee CKJIeeH-

HbIX). B pe3YJIbTaTe BeCb na3JI coe.n;HHHJICH B O.n;HY u;eJIbHYID KapTHHY

3a 2 qaca. 3a KaKoe BpeMH c06paJIaCb 6bI KapTHHa, eCJIH 6bI TIeTH CKJIe-

HBaJI BMeCTe 3a MHHYTY He no .n;Ba, a no TPH KycKa?

10.8. I13 nYHKTa A B nYHKT B, paccToHHHe Me)l(.D;y KOTOpbIMH 5 KM,

BbIllIeJI nellIexo.n;. I13 nYHKTa B HaBCTpeqy eMY o.n;HoBpeMeHHo C HHM

BbIeXaJI BeJIOCHne.n;HcT, CKOpOCTb KOToporo B 2 pa3a 60JIbllIe CKOpOCTH

nellIexo.n;a. BCTpeTHB nellIexo.n;a, OH nOBepHYJI H noexaJI 06paTHo B B.

�oexaB.n;o B, BeJIOCHne.n;HCT CHOBa nOBepHYJI H noexaJI HaBCTpeqy nellIe-

xo.n;y H T..n;. KaKoH nYTb npoe.n;eT BeJIOCHne.n;HCT K TOMY MOMeHTY, Kor.n;a

nellIexo.n; npH)J;eT B B?
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10.9. KOJIH H BaCH 3a HHBapb nOJIyqHJIH no 20 ou;eHOK, npHqeM Ko-

JIH nOJIyqHJI IliITepOK CTOJIbKO )l(e, CKOJIbKO BaCH qeTBepOK, qeTBepOK
CTOJIbKO )l(e, CKOJIbKO BacH TpoeK, TpoeK CTOJIbKO )l(e, CKOJIbKO BacH .n;BO-

eK, H .n;BoeK CTOJIbKO )l(e, CKOJIbKO BacH - IliITepOK. TIpH 3TOM cpe.n;HHH
6aJIJI 3a HHBapb Y HHX o.n;HHaKOBbIH. CKOJIbKO .n;BoeK 3a HHBapb nOJIyqHJI

KOJIH?

10.10. Calla H BaIDI pO.n;HJIHCb 19 MapTa. Ka)l(.D;bIH H3 HHX OTMeqaeT

CBOH .n;eHb pO)l(.D;eHIDI TOpTOM co CBeqKaMH no KOJIHqeCTBY HCnOJIHHB-

llIHXCH eMY JIeT. B TOT ro.n;, Kor.n;a OHH n03HaKOMHJIHCb, Y CalliH Ha TopTe

6bIJIO CTOJIbKO )l(e CBeqeK, CKOJIbKO Y BaHH cero.n;IDI. I13BecTHo, qTO c)'M-

MapHoe KOJIHqeCTBO CBeqeK Ha qeTbIpex TopTax BaHH H CalliH (Tor.n;a

H cero.n;IDI) paBHo 216. CKOJIbKO JIeT HCnOJIHHJIOCb BaHe cero.n;IDI?

10.11. Ha .n;He 03epa 6blOT KJIlOqH. CTa.n;o H3 183 CJIOHOB MOrJIO 6bI

BbInHTb 03epo 3a 1 .n;eHb, a CTa.n;o H3 37 CJIOHOB - 3a 5 .n;HeH. 3a CKOJIbKO

.n;HeH BbInbeT 03epo O.n;HH CJIOH?

10.12. Y AlIeHbI eCTb M06HJIbHbIH TeJIe<poH, 3apH.n;a aKKYMYmITOpa

KOToporo XBaTaeT Ha 6 qaCOB pa3roBopa HJIH 210 qaCOB O)l(H)J;aHHH. Ko-

r.n;a AlIeHa ca.n;HJIaCb B noe3.n;, TeJIe<poH 6bIJI nOJIHOCTblO 3apH)I(eH, a Kor.n;a

OHa BbIxo.n;HJIa H3 noe3.n;a, TeJIe<pOH pa3pH.n;HJICH. CKOJIbKO BpeMeHH OHa

exaJIa Ha noe3.n;e, eCJIH H3BeCTHO, qTO AlIeHa rOBOpHJIa no TeJIe<pOHY

pOBHO nOJIOBHHY BpeMeHH noe3.n;KH?

10.13. TpaBa Ha BceM JIyry pacTeT o.n;HHaKOBO rycTo H 6bICTpO. I13-

BeCTHO, qTO 70 KOpOB C'beJIH 6bI ee 3a 24 .n;IDI, 30 KOpOB
- 3a 60 .n;HeH.

CKOJIbKO KOpOB C'beJIH 6bI ee 3a 96 .n;HeH?

10.14. ApTeMoH no.n;apHJI MaJIbBHHe 6yKeT H3 aJIeHbKHX U;BeTOq-

KOB H qepHbIX p03. Y K(l)KtI;OH qepHOH p03bI 4 neCTHKa H 4 TbIqHHKH,

a Ha cTe6JIe .n;Ba JIHCTKa. Y K(l)KtI;oro aJIeHbKOro U;BeTOqKa 8 neCTHKOB

H 10 TbIqHHOK, a Ha cTe6JIe TPH JIHCTKa. JIHCTKOB B 6yKeTe Ha 108 MeHb-

llIe, qeM neCTHKOB. CKOJIbKO TbIqHHOK B 6yKeTe?

OAHO ypaBHeHHe

10.15. Y ARH H MalliH KOH<peT nopoBHY. CKOJIbKO KOH<peT AIm .n;OJI)I(-

Ha .n;aTb Malle, qT06bI Y MalliH CTaJIO B.n;Boe 60JIbllIe KOH<peT, qeM Y ARH?

10.16. X03HHH 06e�aJI pa60THHKY 3a 30 .n;HeH 9 Py6JIeH H Ka<pTaH.

qepe3 TPH .n;IDI pa60THHK )'BOJIHJICH H nOJIyqHJI Ka<pTaH. CKOJIbKO CTOHJI

Ka<pTaH?
10.17. �Ba BeJIOCHne.n;HCTa BbIeXaJIH o.n;HoBpeMeHHo HaBCTpeqy.n;pyr

.n;pyry H3 nYHKToB A H B H BCTpeTHJIHCb B 70 KM OT A. TIpo.n;OJI)I(aH .n;BH-
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raTbCH C TeMH )Ke CKOpOCTHMH, OHH .n;OeXaJIH .n;o A H B H rrOBepHYJIH 06-

paTHO. BTOpOH pa3 OHH BCTpeTIDIHCb B 90 KM OT B. Ha:H.n;HTe paccToHHHe

OT A .n;o B.

�BHjKeHIDI

10.18. TIepBYID rrOJIOBHHY rrYTH MallIHHa exaJIa co CKOPOCTblO VI'

BTOpYID
- CO CKOpOCTblO V2. KaKOBa ee Cpe.n;IDIH CKOpOCTb?

10.19. TIapoxo.n; llIeJI OT HH)KHerO HOBropo.n;a.n;o ACTpaxaHH 5 CYTOK,

a 06paTHo - 7 CYTOK. CKOJIbKO .n;HeH IIJIbIBYT IIJIOTbI OT HH)KHerO HOBro-

po.n;a .n;o ACTpaxaHH?
10.20. �BHraHCb rro TeqeHHIO peKH, KaTep rrpoxo.n;HT rrYTb H3 A B B

3a a qaCOB, rrpoTHB TeqeHIDI (H3 B B A) - 3a b qaCOB. 3a CKOJIbKO BpeMe-

HH OH rrpOllIeJI 6bI rrYTb H3 A B B, eCJIH 6bI TeqeHHH He 6bIJIO? (CKOpOCTb

KaTepa H TeqeHHH rrocTOHHHbI.)

10.21. �Ba o.n;HHaKOBbIX KaTepa, HMelO�HX o.n;HHaKoBYID CKOpOCTb

B CTOHqeH Bo.n;e, rrpOXO.n;HT rro .n;B)'M pa3JIHqHbIM peKaM o.n;HHaKOBoe pac-

CTOHHHe (rro TeqeHHIO) H B03Bpa�a1OTcH 06paTHo (rrpoTHB TeqeHIDI).

B KaKOH peKe Ha 3TY rroe3.n;KY rroTpe6yeTcH 60JIbllIe BpeMeHH: B peKe

C 6bICTpbIM TeqeHHeM IDIH B peKe C Me.n;JIeHHbIM TeqeHHeM?

10.22. YJIHTKa .n;BHraJIaCb TaK, qTO 3a Ka)K)J;bIH rrpOMe)KYToK BpeMe-

HH B O.n;HY MHHYTY OHa rrpOrrOJI3aJIa 1 M. MorJIa JIH OHa .n;BHraTbCH HepaB-

HOMepHo?
10.23. TypHCT llIeJI 3,5 qaca, rrpHqeM 3a Ka)K)J;bIH rrpOMe)KYToK Bpe-

MeHH B O.n;HH qac OH rrpoxo.n;IDI pOBHO 5 KM. CJIe.n;yeT JIH H3 3Toro, qTO

ero cpe.n;IDIH CKOpOCTb paBHa 5 KM/q?

10.24. �Ba IIJIOBu;a o.n;HoBpeMeHHo rrpbIrHYJIH C IIJIbIB�ero rro peKe

IIJIOTa H rrOIIJIbIJIH B pa3HbIe CTOpOHbI: rrepBbIH - rro TeqeHHIO' a BTO-

pOH -

rrpOTHB TeqeHHH. qepe3 rrHTb MHHYT OHH pa3BepHYJIHCb H BCKope

BHOBb OKa3aJIHCb Ha IIJIOTY. KTO H3 HHX BepHYJICH paHbllIe? (Ka)l(.D;bIH H3

IIJIOBU;OB IIJIbIBeT C rrOCTOHHHOH c06CTBeHHOH CKOpOCTblO.)
10.25. B llIeCTb qaCOB YTpa B rrOHe.n;eJIbHHK ryceHHu;a HaqaJIa BrrOJI-

3aTb Ha .n;epeBo BbICOTOH B 12 M. 3a .n;eHb (.n;o 18 q) OHa rro.n;HHMa-

JIaCb Ha 4 M, a 3a HOqb crrycKaJIaCb Ha 3 M. Kor.n;a OHa .n;OCTHrHeT Bep-

IlIHHbI?

10.26. OTeu; H CbIH KaTalOTCH Ha KOHbKax rro Kpyry. BpeMH OT Bpe-

MeHH OTeu; 06roIDIeT CbIHa. TIoCJIe Toro KaK CbIH rrepeMeHIDI HarrpaBJIe-

HHe CBoero .n;BH)KeHHH Ha rrpoTHBOrrOJIO)KHOe, OHH CTaJIH BCTpeqaTbCH

B 5 pa3 qa�e. Bo CKOJIbKO pa3 OTeu; 6eraeT 6bIcTpee cbIHa?
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norpyaKa H ynaKoBKa

10.27. B Kop06KY o.n;Horo BH.n;a MO)l(HO yrraKoBaTb 5 .n;eTaJIeH, B KO-

P06KY .n;pyroro BH)J;a 8 .n;eTaJIeH. CKOJIbKO Kop060K Ka)l(.D;OrO BH)J;a rrOHa-

.n;06HTCH, qT06bI yrraKoBaTb 69 .n;eTaJIeH?

10.28. MO)l(HO JIH )'Be3TH H3 KaMeHOJIOMHH SO KaMHeH, MaCCbI KOTO-

pbIX 370 Kr, 372 Kr, 374 Kr, ..., 468 Kr, Ha ceMH TpexToHKax?
10.29. B Kapbepe 3arOTOBJIeHO 120 rpaHHTHbIX IIJIHT rro 7 T H 80 IIJIHT

rro 9 T. Ha )l(eJIe3Ho.n;opO)KHyIO IIJIaT<poPMY MO)l(HO rrorpY3HTb .n;o 40 T.

KaKoe HaHMeHbllIee qHCJIO IIJIaT<popM rroTpe6yeTcH, qT06bI BbIBe3TH Bce

IIJIHTbI?

10.30. fpY3 BeCOM 13,5 T yrraKoBaH B H�HKH TaK, qTO Bec K(l)KtI;OrO

H�HKa He rrpeBocxo.n;HT 350 Kr. �oKIDKHTe, qTO 3TOT rpY3 MO)l(HO rrepe-

Be3TH Ha 11 rrOJIYTopaToHKax.
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�OIIOJIHHTeJIbHbIe 3aAaqH

3aAaqH �JllI caMOCTOHTeJIhHOrO perneHHH

3aAa"tJH Ha paaHhIe TeMhI

11.1. CKOJIbKO 3BeHbeB u;errOqKH, CocToH�eH H3 ceMH 3BeHbeB, H)T)K-

HO pacKoBaTb, qT06bI rrpH He06xo.n;HMOCTH MO)l(HO 6bIJIO OT.n;aTb JII060e

qHCJIO 3BeHbeB OT o.n;Horo .n;o ceMH.

11.2. KY3Heu; coe.n;HHHJI 5 u;erreH, rro 3 3BeHa B Ka)l(.D;OH, B O.n;HY u;errb,

pacKoBaB 4 3BeHa H CHOBa HX 3aKOBaB. MO)KHO JIH 3TO c.n;eJIaTb, pacKo-

BaB MeHbllIe qeTbIpex 3BeHbeB?

11.3. CKOJIbKO KapaH.n;allIeH Ha.n;o B3HTb B TeMHOTe H3 Kop06KH C qe-

TbIpbMH KpacHbIMH H .n;B)'MH CHHHMH KapaH.n;allIaMH, qT06bI 6bIJIO B3HTO

He MeHee .n;BYX KpaCHbIX KapaH.n;allIeH H He MeHee o.n;Horo cHHero?

11.4. CKOJIbKO KapaH.n;allIeH Ha.n;o B3HTb B TeMHOTe H3 Kop06KH C ce-

MblO KpacHbIMH H IliITblO CHHHMH KapaH.n;allIaMH, qT06bI 6bIJIO B3HTO He

MeHee .n;BYX KpaCHbIX KapaH.n;allIeH H He MeHee Tpex CHHHX?

11.5. CallIa, Mallia H HaTallia C06HpaJIH rpH6bI. Callia c06paJI B 3 pa-

3a 60JIbllIe rpH60B, qeM Mallia, H B 5 pa3 60JIbllIe, qeM HaTallia. CKOJIbKO

rpH60B OHH C06paJIH, eCJIH B HX 06�eH Kop3HHe MeHbllIe 40 rpH60B?
11.6. CeMb rpH6HHKOB C06PaJIH BMeCTe 100 rpH60B, rrpHqeM HHKaKHe

.n;Boe He C06PaJIH O.n;HHaKOBOrO KOJIHqeCTBa rpH60B. �OKa)l(HTe, q'f0 Cpe.n;H

HHX eCTb Tpoe rpH6HHKOB, c06paBllIHX BMeCTe He MeHee 50 rpH60B.
11.7. B KJIacce rrpOBeJIH KOHTpOJIbH)'lO pa60TY. OKa3aJIOCb, q'f0 Y MaJIb-

qHKOB cpe.n;HIDI ou;eHKa 4; Y .n;eBOqeK 3,25; Y Bcex BMeCTe 3,6. CKOJIbKO

MaJIbqHKOB H CKOJIbKO .n;eBOqeK rrHCaJIO KOHTpOJIbH]'IO pa60TY, eCJIH H3-

BeCTHO, qTO B KJIacce 60JIbllIe 30 H MeHbllIe SO qeJIOBeK?

11.8. TIpHBe.n;HTe rrpHMep .n;eCHTH3HaqHOrO qHCJIa, rrepBaH U;H<ppa KO-

Toporo
- KOJIHqeCTBO HYJIeH B 3TOM qHCJIe, BTOpaH

- KOJIHqeCTBO e.n;H-

HHU;, ..., .n;eCHTaH
- KOJIHqeCTBO .n;eBHTOK.

11.9. B Ta6JIHu;e pa3MepoM 10 x 10 3arrHcaHO 100 qHCeJI. B Ka)l(.D;OH

cTpoKe BbI6paHo HaHMeHbllIee qHCJIO H cpe.n;H HHX BbI6paHo HaH60JIb-

llIee qHCJIO A. B K(l)KtI;OM cToJI6u;e BbI6paHo HaH60JIbllIee qHCJIO H cpe.n;H

HHX BbI6paHo HaHMeHbllIee qHCJIO B. MO)KeT JIH OKa3aTbCH, qTO A > B?
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nepenpaBhI

11.10. �Boe MaJIbqHKOB IIJIaBaJIH B JIo.n;Ke. K 6epery rro.n;ollIeJI OTpH.n;

C OJI.n; aT. JIo.n;Ka TaK MaJIa, qTO Ha HeH MorYT rreperrpaBHTbCH HJIH TOJIbKO

.n;Boe MaJIbqHKOB HJIH TOJIbKO O.n;HH COJI.n;aT. KaK COJI.n;aTaM rreperrpaBHTb-

CH qepe3 peKY?
11.11. TIepeB03qHKY H)T)KHO rreperrpaBHTb qepe3 peKY BOJIKa, K03Y

H KarrycTY. B JIO.n;KY OH MO)KeT B3HTb HJIH TOJIbKO BOJIKa, HJIH TOJIbKO

K03Y, HJIH TOJIbKO KarrycTY. KpoMe Toro, KarrycTY HeJIb3H OCTaBHTb 6e3

rrpHcMoTpa BMeCTe C K030H, a K03Y
- C BOJIKOM. KaK oc�ecTBHTb rre-

perrpaBY?
11.12. TpH COJI.n;aTa H TPH pa360HHHKa .n;OJI)KHbI rreperrpaBHTbcH qe-

pe3 peKY. OHH HallIJIH JIO.n;KY, B KOTOpYIO rrOMe�aIOTCH TOJIbKO .n;Ba qeJIO-

BeKa. Ha O.n;HOM 6epery COJI.n;aTbI He MorYT OCTaBaTbCH, eCJIH HX MeHbllIe,

qeM pa360HHHKOB. KaK HM BceM rreperrpaBHTbCH qepe3 peKY?
11.13. CeMbH HOqblO rro.n;OllIJIa K MOCTY. TIarra MO)KeT rrepeHTH ero

3a 1 MHHYTY, MaMa 3a 2, CbIH 3a 5, 6a6ymKa 3a 10. Y HHX eCTb O.n;HH

<poHapHK. MOCT BbI.n;ep)KHBaeT TOJIbKO .n;BOHX. KaK HM rrepeHTH MOCT

3a 17 MHHYT? (ECJIH rro MOCTY H)J;YT .n;Boe, TO OHH H)J;YT C MeHbllIeH H3

HX CKopOCTeH. I1.n;TH rro MOCTY 6e3 <pOHapHKa HeJIb3H. CBeTHTb H3.n;aJIH

HeJIb3H, rrepe6paCbIBaTb <pOHapHK qepe3 peKY TO)Ke HeJIb3H.)

nepeJIHBaHHR

11.14. ECTb rrOJIHbIH K)'BllIHH MOJIOKa eMKocTblO 8 JIHTpOB H .n;Ba rry-

CTbIX K)'BllIHHa B 5 JIHTpOB H 3 JIHTpa. KaK pa3.n;eJIHTb MOJIOKO Ha .n;Be

paBHbIe qaCTH?

11.15. ECTb rrOJIHbIH K)'BllIHH MOJIOKa eMKocTblO 12 JIHTpOB H .n;Ba

rrycTbIx K)'BllIHHa B 8 JIHTpOB H 5 JIHTpOB. KaK pa3.n;eJIHTb MOJIOKO Ha .n;Be

paBHbIe qaCTH?

11.16. ECTb qeTbIpe 60qKH. B rrepBYIO BXO.n;HT 24 Be.n;pa, BO BTOpYIO 13,

B TpeTblO 11, B qeTBepTYIO 5. TIepBaJI 60qKa HarrOJIHeHa BO.n;OH, a OCTaJIb-

HbIe 60qKH rrycTbIe. KaK pa3.n;eJIHTb BO.n;y Ha TPH paBHbIe qaCTH?

11.17. B 60qKe He MeHee 13 Be.n;ep 6eH3HHa. KaK OTJIHTb 8 Be.n;ep
C rrOMO�blO .n;eBHTHBe.n;epHoH H rrHTHBe.n;epHoH 60qeK?
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YKa3aHMH

�p06H H npO�eHThI

IIB
OJ m+1 m n-m

.. OCrrOJIb3)'HTeCb TeM, qTO
n + 1

-

11
==

n (n + 1)
.

1
1.2. Ka)l(.D;oe H6JIOKO MO)l(HO pa3pe3aTb Ha rrOJIOBHHY, TpeTb H

(;.
132 1

1.3. KYCOK B
2:

M COCTaBmIeT TPH qeTBepTH OT Bcero llIHYPa: 4
·

3
==

2:.
TI03TOMY OT llIHypa H)T)KHO OTpe3aTb qeTBepTb (.n;Ba pa3a CJIO)l(HB ero

rrOrrOJIaM) .

1.4. TIYCTb qHCJIO cyrrp)T)KecKHx rrap Ha oCTpoBe paBHo N. TIo YCJIO-
5N 3N

BHIO Ha OCTpOBe 3 )l(eH�HH H
2 M)T)KqHH. Bcero Ha OCTpOBe

5N 3N 19N OJ

3
+

2
==

6 )l(HTeJIeH,

19 12
a B 6paKe COCTOHT 2N. I1CKOMaH .n;OJIH paBHa 2 :

(;
==

19
.

1.5. 3aMeHHTe BpeMH B ceKYHJ];ax BpeMeHeM B MHHYTax: 6 MHHYT
2 20 40

40 ceKYHJ]; 3aMeHHTe Ha 6
3

==

3'
a 13 MI1HYT 20 ceKYHJ];

- Ha
"3.

3a o.n;-

OJ OJ 3 OJ 1

HY MHHYTY XOJIO.n;HOH BO.n;OH 3arrOJIHHTCH
20

BaHHbI, rOpHqeH 8
BaHHbI,

331
a BbITeqeT

40
BaHHbI. TI03TOMY 3a O.n;HY MHHYTY HarrOJIHHTCH

20
+

8
-

3 1
-

40
==

5
BaHHbI.

2
1.6. B K(l)KtI;OM rroxo.n;e MaJIbqHKOB 6bIJIO MeHbllIe

3 .n;eBOqeK, yqacT-

BOBaBllIHX B rroxo.n;e. TI03TOMY B Ka)l(.D;OM rroxo.n;e MaJIbqHKOB 6bIJIO MeHb-

me � Bcex p;eBOqeK, yqam;HXCJI B KJIacce. K(l)KtI;bIH MalIbqHK 6bill XOT5I 6bI

4
B O.n;HOM rroxo.n;e, rr03ToMY MaJIbqHKOB B KJIacce MeHbllIe

3
Bcex .n;eBOqeK,

4
T. e. MaJIbqHKOB MeHbllIe

"7 06�ero qHCJIa yqeHHKoB.

1.7. TIYCTb n - 3HaMeHaTeJIb HCKOMOi1: .n;P06H. Me)l(.D;Y qHCJIaMH 0,4n

H 0,5n .n;OJI)I(HO 6bITb IJ;eJIoe qHCJIO. HaHMeHbllIee TaKoe n paBHo 7.

m m+1
1.8. HepaBeHcTBo

-

<
+ 10

BbIrrOJIIDIeTCH, Kor.n;a 10m < n. HarrpH-
1 2

n n

Mep, IT
<

21
·

1.9. �eJIeHHe C OCTaTKOM, orrHcaHHoe B pellIeHHH rrpHMepa 2, .n;JIH

3THX qHCeJI YCTpoeHo oc06eHHo rrpocTo: 10 == 1 · 9 + 1, 100 == 1 .99 + 1

H 1000 == 1 · 999 + 1.
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1.10. BOCrrOJIb3yMTecb 3a.n;aqeH 1.9 H TeM, qTO 0,(237) == 237.0,(001).

1.11. ECJIH CMellIaHHO rrepHo.n;HqecKyID .n;ecHTHqHyID .n;P06b )'MHO-

)l(HTb Ha 10 B rro.n;xoM�eH CTerreHH H BbIqeCTb u;eJIoe qHCJIO, TO MO)l(-

HO rrOJIyqHTb qHCTO rrepHO.n;HqeCKYID .n;P06b. �JIH JII060H qHCTO rrepHO-

.n;HqeCKOH .n;eCHTHqHOH .n;P06H MO)l(HO rrpHMeHHTb TOT )l(e rro.n;xo.n;, qTO

H rrpH pellIeHHH 3a.n;aqH 1.10. 06paTHTe BHHMaHHe, qTO HeT He06xo.n;H-

MOCTH BbI6HpaTb HaHMeHbllIHH rrepHo.n;. HarrpHMep, rrepHo.n;aM (1), (11)
1 11 111

H (111) cooTBeTcTByIDT paBHbIe .n;P06H 9
==

99
==

999
.

lIP
1.12. ECJIH

m
==O,(p), r.n;e p-Ha60p H3 m U;H<PP, TO

m

==

999...99
'

r.n;e 3HaMeHaTeJIb -

qHCJIO, COCTOH�ee H3 n .n;eBHTOK (CM. 3a.n;aqy 1.10).

TI03TOMY qHCJIO 999...99 ==

mp .n;eJIHTCH Ha m.

1.13. TIpaBHJIbHaH .n;P06b
P

rrpe.n;cTaBJIHeTCH B BHtJ;e .n;ecHTHqHOH .n;po-
q

6H CJIe.n;yID�HM 06pa30M. qHCJIO 10p .n;eJIHM Ha q C OCTaTKOM: 10p ==

== d l q + rl, r.n;e d l H rl
-

u;eJIbIe qHCJIa, rrpHqeM 0 � rl < q. 3aTeM .n;e-

JIHM 10rl Ha q C OCTaTKOM: 10rl == d 2 q + r2, H T. .n;.: 10r2 == d 3 q + r3,
P

10r3 == d
4 q + r4' ... Tor.n;a

-

== O,d l d 2 d 3 d
4

... OCTaTKH rl, r2, r3, ... rrpH-
q

HHMalOT O.n;HO H3 q 3HaqeHHH, rr03ToMY paHo HJIH rr03.n;HO KaKHe-TO .n;Ba

OCTaTKa cOBrra.n;YT: ri
==

ri+n. Ho Tor.n;a d i + n + l
== d i + l ,

d i + n + 2
== d i + 2 ,

TI03TOMY .n;P06b rrepHo.n;HqeCKaH.

d25 n

1.14. Tpe6yeMoe paBeHcTBo MO)l(HO 3arrHcaTb B BHtJ;e
999

==

810
'

T. e.

-

30
-

n == d25 .

37
. qHCJIO d25 HeqeTHO H .n;eJIHTCH Ha 5 . 37 == 185. qHCJIO

3 · 185 == 555 He rro.n;xo.n;HT, qHCJIO 5 . 185 == 925 rro.n;xo.n;HT, a qHCJIO

7.185 == 1295 )')Ke CJIHllIKOM BeJIHKO.

1.15.5.7==7.5.

1.16. B rrepBoM H BO BTOpOM Mara3HHax u;eHY )'MHO)l(HJIH Ha 0,6 x

x 0,95 == 0,57, a B TpeTbeM
- Ha 0,55.

1.17. QeHa YMHO)l(HJIaCb Ha 1,2.0,8 == 0,96.

1.18. TIoBbIllIeHHe u;eH Ha 25 %
03HaqaeT, qTO HOBaH u;eHa TOBapa paB-

OJ OJ 5
TIHa cTapoH, YMHO)l(eHHOH Ha

4. 03TOMY Ha rrpe)I(H101O 3apIIJIary MO)I(HO

5 4
KYIIHTb 1 :

4
==

'5
OT CTaporo KOJIHqeCTBa TOBapOB, T. e. Ha 20 %

MeHbllIe.

1.19. O.n;Ha .n;eBOqKa COCTaBmIeT MeHee 6%, rr03ToMY Bcero B Kp)')KKe

60JIbllIe 100: 6 == 16,66... qeJIOBeK.

1.20. CM. 3a.n;aqy 1.7 H YKa3aHHe K HeH.

1.21. TIYCTb B 6aHKe HaqHCJIHeTCH 0,5
%

B MeCHU;. ECJIH 6bI 3TH rrpo-

u;eHTbI K(l)KtI;bIH MeCHU; HaqHCJlIDIHCb OT C)'MMbI, rrOJIO)l(eHHOH B 6aHK

B HaqaJIe ro.n;a, TO B KOHu;e ro.n;a (qepe3 12 MecHu;eB) cYMMa YBeJIHqH-
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JIaCb 6bI KaK pa3 Ha 6 0/0. Ho HaqHHaH co BToporo MeCHu;a 0,5
%

6y.n;eT
HaqHCJIHTbCH OT 60JIbllIeH C)'MMbI. TI03TOMY B KOHu;e ro.n;a HaqHCJIeHHe

OKIDKeTCH 60JIbllIe 6 0/0.
9

1.22. OCTaBllIHecH 100 Kr COCTaBmIlOT 90 0
/0, T. e.

lO
OT Beca 3epHa.

10 1

TI03TOMY BHaqaJIe Bec 3epHa 6bIJI 100.
9"

==

1119 Kr.

1.23. ECJIH Malle y.n;BOHT CTHrreH.n;HIO, ceMeHHbIH .n;OXO.n; B03pacTeT Ha

pa3Mep 3TOH CTHrreH.n;HH. TI03TOMY MallIHHa CTHrreH.n;HH COCTaBmIeT 5 0/0

06�ero .n;oxo.n;a. AHaJIOrHqHO MaMHHa 3apIIJIaTa COCTaBmIeT 15 0
/0, a rrarrH-

Ha - 25 0/0. OCTaBllIHecH 55 %
rrpHXO.n;HTCH Ha .n;e.n;yrnKHHY rreHCHIO. TIo-

3TOMY eCJIH eMY y.n;BOHT rreHcHIO, .n;oxo.n; BceH ceMbH B03paCTeT Ha 55 0/0.

1.24. TIYCTb B 3a6ere yqacTBOBaJIO n JIbI)I(HHKOB, rrpHqeM k H3 HHX

lOOk
He BbIrrOJIHHJIH HOPMY. TIo YCJIOBHIO 3,5 �

-

� 4,5. 3HaqHT, k? 1

lOOk
n

H n?
4,5

> 22,2k ? 22,2. TI03TOMY n ? 23. ECJIH B 3a6ere yqacTBo-

BaJIO 23 JIbI)I(HHKa, H3 KOTOpbIX HOPMY He BbIrrOJIHHJI TOJIbKO O.n;HH, TO

Tpe6yeMoe YCJIOBHe BbIrrOJIIDIeTCH.

1.25. 06'beM )l(H)J;KOCTH He H3MeHHJICH, rr03TOMY rrOCJIe BToporo rre-

peJIHBaHHH B CTaKaHe C MOJIOKOM 6y.n;eT pOBHO CTOJIbKO qaH, CKOJIbKO

oTTy.n;a 6bIJIO B3HTO MOJIOKa. CJIe.n;oBaTeJIbHO, qaH B MOJIOKe CTOJIbKO )l(e,

CKOJIbKO MOJIOKa B qae.

1.26. TIYCTb B3HTO a qaCTeH 6-rrpou;eHTHoro pacTBopa H b qaCTeH 30-

rrpou;eHTHoro pacTBopa. Tor.n;a .n;OJI)I(HO BbIrrOJIIDITbCH paBeHcTBo

6 30 12
a

100
+b

100
== (a+b)

100
.

1.27. TIYCTb n - qHCJIO Bcex JIIO.n;eH, g
- qHCJIO rOJIy60rJIa3bIX, b-

qHCJIO 6JIOH.n;HHOB, a - qHCJIO rOJIy60rJIa3bIX 6JIOH.n;HHOB. TIo YCJIOBHIO
a b gag
-

> -. YMHO)l(HB 3TO HepaBeHcTBo Ha
-

b
' rrOJIyqHM

-

b
> -.

g n n

1.28. BOCrrOJIb3yMTeCb TeM, qTO

1 1

1.2
== 1-

2 >

1 1 1

2.3
==

2- 3'
...,

1

98.99

1 1
---

98 99
'

1 11

99 . 100
==

99

-

100
.

1.29. BOCrrOJIb3yMTeCb TeM, qTO

1 1 1 1 1 1

3.5
==

'6
-

10' 5.7

-

10

-

14'
...,

1.30. BOCrrOJIb3yMTeCb TeM, qTO

1

101.103

1 1
---

202 206
.

1

2.4

1 1
---

4 8'

1

4.6

1 1
---

8 12'
. . .

,

1

98.100

1 1
---

196 200.
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1.31. 113 paBeHCTB

1 13 1 24 1 35
1-

4 ==2.2>
1-

9 =='3.'3'
1-

16 ==4.4' ...,

1 16
CJIe.n;yeT, qTO HCKOMoe rrpoH3Be.n;eHHe paBHO 2

.

15
.

111
1.32. 113 paBeHCTBa

_

2
==

-

+
-

CJIe.n;yeT, qTO

p q

P q
== 2( p +q) H P

==
�

== 2+�
q-2 q-2.

1 14 16
1 -

225
==

15
·

15

TIpH q
== 3 rrOJIyqaeM p

== 6.

1 1 1 9
1.33. PaBeHcTBo _

3
==

-

+
-

MO)l(HO 3arrHcaTb B BH)J;e P
== 3 +

_

3
.

P q q-

TIpH q
== 4 rrOJIyqaeM p

== 12.

1 1 1 25n 625
1.36. TIYCTb m > n H

m
+

n
==

25
. Tor.n;a m ==

n
_ 25

== 25 +
n

- 25
.

ECJIH n
- 25 == 1, TO m == 650. ECJIH n

- 25 == 5, TO m == 150. ECJIH )l(e

n-25==25, TO m==n.

1 1 1 6n 36
1.37. TIYCTb m > n H

-

+
-

==
_

6
. Tor.n;a m ==

_

6
== 6+ _

6
.

m n n- n-

ECJIH n
- 6== 1, TO m ==42. ECJIH n

- 6== 2, TO m ==24.

ECJIH n
- 6== 3, TO m == 18. ECJIH n

-

6==4, TO m == 15.

ECJIH )l(e n
- 6 == 6, TO m == n.

1.38. KaK H rrpH pellIeHHH 3a.n;aq 1.36 H 1.37, rrOJIyqaeM, qTO KOJIH-

qeCTBO rrpe.n;cTaBJIeHHH paBHo KOJIHqeCTBY .n;eJIHTeJIeH qHCJIa 12
2

== 144,

KOTopbIe MeHbllIe 12. )J;eJIHTemIM 1, 2, 3, 4, 6, 8 H 9 COOTBeTCTByIDT

rrpe.n;cTaBJIeHHH

1 1 1 1 1 1 1 1 1 1 1 1 1 1

13
+

156
'

14
+

84
'

15
+

60
'

16
+

48
'

18
+

38
'

20
+

30
'

21
+

28
.

m

1.40. TIYCTb
-

-

rrpaBHJIbHaH .n;P06b, m > 1. 3arrHllIeM n B BH)J;e n ==

n

m qm n + r 1 r
==

qm
-

r r.n;e 0 � r < m. Tor.n;a
-

==
-

==
-

==
-

+ -. TIpH r == 0 rro-,,,
n qn qn q qn

JIyqaeM Tpe6yeMoe rrpe.n;cTaBJIeHHe. ECJIH )l(e r i: 0, TO rrOBTOpHeM TO )l(e

CaMOe .n;mI rrpaBHJIbHOH .n;P06H .l:...., H T. .n;. B rrOJIyqeHHoM rrpe.n;CTaBJIeHHH
qn

m r m n 1

.n;P06H
-

HeT o.n;HHaKoBbIx CJIaraeMbIx, rrOCKOJIbKY
-

<
-

<
-

== -.

n qn qn qn q

1.41. 113 paBeHCTBa 8(5I + 6) - 5(8I + 7) == 13 CJIe.n;yeT, qTO 06�HH

.n;eJIHTeJIb qHCJIHTeJIH H 3HaMeHaTemI .n;aHHoH .n;P06H HBmIeTCH .n;eJIHTe-

26
JIeM qHCJIa 13. TIpH I == 4 rrOJIyqaeM cOKpaTHMyID .n;P06b 39

.

1.42. ECJIH al + b == km H ci + d == kn, TO

ad - be == (ad + acl) - (be + acl) == k (an
- em).
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fJIaBa 2. CTeneHh C HarypaJIhHhIM nOKaaaTeJIeM

2.1. B .n;ecHTHqHOH 3arrHCH qHCJIa 10
1

.n;Be IJ;H<PPbI, qHCJIa 10
2

-

TPH

IJ;H<PPbI, H T. .n;.

2.2. BOCrrOJIb3yHTecb TeM, qTO an < a
. an == a

n + 1.

2.3. 2
20

== (210)2 == 1024
2

== 1 048576.

2.4. 2
10

== 1024, 2
11

== 2048, 2
12

== 4096 H 2
13

== 8192.

2.5. TIYCTb 2a - HaHMeHbllIaH n-3HaqHaH CTerreHb .n;BOHKH. Tor.n;a

a < 10
n

- l
< 2a, rr03ToMY 10

n
- l

< 2a < 4a < 8a < 8. 10
n

- l
< IOn.

2.6. ECJIH a> IOn-I, TO 2
4

a == 16a > IOn.

2.7.2
100

== (1024)10 == 10
30

(1,024)10. TIpoBepHM, qTO (1,024)10 < 10.

fIepBbLU cnoco6.

(1,024)s < (1,024)6 == (1,048576)3 < (1,05)3 == 1,157625 < 1,2,

rr03TOMY (1,024)
10

< (1,2)2 == 1,44.

Bmopou cnoco6. �mI JII060ro HaTypaJIbHOrO n BbIrrOJIIDIeTCH Hepa-

n+1 n

BeHCTBO
--,:z-

<
n

_ 1
' rr03TOMY

1024
10

(
1025

)
10

(
41

)
10 41 40 39 32 41

1000
10

<
1000

==

40
<

40
.

39
.

38
.

....

31
==

31
< 10.

2.8. BOCrrOJIb3yHTeCb TeM, qTO

(10
10

+ 1)(10
12

+ 1) - (10
11

+ 1)2 == 10
10

(101- 20).

2.9. ECJIH O.n;HO H3 qHCeJI m H n paBHO 1, TO H .n;pyroe TO)l(e paB-

HO 1. B .n;aJIbHeHllIeH 6y.n;eM CqHTaTb, qTO 06a qHCJIa 60JIbllIe 1. Ha-

60p rrpOCTbIX .n;eJIHTeJIeH y qHCeJI m H n O.n;HH H TOT )l(e. KpOMe TOrO,

(nm)n+m == n 12m3 < (nm) 12, rr03TOMY n + m < 12. 113 3THX .n;BYX YCJIOBHH

CJIe.n;yeT, qTO qHCJIa paBHbI 2 H 4 HJIH 2 H 8. TIpoBepKa rrOKa3bIBaeT, qTO

rro.n;XO.n;HT TOJIbKO qHCJIa n == 2, m == 4.

2.10. MO)l(HO CqHTaTb, qTO n ? m. Tor.n;a nn-m ? mn-m. YMHO)l(bTe 06e

qaCTH 3Toro HepaBeHcTBa Ha nmm
m

.

2.11. BOCrrOJIb30BaBllIHcb 3a.n;aqeH 2.10, rrOJIyqHTe HepaBeHcTBa

aabb ? abb a

, bbcc? bcc
b

,
cCa

a

? caa
c

H rrepeMHO)l(bTe HX.

2.12. BOCrrOJIb3yHTecb TeM, qTO 4
2n

== (4
2

)n == 16
n

H 4
2n + l

== 4. 16
2n

.

2.13. BOCrrOJIb3yHTecb TeM, qTO 2
4

== 16.

2.14. BOCrrOJIb3yHTecb TeM, qTO rrOCJIe.n;IDIH IJ;H<ppa qHCJIa 8
4

== 2
12

paBHa 6.
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2.15. BOCrrOJIb3yHTecb TeM, qTO 3
2

== 9, 3
3

== 27 H 3
4

== 81.

2.16. BOCrrOJIb3yHTeCb TeM, qTO 7
2

== 49, 7
3

== 343 H 7
4

== 2401.

2.17. a) 187 == 4n + 3; 6) 115 == 4n + 3; B) 158 == 4n + 2; r) rrOCJIe.n;HHe

IJ;H<PPbI 3THX qHCeJI 9 H 7.

2.18. BOCrrOJIb3yHTecb TeM, qTO 16
11

== 32.2
39

.

2.19. BOCrrOJIb3yHTeCb TeM, qTO 111 .n;eJIHTCH Ha 37.

2.20. 3TO qHCJIO qeTHO H .n;eJIHTCH Ha 9, rrOCKOJIbKY OHO paBHO

(10
23

- 1) + (10
19

- 1) - 180.

2.21. JICHO, qTO 10
10

> 100. TI03TOMY 10
1010

> 10
100

= (10
10

) 10.

2.22. 2
4

== 4
2

.

2

2.23. 2(2
2

)
== 2(2

4
)

== 2
16

H ((22)2)2 == (4
2

)2 == (24)2 == 2
8

.

2.24. TIoCJIe.n;IDIH IJ;H<ppa qHCJIa 7
7

== 74+3 paBHa 3. TI03TOMY rrOCJIe.n;-

IDIH IJ;H<ppa qHCJIa (7
7

)
7

TaKaH )l(e, KaK Y qHCJIa 3
7

== 34+3, T. e. OHa paB-

Ha 7. Y qHCJIa ( (7
7

) 7)
7

rrOCJIe.n;mrn IJ;H<ppa TaKaH )l(e, KaK Y qHCJIa 7
7

,
T. e.

OHa paBHa 3.

2.25. ECJIH B paBeHcTBe (ab)C == a
bc

== (ac)b rrOJIO)l(HTb a == 7, b == 7

H C == 7
7

,
TO rrOJIyqHM (7

7
)

(7
7

)
== 7

7077
== (7(7

7

))
7

.

2.26. 06a qHCJIa paBHbI a
bocd

.

fJIaBa 3. �eJIHMOCTh "tJHCeJI

3.1. BOCrrOJIb3yHTecb rrpHMepoM 1 H TeM, �o n
3

-

n == (n -1)n(n + 1).

3.2. BOCrrOJIb3yHTeCb YKa3aHHeM K 3a.n;aqe 3.1 H TeM, qTO n
- 1 H

n + 1- rrOCJIe.n;OBaTeJIbHbIe qeTHbIe qHCJIa; O.n;HO H3 HHX .n;eJIHTCH Ha 2,

a .n;pyroe .n;eJIHTCH Ha 4.

3.3. BOCrrOJIb3yHTeCb 3a.n;aqeH 3.1 H TeM, qTO n
3

+ 2n == (n
3

- n) + 3n.

3.4. O.n;HO H3 3THX qHCeJI .n;eJIHTCH Ha 3 H O.n;HO .n;eJIHTCH Ha 5. Cpe.n;H
HHX eCTb TaK)l(e .n;Ba qeTHbIX qHCJIa, O.n;HO H3 KOTOpbIX .n;eJIHTCH Ha 4.

3.5. BOCrrOJIb3yHTeCb 3a.n;aqeH 3.4 H TeM, qTO

n
S

- 5n
3

+4n == n(n
2

-1)(n
2

- 4) == (n
- 2)(n -1)n(n + 1)(n +2).

3.6. BOCrrOJIb3yHTecb 3a.n;aqeH 3.5 H TeM, qTO

n
S

+4n == (n
s

-5n
3

+4n)+5n
3

.

3.7. HarrpHMep, 6 == 1 + 2 + 3.

3.8. B03bMHTe TPH qHCJIa H3 3a.n;aqH 3.7 H .n;06aBbTe K HHM HX C)'MMY:

1, 2, 3, 6. 3aTeM .n;06aBbTe C)'MMY rrOJIyqeHHbIx qHCeJI H T..n;. .n;o 1, 2, 3,

6, 12, 24.
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3.9. qHCJIa 1,11,111,1111 H 11111 He.n;eJIHTCHHa 7, a qHCJIO 111111

.n;eJIHTCH.

3.10. BOCrrOJIb3yMTeCb 3a.n;aqeH 3.9 H TeM, qTO qHCJIO 111111 .n;eJIHTCH

Ha 13.

3.11. qHCJIO .n;eJIHTCH Ha 1001 == 7. 11 . 13.

3.12. TIpH .n;eJIeHHH CTOJI6HKOM H3 qHCJIa, COCTOH�ero H3 n e.n;HHHIJ;,

rroOqepe.n;Ho y6HpaeTcH rro m e.n;HHHIJ;.
n

3.13. ECJIH d -

.n;eJIHTeJIb qHCJIa n, TO
d

- TO)l(e .n;eJIHTeJIb 3Toro qHC-

JIa. TIpe.n;rrOJIO)l(HM, qTO .n;eJIHTeJIH qHCJIa n pa36HBalOTCH Ha rrapbI pa3-

JIHqHbIX qHCeJI ( d, � ). Tor.n;a KOJIHqeCTBO .n;eJIHTeJIeH qHCJIa n qeTHO. TIo-

3TOMY B KaKOH-TO lIape (d, � ) .n;eJIHTeJIH COBlIa.n;aIOT. Tor.n;a d = � ,
T. e.

n == d
2

.

3.14. IIepBbLu cnoco6. TIYCTb n == 1203.. .308 -

O.n;HO H3 TaKHX qHCeJI.

TIpoBepbTe, qTO 3n + 5 .19 == 3610.. .019 H 361 .n;eJIHTCH Ha 19.

Bmopou cnoco6. YMHO)l(bTe qHCJIO 633...32 Ha 19.

3.15. BOCrrOJIb3yMTeCb TeM, qTO (17a+19b)+2(3a+2b)=23(a+b).

3.16. BOCrrOJIb3yMTeCb TeM, qTO

41a + 46b == 4(7a + 5b) + 13(a + 2b).

3.17. 113 paBeHCTBa 11 (a + 7b) == 7(6a + 11 b) - 31a CJIe.n;yeT, qTO

qHCJIO 11 (a + 7b) .n;eJIHTCH Ha 31. qHCJIa 11 H 31 He HMelOT 06�HX

.n;eJIHTeJIeH, rr03ToMY qHCJIO a + 7b .n;eJIHTCH Ha 31.

3.18. BOCrrOJIb3yMTeCb TeM, qTO 4(2a + 3b) + (9a + 5b) == 17(a + b).

3.19. BOCrrOJIb3yMTeCb TeM, qTO

7(lla+2b)+(18a+5b) == 19(5a+b).

3.20. BOCrrOJIb3yMTecb TeM, qTO

9a+b+4c == 3(3a+4b+5c) -11(b+c).

3.21. BOCrrOJIb3yMTecb TeM, qTO aba == 7(14a + b) + 3(a + b).

3.22. )J;JIH JII060ro n OCTaTOK OT .n;eJIeHHH IOn Ha 9 paBeH 1. TI03TOMY

pa3HOCTb Me)K)J;y caMHM qHCJIOM Hero C)'MMOH IJ;H<PP .n;eJIHTCH Ha 9.

3.23. TIpoBepHM, qTO pa3HocTb Me)K)J;y qHCJIaMH

ao + 10a
1 + 10

2
a

2 + 10
3

a3 + 10
4

a
4 + ...

H

(ao +a 2 +a4 + ...) -

(al +a3 + ...)
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.n;eJIHTCH Ha 11. 3TY pa3HocTb MO)l(HO rrpe.n;cTaBHTb B BHtJ;e

11 (a 1 + 10a
2 + 10

2

a3 + 10
3

a4 + ...)-

-11(a2 + 10a3 + 10
2

a4 + ...) + II(a3 + 10a4 + ...) -

...

,n;eHcTBHTeJIbHO,

11 . 10 - 11 == 10
2

- 1
,

11 . 10
2

- 11 . 10+ 11 == 10 (11 . 10 - 11) + 11 == 10
3

- 10+ 11 == 10
3

+ 1,

11 . 10
3

- 11 . 10
2

+ 11 . 10- 11 == 10 (10
3

+ 1) - 11 == 10
4

- 1

H T..n;.

3.24. Pa3HocTb 3THX qHCeJI paBHa d .999, r.n;e d -

pa3HOCTb Me)l(.D;Y

rrepBoH H rrOCJIe.n;HeH U;H<ppaMH. A qHCJIO 999 .n;eJIHTCH Ha 37.

3.25. BOCrrOJIb3yHTecb TeM, qTO qHCJIO

- - --

abcdef
- (abc + def) == 1000abc - abc == 999abc

.n;eJIHTCH Ha 37, rrOCKOJIbKY 999 .n;eJIHTCH Ha 37.

3.26. IIepBbLu cnoco6. 3TO qHCJIO .n;eJIHTCH Ha 11.

Bmopou cnoco6. 3TO qHCJIO .n;eJIHTCH Ha 1...1 (n e.n;HHHU;).

3.27. TaKoe qHCJIO .n;eJIHTCH Ha 3, HO He .n;eJIHTCH Ha 9.

3.28. TaKoe qHCJIO .n;eJIHTCH Ha 3, HO He .n;eJIHTCH Ha 9.

3.29. CYMMa U;H<PP 3Toro qHCJIa paBHa 300, rr03ToMY OHO .n;eJIHTCH

Ha 3, HO He .n;eJIHTCH Ha 9.

3.30. ECJIH KBa.n;paT u;eJIoro qHCJIa OKaHqHBaeTCH Ha qeTHOe qHCJIO

HYJIeH -

BbIqepKHeM HX. TIoCJIe 3Toro paccMaTpHBaeMoe qHCJIO rrpHMeT

BHtJ; 2n, r.n;e n COCTOHT H3 llIeCTHCOT TpoeK H HeKoToporo KOJIHqeCTBa

HYJIeH, rrpHqeM rrOCJIe.n;HIDI U;H<ppa - TpoHKa. "4HCJIO n HeqeTHO, rr03TO-

MY qHCJIO 2n .n;eJIHTCH Ha 2 H He .n;eJIHTCH Ha 4. TaKoe qHCJIO He MO)l(eT

6bITb KBa.n;paTOM u;eJIoro qHCJIa.

3.31. "4HCJIO 111 .n;eJIHTCH Ha 3. "4HCJIO 111111111 rrOJIyqaeTcH H3

3Toro qHCJIa YMHO)l(eHHeM Ha qHCJIO 1001001, .n;eJIH�eeCH Ha 3. "4HCJIO,

COCTOH�ee H3 27 e.n;HHHU;, rrOJIyqaeTcH YMHO)l(eHHeM rrOJIyqeHHoro qHC-

JIa 111111111 Ha qHCJIO TaKoro )l(e BHtJ;a, 3arrHcaHHoe TpeMH e.n;HHH-

u;aMH H HYJIHMH, H rroToMY .n;eJIH�eeCH Ha 3. ,n;aHHoe qHCJIO rrOJIyqaeTcH

e�e O.n;HHM YMHO)l(eHHeM Ha qHCJIO, .n;emI�eeCH Ha 3.

3.32. ECJIH qHCJIO 111.. .11 (n e.n;HHHU;) .n;eJIHTCH Ha qHCJIO 333...33

(100 TpoeK), paBHoe 3 . 111... 11 (100 e.n;HHHU;), TO COrJIaCHO rrpH3HaKY

.n;eJIHMOCTH Ha 3 qHCJIO n .n;eJIHTCH Ha 3, a COrJIaCHO 3a.n;aqe 3.12 qHCJIO n

.n;eJIHTCH Ha 100. TI03TOMY n .n;eJIHTCH Ha 300. "4HCJIO 111.. .11 (300 e.n;H-

HHU;) .n;eJIHTCH Ha 3 H Ha 111... 11 (100 e.n;HHHU;).
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fJIaBa 4. PaaJIOmeHHe Ha npocThIe MHOmHTeJIH H AeJIeHHe

C OCTaTKOM

4.1. ECJIH COCTaBHoe qHCJIO n 60JIbllIe 1, TO OHO HMeeT .n;eJIHTeJIb d,

KOTOpbIH 60JIbllIe 1 H MeHbllIe n. ECJIH qHCJIO d He rrpOCToe, TO Haxo.n;HM

Y Hero .n;eJIHTeJIb, KOTOpbIH 60JIbllIe 1 H MeHbllIe d, H T..n;. K(l)KtI;bIH rroJIY-

qeHHbIH .n;eJIHTeJIb .n;eJIHT n H qHCJIO llIarOB KOHeqHO (OHO MeHbllIe n).

4.2. TIpe.n;rrOJIO)l(HTe, qTO qHCJIO rrpocTbIX qHCeJI KOHeqHO, H COCTaBb-

Te HX crrHCOK: 2, 3, 5, 7, ..., p. y qHCJIa N == 2 .3.5 .

...

.

p + 1 eCTb

rrpocToH .n;eJIHTeJIb, H qHCJIO N He .n;eJIHTCH Hau;eJIO Ha qHCJIa H3 crrHCKa

(rrpH .n;eJIeHHH Ha HHX OHO .n;aeT B OCTaTKe 1).

4.3. �mI k == 2, 3, ...,
n + 1 qHCJIO (n + I)! + k .n;eJIHTCH Ha k.

4.4. 4
9

+ 6
10

+ 3
20

== (2
9

+ 310)2.
4.5. B pa3JIO)l(eHHH qHCJIa N == 100! .n;BoeK 60JIbllIe, qeM rrHTepoK.

TI03ToMy.n;ocTaTOqHO HaHTH CTerreHb, B KOTOpOH rrpocToH MHO)l(HTeJIb 5

BXO.n;HT B pa3JIO)l(eHHe qHCJIa N. Cpe.n;H qHCeJI OT 1 .n;o 100 Bcero 20 qHCeJI

.n;alOT IUlTepKH B pa3JIO)l(eHHe, rrpHqeM qHCJIa 25, 50, 75 H 100 .n;alOT

cpa3Y .n;Be rrHTepKH.

4.6. BOCrrOJIb3yHTeCb TeM, qTO .n;aHHoe qHCJIO paBHo

(2�)! = 1.3.5.....(2n_1) 2.4.6.,....2n = 1.3.5.....(2n-l).2n n; .

n. n. n.

4.7. IIepBbLu cnoco6. qHCJIa n H n + 1 B3aHMHO rrpocTbIe. TIpoH3Be.n;e-
HHe .n;BYX B3aHMHO rrpocTbIX qHCeJI HBmIeTCH TOqHbIM KBa.n;paToM Tor.n;a

H TOJIbKO Tor.n;a, Kor.n;a Ka)l(.D;oe H3 HHX HBJIHeTCH TOqHbIM KBa.n;paToM.

�Ba rrOCJIe.n;OBaTeJIbHbIX HaTypaJIbHbIX qHCJIa He MorYT 6bITb 06a TOq-

HbIMH KBa.n;paTaMH.

Bmopou cnoco6. TIpe.n;rrOJIO)l(HTe, qTO .n;mI HeKOTopbIX HaTypaJIbHbIX

qHCeJI n H m BbIrrOJIIDIeTCH paBeHCTBO n(n + 1) == m
2

. Tor.n;a

n
2

< n(n+l) < (n+l)2,

rr03ToMY n < m < n + 1, qero He MO)l(eT 6bITb.

4.8. TIpe.n;rrOJIO)l(HTe, qTO .n;mI HeKoTopbIX HaTypaJIbHbIX qHCeJI n H m

BbIrrOJIIDIeTCH paBeHcTBo

n(n+l)(n+2)(n+3) == m
4

.

Tor.n;a n
4

< m
4

< (n + 3)4, rr03ToMY n < m < n + 3. C O.n;HOH CTOpOHbI,

qHCJIO m + 1 B3aHMHO rrpocTo C m, C .n;pyroH CTOpOHbI, OHO HBmIeTCH

.n;eJIHTeJIeM qHCJIa

n(n+l)(n+2)(n+3) == m
4

.

TaKoro 6bITb He MO)l(eT.
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4.9. BOCrrOJIb3yHTeCb paBeHcTBoM 2(n + 7) - (2n + 13) == 1.

4.10. BOCrrOJIb3yHTeCb paBeHcTBoM 2n
2

-1 - 2(n - 1) (n + 1) == 1.

4.11. n
2

+ 1 -

n . n == 1, rr03ToMY HO�(n2 + 1, n) == 1 H, COrJIaCHO rrpH-

Mepy 2,

HO�(n2 + 1, n
2

+ 1 - n) == HO�(n2 + 1, (n
2

+ 1 - n) -

n
2

+ 1) ==

== HO�(n2 + 1, n) == 1.

4.12. 113 paBeHCTB

a == 8(5a + 3b) -

3(13a + 8b) H b == 5(13a + 8b) -13(5a + 3b)

CJIe.n;yeT, qTO JII060H 06�HH .n;eJIHTeJIb qHCeJI Sa + 3b H 13a + 8b HBJIHeT-

CH TaK)l(e 06�HM .n;eJIHTeJIeM qHCeJI a H b.

4.13. TIYCTb P -rrpocToe qHCJIO, a==pa�p{3 ==b. Tor.n;a HO�(a, b) == pa
H HOK(a, b) == p{3. B 3TOM c.nyqae Tpe6yeMoe paBeHCTBO BepHO. �mI K(l)K-

.n;oro rrpOCToro MHO)I(HTeJIH CTerreHb, B KOTOpOH OH BXO.n;HT B HO�(a, b)

H B HOK(a, b), 3aBHCHT TOJIbKO OT CTerreHH, B KOTOpOH OH BXO.n;HT B a H b.

4.14. qHCJIO HBmIeTCH TOqHbIM KBa.n;paToM, eCJIH B ero pa3JIO)l(eHHe

Ha rrpocTbIe MHO)l(HTeJIH K(l)KtI;bIH H3 HHX BXO.n;HT C qeTHbIM rrOKa3aTeJIeM

CTerreHH. TI03TOMY Ka)l(.D;Oe rrpocToe qHCJIO BXO.n;HT B pa3JIO)l(eHHH qHCeJI

a H b C rrOKa3aTeJIHMH cTerreHeH o.n;HHaKoBoH qeTHOCTH. B pa3JIO)l(eHHe

HO�(a, b) Ka)l(.D;bIH rrpocToH MHO)l(HTeJIb BXO.n;HT C HaHMeHbllIHM rrOKa-

3aTeJIeM H3 3THX .n;BYX, rr03TOMY B pa3JIO)l(eHlffi qHCeJI a H HO�(a, b)

Ka)l(.D;oe rrpOCToe qHCJIO TaK)l(e BXO.n;HT C rrOKa3aTeJIHMH cTerreHeH O.n;H-

HaKOBOH qeTHocTH.

4.15. TIYCTb HOK(al, ..., alO) ==A. Tor.n;a A==alk l
==

... ==alok lO , r.n;e

k l' ...,
k 10

-

HaTypaJIbHbIe qHCJIa. 113 YCJIOBlffi CJIe.n;yeT, qTO k 1
> k 2

> ...

... > klO' rr03TOMY k
1 ? 10. CJIe.n;oBaTeJIbHO, A ==

al k l ? 10al.
4.16. ECJIH K .n;aHHoMY qHCJIO rrpH6aBHTb 1, TO rrOJIyqeHHoe qHCJIO

.n;eJIHTCH Ha 3 . 4 . 7 == 84.

4.17. ECJIH n - HCKOMoe qHCJIO, TO n + 1 .n;eJIHTCH Ha HOK(5, 6, 8) ==

== 120.

4.18. ECJIH a ==

qn + r H b ==

pn +s, TO

a+b == (q+p)n+(r+s) H ab == (qpn+rp+sq)n+rs.

4.19. OCTaTKH OT .n;eJIeHHH Ha 3 qHCeJI 2, 2
2

,
2

3
,

2
4

,
... paBHbI 2, 1, 2,

1, ... TI03TOMY OCTaTOK OT .n;eJIeHHH Ha 3 qHCJIa 2
2n

paBeH 1.

4.20. OCTaTKH OT .n;eJIeHlffi Ha 5 qHCeJI 2, 2
2

,
2

3

,
2

4
,

... paBHbI 2, 4, 3,

1, 2, 4, 3, 1, ... TI03TOMY OCTaTOK OT .n;eJIeHlffi Ha 5 qHCJIa 2
4n

paBeH 1.
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4.21. 43
23

+ 23
43

1
23

+ ( _1)43 = 0 (mod 6) H

43
23

+2343 _ (_1)23 + 1
43

= 0 (mod 11).

4.22. TIYCTb 6n
-

1 (mod 5) H 5m = 1 (mod 6). Tor.n;a 6na + 5mb
-

6na = a (mod 5) H 6na + 5mb = 5mb = b (mod 6). TIOJIO)l(HTe n == 1

H m == 5.

4.23. TIYCTb

42k
-

1 (mod 5), 35n 1 (mod 6) H 30m
-

1 (mod 7);

3.n;eCb 42 == 6. 7, 35 == 5 . 7 H 30 == 5 . 6. Tor.n;a

42ka + 35nb + 30mc = 42ka = a (mod 5),

42ka + 35nb + 30mc = 35nb = b (mod 6)

H

42ka + 35nb + 30mc
-

30mc - c (mod 7).

TIOJIO)l(HTe k == 3, n == 5 H m == 4.

4.24. TIOJIyqeHHoe qHCJIO .n;OJI)I(HO .n;eJIHTbCH Ha 7. 8 . 9 == 504. TIo.n;e-

JIHM 523000 Ha 504 C OCTaTKOM: 523000 == 1037.504 + 352. TIOCKOJIb-

KY 504 - 352 == 152, Ha 504 .n;eJIHTCH qHCJIa 523 152 H 523 152 + 504 ==

== 523 656. �pyrHx qHCeJI, .n;eJIH�HXCH Ha 504, cpe.n;H qHCeJI OT 523 000

.n;o 523 999 HeT.

a
- b (a - b)c

4.25. PaBeHcTBa -

== n H == n 3KBHBaJIeHTHbI.
m mc

4.26. TIpe.n;cTaBbTe rrpocToe qHCJIO p B BH.n;e p
== 30k + r, r.n;e r -

O.n;HO

H3 qHCeJI OT 1 .n;o 29. qHCJIO r He MO)l(eT .n;eJIHTbCH Ha 2, 3 HJIH 5, TaK

KaK Tor.n;a p .n;eJIHJIOCb 6bI Ha 2, 3 HJIH 5. ECJIH H3 qHCeJI OT 1 .n;o 29 HC-

KJIlOqHTb qHCJIa, .n;emI�HeCH Ha 2, 3 HJIH 5, TO OCTaHYTCH JIHllIb rrpOCTbIe

qHCJIa (7, 11, 13, 17, 19, 23, 29) H 1.

4.27. COrJIaCHO rrpHMepy 4 c)'MMa KBa.n;paToB .n;BYX HeqeTHbIX qHCeJI

rrpH .n;eJIeHHH Ha 4 .n;aeT B OCTaTKe 2. KBa.n;paT qeTHOrO qHCJIa .n;eJIHTCH

Ha 4, a KBa.n;paT HeqeTHOrO qHCJIa rrpH .n;eJIeHHH Ha 4 .n;aeT B OCTaTKe 1.

4.28. BOCrrOJIb3yHTecb YKa3aHHeM K 3a.n;aqe 4.27.

4.29. TIpH .n;eJIeHHH Ha 4 c)'MMa KBa.n;paToB .n;BYX qeTHbIX qHCeJI .n;a-

eT OCTaTOK 0, o.n;Horo qeTHOrO H o.n;Horo HeqeTHOrO - OCTaTOK 1, .n;BYX

HeqeTHbIX qHCeJI - OCTaTOK 2.

4.30. �JIH u;eJIoro a qHCJIO a
2

+ a == a(a + 1) qeTHO, a c)'MMa KBa.n;-

paToB .n;BYX HeqeTHbIX qHCeJI He MO)l(eT 6bITb KBa.n;paTOM u;eJIoro qHCJIa

(3a.n;aqa 4.27).
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4.31. ECJIH TaKoe paBeHcTBo BbIrrOJIHHeTCH, TO qHCJIO m qeTHO: m == 2k.

Tor.n;a k
2

-

n
2

== 26. qHCJIa k H n O.n;HOM qeTHOCTH, rr03TOMY k
2

-

n
2

.n;e-

JIHTCH Ha 4, a 26 He .n;eJIHTcH.

4.32. ECJIH O.n;HO H3 qHCeJI m H n qeTHO, a .n;pyroe HeqeTHO, TO qHCJIO

m
2

+ n
2

HeqeTHO. ECJIH 06a qHCJIa HeqeTHbI, TO m
2

+ n
2

He .n;eJIHTCH Ha 4,

a 2012 .n;eJIHTCH. ECJIH m == 2a H n == 2b, TO a
2

+ b
2

== 503, a c)'MMa .n;BYX

KBa.n;paTOB He MO)l(eT .n;aBaTb OCTaTOK 3 rrpH .n;eJIeHHH Ha 4 (3a.n;aqa 4.29) .

4.33. BOCrrOJIb3y:HTeCb paBeHcTBoM (3n::i: 1)2 == 3(3n
2

::i: 2n) + 1.

4.34. TIYCTb m
2

+ n
2

.n;eJIHTCH Ha 3 H m He .n;eJIHTCH Ha 3. Tor.n;a n

TO)l(e He .n;eJIHTCH Ha 3. TI03TOMY COrJIaCHO 3a.n;aqe 4.33 qHCJIO m
2

+ n
2

rrpH .n;eJIeHHH Ha 3 .n;aeT OCTaTOK 2.

4.35. 1
2

+ 2
2

== 5.

4.36. CHaqaJIa .n;OKa)l(HTe, qTO KBa.n;paT u;eJIoro qHCJIa, He .n;eJIJIrn;ero-

CH Ha 7, rrpH .n;eJIeHHH Ha 7 .n;aeT OCTaTOK 1, 2 IDIH 4. 3aTeM rrpoBepb-

Te, qTO HH c)'MMa .n;BYX pa3HbIx OCTaTKOB, HH c)'MMa .ZJ;BYX o.n;HHaKOBbIX

OCTaTKOB He .n;eJIHTCH Ha 7.

4.37. BOCrrOJIb3y:HTeCb paBeHcTBaMH

(2n+1)2==4n(n+1)+1 H (4n+2)2==16n(n+1)+4

H TeM, qTO qHCJIO n(n + 1) qeTHo.

4.38. TIpH .n;eJIeHHH Ha 8 c)'MMa KBa.n;paToB .n;BYX �eJIbIX qHCeJI .n;aeT

OCTaTOK 0, 1, 2, 4 IDIH 5, a cyMMa KBa.n;paToB Tpex �eJIbIX qHCeJI .n;aeT

OCTaTOK 0, 1, 2, 3, 4, 5 IDIH 6.

4.39. qHCJIO rk-2 .n;eJIHTCH Ha rk-l
== d. 113 <POPMYJIbI

rk-3
==

nk-l rk-2 + rk-l

CJIe.n;yeT, qTO rk-3 .n;eJIHTCH Ha d. AHaJIOrHqHO rk-4, ..., b, a .n;eJIHTCH Ha d.

4.40. 113 <POPMYJIbI a == n
1

b + r
1 CJIe.n;yeT, qTO r

1 .n;eJIHTCH Ha JII060M

06rn;HM .n;eJIHTeJIb qHCeJI a H b. 113 <POPMYJIbI b ==

n2 r
l + r2 CJIe.n;yeT, qTO r2

.n;eJIHTCH Ha JII060M 06rn;HM .n;eJIHTeJIb qHCeJI b H rl, rr03ToMy r
2 .n;eJIHTCH Ha

JII060M 06rn;HM .n;eJIHTeJIb qHCeJI a H b. AHaJIOrHqHO r3 .n;eJIMTCH Ha JII060M

06rn;HM .n;eJIHTeJIb qHCeJI a H b H T. .n;. TI03TOMY rk-l
== d .n;eJIHTCH Ha JII060M

06rn;HM .n;eJIHTeJIb qHCeJI a H b.

4.41. TIo.n;eJIHB 21n + 4 Ha 14n + 3, rrOJIyqHM B OCTaTKe 7n + 1. TIo-

.n;eJIHB 14n + 3 Ha 7n + 1, rrOJIyqHM B OCTaTKe 1. TI03TOMY qHCJIa 21n + 4

Ha 14n + 3 B3aHMHO rrpocTbIe.

4.42. TIYCTb m ? n. Tor.n;a

HO�(am -1, an -1) == HO�(am - an, an -1) == HO�(am-n -1, an -1).
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TI03TOMY rrpHMeHeHHe aJIrOpHTMa EBKJIH)J;a K qHCJIaM an - 1 H am - 1

aHaJIOrHqHO rrpHMeHeHHIO aJIrOpHTMa EBKJIH)J;a K qHCJIaM n H m.

4.43. ECJIH m > n H m ==

nq + r, r.n;e r < n, TO O.n;HH mar aJIrOpHTMa

EBKJIH.n;a rrpHBo.n;HT K paBeHCTBY

HOt{(0) U) = HOt{(0) U).
m n n r

TI03TOMY B HTOre rrOJIyqHTcH qHCJIO, COCTOHl.Qee H3 HO�(m, n) e.n;HHHIJ;.

4.44. CHaqaJIa rrpHMeHHTe K qHCJIaM a H b aJIrOpHTM EBKJIH)J;a:

a == nIb + r
l ,

b ==

n2 r
I + r

2 ,
r

l
==

n3 r
2 + r3, . . .

, rk-2
==

nkrk-I
== d.

3aTeM rrOCJIe.n;oBaTeJIbHO BbIpa3HTe r
l ,

r
2 , ..., rk-I

== d qepe3 a H b:

r
l

== a
-

nIb, r
2

== b -

n2rI
== b -

n2(a
-

nIb) H T..n;.

4.45. COrJIaCHO 3a.n;aqe 4.44 MO)l(HO rro.n;06paTb IJ;eJIbIe qHCJIa m H n

TaK, qTO am+bn==l. TI03ToMyam = am+bn = 1 (mod b).
a

- b (a
- b)c

4.46. 113 paBeHCTBa
-

== n CJIe.n;yeT paBeHCTBO
==

nc, rr03TO-
m m

MY H3 cpaBHeHHH a b (mod m) CJIe.n;yeT cpaBHeHHe ac = be (mod m).

ECJIH HO�(m, c) == 1, TO COrJIaCHO 3a.n;aqe 4.45 MO)l(HO rro.n;06paTb IJ;e-

JIoe qHCJIO x TaK, qTO ex 1 (mod m). TI03TOMY H3 cpaBHeHHH ac be

(mod m) CJIe.n;yeT cpaBHeHHe a acx - bcx - b (mod m).

fJIaBa 5. MHOrOqJIeHhI

5.1. BOCrrOJIb3y:HTeCb paBeHcTBoM

(
n-I n-2

) 0anc + an-I c + ... + a
l

c + ao
==

.

5.2. BOCrrOJIb3y:HTeCb paBeHcTBaMH

(
n-I n-2 n-I

)
n

0anP +an-IP q+...+aIq p+aoq ==

H

n

(
n-I n-2 n-I

) 0anP +q an-IP +...+aIpq +aoq ==

H TeM, qTO qHCJIa p H q He HMelOT 06I.QHX .n;eJIHTeJIeM.

5.3. TIo.n;cTaBbTe B .n;aHHbIe MHOrOqJIeHbI x == - 3 H X == -1.

5.4. ECJIH qHCJIO x qeTHOe, TO 3HaqeHHe MHOrOqJIeHa rrpH .n;eJIeHHH

Ha 2 .n;aeT TaKOM)I(e OCTaTOK, KaK qHCJIO an ==P(O).

5.5. ECJIH qHCJIO X HeqeTHOe, TO 3HaqeHHe MHOrOqJIeHa rrpH .n;eJIeHHH

Ha 2 .n;aeT TaKoM )l(e OCTaTOK, KaK qHCJIO ao + a
l + ... + an-I + an

== P(l).
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5.6. TIOJIO)I(HTe x == 10. Tor.n;a (10 + b) (10 + c) == 1, rr03ToMY b == c == -9

IDIH b == c == -11. B rrepBoM CJIyqae (x
- a) (x

- 10) + 1 == (x - 9)2, rro-

3TOMY a == 8, BO BTOpOM cJIyqae (x
- a) (x

- 10) + 1 == (x
- 11)2, rr03ToMY

a == 12.

5.7. ECJIH xci + ax� + 1 == 0 H xg + axo + 1 == 0, TO

xci+ax�+I-xo(xg+axo+l) == 0,

T. e. Xo
== 1. B TaKOM cJIyqae 1 + a + 1 == 0, T. e. a == -2. TIpH a == -2

.n;aHHbIe MHOrOqneHbI .n;eMcTBHTeJIbHO HMelOT 06rn;HM KopeHb Xo
== 1.

x(x + 1)
5.8. PaccMoTpHTe MHOrOqneH P(x) ==

2
.

5.9. C)'MMa Bcex K03<P<PHQHeHToB MHOrOqneHa P(x) paBHa P(I).

5.10. CM. YKa3aHHe K 3a.n;aqe 5.9.

5.11. C)'MMa Bcex K03<P<PHQHeHToB MHOrOqneHa P(x) paBHa P(I),

a pa3HocTb Me)K)J;Y C)'MMOM K03<P<PHQHeHToB MHOrOqneHa P(x) rrpH qeT-

HbIX CTerreIDIX H C)'MMOM rrpH HeqeTHbIX CTerreIDIX paBHa P ( -1). TI03TO-

MY C)'MMa K03<P<PHQHeHTOB rrpH qeTHbIX CTerreIDIX paBHa

P(l)+P(-l)
== 1

2
'

a c)'MMa K03<P<PHI.J;HeHTOB rrpH HeqeTHbIX CTerreIDIX paBHa

P(l) -P(-l)
== 0

2
.

5.12. 0603HaqHM P(x, y) == (1 +x- y)3.

a) C)'MMa Bcex K03<P<PHQHeHToB 3Toro MHOrOqneHa paBHa P(I, 1).

6) C)'MMa K03<P<PHQHeHToB rrpH Tex o.n;HOqneHaX, KOTopbIe He co.n;ep-

)l(aT y, paBHa P(I, 0).

B) C)'MMa K03<P<PHQHeHTOB rrpH Tex o.n;HOqneHaX, KOTopbIe co.n;ep-

)l(aT x, paBHa P(I, 1) - P(O, 1).

5.13. �aHHoe rrpoH3Be.n;eHHe P(x) HMeeT BHtJ; Q(x)Q( -x), rr03ToMY

P( -x) ==P(x) H 2P(x) ==P(x) +P( -x). B rrpaBoM qaCTH Bce o.n;HOqneHbI

HeqeTHOM CTerreHH cOKparn;aIOTcH.

5.14. TIo.n;cTaBHB 3HaqeHHe x == 0, rrOJIyqHM, qTO d .n;eJIHTCH Ha 5. TIo.n;-

CTaBHB 3HaqeHHH x == 1 H X == -1, rrOJIyqHM, qTO a + b + c H a
- b + c .n;e-

mITCH Ha 5, rr03ToMY b H a + c .n;eJIHTCH Ha 5. TIo.n;cTaBHB 3HaqeHHe x == 2,

rrOJIyqHM, qTO 4a + c .n;eJIHTCH Ha 5. TI03TOMY 3a == (4a + c) - (a + c)

.n;eJIHTCH Ha 5, a 3HaqHT, a H c .n;eJIHTCH Ha 5.

5.15. qHCJIO 18 HeJIb3H rrpe.n;cTaBHTb B BHtJ;e C)'MMbI qHCeJI 5 H 7, rro-

3TOMY K03<P<PHQHeHT rrpH x
I8

paBeH o. qHCJIO 17 rrpe.n;cTaBJIHeTCH B BHtJ;e

C)'MMbI qHCeJI 5 H 7 CJIe.n;yrorn;HM 06pa30M: 17 == 7 + 5 + 5. C TOqHOCTblO
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.n;0 nepeCTaHOBKH CJIaraeMbIX 3TO npe.n;CTaBJIeHHe e.n;HHCTBeHHO. B o.n;-

HOM H3 20 MHO)l(HTeJIeH 1 + X
S

+ x
7

MbI .n;OJI)I(HbI BbI6paTb x
7

,
a B .n;BYX

H3 19 OCTaBllIHXCH BbI6paTb x
s

. TI03TOMY K03<P<PHI.J;HeHT npH x
17

paBeH
20.

It
18

= 3420.

5.16. TIYCTb P(x) -.n;aHHbIH MHorOq][eH H Q(x) == (p(x))n. Tor.n;a

P(O) == P(I) == 2 H Q(O) == Q(I) == 2
n

. TI03TOMY Q(I) - Q(O) == O. Ho

qHCJIO Q(I)
-

Q(O) paBHo c)'MMe Bcex K03<P<PHI.J;HeHTOB MHorOq][eHa Q,

KpoMe cB060.n;Horo q][eHa.

5.17. OCTaToK OT .n;eJIeHHH Ha MHorOq][eH x
-

c - 3TO HYJIeBOH MHO-

rOq][eH IDIH MHorOq][eH CTeneHH 0, T. e. OCTaTOK - 3TO HeKoTopoe qHC-

JIO r. TIYCTb P (x) == Q (x) (x - c) + r. TIpH x == c nOJIyqaeM r == P(c).

5.18. BOCnOJIb3yHTeCb 3a.n;aqeH 5.17. 113 paBeHCTBa

P(x) == Q(x)(x-c)+r

CJIe.n;yeT, qTO eCJIH c -

KopeHb MHorOq][eHa P(x), TO r == P(c) == O. Ha060-

pOT, eCJIH r == 0, TO P(c) == r == o.

5.19. CM. yKa3aHHe K 3a.n;aqe 4.42.

fJIaBa 6. BhIAeJIeHHe nOJIHOrO KBaApaTa

6.1. BOCnOJIb3yHTeCb paBeHcTBoM

4x
2

+9 y 2_4x+6y+2 == (2x-l)2+(3y+l)2.

OJ 1 (x - 1)2
6.2. BOCnOJIb3YHTeCb paBeHcTBoM x +

-
- 2 ==

x x

6.3. BOClIOJIb3yHTeCb paBeHcTBoM x
-

x
2

= � - ( x
_ �)

2

.

6.4. TIpH BbI.n;eJIeHHH nOJIHOrO KBa.n;paTa nOHBHTCH q][eH

3(x- a+�+c t
6.5. 3anHllIHTe .n;aHHoe paBeHcTBo B BH.n;e (y + 2 + x) (y + 2 -

x) == -4

H BOCnOJIb3yHTeCb TeM, qTO qHCJIa y + 2 + x H y + 2 -

x JIH60 06a qeTHbI,

JIH60 06a HeqeTHbI.

6.6. 3anHllIHTe .n;aHHoe paBeHcTBo B BH.n;e (x + 1 + y) (x + 1 -

y) == 7.

6.7. YMHO)l(bTe .n;aHHoe BbIpa)l(eHHe Ha (3 - 1) H BOCnOJIb3yHTeCb

TeM, qTO (a - b) (a + b) == a
2

- b
2

.

6.8. BOCnOJIb3yHTeCb TeM, qTO

2
20

- 1 == (2
10

-1) (2
10

+ 1) H 2
10

+ 1 == 1025.

6.9. 113 <POPMYJIbI KBa.n;paTa pa3HOCTH CJIe.n;yeT, qTO

a
2

+9ab+b
2

== (a-b)2+11ab.
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TI03TOMY qHCJIO (a - b)2 .n;eJIHTCH Ha 11. qHCJIO 11 npocToe, n03ToMY

qHCJIO a
2

- b
2

== (a - b) (a + b) TO)l(e .n;eJIHTCH Ha 11.

6.10. 113 paBeHCTB

(n -

3) (n + 3) == n
2

- 9 == 2
m

- 2

CJIe.n;yeT, qTO qHCJIa n + 3 H n
- 3 qeTHbIe. TI03TOMY qHCJIO 2

m
- 2 .n;eJIHT-

CH Ha 4. Ho npH m > 1 3TO qHCJIO He .n;eJIHTCH Ha 4.

6.11. BOCnOJIb3y:HTeCb TeM, qTO

2== (x
4

+1)-(x
4

-1) == (x
4

+1)-(x+l)(x-l)(x
2

-1).

6.12. TIpoH3Be.n;eHHe qHCeJI n
-

1, n, n + 1 H n + 2 paBHo

(n
2

+ n)(n
2

+ n
- 2) == (N + 1)(N -1),

r.n;e N == n
2

+ n -1.

6.13. CHaqaJIa .n;OKa)l(HTe, qTO (n - 1)3 + n
3

+ (n + 1)3 == 3n(n
2

+ 2).

3aTeM BOCnOJIb3y:HTeCb 3a.n;aqeM 4.33.

6.15. CHaqaJIa, BOCnOJIb30BaBllIHCb 3a.n;aqeM 6.14, .n;OKa)l(HTe, qTO

(x
3

+ y3)3 _ (x
3

_ 2y3)3 == 9y3(X
6

_ x3y3 + y6).

3aTeM .n;OKIDKHTe, qTO

X
3

_ ( x

X
3

-2y3
)

3

==

9x3y3(x6-x3y3+y6)
== 3_ (

y3-2X3
)

3

x
3

+ y3 (x3 + y3)3
y Y

x3 + y3
.

6.16. Pa3HOCTb pea) - PCb) npe.n;CTaBmIeT C060M C)'MMY BbIpIDKeHHM

BH.n;a m(a
k

- b
k

) C IJ;eJIbIMH K03<P<PHIJ;HeHTaMH m. qHCJIO a
k

- b
k

.n;eJIHTCH

Ha a-b.

6.17. BOCnOJIb3y:HTecb 3a.n;aqeH 6.16 H TeM, qTO qHCJIO P(14)
- P(6) ==

== 9 - 5 == 4 He .n;eJIHTCH Ha 14 - 6 == 8.

6.18. qHCJIO 7
2n

- 4
2n

== (7
2

)n - (4
2

)n .n;eJIHTCH Ha 7
2

- 4
2

== 33 .n;JIH

JII060ro n.

6.19. BOCnOJIb3y:HTeCb paBeHcTBoM

11
1 °-1 == (11-1)(11

9
+11

8
+...+11+1);

BO BTOpOM cK06Ke CTOHT c)'MMa .n;eCHTH qHCeJI, OKaHqHBalO�HXCH Ha 1.

6.20. BOCnOJIb3y:HTeCb TeM, qTO 2
1000

- 1 == (220)SO - 1 H 220 - 1 .n;e-

JIHTCH Ha 25 COrJIaCHO 3a.n;aqe 6.8.

6.21. qHCJIO 10
6n + r

-10
r

== 10
r

(10
6n

-

1) .n;eJIHTCH Ha

10
6

- 1 == 999999 == 7.142857.
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6.22. 3anHllIeM Hcxo.n;Hoe qHCJIO A B BH)J;e A == 10a + b H nepecTa-

BHM nOCJIe.n;HIOIO n;H<PPY b B HaqaJIO. B pe3YJIbTaTe nOJIyqHM qHCJIO B ==

== 10
6n - 1

b + a. qHCJIO 10B - A == (10
6n

- l)b .n;eJIHTCH Ha

10
6

- 1 == 999.1001 == 999.143.7,

n03TOMY OHO .n;eJIHTCH Ha 7. CJIe.n;oBaTeJIbHO, qHCJIO B TO)l(e .n;eJIHTCH

Ha 7.

6.23. TIYCTb 2
n

- 2 ==
mn, r.n;e qHCJIO m n;eJIoe. Tor.n;a

2
2n - 1

_ 2 == 2(2
mn

-1),

a qHCJIO 2
mn

- 1 .n;eJIHTCH Ha 2
n

- 1.

6.24. BOCnOJIb3y:HTeCb TeM, qTO

n-1
1n

-

==
n-2

+
n-3

+ + + 1
I

nn ... n
n-

H K(l)KtI;Oe H3 n
- 1 qHCeJI 1, n, ..., nn-3, nn-2 npH .n;eJIeHHH Ha n

- 1 .n;aeT

OCTaTOK 1.

6.25. TIpH HeqeTHOM n BbInOJIIDIIOTCH paBeHcTBa

(x+ y)(x
n

- 1
+ (_I)lxn-2y+ ... + (_I)k-1xn-kyk-1 + ...

... + (_I)n-1 yn-1) == x
n

+ (_xn-1 y + xn-1y) + (xn-2y2 _ xn-2y2) + ...

... + (xyn-1_xyn-1) + yn == xn+ yn.

6.26. BOCnOJIb3y:HTeCb TeM, qTO an + b
n

.n;eJIHTCH Ha a + b npH HeqeT-

HOM n.

6.27. B pa3JIO)l(eHHH 21
10

- 1 == (21
s

- 1) (21
s

+ 1) qHCJIO 21
s

+ 1

.n;eJIHTCH Ha 21 + 1 == 22, a qHCJIO

21
s

-1 == (21-1)(21
4

+21
3

+21
2

+21+1)

.n;eJIHTCH Ha 100, nOCKOJIbKY BTOpOH MHO)l(HTeJIb -

c)'MMa IUlTH qHCeJI,

OKaHqHBalOl.QHXCH Ha 1.

6.28. BOCnOJIb3y:HTeCb paBeHCTBOM

2
9

+ 2
99

== 2
9

(2
90

+ 1) == 2
9

(1024
9

+ 1).

TIepBbIH MHO)l(HTeJIb .n;eJIHTCH Ha 4, BTOpOH .n;eJIHTCH Ha 1024 + 1 == 1025,

n03ToMY BTOpOH MHO)l(HTeJIb .n;eJIHTCH Ha 25.

6.29.
x 4n+x4n-4+...+x8+x4+1

_

x
4n + 4

-1
:

x2n+2_1 x2n+2+1

x2n+x2n-2+...+x4+ x 2+1 x
4 -1 x

2
-1 x

2
+1

(x2)n+1 + 1

2
. ECJIH qHCJIO n + 1 HeqeTHO, TO yn+1 + 1 .n;eJIHTCH Ha y + 1.

x +1
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A eCJIH n + 1 == 2m, TO npH .n;eJIeHHH (x2)n+1 + 1 == x
4m

+ 1 Ha x
2

+ 1

B OCTaTKe nOJIyqaeTcH 2, TaK KaK x
4m

- 1 .n;eJIHTCH Ha

x
4

- 1 == (x
2

- 1) (x
2

+ 1)

H nOToMY .n;eJIHTCH Ha x
2

+ 1.

6.30. TIpoH3Be.n;eHHe MHOrOqJIeHOB

x
101

1
I+X+X2+...+x99+ X 100==

�x-

H

X
101

+ 1
l-x+x

2
-x

3
+ ... _x

99
+x

100
==

x+ 1

X
202

- 1

paBHo
x2 _ 1

.

6.31. BOCnOJIb3y:HTeCb TeM, qTO k
n

+ (n - k)n .n;eJIHTCH Ha k + (n - k) ==

== n npH HeqeTHOM n.

6.32. B pa3JIO)l(eHHH

3
2n

- 1 == (3 - 1) (3 + 1) (3
2

+ 1) (3
4

+ 1)... (3
2n

- 1

+ 1)

Bce MHO)l(HTeJIH, KpoMe BToporo, .n;emITCH Ha 2 H He .n;emITCH Ha 4. B ca-

MOM .n;eJIe, COrJIaCHO npHMepy 4 Ha c. 20 npH .n;eJIeHHH Ha 4 KBa.n;paT

HeqeTHOrO qHCJIa .n;aeT B OCTaTKe 1.

6.35. BOCnOJIb3y:HTeCb TeM, qTO

2(x
2

+ y2 +Z2 _xy
-

yz
- zx) == (x - y)2 + (y

- Z)2 + (z - X)2.

6.36. BOCnOJIb3y:HTecb TeM, qTO

2(X
3

+y3+ Z 3_3xyz) == (x+y+z)((X-y)2+(y-Z)2+(Z-X)2).

6.38. 113 .n;aHHoro paBeHCTBa CJIe.n;yeT paBeHCTBO (x + y) (x + z) ==

== 2yz. ECJIH qHCJIa x, y H Z HeqeTHbI, TO JIeBaR qaCTb .n;eJIHTCH Ha 4,

a npaB aR He .n;eJIHTCH.

fJIaBa 7. PaaJIOmeHHe MHOrOqJIeHOB Ha MHO:>KHTeJIH

7.1. IIepBbLu cnoco6.

x
3

+ 2x - 3 == x
3

-

x + 3x - 3 == x(x - 1) (x + 1) + 3(x - 1).

Bmopou cnoco6. MHOrOqJIeH HMeeT KopeHb 1, n03ToMY OH .n;eJIHTCH

Ha x-I.

7.2. 2x
3

+ x
2

+ x-I == x
3

- 1 + x
3

+ x
2

+ x == (x
- 1) (x

2
+ x + 1) +

+x(x
2

+x + 1).
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7.3. MHorOq][eH HMeeT KOpHH -2, 3 H 5.

7.7. BOCnOJIb3yHTeCb pa3JIO)l(eHHeM H3 3a.n;aqH 7.6 .n;JIH x == 2
IS

.

7.8. BOCnOJIb3yHTeCb pa3JIO)l(eHHeM H3 3a.n;aqH 7.5.

7.9. X
S

+ x + 1 == X
S

+ x
4

+ x
3

-

x
4

-

x
3

-

x
2

+ x
2

+ x + 1 ==

==X
3

(X
2

+x + 1) -

X
2

(X
2

+x + 1) + (x
2

+x + 1) ==

== (x
3

-x
2

+ 1)(x
2

+x + 1).

7.10. IIepBbLu cnoco6.

x
IO

+x
s

+ 1 == x
IO

-x
7

+x
7

-x
4

+x
s

-x
2

+x
4 _X+X2 +x+ 1 ==

== (x
7

+x
4 +X2 +x)(x

3
-1) +X2 +x + 1 ==

== (x
2

+x+l)((x
7

+x
4

+x
2

+x)(x-l)+I) ==

== (x
2

+x + 1)(x
8

-

x
7

+x
s

-

x
4

+x
3

- x+ 1).

Bmopou cnoco6. MHOrOq][eH XIS - 1 == (x
s

- 1) (x
IO

+ X
S

+ 1) .n;e-

JIHTCH Ha x
3

- 1 == (x - 1) (x
2

+ x + 1) n03ToMY MO)l(HO O)l(HtJ;aTb, qTO

x
IO

+ X
S

+ 1 .n;eJIHTCH Ha x
2

+ x + 1.

7.11. BOCnOJIb30BaBllIHcb TeM, qTO 12 == 3 . 4, nOnp06yHTe npe.n;cTa-

BHTb .n;aHHbIH MHorOq][eH B BH.n;e

(x
2

+ ax + 3)(x
2

+ bx + 4).

7.12. (x + 1) (x + 3) (x + 5) (x + 7) + 15 ==

== (x + 1) (x + 7) (x + 3) (x + 5) + 15 ==

== (x
2

+ 8x + 11- 4)(x
2

+8x + 11 +4) + 15 ==

== (x
2

+ 8x + 11)2 -16+ 15 == (x
2

+8x + 11)2 -1 ==

== (x
2

+ 8x + 10) (x
2

+ 8x + 12) == (x
2

+ 8x + 10)(x + 2) (x + 6).

7.13. MHoroq][eH 06pa�aeTCH B HYJIb npH x ==

Y H npH Z ==

y, n03ToMY,

COrJIaCHO TeopeMe Ee3Y, OH .n;eJIHTCH Ha (x -

y) (z -

y). CJIe.n;oBaTeJIbHO,

(x -

y +Z)2 -x
2

+ y2 _Z2 == k(x- y)(z
-

y),

r.n;e k -

HeKoTopoe qHCJIO. TIo.n;cTaBJIHH x == z == 1 H Y
== 0, Haxo.n;HM k.

7.14. IIepBbLu cnoco6.

(x+ y +Z)3 -x
3

- y3 _Z3 == (x+ Y +Z)3 -x
3

_ (y3 +Z3) ==

== (y+z)((X+y+Z)2+X(X+y+Z)+X2)_(y+Z)(y2_YZ+Z2) ==

== (y + z)(3x
2

+ 3xy + 3xz + 3yz) == 3(y + z)(x(x + y) + z(x+ y)) ==

== 3(y+z)(x+y)(x+z).
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Bmopou cnoco6. TIpH x = -

Y MHOrOq)leH 06parn;aeTCH B HYJIb, n03TO-

MY, COrJIaCHO TeOpeMe Ee3Y, OH .n;eJIHTCH Ha x + y. AHaJIOrHqHO OH .n;eJIHT-

CH Ha y + Z H Z +X. TI03TOMY MHOrOq)leH paBeH k(x + y) (y + z)(z +x),

r.n;e k -

HeKOTOpOe qHCJIO. TIO.n;CTaBmrn x ==

y
== Z == 1, Haxo.n;HM k == 3.

7.15. IIepBbLu cnoco6.

(Y-Z)3+(Z-X)3+(X-y)3 ==

== (y-x)((y-Z)2_(y-Z)(z-x)+(Z-X)2)+(X-y)3 ==

== (y -x)( (y
- Z)2 -

(y
- z)(z -x) + (z - X)2- (x _ y)2) ==

== (y -x)( (y
-

z)(y +x - 2z) + (y+z
- 2x)(z - y)) ==

== (y-x)(y-z)(3x-3z).

Bmopou cnoco6. TIpH x =

y MHOrOq)leH 06parn;aeTCH B HYJIb, n03ToMY,

COrJIaCHO TeopeMe Ee3Y, OH .n;eJIHTCH Ha x
-

y. AHaJIOrHqHO OH .n;eJIHTCH

Ha y
-

z H Z
-

x. TI03TOMY MHOrOq)leH paBeH k(x -

y) (y
- z) (z -

x), r.n;e

k -

HeKoTopoe qHCJIO. TIo.n;cTaBmIH x = -1, Y
== 0 HZ = 1, Haxo.n;HM k == 3.

7.16. x
3

+ y3 + Z3 -

3xyz == (x + y)3 + Z3 -

3xy(x + y)
-

3xyz ==

= (x + Y +z)((x+ y)2 - (x + y)z +Z2) -

3xy(x+ y +z) ==

== (x + y + z) (x
2

+ y2 + Z2 -

xy
-

xz
-

yz).
7.17. TIpH a == b MHOrOq)leH 06parn;aeTcH B HYJIb. TIpH b = C H C == a

MHOrOq)leH TO)l(e 06parn;aeTcH B HYJIb.

7.18. CM. YKa3aHHe K 3a.n;aqe 7.17.

7.19. CM. YKa3aHHe K 3a.n;aqe 7.17.

7.20. a
4

+ b
4

+ c
4

- 2a
2

b
2

- 2a
2

c
2

- 2b
2

c
2

==

== (a2+b2-c2)2-4a2b2 == (a2-2ab+b2-c2)(a2+2ab+b2-c2) ==

== ((a-b)2-c
2

)((a+b)2-c
2

) == (a-b-c)(a-b+c)(a+b-c)(a+b+c).

fJIaBa 8. A1Ire6paH"tJecKHe APo6H

8.1. 06a paBeHcTBa 3KBHBaJIeHTHbI paBeHCTBY ad = be.

8.2. 06a paBeHcTBa 3KBHBaJIeHTHbI paBeHCTBY ad = be.

8.3. 06a paBeHcTBa 3KBHBaJIeHTHbI paBeHCTBY ad + be + bd == ac.

a
2

+b
2

a
2

+b
2

8.4. �aHHbIe qHCJIa paBHbI
a

H
b

.

8.5. -.l_1- == (
2

_
2

)(
2

+
2

) == �. a+b
.

a
2

b
2 a b a b a + b ab

(
1

)
2 1

8.6. BOCnOJIb3y:HTeCb TeM, qTO a +
a

== a
2

+
a

2
+ 2.

8.7. BOCnOJIb3y:HTeCb TeM, qTO

(a+ �r = a
3

+3( a+ D +
a

13 '



8.8. C)'MMa Tpex .n;p06eM

�
( �+� ) ==

ac-ab

b-c c-a a-b (a-b)(b-c)(c-a)'

�
( �+� ) ==

ab-bc

c
-

a b -

c a
- b (a - b)(b - c)(c -

a)'

�
( �+� )

_

bc-ac

a-b b-c c-a

-

(a-b)(b-c)(c-a)

paBHa HYJIIO.

8.9. BOCnOJIb3y:HTeCb TeM, qTO

l+b

1 + b + b
2

l+a

1 + a + a
2

(a-b)(a+b+ab)

(1+a+a
2

)(1+b+b
2

)
·

8.10. qHCJIHTeJIb paBeH

(a+b+e)(be+ae+ab) -abe == (a+b+e)e(a+b) + (a+b)ab ==

== (a+b)(ae+be+e
2

+ab) == (a+b)(a+e)(b+e).

8.11. BOCnOJIb3y:HTeCb TeM, qTO

a
3

(e - b) + b
3

(a - c) +e
3

(b - a) == (a + b + c) (a - b)(b - e)(e - a)

COrJIaCHO 3a.n;aqe 7.18.

8.12. TIpoBepbTe, qTO

a
2

(b -

c) b
2

(c - a) c
2

(a - b)
+ + ==

b+c c+a a+b

== (a+b+c) (
a(b-c)

+
b(c-a)

+
c(a-b)

) .

b+c c+a a+b

8.13. 113 paBeHCTBa

x 1
a ==

2
==

x +x+1 x+.!+l
x

1 1

CJIe.n;yeT, qTO x +
- == - - 1. TI03TOMY
x a

x
2

x
4

+ x
2

+ 1

1

x
2

+ 1 +
1

2
x

1

(x+ � r-1

1

(�-lr -1

a
2

1 - 2a
.

OJ n+9 3
8.14. BOCnOJIb3YHTeCb TeM, qTO

n + 6
== 1 +

n + 6
.

8.15. qHCJIO

19n+17
== 2+

5n+15

7n + 1 7n + 1
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MO)l(eT 6bITb n;eJIbIM TOJIbKO npH 5n + 15 � 7n + 1, T. e. npH n � 7. TIpH
1 � n � 6 3TO qHCJIO He IJ;eJIoe.

8.16. BOCnOJIb3y:HTeCb TeM, qTO

n
S

+3
== n

3
-n+

n+3

n
2

+ 1 n
2

+ 1

H In + 31 < n
2

+ 1 npH n > 2 H n < -3. .l(eHcTBHTeJIbHO, eCJIH n > 2, TO

n
2

> 2n, n03TOMY

n
2

+1 > 2n+l == n+n+l > n+3.

A eCJIH n < -3, TO n
2

> -3n, n03TOMY

n
2

+ 1 > -3n + 1 == -n
- 2n + 1 > -n + 7 > -n

- 3.

8.17. BOClIOJIb3)'HTecb TeM, qTO (x+a)(;+a+ 1)
= x�a

-

x+�+ 1
.

8.18. YMHO)l(bTe .n;P06H Ha (a - b) (b - c) (e - a) H BOCnOJIb3y:HTeCb

TeM, qTO (e-b)+(a-e)+(b-a)==O.

8.19. YMHO)l(bTe .n;P06H Ha (a - b)(b - e)(e - a) H BOCnOJIb3YHTecb

TeM, qTO a(e - b) + b(a - c) + e(b - a) == o.

8.20. YMHO)l(bTe .n;P06H Ha (a - b) (b - c) (e - a) H BOCnOJIb3y:HTeCb

TeM, qTO

be(e - b) +ae(a - c) +ab(b - a) == (a - b)(b - e)(e - a).

8.21. BOCnOJIb3y:HTeCb 3a.n;aqaMH 8.18-8.20.

8.22. CM. YKa3aHHe K 3a.n;aqe 8.21.

8.23. BOCnOJIb3y:HTeCb TeM, qTO m
2

-

m + 1 == (m - 1)2 + (m - 1) + 1.

fJIaBa 9. JIHHeHHhIe ypaBHeHlliI

9.1. fIepBbLu enoeo6. I1CKOMaH a6CIJ;HCCa HBmIeTCH pellIeHHeM ypaB-

HeHlffi kx + b == bx + k, T. e. (k - b)x == k - b. .l(aHHbIe rpa<pHKH nepece-

KalOTCH (He COBna.n;aIOT), n03TOMY k i= b H X == 1. Bmopou enoeo6. TIpH

x == 1 06e .n;aHHbIe JIHHeHHbIe <pyHKIJ;HH npHHHMalOT O.n;HO H TO )l(e 3Ha-

qeHHe y
== k + b. TIo YCJIOBHIO HX rpa<pHKH HMelOT pOBHO O.n;HY 06�yro

TOqKY, n03TOMY .n;pyrHX pellIeHHH HeT.

9.2. TIYCTb TOqKa nepeCeqeHlffi .n;aHHbIX npHMbIX HMeeT Koop.n;HHaTbI

(xo; Yo). 113 nepBbIX .n;BYX ypaBHeHHH CJIe.n;yeT, qTO kxo + b == 0 H Yo
== O.

113 nepBoro H TpeTbero ypaBHeHlffi nOJIyqaeM, qTO kxo + b == bxo + k, T. e.

Xo (k - b) == k - b. ECJIH k == b, TO nepBaH H TpeTbH npHMbIe COBna.n;aIOT,

n03TOMY Xo
== 1. TaKHM 06pa30M, Koop.n;HHaTaMH 06�eH TOqKH MorYT

6bITb TOJIbKO (1; 0). ECJIH nOJIO)l(HTb k == 1 H b == -1, TO nOJIyqHM TPH
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npHMbIe y
== x-I, Y

== 2x - 2 H Y
== 1 -

x. 3TH npHMbIe pa3JIHqHbI H ne-

peCeKalOTCH B TOqKe (1; 0).

9.3. B nepBOM cJIyqae rpa<pHK Ka)K)J;OH <pyHKQHH npoxo.n;HT qepe3

TOqKY (1, 21), a BO BTOpOM
-

qepe3 TOqKY (-1, 1).

9.4. COrJIaCHO TeopeMe Ee3Y (3a.n;aqa 5.17) pea) == A H PCb) == B.

TIYCTb

P(x) == (x-a)(x-b)Q(x)+R(x),

r.n;e R(x) == px+q. Tor.n;aR(a) ==P(a) ==A H R(b) ==B, n03TOMY pa + q ==A

Hpb+q==B.
9.5. BOCnOJIb3y:HTeCb 3a.n;aqeH 9.4 H TeM, qTO

x
2

-x-2 == (x+l)(x-2);

OCTaTOK OT .n;eJIeHHH MHorOq][eHa x
100

Ha x
-

a paBeH a
lOO

.

9.6. TIYCTb KapaH.n;allI, aJIb60M H pyqKa CTOHT x, Y H Z Py6JIeH. Tor.n;a

y==6x, 2z==y==6x H y==20+x+z. TI03TOMY 6x==20+x+3x, T.e.

x == 10.

9.7. ECJIH CJIO)l(HTb nepBoe ypaBHeHHe co BTOpbIM H BbIqeCTb TpeTbe,

TO nOJIyqHM 2y == a + b -

c.

9.8. TIYCTb KOJIHqeCTBa 10-KOneeQHbIX MOHeT, 15-KOneeqHbIX H 20-KO-

neeqHbIX paBHbI x, y H Z COOTBeTCTBeHHO. Tor.n;a x + y + Z == 30 H lOx +

+ 15y + 20z == 500. BbIqHTaH H3 BToporo ypaBHeHHH nepBoe, yMHO)l(eH-

Hoe Ha 15, nOJIyqaeM: 5(z - x) == 50, n03ToMY z
-

x == 10> o.

9.9. TIYCTb cero.n;IDI 60JIbllIaH pbI6a CTOHT A, a MaJIeHbKaH a; Bqepa

60JIbllIaH CTOHJIa B, a MaJIeHbKaH - b. Tor.n;a

3A+a == 5B H 2A+a == 3B+b.

TI03TOMY

5b == 5(2A + a
- 3B) == lOA + Sa - 3(5B) ==

== 10A+5a-3(3A+a) == A+2a,

T. e. nHTb MaJIeHbKHX Bqepa CTOHJIH CTOJIbKO :>Ke, CKOJIbKO o.n;Ha 60JIbllIaH

H .n;Be MaJIeHbKHe cero.n;IDI.

fJIaBa 10. TeKcToBhIe aaAa"tJH

10.1. KOJIHqeCTBO BOJIKOB )'BeJIHqHJIOCb BO CTOJIbKO )l(e pa3, BO CKOJIb-

KO )'BeJIHqHJIOCb KOJIHqeCTBO 6apaHoB.
10.2. Pa3HocTb Me)l(.lJ;Y HOBbIMH KOJIHqeCTBaMH KOH<peT B.n;Boe 60JIb-

llIe KOJIHqeCTBa OT.n;aHHbIX KOH<peT.
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10.3. TIYCTb «CTOJIbKO» COCTaBJIHeT 4 qaCTH. Tor.n;a «CTOJIbKO .n;a e�e

CTOJIbKO, .n;a e�e nOJICTOJIbKO, .n;a e�e qeTBepTb CTOJIbKO» COCTaBHT 4 +

+ 4 + 2 + 1 = 11 qaCTeH. 3TO )l(e KOJIHqeCTBO COCTaBmIlOT 99 ryceH. 3Ha-

qHT, o.n;Ha qaCTb - 3TO 9 ryceH, a Bcero B CTae 6bIJIO 36 ryceH.
10.4. .l(06aBbTe K CTae o.n;Horo rycH. Tor.n;a Ha Ka)l(.D;OM 03epe 6y.n;eT

ca.n;HTbCH pOBHO nOJIOBHHa rycelt.
10.5. HrHeHoK H K03JIeHOK BeCHT CTOJIbKO )l(e, CKOJIbKO K03JIeHOK

H .n;Ba nopoceHKa. TI03TOMY nopoceHOK BeCHT B .n;Ba pa3a MeHbllIe Hr-

HeHKa.

10.6. KOJIHqeCTBO pacnIDIoB Ka)l(.D;OrO 6peBHa Ha 1 MeHbllIe KOJIHqe-

CTBa qaCTeH. Tpe6yeMoe KOJIHqeCTBO pacnIDIoB paBHo 4 + 2 + 2 == 8, Ha

O.n;HH pacnIDI 3aTpaqHBaeTCH 12 : 3 == 4 MHHYTbI.

10.7. fIepBbLu cnoco6. K(l)KtI;oe CKJIeHBaHHe yMeHbllIaeT Ha 1 KOJIHqe-

CTBO KYCKOB Ha CTOJIe. TIoCJIe 120 CKJIeHBaHHH nOJIyqIDIcH O.n;HH KYCOK

(n;eJIbIH na3JI), n03ToMY.n;0 HaqaJIa pa60TbI 6bIJI 121 KYCOK. Tenepb eCJIH

3a MHHYTY CKJIeHBaTb no TPH KycKa (T. e. yMeHbllIaTb KOJIHqeCTBO KYC-

KOB Ha 2), TO O.n;HH KYCOK OCTaHeTCH qepe3 60 MHHYT. Bmopou cnoco6. 3a

MHHYTY TIeTH .n;eJIaJI O.n;HO CKJIeHBaHHe H Ha c60p na3JIa nOTpaTIDI 2 qaca.

ECJIH 6bI OH CKJIeHBaJI no TPH KycKa, OH .n;eJIaJI 6bI .n;Ba CKJIeHBaHlffi 3a

MHHYTY, T. e. pa60TaJI 6bI B.n;Boe 6bIcTpee H nOTpaTIDI 6bI 1 qac.

10.8. MO)l(HO CqHTaTb, qTO BeJIOCHne.n;HCT Bce BpeW! e.n;eT B O.n;HOM

HanpaBJIeHHH (.n;JIHHa nYTH OT 3Toro He MeIDIeTCH). Ero CKOpOCTb B 2 pa-

3a 60JIbllIe CKOpOCTH nellIexo.n;a, n03ToMY 3a TO BpeW!, 3a KOTopoe ne-

llIexo.n; npoi1.n;eT 5 KM, BeJIOCHne.n;HCT npoe.n;eT 10 KM.

10.9. .l(06aBHM no e.n;HHHn;e K Ka)l(.D;OH On;eHKe BaCH. C O.n;HOH CTO-

pOHbI, ero CyMMa 6aJIJIOB )'BeJIHqHTCH Ha 20. C .n;pyrOH CTOpOHbI, OHa

CTaHeT 60JIbllIe CyMMbI On;eHOK KOJIH Ha yqeTBepeHHoe KOJIHqeCTBO Ko-

JIHHbIX .n;BoeK.

10.10. ECJIH nepeHecTH «JIHllIHHe» CBeqKH C cero.n;IDIlliHero TopTa Ca-

llIH Ha cTapbIH BaHHH TOpT, TO nOJIyqaTcH qeTbIpe TopTa C o.n;HHaKOBbIM

qHCJIOM CBeqeK. 3HaqHT, cero.n;IDI BaHe HCnOJIHIDIOCb 216 : 4 == 54 ro.n;a.

10.11. 37 ClIOHOB 3a IIHTb .n;HeH BbInHBalOT CTOJIbKO )l(e, CKOJIbKO 37.5 ==

== 185 CJIOHOB 3a O.n;HH .n;eHb. Pa3HHn;a B .n;Ba CJIOHa 06'bHCIDIeTCH TeM,

qTO 3a qeTbIpe JIHllIHHX.n;IDI H3 KJIlOqelt HaTeKaeT CTOJIbKO BO.n;bI, CKOJIb-

KO .n;Ba CJIOHa BbInHBalOT 3a .n;eHb. TaKHM 06pa30M, KJIlOqH BOCnOJIIDI-

lOT 3a .n;eHb nOJIOBHHy.n;HeBHOH nopn;HH CJIOHa. B 03epe (6e3 KJIlOqeH)

182,5 .n;HeBHbIX nopn;HH CJIOHa. O.n;HH CJIOH nOJIOBHHY .n;IDI nbeT BO.n;y H3

03epa, a nOJIOBHHY H3 KJIlOqeH. TI03TOMY eMY nOHa.n;06HTcH 182,5 . 2 ==

== 365 .n;HeH.
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1 1 6
10.12. 3a qac pa3roBopa H qac O)l(HtJ;aHlffi pacxo.n;yeTcH '6

+
210

==

35

TI
A TT"

2
35 35

11
2

3apH.n;a. 03TOMY n.l1eHa exaJIa .

(;
==

3
==

'3
qaca.

10.13. TIYCTb KopoBa C'be.n;aeT 3a .n;eHb 1 nopn;HIO TpaBbI. 3a 60 - 24 ==

== 36 .n;HeH Ha JIyry BbIpOCJIO 30 . 60 - 70 . 24 == 120 nopn;HH. 3HaqHT,

nOMHMO C'be.n;eHHbIX 3a 60 .n;HeH 30 KopoBaMH 1800 nopn;HH 3a .n;06a-

BOqHbIe 96 - 60 == 36 .n;HeH BbIpacTeT e�e 120 nopn;HH. Bcero 3a 96 .n;HeH

KOpOBbI .n;OJI)I(HbI C'beCTb 1800 + 120 == 1920 nopn;HH. TI03TOMY KOJIHqe-

CTBO KOpOB paBHo 1920 : 96 == 20.

10.14. Y K(l)KtI;OrO n;BeTKa qHCJIO TbIqHHOK B .n;Ba pa3a 60JIbllIe pa3Ho-

CTH qHCJIa neCTHKOB H qHCJIa JIHCTKOB. TI03TOMY TaKoe )l(e COOTHOllIeHHe

BbInOJIIDIeTCH H .n;JIH Bcero 6YKeTa.
10.15. ECJIH CHaqaJIa 6bIJIO n KOH<peT H H3 HHX OT.n;aHO m KOH<peT, TO

n+m
==2.

n-m

10.16. IIep8blu cnoco6. Eom Ka<l>'raH CTOHJI x py6JIeH, TO (9 + x) ;0 =X.

Bmopou cnoco6. 3a OCTaBllIHeCH 27 .n;HeH pa60THHK 3apa60TaJI 6bI

9 py6JIeH, n03TOMY 3a TPH .n;H.H OH 3apa60TaJI 1 py6JIb.
10.17. TIYCTb paccToHHHe OT A .n;o B paBHo x KM. .[(0 nepBoH BCTpe-

qH 06a BeJIOCHne.n;HCTa BMeCTe npOeXaJIH x KM, a BeJIOCHne.n;HCT, BbI-

exaBllIHH H3 A, npoexaJI 70 KM. .[(0 BTOpOi1: BCTpeqH 06a BeJIOCHne.n;H-

CTa BMeCTe npOeXaJIH 3x KM, n03ToMY BeJIOCHne.n;HCT, BbIexaBllIHH H3 A,

npoexaJI 3 . 70 == 210 KM. C .n;pyrOH CTOpOHbI, OH npoexaJI x + 90 KM.

TI03TOMY x + 90 == 210, T. e. x == 210 - 90 == 120.

10.18. TIYTb 2S MallIHHa npoexaJIa 3a BpeMH

5 5 5(VI + v2)
-+- ==

.

vI v2 VI v2

TI03TOMY ee Cpe,ll;lUUl CKOpOCTb paBHa 25 S(�1:2V2) .

10.19. TIYCTb paccToHHHe OT HH)I(Hero.n;o ACTpaxaHH paBHo S. Tor.n;a
5 5

CKOpOCTb napoxo.n;a no TeqeHHIO paBHa 5"'
a npoTHB TeqeHlffi

"7.
TI03TO-

1

(
5 5

)
5

MY CKOpOCTb TeqeHlffi (H CKOpOCTb IIJIOTOB) paBHa 2: 5" -"7
==

35
.

10.20. TIYCTb CKOpOCTb KaTepa v KM/q, CKOpOCTb TeqeHlffi peKH
5 5

W KM/q, paccToHHHe Me)K)J;y A H B paBHo S. Tor.n;a
+

== a H == b,
v w v-w

w b-a
n03ToMY v

==

a + b
. Ee3 TeqeHIDI Ha nYTb H3 A B B Tpe6yeTcH

5 5 v + w

(
b -

a

)
2ab

v
==

v + w

.

v

== a 1 +
a + b

==

a + b
qaCOB.

10.21. TIYCTb CKOpOCTb KaTepa v KM/q, CKOpOCTb TeqeHHH peKH

W KM/q, paccToHHHe B O.n;HOM HanpaBJIeHHH S KM. Tor.n;a BpeMH, 3aTpa-
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qeHHOe KaTepOM Ha BeCb nYTb, paBHO

S
+

S
_

2Sv
q

v + w v
-

w v
Z

-

w
Z

.

qHCJIHTeJIb 3TOH .n;P06H He 3aBHCHT OT W, a 3HaMeHaTeJIb .n;JIH peKH

C 6bICTpbIM TeqeHHeM MeHbllIe. TI03TOMY .n;mI peKH C 6bICTpbIM Teqe-

HHeM .n;P06b 60JIbllIe.

10.22. YJIHTKa MO)l(eT nOJI3TH nOJIMHHyTbI co CKOpOCTblO 2 M/MHH,

a 3aTeM CTOHTb nOJIMHHyTbI Ha MeCTe, 3aTeM CHOBa nOJI3TH nOJIMHHyTbI

co CKOpOCTblO 2 M/MHH, 3aTeM CHOBa CTOHTb nOJIMHHyTbI Ha MeCTe, H T. .n;.

TIpoBepbTe, qTO 3a npOMe)l(yroK BpeMeHH B 1 MHHYTY, HaqHHalO�HHcH

B JII060H MOMeHT BpeMeHH, nOJIMHHyTbI H3 3Toro npOMe)l(yrKa BpeMeHH

YJIHTKa CTOHT Ha MeCTe H nOJIMHHyTbI .n;BHraeTCH co CKOpOCTblO 2 M/MHH.

10.23. TIYCTb TypHCT HtJ;eT no TaKoMY rpa<pHKY: nepexo.n;bI no nOJIqa-

ca co CKOpOCTblO 10 KM/q H npHBaJIbI no nOJIqaca. Tor.n;a 3a 3,5 qaca OH

lIpo�eT 20 KM, Hero cpe,n;lUUl CKOpOCTb paBHa 20: 3,5 = 5� KM/q.

10.24. OTHOCHTeJIbHO IIJIOTa Ka)l()J;bIH IIJIOBeu; Bcer.n;a IIJIbIBeT co CBO-

eH c06cTBeHHoH CKOpOCTblO (He3aBHcHMo OT Toro, no IDIH npoTHB Teqe-

Hlffi OH IIJIbIBeT). TIo YCJIOBHIO K(l)KtI;bIH IIJIOBeu; IIJIbIJI 5 MHH, y.n;aJIHHCb

OT IIJIOTa. 3HaqHT, eMY nOTpe6yeTcH e�e 5 MHH, qT06bI BepHYTbcH 06-

paTHo.

10.25. 3a CyrKH ryceHHu;a no.n;HHMaeTcH BBepx Ha 1 M. TI03TOMY

3a 8 CYTOK OHa OKIDKeTCH Ha BbICOTe 8 M H K 18 q .n;ocTHrHeT BepllIHHbI.

10.26. qacToTa BCTpeq 06paTHo nponopU;HOHaJIbHa CKOpOCTH OTU;a

OTHOCHTeJIbHO CbIHa. TI03TOMY YCJIOBHe 03HaqaeT, qTO cyMMa S CKOpO-

cTeH OTU;a H CbIHa B 5 pa3 60JIbllIe pa3HocTH R 3THX CKopocTei1:. Pa3.n;eJIHB

y.n;BoeHHyIO CKOpOCTb OTu;a S + R Ha y.n;BoeHHyIO CKOpOCTb CbIHa S - R,

OJ 5 + 1
1 5

nOJIyqHM OTHOllIeHHe HX CKopocTeH: 5 -1
==

,
.

10.27. ECJIH 8n == 69 - 5m, TO qHCJIO m HeqeTHO. BbIqTHTe H3 69 no-

CJIe.n;oBaTeJIbHO qHCJIa 5, 15, 25, 35, 45 H 55.

10.28. EeJlH 6bI KaMHH y.n;aJIOCb yBe3TH, TO Ha KaKyIO-TO TpeXTOHKY npH-

IIIJIOCb 6bI nOJIO)I(HTb 8 KaMHeH, HO .n;IDKe 8 caMbIX JIerKHx KaMHeH BeCHT

370 + 372 +. . . + 384 == 370.8 + 2 + 4 + 6 + 8 + 10 + 12 + 14 == 3016 Kr,

a 3TO 60JIbllIe 3 T.

10.29. Ha O.n;HY IIJIaT<poPMY HeJIb3H norpY3HTb 6 nJIHT .n;a)l(e no 7 T.

TI03TOMY H)')KHO lIO KpaHHeH Mepe 2�O = 40 IUIaT<l>OpM. CopoKa rmaT-

<pOpM .n;ocTaTOqHo: Ha Ka)l()J;yIO IIJIaT<p0PMY MO)l(HO norpY3HTb 3 IIJIHTbI

no 7 T H 2 IIJIHTbI no 9 T.
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10.30. BbI.n;eJIHM 8 MallIHH H 6y.n;eM rrOCJIe.n;OBaTeJIbHO HX rpY3HTb,

rrpHqeM Ka)K)J;bIH pa3 TOT H�HK, KOTOpbIH )T)Ke HeJIb3H rrOrpY3HTb, 6y.n;eM
CTaBHTb pH.n;OM C MallIHHOH. nOrp)T)KeHHbIe H�HKH BMeCTe C H�HKaMH,

CTOH�HMH pH.n;OM C MallIHHaMH, BeCHT 60JIee 8 . 1,5 == 12 T, rro3ToMY

OCTaBllIHeCH H�HKH BeCHT MeHee 1,5 T; HX MO)l(HO )'Be3TH Ha O.n;HOH

rrOJIYTopaToHKe. nOCKOJIbKY 4 .350 == 1400 < 1500, Ha O.n;HOH MallIHHe

MO)l(HO )'Be3TH JII06bIe 4 H�HKa. 3HaqHT, 8 H�HKOB, CTOH�HX pH.n;OM

C MallIHHaMH, MO)l(HO )'Be3TH Ha .n;BYX OCTaBllIHXCH rrOJIYTopaToHKax.

fJIaBa 11. �OnOJIHHTeJIhHhIe aaAa"tJH

11.1. H)T)KHO pacKoBaTb O.n;HO 3BeHO, qTo6bI u;errOqKa paCrraJIaCb Ha

.n;Ba 3BeHa H qeTbIpe 3BeHa.

11.2. MO)l(HO pacKoBaTb 3 3BeHa O.n;HOH u;errH.

11.3. ECJIH B3HTb 4 KapaH.n;allIa, TO cpe.n;H HHX MorYT OKa3aTbCH TOJIb-

KO KpaCHbIe. ECJIH )l(e B3HTb 5 KapaH.n;allIeH, TO OCTaHeTCH O.n;HH KapaH-

.n;allI, rr03TOMY B3HTO He MeHee Tpex KpaCHbIX KapaH.n;allIeH H He MeHee

o.n;Horo CHHero.

11.4. ECJIH B3HTb 9 KapaH.n;allIeH, TO cpe.n;H HHX MorYT OKa3aTbCH ceMb

KpaCHbIX H TOJIbKO .n;Ba CHHHX. ECJIH )l(e B3HTb 10 KapaH.n;allIeH, TO OCTa-

HeTCH 2 KapaH.n;allIa, rro3ToMY B3HTO He MeHee rrHTH KpaCHbIX KapaH.n;a-

llIeH H He MeHee Tpex CHHHX.

11.5. KOJIHqeCTBO rpH6oB, co6paHHbIx CallIeH, .n;eJIHTCH Ha 3. 5 == 15.

ECJIH 6bI OH co6paJI 30 rpH6oB, TO BMeCTe OHH C06paJIH 6bI 46 rpH6oB.
11.6. nYCTb a} > a z

> ... > a
7

- KOJIHQeCTBa rpH6oB, co6paHHbIx rpH6-
HHKaMH. ECJIH a

3 ? 16, TO a z ? 17 H al ? 18, rro3ToMY a} + a z + a
3 ? 51.

ECJIH a
3 � 15, TO a

4 � 14, as � 13, a6 � 12 H a
7 � 11, rro3ToMY

a
4 + as + a6 + a

7 � 50,

a 3HaqHT, a} + a
z + a

3 ? 50.

11.7. nYCTb B KJIacce x MaJIbqHKOB H y .n;eBOqeK. Tor.n;a

4x+3,25y
== 3 6

x+y
, ,

T. e. 8x == 7y. 3HaqHT, x == 7a H y
== 8a .n;JIH HeKoToporo u;eJIoro a. n03TO-

MY qHCJIO x + y
== 15a .n;eJIHTCH Ha 15. E.n;HHcTBeHHoe qHCJIO, .n;eJIH�eeCH

Ha 15, KOTopoe 60JIbllIe 30 H MeHbllIe 50, - 3TO 45. TaKHM o6pa30M,
x==21 Hy==24.

11.9. nYCTb Ha rrepeCeqeHHH CTpOKH, B KOTOpOH CTOHT qHCJIO A,

H cToJI6u;a, B KOTOpOM CTOHT qHCJIO B, CTOHT qHCJIO x. Tor.n;a A � x � B.
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11.10. MaJIbqHKH B JIo.n;Ke IIJIbIByr K npoTHBOnOJIO)l(HoMY 6epery.

O.n;HH H3 HHX OCTaeTCH TaM, a .n;pyrOH B03Bpa�aeTCH. O.n;HH COJI.n;aT ne-

penpaBmIeTCH, BbIJIe3aeT, MaJIbqHK B03Bpa�aeTCH H nOTOM CHOBa MaJIb-

qHKH B JIo.n;Ke IIJIbIBYT K npOTHBOnOJIO)l(HOMY 6epery H T. .n;.

11.11. CHaqaJIa H)')KHo nepeBe3TH qepe3 peKY K03Y. nOCJIe 3Toro nepe-

B03qHK B03Bpa�aeTCH, H eCTb .n;Ba BapHaHTa .n;aJIbHeHllIHX .n;eHCTBHH. H)l)K-
HO nepeBe3TH KarryCTY (BOJIKa), BepHYTbCH o6paTHo C K030H, OCTaBHTb K03Y

Ha 6epery, nepeBe3TH BOJIKa (KarryCTY) H nOTOM nepeBe3TH K03Y.

11.12. Ey.n;eM YKa3bIBaTb B cKo6Kax, KTO IIJIbIBeT B JIo.n;Ke. nepenpa-

BHTbCH qepe3 peKY MO)l(HO CJIe.n;yIO�HM o6pa30M:

PPCC(PC), PPCC(P)C, PCC(PP)C, PCC(P)PC, CC(PP)PC,

CC(C)PPP, C(CC)PPP, C(P)PPCC, (PC)PPCC.

11.13. Ea6ymKa .n;OJI)I(Ha npoHTH no MOCTY BMeCTe C BHYKOM. CHaqaJIa

HtJ;YT nana C MaMoH, 3aTeM nana B03Bpa�aeTcH C <poHaPHKOM, nOCJIe

3Toro HtJ;YT 6a6ymKa C BHYKOM, 3aTeM MaMa B03Bpa�aeTCH C <pOHapH-

KOM, HaKOHeu;, nana C MaMOH nepeXOMT qepe3 MOCT. Bcero Ha 3TO 6y.n;eT

3aTpaQeHO

2 + 1 + 10 + 2 + 2 == 17 MHHYT.

11.14. ECJIH B 8-JIHTpOBbIH, S-JIHTpOBbIH H 3-JIHTpOBbIH K)'BllIHH Ha-

JIHTO, COOTBeTCTBeHHO, a, b, c JIHTpOB MOJIOKa, TO 6y.n;eM 0603HaQaTb

3TO (a, b, c). MO)l(HO npHMeHHTb TaKyIO nOCJIe.n;OBaTeJIbHOCTb nepeJIH-

BaHHH:

(8, 0, 0) � (3, 5, 0) � (3, 2, 3) � (6, 2, 0) �

� (6,0, 2) � (1,5, 2) � (1,4, 3) � (4,4,0).

11.15. MO)I(HO npHMeHHTb TaKyIO nOCJIe.n;OBaTeJIbHOCTb nepeJIHBaHHH:

(12,0, 0) � (4,8, 0) � (0,8, 4) � (8,0, 4) � (8,4, 0) �

� (3,4, 5) � (3,8, 1) � (11,0, 1) � (11,1, 0) �

� (6, 1, 5) � (6, 6, 0).

11.16. (24, 0, 0, 0) � (19, 0, 0, 5) � (8, 0, 11, 5) � (8, 11, 0, 5) �

� (0, 11,8,S)�(0, 13,8,3) � (8, 13,0,3) � (8, 13,3,0) �

� (8, 8, 3, 5) � (8, 8, 8, 0).

11.17. (a, 0, 0) � (a -

9, 9, 0) � (a -

9, 4, 5) � (a -

4, 4, 0) �

� (a -

4, 0, 4) � (a -

13, 9, 4) � (a -

13, 8, 5) � (a -

8, 8, 0).
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