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npe�HCJIOBHe

I{IIHra CO.n;ep)KMT 3a.n;aqM no aJIre6pe .n;JI.H yqarn;MXC.H 8 KJIacca. 3TM

:\a/�(llll1 HeMHoro CJIO)KHee Tex, KOTopbIe npMBOMTC.H B yqe6HMKax KaK

OCIIOBHbIe, HO He CJIO)KHee Tex, KOTopbIe npMBOMTC.H KaK .n;onOJIHMTeJIb-

II hlC 3a.n;aql1 l1JIM KaK 3a.n;aqM nOBbIIIIeHHOM: Tpy.n;HOCTM.

DOJIbllIl1HCTBO M3 10 rJIaB HaqMHaeTC.H C nepeqMCJIeHIDI OCHOBHbIX

(1)(lI(T0I3 11 rrOH.HTMM, OTHOC.Hrn;MXC.H K 3TOM rJIaBe. 3TM <paKTbI M nOH.HTIDI

(,("'I'h BO Bcex IIIKOJIbHbIX yqe6HMKax M npMBOMTC.H .n;lliI HanOMMHaHIDI.

'Ie )I{e nOHHTMH, KOTopbIe eCTb B HeKoTopbIX yqe6HMKax, HO He BO Bcex,

IIpI1BOt�HTCH B Tex naparpa<pax, B KOTOpbIX OHM BnepBbIe BCTpeqalOT-

("H. I{ T(.U{MM nOH.HTIDIM OTHOC.HTC.H, B qaCTHOCTM, qMCJIa <PM60HaqqM,

Ol1l(BaApaTHoe ypaBHeHMe, B03BpaTHoe ypaBHeHMe, CMMMeTpMqeCKa.H

l"I1CTCMa ypaBHeHMM, KOpHM M3 e.n;MHMIJ;bI, .n;P06HO-JIMHeMHa.H <PYHKIJ;MH,

1�l'JI(UI QaCTb qMCJIa, .n;P06HaH qaCTb qMCJIa, npMHIJ;Mn .lJ;MpMXJIe.
IlocJIe nepeqMCJIeHIDI OCHOBHbIX <paKTOB M nOH.HTMM BO MHorMX rJIa-

Hax pa36MpalOTC.H pellieHIDI HeCKOJIbKMX HaM60JIee TMnMqHbIX 3a.n;aq. 3a-

Tl'M npMBOMTC.H 3a.n;aqM.n;lliI caMOCTO.HTeJIbHOrO pellieHIDI. B KOHIJ;e npM-

IH'/�CHbI OTBeTbI M KO BceM 3a.n;aqaM (KpOMe Tex, K KOTOpbIM )')Ke caM

O'l'BCT HBJIHeTC.H nOJIHbIM peIIIeHMeM) .n;aHbI )'Ka3aHM.H.

IIop.H.n;oK M3JIO)KeHIDI MaTepMaJIa B 3TOM 3a.n;aqHMKe MO)KeT OTJIM-

'laThCH OT nOp.H.n;Ka M3JIO)KeHM.H B IIIKOJIbHOM yqe6HMKe, nOTOMY qTO

H pa3HbIX yqe6HMKax nOp.H.n;OK M3JIO)KeHM.H pa3HbIM. Ho peIIIaTb 3a.n;aqM

>1(CJIaTeJIbHO MMeHHO B npe.n;JIaraeMOM nOp.H.n;Ke, nOTOM)' qTO MMeHHO

B ::)TOM nOp.H.n;Ke JIyqIIIe Bcero npO.HCH.HIOTC.H B3aMMOCB.H3M Me)K,lJ;y pa3-

IIhIMM 3a.n;aqaMM.

OOp.H.n;OK M3JIO)KeHM.H CTporo nOCJIe.n;OBaTeJIbHbIM: HM B O.n;HOM M3

1'}laB MaTepMaJI nOCJIe.n;yrorn;MX rJIaB He MCnOJIb3yeTC.H.

00 3TOM KHMre MO)KHO no.n;rOTOBMTbC.H K MaTeMaTMqeCKMM OJIMMnM-

;1/�aM, ypOBeHb KOTOpbIX HM)Ke ypOBH.H 3aKJIIOqMTeJIbHOrO 3Tana Bcepoc-
("11 HCKOM: OJIMMnMa.n;bI.

3Ta KHMra .HBlliIeTC.H Henocpe.n;CTBeHHbIM npo.n;OJI)KeHMeM KHMrM «3a-

/1,:1'111 no aJIre6pe. 7 KJIacc» (MQHMO, 2019). H}'MepaIJ;MH rJIaB npo.n;oJI-

..1\:1< ''I' H}'MepaIJ;MIO M3 npe.n;bI.n;yrn;eM KHMrM.
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8 KJIaCC

>, <, �, � -
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MHTepBaJI, c. 37
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nOJIYMHTepBaJI, c.37
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u;eJIaH qaCTb qMCJIa, c.46

{x} - .n;P06HaH qaCTb qMCJIa, c.46



rJIaBa 12

HepaBeHCTBa. MOAYJIb qHCJIa

OCHOBHbIe <l>aKTbI H nOIDITIDI

HanoMHMM, qTO 3anMCb a> b (a < b) 03HaqaeT, qTO qMCJIO a 60JIb-

IIIe b (a MeHbIIIe b), a 3anMCb a � b (a � b) 03HaqaeT, qTO qMCJIO a 60JIb-

IIIe MJIM paBHO b (a MeHbIIIe MJIM paBHO b).

CBOHCTBa HepaBeHcTB.

1. ECJIM a > b M b > C, TO a > c.

2. ECJIM a> b, TO a +c > b+c.

3. ECJIM a > b M C > d, TO a + c > b + d.

4. ECJIM a> b M c> 0, TO ac> bc.

s. ECJIM a> b M C < 0, TO ac < bc.

6. ECJIM a > b, TO -a < -b.

HepaBeHcTBo a > b Ha3bIBalOT cmp02UM, a HepaBeHCTBO a � b Ha3bI-

BalOT Hecmp02UM.

HepaBeHcTBa

a < b < c, a � b < c, a < b � c, a � b � c

Ha3bIBalOT OBOUHbLMU.
1 1

ECJIM a> b > 0, TO 0 <
a

<
b.

JIuHeuHoe HepaBeHcmBo (c .n;BywI HeM3BeCTHbIMM x MY) - 3TO Hepa-

BeHCTBO Bl1.n;a ax + by > c, r.n;e a, b M C -

HeKOTopbIe qMCJIa, npMqeM
XOT.H 6bI O.n;HO M3 qMCeJI a M b OTJIMqHO OT HYJI.H. JIMHeM:HOe HepaBeHCTBO

C TpeM.H HeM3BeCTHbIMM x, Y M Z - 3TO HepaBeHCTBO Bl1.n;a

ax+by+cz > d,

r.n;e XOT.H 6bI O.n;HO M3 qMCeJI a, b M C OTJIMqHO OT HYJI.H.

MOOYJlb qMCJIa x - 3TO qMCJIO lxi, paBHoe x npM x � 0 M -x npM x < o.

MO.n;YJIb qMCJIa Ha3bIBalOT TaK)Ke a6COJllOmHOU BeJlUllUHOU qMCJIa.

npHMepbI perneHIDI 3a�aq

llpHMep 1. CeMb IIIOKOJIa.n;OK .n;opo)Ke BOCbMM naqeK neqeHb.H. YTO

/I,opo)Ke: 8 IIIOKOJIa.n;OK MJIM 9 naqeK neqeHb.H?



8 12. HepaBeHcTBa. MO,n;YJIb tIliCJIa

PemeHHe. llYCTb CTOMMOCTb IIIOKOJIa.ZJ;KM paBHa x, a CTOMMOCTb naqKM

neqeHb.H paBHa y. llo YCJIOBMIO 7 X > 8 y. ll03TOMY

8.7x 8.8y
8x ==

----;:;-
>

7
> 9y,

T. e. 8 IIIOKOJIa.n;OK .n;opo)Ke, qeM 9 naqeK neqeHb.H.

OmBem. 8 III 0 KOJI a.n; 0 K.

npHMep 2. .lJ;aMa c,n;aBaJIa B 6arIDK plOK3aK, qeMo.n;aH, caKBOIDK M KOp-

3MHY. 113BecTHo, qTO qeMo.n;aH BeCMT 60JIbIIIe, qeM p1OK3aK; CaKBO.H)K

M plOK3aK BeC.HT 60JIbIIIe, qeM qeMo.n;aH M Kop3MHa; Kop3MHa M CaKBO.H)K

BeC.HT CTOJIbKO )Ke, CKOJIbKO qeMo.n;aH M p1OK3aK. llepeqMCJIMTe Bern;M

.n;aMbI B nOp.H.n;Ke y6bIBaHlliI MX Beca.

PemeHHe. ECJIM nOJIO)KMTb Ha JIeByK> qaIIIY BeCOB KOp3MHY M caK-

BO.H)K, a Ha npaByK>
-

qeMo.n;aH M p1OK3aK, TO no YCJIOBMIO BeCbI 6y.n;yT
B paBHOBeCMM. ECJIM 3aTeM nOMeH.HTb MeCTaMM KOP3MHY M p1OK3aK,

TO JIeBaH qaIIIa nepeBeCMT. ll03TOMY plOK3aK BeCMT 60JIbIIIe KOp3MHbI,

a CaKBO.H)K - 60JIbIIIe qeMo.n;aHa. KpOMe Toro, no YCJIOBMIO qeMo.n;aH Be-

CMT 60JIbIIIe plOK3aKa.

OmBem. CaKBO.H)K, qeMo.n;aH, p1OK3aK, Kop3MHa.

a
2

npHMep 3. .lJ;oKIDKMTe, qTO x(a - x) �
4.

PemeHHe. 113 TO)l(,lJ;eCTBa

a
2

(
a

)
2

x
2

-

ax +
4

== x
-

2"

a
2

a
2

CJIe.n;yeT, qTO x(x - a) +
4

� 0, T. e. x(a - x) �
4.

npHMep 4. qMCJIa a M b pa3JIMqHbI. PeIIIMTe ypaBHeHMe Ix - al ==

==Ix-bl.
PemeHHe. ECJIM x

-

a == x
- b, TO a == b, qTO npOTMBOpeqMT YCJIO-

BMIO. ll03TOMY x-a==-(x-b), T.e. 2x==a+b.

a+b
OmBem. x ==

Z-
.

3a�aqH �JIH CaMOCTOHTeJIbHOrO perneHIDI

JIHHeHHbIe HepaBeHcTBa

12.1. .lJ;eB.HTb o.n;MHaKOBbIX KHMr CTO.HT 11 Py6JIeM C KoneMKaMM,

a 13 TaKMX KHMr CTO.HT 15 py6JIeM C KoneMKaMM. CKOJIbKO CTOMT o.n;Ha

KHMra?

x y 1

(
X Y

)
x+ Y

12.2. .lJ;oKa)KMTe, qTO eCJIM a > b > 0 M
a

<
b'

TO
2" a

+
b

>
a + b

.



I :�, Ilq),Wt'IICTBCl. MO�YJIb tIliCJIa 9

I :�.:t Tp()(' /�PY:H 'ii I(YII �1JH1 MHq. Ka)l(.lJ;bIi1113 HI1X BHec He 60JIbIIIe no-

lit 11111111.1 <'YMMI.I, 1\1I('("(�IIIIOi1 /�BYM5I OCTaJIbHbIMI1. 06H3aTeJIbHO JIM OHM

IIII('("IIIIIIOI)()JUIY?

12.'1. I hl'n'po /�PY:H.'i/i l<ynl1JIM MJ.{q. MorJIo JII1 oKa3aTbcH, qTO Ka)K-

/1,1.1(' /�I\�I 11:\ III IX 1\11('(",111'1 MCHee O.n;HOi1 TpeTM 06rn;ei1 CTOMMOCTM?

12.5. 1 1<1 ii/WI'\' /�P()6b, eCJIIf If3BeCTHO, QTO OHa 60JIbme � If MeHb-

,1 ..

16III<'

'j'
<I ('(' '1I1(,.JIIIT('Jlb MeHbIIIe 3HaMeHaTeJIH Ha .

12.6. 11;lii/�II'I'(, Bee napbI qMCeJI a M b, .n;JIH KOTOpbIX npM Bcex x < 0

IU,IIIO.JIIIH(''!'('H I l('p<IBeHCTBO ax + 2 < 3x + b.

CHCTeMbI JIHHeHHbIx HepaBeHcTB

12.7. 1III<OJIbHMKM o.n;Horo KJIacca XO.n;MJIM B .n;Ba TypMcTMqeCKMX no-

2
XO/�;I. B I«I)I(/�OM noxo.n;e MaJIbqMKOB 6bUIO MeHbIIIe

5 06rn;ero KOJIMqe-

CTB<I Y'I;IC'I'III1KOB noxo.n;a. .ZJ;OKa)KMTe, qTO B 3TOM KJIacce MaJIbqMKM co-

4
("'1'<1 BJI}I lOT MeHbIIIe

"7 06rn;ero qMCJIa yqeHMKoB, eCJIM M3BeCTHO, qTO Ka)K-

/�I,lii 11:\ Y�IeHMKOB 6bUI no Kpai1Hei1 Mepe B O.n;HOM noxo.n;e.

12.8. Hai1.n;MTe Bce napbI u;eJIbIX qMCeJI x MY, y.n;OBJIeTBOpHIOrn;MX pa-
3

IH'IICTBY 3x + 4y == 32 M HepaBeHcTBaM x < y <
2"x.

12.9. 3anMIIIMTe B CTPOKY nHTb qMCeJI TaK, qT06bI c}'MMa KIDK.l];bIX

/�I\YX coce.n;HMX qMCeJI 6bUIa oTpMu;aTeJIbHa, a c}'MMa Bcex qMCeJI nOJIO-

II{ 1I'I'(,JlbHa.

12.10. 3anMIIIMTe B CTPOKY 20 qMCeJI TaK, qT06bI c}'MMa JII06bIX Tpex

IIOCJIe.n;OBaTeJIbHbIX qMCeJI 6bUIa nOJIO)KMTeJIbHa, a cYMMa Bcex 20 qMCeJI

() I )IJIa oTpMu;aTeJIbHa.

12.11. .ZJ;eBHTb qMCeJI TaKoBbI, qTO c}'MMa Ka)l(.lJ;bIX qeTbIpex M3 HMX

M<.'lIbllIe C}'MMbI nHTM OCTaJIbHbIX. .ZJ;oKa)KMTe, qTO Bce qMCJIa nOJIO)KM-

'I'eJI bHbI.

12.12. C}'MMa JII06bIX qeTbIpex M3 .n;aHHbIX 25 qMCeJI nOJIO)KMTeJIbHa.

)�Ol<a)KMTe, qTO c}'MMa Bcex qMCeJI TO)Ke nOJIO)KMTeJIbHa.

12.13. .ZJ;oKaJKMTe, qTO eCJIM a1 � a2 � ... � a10, TO

1 1

6(a1 + a2 + ... +a6) �
10 (a1 +a2 + ... +a10).

12.14. qMCJIa a, b, e M d OTJIMqHbI OT HYJIH M ad i: be. .ZJ;oKa)KMTe, qTO

'11IiI I J('I(OTOPbIX qMCeJI X M Y BbInOJIH.HIOTCH HepaBeHCTBa

ax > by M ex > dy.



10 12. HepaBeHcTBa. MO,n;YJIb QI1CJIa

12.15. qMCJIa aI, a2, ..., a100 y.n;OBJIeTBOpHIOT HepaBeHCTBaM

a1
-

3a2 + 2a3 � 0,

a2
-

3a3 + 2a4 � 0,

a99
-

3a100 + 2a1 � 0,

a100
-

3a1 + 2a2 � o.

.l];oKIDKMTe, qTO Bce 3TM qMCJIa paBHbI .n;pyr .n;pyry.

.l\oKa3aTeJIbCTBO HepaBeHcTB

1 1
12.16. .l];oKIDKMTe, qTO x +

-

� 2 npM x> 0 M X +
-

� -2 npM x < o.
x x

12.17. .l];oKIDKMTe, qTO x
2

+ y2 + z2 � xy + yz + zx.

9
12.18. KaKoe HaMMeHbIIIee 3HaqeHMe npMHMMaeT BeJIMqMHa x +

-

x

npM x > 07

12.19. qMCJIO a nOJIO)KMTeJIbHoe. KaKoe HaMMeHbllIee 3HaqeHMe npM-

a
2

HMMaeT BeJIMqMHa x +
-

npM x> 07 llpM KaKOM x 3Ta BeJIMqMHa npM-
x

HMMaeT HaMMeHbllIee 3HaqeHMe?

12.20. qMCJIa aI, ..., an nOJIO)KMTeJIbHbI, M MX npoM3Be.n;eHMe paB-

HO 1. .l];oKa)KMTe, qTO

(1 + a1) (1 + a2)
.

...

. (1 + an) � 2
11

.

12.21. .l];oKa)KMTe, qTO eCJIM a > 1 M b < 1, TO a + b > 1 + ab.

12.22. qMCJIa x M y nOJIO)KMTeJIbHbI, M xy > x + y. .l];oKIDKMTe, qTO

x + Y > 4.

12.23. .l];oKIDKMTe, qTO eCJIM a, b, c, d - nOJIO)KMTeJIbHbIe qMCJIa, npM-
.. a e a a+e e

qeM
b

<
d'

TO
b

<
b + d

<
d.

12.24. qMCJIa x, y M Z nOJIO)KMTeJIbHbI. .l];oKa)KMTe, qTO

�+�+
z ��

y+z z+x x+y
/'

2.

Xl X2 X
n

12.25. qMCJIa Y1, ..., Yn nOJIO)KMTeJIbHbI, M
-

�
-

� ... � -. .l];oKa-
Y1 Y2 Yn

)KMTe, qTO

Xl Xl +X2 + ... +X n
X

n
-� �-

Y1
-.....;:

Y1 + Y2 + . . . + Yn
-.....;:

Yn
.

a
4

12.26. .l];oKIDKMTe, qTO eCJIM x
2

+ y2 == a
2

,
TO

2
� x

4
+ y4 � a

4
.



12. IIepaBeHcTBa. MO,n;YJIb qliCJIa 11

1 _, -' 7 )
1

.......... �OI(�))I(I-1Te, tITO

(x I �)
6

-

( x
6

+ �)
- 2

1

)
3

(
1

� 6

( x +
x

+ x
3

+
x

3 )
12.28. )�OI(�))I(HTe, QTO eCJIM 0 � a, b, c, d � 1, TO

npM x > o.

(I a)(] -b)(l-c)(l-d)+a+b+c+d � 1.

MO.l\YJIb QHCJIa

12.29. )�OI«))I(I1Te, qTO .n;JI.H JII06bIX .n;BYX qMCeJI x M y BbInOJIH.HeTCH

lIt'p�IBl'IICTBO jx + yl � Ixl + Iyl, npMqeM 3TO HepaBeHcTBo cTporoe TO-

I'/�;I H TOJI hl{O Tor.n;a, Kor.n;a xy < o.

12.30. Pl'IllI1Te ypaBHeHMe 2x == Ixl + 1.

12.31. PCllll1Te HepaBeHcTBo Ix + al < Ix -

a-II .n;JlH .n;aHHoro qMC-

.JI�' a.

12.32. )�oKa)KMTe, qTO Ix + al + Ix
- al � 21al.

12.33. PellIMTe ypaBHeHMe Ix
-

11 + Ix - 21 + Ix - 31 == 2.

12.34. PellIMTe ypaBHeHMe Ix- 21 + Ix -11 + Ixl + Ix+ 11 + Ix+21 ==6.

12.35. PellIMTe ypaBHeHMe Ix -

al + Ix
- bl == a

- b.n;JlH .n;aHHbIX qMCeJI

(/ II h, I'�e a > b.

12.36. PellIMTe ypaBHeHMe Ix + II-Ix I + 31x -11- 21x - 21 == x + 2.

12.37. )J;oKIDKMTe, qTO HaM60JIbllIee M3 qMCeJI x M y paBHo

x+y Ix-yl
2

+
2

'

; I II; III MeHbllIee M3 3TMX qMCeJI paBHo

x+y Ix-yl
2 2

12.38. )J;oKIDKMTe, qTO HM .n;JlH KaKMX qMCeJI x, y, z He MorYT O.n;HO-

HIH'MCHHO BbInOJIH.HTbCH TpM HepaBeHCTBa: Ixl < Iy
- zl, Iyl < Iz

- xl,

I'''' I .

- Ix
-

y I.

12.39. )J;oKa)KMTe, qTO eCJIM a+b +c+d > 0, a >C M b >d, TO la+bl >

.1<' I cll.
12.40. )J;oKIDKMTe, qTO eCJIM Ixl < 1 M Iyl < 1, TO Ix

-

yl < 11
-

xyl.
12.41. )J;oKIDKMTe, qTO .n;JlH JII06bIX qMCeJI x, y M Z BbInOJIH.HeTCH Hepa-

III'11t THO

Ixl+lyl+lzi � I-x+y+zl+lx-y+zl+lx+y-zl.

1:�.'12. �OKa)KMTe, qTO eCJIM Ixl �a M Ix- yl � 1, TO Ix
2

- y21 �2a+ 1.



rJIaBa 13

KBaApaTHbIH KOpeHb

OCHOBHbIe <}>aKTbI H IIOHHTHH

ApucjjMemUtteCKUM KBaOpamHbLM KopHeM M3 qMCJIa a Ha3bIBalOT HeOT-

pMIJ;aTeJIbHOe qMCJIO, KBa.n;paT KOToporo paBeH a. ApM<pMeTMqeCKMM KBa.n;-

paTHbIM KopeHb M3 qMCJIa a 0603HaqalOT JQ..

ApM<pMeTMqeCKMM KBa.n;paTHbIM KopeHb M3 OTpMIJ;aTeJIbHOrO qMCJIa

He onpe.n;eJIeH, JO == o.

)J;JIH nOJIO)KMTeJIbHOrO a ypaBHeHMe X2 == a MMeeT .n;Ba KOpHH: x == JQ.

MX==-JQ..

Hppa4UOHaJlbHOe ttUCJlO - 3TO qMCJIO, KOTopoe He HBJIHeTCH paIJ;M-

OHaJIbHbIM. ApM<pMeTMqeCKMM KBa.n;paTHbIM KopeHb 113 HaTypaJIbHOrO

qMCJIa, KOTopoe He HBJIHeTCH nOJIHbIM KBa.n;paTOM, MppaIJ;MOHaJIeH (npM-

Mep 3).

llpM cpaBHeHMM KopHeM 6bIBaeT y.n;06HO nOCTaBI1Tb BMeCTO 3HaKa

HepaBeHcTBa 3HaK V M paccMaTpMBaTb TOJIbKO npe06pa30BaHIliI, KO-

TopbIe COXpaH.HIOT 3HaK HepaBeHcTBa. ECJIM nOCJIe HeCKOJIbKMX TaKMX

npe06pa30BaHMM BbIHCHI1TCH, KaKoM MMeHHO 3HaK HepaBeHcTBa CTOMT

B KOHIJ;e, TO TaKOM )Ke 3HaK HepaBeHCTBa CTOMT 11 B HaqaJIe. TaKoe 060-

3HaqeHMe MCnOJIb3yeTcH B pellIeHMM npMMepa 1.

npHMepbI perneHHH 3aAaq

npHMep 1. KaKoe M3 qMCeJI 60JIbllIe: J2 + J3 MJIM JIT?

PemeHHe. BOCnOJIb3yeMcH 0603HaqeHMeM V, 0 KOTOpOM IIDIa peqb

BbIllIe, M c.n;eJIaeM TaKMe npe06pa30BaHMH:

J2+J3vJIT � 2+2J6+3V11 � 2J6V6 � 6V9.

.HCHO, qTO 6 < 9, n03TOMY J2 + J3 < JIT.

OmBem. JIT.

npHMep 2. )J;oKa)KMTe, qTO

M V 3-2J2 == J2-1.V 3+2J2==J2+1
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1'4°111("1111('. 'IIICII;I J:� + 2J2 Ii J2 + 1 nOJIO)KMTeJIbHbIe, a MX KBa.n;-

1'.111.1 p.II\III.1 :� I :� J'2. CJlet�OUaTeJIbHO, 3TM qMCJIa paBHbI.

IIIII('P;II\('II(,'I'B 1,4< J2< 1,5 CJIe .n;yeT, qT O qMCJIa 3-2J2 M J2-1

11C)1IC»HII'I'('III,IIJ,J('. I{n<l/J.paTbI qliceJI V 3 -2J2 M J2-1 paBHbI 3 -2J2.

(:/J('/�()n;I'J'('.II1,II(), :)'1'11 tIliCJIa paBHbI.

II P" Ml'p:t IlcrrypaJIbHoe qMCJIO n He HBJIHeTCH nOJIHbIM KBa.n;paTOM.

,J�()H;I>I\lIT(', '1'1'0 tJHCJIO .Jii Mppan;MOHaJIbHO.

P('IIIl'IIHC. Ilpe.n;noJIO)KMM, qTO .Jii ==

P
-

HeCOKpaTMMa.H .n;P06b. To-
q

p2
I'/�; I 'III CJI a J> H CJ He MMelOT 06IIJ;MX .n;eJIMTeJIeM, n03TOMY n ==

2 TO)Ke

q

I I( '("()I(P;I'I'H M()H �p06b. 3Ta HecoKpaTMMa.H .n;P06b paBHa n;eJIOMY qMCJIY,

(' 11( '/�()Ba'l'eJI bllO, q
== 1 M n == p2.

3aAaqH AJIH caMOCTOHTeJIbHOrO perneHHH

CpaBHeHHe KopHeii

I:tl. l(aKoe M3 qMCeJI 60JIbllIe: J3 + -17 MJIM 2J5?

l:t2. KaKoe M3 qMCeJI 60JIbllIe: v'6 + 2-17 MJIM v'IO + m?

I :-J.3. KaKoe M3 qMC eJI 60 JIbllIe:

V n + 1 + V n
- 1 MJIM 2.Jii

( '111<"./10 11 HaTypaJIbHoe)?
I :t4. KaKoe M3 qMC eJI 60 JIbllIe:

V n + 1 - V n
- 1 MJIM

1

vn

( 'III CJI 0 11 HaTypaJIbHoe)?
13.5. KaKoe M3 qMCeJI 60JIbllIe:

MJIM vn+l + V n+ vn+l.Jii+ V n+1+.Jii

( 'IIICJIO 11 HaTypaJIbHoe)?
13.6. KaKoe M3 qMCeJI 60JIbllIe:

MJIM V n+ v n+lV n+1+.Jii

( II11 (" II () 11 HaTypaJIbHoe)?

To �eCTBa C K OpIDIMH

I:L7. �OK3)KMTe,qTO V a+2 Ja-1 == Ja-1 +1npMa�1.



13.8. )J;oKIDKM Te, qTO

J a
- 2 V a-I = Va - 1 - 1 IIPH a � 2

M

J a
- 2 va -1 = 1- Va -1 IIP H 1 :::; a :::; 2.

13.9. )J;oKIDKMTe, qTO V 4 + J7 - V 4 - J7 == v0..

13.10. llpe.n;cTaBbTe BbIpIDKeHMe

V 3+J2+ V 3-J2

B BM.n;e V m + JTi, r.n;e m M n -

HaTypaJIbHbIe qMCJIa.

13.11. llpM a > Vb .n;OKa)KMTe paBeHcTBa

J a + Ib = J
a +

vt
- b

+ J
a

- v
2

a2 - b

M

J a Ib = J
a + v

2

a2 - b
- J

a
- v

2

a2 - b
.

13.12. llpe.n;cTaBbTe qMCJIa V 9+4J5 M V 7 - 2JIQ B BM.n;e vm.� JTi,

r.n;e m M n -

HaTypaJIbHbIe qMCJIa.

13.13. )J;oKa)KMTe, qTO V 10 + v'24 + v' 40 + v'60 == v0. + J3 + J5.

13.14. )J;oKa)KMTe paBeHcTBo

2
+

5 3

vs-J3 J3+2V2 2V2-VS.

13.15. llpe.n;cTaBbTe BbIpIDKeHMe

2 V 3 + V S - J13+148
B BM.n;e vm. + JTi, r.n;e m M n -

HaTypaJIbHbIe qMCJIa.

I1ppa�HOHaJIbHbIe KBaApaTHbIe KOpHH

13.16. )J;oKIDKMTe, qTO qMCJIO v0. + J3 MppaU;MOHaJIbHoe.

13.17. )J;oKa)KMTe, qTO qMCJIO v0. + J3 + J5 MppaU;MOHaJIbHoe.

13.18. qMCJIa a, b, eM d paU;MOHaJIbHbIe M a+bv0.==c+dv0.. )J;oKa-

)KMTe, qTO a == C M b == d.
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I:L it,. 11;lii/�II'J'(, Bce Q,.n;JI.H KOTOpbIX qMCJIa a + v'TS M
1:.

- v'TS U;eJIbIe.
a

1:'-:1.0. )�()I{;nIO'l'l'e, liTO eCJIM qMCJIa a, b M JQ. + Jb paU;MOHaJIbHbIe,

1(' (,t '.1 '111('/1;1 Ju H Ib paU;MOHaJIbHbIe.

I :t21. )�( )1{;nIOrI'C, liTO eCJIM m M n -

HaTypaJIbHbIe qMCJIa, TO

m � 1
--v2 �-

n
:;;..--

4n
2

.

II:IoaUJIeHHe OT Hppa:QHOHaJIbHOCTH B 3HaMeHaTeJIe

1 JQ-Vb 1 JQ+Jb
1:1.22. )�()((�nI(MTe qTO

IL b
M

IL
==

b
.

JQ+vb a- JQ-vb a-

I :t2:J. PCUII1Te 3a.n;aqy 13.14, M36aBJIH.HCb OT MppaU;MOHaJIbHOCTM

1\ .1I1;IM('II;l'l'eJIe.

I :J.24. /�oKa)KMTe paBeHcTBo

1 1 1 �
+ +...+ == V99-1.

] + J2 J2+ J3 v98 + v99

1:J.25. 1136aBbTecb OT MppaU;MOHaJIbHOCTM B 3HaMeHaTeJIe:

1

J2+V3+VS.

YpaBHeHIDI C KOpIDI MH

1:J.26. PeIIIMTe ypaBHeHMe (x
2

+ X)2 + V x
2

- 1 == O.

1:J.27. PeIIIMTe ypaBHeHMe

J x+3 -4 V x-1 + J x+8 -6 V x-1 = 1.

1:J.28. PeIIIMTe ypaBHeHMe

36
+

4
==28-4 v x-2- V y-1.

v x-2 J y-l

I: '- 29. H aM:.n;MTe Bce U;eJIbIe qMCJIa m M n, y.n;oBJIeTBopJlIOIIJ;Me COOT-

11111111'111110 v n+ .;n==m.
I"L:tO. OpMBe.n;MTe npMMep HaTypaJIbHOrO qMCJIa n, .n;JIJI KOToporo

\
" I J" 1- 60 == .jTii., r.n;e m -

HaTypaJIbHOe qMCJIO, He JlBJIJlIOIIJ;eeCJI nOJI-

111.11\ I 1\ 11.1/�paTOM.

I, ." 'I V.JlcoeHUlO ypaBHeHUU C KOpH.flMU MbL ez.qe BepHeMCR B 2JlaBe 14,
I II I )., III' IlIllKOMUMCR C pewe7-lueM KBaopamHbLX ypaBHeHuu.
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HepaBeHCTBa C KOpIDIMII

� a+b
13.31. qMCJIa a M b nOJIO)KMTeJIbHbIe. �o KIDKMTe, q TO v ab �

Z-.

13.32. PellIMTe HepaBeHcTBo x + y2 + V x
- y2 - 1 � 1.

13.33. qMCJIa a, b, C M d nOJIO)KMTeJIbHbIe, M MX c)'MMa paBHa 1. �o-

KIDKMTe, qTO

V I + 4a + V I + 4b + V I + 4c + V I + 4d � 6.

13.34. llYCTb

a1
== 1, a2

== V 1 + vl, a3
= J 1 + V 1 + vl

,
. . .

, an
== V 1+a n -1.

1+J5
�OKa)KMTe, qTO: a) an < 2; 6) an <

2
.

13.35. llYCTb

a1
== J2, a2

== V 2+ J2, a
3

= J 2+ V2+J2 ,
. . .

, an
== V 2+a n -1.

�OKIDKMTe, qTO an < 2.

"lIlICJIa a + Jb II a
- Jb

13.36. qMCJIa a M b HaTypaJIbHbIe. �OKa)KMTe, qTO .n;JIJI JII060ro HaTY-

paJIbHOrO n qMCJIO (a + y'b)n + (a - y'b)n IJ;eJIoe.

13.37. HaM:.n;MTe nepByK> IJ;M<PPY nOCJIe 3anJlTOM: qMCJIa (2 + J3)
1000

.

13.38. �OKa)KMTe, qTO .n;JIJI JII060ro HaTyp aJIbHOrO n qMCJIO (1 + J2)n
MO)KHO npe.n;cTaBMTb B BM.n;e .JiTI + v m + 1, r.n;e m -

HeKoTopoe HaTY-

paJIbHOe qMCJIO.



rJIaBa 14

KBaApaTHhIH TpeXqneH

OCHOBHbIe <}>aKTbI H nOHHTHH

KBaOpamHbLM ypaBHe7-lUeM Ha3bIBalOT ypaBHeHMe BM.n;a

ax2+bx+c == 0,

r,n;e a f: o. KBa,n;paTHoe ypaBHeHMe BM.n;a X2 + px + q
== 0 Ha3bIBalOT npu-

BeOeHHbLM .

,l(ucKpUMuHaHmoM KBa.n;paTHoro ypaBHeHMJI ax
2

+ bx + C == 0 Ha3bI-

BalOT qMCJlO D == b
2

- 4ac. ECJlM D < 0, TO KBa.n;paTHoe ypaBHeHMe He

HMeeT KopHeM. ECJlM D == 0, TO KBa.n;paTHoe ypaBHeHMe MMeeT e.n;MH-

CTBeHHbIH: KopeHb
- ;a ' ECJIH D > 0, TO KBa,n;paTHoe ypaBHeHHe HMeeT

-b+/D -b-/D
/�Ba KOpIDI 2a

M
2a

<l>OPMYJIbI BHeTa. ECJIM npMBe.n;eHHOe KBa.n;paTHoe ypaBHeHMe

x
2

+ px + q
== 0

II MeeT .n;Ba KOpIDI Xl M X2, TO

Xl +X2 ==

-p M X1 X 2
==

q.

MHOrOq]leH ax
2

+ bx + c, r.n;e a f: 0, Ha3bIBalOT KBaOpam7-lbLM mpex-
IUleHOM. qMCJIO D == b

2
- 4ac Ha3bIBalOT OUCKpUMUHaHmOM 3Toro KBa.n;-

I )c1THOro TpeXq]leHa.

KBa.n;paTHbIM: TpeXq]leH ax
2

+ bx + C MO)KHO npe.n;CTaBMTb B BM.n;e

a ( X
-

�
)

2

+ C
_

b
2

== a ( X
_

�
)

2

_ 12-.
2a 4a 2a 4a

IIo3TOMY eCJlM D < 0, TO.n;JI.H Bcex X <PYHKIJ;MJI fex) == ax
2

+ bx + C npMHM-

MaeT 3HaqeHIDI o.n;Horo M Toro )Ke 3HaKa. A eCJlM D > 0, TO 3Ta <PYHKIJ;1liI

IlpHHMMaeT KaK nOJlO)KMTeJlbHbIe, TaK M OTpMIJ;aTeJlbHbIe 3HaqeHIDI.

npHMepbI perneHIDI 3a�aq

npHMep 1. llO.n;pyrM 06MeIDIJIMCb <poTorpa<pMJlMM: Ka)K.ZJ;a.H .n;eBOqKa

II( )lIyql1JIa <poTorpa<pMM Bcex OCTaJlbHbIX. Bcero .n;JIJI 3Toro nOTpe6oBa-
II ()(' h 30 <poTorpa<pMM. CKOJlbKO 6bIJIO no.n;pyr?



18 14. KBa,n;paTHbI:H TpeX"VIeH

PemeHHe. ECJIM KOJIMqeCTBO no.n;pyr paBHO x, TO x(x
- 1) == 30.

KBa.n;paTHoe ypaBHeHMe X2 -

X
- 30 == 0 MMeeT KOpHM 6 M -5; OTPM-

u;aTeJIbHbIM KopeHb He no.n;xo.n;MT.

OmBem. 6.

IIpHMep 2. KBa.n;paTHbIM: TpeXq]leH ax2 + bx + C He MMeeT KOpHeM:
M a + c < b. llOJIO)KMTeJIbHO MJIM OTpMu;aTeJIbHO qMCJIO c?

PemeHHe. Bce 3HaqeHM.H <PYHKU;MM f (X) == ax2 + bx + C MMelOT O.n;MH

M TOT )Ke 3HaK, M f( -1) == a
- b + C < O. ll03TOMY C == f(O) < O.

OmBem. OTpMu;aTeJIbHo.

IIpHMep 3. KOpHM MHOrOq]leHa X2 + px + q paBHbI Xl M X20 BbIpa-
2 2 3 3

3MTe Xl +X
2

M Xl +X
2 qepe3 p M q.

PemeHHe. JIerKo npOBepMTb, qTO

2 2
-

( )
2

2
-

2
2Xl +X

2
-

Xl +X2
-

X1 X
2

-

P
-

q

M

Xi+x� == (Xl +X2)3 -3X1X2(X1 +X2) == -p3+3pq.

OmBem. p2 -

2q M _p3 + 3pq.

IIpHMep 4. PeIIIMTe ypaBHeHMe X == v I + x.

PemeHHe. B03BeM 06e qaCTM B KBa.n;paT, nOJIyqMM KBa.n;paTHoe ypaB-

HeHMe X2 - x-I == O. JI1060M: HeoTpMu;aTeJIbHbIM: KopeHb 3Toro ypaB-

HeHMJI JlBJIJleTCJI KopHeM Mcxo.n;Horo ypaBHeHMJI, a JI1060M: oTpMu;aTeJIb-

HbIM: He JlBJIJleTCJI. llOJIyqeHHoe KBa.n;paTHoe ypaBHeHMe MMeeT KOpHM

1+J5 I-J5 v

Xl
==

2
M X2

==

2
. KopeHb Xl nOJIO)KMTeJIbHbIM, a KopeHb X2

OTpMu;aTeJIbHbIM:. HaM no.n;xo.n;MT TOJIbKO KopeHb XI.

1+J5
OmBem. X ==

2
.

3a�aqH �JlH caMOCTOHTeJlbHOrO perneHIDI

TeKCTOBbIe 3aAaqH

14.1. B IIIaXMaTHOM TypHMpe cbIrpaHo 36 napTMM:, Ka)K.ZJ;bIM: IIIaXMa-

TMCT CbIrpaJI co BceMM OCTaJIbHbIMM. CKOJIbKO IIIaXMaTMCTOB yqacTBoBa-

JIO B TypHMpe?

14.2. HaM:.n;MTe .n;Ba qMCJIa, c)'MMa KOTOpbIX paBHa 20, a npoM3Be.n;e-

HMe paBHo 96.

14.3. llepBbIM: pa60qMM: M3rOTOBMJI 60 .n;eTaJIeM: Ha 3 qaca 6bIcTpee

BToporo. 3a CKOJIbKO qaCOB BTOpOM: pa60qMM: M3rOTOBMT 20 .n;eTaJIeM:, ec-

JIM, pa60Ta.H BMeCTe, OHM M3rOTOBJlT 30 .n;eTaJIeM: 3a 1 qac?
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1-1.'1. B cnlIaB MarHMJI M aJIIOMMHMJI, co.n;ep)KaIIJ;MM: 22 Kr aJIIOMMHMJI,

'1,1 It ).11 � 11.111'" j 5 Kr MarHMJI, nOCJIe qero co.n;ep)KaHMe MarHMJI B CTIJIaBe YBe-

IIII'III/I( )("1> Ha 33 %. CKOJIbKO nepBOHaqaJIbHO BeCMJI CTIJIaB?

14.5. B cocy.n;e 6bIJIO 20 JI qMCTOrO cnMpTa. qacTb 3Toro cnMpTa OT-

/1111111 H /�OlIHJIM CTOJIbKO)Ke BO.n;bI. 3aTeM OTJIMJIM CTOJIbKO)Ke CMeCM M .n;O-

/1111111 C'I'OJlbKO )Ke BO.n;bI. llocJIe 3TOrO CnMpTa B cocy.n;e CTaJIO BTpOe MeHb-

III<" 'Il'M BO.n;bI. CKOJIbKO CnMpTa OTJIMJIM B nepBbIM: pa3?
14.6. ropo.n;a A M B pacnOJIO)KeHbI Ha 6epery peKM, npMqeM ropo.n; B

P;I(.IIOJIO}KeH HM)Ke no TeqeHMIO. B 9 qaCOB yrpa M3 ropo.n;a A B ropo.n; B

()'I'II p<l BJIHeTCJI TIJIOT. B 3TOT )Ke MOMeHT M3 ropo.n;a B B ropo.n; A OTnpaB-

11 Ht'TCH JIo.n;Ka, KOTOpa.H BCTpeqaeTCJI C TIJIOTOM qepe3 5 qaCOB. )J;OTIJIbIB

/�() I'opo,n;a A, JIo.n;Ka nOBOpaqMBaeT o6paTHo M npMTIJIbIBaeT B ropo.n; B

()/�lloBpeMeHHo C TIJIOTOM. YcnelOT JIM JIo.n;Ka M TIJIOT npM6bITb B ropo.n; B

J{ <) llacaM Beqepa (Toro )Ke .n;IDI)?

KOpHH KBaApaTHoro ypaBHeHHR

14.7. YpaBHeHMe x
2

+ ax + b == 0 C paIJ;MoHaJIbHbIMM K03<P<PMIJ;MeH-
T;IMH HMeeT KopeHb 1 + J3. HaM:.n;MTe a M b.

14.8. )J;oKIDKMTe, qTO KBa.n;paTHbIM: TpeXq]leH

(x -

a) (x - b) + (x - b) (x - e) + (x
-

e) (x
-

a)

II MceT KopeHb.

14.9. Y TpeXq]leHOB x
2

+ ax + b M x
2

+ ex + d HeT KOpHeM:, MeHb-

III HX xo. )J;oKa)KMTe, qTO y TpeXq]leHa

2
+

a+e
+

b+d
x -x-

2 2

TO)Ke HeT KopHeM, MeHbllIMX xo.

14.10. HaM:.n;MTe Bce a, .n;JIJI KOTOpbIX KBa.n;paTHbIM: TpeXq]leH

x
2

+ 2ax - 3

I"'MeeT KopeHb a.

14.11. HaM:.n;MTe Bce a, .n;JIJI KOTOpbIX ypaBHeHM.H

x
2

+ ax + 1 == 0 M x
2

+ x + a == 0

1/1 MelOT 06IIJ;MM: KopeHb.

14.12. )J;oKIDKMTe, qTO ypaBHeHMJI

x==3+.!. M
x

1
x==3+

3+
1

3+.!.
x

II MelOT o.n;MHaKoBbIe KOpHM.
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14.13. PeIIIMTe ypaBHeHMe

x-49
+

x-50
==

50
+

49

50 49 x-49 x-50.

14.14. ,l];oKIDKHTe, qTO eCJIM KBaJ];paTHbIe ypaBHeHM.H X2 + PI X + q1
== 0

M X2 + P2X + q2
== 0 MMelOT 06m;MM: KOpeHb, TO

(q2
- q1)2 + (PI

-

P2) (PI q2
-

q1P2) == o.

14.15. LIMCJIa m M n QeJIbIe, KIDK.l];Oe M3 HMX 60JIbIIIe 1. ,l];oKa)KMTe,

qTO

C+V2n2-4 )m =

k+ V
;2_

4

.n;JI.H HeKoToporo HaTypaJIbHOrO k.

14.16. K03<P<PMQMeHTbI P M q KBaJ];paTHoro ypaBHeHM.H X2 + px + q
== 0

M3MeHMJIM He 60JIbIIIe qeM Ha 0,001. MO)KeT JIM 60JIbIIIMM: KopeHb ypaB-

HeHM.H M3MeHMTbC.H npM 3TOM 60JIbIIIe qeM Ha 1000?

�HCKpHMHHaHT

14.17. ,l];oKa)KMTe, qTO .n;MCKpMMMHaHT npMBe.n;eHHoro KBa.n;paTHoro

ypaBHeHM.H, MMelOm;ero .n;Ba KOpH.H Xl M X2, paBeH (Xl
- X2)2.

14.18. a) BbIqMCJIMTe .n;MCKpMMMHaHT KBa.n;paTHoro TpeXq]leHa

(a1x+b1)2+ ... + (a n
x+b

n )2.

6) ,l];oKa)KMTe HepaBeHcmBO KOUlU:

(a1 b
1 +...+a

n
b

n )2 � (ai+...+a�)(bi+...+b�).

14.19. ,l];oK3)KMTe, qTO KBa.n;paTHbIM: TpeXqJIeH

c(X -

a) (x - b) +a(x - b) (x - c) + b(x -

c) (x - a)

MMeeT KopeHb.

14.20. HaM:.n;MTe HaMMeHbIIIee 3HaqeHMe MHOrOqJIeHa

x(x+ 1)(x+2)(x+3).

<l>OPMYJIbI BHeTa

14.21. KOpHM MHOrOqJIeHa x
2

+ px + q paBHbI Xl M X2. BbIpa3MTe
1 1 1 1

-

+
-

M
-

+
-

qepe3 P M q.
xl x2 x

2
x

2

1 2

14.22. PeIIIMTe ypaBHeHMe x(x + 1) == 2019 . 2020.
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14.23. ,l];JI.H nOJIO)KMTeJIbHbIX qMCeJI p M q TOJIbKO O.n;HO M3 Tpex ypaB-

I J( 'II HM: x
2

+ px
==

q, x
2

==

px + q M x
2

+ q
==

px MO)KeT MMeTb .n;Ba nOJIO-

/1\ Il'reJlbHbIX KOpH.H. KaKoe MMeHHo?

14.24. KOpHM MHOrOqJIeHa x
2

+ px + q paBHbI Xl M X2, Sn
== X� + X�

('1I1CJlO n HaTypaJlbHOe). ,l];oKa)KMTe, qTO Sn
== -

PSn-1
-

qSn-2 npM n > 2.

14.25. KOpHM MHOrOqJIeHa x
2

+ px + q C IJ;eJIbIMM K03<P<PMIJ;MeHTa-
MI/I paBHbI Xl M X

2
. ,l];oKa)KMTe, qTO .n;JI.H JII060ro HaTypaJIbHOrO n qMCJIO

\",' + X� IJ;eJIoe.

14.26. ,l];JI.H KaKoro a cYMMa KBa.n;paToB KOpHeM: MHOrOqJIeHa

x
2

- (a -

2)x
-

a-I,

II MelO.I.QerO .n;Ba KOpH.H, HaMMeHbIIIa.H?

14.27. ,l];oK3)KMTe, qTO KopeHb npMBe.n;eHHoro KBa.n;paTHoro ypaBHe-

1111 H C QeJlbIMM K03<P<PMIJ;MeHTaMM JIM60 IJ;eJIbIM:, JIM60 MppaIJ;MOHaJIbHbIM:.
14.28. KOpHM MHOrOqJIeHa x

2
- 6x + 1 paBHbI x] M X2. ,l];oKa)KMTe,

'I TO HH .n;JI.H KaKoro HaTypaJIbHOrO n qMCJIO x� + x� He .n;eJIMTC.H Ha s.

YpaBHeHHH C KOpHHMH

J � eJlaBe 13 Mbl YJ1Ce 06cYJ1COQJlu ypaBHeHUR C KOpH.JlMU. 30ecb Mbl 06-

I \It )".M ypaBHeHUR maK020 muna, OJUl. peweHUR KomopbLX HYJ1CHO pewamb

h tltldJ>anlHble ypaBHeHUR.

14.29. PeIIIMTe ypaBHeHMe 3 -

X == v 3 + x.

14.30. PeIIIMTe ypaBHeHMe v2x-6+ v x+4==s.

14.31. PeIIIMTe ypaBHeHMe vi a
- va + X == x.

14.32. PeIIIMTe ypaBHeHMe v 3x -

a == a
- 2x.

14.33. PeIIIMTe ypaBHeHMe x
2

+ X v X + 1- 2(x + 1) == O.

14.34. PeIIIMTe ypaBHeHMe (2x -1)2 == yX(6x - 2yX -

3).

y I(Ba�paTHoro TpeXq)JeHa He MomeT 6bITb Tpex pa3JIHQHbIX

KopHeH

14.35. )J;Ba KBaJ];paTHbIx TpeXqJIeHa f(x) M g(x) npMHMMalOT paBHbIe

\l1;1'1(,11I1H npM Tpex pa3JIMqHbIX 3HaqeHM.HX x. ,l];oK3)KMTe, qTO f(x) ==g(x)
II pil H("('X x.

14.36. I-IaM:.n;MTe CYMMY

(x - a) (x
- b)

+
(x - a) (x - e)

+
(x - b) (x - e)

(e-a)(e-b) (b-a)(b-e) (a-b)(a-e).

1'1.: J 7 . I-I aM:.n;MTe CYMMY

(x-a)(x-b)
+b

(x-a)(x-e)
+

(x-b)(x-e)
C

(e-a)(e-b) (b-a)(b-e)
a

(a-b)(a-e).
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14.38. qMCJIa a, b M 'e nonapHo pa3JIMqHbI. HaM:.n;MTe KBa.n;paTHbIM:

TpeXqJIeH f(x), npMHMMalOID;MM: npM x ==
a, x == b M X == e 3HaqeHIDI A,

B M C COOTBeTCTBeHHO.

QHCJIa <l>H6oHaQQH

14.39. ,n;JI.H KIDK.l];OrO HaTypaJIbHOrO n paccMoTpMM qMCJIa

== (
l+vs

)
n

an 2 (
l-vs

)
n

M b
n

==

2
.

,n;OK3)KMTe, qTO a
n +2

== a
n +1 + an M b

n + 2
== b

n + 1 + b
n

.

14.40. ,n;JI.H KIDK.l];OrO HaTypaJIbHOrO n paccMoTpMM qMCJIO

Fn = Js ( e +2
vis

)" - e -2
vis

)").
,n;OK3)KMTe, qTO Fn+2 == Fn+1 + Fn.

14.41. ,n;oKa)KMTe, qTO qMCJIa Fn M3 3a.n;aqM 14.40 no-.n;pyroMY MO)K-

HO 3a.n;aTb CJIe.n;yroID;MM 06pa30M: F] == 1, F
2

== 1, F3 == F
2 + F

1
== 3, ...,

Fn+2==Fn+1 +Fn.
qMCJIa Fn M3 3a.n;aqM 14.41 Ha3bIBalOT tLueJlQMU C/Ju60HatLtLu.

Pa3HbIe 3aAaQH

14.42. llpMBe.n;MTe npMMep KBa.n;paTHoro TpeXqJIeHa f(x) C IJ;eJIbI-

MM K03<P<PMIJ;MeHTaMM, KOTOpbIM: npM Bcex HaTypaJIbHbIX x, COCTO.HID;MX

TOJIbKO M3 e.n;MHMIJ;, npMHMMaeT 3HaqeHM.H, COCTO.HID;Me TOJIbKO M3 e.n;M-

HMIJ;.

14.43. KBa.n;paTHbIM: TpeXqJIeH ax
2

+ bx + e 06JIa.n;aeT CJIe.n;yroID;MM

CBOM:CTBOM: eCJIM 0 � X � 1, TO lax
2

+ bx + el � 1. �OK3)KMTe, qTO

lal + Ibl + lei � 17.

14.44. YKa)KMTe KBa.n;paTHbIM: TpeXqJIeH ax
2

+ bx + e, 06JIa.n;alOID;MM:

CBOM:CTBOM M3 3a.n;aqM 14.43 (eCJIM 0 � x � 1, TO lax
2

+ bx + el � 1), .n;JI.H

KOToporo lal + Ibl + lei == 17.
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Pa�HOHaJIbHbIe ypaBHeHH.H

OCHOBHhIe 4>aKThI H IIOHHTH.H

Pa4UOHaJlbHaJl cjjYHK4UR - 3TO .n;P06b, qMCJIMTeJIb M 3HaMeHaTeJIb KO-

TOpOM: - MHOrOq]leHbI.

Pa4UOHaJlbHOe ypaBHeHue
- 3TO ypaBHeHMe, JIeBa.H M npaBa.H qaCTM

1<0TOpOro .HBJI.HIOTC.H paQMOHaJIbHbIMM <PYHKQM.HMM.
B qaCTHOCTM, JII060e ypaBHeHMe BM.n;a P(x) == 0, r.n;e P - HeKOTOpbIM:

MHOrOqJIeH, .HBJI.HeTC.H paQMOHaJIbHbIM.

3a�aqH �JllI caMOCTO.HTeJIhHOrO perneHIDI

EIIKBa�paTHhIe II B03BpaTHhIe ypaBHeHII.H

EUKBaopamHoe ypaBHeHue
- 3TO ypaBHeHMe BM.n;a ax

4
+ bx

2
+ c == 0,

I'/�e a 1= o. llo.n;cTaHoBKa t == x
2

CBO.n;MT peIIIeHMe 6MKBa.n;paTHoro ypaB-

IICHM.H K peIIIeHMIO KBa.n;paTHoro ypaBHeHM.H at
2

+ bt + c == o.

B03BpamHoe ypaBHeHue qeTBepTOM: CTeneHM - 3TO ypaBHeHMe BM.n;a

ax
4

+ bx
3

+ cx
2

+ bx + a == 0, r.n;e a 1= o.

15.1. ,n;oKa)KMTe, qTO peIIIeHMe B03BpaTHoro ypaBHeHIDI qeTBepTOM:
("TerreHM CBO.n;MTC.H K nOCJIe.n;oBaTeJIbHoMY peIIIeHMIO KBa.n;paTHbIx ypaB-

IICHMM.

15.2. ,n;oKa)KMTe, qTO peIIIeHMe ypaBHeHM.H

x
4

+ ax
3

+ bx
2

-

ax + 1 == 0

('I�O,n;MTC.H K nOCJIe.n;oBaTeJIbHoMY peIIIeHMIO KBa.n;paTHbIx ypaBHeHMM.
15.3. ,n;oKa)KMTe, qTO MHOrOqJIeH x

4
+ px

2
+ q MO)KHO pa3JIO)KMTb

I \ II pOM3Be.n;eHMe .n;BYX MHOrOqJIeHOB BTOpOM CTeneHM.

KOpHII MHOrOq)leHOB

15.4. YKa)KMTe MHOrOqJIeH C QeJIbIMM K03<p<PMQMeHTaMM, MMelO�MM:

1"IH'llh J2+J3.
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15.5. LIMCJIO P
-

KopeHb Ky6MqeCKOrO MHOrOqJIeHa x
3

+ x
- 3. YKa-

)KMTe Ky6MqeCKMM: MHOrOqJIeH C QeJIbIMM K03<p<PMQMeHTaMM, KopHeM KO-

Toporo .HBJI.HeTC.H qMCJIO p2.
15.6. HaM:.n;MTe KOpHM MHOrOqJIeHa x

3
-

x
2

- 2x + 2.

15.7. ,l];oKa)KMTe, qTO peIIIeHMe ypaBHeHM.H

(x
2

-

X
- 1)3 + (x

2
- 3x + 2)3 == (2x

2
- 4x + 1)3

MO)KHO CBeCTM K peIIIeHMIO KBa.n;paTHbIx ypaBHeHMM:.
15.8. HaM:.n;MTe Bce nOJIO)KMTeJIbHbIe peIIIeHM.H ypaBHeHM.H

x
n

-

nx + n
- 1 == 0,

r.n;e n -

HaTypaJIbHOe qMCJIO.

15.9. ,l];oK3)KMTe, qTO JI1060M: nOJIO)KMTeJIbHbIM: KopeHb ypaBHeHM.H

x(x+ 1)(x+2). .... (x+n) == 1

1
MeHbIIIe

--,.n.

15.10. ECTb JIM OTpMQaTeJIbHbIe KOpHM y ypaBHeHM5I

X
4

- 4x
3

- 6x
2

- 3x + 9 == O?

15.11. MHOrOqJIeH ax
s

+ bx
4

+ C MMeeT TpM pa3JIMqHbIX KOpH.H. ,l];oKa-

)KMTe, qTO MHOrOqJIeH cx
s

+ bx + a TO)Ke MMeeT TPM pa3JIMqHbIX KOpH.H.

YpaBHeHH.H c �p06.HMH

2x 4
15.12. PeIIIMTe ypaBHeHMe

_

2
==
_

2
.

x- x-

x+S x+6 x+7 x+8
15.13. PeIIIMTe ypaBHeHMe

x + 4

-

x + 5
==

x + 6

-

x + 7
.

123 6
15.14. PeIIIMTe ypaBHeHMe

_

1
+
_

2
+
_

3
==

+ 6
.

x- x- x- x

x
S

(x - 2)2 2
15.15. PeIIIMTe ypaBHeHMe

( )
2

+ == 2x
x-2 x

x
4

15.16. PeIIIMTe ypaBHeHMe
x + 1

+ sx
2

== 6x + 6.

x
2

48

(
X 4

)15.17. PeIIIMTe ypaBHeHMe 3
+

x
2

== 10
3

-

x
.

15 18 PeIIIMTe yp aBHeHMe X2019 +
1

== 1 + X
2020

· ·

x
2019

.
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CHCTeMbIypaBHeHHH

OCHOBHhIe 4>aKThI H IIOIDITHH

(:II(IIU',MU ypaBHeHuu - 3TO Ha60p M3 n ypaBHeHMM: f1 (Xl' ...,
X

m ) == 0,

,/,,( \'" ...,x m )==0,r.n;ef1(X1' ...,X m ), ...,fn(X1, ...,Xm)-<PYHKQMMOT
111 IH'I)('M('lIlIbIX Xl' ..., Xm. LJa:rn;e Bcero, HO He Bcer.n;a, paCCMaTpMBalOT

( I J( 'T( 'M 1,1 Y paBHeHMM:, .n;JI.H KOTOpbIX n == m.

( :1 J{.T('MY ypaBHeHMM: 06bIqHO 3anMCbIBalOT CJIe.n;yro:rn;MM 06pa30M:

f1 (Xl' ...,
X

m ) == 0,

fn (Xl' ...,
X

m ) == O.

111 111 )'1'0 M ypaBHeHM.H He 06.H3aTeJIbHO 3anMCbIBaTb TaK, qT06bI B npaBOM:
'Lit n I C'I'05IJI HYJIb. B npaBOM: qaCTM MO)KeT CTO.HTb M OTJIMqHOe OT HYJI.H

'III ( II (), II l{aKa.H-TO <PYHKQM.H.
I '('II/('IlUC cucmeMbl ypaBHeHUU - 3TO Ha60p qMCeJI (Xl, ...,

x
m ), .n;JI.H

1\( ,1'( )PhIX BbInOJIH.HIOTC.H Bce n Tpe6yeMbIx paBeHCTB. CMCTeMa ypaBHe-

1111 ii MO)I<eT MMeTb HeCKOJIbKO peIIIeHMM M MO)KeT He MMeTb peIIIeHMM.

TIpHMephI perneHHH 3a�aq

II pHMep 1. PeIIIMTe cMcTeMY ypaBHeHMM:

xy
== 1,

yz
== 2,

zx == 8.

PCllleHHe. IIepBblu cnoco6. BbIpa3MM y M Z qepe3 X M3 nepBoro
v 1 8

IIII 1'1)( ''I'berO ypaBHeHMM: y
==

x
M Z ==

x
. o.n;cTaBMM 3TM BbIpa)KeHM.H BO

III ()I)()(' ypaBHeHMe. B pe3YJIbTaTe nOJIyqMM X2 == 4, T. e. X == 2 MJIM X == - 2.

IC'IIt 'Pl, MO)KHO HaM:TM y M Z M3 nepBoro M TpeTbero ypaBHeHMM:.

Hlll0pOLl cnoco6. 113 paBeHCTBa

(XYZ)2 == (xy) (yz) (Zx) == 16
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CJIe.n;yeT, qTO xyZ
== 4 MJIM xyz

== -4. ,l];eJI.H 3TM paBeHcTBa Ha ypaBHeHIDI

M3 CMCTeMbI, Haxo.n;MM Bce HeM3BeCTHbIe.

Om8em. (2;�; 4), ( -2; -�; -4).
llpHMep 2. PeIIIMTe cMcTeMY ypaBHeHMM:

{
xy(x+ y) == 30,

x
3

+ y3 == 35.

PeweHHe. BBe.n;eM HOBbIe nepeMeHHbIe u == x + Y M V ==

xy. Tor.n;a

uv == xy(x+ y) == 30 M u
3

- 3uv ==x
3

+ y3 == 35, n03ToMY

u
3

== 3uv + 35 == 90 + 35 == 125.

CJIe.n;OBaTeJIbHO, u == 5 M V == 6. LIMCJIa x M y .HBJI.HIOTC.H KOpH.HMM KBa.n;-

paTHoro ypaBHeHIDI t
2

- ut + v == 0, T. e. t
2

- st + 6 == o. KOpHM 3Toro

ypaBHeHM.H paBHbI 2 M 3.

OmBem. (2; 3), (3; 2).

llpHMep 3. PeIIIMTe cMcTeMY ypaBHeHMM:

(x+ y)3 ==

z,

(Y+Z)3 ==
x,

(z +X)3 ==

y.

PeweHHe. BbIqMTa.H M3 nepBoro ypaBHeHIDI BTopoe, nOJIyqaeM

(x - z) ((x+ y)2 + (x + y)(y + z) + (y+ Z)2) == -(x - z).

(
b

)
2

3

BbIpa)KeHMe BM.n;a a
2

+ ab + b
2

== a +
2"

+
4

b
2

He MO)KeT 6bITb OT-

pMQaTeJIbHbIM, n03TOMY x == z. (B CJIyqae, Kor.n;a yKa3aHHoe BbIpa)KeHMe

paBHO HYJIIO, x == -

y
== z.) AHaJIOrMqHO Y

== z. TaKMM 06pa30M, x ==

y
== Z

3 �
M 8x == x. llOCJIe.n;Hee ypaBHeHMe MMeeT TpM peIIIeHM.H: Xl

== 0, X2
==

4
J2

M
x3==-4.

Om8em. (0;0;0), ( '7 ; '7 ; '7 ), (- '7 ;- '7 ;- '7 ).

3�aqH �JllI caMOCTOHTeJIhHOrO pemeHIDI

Bo Bcex 3a.n;aqaX 3TOM: rJIaBbI, B KOTOpbIX npMBe.n;eHbI TOJIbKO CMCTe-

MbI ypaBHeHMM:, Tpe6yeTC.H peIIIMTb 3TM CMCTeMbI.
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I1CK.1IIOQeHHe HeH3BeCTHbIX

( ),11,1111 11:\ IlpOCTCHllIl1X cnOC060B peIIIeHM.H CMCTeM ypaBHeHMM: - BbI-

II" 'I' C 'III H' ()/�I HI X IICI13BeCTHbIX qepe3 .n;pyrMe, �O n03BOJI.HeT MCKJIlOqaTb

IIc'IIII\(''''I'III,I(' H IIOJIYQI1Tb B KOHQe O.n;HO ypaBHeHMe C O.n;HMM HeM3BeCTHbIM.

th.1.

x(y + z) == 35,

.Y (x + z) == 32,

z(x + y) == 27.

16.2.

16.:J. 16.4.

1

2 +y==-s,
x-y

y
==6

2x -

y
·

{
X2 - y2 == 2a

Ih.S.
'

r.n;e b 1= o.

xy
== b,

16.6.

x+y+xy==19,

y + z + yz
== 11,

z+x+zx==14.

1 1 1

x+1
+

y ==3'

1 1 1

(x + 1)2 y2 4
.

3x-y
x +

2 2
== 3,

x +y

_

x+3y
==0Y

x
2

+ y2
.

CHMMeTpHQeCKHe CHCTeMbI

( :IICTCMY ypaBHeHMM: OTHOCMTeJIbHO nepeMeHHbIx x M y Ha3bIBalOT

I (f�' 1\f('111pUl.leCKOU, eCJIM KIDK.l];Oe ypaBHeHMe He MeH.HeTC.H npM 3aMeHe x

11.1 \' II Y Ha x. llpM peIIIeHMM CMMMeTpMqeCKOM: CMCTeMbI ypaBHeHMM:
'I. II "T() IIOMoraeT 3aMeHa nepeMeHHbIX U == x + y, v ==

xy.

Ih.7. {
x3+x3y3+y3=17,

16.8. {
X- Y ==2,

x+xy+y==s. xy==3.

{
X4 + y4 == 17,

16.9.

x+y==3.

Pa3JIO:>KeHHe Ha MHO:>KHTeJIH

1
-==

y +z
x

'

1
-

==z+x
y

,

1
-

==x+ y.
z

{
2 Y ==4-X

2

,

16.10.
2

2x == 4 -

y .

16.11.

I h.] 2.

x + Y + z ==
a,

x
2

+ y2 + Z2 == a
2

,

x
3

+ y3 + z3 == a
3

.
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16.13. HaM:.n;MTe peIIIeHM.H CMCTeMbI ypaBHeHMM:, .n;JI.H KOTOpbIX xyz i= 0:

X2(y2 + Z2 - X2) == 3xyz,

y2(X2 + Z2 - y2) == -21xyz,

Z2(X2 + y2 - Z2) == 3xyz.

{
x+ y==2,

16.14.
2

xy
-

Z == 1.

npHMeHeHHe HepaBeHcTB

x3 -

y
== 6,

y3 -

Z == 6,

z3 -x==6.

16.15.

2x
2

1
-X

l+Xf
-

2'

2x
2

2
-X

l+x�
-

3,

2x
2

3

2
==

Xl'
1+x

3

{
X3 + y3 == 1,

16.16.
4 4

X + y
== 1.

16.17.

16.18.

(X3 + x4 + xs)s == 3X1,

(x 4 + Xs + X1)s == 3x
2 ,

(x s + Xl + X2)s == 3X3,

(Xl + X
2 + X3)S == 3x

4 ,

(X2 + X3 + X
4 )S == 3xS'

Pa3HbIe 3a�aqH

16.19.

X1X2
== 1,

X2x3
== 1,

x3x4
== 1,

Xn-1Xn
== 1,

X
n X1

== 1.

16.20. HaM:.n;MTe nOJIO)KMTeJIbHbIe peIIIeHM.H CMCTeMbI ypaBHeHMM:

+
_2

Xl X2- X
3'

X
2 +X 3

== X�,

X3 +X 4
== X;,

X
4 +XS == Xi,

Xs +X1 == X�.
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Ih.2t. CI1CTeMa ypaBHeHMM: BTOpOrO nOp.H.n;Ka

{
X2 - y2 == 0

ex
- a)2 + ;2 = 1

II M( '( ''I', Boo6.I.Qe rOBOp.H, qeTbIpe pellieHIDI. llpM KaKMX 3HaqeHIDIX a qMC-

lit) pl'IIICHI1M: CMCTeMbI )'MeHbIIIaeTC.H .n;o Tpex IDIM .n;o .n;BYX?

!+1.==6
x y

,

1.+1==4
y z

'

1 +! ==5.
z x

16.22. {
X3 - y3 == 26

16.23.
2 2'

X Y
-

xy
== 6.
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KOMnJIeKCHbIe QHCJIa

OCHOBHhIe 4>aKThI H IIOHHTIDI

M7-lUMWl eaU7-lul.{a - 3TO CMMBOJI i, KBa.n;paT KOToporo paBeH -1. C no-

MOIIJ;blO MHMMOM e.n;MHMIJ;bI M .n;eM:CTBMTeJIbHbIX qMCeJI MO)KHO COCTaBJl.HTb

paIJ;MOHaJIbHbIe BbIpIDKeHM.H M 06paIIJ;aTbC.H C HMMM KaK C 06bIqHbIMM pa-

IJ;MOHaJIbHbIMM BbIpIDKeHM.HMM. OHM npe06pa3yK>TC.H no 06bIqHbIM npa-

BMJIaM, M i
2

MO)KHO 3aMeIDITb Ha -1. HanpMMep,

1 1-i 1-i 1-i

1 + i
==

(1 + i) (1 - i) 1 - i
2

==

2.

BbIpIDKeHMe a + bi, r,n;e a M b - .n;eMCTBMTeJIbHbIe qMCJIa, Ha3bIBalOT

KOMT1JleKC7-lbLM llUCJlOM. "lIMCJIO a Ha3bIBalOT npM 3TOM aeucmBume.nb7-l0U

llaCmblO KOMTIJIeKCHOro qMCJI a a + b i, a qMCJIO b Ha3bIBalOT M7-lUMOUlla-

cmblO 3Toro qHCJIa. "lIMCJIO vi a
2

+ b 2
Ha3bIBalOT MOaYJleM KOMTIJIeKCHOro

qMCJIa a + bi. MO.n;YJIb KOMTIJIeKCHOro qMCJIa z 0603HaqalOT Izl.
KOMIIJIeKCHOe qMCJIO bi, r.n;e b:l 0 - .n;eMcTBMTeJIbHOe qMCJIO, Ha3bIBa-

lOT M7-lUMbLM llUCJlOM.

KOMTIJIeKCHbIe qMCJIa a + bi M a
- bi (3.n;eCb a M b - .n;eMCTBMTeJIbHbIe

qMCJIa) Ha3bIBalOT conp.R:HCe.7-l7-lbLMU. "lIMCJIO, COnp.H)KeHHOe K KOMTIJIeKC-

HOMY qMCJIY z, 0603HaqalOT z.

ECJIM .n;MCKpMMMHaHT D == b
2

- 4ac KBa.n;paTHoro ypaBHeHM.H

ax
2

+ bx + C == 0

C .n;eMCTBMTeJIbHbIMM K03<P<PMIJ;MeHTaMM OTpMIJ;aTeJIeH, TO KOpIDIMM 3TO-

ro ypaBHeHM.H .HBJl.HIOTC.H COnp.H)KeHHbIe qMCJIa

-b+i/iDI
2a

M
-b-i/iDI

2a

3aAaqH AJllI CaMOCTOHTeJIhHOrO pemeHIDI

KOMWIeKCHhIe KOpHH KBaApaTHhIX ypaBHeHHH

17.1. YKa)KMTe KBa.n;paTHoe ypaBHeHMe C .n;eMcTBMTeJIbHbIMM K03<p-

<pMIJ;MeHTaMM, KOpIDIMM KOToporo .HBJI.HIOTC.H COnpH)KeHHbIe qMCJIa a + bi

M a
- bi.
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17.2. I lai1.n;HTe .n;Ba KOMTIJIeKCHbIX qMCJIa, KBa.n;paT KIDK.l];OrO M3 KOTO-

1"01\ P;IBl'III.

17.3. I [aH.n;HTe .n;Ba KOMTIJIeKCHbIX qMCJIa, KBa.n;paT KIDK.l];oro M3 KOTO-

I",IX paBeH 3 - 4i.

17.4. .l];oKa)KMTe, qTO npM a + bi � 0 KBa.n;paTHoe ypaBHeHMe Z2 ==

(I I hi HMeeT pOBHO .n;Ba peIIIeHM.H B KOMTIJIeKCHbIX qMCJIax.

17.5. YHCJIa a M b .n;eMcTBMTeJIbHbIe. .D;oKIDKMTe, qTO KBa.n;paTHbIe

1\ ( ) I) II H H3 KOMTIJIeKCHOro qMCJIa a + bi HaXOMTC.H cpe.n;M qMCeJI

( J J a
2

+b
2

+a
. J J a

2
+b

2
-a

):f:
2

:f:z
2

.

I(;II( H)0KHO BbI6paTb 3HaK nepe.n; BTOpbIM CJIaraeMbIM B cK06Kax, qT06bI

II OJI yqHTb .n;Ba H)l)KHbIX KOpIDI, a He COnp.H)KeHHbIe K HMM qMCJIa?

17.6. .D;oKIDKMTe, qTO KOpHM KBa.n;paTHoro ypaBHeHM.H

x
2

+ (a + bi)x + (c + di) == 0

(. KOMTIJIeKCHbIMM K03<P<PMIJ;MeHTaMM MO)KHO BbIpa3MTb qepe3 .n;eMcTBM-

'1'( 'JI hHbIe qMCJIa a, b, c M d

COnpH:>KeHHhIe QHCJIa

17.7. .D;oKIDKHTe, qTO ZZ == Iz1
2

.

17.8. .D;oKIDKMTe, qTO eCJIH Izi == 1, TO
.!

== Z.
z

1 z
17. 9. �oKmKHTe, 'ITO eCJIH Z # 0, TO

Z
=

Iz1
2

.

17.10. 1136aBbTecb OT KOMTIJIeKCHOro qMCJIa B 3HaMeHaTeJIe .n;P06M
1

Cl t- bi

17.11. .D;oKa)KMTe, qTO Z . W == zw .

17.12. .D;oKIDKMTe, qTO zn == zn.

17.13. .D;oKIDKMTe, qTO eCJIM KOMTIJIeKCHOe qMCJIO z .HBJl.HeTC.H KopHeM

MHOrOq]leHa f C .n;eMcTBMTeJIbHbIMM K03<P<PMIJ;MeHTaMM, TO M qMCJIO Z

H BlIHeTCH KopHeM 3Toro MHOrOq]leHa.

KOpHH H3 eAHHH�hI

KOpHM MHOrOq]leHa x
n

-

1, OTJIMqHbIe OT 1, Ha3bIBalOT KOpJiflMU

ll-U cmene7-lU U3 eaU7-lUl.{bL. KopeHb n-M CTeneHH M3 e.n;MHMIJ;bI .HBJl.HeTC.H

IwpHeM MHOrO'IJIeHa
x

n

-11 = x
n

- 1
+ x

n
- 2

+ ... + x
2

+ x + 1. B 'IaCTHO-
x-

("'I'M:, Ky6ulleCKUU KOpe7-lb U3 eaU7-lUl.{bL - 3TO O.n;MH M3 KopHeM ypaBHeHIDI

\"L +x+ 1 ==0.
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17.14. .D;oKa)KMTe, qTO Ky6 KIDK.l];OrO M3 KopHeM ypaBHeHM.H

X2 + x + 1 == 0

paBeH 1.

17.15. .D;oKa)KMTe, qTO KIDK.l];bIM M3 KopHeM ypaBHeHM.H

X2 + x + 1 == 0

RBJIReTCR KBa,n;paToM ,n;pyroro KOpHR.

17.16. .D;oKIDKMTe, qTO Ky6 KIDK.l];OrO M3 KopHeM ypaBHeHM.H

X2 -

x + 1 == 0

paBeH -1.

17.17. Pa3JI0)KJ1Te MHOrOq]leH a
3

+ b
3

+ e
3

- 3abe Ha TpM MHO)KJ1TeJI.H.

17.18. BbIqMCJIMTe npoM3Be,n;eHMe (a + wb + w
2

e) (a + w
2

b + we),

r,n;e w - Ky6MqeCKMM KopeHb M3 e,n;MHMQbI.

17.19. .D;oKIDKMTe, qTO ypaBHeHMe X3 -

a
3

- b
3

- 3abx == 0 MMeeT

KOpHM Xl
== a + b, X

2
== wa + w

2
b M x

3
== w

2
a + wb, r,n;e w - Ky6MqeCKI1M

KopeHb M3 e,n;MHMQbI.

17.20. .D;oKa)KMTe, qTO KopeHb s-M CTeneHM M3 e,n;MHMQbI RBJIReTCR

KopHeM ypaBHeHMR X2 -

ax + 1 == 0, r,n;e a -

O,n;MH M3 KopHeM ypaBHeHM.H

y2 + Y
- 1 == o.

17.21. HaM,n;MTe BeIIJ;eCTBeHHbIe M KOMTIJIeKCHbIe peIIIeHM.H CMCTeMbI

ypaBHeHMM

{
X3 - y3 == 26,

x2y - xy2 == 6.
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napa60JIa If rlfnep60JIa

OCHOBHbIe <l>aKTbI H nOIDITIDI

!{BaopamUll7-lWl ifJY7-lKl.{l15l - 3TO BbIpa)KeHHe BH.n;a y
== ax

2
+ bx + C,

I'/�(\ Cl � o.

/lapa6oJla - 3TO rpa<pHK KBa.n;paTHqHOM <PYHKQHH.
OCb napa60JlbL - 3TO OCb CHMMeTpHH napa60JIbI. Y napa60JIbI eCTb

'I ())I hKO o.n;Ha OCb cHMMeTpHH (3a.n;aqa 18.10).

HepUlU7-la napa60JlbL - 3TO Tot.IKa nepeCeqeHHH napa60JIbI H ee OCH.

v ax + b
/(p067-lo-JlU7-leU7-lWl ifJY7-lKl.{U.R

- 3TO <PYHKQHH f (x) ==

ex + d
' r.n;e ad -

he � 0 (<pYHKQM.H He nOCTOHHHa5I) H C � 0 (<pYHKQHH He JIMHeMHa.H).

I
'

� 6
v v

�
ax + b

6
LI

pa't'HK .n;po HO-JIHHeI1HOI1 �YHKQHH y
==

ex + d
Ha3bIBalOT 2unep OJlOU.

/ ( 6
ax + b ..

e7-lmp rHnep OJIbI y
==

+ d
- 3TO ee QeHTp CHMMeTpHH.

ex
ax + b

!\CUMnmoma rHnep60JIbI y
==

ex + d
- 3TO npHMa.H, napaJIJIeJIbHa.H

II/I,IIOH H3 oceM Koop.n;MHaT Ii npoxo.n;HI1J;aH qepe3 QeHTp rHnep60JIbI.

npHMepbI pemeHHH 3aAaq

npHMep 1. DOcTpoMTe rpa<pHK <PYHKQI1H y
== Ix

2
-

X
- 21.

PerneHHe. Dpe)K.ZJ;e Bcero pa31I0)I{I1M KBa.n;paTHbIM TpeXq]leH Ha MHO-

,1\ IITClIH: x
2

-

x
- 2 == (x + 1) (x - 2). napa60JIa y

== x
2

-

X
- 2 nepece-

-I,
,

,

\

\

\

(0; -2)
,....-

( !.-2! )2' 4

PIiC. 1
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KaeT OCb a6CIJ;MCC B TOqKaX (-1; 0) M (2; 0). BepIIIMHa 3TOM napa60JIbI

HaXO,lJ;IfTCH B TO'IKe (�;
- 2 � ). Ha pIfC. 1 If306pmKeH rpa<l>IfK rrapa60JIbI

y
== x

2
-

X
-

2, npMqeM Ta qaCTb napa60JIbI, .n;JIR KOTOpOM Y < 0, M306pa-
)KeHa nyHKTMpoM. ECJIM nyHKTMpHYJO qaCTb napa60JIbI oTpa3MTb CMM-

MeTpMqHO OTHOCMTeJIbHO OCM a6CIJ;MCC, TO nOJIyqMM MCKOMbIM rpa<pMK.

npHMep 2. HaM:.n;MTe Bce a M b, .n;JIR KOTOpbIX npRMa.H ax + by == 1 He

1
MMeeT 06IIJ;MX TOqeK C rpa<pMKoM <pyHKIJ;MM Y

== -.

x

PemeHHe. llpRMbIe ax == 1 M by == 1 nepeceKalOT )'Ka3aHHbIM rpa-

<pMK. ECJIM )Ke ab � 0, TO npRMa.H ax + by == 1 He MMeeT 06IIJ;MX TO-

qeK C )'Ka3aHHbIM rpa<pMKOM Tor.n;a M TOJIbKO Tor.n;a, Kor.n;a ypaBHeHMe

ax +
b

- 1 == 0 He MMeeT peIIIeHMM. 3TO ypaBHeHMe MO)KHO 3anMcaTb KaK
x

KBa.n;paTHoe ypaBHeHMe ax
2

-

x + b == O. .D;MCKpMMMHaHT 3Toro ypaBHe-

HIDI paBeH 1 - 4ab. OH .n;OJI)KeH 6bITb OTpMIJ;aTeJIbHbIM.

OmBem. 4ab > 1 MJIM pOBHO O.n;HO M3 qMCeJI a M b paBHo HYJIIO.

3a�aqH �JIH caMOCTOHTeJIbHOrO pemeHIfiI

fpa4>HK KBaApaTHqHOH 4>YHK�HH

18.1. HaM:.n;MTe ypaBHeHMe OCM napa60JIbI y
== ax

2
+ bx + c.

18.2. HaM.n;MTe Koop.n;MHaTbI BepIIIMHbI napa60JIbI

y
== ax

2
+ bx + c.

18.3. Onpe.n;eJIMTe 3HaKM qMCeJI a, b M C no rpa<pMKY <pyHKIJ;MM

y
== ax

2
+ bx + c,

M306pa)KeHHoMY Ha pMC. 2.

y

x

Plic.2
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IH.'1. /�OKa)KMTe, qTO npM M3MeHeHMM qMCJIa a BepIIIMHa napa60JIbI

2(a + l)x + a
2

,n;BM)KeTCR no npRMOM.
IH.�. ,JJ;OKa)KMTe, qTO npM M3MeHeHMM qMCJIa a BepIIIMHa napa60JIbI

I

2ax + a ,n;BM)KeTCR no napa60JIe.
IH.6. HaM:.n;MTe ypaBHeHMe napa60JIbI y

== ax
2

+ bx + e, npOXO.n;.HIIJ;eM

'j('IH':t 'I'OQKM (1; 5), (-1; -1) M (0; 0).

I H. 7. flpRMa.H Y
== 2x + a nepeceKaeT napa60JIY Y

== x
2

B O,n;HOM TOq-

h (
.

II; I �i,/J.I1Te Koop,n;MHaTbI 3TOM TOqKM.

IH.8. flpRMa.H Y
== ax

- 4 nepeceKaeT napa60JIY Y
== x

2
B O,n;HOM TOq-

Id.. IlaH,n;I1Te Koop,n;MHaTbI 3TOM TOqKM.

IH.9. ,.[\oKIDKMTe, qTO ,n;JIR 3a,n;aHHoro k cepe,n;MHbI oTpe3KoB, BbIce-

1\.1('MhIX rrapa60JIOM Y
== ax

2
+ bx + e Ha npRMoM Y

== kx + I, JIe)KaT Ha

II pi! MOH, rrapaJIJIeJIbHOM: OCM op,n;MHaT.

I H.IO. ,.[\OKIDKJ1Te, qTO y napa60JIbI eCTb TOJIbKO o,n;Ha OCb CMMMeTpMM.

IH.ll. HaM:.n;MTe Bce a M b, ,n;JI.H KOTOpbIX rpa<pMKM <PYHKQMM

f(x) == x
2

+2bx+1 11 g(x) == 2a(x+b)

11(' lit 'peceKaIOTCR.

IH.12. Ha pMC. 3 M306pa)KeHbI rpa<pMKM Tpex KBa,n;paTHbIx TpeXq]le-
III II I. MO)KHO JIM no,n;06paTb qMCJIa a, b M e TaK, qT06bI 3TO 6bUlM rpa<pMKM

11'( 'X'l.IleHOB ax
2

+ bx + e, bx
2

+ ex + a 11 ex
2

+ ax + b?

x

Plic.3

18.13. Ha rpa<pMKe KBa,n;paTHoro TpeXq]leHa f(x) == Ix
2

+ mx + n

I 11,( '.II bIMM K03<P<PMQMeHTaMM OTMeqeHbI ,n;Be TOqKM C QeJIbIMM KOOp,n;M-

11.1'1';IMI1. ,.[\OKIDKMTe, qTO eCJIM paCCTORHMe Me)K.ZJ;Y HMMM -

QeJIoe qMCJIO,

I I I ('( )C,n;MH.HIOIIJ;MM MX OTpe30K napaJIJIeJIeH OCM a6CQMCC.
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fpa<p HK <PYHK�HH y
=

!
x

18.14. flpHMa.H nepeceKaeT O,n;HY M TY)Ke BeTBb rMnep60JIbI B ,n;BYX

TOqKax. .l];oKa)KMTe, qTO oTpe3KM 3TOM npHMoM, 3aKJIIOqeHHbIe Me)K.ZJ;Y

OCRMM Koop.n;MHaT M rMnep60JIOM, paBHbI.

18.15. flpHMa.H npoxo,n;MT qepe3 TOqKY (xo; Yo), JIe)KaIIJ;YID Ha rMnep-

60JIe Y
== 1., He MMeeT C rMnep60JIOM ,n;pyrMX 06IIJ;MX TOqeK M He napaJI-

x

JIeJIbHa OCHM Koop,n;MHaT. Ha:H.n;MTe ypaBHeHMe 3TOM npRMoM.
18.16. .l];oKa)KMTe, qTO OCM Koop,n;MHaT BbIceKalOT Ha npHMOM M3 3a-

,n;aqM 18.15 oTpe30K, cepe,n;MHoM KOToporo HBJIHeTCH TOqKa (xo; Yo).

�p06HO-JlHHeHHaH <PYHK�HH

18.17. .l];oKa)KMTe, qTO KpMBa.H, 3a,n;aHHa.H ypaBHeHMeM

(x -

xo)(Y
-

Yo) ==
e,

r,n;e e � 0, HBJIHeTCH rMnep60JIOM, M Ha:H.n;MTe ee u;eHTp.

v ax + b
18.18. HaM,ll;MTe u;eHTp rMnep60JIbI y

==

ex + d
.

v ax + b
18.19. HaM,ll;MTe aCMMnTOTbI rMnep60JIbI y

==

ex + d
.

v ax + b
18.20. flpe,n;cTaBbTe ,n;P06HO-JIMHeI1HYJO <PYHKIJ;MIO f (x) ==

+ d
B BM-

B
ex

,n;e f (x) == A +
x + C

' r,n;e A, B M C -

HeKoTopbIe qMCJIa. YKa)KMTe 3TM

qMCJIa.

ax+b
18.21. flYCTb f (x) ==

ex + d
. .l];oKIDKMTe, qTO ,n;JI.H JII06bIX nonapHo

pa3JIMqHbIX qMCeJI Xl, X2, x
3

M x4 BbInOJIH.HeTCH paBeHCTBO

Xl
-

x2
.

x4
-

x2 f(X1)
-

f(X2)
.

f(x4)
-

f(X2)

xl
-

x3
.

x4
-

x3

-

f(X1)
-

f(X3)
.

f(x4)
-

f(X3)
.
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KBaApaTHbIe HepaBeHcTBa

OCHOBHbIe <l>aKTbI II IIOIUITIDI

[{Baapam7-loe 7-lepaBe7-lCmBO
- 3TO HepaBeHCTBO, B JIeBOM qaCTM KO-

J'( )poro CTOMT KBa.n;paTHbIM TpeXq]leH, a B npaBoM -

HYJIb. KBa.n;paTHoe
I H' paBeHCTBO qaCTO Ha3bIBalOT TaK)Ke 7-lepaBe7-lCmBOM BmOpOu. cmene7-lu.

B 3TOM rJIaBe no.n; KOpHRMM KBa.n;paTHoro TpeXq]leHa no.n;pa3YMeBa-

It )'I'C5I TOJIbKO BeIIJ;eCTBeHHbIe KOpHI1.

npM 3anMCM peIIIeHMM HepaBeHCTB qaCTO MCnOJIb3yroTCR CJIe.n;yroIIJ;Me

Q(>03HaqeHMR: (a; b) -

U7-lmepBaJl, [a; b] -

ompe30K, U - o6'beau7-le7-lue

III J'l'epBaJIOB MJIM OTpe3KOB. I1HTepBaJI (a, b) COCTOMT MX qMCeJI x, y.n;o-

11 1 1(\TBOpRIOIIJ;MX HepaBeHCTBaM a < x < b, I1HTepBaJI (-00; b) COCTOMT

II. � \fl1ceJI x, y.n;OBJIeTBopRIOIIJ;MX HepaBeHCTBY x < b, MHTepBaJI (a; 00)

( ()('TOMT M3 qMCeJI x, y.n;OBJIeTBOpRIOIIJ;MX HepaBeHCTBY x > a. OTpe30K

I ( I � h] COCTOMT MX qMCeJI x, y.n;OBJIeTBOpRIOIIJ;MX HepaBeHCTBaM a � x � b.

IloMMMO OTpe3KOB M MHTepBaJIOB eCTb M nOJlYU7-lmepBaJlbL (a; b] M

I (I � h). KpyrJIbIe cK06KM cooTBeTcTByroT cTporMM HepaBeHcTBaM, a KBa.n;-

I); I'l'l IbIe -

HecTporMM.

3aAaqll AJIH caMOCTOHTeJIbHOrO pemeHIDI

PemeHHe HepaBeHcTB

19.1. PeIIIMTe HepaBeHcTBo Ix
2

-

4xl + 3 � x
2

+ Ix
-

51.

19.2. PeIIIMTe HepaBeHcTBo Ix
2

- 2x -

31 < 3x - 3.

19.3. �JI.H Bcex a peIIIMTe HepaBeHcTBo x
2

+ ax + 1 > O.

19.4. ,.[\JI.H Ka)K.ZJ;OrO a > 0 peIIIMTe HepaBeHcTBo

4a
3

x
4

+4a
2

x
2

+32x+a+8 � O.

PacnOJlOmeHHe KopHeii KBaApaTHoro TpeX1.JJleHa

19.5. flYCTb f (x) == ax
2

+ bx + c, r.n;e a � O. ,.[\oKa)KMTe, qTO eCJIM

f(a)f({3) < 0,

I () Me)K.ZJ;y a M {3 JIe)KMT no KpaMHeM Mepe O.n;I1H KopeHb KBa.n;paTHoro

II )(�X�lJIeHa ax
2

+ bx + c.
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19.6. llYCTb f (x) == x
2

+ px + q, f (a) < 0 M f (b) < o. �oKIDKMTe, qTO

eCJIM a � x � b, TO f(x) < o.

19.7. llYCTb f(x) == -x
2

+ px+q, f(a) <0 M f(b) <0. 06.H3aTeJIbHO

JIM f(x) < 0 ,n;JI.H Bcex x, 3aKJIIOqeHHbIX Me)K.ZJ;Y a M b7

19.8. �JI.H KaKMX a HepaBeHcTBo x
2

- (a + 2)x + a � 0 BbInOJIIDIeTC.H

,n;JIR Bcex x, 3aKJIIOqeHHbIX Me)K.ZJ;Y 1 M 27

19.9. �JI.H KaKMX a HepaBeHcTBo 2x
2

+ ax
- 5 � 0 BbInOJIIDIeTC.H ,n;JI.H

HeKoToporo x, MO,n;YJIb KOToporo He npeBocxo,n;MT 1 7

19.10. �JIR KaKMX a HepaBeHcTBo x
2

-

ax + 2a � 0 BbInOJIIDIeTC.H ,n;JI.H

HeKoToporo x � 1 7

19.11. llYCTb a -

KopeHb ypaBHeHM.H x
2

+ ax + b == 0, {3 -

KopeHb

ypaBHeHIDI x
2

-

ax
- b == o. �oKIDKMTe, qTO Me)K.ZJ;Y qMCJIaMM a M (3 eCTb

KopeHb ypaBHeHIDI x
2

- 2ax - 2b == o.

19.12. KBa,n;paTHbIM TpeXq]leH f(x) MMeeT ,n;Ba KOpIDI, pa3HOCTb KO-

TOpbIX He MeHbIIIe HaTypaJIbHOrO qMCJIa n � 2. �oKIDKMTe, qTO KBa,n;paT-

HbIM TpeXq]leH f (x) + f (x + 1) + ... + f (x + n) MMeeT ,n;Ba KOpIDI.

19.13. �aHbI ypaBHeHMR ax
2

+ bx + c == 0 M -ax
2

+ bx + c == o. �o-

Ka)KMTe, qTO eCJIM Xl
-

KopeHb rrepBoro ypaBHeHM.H, a X2
-

BToporo, TO

HaM:.n;eTCR KopeHb ypaBHeHM.H � x
2

+ bx + c == 0, 3aKJIIOqeHHbIM Me)K.ZJ;Y Xl

M X2.

19.14. �oKIDKMTe, qTO Ha oTpe3Ke [-1; 1] KBa,n;paTHbIM TpeXq]leH

f(x) == 2x
2

+ax+b

npMHMMaeT 3HaqeHMe, MO,n;YJIb KOToporo He MeHbIIIe 1.

19.15. �oKIDKMTe, qTO eCJIM qMCJIa PI' P2, q1, q2 y.n;OBJIeTBOp.HIOT

HepaBeHCTBY (q2
- q1)2 + (PI

-

P2) (PI q2
-

q1P2) < 0, TO KBa,n;paTHbIe

TpeXq]leHbI x
2

+ PI x + q1 M x
2

+ P2 X + q2 MMelOT KOpHM M Me)K.ZJ;Y KOp-

IDIMM Ka)K.ZJ;OrO M3 HMX JIe)KMT KopeHb ,n;pyroro.

Pa3HhIe 3�aqH

19.16. llYCTb

f(x) == ax
2

+bx+c.

HaM:.n;MTe 3HaK qMCJIa a, eCJIM f ( -3) < 3, f ( -1) > 2 M f (1) < o.

19.17. �oKIDKMTe, qTO eCJIM lax
2

- bx + cl < 1 npM Ixl � 1, TO

l(a+b)x
2

+cl < 1

npM Tex )Ke x.
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KOM611HaTopliKa II BepORTHOCTh

OCHOBHbIe <l>aKTbI II IIOHHTIDI

ITpaBUJlO npou3BeaeHWl: eCJIH nepBbIM: 3JIeMeHT napbI MO)KHO BbI-

I )paTb m cnoc06aMH H .n;JI.H KIDK.l];orO TaKoro BbI60pa BTOpOM: 3JIeMeHT

MO)f(HO BbI6paTb n cnoc06aMH, TO Bcero cyrn;ecTByeT mn pa3JIHqHbIX

II;IP C BbI6paHHbIMH nepBbIM H BTOpbIM 3JIeMeHTaMH. llpaBMJIO npOH3-

1\('/�eHM.H MO)KHO, B qaCTHOCTM, npHMeHMTb B TOM CJIyqae, Kor.n;a BbI60p

III )0I13BO.n;HTC.H H3 n 3JIeMeHTOB C B03MO)KHbIM nOBTopeHHeM, T. e. BTO.-

I)()H 3JIeMeHT MO)KeT 6bITb TaKHM )Ke, KaK nepBbIM:, HanpHMep, Kor.n;a

I );I<."CMaTpHBaIOTC.H CJIOBa H3 .n;BYX 6YKB HeKOToporo aJI<paBHTa, npHqeM
( !lOBO MO)KeT COCTO.HTb M M3 .n;BYX o.n;I1HaKOBbIX 6)'KB.

npaBMJIO npOH3Be.n;eHHH OTHOCHTC.H K ynop.H.n;OqeHHbIM napaM: HaC

III J'l'epecyeT He TOJIbKO TO, KaKHe 3JIeMeHTbI B HTore BbI6paHbI, HO H B Ka-

I\()M IlOp.H.n;Ke OHH BbI6paHbI, T. e. KaKOM: 3JIeMeHT BbI6paH nepBbIM, a Ka-

1\( )ii BTOpbIM. llpaBMJIO npOH3Be.n;eHM.H MO)KHO npMMeHMTb M K BbI60py
11(' /�BYX, a HeCKOJIbKl1X 3JIeMeHTOB. B qaCTHOCTH, KOJIHqeCTBO CJIOB H3 k

t 'VI(B aJI<paBHTa, COCTO.HIIJ;erO 113 n 6yKB, paBHO n
k

.

Pa3Me�eHue H3 n 3JIeMeHTOB no k - 3TO ynop.H.n;OqeHHbIM: Ha60p H3 k

1,.I:lllHqHbIX 3JIeMeHTOB HeKOToporo n-3JIeMeHTHOrO MHO)KeCTBa. Ynop.H.n;o-
'l('IIIIOCTb Ha60pa 03HaqaeT, �O BIDKHbI He TOJIbKO caMH BbI6paHHbIe 3JIe-

I\1H '11'I'bI, TO H TO, B KaKOM nOp.H.n;Ke HX BbI6HpaIOT: KaKOM: 3JIeMeHT nepBbIM:,
1\ .11(( >H BTOpOM H T..n;. KOJIJ1qecrno pa3MeIIJ;eHHM: H3 n 3JIeMeHTOB no k paBHO

n!
n en - 1) .

...

. en - k + 1) ==

(n _ k)!
.

II (' I )('cmaHOBKa n 3JIeMeHTOB - 3TO ynop.H.n;OqeHHbIM Ha60p 3THX 3JIeMeH-

rOIL nepeCTaHOBKa n 3JIeMeHTOB - 3TO TO )Ke CaMOe, qTO pa3MeIIJ;eHHe

II.� II :)lIeMeHTOB no n. KOJIHqeCTBO nepeCTaHOBOK n 3JIeMeHTOB paBHO n!.

Pa]MeIIJ;eHH.H H npaBMJIO npOH3Be.n;eHH.H OTHOC.HTC.H K ynop.H.n;OqeH-

111.1 M IIa60paM. llpH BbI60pe k 3JIeMeHTOB H3 n C B03MO)KHbIM nOBTope-

IIIH'M 31IeMeHTOB KOJIHqeCTBO pa3JIHqHbIX BapHaHTOB BbIqHCJI.HeTCH no

III'; II \l1lIY npOH3Be.n;eHM.H, a npH BbI60pe 6e3 nOBTOpeHMM: KOJIHqeCTBO Ba-

IIII.IIITOB paBHO KOJIHqeCTBY pa3MeIIJ;eHHM:.
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C01.LemaHUe 113 n 3JIeMeHTOB no k - 3TO Heynop.H.n;OqeHHbIM Ha60p
k 3JIeMeHTOB, BbI6paHHbIX 113 .n;aHHbIX n 3JIeMeHTOB. HeynopR,ZJ;OqeHHOCTb

Ha60pa 03HaqaeT, qTO BIDKHbI TOJIbKO CaMI1 BbI6paHHbIe 3JIeMeHTbI. Ha-

60pbI, OTJIl1qalOrn;l1ec.H TOJIbKO nOpR,ZJ;KOM BbI60pa 3JIeMeHTOB, CqI1TaIOTC.H

O;J;I1HaKOBbIMI1. 3TI1M COqeTaHI1.H OTJIl1qaIOTC.H OT pa3MeIIJ;eHI1M. KOJII1-

qeCTBO COQeTaHI1M: 113 n 3JIeMeHTOB no k B k! pa3 MeHbIIIe KOJIl1qeCTBa

pa3Mern;eHI1M: 113 n no k, T. e. OHO paBHO

n!

k!(n - k)!.

3TO ql1CJIO QaCTO 0603HaqalOT C�.
llpe.n;nOJIO)KI1M, qTO CJIyqaM:HbIM: 3KCnepl1MeHT MO)KeT 3aBepIIII1TbC.H

O.n;HI1M 113 n paBHOBepO.HTHbIX I1CXO.n;OB, npl1qeM m 113 3TI1X I1CXO.n;OB npl1-

BO.n;.HT K HaCTYTIJIeHl110 HeKOToporo C06bITI1.H. Tor.n;a BepOflmHocmb 3TO-

m

ro C06bITI1.H paBHa -. Hanpl1Mep, paBHOBepO.HTHbIMM I1cxo.n;aMI1 Moryr
n

6bITb BbIna.n;eHI1.H I1rpaJIbHOM: KOCTI1 ql1CJIaMI1 1, 2, 3, 4, 5 MJIM 6 BBepx.

A C06bITI1eM MO)KeT 6bITb BbIna.n;eHl1e qeTHOrO qI1CJIO. BepO.HTHOCTb Ta-

3
Koro C06bITI1.H paBHa (;

== 0,5. A BepO.HTHOCTb Toro, qTO BbIna.n;eT qI1CJIO,

2 1

KOTopoe 60JIbIIIe 4, paBHa (;
==

3"
.

llpHMephI perneHHB 3a�aq

llpHMep 1. MOHeTY 6pocalOT Tpl1)KtJ;bI. CKOJIbKO pa3HbIx nOCJIe.n;OBa-

TeJIbHOCTeM: OpJIOB 11 pellieK MO)KHO npl1 3TOM nOJIyql1Tb?
PerneHHe. Ha Ka)KtJ;OM 113 Tpex MeCT MO)KeT 6bITb JII160 opeJI, JII160

pelliKa. PaCCMaTpl1BaeMbIe nOCJIe.n;OBaTeJIbHOCTI1 ynop.H.n;OqeHHbIe. I1x

KOJIl1qeCTBO paBHO KOJIl1qeCTBY CJIOB 113 Tpex 6YKB aJI<paBI1Ta, COCTO.HIIJ;e-

ro 113 .n;BYX 6YKB, n03TOMY OHO paBHo 2
3

.

OmBem. 8.

llpHMep 2. CKOJIbKO cym;ecTByeT TpeX3HaqHbIX ql1ceJI, B 3anl1CI1 KO-

TOpbIX IJ;11<PPbI 1, 2 11 3 BCTpeqaIOTC.H pOBHO no O.n;HOMY pa3Y?
PerneHHe. I1cKoMoe ql1CJIO paBHO KOJIMqeCTBY nepecTaHoBoK Tpex

npe.n;MeTOB, T. e. OHO paBHo 3! == 6.

OmBem. 6.

llpHMep 3. Ha nOJIKe CTO.HT lliITb KHl1r. CKOJIbKMMI1 cnoc06aMI1 MO)K-

HO BbillO)KI1Tb B cTonKY HeCKOJIbKO 113 HI1X (CTonKa MO)KeT COCTO.HTb 11 M3

O;J;HOM: KHl1rl1)?
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PC'IIU'IIUC. ECTb 5 cnoc060B nOJIO)KI1Tb O.n;HY KHl1ry, 5 .4 cnoc060B

III 1'1.1 I II II, /�Be KHl1rl1, 5 . 4 . 3 cnoc060B nOJIO)KI1Tb Tpl1 KHl1rl1 11 no S!

· III I( ,,(11)1\ I I OJ I O)KI1Tb 4115 KHl1r. ll03TOMY KOJIl1qeCTBO cnoc060B paBHo

�) +s.4+s.4.3+2.s! == 5+20+60+240 == 325.

(Jll/ti('l1l. 325 cnoc06aMI1.

111)IIMep 4. lloBepxHocTb Ky6a C pe6poM n oKpallieHa KpacHbIM IJ;Be-

I ( ) 1\11, .1 :�; ITeM Ky6 pa3pe3aH Ha n
3

Ky611KOB C pe6poM 1. O.n;I1H 113 3TI1X

h\,I )111\()1\ ClIynIaM:HbIM 06pa30M BbI611palOT 11 6pocalOT Ha CTOJI. KaKOBa

lie '\)( HI'J'IIOCTb Toro, qTO ero BepXH.H.H rpaHb OKpallieHa?
PClueHHe. BepXHeM: rpaHblO MO)KeT OKa3aTbC.H JI106a.H 113 rpaHeM: KY-

1)11 I\on c pe6poM 1, npl1qeM .n;JI.H Bcex rpaHeM: BepO.HTHOCTb o.n;Ha 11 Ta )Ke.

II(). ),J'OMY I1CKOMa.H BepO.HTHOCTb paBHa OTHOIIIeHl11O KOJIl1qeCTBa Kpac-

11111 x I'paHeM: K KOJIl1qeCTBY Bcex rpaHeM:, T. e. paBHa

6n
2

1

6n
3 n

1
()111Bem. -.

n

3a�aqH �JIB CaMOCTOBTeJIhHOrO perneHHB

npaBHJIO npoH3BeAeHH.H

20.1. CKOJIbKI1MI1 cnoc06aMI1 MO)KHO BbI6paTb HeCKOJIbKO (B TOM

1IIICJle O.n;I1H MJII1 HI1 o.n;Horo) npe.n;MeTOB 113 n pa3JII1qHbIX npe.n;MeToB?
20.2. CKOJIbKI1MI1 cnoc06aMI1 MO)KHO pa3JIO)KI1Tb ceMb MOHeT pa3-

1111'llloro .n;OCTOI1HCTBa no TpeM KapMaHaM?
20.3. HaM:.n;I1Te KOJIl1qeCTBO Bcex n.HTI13HaqHbIX ql1ceJI.

20.4. CKOJIbKO cym;ecTByeT pa3JII1qHbIX ceMI13HaqHbIX TeJIe<p0HHbIX

II()MepOB, He HaqI1HalOIIJ;I1XC.H C HYJI.H?
20.5. HaM:.n;I1Te KOJIl1qeCTBO Bcex IIIeCTI13HaqHbIX ql1ceJI, .n;eJUlIIJ;I1XC.H

II; I s.

20.6. CKOJIbKO cym;ecTByeT IIIeCTI13HaqHbIX ql1ceJI, Bce IJ;11<PPbI KOTO-

\) hlX I1MelOT o.n;I1HaKoByIO qeTHocTb?

20.7. HaM.n;I1Te KOJIl1qeCTBO n.HTI13HaqHbIX ql1ceJI, KOTopbIe o.n;I1HaKO-

BO QI1TaIOTC.H CJIeBa HanpaBo 11 cnpaBa HaJIeBO (HanpI1Mep, KaK 54345

1117071).

20.8. Ky611K 6pocalOT Tpl1)KtJ;bI. Cpe.n;11 Bcex B03MO)KHbIX nOCJIe.n;o-

n;rreJlbHOCTeM: pe3YJIbTaTOB eCTb TaKl1e, B KOTOpbIX XOT.H 6bI O.n;I1H pa3

I \CTpeqaeTC.H IIIecTepKa. CKOJIbKO I1X?
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20.9. llYCTb P 11 q
-

pa3JII1qHbIe npocTbIe ql1CJIa. CKOJIbKO .n;eJII1Te-

JIeM: Y ql1CJIa pmqn?
20.10. HaM:.n;I1Te KOJIl1qeCTBO TI.HTI13HaqHbIX ql1ceJI, B .n;eC.HTl1qHOM: 3a-

nl1cl1 KOTOpbIX co.n;ep)KI1TC.H XOT.H 6bI o.n;Ha IJ;11<ppa 8.

nepeCTaHOBKH

20.11. Ha TaHIJ;TIJIOIIJ;a.n;Ke C06paJII1Cb n IOHOIIIeM: 11 n .n;eBYIIIeK. CKOJIb-

KMMI1 cnoc06aMI1 OHI1 Moryr pa36l1TbC.H Ha napbI .n;JI.H yqacTI1.H B oqepe.n;-

HOM TaHIJ;e?

20.12. CKOJIbKO cyrn;ecTByeT pa3JII1qHbIX B03MO)KHOCTeM: pacca.n;I1Tb

5 IOHOIIIeM: 11 5 .n;eBYIIIeK 3a KpyrJIbIM: CTOJI C 10 npoH)'MepoBaHHbIMI1

KpeCJIaMI1 TaK, qT06bI IOHOIIII1 11 .n;eBYIIIKI1 qepe.n;oBaJIl1cb?
20.13. B 3aJIe CTO.HT IIIeCTb cTYJIbeB B .n;Ba p.H.n;a

- no Tpl1 cTYJIa B KIDK-

.n;OM, BTOpOM: PM pOBHO 3a nepBbIM. B 3aJI npl1IIDII1 IIIeCTb qeJIOBeK pa3-

Horo pOCTa. CKOJIbKI1MI1 cnoc06aMI1 MO)KHO pacca.n;I1Tb I1X TaK, qT06bI

KIDK.ZJ;bIM: qeJIOBeK, CM.n;.HIIJ;I1M: B nepBoM p.H.n;y, 6bIJI HI1)Ke qeJIOBeKa, CM.n;.H-

IIJ;ero 3a HI1M?

20.14. CKOJIbKI1MI1 cnoc06aMI1 MO)KHO nOCTaBI1Tb 8 JIa.n;eM: Ha III ax -

MaTHyIO .n;OCKY TaK, qT06bI OHI1 He 6MJII1 .n;pyr .n;pyra?

Pa3Me�eHIDI

20.15. B <pyr60JIbHOM: KOMaH.n;e (11 qeJIOBeK) H)')KHO BbI6paTb Kanl1-

TaHa 11 ero 3aMeCTI1TeJI.H. CKOJIbKI1MI1 cnoc06aMI1 3TO MO)KHO c.n;eJIaTb?

20.16. CKOJIbKI1MI1 cnoc06aMI1 MO)KHO 113rOTOBI1Tb TpexIJ;BeTHbIM:

<pJIar C rOpl130HTaJIbHbIMI1 nOJIOCaMI1 o.n;I1HaKOBOM: IIIl1pl1HbI, eCJII1 I1Me-

eTC.H MaTepM.H IIIeCTI1 pa3JII1qHbIX IJ;BeToB?

20.17. HaM:.n;I1Te KOJIl1qeCTBO .n;eC.HTI13HaqHbIX ql1ceJI, B 3anl1CI1 KOTO-

pbIX I1MeeTC.H XOT.H 6bI .n;Be o.n;I1HaKOBbIe IJ;11<PPbI.

COqeTaHIDI

20.18. a) CKOJIbKI1MI1 cnoc06aMI1 MO)KHO BbI6paTb 113 15 qeJIOBeK

KOMaH.n;Y B TI.HTb qeJIOBeK?

6) CKOJIbKI1MI1 cnoc06aMI1 MO)KHO BbI6paTb 113 15 qeJIOBeK .n;Be KO-

MaH.n;bI no n.HTb qeJIOBeK B Ka)KtJ;OM:?

B) CKOJIbKI1MI1 cnoc06aMI1 MO)KHO pa3611Tb 15 qeJIOBeK Ha Tpl1 KO-

MaH.n;bI no n.HTb qeJIOBeK B Ka)KtJ;OM:?

20.19. Y o.n;Horo IIIKOJIbHI1Ka eCTb 6 KHl1r, a y.n;pyroro 8. CKOJIbKI1-

MI1 cnoc06aMI1 OHI1 Moryr 06MeH.HTb Tpl1 KHl1rl1 o.n;Horo Ha Tpl1 KHl1rl1

.n;pyroro?
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!O },O. (:I\()II1,JU I M 11 clloc06aMI1 MO)KHO pa3611Tb 8 qeJIOBeK Ha napbI7

Pa3Hble BbI60pbI

..'0 :',1. 11:li'I/�II'I'e I{OlII1QeCTBO Bcex IIIeCTI13HaqHbIX ql1ceJI, B .n;eC.HTl1q-

III III 1.11111('11 HO'l'OpbIX HeT .n;BYX CTO.HIIJ;I1X p.H.n;OM o.n;I1HaKOBbIX IJ;11<PP.
}(�. :�:�- (:J{( ).11 hl(O o)l(epeJII1M: MO)KHO COCTaBI1Tb 113 n.HTI1 6eJIbIX 6ycl1-

""h II ",�IIY� '1(�PIIl)IX?
:',( �. :�: I. (:(' M I) /�eByrneK BOMT XOpOBO.n;. CKOJIbKMMI1 pa3JII1qHbIMI1 cno-

I .,( ',11\ 111 ()IIII MOl'yT BCTaTb B Kpyr7
:�( �. :l-1. (: 1« )JI bKO O)KepeJII1M: MO)KHO COCTaBI1Tb 113 CeMI1 pa3JII1qHbIX

( '\' ( 1111 !'

KOM6HHaTopHKa B apH<I>MeTHKe

:lO.2�. CKOJIbKO cyrn;ecTByeT qeTbIpeX3HaqHbIX HOMepOB (OT 0001

.'�() C)C)()(»), Y KOTOpbIX c)'MMa .n;BYX nepBbIx IJ;11<PP paBHa cYMMe .n;BYX

lie )(" II< '/�IIII X qH<pP 7

:�().26. CKOJIbKO cyrn;ecTByeT nap IJ;eJIbIX ql1ceJI (x, y), 3aKJIIOqeHHbIX

1\1(' JI\/� Y I H 1000, .n;JI.H KOTOpbIX x
2

+ y2 .n;eJII1TC.H Ha 77 llpl1 x f. y rrapbI

( ,
I \I) II (y, x) CqI1TaIOTC.H pa3JIl1qHbIMI1.

:lO.27. CKOJIbKO cyrn;ecTByeT HaTYPaJIbHbIX ql1ceJI x, MeHbIIII1X 10000,

.'� 11)1 I\O'l'OpbIX 2
x

-

x
2

.n;eJII1TC.H Ha 77

:lO.28. ,l];aHbI 6 IJ;11<PP: 0, 1, 2, 3, 4, s. HaM:.n;I1Te C)'MMY Bcex qeTbIpex-
\I 1.1'111 hi X QeTHbIX ql1ceJI, KOTopb,Ie MO)KHO 3anl1CaTb 3TI1MI1 IJ;11<ppaMI1

( ()/I,II;I �I Ta )Ke IJ;11<ppa B ql1CJIe MO)KeT nOBTOp.HTbC.H).

B3aHMHO 0AH03HaQHbIe COOTBeTCTBHH

'laCTO 6bIBaeT TaK, qTO KOJIl1qeCTBa 06'beKTOB, Onl1CaHHbIX pa3HbI-

1\111 ("II()c06aMI1, OKa3bIBaIOTC.H o.n;I1HaKOBbIMI1. I1Hor.n;a 3TO MO)KHO .n;OKa-

1.1'1'1, fic] Henocpe.n;CTBeHHoro BbIqI1CJIeHI1.H KOJIl1qeCTBa 06'beKTOB B TOM

II H /�PYI'OM CJIyqae, YCTaHOBI1B BMeCTO 3Toro 83aUMl-LO OOl-L031-Latt.1-L0e CO-

II1I1U('IJlClnBUe Me)KtJ;y .n;ByrM.H MHO)KeCTBaMI1, T. e. conOCTaBI1B KIDK.n;OMY

( ,t )'J ,(' I{TY 113 nepBoro MHO)KeCTBa 06'beKT 113 BToporo MHO)KeCTBa TaK,

'11'0(1)1 I<a)l(.n;bIM: 06'beKT 113 BToporo MHO)KeCTBa 6bIJI conOCTaBJIeH HeKO-

I'OpOMY 06'beKTY 113 nepBoro MHO)KeCTBa 11 pa3HbIM 06'beKTaM 113 rrepBO-

I'() M 110)KeCTBa 6bIJII1 conOCTaBJIeHbI pa3HbIe 06'beKTbI 113 BToporo MHO-

/1\ ( '("TB<1.

20.29. �OKa)KI1Te, qTO KOJIl1qeCTBO cnoc060B BbI6paTb qeTHOe ql1C-

lie) (B TOM ql1CJIe 11 0) npe.n;MeTOB 113 n + 1 pa3JII1qHbIX npe.n;MeToB paBHo
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KOJIl1qeCTBY cnOC060B BbI6paTb HeCKOJIbKO (B TOM ql1CJIe O.n;I1H MJII1 HI1

O.n;HOrO) npe.n;MeTOB 113 n pa3JII1qHbIX npe.n;MeToB.

20.30. �OKa)KI1Te, qTO KOJIl1qeCTBO TI.HTI13HaqHbIX ql1ceJI, He .n;eJI.H-

IIJ;I1XC.H Ha 5, paBHo KOJIl1qeCTBY TI.HTI13HaqHbIX ql1ceJI, y KOTOpbIX HI1 nep-

BaR, HI1 BTOpa.H QI1<ppa CJIeBa - He n.HTepKa.

BepO.HTHOCTb

20.31. MOHeTY 6pocalOT .n;Ba pa3a. KaKoBa BepO.HTHOCTb Toro, qTO

06a pa3a BbIna.n;eT opeJI?
3QMett.a7-lue. 3a.n;aqa 20.31 IIOJIyqMJIa Ha3BaHI1e 3aoatt.a ,l(QJlQM6epa.

TaKoe Ha3BaHI1e CB.H3aHO co 3HaMeHI1TOM: 01II116KOM: �aJIaM6epa B CTaTbe

«OpeJI 11 peIIIKa» B 4- M TOMe «3HQI1KJIOne.n;l1l1» (1754). llo ero MHeHI1IO,

BepO.HTHOCTb BbIna.n;eHI1.H opJIa .n;Ba pa3a no.n;p.H.n; npl1 .n;BYX 6pocKax MO-

l 1
HeTbI paBHa 3" (a He

4'
KaK Ha caMOM .n;eJIe). �aJIaM6ep CqI1TaJI, qTO eCJII1

npl1 nepBOM 6pocKe BbInaJIa peIIIKa, TO BTOpOM: 6pOCOK .n;eJIaTb He3aqeM.

A eIIJ;e B03MO)KHbI 6pOCKI1 opeJI -opeJI 11 opeJI -

peIIIKa, n03ToMY Bcex B03-

MO)KHbIX CJIyqaeB TPI1, a He qeTbIpe.

20.32. a) Ha IIaJIKe CJIyqaM:HbIM 06pa30M .n;eJIalOT .n;Be nOMeTKM M pa3-

JIaMbIBalOT ee Ha k paBHbIx qaCTeM:. KaKoBa BepO.HTHOCTb Toro, qTO 06e

IIOMeTKI1 OKa)KyrC.H Ha O.n;HOM: 11 TOM: )Ke qaCTI1 naJIKI1?

6) Ha IIaJIKe CJIyqaM:HbIM 06pa30M .n;eJIalOT .n;Be nOMeTKI1 11 pa3JIa-

MbIBalOT ee Ha k paBHbIX qaCTeM:. KaKOBa BepO.HTHOCTb Toro, qTO 06e

nOMeTKI1 OKIDKyrC.H Ha O.n;HOM: 11 TOM: )Ke qaCTM naJIKI1?

20.33. KaKaR c)'MMa BbInaBIIII1X ql1ceJI 60JIee BepO.HTHa IIpl1 6poca-
HI1I1 .n;BYX I1rpaJIbHbIX KOCTeM:: 9 MJII1 10?

20.34. B .HIIJ;I1Ke 10 6eJIbIX 11 15 qepHbIX IIIapOB. 113 .HIIJ;I1Ka BbIHI1Ma-

IOTC.H qeTbIpe IIIapa. KaKOBa BepO.HTHOCTb Toro, qTO Bce BbIHyrbIe IIIapbI

6y.n;yr 6eJIbIMI1?

20.35. MaJIbql1K .n;OJI)KeH cbIrpaTb B TeHHI1C Tpl1 MaTqa co CBOMMI1

po.n;I1TeJI.HMI1. OH 6y.n;eT CqI1TaTbC.H n06e.n;I1TeJIeM, eCJII1 BbIl1rpaeT no.n;p.H.n;

.n;Ba MaTqa. OTeQ I1rpaeT JIyq III e, qeM MaTb. KaKOM: nOp.H.n;oK MaTqeM:

npe.n;nOqTI1TeJIbHee .n;JI.H MaJIbql1Ka: «OTeQ-MaTb-OTeQ» MJII1 «MaTb-

OTeQ-MaTb» ?

20.36. CMJIbI .n;BYX MrpoKoB paBHbI, T. e. OHl1l1MelOT paBHbIe IIIaHCbI

Ha n06e.n;y B Ka)KtJ;OM: napTI1M. OHI1 .n;oroBOpMJII1Cb, qTO npl13 nOJIyql1T

TOT, KTO IIepBbIM BbIl1rpaeT 6 napTI1M:. 11M npl1IIDIOCb npepBaTb I1rpy no-

CJIe Toro, KaK nepBbIM: I1rpOK BbIl1rpaJI 5 napTI1M:, a BTOpOM: - 3. B KaKOM

OTHOIIIeHl111 cnpaBe.n;JIMBO pa3.n;eJII1Tb npl13?
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..�O.:�7. B .HIIJ;I1Ke JIe)KaT KpaCHbIe 11 qepHbIe HOCKI1. ECJII1 113 .HIIJ;I1Ka

11.1 \' I ',1/1, BbITaIIJ;I1Tb .n;Ba HOCKa, TO BepO.HTHOCTb Toro, qTO OHI1 06a Kpac-
1

III ,It
"

p; II H-I a
'2.

.1) IC1Koe Hal1MeHbllIee ql1CJIO HOCKOB MO)KeT 6bITb B .HIIJ;I1Ke?

t») l(aKoe Hal1MeHbllIee ql1CJIO HOCKOB MO)KeT 6bITb B .HIIJ;I1Ke, eCJII1

II III( '("'1'110, qTO ql1CJIO qepHbIX HOCKOB qeTHo?

20.38. MO)KHO JII1 Hanl1CaTb Ha rpaHRx .n;BYX I1rpaJIbHbIX KOCTeM: HeKO-

I ( 'I) 1,1<' lll1CJIa TaK, qT06bI c)'MMa OqKOB npl1 6pocaHI111 npl1HI1MaJIa 3Ha-

'It .111 DI ], 2, ...,
36 C paBHbIMI1 BepO.HTHOCT.HMI1?
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�OnOJIHHTeJIbHbIe 3a�aqH

3aAaqH AJIB caMOCTOBTeJIbHOrO pemeHIDI

MHOrOQJIeHbI

21.1. MHOrOq]leH x
3

+ ax
2

+ 2x + b .n;eJIMTC.H Ha x
2

+ x + 1. HaM:.n;MTe

a M b.

21.2. llo.n;6epMTe qMCJIa ao, aI, a
2

M a3 TaK, qT06bI BbInOJIH.HJIOCb pa-

BeHCTBO

x
3

+4x
2

+ 6x +4 == a
3 (x+ 1)3 +a 2 (x+ 1)2 +a1 (x+ 1) +ao.

21.3. �OKa)KMTe, qTO X
12

-

x
9

+ x
4

-

x + 1 > 0 .n;JI.H Bcex x.

QeJIa.H II APo6Ha.H QaCTII qllCJIa

llYCTb [x] 0603HaqaeT 4eJlY1O LLacmb LLUCJla x, T. e. HaM60JIbllIee u;e-

JIoe QI1CJIO, He rrpeBocxo.n;.HIIJ;ee x, {x} == x
- [x] - Opo67-lCLfl LLacmb LLUC-

Jla x.

21.4. qMCJIO a nOJIO)KMTeJIbHOe, qMCJIO n HaTypaJIbHoe. �oKIDKMTe,

qTO KOJIMqeCTBO HaTypaJIbHbIX qMCeJI, He npeBOCxOMIIJ;MX a M .n;eJUlIIJ;MX-

CJI Ha n, paBHO [ � J ·

21.5. �OKa)KMTe, qTO .n;JI.H JII060ro nOJIO)KMTeJIbHOrO qMCJIa a M JI1060-

ro HaTypaJIbHOrO qHCJIa n BbInOmrneTCJI paBeHcTBo [ � J = [ [�] J ·

21.6. �OKa)KMTe, qTO HaM60JIbllIa.H CTeneHb rrpocToro qMCJIa p, Ha

KOTOpYJO .n;eJIMTC.H n!, paBHa

[ ; J + [ ;2 J + [ ;3 J +...

(B 3TOM: c)'MMe KOHeqHOe qMCJIO CJIaraeMbIX, OTJIMqHbIX OT HYJUI).
21.7. JII060e JIM HaTypaJIbHOe qMCJIO n MO)KHO npe.n;CTaBMTb B Bl1,lJ;e

n == [x] + [2x], r.n;e x -

HeKOTopoe nOJIO)KMTeJIbHOe qMCJIO?

21.8. �OKa)KMTe, qTO .n;JI.H JII060ro HaTypaJIbHOrO qMCJIa n M JII060ro

nOJIO)KMTeJIbHOrO qMCJIa x BbInOJIH.HIOTC.H HepaBeHcTBa

o � [nx] -n[x] � n-1.
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}1.9. ,lI.oKa)KMTe, qTO

[ V 4n + 1 ] [ V 4n + 2 ] [ V 4n + 3 ]

11111 IIlooorO HaTypaJIbHOrO qMCJIa n.

:� 1.10. �OKIDKMTe, qTO

[In+ v n+l] [ V 4n + 2 ]

,'1, II II IIlooorO HaTypaJIbHOrO ql1CJIa n.

:1.1. II. �JI.H HaTYPaJIbHOrO ql1CJIa n HaM:.n;MTe

[ J n
2

+ J 4n
2

+ V 16n
2

+ 8n + 3 J.
21.12. PellIMTe HepaBeHcTBo [x] . {x} < x-I.

21.13. HaM:.n;MTe qMCJIO pellIeHMM: B HaTYPaJIbHbIX qMCJIaX ypaBHeHI

[ to ] = [ tl ] +1.

21.14. OpMBe.n;MTe npMMep IIOJIO)KMTeJIbHOrO qMCJIa a, .n;JI.H KOTOpOJ

111.111 ( ).JIII H CTC.H paBeHcTBo

{a} + { �} = 1.

21.1 s. (:I{OJI hl<O cym;ecTByeT HaTYPaJIbHbIX qMCeJI, MeHbllIMX TbIC.Hq

J(()T()PI,I<' 11(' /�('JIHTCH HM Ha 5, HM Ha 77

21.16. )�()I{a)I(I1Te, qTO .n;JIH JII060ro IIOJIO)KMTeJIbHOrO qMCJIa x cnp

I Ie '/� 11111 H) pa Bl' IICTBO

[ V [ JX]] == [ V JX ] .

21. 17. ) �o Ka)KMTe, qTO cpe.n;11 qM ceJI

[ l��O J, [ l��O J, [ l��O J, . . .

, [
5002

]1000

II( I I 1("I. II()'!'CH Bce u;eJIbIe qMCJIa OT 0 .n;o 250.

�� I.IH. /�()I{a)l(MTe, qTO Bce qMCJIa

[
5002

]1000
' [

501
2

]1000
' [

5022

]1000
'

...

lie II I. If )J I C) p� I: JJIl1qHbI.
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llpHH:QHn �HpHXJIe

06bIqHO npU1-L4Un ,4upUXJle <POPMYJIl1pyIOT TaK: «ECJII1 B n KJIeTKaX

CI1.n;I1T m 3aM:IJ;eB, npl1qeM m > n, TO XOT.H 6bI B O.n;HOM: KJIeTKe CM.n;.HT

ITO KpaM:HeM: Mepe .n;Ba 3aM:IJ;a». 3TO OqeBI1.n;HOe 3aMeqaHI1e qaCTO OKa-

3bIBaeTC.H BeCbMa 3<p<peKTI1BHbIM ITO.n;XO.n;OM K .n;OKa3aTeJlbCTBaM pa3HbIX

yrBep)K.n;eHI1M:.
21.19. ,lI;oKa)KI1Te, qTO cpe.n;11 .n;aHHbIX 12 IJ;eJIbIX ql1ceJI MO)KHO BbI-

6paTb .n;Ba ql1CJIa, pa3HocTb KOTOpbIX .n;eJII1TC.H Ha 11.

21.20. ,lI;oKa)KI1Te, qTO B JI1060M: KOMnaHl111 HaM:.n;yrC.H .n;Ba qeJIOBeKa,

I1MelOIIJ;l1e o.n;I1HaKOBoe ql1CJIO .n;pY3eM: (113 3TOM: KOMnaHI1I1).

21.21. ,lI;oKa)KI1Te, qTO eCJII1 HaTypaJIbHbIe ql1CJIa a 11 b B3al1MHO npo-

CTbIe, TO an - 1 .n;eJII1TC.H Ha b .n;JI.H HeKoToporo HaTypaJIbHOrO n.

21.22. LJI1CJIa a, b 11 e HeqeTHbIe. ,lI;oKa)KI1Te, qTO XOTJI 6bI O.n;HO 113

ql1ceJI ab -

1, be - 1 11 ea
- 1 .n;eJII1TC.H Ha 4.

21.23. ,lI;oKa)KI1Te, qTO 113 IJ;eJIbIX ql1ceJI aI, a2, ..., all MO)KHO BbI6paTb

O.n;HO I1JII1 HeCKOJIbKO nOCJIe.n;OBaTeJIbHbIX ql1ceJI TaK, �IT06bI I1X CYMMa

.n;eJIl1JIaCb Ha n.

n+l
21.24. 113 ql1ceJI 1, 2, ...,

n BbI6paHO 60JIee
Z- pa3JII1qHbIX ql1ceJI.

,n;oKa)KI1Te, qTO O.n;HO 113 BbI6paHHbIX ql1ceJI .n;eJII1TC5I Ha .n;pyroe.

21.25. ,lI;oKa:>KI1Te, qTO .n;JIH JII060ro ql1CJIa x no I<paM:HeM: Mepe O.n;HO

113 ql1ceJI X, 2x, 3x, ..., (n
- 1) x OTlII1QaeTC.H OT IJ;eJIoro ql1CJIa He 60JIee

1
QeM Ha -.

n

21.26. B CTPOKY 3anl1CaHO mn + 1 nonapHo pa3JII1qHbIX ql1ceJI. ,lI;0-

Ka)KI1Te, qTO cpe.n;11 HI1X MO)KHO BbI6paTb JII160 m + 1 ql1ceJI, 3anl1CaH-

HbIX B nOp.H.n;Ke B03paCTaHI1.H, JII160 n + 1 ql1ceJI, 3anl1CaHHbIX B nOp.H.n;Ke

y6bIB aHI1.H.

ROrHqeCKHe3a�aqH

21.27. B Tpex .HIIJ;I1Kax JIe)KaT llIapbI
- qepHbIM:, 6eJIbIM: 11 3eJIeHbIM:

(B Ka)K.ZJ;OM .HIIJ;I1Ke no O.n;HOMY llIapy). Ha nepBoM .HIIJ;I1Ke HanI1CaHO:

«6eJIbIM:», Ha BTOpOM
- «qepHbIM:», Ha TpeTbeM

- «6eJIbIM: I1JII1 3eJIeHbIM:».

113BecTHo, qTO HI1 o.n;Ha Ha.n;nl1Cb He COOTBeTcTByeT .n;eM:CTBI1TeJIbHOCTI1.

BbIJICHI1Te, r.n;e KaKl1e llIapbI JIe)KaT.

21.28. Ha oCTpoBe )KI1Byr .n;Ba TIJIeMeHI1 - a60pl1reHbI 11 npl111IeJIb-

IJ;bI. 113BecTHo, qTO a60pl1reHbI Bcer.n;a rOBOp.HT npaB.n;y, a npl111IeJIbIJ;bI

Bcer.n;a JIryr. nyrellIecTBeHHI1K HaH.HJI TY3eMIJ;a-OCTpOBI1T.HHI1Ha B npo-

BO.n;HI1KI1. no .n;opore OHI1 BCTpeTl1JI11 KaKorO-TO qeJIOBeKa. nyrellIecTBeH-

HI1K nonpocl1JI ITpOBo.n;HI1Ka Y3HaTb, K KaKoMY TIJIeMeHM npI1Ha.n;JIe)KI1T
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3TOT qelIOBeIC flpoBo.n;HI1K BepHYJIC.H 11 C006IIJ;MJI, qTO qeJIOBeK Ha3BaJIC.H

a60pl1reHOM. !{eM 6bIJI npOBO.n;HI1K
- a60pl1reHOM MJII1 npl111IeJIbu;eM?

21.29. 0YTeIIlecTBeHHI1K nonaJI Ha OCTpOB, qaCTb 0611TaTeJIeM: KOTO-

poro Bcer�a rOBOpl1T npaB.n;y, a OCTaJIbHbIe Bcer.n;a JIryr. KaKOM: Bonpoc

MO)l{eT 3a.n;aTb nyreIIlecTBeHHI1K 0611TaTeJIIO oCTpoBa, qT06bI BbI.HCHI1Tb,

Bcer�a 1I11 OH rOBOpl1T npaB.n;y MJII1 Bcer.n;a JI)KeT?

21.30. O.n;I1H qeJIOBeK Bcer.n;a rOBOpl1T npaB.n;y, a .n;pyrOM: qeJIOBeK

Bcer.n;a JI)KeT. KaKOM: Bonpoc H)')KHO 11M 3a.n;aTb, qT06bI OHI1 OTBeTI1JII1

I [3 Hero o.n;I1HaKoBo?

21.31. HeKTo Bcer.n;a rOBOpl1T npaB.n;y. KaKOM: Bonpoc MO)KHO 3a.n;aTb

eMY .n;Ba)K.ZJ;bI 11 nOJIyql1Tb Ha Hero pa3HbIe oTBeTbI?

21.32. �aHo 4 npe.n;MeTa, O.n;I1H 113 KOTOpbIX BbI.n;eJIeH. Tpe6yeTC.H 3a-

/I.aTb .n;Ba Bonpoca, Ha KOTopbIe .n;aIOTC.H TOJIbKO OTBeTbI «.n;a» 11 «HeT»,

H Y3HaTb, KaKOM: npe.n;MeT BbI.n;eJIeH.

21.33. �aHo 8 npe.n;MeToB, O.n;I1H 113 KOTOpbIX BbI.n;eJIeH. Tpe 6yeTC.H

3a.n;aTb Tpl1 Bonpoca, Ha KOTopbIe .n;aIOTC.H TOJIbKO OTBeTbI «.n;a» 11 «HeT»,

11 Y3HaTb, KaKOM: npe.n;MeT BbI.n;eJIeH.

21.34. llepBbIM: BTOpHI1K MeC.Hu;a MI1TH npOBeJI B CMOJIeHCKe, a nep-

BbIM: BTOpHI1K nOCJIe nepBoro nOHe.n;eJIbHI1Ka
- B BOJIor.n;e. B cJIe.n;yIOIIJ;eM

MeC.Hu;e MI1T.H nepBbIM: BTOpHI1K npOBeJI BO llcKoBe, a nepBbIM: BTOpHI1K

nOCJIe nepBoro nOHe.n;eJIbHI1Ka
- BO BJIa.n;I1Ml1pe. KaKoro ql1CJIa 11 KaKO-

ro MeC.Hu;a MI1TH 6bIJI B Ka)K.n;OM 113 ropo.n;OB?
21.35. B I1HCTI1Tyre pa60TalOT npaB.n;OJII06bI, KOTopbIe Bcer.n;a rOBO-

p.HT npaB.n;y, 11 JI)KeU;bI, KOTopbIe Bcer.n;a JIryr. O.n;Ha)K.ZJ;bI Ka)K.ZJ;bIM: 113 CO-

Tpy.n;HI1KOB c.n;eJIaJI .n;Ba 3a.HBJIeHI1.H.

1. B I1HCTI1Tyre HeT 11 .n;eC.HTI1 qeJIOBeK, KOTopbIe pa60TalOT 60JIbille

MeH.H.

2. B I1HCTI1Tyre no KpaM:HeM: Mepe y CTa qeJIOBeK 3apTIJIaTa 60JIbllIe,

qeM y MeH.H.

I13BecTHO, qTO HarpY3Ka y Bcex COTpy.n;HI1KOB pa3Ha.H 11 3apTIJIaTa TO-

)Ke. CKOJIbKO qeJIOBeK pa60TaeT B I1HCTI1Tyre?
21.36. Tpl1 My.n;peu;a CI1.n;.HT Ha CTYJIb.HX B 3aTbIJIOK .n;pyr .n;pyry TaK,

qTO CI1.n;.Hrn;I1M: Bnepe.n;11 He BM.n;I1T Tex, KTO CI1.n;I1T C3a.n;l1. OHI1 3HaIOT, qTO

eCTb 3 6eJIbIe 11 2 qepHbIe llIJI.HnbI. My.n;peU;bI 3a)KMyp11Ba1OT rJIa3a, 11 11M

Iia rOJIOBbI Ha.n;eBalOT IIDI.HnbI, nOCJIe qero OCTaBIIll1eC.H llIJIHnbI y6l1palOT.

My.n;peU;bI OTKpbIBalOT rJIa3a, 11 CI1.n;.HIIJ;I1M: C3a.n;11 Bcex rOBOpI1T, qTO OH He

:U laeT, KaKoro U;BeTa Ha HeM llIJUIna. llocJIe 3Toro CI1.n;.HIIJ;I1M: nocpe.n;I1He

l'OBOpI1T, QTO OH TO)Ke He 3HaeT, KaKoro U;BeTa Ha HeM llIJI.Hna. 3HaeT JII1

'J'l' II epb CI1.n;.HIIJ;I1M: Bnepe.n;l1, KaKoro U;BeTa Ha HeM llIJI.Hna?



OTBeTbI

fJIaBa 12. HepaBeHcTBa. MO,zurJIb qHCJIa

12.1. 1 py6JIb 23 KOneM:KM. 12.3. 06.H3aTeJIbHo. 12.4. HeT.

21
12.5.

37
. 12.6. a> 3 M b � 2 MJIM a == 3 M b > 2. 12.8. x == 4, y

== 5.

12.9. 3, -4, 3, -4, 3.

12.10. -25,13,13, -25, 13, 13, ..., -25,13,13, -25, 13.

12.18. 6. 12.19. 2a. llpM x == a. 12.30. x == 1.

12.31. ECJlH a> - �, TO X < �; eCJIH a = - �, TO perneHHH HeT;

1 1
eCJIM a < -

2"'
TO X >

2".
12.33. x == 2. 12.34. x == O. 12.35. b � x � a.

12.36. x == -2 MJIM x � 2.

fJIaBa 13. KBaApaTHbIH KopeHb

13.1.2J5. 13. 2. J10 + m. 13.3. 2,Jn. 13. 4. v n + 1- vn -1.

13.5. vn+1 + V n+ vn+1 . 13.6. v n+1+,Jn. 13.10. V 6+ v28 .

13.12. J4+ J5 M J5 - J2. 13.15. J2+ -16. 13.19. a==:t:4- JIS.
(J2+ J3 - VS)J6

13.25.
12

. 13.26. x == -1. 13.27. 5 � x � 10.

13.28. x == 11, Y
== 5. 13.29. m == n == O. 13.30. n == 20 MJIM 48.

13.32. x == 1, Y
== O. 13.37. 9.

fJIaBa 14. KBaApaTHbIH TpeXqneH

14.1. 9. 14.2. 8 M 12. 14.3. 3a 2 qaca. 14.4. 25 Kr. 14.5. 10 JI.

14.6. HeT. 14.7. a==b==-2. 14.10. a==:t:1. 14.11. a==-2.

4901
14.13. Xl ==0, X2 ==99, X3

==

99.
14.16. MO)KeT.

14.18. a) 4(a1b1 + ... +a
n

b
n )2 -

4(ai + ... + a�)(bi + ... +b�).
p p2 -

2q
14.20. -1. 14.21. --

M
2

. 14.22. Xl ==2019, x2==-2020.
q q

14.23. x
2

+ q
==

px. 14.26. �JI.H a == 1. 14.29. x == 1. 14.30. x == 5.

v 4a-3-1
14.31. ECJIM a == 0, TO X == 0; eCJIM a � 1, TO X ==

2
;

eCJIM a < 0 MJI M 0 < a < 1, TO pellIeHMM: HeT.

4a+3- v 8a+9 OJ

14.32. x ==

8 npM a � 0; npM a < 0 pellIeHMM HeT.

l+VS M 2+J3
14.33.X1== 2

,x 2 ==2-2v2. 14.34.x 1 ==1,X2== 2
. 14.36.1.
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# (x-b)(x-c) (x-a)(x-c) (x-a)(x-b)
14.37. x. 14.38. f(x)==A

(a-b)(a-c)
+B

(b-a)(b-c)
+C

(c-c)(c-b)
.

2 2
14.42.9x +2x. 14.44.8x -8x+1.

fJIaBa 15. Pa�HOHaJlbHbIe ypaBHeHIDI

15.4. X4 - 10x
2

+ 1. 15.5. X3 + 2x
2

+ x
- 9. 15.6. Xl

== 1, X2 3
== :t:J2.

,

] 5.8. x = 1. 15.10. HeT. 15.12. PernemIli neT. 15.13. x = -

1

2

1
.

15.14. Xl
== 2,4 M X2

== 1,2. 15.15. X == 1.

1 ::i:: J5 r;:;
15.16. X

1 ,2
==

2
'

x
3 ,4

== -3 :t: v 3.

] 5.17. Xl
== -2, X2

== 6, X3
== 3 + ro, x4

== 3 - ro. 15.18. X == 1.

fJIaBa16.CHCTeMbIypaBHeHHH

16.]. (5; 4; 3), (-5; -4; -3). 16.2. (4; 3; 2), (-6; -5; -4).

16.3. ( -1 �; -3), ( -1 �; -

2). 16.4. C; ; -4�).
16.5. ::I:: ( J vi a

2
+ b 2

+ a ; J vi a
2

+ b 2
-

a) IIPH b > 0,

::I:: ( J vi a
2

+ b 2
+ a;

- J vi a
2

+ b 2
-

a) IIPH b < O.

16.6. (2,1), (1, -1). 16.7. (1; 2), (2; 1). 16.8. (3; 1), (-1; -3).

16.9. (1; 2), (2; 1).

16.10. (-l+JS;-l+JS), (-l-JS;-l-JS), (0;2), (2;0).

(
12 12 12

)16.11.:t:
2; 2; 2

. 16.12. (0; 0; a), (0; a; 0) M (a; 0; 0).

16.13. (1; 3; 1), (-1; 3; -1), (1; -3; -1), (-1; -3; 1).

16.14. (1; 1; 0). 16.15. (2; 2; 2). 16.16. (0; 1), (1; 0).

16.17. (0; 0; 0), (1; 1; 1). 16.18. (0; 0; 0), ::I::(�;�;�).
16.19. Xl

==

X2
==

...

== X
n

==:t:1 npM HeqeTHOM n;

XI ==X3
==

... ==X
n -1

== a M X2 ==X4
==

... ==X
n

==.!. (a #0) npM qeTHOM n.
a

16.20. (2; 2; 2; 2; 2).

16.21. t.{MCJIO pellIeHMM: )'MeHbllIaeTC.H .n;o Tpex npM a == :t: 1, qMCJIO pellIe-

III1H YMeHbllIaeTC.H .n;o .n;BYX npM a == :t: J2.

16.22. (�;�; �). 16.23. (3; 1), (-1; -3).

fJIaBa 17. KOMTIJIeKCHbIe QHCJIa

.2 2
b

2
-

l+i
I 7. I ..x

- 2ax + a + - O. 17.2.:t:
12

. 17.3.:t: (2 - i).

I 7.5. : �II(II( /�OJI)KeH COBna.n;aTb co 3HaKOM qMCJIa b.
a -bi

17.10.
2

b
2

.

a +
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17.17. a
3

+ b
3

+ e
3

- 3abe == (a + b + e)(a + wb + w
2

e)(a + w
2

b + we),

r.n;e w - Ky6MqeCKMM: KopeHb M3 e.n;MHM:O;bI.

17.18. a
2

+ b
2

+e
2

- ab - be -

ca.

(
l:f:iJ3 3 . r;:;

)17.21. (-1, -3),
2

' 2:(1:t:l v 3) ,

(3, 1), (
- 3 :1::

2

3 i J3
, � ( - 1 :l: i J3) ).

rJIaBa 18. napa60JIa H rHnep60JIa

b

(
b b

2

)18.1. x == -

2a
. 18. 2. -

2a
; e

-

4a
. 18.3. a < 0, b > 0, e > o.

18.6. y
== 2x

2
+ 3. 18.7. (1; 1). 18.8. (2; 4) MJIM (-2; 4).

18.11. a
2

+ b
2

< 1. 18.12. HeT, HeJIb3.H. 18.15. Yox + xoY
== 2.

(
d a

)
d a

18.17. (xo,Yo). 18.18. --;
-

. 18.19.x==--I1Y==-.
c c c c

18.20. A = �, B =

be

-;
ad

,
C =

d
.

c c c

rJIaBa 19. KBaApaTHbIe HepaBeHcTBa

19.1. ( -00; -�] u [�; 2]. 19.2. (2; 5).

19.3. ECJIM -2 < a < 2, TO x JI1060e;

eCJIM a == 2, TO xi- -

1, a eCJIM a == -2, TO xi-I;

( -00'

-a
- J a

2
-4

) (
-a+ J a

2

-4.
oc ),

2
U

2
,+.

19.4. ECJII1 a ? 2, T O x JI10 60e;

(
_ 00.

- 2 - J 4 - 2a

] [
- 2 + J 4 - 2a

.

00 ),

2a
U

2a
'

+ .

19.7. HeT. 19.8. �JI.H a? o. 19.9. �JI.H lal ? 3.

19.10. �JI.H a � -1 M .n;JI.H a? 8. 19.16. a < O.

rJIaBa 20. KOM6HHaTopHKa H BepoHTHoCTb

20.1. 2
n

. 20.2. 3
7

. 20.3. 90000. 20.4. 9.10
6

. 20.5. 180000.

20.6. 9.5
5

. 20.7. 900. 20.8. 6
3

- 53. 20.9. (m + 1) (n + 1).

20.10. 37512. 20.11. n!. 20.12. 2. (5!)2 == 28 800. 20.13. 90.

20.14.81. 20.15.110. 20.16.120. 20.17.9.10
9

-9.91.

20.18. a) 3003; 6) 378378; B) 126126. 20.19. 1120. 20.20. 105.

20.21. 9
6

. 20.22. 3. 20.23. 720. 20.24. 360. 20.25. 669.

6
21

20.2 . 142 == 20164. 20.27.2857. 20.28. 1 769580. 20.31. _

4
.

1 2 21
20.32. a) k; 6)

k + 1
. 20.33. 9. 20.34.

1265
.

20.35. «OTe:O;-MaTb-oTeQ». (TaKOM: OTBeT npe.n;cTaBJI.HeTCH Ha nepBbIM:

B3rmI,lJ; cTpaHHbIM, nOToM)' qTO npMxo.n;MTC.H .n;BIDK.l];bI MrpaTb C CMJIbHbIM
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Ill'pOI{()M. 110 IIPH ,lI.pyroM rrOp5I,ll;Ke MaTqeM H)0KHO 06.H3aTeJlhHO BbIMrpaTb

('/�IIIJ(.TIH.'lIl[hIH MaTq C CHJIbHbIM MrpOKOM, a He O.n;MH M3 /�BYX MaTqeM.)

20.:J6. 7: I. 20.37. a) 4. 6) 21. 20.38. MO)KHO.

fJIaBa 21. �OnOJIHHTeJIbHbIe 3aAaqH

21.1. (l == 2, b == 1. 21.2. ao
==

a1
==

a2
==

a3
== 1.

2 1.7. I-JeT, He JI1060e.

21.11.11+1. 21.12. [2; +(0). 21.13.110. 21.14. a==2+.J3.

21.15. 686.

21.27. B rrepBoM .Hrn;MKe 3eJIeHbIM llIap, BO BTOpOM 6eJIbIM, B TpeTbeM
a. ,..

,
J(' P II hi H.

21.28. A60pMreHoM.
21.29. «ECJIM 6bI TbI Bcer.n;a rOBOpMJI rrpaB.n;y, TO KaK 6bI TbI OTBeTMJI Ha

BOil pOC "TbI JI)Ke:o;?"?»

21.30. «TbI Bcer.n;a rOBopMllIb rrpaB.n;y?»
2] .31. «.H Te6.H cero.n;H.H 0 qeM-HM6y.n;b cnpaIliMBaJI?»
21.34. B CMOJIeHCKe 1 <peBpaJI.H, B BOJIor.n;e 8 <peBpaJI.H, B llcKoBe 1 MapTa,

BO BJla.n;MMMpe 8 Ma pTa.

21.35. 110. 21.36. CM.n;.Hrn;MM Brrepe.n;M 3HaeT, qTO Ha HeM 6eJIa.H llIJI.Hrra.



YKa3aHHH

fJIaBa 12. HepaBeHcTBa. MO,zurJIb qHCJIa

11
12.1. ECJIM 11 < 9x < 12 M 15 < 13x < 16, TO x>

9"
> 1,22 M X <

16
<

13
< 1,24.

12.2. qMCJIa a M b nOJIO)KMTeJIbHbI, n03ToMY Tpe6yeMoe HepaBeHcTBo

3KBMBaJIeHTHOHepaBeHcTBY

b
2

x+a
2

y > abx+aby,

T. e. a(a -

b)y > b(a - b)x. 3TO HepaBeHcTBo CJIe.n;yeT H3 HepaBeHcTB

ay > bx M a
- b > O.

12.3. ECJIM KTO-TO BHec 60JIbllIe TpeTM 06rn;eM: C)'MMbI, TO OCTaJIbHbIe

BHeCJIM MeHbllIe .n;BYX TpeTeM.
12.4. llpe.n;nOJIO)KMM, qTO S == a + b + c + d + e M Ka)K,lJ;Oe M3 qMCeJI

S
a + b, b + c, c + d, d + e M e + a MeHbllIe

3. CKJIa.n;bIBa.H 3TH HepaBeHCTBa,

nOJIyqaeM

5S
2(a+b+c+d+e) <

3'

T.e.6S<sS.
5 n 4 1

12.5. 113 HepaBeHCTB 9"
<

n + 16
<

"7 CJIe.n;yeT, qTO 20 < n < 21
3.

12.6. �aHHoe HepaBeHcTBo MO)KHO 3anMcaTb B BH.n;e (a - 3)x < b - 2.

ECJIM a > 3, TO (a - 3)x npM oTpM:o;aTeJIbHbIX X npHHHMaeT Bce oTpM:o;a-

TeJIbHbIe 3HaqeHIDI, n03ToMY .n;JI.H Bcex oTpM:o;aTeJIbHbIX y .n;OJI)KHO BbI-

nOJIH.HTbC.H HepaBeHcTBo y < b - 2. 3TO HepaBeHcTBo BbInOJIH.HeTC.H TO-

r.n;a M TOJIbKO Tor.n;a, Kor.n;a b � 2. ECJIM a == 3, TO .n;OJI)KHO BbInOJIH.HTbC.H

HepaBeHCTBO 0 < b -

2, T. e. b > 2. ECJIM a < 3, TO .n;JI.H Bcex nOJIO)KMTeJIb-

HbIX y .n;OJI)KHO BbInOJIH.HTbC.H HepaBeHCTBO Y < b - 2. TaKoro He MO)KeT

6bITb.

12.7. IIepBbLu cnoco6. llYCTb Bcero B KJIacce X MaJIbqMKOB M y .n;eBO-

qeK; B nepBoM noxo.n;e 6bIJIO Xl MaJIbqMKOB M Y1 .n;eBOqeK, BO BTOPOM-

X2 M Y2. llo YCJIOBMIO sX1 < 2(X1 + Y1), n03ToMY 3X1 < 2Y1 � 2y. AHa-

JIOrMqHO 3X2 < 2y. CJIe.n;oBaTeJIbHO, 3(x 1 + x
2 ) < 4y. KpoMe Toro, no

YCJIOBMIO Xl + X2 � x. ll03TOMY 3x < 4y, T. e. 7x < 4(x+ y).

Bmopou cnoco6. CM. YKa3aHMe K 3a.n;aqe 1.6 M3 3a.n;aqHMKa .n;JI.H 7 KJIacca.

3
12.8. llOJIO)KMTe y

== 8 -

4
X M BbIBe.n;MTe M3 .n;aHHbIX HepaBeHcTB, qTO

32 32

9"
<x<

7'
a nOTOMY x==4.



YKa3aHU5l 55

12.9. t.}licJIa x, -y, x, -y, x Tpe6yeMbIe, eCJIM y > X M 3x > 2y.
MO)I(HO rrOJIO)KMTb x == 3 Ii Y

== 4.

12.10. t.}MCJIa a, b, b, a, b, b, ..., a, b, b, a, b Tpe6yeMbIe, eCJIM

(l + 2b > 0 M 7a + 13b < O. MO)KHO nOJIO)KMTb a == -25 M b == 13.

12.11. 3anMllIMTe .n;aHHbIe qMCJIa B nOPMKe B03paCTaHM.H: a1 �a2 � ...

. . . � a9. llo YCJIOBMIO

a1 +a2+ a 3+ a 4+ a S
> a6+ a 7+ a S+ a

9 � a2+ a 3+ a 4+ a
S.

1103ToMY a1 > O. OCTaJIbHbIe qMCJIa He MeHbllIe aI, n03TOMY OHM TO)Ke

n OJIO)KMTeJIbHbI.

12.12. IIepBbLu cnoco6. �JI.H .n;aHHbIX qMCeJI aI, a2, ..., a2S BbInOJIH.H-

IOTC.H HepaBeHCTBa

a1 +a2+ a 3+ a
4

> 0,

a2 +a3 +a4 +as > 0,

a3 +a4 +as +a6 > 0,

a22 + a23 + a24 + a
2S

> 0,

a23+a24+a2S+a1 > 0,

a24 +a2S +a1 +a2 > 0,

a2S+ a
1 +a2+a3 > O.

CJIO)KMB 3TM HepaBeHCTBa, nOJIyqMTe HepaBeHCTBO

4(a1 + a
2 +... + a2S) > O.

Bmopou cnoco6. PaCnOJIO)KMTe qMCJIa B nOp.H.n;Ke B03paCTaHM.H:

a1 � a2 � ... � a2S.

CYMMa JII06bIX qeTbIpex qMCeJI nOJIO)KMTeJIbHa, n03TOMY C)'MMa nepBbIX

qeTbIpex qMCeJI nOJIO)KMTeJIbHa. CJIe.n;OBaTeJIbHO, qeTBepToe qMCJIO nOJIO-

)I01TeJIbHO. ll03TOMY qMCJIa an npM n � 4 nOJIO)KMTeJIbHbI. �06aBmrn MX

CYMMY K c)'MMe nepBoM TpOMKM qMCeJI, nOJIyqMM nOJIO)KMTeJIbHOe qMCJIO.

Tpemuu cnoco6. ECTb XOT.H 6bI O.n;HO nOJIO)KMTeJIbHOe qMCJIO. OCTaJIb-

IlhlC 24 qMCJIa MO)KHO pa36MTb npOM3BOJIbHbIM 06pa30M Ha qeTBepKM,

(.YMMa qMCeJI KOTOpbIX no YCJIOBMIO nOJIO)KMTeJIbHa. ll03TOMY c)'MMa

BC('X �II1CeJI nOJIO)KMTeJIbHa.

12.13. JICHO, qTO a1 + ... + a6 � 6a6 M a
7 + ... + ala � 4a6. ll03TOMY

4 (a 1 + . .. + a6) � 24a6 � 6 (a7 + . .. + a 1 a) ,

'I' (', IOCa] + ... +a6) � 6(a1 + ... +a1a).
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12.14. 113 YCJIOBIDI CJIe.n;yeT, qTO np.HMbIe ax == by M ex == dy He COB-

na.n;aIOT. II p.HMa.H ax == by pa36MBaeT Koop.n;MHaTHYIO TIJIOCKOCTb Ha .n;Be

nOJIynJIOCKOCTM. B O.n;HOM MX 3TMX nOJIynJIOCKOCTeM BbInOJIH.HeTC.H Hepa-

BeHCTBO ax > by, a B .n;pyrOM: -

HepaBeHCTBO ax < by. IIp.HMbIe ax == by
M ex == dy pa36MBalOT TIJIOCKOCTb Ha qeTbIpe qaCTM, KOTopbIe .HBJIRIOTCR

06IIJ;MMM qaCT.HMM nap nOJIynJIOCKOcTeM. PaccMoTpMTe 06IIJ;yro qaCTb no-

JIyruIOCKOCTeM ax > by M ex > dy.
12.15. C)'MMa Bcex JIeBbIX qaCTeM 3TMX HepaBeHcTB paBHa HYJIIO.

C)'MMa HeOTpMIJ;aTeJIbHbIX qMCeJI paBHa HYJIIO Tor.n;a M TOJIbKO Tor.n;a, KO-

r.n;a Bce 3TM qMCJIa paBHbI HYJIIO. ll03TOMY Bce .n;aHHbIe HepaBeHcTBa .HB-

JI.HIOTC.H paBeHcTBaMM. CJIe.n;oBaTeJIbHO, al
-

a2
== 2(a 2

-

a
3 ), a

2
-

a3
==

== 2(a3
-

a
4 ), ..., alOO

-

a1
== 2(al

-

a2) M

a1
-

a2
== 2(a2

-

a3) == 2
2

(a3
-

a4) ==
...

== 2
99

(alOO
-

al) == 2]00 (a 1
-

a2).

1 (x- 1)2
12.16. ECJIM x> 0, TO X +

-
- 2 == ? 0, a eCJII1 x < 0, TO

X X

1
2

(x + 1)2
x +

-

+ == � o.
x x

12.17. CJIO)KI1Te HepaBeHcTBa x
2

+ y2 ? 2xy, y2 + Z2 ? 2yz M Z2 +

+X2? 2zx.

v 9 (x-3)2
12.18. BOCnOJIb3)'MTeCb TeM, qTO x +

-

== + 6.
x x

a
2

(x
- a)2

12.19. BOCnOJIb3yMTeCb TeM, qTO x +
-

== + 2a.
x x

12.20. BOCnOJIb3yMTeCb TeM, qTO

(1 + a])
·

...

. (1 + an) = (1 + a1J
.

.. .

.

( 1 + a1J
M

(1+a)(l+�) = 2+a+� � 4.

12.21. BOCnOJIb3yMTeCb TeM, qTO a + b - 1 - ab == (a
-

1) (1
- b).

12.22. BOCnOJIb3yMTeCb TeM, qTO (x + y)2? 4xy > 4(x + y).
a a+c

12.23. HepaBeHcTBo b
<

b + d
3KBMBaJIeHTHO HepaBeHcTBY

ab + ad < ab + be, T. e. ad < be.

a+c c

A HepaBeHcTBo
b + d

<
d

3KBMBaJIeHTHO HepaBeHcTBY

ad + ed < be + ed, T. e. ad < be.



12.24. OYCTb x + Y
==

a, Y + z == b M Z + x == c. Tor.n;a

�
==

a-b+c
==

.!
( �-1+£ )Y + z 2b 2 b b.

BOCIIOJIb3yihecb TeM, QTO � + � � 2.

Xl Xn.
12.25. CJIO)KMTe HepaBeHcTBa Yi

-

� Xi � Yi
-

.n;JI.H l OT 1 .n;o n.

Y1 Yn

12.26. BOCnOJIb3yMTecb TeM, qTO

x
4

+ y4 == (x
2

+ y2)2 _ 2x2y2 == a
4

_ 2x2y2

11

2
� (

X2 + y2
)

2
_

a
4

(xy ) �

2
-

4.

1 1
12.27. llOJIO)KMTe y

== x + -. Tor.n;a y ? 2, y3 -

3y == x
3

+ 3"
M

X x

(y3_3 y )2= (x
3

+ :3 )2 = (x
6

+ :6 )+2.
ll03TOMY paccMaTpMBaeMa.H .n;P06b paBHa

y6 _

(y
3

_ 3y)2

y3+(y3_3y)

3y(2 y
3

-

3y)
_

3
3

- y?3.2
2y

-

3y

(3HaMeHaTeJIb .n;P06M nOJIO)KMTeJIeH, n03TOMY Ha Hero MO)KHO COKpa-

TMTb) .

12.28. <PMKcMpyeM b, c M d M paccMoTpMM <PYHKQMIO

f(a) == (1- a) (1- b) (1- c) (1- d) + a + b+ c +d ==

== (l-a)k+a+1 == (l-k)a+k+l.

3.n;ecb k == (1
- b) (1

-

c) (1
-

d), n03TOMY 0 � k � 1, a 3HaqMT, 0 �

� (1- k) � 1. CJIe.n;oBaTeJIbHO, f(a) ? f(O). �JI.H b, c M d nOJIyqaeM aHa-

1I0rMqHbIe HepaBeHcTBa, n03ToMY HaMMeHbllIee 3HaqeHMe

(1- a) (1- b) (1- c) (1- d) + a + b+c + d

npM 0 � a, b, c, d � 1 paBHo

(1- 0)(1- 0)(1- 0)(1- 0) +0+0+0+0 == 1.

12.29. 06e qaCTM HeoTpMQaTeJIbHbI, n03ToMy.n;aHHoe HepaBeHcTBo

: )J(BHBaJIeHTHO HepaBeHcTBY Ix + y 1
2

� (Ix I + Iy 1)2, T. e.

x
2

+2xy+y2 �x2+2Ixyl+y2.
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12.30. llpM X � 0 .n;OJI)KHO BbInOJIH.HTbC.H ypaBHeHMe 2x == x + 1. 3TO

ypaBHeHMe MMeeT KopeHb x == 1; 3TOT KopeHb no.n;xo.n;MT. llpM x < 0 pe-

llIeHMM HeT, nOCKOJIbKY JIeBa.H qaCTb ypaBHeHIDI oTpM:o;aTeJIbHa, a npa-

Ba.H nOJIO)KMTeJIbHa.

12.31. B03Be.n;MTe 06e qaCTM B KBa.n;paT M npMBe.n;MTe nOJIyqeHHoe

HepaBeHcTBo K BM,ZJ;Y 2(1 + 2a)x < 1 + 2a.

12.32. COrJIaCHO 3a.n;aqe 12.29 MMeeM

Ix+al + Ix-al � I(x+a) - (x-a) I.

12.33. BOCnOJIb30BaBllIMcb 3a.n;aqeM: 12.32, .n;OKa)KMTe, qTO

I(x - 2) + 11 + I(x -2) -11 � 2.

12.34. BOCnOJIb30BaBllIMcb 3a.n;aqeM: 12.32, .n;OKa)KMTe, qTO

Ix+11+lx-11 �2 M Ix+21+lx-21 �4.

12.35. COrJIaCHO 3a.n;aqe 12.29 MMeeM

Ix-al+lx-bl � l(x-a)-(x-b)1 ==a-b,

npMqeM paBeHcTBo .n;OCTMraeTC.H Tor.n;a M TOJIbKO TO r.n; a, Kor.n;a qMCJIa

x
-

a M x
- b MMelOT npOTMBOnOJIO)KHbIe 3HaKM (MJIM O.n;HO M3 HMX paBHO

HYJIIO) .

12.36. llpM x � 2 nOJIyqaeM TO)K.ZJ;eCTBO. llpM 1 � x < 2 nOJIyqaeM

ypaBHeHMe 4x == 8, KOTopoe He MMeeT KOpHeM: Ha .n;aHHOM MHTepBaJIe.

llpM 0 � X < 1 nOJIyqaeM ypaBHeHMe -2x == 2, KOTopoe He MMeeT KOpHeM:
Ha .n;aHHOM MHTepBaJIe. llpM -1 � x < 0 nOJIyqaeM 0 == 2, qero He MO)KeT

6bITb. llpM x < -1 nOJIyqaeM KopeHb x == -2.

12.37. ECJIM x � y, TO Ix -

yl ==

y
-

x, n03TOMY

x+y Ix-yl x+y Ix-yl
2

+
2

==

Y M
2 2

== x.

A eCJIM x � y, TO Ix -

yl ==x
-

y, n03TOMY

x+y Ix-yl x+y Ix-yl
2

+
2

== x M
2 2

==

y.

12.38. HepaBeHcTBo Ixl < Iy
- zl 3KBMBaJIeHTHO HepaBeHcTBY x

2
<

< (y
- Z)2, T. e. (x -

y + z)(x+ y
- z) < O. AHaJIOrMqHO

(y-x+z)(y+x-z) < 0 M (z-x+y)(z+x-y) < O.

CJIe.n;oBaTeJIbHO,

(X-y+Z)2(X+y-Z)2(-X+y+Z)2 < 0,

qero He MO)KeT 6bITb.
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12.39. 113 HepaBeHCTB a > e M b > d CJIe.n;yeT, qTO a + b > e + d, a M3

IlepaBeHCTBa a + b + e + d > 0 CJIe.n;yeT, qTO a + b > - (e + d). ll03TOMY
II + b > Ie + dl. JlCHO TaK)Ke, qTO la + bl � a + b.

12.40. llo YCJIOBMIO 1 -

x > 0, 1 + x > 0, 1 -

Y > 0 M 1 + Y > O. llo-

:),I'OMY (1 - x) (1 + y) > 0 M (1 + x) (1 -

y) > 0, T. e. 1 -

x + Y
-

xy > 0

11 1 + x
-

Y
-

xy > O. CJIe.n;oBaTeJIbHO, 1 -

xy > x
-

y M 1 -

xy > y
-

x.

!(poMe Toro, Ixyl < 1, n03ToMY 1- xy== 11- xyl.
12.41. BOCnOJIb30BaBllIMcb 3a.n;aqeM 12.29, nOJIyqMTe HepaBeHcTBo

Ix+ y -zl + Ix- y+zl � I(x+ y -z) + (x- y+z)1 == 21xl.

3aTeM CJIO)KMTe 3TO HepaBeHcTBo C .n;B)'M.H .n;pyrMMM aHaJIOrMqHbIMM

HepaBeHcTBaMM.

12.42. BOCnOJIb3yMTeCb TeM, qTO

Ix
2

- y21 == Ix- yl.lx+ yl � Ix+ yl == 12x+ (y -x)1 � 21xl + Ix- yl.

rJIaBa 13. KBaJ(paTHhIH KopeHh

13.1. J3 + J7 V 2JS <=> 3 + 2m + 7 V 20 <=> 2m V 10 <=>

<=> 21 V 25. 3HaqMT, J3 + J7 < 2JS.

13.2. v'6+2J7v JIO+m <=> 6+4 v'42 +28V10+2 v'210 +21 <=>

<=> 3+4 v'42 V2 v'210 <=> 9+24 v'42 +672V840 <=> 24 v'42 V159 <=>

<=> 24 192 V 25 281. 3HaqMT, v'6 + 2 J7 < JIO + m.

13. 3. v'n+1 + v'n-1 V2Jn <=> n+1+2 V n
2

-1+n-1V4n <=>

<=> 2 V n
2

- 1 V 2n.

13.4. BOCnOJIb 3yMTeCb 3a.n; aqeM 13.3 M TeM, qTO

v n+1- v n-1=
.; 2..; .

n+1+ n-1

13.5. BOCnOJIb 3yMTeCb TeM
,

qTO

(In + V n + 1 + In)2 == 2n + 1 + 2 V n(n + 1) + nJn

M

( vn+ 1 + V n+ Vn+ 1 )2 = 2n+ 1 +2 V n(n+ 1) + (n+ l) Vn+ 1.

13.6. BOCnOJIb3 yMTeC b TeM, qTO

/
1

r:: . /
. /

1
n + 1 +..;n - (n + '; n + 1)

yn+ +vn-yn+yn+
==

v n+1+vn+ v n+ v n +l

H n+1+Jn-(n+ v n+1)=1- �+l-n >0.
n + v n + 1
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13.7. B03Be.n;HTe 06e qaCTH B KB a.n;p aT.

13.8. CHaqaJIa npoBepbTe, qTO a � 2 v a
- 1 npH a � 1 (.n;JI.H 3Toro

B03Be.n;HTe 06e qaCTH B KBa.n;paT). B03Be.n;HTe 06e qaC TH Tpe6yeMbIx

paB eHcTB B KBa.n;paT H BOCnOJIb3yMTeCb TeM, qTO V a-I � 1 npH a � 2

H v a -1 � 1 npH 1 � a � 2.

13.9. qHCJIO V 4 + V7 - V 4 - V7 nOJIO)KHTeJIbHO, a ero KBa.n;paT pa-

BeH 4+ V7 - 2 v 16 -7 +4 - V7== 8 - 2J9 == 2.

13.10. B03Be.n;HTe .n;aHHoe BbIpa)KeHHe B KBa.n;paT.

13.11. B03Be.n;HTe 06e qaCTH KIDK.l];OrO paBeHcTBa B KBa.n;paT.

13.12. BOCnOJIb3yMTecb <popMYJIaMH H3 3a.n;aqH 13.11.

13.13. llpoBepbTe, qTO

(J2+ v'3+ J5)2 == 10+2J6+2J1O+2J1S.
13.14. ITepBbLu cnoco6. CHaqaJIa CJIO)KHTe .n;Be .n;P06H B JIeBOM qaCTH,

a 3aTeM BbIqTHTe H3 nOJIyqeHHoM CYMMbI .n;P06b B npaBOM: qaCTH.

Bmopou cnoco6. CM. yKa3aHHe K 3a.n;aqe 13.23.

13.15. llOCJIe.n;OBa TeJIbHO npOBepbTe, qTO

V13+ !48=1+2v'3, V S-(1+2v'3)= v'3-1

H 2 V 3 + (J3 -1) == v'2 + J6.

13.16. llpe.n;nOJIO)KHTe, qTO qHCJIO r == v'2 + J3 paQHoHaJIbHoe. To-

r.n;a r
2

== 5 + 2J6, n03ToMY qHCJIO J6 paQHoHaJIbHOe, qero He MO)KeT

6bITb.

13.17. llpe.n;nOJIO)KHTe, qTO qHCJIO r == v'2 + J3 + J5 paQHoHaJIbHoe.

Tor.n;a (r - J5)2 == (v'2 + J3)2, T. e. r
2

+ 5 - 2rJ5 == 5 + 2J6. ll03TOMY
r

4

(2J6 + 2rJ5)2 == r
4

,
T. e. 6 + Sr

2
+ 2rJ3Q ==

4. ClIe.n;oBaTeJIbHO, qHCJIO

J3Q paQHOHaJIbHOe, qero He MO)KeT 6bITb.

13.18. ECJIH b i= d, TO H3 paBeHCTBa a
-

c == Cd - b) v'2 CJIe.n;yeT, qTO

M a-c

qHCJIO v 2 ==

d _ b paQHoHaJIbHoe. ECJIH a i= c, TO paQHOHaJIbHO qHCJIO

1 d-b

J2 a-c

13.19. llYCTb m == a + JIS H n ==
1:.

- JIS. Tor.n;a
a

(m - J1S) (n + J1S) == 1,

T. e. mn + JIS(m -

n) == 16. ECJIH qHCJIa m H n QeJIbIe H m
-

n i= 0, TO

r=tr= 16 -

mn

v 15 ==

,
qero He MO)KeT 6bITb. ll03TOMY m == n H, CJIe.n;OBaTeJIbHO,

m-n

mn == 16 H m == n == :!:4.
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13.20. ITepBbLu cnoco6. llpe.n;nOJIO)KMTe, qTO va + Jb ==

p
i= 0, M BOC-

q

(
p

)
2 p2 P

1l0JIb3yMTeCb TeM, qTO a ==
-

- Jb ==

2"
- 2- Jb + b.

q q q

Bmopou cnoco6. BOCnOJIb3yMTecb TeM, qTO qMCJIO

JQ-Ib==
a-b

Ja+Jb

paQMOHaJIbHoe.

m M 1
13.21. llpe.n;nOJIO)KMTe, qTO

-
-

v 2 <�. Tor.n;a
n 4n

m
2

_ 2 ==

m
_ J2 . (

m

+ J2 ) <
--L

(
m

+ J2 )n
2 n n 4n

2 n
'

T. e. 1 m
2

- 2n 21 < � ( : + J2). vb IIpe,n;IIOJIO:>KeHlUI CJIe,n;yeT TalOKe, 'ITO

m

< J2 +
--L � J2 +.! < 2.

n 4n
2

"

4

ll03TOMY 1m
2

- 2n
2

1 < 1. llOJIyqeHo npoTMBOpeqMe, nOCKOJIbKY m
2

-

- 2n
2

-

QeJIoe qMCJIO, OTJIMqHOe OT HYJI.H.

13.22. BOCnOJIb3yMTecb TeM, qTO a
- b == (va + Jb) (va - Jb).

13.23. TIpoBepbTe, 'ITO

v's

2

.J3
= J5 + /3,

.J3

5

v0.
= 2J2 - /3

3
5 - 3 3+2 2

M

v0. v's
=2J2 + J5.

2 2- 5

1
13.24. BOCilOJIb3yMTeCb TeM, 'IT0

..jii..j
= v n + 1- ..;n.

n+ n+l

13.25. BOCnOJIb3yMTecb TeM, qTO

(a + b + c) (a + b - c) (a
- b + c) (a

- b - c) == (a
2

+ b
2

-

C
2

)2 - 4a
2

b
2

.

13.26. 06a qMCJIa (x
2

+ X)2 M V x
2

- 1 HeoTpMQaTeJIbHbI, n03ToMY

I1X cYMMa paBHa HYJIIO Tor.n;a M TOJIbKO Tor.n;a, Kor.n;a OHM 06a paBHbI

HYJIIO, T. e. x
2

+ x == 0 M x
2

== 1.

13.27. CHaqaJIa npoBepbTe, qTO

J x+3-4 vx-1 = I vx-1 -21 M J X+S-6 VX-1 = I vx-1 -31.

3aTeM BOCnOJIb3yMTecb 3a.n;aqeM 12.35 M nOKa)KMTe, qTO 2 � J x-I � 3.

13.28. COrJIaCHO 3 a.n;aqe 12.19 MMeeM

36
+ 4 V x

- 2 � 24 M

V

4
+ V y

- 1 � 4,
v x-2 y-l

II PMqeM paBeHCTBa .n;OCTMraIOTC.H TOJIbKO npM J x
- 2 == 3 M V y

- 1 == 2.
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13.29. 113 paBeHCTBa m
2

== n + vn C JIe.n;yeT, qTO vn -

u;e JIOe qHCJIO,

T. e. n == k
2

, r.n;e qHCJIO k u;eJIOe. Tor.n;a V n + vn == V k (k + 1). llpH k � 1

qHCJIO k(k + 1) He MO)KeT 6bITb nOJIHbIM KBa.n;paTOM, TaK KaK qHCJIa k

H k + 1 He HMelOT 06IIJ;HX .n;eJIHTeJIeH H He MoryT 6bITb 06a o.n;HOBpeMeH-

HO nOJIHbIMH KBa.n;paTaMH.

13.30. ECJIH a == p2q H b == r
2

q, TO JQ. + Jb == (p + r) Jq. .l):JUI q
== 3

H)')KHO no.n;06paTb TaKHe qHCJIa p H r, qTO 3 (r
2

- p2) == 60, T. e.

(r-p)(r+p) ==20.

HanpHMep, nycTb r == 6 H P
== 4. B 3TOM cJIyqae n == 48 H m == 300. .l):JI.H

q
== 5 H)')KHO no.n;06paTb TaKHe qHCJIa p H r, qTO 5(r

2
- p2) == 60, T. e.

(r
-

p) (r + p) == 12. HanpHMep, nycTb r == 4 H P
== 2. B 3TOM cJIyqae

n==20 H m==180.

13.31. BOCnOJIb3yMTeCb TeM, qTO (a + b)2 - 4ab == (a - b)2.
13.32. BTopoe H TpeTbe CJIaraeMbIe HeoTpHu;aTeJIbHbIe, n03ToMY

x � 1. llo.n;KopeHHoe BbIp3)KeHHe HeoTpHu;aTeJIbHOe, n03ToMY x � 1.

CJIe.n;oBaTeJIbHO, x == 1 H Y
== O.

13.33. COrJIaCH O 3a.n;aqe 13 .31 HMeeM

V 1 .(1+4a):::;
1+C 1

2

+ 4a )
= 1+2a.

13.34. a) BOCnOJIb3yMTe cb TeM, q TO a 1
< 2 H eCJIH a

n -1
< 2, TO

an
== v 1+a

n
- 1

< V 1+2 < 2.

6) BOCnOJIb3yMTeCb yKa 3aHHeM K 3a.n;aqe a) H TeM, qTO

V 1 +
1

+2
vis

=

1

+2
vis

.

13.35. BOCnOJIb3yMTeCb TeM, qTO a1 < 2 H e CJIH a
n

- 1
< 2, TO

an
== v 2+a

n -1
< V 2+2 == 2.

13.36. llpe.n;nOJIO)KHTe, qTO

(a + Ib)n ==

Pn + qn Ib H (a -Ib)n ==

Pn
-

qn Ib,

r.n;e qHCJIa Pn H qn u;eJIbIe. Tor.n;a

(a + lb)n+1 == (Pn + qn Ib) (a + Ib) ==

== (Pn a + qn b ) + (qn a + Pn) Ib ==

Pn+1 + qn+11b
H

(a _1b)n+1 ==

Pn+1
- qn+11b,



YKa3UHU5l 63

I'�e Pn+1
==

Pn a + qn b H qn+1
==

qn a + Pn
-

u;eJIbIe qHCJIa. qHCJIa PI
== a

11 q 1
== 1 u;eJIbIe, n03ToMY qHCJIa P2 H q2 TO)Ke u;eJIbIe H T..n;. CJIe.n;oBa-

TeJIbHO, qHCJIO (a + .Jb)n + (a - .Jb)n == 2Pn u;eJIoe.

13.37. COrJIaCHO 3a.n;aqe 13.36 qHCJIO (2 + -13)
1000

+ (2 - -13)
1000

u;e-

JIoe. KpOMe Toro,

2-J3==
1

<-
3

1

,

2+V3

n03TOMY (2
- -13)

1000
< 0,1.

13.38. 113 yKa3aHM.H K 3a.n;aqe 13.36 BM.n;HO, qTO (1 + Jz)n ==

Pn + qn J2

H (1 - J2)n ==

Pn
-

qn J2, r.n;e Pn H qn
-

HeKoTopbIe HaTypaJIbHbIe qHCJIa.

ll03TOMY

(1 + J2)n == � + V2q� ,

r.n;e P�
-

2q� == (1 + J2)n (1
- J2)n == ( -l)n. TaKHM 06pa30M, B Kaqe-

CTBe m MO)KHO B3.HTb JIH60 P�, JIH60 2q�.

fJIaBa 14. KBaApaTHbIH TpeXqneH

x(x -1)
14.1. ECJIH KOJIHqeCTBO llIaXMaTHCTOB paBHo x, TO

2
== 36. 3TO

ypaBHeHHe HMeeT KOpHH 9 H -8; oTpHu;aTeJIbHbIM: KopeHb He no.n;xo.n;HT.

14.2. ECJIH O.n;HO qHCJIO paBHo x, TO .n;pyroe paBHo 20 -

x. ll03TOMY

x(20
-

x) == 96. 3TO ypaBHeHHe HMeeT KOpHH 8 H 12.

14.3. llYCTb BTOpOM: pa60qHM: H3rOTaBJIHBaeT x .n;eTaJIeM: 3a 1 qac.

60 60 v

Tor.n;a
-

-

30
== 3, n03ToMY x == 10 MJIH 60. BTOpOM KopeHb He no.n;-

x -x

XO.n;HT, nOCKOJIbKY x < 30.

14.4. llYCTb B nepBOHaqaJIbHOM CTIJIaBe 6bIJIO x Kr MarHM.H. Tor.n;a
x + 15 x 33 v

x + 37 x + 22
==

100
' n03ToMY x == 3 MJIH -62. BTOpOM KopeHb He no.n;-

XO.n;HT.

14.5. llYCTb B nepBbIM: pa3 OTJIMJIH x JI cnHpTa. Tor.n;a BO BTOpOM: pa3

v 20 -

X

OTJIMJIH X JI )KM.n;KOCTH, B KOTOpOM .n;OJUI cnHpTa paBHa 20
. TaKHM

v x(20-x)
06pa30M, BO BTOpOM pa3 OTJIMJIH

20
JI cnHpTa. ll03TOMY

2 0 - -

x(20-x)
== 5x

20
.

3TO ypaBHeHHe HMeeT KOpHH Xl
== 10 H X2

== 30. BTOpOM: KopeHb He no.n;-

XO.n;HT.

14.6. llYCTb paCCTO.HHHe Me)K.ZJ;Y ropo.n;aMH paBHo S, CKOpOCTb Teqe-

II 11J1 peKH paBHa u, a CKOpOCTb JIO.n;KH B CTO.HqeM: Bo.n;e paBHa v. Tor.n;a
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s s s s u

+ ( )
== 5 (v > u) M

-

==
-

+
-

+
. llYCTb

-

== x. Tor.n;a M3 BTO-
U v-u U v-u v u v

1 1 1

poro ypaBHeHM.H CJIe.n;yeT, qTO
-

==
_

1
+
_

1 +
. 3TO KBa.n;paTHoe ypaB-

x -x x

HeHMe MMeeT KOpHM -1 + J2 M -1 - J2. OTpMIJ;aTeJIbHbIM KopeHb He

no.n;xo.n;HT, n03TOMY
u

== J2 - 1 M
V

s s u

u v v ./25
= 5(.J2 + 1) > 12.

2-1

14.7. llo.n;cTaBJIHH x == 1 + J3 B .n;aHHoe ypaBHeHMe, nOJIyqaeM

(a+2)J3+(4+a+b) == O.

qMCJIO J3 MppaIJ;MOHaJIbHOe, n03ToMY a + 2 == 0 M 4 + a + b == O. (CM.

3a.n;aqy 13.18;.n;JI.H qMCJIa J3 .n;OKa3aTeJIbCTBO TaKoe )Ke, KaK M .n;JIH J2.)
14.8. K03<P<PMIJ;MeHT npM x

2
nOJIO)KMTeJIeH, n03ToMY .n;OCTaTOqHO

npoBepMTb, qTO TpeXq]leH npMHMMaeT OTpMIJ;aTeJIbHbIe 3HaqeHM.H MJIM

06paIIJ;aeTCH B HYJIb.

ITepBbLu cnoco6. llpoM3Be.n;eHMe 3HaqeHMM TpeXqJIeHa npM x ==
a, x == b

M X == C paBHo -(a - b)2(b - C)2(C - a)2.

Bmopou cnoco6. MO)KHO CqMTaTb, qTO a � b � c. Tor.n;a 3HaqeHMe

TpeXq]leHa npM x == b paBHo (b - c) (b -

a) � O.

14.9. 113 YCJIOBM.H CJIe.n;yeT, qTO eCJIM x> xo, TO

x
2

+ax+b > 0 M x
2

+cx+d > O.

ll03TOMY eCJIM x> xo, TO 2x
2

+ (a + c) x + (b + d) > O.

14.10. ECJIM x
2

+ 2ax - 3 == (x - a) (x + b) .n;JIH Bcex x, TO 2a == -a + b

M ab == 3, n03TOMY a ==:i:1 M b == :i:3. HeCJIO)KHO TaK)Ke npoBepMTb, qTO

x
2

:i: 2x - 3 == (x =f 1) (x:i: 3).

14.11. llpM a == 1 nOJIyqaeM O.n;HO M TO )Ke ypaBHeHMe x
2

+ x + 1 == O.

�MCKpMMMHaHT 3Toro ypaBHeHMH OTpMIJ;aTeJIbHbIM, OHO He MMeeT KOp-

HeM. llpe.n;nOJIO)KMM, qTO .n;JI.H HeKoToporo a f= 1 ypaBHeHHH MMelOT 06-

IIJ;MM KopeHb Xo. Tor.n;a

(x� + axo + 1) -

(x� + Xo + a) == 0,

T. e. (a - 1) (xo
- 1) == O. ll03TOMY Xo

== 1 M 1 + a + 1 == O.

1
14.12. 06a ypaBHeHMH KBa.n;paTHbIe. YpaBHeHMe x == 3 +

-

MMeeT
x

.n;Ba KOpH.H, M .n;JI.H KIDK.ZJ;oro M3 HMX BbInOJIH.HIOTCH paBeHcTBa

1 1 1
x==3+-==3+ ==3+

x 3+.! 3+
1

x 3+.!
x
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x-49 x-50 1 1
14.13. llYCTb U ==

50
H V ==

49
. Tor.n;a u + v ==

u
+

v' n03ToMY

(u + v) (uv - 1) == O. ECJIH u + v == 0, TO nOJIyqaeM JIHHeMHOe ypaBHeHHe

X
- 49 x-50

50
+

49
== O.

ECJIH UV == 1, TO nOJIyqaeM KBa.n;paTHOe ypaBHeHHe

X
- 49 x-50

50
.

49
== 1,

T.e. x
2

-99x==0.

14.14. llYCTb Xl
- 06IIJ;HM KopeHb .n;aHHbIx ypaBHeHHM. BbIqHTa.H o.n;-

HO ypaBHeHHe H3 .n;pyroro, nOJIyqaeM (PI
-

P2)X1 ==q2
-

q1. ECJIH PI
==

P2,

-t.. q2
-

q1
TO q1

==

q2. ECJIH )Ke PI r P2, TO Xl
==

. llO.n;CTaBHB 3TO BbIp3)KeHHe
PI

-

P2

.n;JI.H Xl B JII060e H3 .n;BYX KBa.n;paTHbIX ypaBHeHHM, nOJIyqHM Tpe6yeMoe CO-

OTHOllIeHHe. llpH PI
==

P2 H q 1
==

q2 3TO COOTHOllIeHHe TO)Ke BbInOJIH.HeTC.H.

n+ J n
2

-4 1
14.15. qHCJIO x==

2
.HBJUleTC.H KopHeM ypaBHeHM.H x+

X
==n.

PaccMoTpHTe qHCJIa

1
k 1

== X +
-

== n
X

'

1

(
1

)
2

k 2
= X2 +

X2
= X +

X

- 2 = n
2

-

2,

k
m 1

m==x +m.
X

BOCnOJIb30BaBllIHcb paBeHcTBoM

(
P +

1...
) ( +

2
) == p+1 +

�
+ p-1 +

�
X

xP
X

X
X

x p + 1
X

x p
- 1 '

nOKroKHTe, qTO kp+l = kp ( X + �)
-

kP-l = nkp
-

kp-l npH p ? 2. TIocno-

MY qHCJIO k
m HaTypaJIbHOe. 3TO H eCTb HCKOMOe qHCJIO k.

14.16. PaccMoTpHTe ypaBHeHH.H

x2-2ax+a
2

==0 H x
2

-2(a+b)x+a
2

==0,

r.n;e a == 10
9

H b == 5 . 10-
4

. llepBoe ypaBHeHHe HMeeT e.n;HHcTBeHHbIM

KopeHb a, 60JIbllIHM Ko peHb BTo poro ypaBHeHH.H paBeH

a + b + v' 2ab + b 2
> a + v' 2ab == a + 1000.

14.17. Pa3HocTb KopHeM npHBe.n;eHHOrO KBa.n;paTHoro ypaBHeHH.H

X2 + px + q
== 0

�
paBHa :1:2

V 4"
-

q
= :I: v' p2 -

4q.
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14.18. 6) KBa.n;paTHbIM: TpeXq]leH (a1x + b 1 )2 + ... + (anx + b
n )2 He

npMHMMaeT OTpMIJ;aTeJIbHbIX 3HaqeHMM, n03TOMY ero .n;MCKpMMMHaHT He

npeBocxo.n;MT HYJUI.

14.19. �eJIeHHbIM: Ha 4 .n;MCKpMMMHaHT 3Toro ypaBHeHM.H paBeH

a
2

b
2

+ b
2

e
2

+ e
2

a
2

- abe(a + b + e).

QT06bI nOJIyqMTb HepaBeHcTBo

a2b2+b2e2+e2a2 � abe(a+b+e),

MO)KHO nOJIO)KMTb x == ab, y
== be M Z == ea B HepaBeHCTBe M3 3a.n;aqM 12.17.

14.20. llYCTb X2 + 3x == z. Tor.n;a x(x + 1) (x + 2) (x + 3) == z(z + 2) ==

== (z + 1)2 - 1. HaMMeHbllIee 3HaqeHMe -1 3TOM: <PYHKIJ;MM .n;OCTMraeTC.H

npM z == - 1. YpaBHeHMe X2 + 3x + 1 == 0 MMeeT KOpHM, nOCKOJIbKY ero

.n;MCKpMMMHaHT 60JIbllIe HYJI.H. ll03TOMY x, npM KOTOpOM .n;aHHa.H <PYHK-

IJ;M.H npMHMMaeT 3HaqeHMe -1, c�ecTByeT.

14.21. BOCnOJIb3yMTeCb TeM, qTO

1 1 xl +X2
-+-==
Xl X2 X1 X 2

M

2 2

1 1 xl +X
2

2"+2"
==

2
.

Xl X
2 (Xl X2)

14.22. KopeHb Xl
== 2019 JIerKO yratJ;bIBaeTC.H. BTOpOM: KopeHb X2 MO)K-

HO HaM:TM, BOCnOJIb30BaBllIMCb JI1060M: M3 <POPMYJI BMeTa: Xl + X2
== -1

MJIM X1X2
== -2019.2020.

14.23. llpoM3Be.n;eHMe KOpHeM: KIDK.ZJ;OrO M3 ypaBHeHMM: X2 + px
==

q

M X2 ==

px + q paBHo -q < 0, n03ToMY 6bITb nOJIO)KMTeJIbHbIMM cpa3Y 06a

KOpH.H He MoryT.

14.24. BOCnOJIb3yMTecb TeM, qTO

sn
== (Xl +X2)(X�-1 +X�-l) -X1X2(X�-2+X�-2).

14.25. BOCnOJIb3yMTeCb 3a.n;aqeM: 14.24.

14.26. llYCTb KOpHM paBHbI Xl M X
2

. Tor.n;a

X�+X� == (Xl +X2)2_2X1X2 == (a-2)2+2(a+1) ==

== a
2

- 2a + 6 == (a - 1)2 + 5.

llpM a == 1 nOJIyqaeM MHOrOq]leH X2 + X
-

2, MMelOIIJ;MM: KOpHM 1 M
- 2.

m

14.27. llpe.n;nOJIO)KMM, qTO HecoKpaTMMa.H .n;P06b
-

.HBJUIeTC.H KOp-
n

HeM ypaBHeHM.H X2 + px + q
== 0 C IJ;eJIbIMM p M q.

ITepBbLu enoeo6. 113 paBeHCTBa m
2

+ pmn + qn
2

== 0 CJle.n;yeT, qTO

m
2

== n ( -

pm
-

qn), n03TOMY m
2

.n;eJIMTC.H Ha n. ECJIM n > 1, TO nOJIyqaeM

npOTMBOpeqMe C HeCOKpaTMMOCTblO .n;P06M.
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Bmopoii. cnoco6. BTOpOM: KOpeHb ypaBHeHH.H paBeH q!!.. qMCJIO
m

m n m
2

+qn
2

-p==-+q-==
n m nm

IJ;eJIOe. ECJIM n > 1, TO qMCJIO m
2

+ qn
2

He .n;eJIMTC.H Ha n.

14.28. llYCTb sn
== x� + x�. COrJIaCHO 3a.n;aqe 14.24 npM n > 2 BbI-

nOJIH.HeTC.H COOTHOllIeHMe sn
== 6s

n
- 1

-

sn-2' n03ToMY sn = sn-1
-

Sn-2

(mod 5). llpoBepbTe, qTO S2
== 34 = -1 (mod 5) M OCTaTKM OT .n;eJIeHM.H

sn Ha 5 nOBTOp.HIOTC.H C nepMo.n;oM 6.

14.29. llocJIe B03Be.n;eHH.H B KBa.n;paT nOJIyqaeM KBa.n;paTHoe ypaBHe-

HMe x
2

- 7x + 6 == o. llo.n;XOMT Te KOpHM 3Toro ypaBHeHH.H, .n;JI.H KOTOpbIX

3 -

x � o. KopeHb Xl
== 1 n o.n;xo.n; MT, a KopeHb X2

== 6 He no.n;xo.n;MT.

14.3 0. llOJIO )KMTe y
== J X + 4, B03Be.n;MTe B KBa.n;paT 06e qaCTM ypaB-

HeHH.H J 2x - 6 == 5 -

Y M nOJIyqMTe ypaBHeHMe y2 + 10y
- 39 == o. Kop-

HM 3Toro ypaBHeHH.H paBHbI 3 M -13. Ho Y > 0, n03ToMY OCTaeTC.H TOJIb-

KO KopeHb y
== 3, KOTOPOMY cooTBeTcTByeT x == 5. llpoBepbTe, qTO x == 5

.n;eMcTBMTeJIbHO .HBJI.HeTC.H K opHeM .

14.31. llOJIO)KHTe y
== J a + x. Tor.n;a x == J a

-

y, n03ToMY

(y
-

x) (y + x) == y2 -

x
2

== (a + x)
- (a

-

y) == x + y.

CJIe.n;oBaTeJIbHO, x + y
== 0 MJIM Y

-

X == 1. qMCJIa x M y HeOTpMIJ;aTeJIb-

HbIe, n03ToMY paBeHcTBo x + y
== 0 BbInOJIH.HeTC.H TOJIbKO npM x ==

y
== 0;

B TaKOM cJIyqae a == O. ECJIM x + 1 ==

y, TO (x + 1)2 == y2 == X + a. (11 H a-

060POT, eCJIM (x + 1)2 == x + a M x + a � 0, TO X + 1 ==

y, r.n;e y
== J a +x.)

OpM a � 1 ypaBHeHMe x
2

+ x + 1 -

a == 0 MMeeT e.n;MHcTBeHHbIM: HeoTpM-

v v' 4a-3-1 v

IJ;aTeJIbHbIM KopeHb 2
. llpM a < 1 HeOTpMIJ;aTeJIbHbIX KopHeM

y 3Toro ypaBHeHH.H HeT.

14.32. CHaqaJIa B03Be.ZJ;MTe 06e qaCTII B KBa;J;paT, no.nytIMTe ypaBHeHMe

4x
2

-(4a+3)x+ a
2

+a == 0

v 4a + 3 :1: v' 8a + 9
M HaM.n;MTe ero KOpHM Xl, 2

==

8
. llo.n;XOMT Te KOpHM, .n;JI.H

KOTOpbIX a
- 2x � O. BOCnOJIb30BaBllIMCb TeM, q TO

_ 2
-

-3 =F v'8a + 9
a X1,2

-

4
'

MCKJIlOqMTe O.n;MH M3 KOpHeM:. llpM a < 0 MCKJIlOqMTe M BTOpOM: KopeHb,

a npM a � 0 npoBepbTe, qTO oCTaBIlIMM:C.H KopeHb y.n;oBJIeTBOp.HeT Hepa-

BeHcTBY a
- 2x � 0, a nOTo MY y.n; oBJIeTBOp.HeT M MCXO.n;HOMY ypaBHeHMIO.

14.33. llOJIO)KliTe a == J x + 1 M Ha:H.n;MTe KOpHM KBa;J;paTH oro ypaBHe-

HM.H x
2

+ ax
- 2a

2
== 0: Xl

== a M x
2

== - 2a. YpaBHeHMe x == J x + 1 MMeeT
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l:l::VS I-VS
KOpHM 2

'
HO KopeHb 2

He no.n;xo.n;MT. YpaBHeHMe x == - 2 v x + 1

MMeeT KOpHM 2 :!: 2 J2, HO KopeHb 2 + 2 J2 He no.n;xo.n;MT.

2x-l 2
14.34. llOJIO)KMTe Y

==

..jX
M HaM:.n;MTe KOpHM ypaBHeHM.H Y

-

3y +
x

2x-l 2x-l
+ 2 == 0: Y1

== 1, Y2
== 2. 3aTeM pellIMTe ypaBHeHM.H

..jX
== 1 M

..jX
==2.

14.35. Pa3HocTb f(x)
-

g(x) -3TO JIM60 KBa.n;paTHbIM TpeXq]leH, JIH-

60 JIMHeMHa.H <PYHKIJ;I1.H, JIM60 HYJIeBOM MHOrOq]leH. MHOrOq]leH f (x) -

-

g(x) MMeeT TpM pa3JIMqHbIX KOpH.H, n03ToMY 3TO HYJIeBOM MHOrOq]leH.

14.36. .l):aHHa.H cYMMa MMeeT BM.n; Ax
2

+ Bx + C, r.n;e A, B M C-

HeKoTopbIe qMCJIa. llpM TpeX pa3JIMqHbIX 3HaqeHI1.HX x (npM x ==
a, x == b

M X == c) .n;aHHa.H cYMMa npMHMMaeT O.n;HO M TO )Ke 3HaqeHMe, paBHoe 1.

ll03TOMY A == 0, B == 0 M C == 1.

14.37. .l):aHHa.H cYMMa MMeeT BM.n; Ax
2

+ Bx + C, r.n;e A, B M C - HeKO-

TopbIe qMCJIa. llpM x ==
a, x == b M X == C cYMMa npMHMMaeT 3HaqeHI1.H a, b

M C COOTBeTCTBeHHO, a 3HaqMT, <PYHKIJ;11.H

Ax
2

+ Bx + C -

x == Ax
2

+ (B - l)x + C

npM x ==

a, x == b M X == C npMHMMaeT O.n;HO M TO )Ke 3HaqeHHe, paBHoe O.

ll03TOMY A == 0, B == 1 M C == o.

14.38. llpM x ==
a, x == b M X == C o.n;Ha M3 .n;p06eM, BXOMIIJ;MX B MHO-

rOq]leH, npMBe.n;eHHbIM B OTBeTe, paBHa 1, a .n;Be .n;pyrMe paBHbI O. I1cKo-

MbIM: MHOrOq]leH TOJIbKO O.n;MH.

l+VS I-VS
14.39. qMCJIa Xl

==

2
M X2

==

2
.HBJI.HIOTC.H KOpH.HMM ypaBHe-

HM.H x
2

== x + 1. .l):oMHO)KbTe paBeHCTBa xi ==

Xl + 1 M x� ==

X2 + 1 Ha x� M x� .

........ an
- b

n

14.40. BOCnOJIb3YMTecb 3a.n;aqeM 14.39 M TeM, qTO Fn ==

J5
.

14.41. llpoBepbTe, qTO F
1

== 1 M F
2

== 1, M BOCnOJIb3yMTeCb TeM, qTO

qMCJIa M3 3a.n;aqM 14.40 y.n;oBJIeTBOp.HIOT COOTHOllIeHMIO Fn+2 == Fn+1 + Fn.
14.42. HaTypaJIbHOe qMCJIO, COCTO.HIIJ;ee TOJIbKO M3 e.n;MHMIJ;, MMeeT

BH,lI; � (10k -

1). Tpe6yeTcR nO,ll;06paTb K03<p<pHQHeHTbI a, b H C TaK, qTO

.n;JI.H Bcex HaTypaJIbHbIX k BbIp3)KeHMe

a( �(10k -1) r +b( �(10k -1)) +c

1
MMeeT BM.n; 9 (IOn - 1). II pe.n;CTaBbTe 3TO BbIpa)KeHMe B BM.n;e

� ( � l02k + (b
-

2

9

Q

) lOk + ( �
- b + 9C) )

M nOJIO)KMTe
£!:. == 1 b -

2a
== 0 M

£!:. - b + 9 c == -1
9

'

9 9
.
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1 a b
14.43. llpH x == 0, x ==

"2
H X == 1 nOJIyqaeM lei � 1, 4

+
"2

+ e � 1

(T. e. la + 2b + 4el � 4) H la + b + el � 1. llYCTb m == a + 2b + 4e H n ==

== a + b + e. Tor.n;a a == -m + 2n + 2e H b == m
-

n
-

3e, n03ToMY

lal � Iml+2Inl+2Iel �4+2+2==8

H

Ibl � Iml+lnl+3Iel � 4+1+3 == 8.

14.44. .HCHO, QTO 8X2-8X+1=8(X-�)2 -l�-l,l1;JUI Bcexx.

1 1

KpoMe Toro, eCJIH 0 � x � 1, TO X
-"2 �"2' n03ToMY 8x

2
- 8x + 1 � 1.

rJIaBa 15. Pa:QHoHaJIbHbIe ypaBHeHH.H

15.1. B03BpaTHoe ypaBHeHHe MO)KHO CHaqaJIa 3anHcaTb B BM.n;e

a ( x
2

+ x\ ) + b ( x + �) + c = 0,

a 3aTeM BOCnOJIb30BaTbCH TeM, qTO

X2+.l == ( X+l. )
2

-2.
x

2 x

B pe3YJIbTaTe nOJIyqHM, qTO CHaqaJIa H)')KHO pellIHTb ypaBHeHHe at
2

+

+ bt + (e
- 2) == 0, a 3aTeM .n;JIH Ka)K.ZJ;orO H3 KOpHeM: 3Toro ypaBHeHM.H

1

pellIHTb ypaBHeHHe x +
-

== t.
x

15.2. 3anHllIHTe .n;aHHoe ypaBHeHHe B BM.n;e

( x
2

+ :2 ) + a ( x
- � ) + b = 0

H BOCnOJIb3yMTeCb TeM, qTO

x
2 +1- == ( X_.l )

2

+2.
x

2 x

15.3. ECJIH p2 -

4q � 0, TO TpeXq]leH t
2

+ pt + q HMeeT .n;Ba KOpH.H t 1

H t 2 H x
4

+ px
2

+ q
== (x

2
- t 1 ) (x

2
- t 2 ). llYCTb Tenepb p2 -

4q < O. Tor.n;a

q > 0, n03TOMY q
== r

2
, r.n;e r> 0, H p2 - 4r

2
== (p

-

2r) (p + 2r) < O. 3Ha-

qHT, O.n;HO H3 qHCeJI p
- 2r H p + 2r OTpHIJ;aTeJIbHO. ECJIH OTpHIJ;aTeJIbHO

p
-

2r, TO p
- 2r == -a

2
H

x
4

+ px
2

+ q
== (x

2
+ r)2 + (p

-

2r)x
2

== (x
2

-

ax + r) (x
2

+ ax + r).

ECJIH p + 2r == -a
2

,
TO aHaJIOrHqHO

X
4

+px
2

+q == (x
2

-ax-r)(x
2

+ax-r).
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15.4. ECJIM X == J2 + J3, TO (X - J3)2 == 2, T. e. X2 - 2J3x + 1 == O.

ll03TOMY (x
2

+ 1)2 == (2J3X)2.
15.5. llo YCJIOBMIO p3 + P

== 3, n03ToMY (p3 + p)2 == 9, T. e. p6 + 2 p
4

+

+ p2 - 9 == o.

15.6. KopeHb X == 1 JIerKO yra.n;bIBaeTC.H. llocJIe .n;eJIeHMH .n;aHHoro

MHOrOq]leHa Ha x-I nOJIyqaeM MHOrOq]leH x
2

- 2.

15.7. llOJIO)KMTe u == x
2

- x-I M V == x
2

- 3x + 2 M 3anMllIMTe pac-

cMaTpMBaeMoe ypaBHeHMe B Bl1,lJ;e u
3

+v
3

== (u +v)3, T. e. 3uv(u +v) ==0.

PellIeHMe Mcxo.n;Horo ypaBHeHIDI CBO.n;MTCH K pellIeHMIO TpeX KBa.n;paT-

HbIX ypaBHeHMM x
2

- x-I == 0, x
2

- 3x + 2 == 0 M 2x
2

- 4x + 1 == o.

15.8. CHaqaJIa npoBepbTe paBeHcTBo

x
n

-nx+n-1 == (1+x+...+x
n

- 1
-n)(x-1).

3aTeM BOCnOJIb3yMTeCb TeM, qTO eCJIM X > 1, TO 1 + X + .. . + x
n -1

-

n > 0,

a eCJIM 0 < X < 1, TO 1 + X + ... + x
n

- 1
-

n < o.

15.9. ,l];JUI JII060ro nOJIO)KMTeJIbHOrO KOpH.H X .n;aHHoro ypaBHeHIDI
1 1

nOJIyqaeM X ==

(x + l)(x + 2). .... (x + n)
<

n!
.

15.10. 3anMllIMTe ypaBHeHMe B Bl1,lJ;e (x
2

- 3)2 == x( 4x
2

+ 3) M BOC-

� (x
2

- 3)2
nOJIb3yrMTeCb TeM, qTO X ==

2
� O.

4x +3

15.11. ECJIM x==O, TO c==O. MHOrOq]leH ax
5

+bx
4

MMeeT He 60JIee

.n;BYX pa3JIMqHbIX KopHeM, qTO npOTMBOpeqMT YCJIOBMIO. ll03TOMY X f:. O.

Tor.n;a MO)KHO pa3.n;eJIMTb 06e qaCTM ypaBHeHIDI ax
5

+ bx
4

+ c == 0 Ha x
5

b c

M nOJIyqMTb paBeHCTBO a +
-

+ 5
== o. ECJIM Xl' X2 M X3

-

pa3JIMqHbIe
x x

5 4 1 1 1

KOpHM MHOrOq]leHa ax + bx + c, TO -,
-

M
-

-

pa3JIMqHbIe KOpHM
xl x2 X3

MHOrOq]leHa cx
5

+ bx + a.

15.12. ECJIM X f:. 2, TO 2x == 4, T. e. X == 2. Ho X == 2 He BXO.n;MT B 06-

JIaCTb onpe.n;eJIeHMH.

15.13. BOCnOJIb3yMTeCb TeM, qTO

x+5 x+6 1 x+7 x+8

x+4

-

x+5 (x+4)(x+5)
M

x+6

-

x+7

15.14. BOCnOJIb3yMTeCb TeM, qTO

�+� ==

5x-12 �_� 5x-12

x-2 x-3 (x-2)(x-3)
M

x+6 x-I (x+6)(x-1).

15.15. BOCnOJIb30BaBllIMcb TeM, �o X f:. 0, pa3.n;eJIMTe 06e qaCTM Ha x
2

:

x
3

(x
- 2)2

+ ==2
(x

- 2)2 x
3

.

1

(x + 6) (x + 7)
.
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x
3

1

IlycTb Y
=

( )2
. Tor,n;a y +

-

= 2, II03TOMY Y
= 1 If x

3
- ex - 2)2 = 0,

x-2 Y

T. e. (x -

1) (x
2

+ 4) == o.

x
4

x
2

15.16. 3anMllIMTe ypaBHeHMe B Bl1,lJ;e
)2

+ 5-
+ 1

- 6== 0, nOJIO-

(x + 1 x

X
2

)KMTe Y
==

x + 1
M CHaqaJIa pellIMTe ypaBHeHMe y2 + 5y

- 6 == o.

x 4 2
15.17. llOJIO)KMTe y== 3

-

X
M pellIMTe ypaBHeHMe 3y -10y + 8==0.

15.18. .HCHO, qTO x > O. ECJIM 0 < X < 1, TO COrJIaCHO 3a.n;aqe 12.16

MMeeM

X
2019

+
1

� 2 > 1 +X
2020

.

x
2019

ECJIM )Ke x > 1 TO X
2019

< X
2020

M

1
< 1 n03ToM Y, 2019 '

x

X
2019

+
1

< 1 +X
2020

.

x
2019

rnaBa16.CHCTeMhIypaBHeHHH

16.1. CJIO)KMB Bce ypaBHeHIDI, nOJIyqMM xy + yz + zx == 47. ll03TOMY

yz
== 12, xz == 15 M xy

== 20. 3Ta CMCTeMa ypaBHeHMM pelliaeTcH TaK )Ke,

KaK CMCTeMa M3 npMMepa 1 Ha c. 25.

16.2. ,l];aHHyK> cMcTeMY MO)KHO nepenMcaTb B Bl1,lJ;e X
1 Y1

== 20, Y1 Zl
==

== 12, X1Z1
== 15, r.n;e Xl

== X + 1, Y1
==

Y + 1, Zl
== Z + 1. PellIa.H 3TY CMCTe-

MY ypaBHeHMM TaK )Ke, KaK CMCTeMY M3 npMMepa 1 Ha c. 25, nOJIyqaeM

(x 1; Y 1; Z 1) == (5; 4; 3) MJIM (- 5;
-

4;
- 3) .

16.3. 113 BTOpOrO ypaBHeHIDI BI1,lJ;HO, qTO Y f:. O. 3anMllIMTe 3TO ypaB-
1 6

HeHMe B Bl1,lJ;e
2

==
-

M no.n;cTaBbTe 3TO BbIpIDKeHMe B nepBoe ypaB-
x-y y

HeHMe.

16.4. BOCnOJIb30BaBllIMcb nepBbIM ypaBHeHMeM, 3anMllIMTe BTopoe

ypaBHeHMe B Bl1,lJ;e
.!

(
--L

-
1-

) == .!.
3 x+1 Y 4

b
16.5. llo.n;cTaBbTe CHaqaJIa BbIpIDKeHMe Y

==
-

B nepBoe ypaBHeHMe
x

M nOJIO)KMTe t == x
2

. KBa.n;paTH oe ypaB HeHMe t
2

- 2at - b
2

== 0 MMeeT CJIe-

.n;yK>IIJ;Me pellieHIDI: t
1

== a + V a
2

+ b 2
,

t
2

== a
- V a

2
+ b 2

. ,l];JUI JII060ro a

BbInOJIH.HIOTCH HepaBeHcTBa t
1

> 0 M t 2
< 0, n03ToMY KopeHb t 1 Bcer.n;a

no.n;xo.n;MT, a KopeHb t
2 HMKor.n;a He no.n;xo.n;MT. TaKMM 06pa30M,

x = -x V Va 2
+b

2
+a
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M

b b V J a
2

+b
2

-a b . / / 2 b 2
Y

==
-

== ==

-:I.-V va + -a.
x

x V J a
2

+b
2

-a jb2

16.6. YMHO)KbTe nepBoe ypaBHeHMe Ha y, BTopoe Ha x M CJIO)KM-

Te nOJIyqeHHbIe ypaBHeHMH. 113 nOJIyqeHHoro B pe3YJIbTaTe ypaBHeHIDI
3 1

2xy
- 1 == 3y CJIe.n;yeT, B qaCTHOCTM, qTO y f:. 0, n03ToMY x ==

2"
+

2y
.

llo.n;cTaBbTe 3TO BbIpIDKeHMe BO BTopoe ypaBHeHMe M nOJIyqMTe ypaBHe-

HMe 4 y
4

- 3y2 - 1 == O. llpM pellIeHMM 3Toro 6MKBa.n;paTHoro ypaBHeHIDI

BOCnOJIb3yMTeCb TeM, qTO y2 � 0, M nOJIyqMTe paBeHcTBo y2 == 1, T. e.

Y1
== 1 M Y2

== -1. 3TMM 3HaqeHIDIM y COOTBeTCTB)'lOT Xl
== 2 11 X2

== 1.

16.7. C.n;eJIaMTe 3aMeHY u == x + y, v ==

xy. Tor.n;a

17 == u
3

- 3uv +v
3

== (u +v)(u
2

-

uv +v
2

)
- 3uv ==

== 5(u
2

-

uv + v
2

)
- 3uv == 5(u

2
+ v

2

)
- 8uv ==

== 5(u + V)2 - 18uv == 125 -

18uv,

n03ToMY uv == 6. CJIe.n;oBaTeJIbHO, (u; v) == (2; 3) MJIM (3; 2). B nepBoM

cJIyqae pellIeHMM: HeT.

16.8. llocJIe 3aMeHbI u ==

-y nOJIyqMTe cMMMeTpMqecK)'lO cMcTeMY

x + u == 2, xu == -3.

16.9. llOJIO)KMTe xy
== u. Tor.n;a x

2
+ y2 == 9 - 2u 11 (9 - 2U)2 - 2u

2
==

== x
4

+ y4 == 17. ll03TOMY u
2

- 18u + 32 == 0, T. e. u == 2 I1JII1 16. CMCTeMa

x + y
== 3, xy

== 2 MMeeT pellieHIDI (1; 2) M (2; 1), a CMCTeMa x + y
== 3,

xy
== 16 pellIeHMM He MMeeT.

16.10. BbIqTMTe M3 nepBoro ypaBHeHIDI BTopoe:

2(y-x) == y2_x
2

== (y-x)(y+x).

3HaqMT, JIM60 y
==

x, JIM60 y + x == 2. ECJIM Y
==

x, TO 2x == 4 -

x
2

,
T. e.

x == -1 -:I. J5. ECJIM Y + x == 2, TO 2(2 - x) == 4 -

x
2

,
T. e. x

2
== 2x.

1 1
16.11. BbIqTMTe nepBoe ypaBHeHMe M3 BToporo:

-
-

-

==

y
-

x, T. e.
x y

(y
-

x) ( �
- 1 ) = O. IIo3ToMY JIH60 x =

y, JIH60 xy
= 1. ECJUI: x =

y, TO

1
no.n;cTaBbTe BbIpa)KeHMe y

== x B nepBoe M TpeTbe ypaBHeHIDI:
-

== x + z
x

M
.!.

== 2x. ll03TOMY X == Z M x
2

==
_

2

1
. ECJIM xy

== 1, TO Z ==
.!

-

y
== 0, qero

z x

He MO)KeT 6bITb.

16.12. 113 TO)K.ZJ;eCTBa

(x + y + Z)2 - (x
2

+ y2 + Z2) == 2(xy + yz + Xz)
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CJle.n;yeT, qTO xy + yz + xz == O. 113 TO)l{)J;eCTBa

X
3

+ y3 + Z3 -

3xyz == (X + Y + Z) (X
2

+ y2 + Z2 -

xy
-

yz
-

XZ)

C1Ie.n;yeT, qTO xyZ
== 0, n03TOMY no KpaMHeM Mepe O.n;HO M3 qMCeJI X, y

11 Z paBHO O. ECJIM X == 0, TO xy + yz + xz ==

yz, n03TOMY yz
== 0, T. e.

JII160 y
== 0 M Z ==

a, JIM60 Z == 0 M Y
== a. CJIyqaM, Kor.n;a y

== 0 illIM Z == 0,

aHaJIOrMqHbI.

16.13. BbIqTMTe nepBoe ypaBHeHMe M3 TpeTbero:

z2y2_x
2

y2+X
4

_z
4

== 0,

T. e. (z2 -

x
2

) (y2 - z2 -

x
2

) == O. ll03TOMY JIM60 y2 - z2 -

x
2

== 0, JIM60

x
2

== z2. llepBbIM CJIyqaM npoTMBOpeqMT BTOPOMY ypaBHeHMIO CMCTeMbI.

CJIe.n;oBaTeJIbHO, z == X (M Y
== 3) illIM Z == -x (M Y

== -3). B 060MX cJIyqa-

HX BTopoe ypaBHeHMe npMHMMaeT BM.n; 9 (2x
2

-

9) == - 21 . 3x
2

, n03ToMY

x
2

== 1.

16.14. 113 BToporo ypaBHeHMH CJIe.n;yeT, qTO xy � 1. qMCJIa x M y He

Moryr 6bITb 06a OTpMQaTeJIbHbIMM, nOCKOJIbKY MX C)'MMa paBHa 2. 3Ha-

qMT, qMCJIa x M y nOJIO)KMTeJIbHbIe 11 x + y � 2 JXY � 2, npMqeM paBeH-

CTBO x + Y
== 2 B03MO)KHO JIMllib B TOM CJIyqae, Kor.n;a x ==

y
== 1. B TaKOM

cJIyqae z == O.

16.15. ECJIM x � y, TO Y
== x

3
- 6 � y3 - 6 == Z M aHaJIOrMqHO Z � x,

n03ToMY x ==

y
== z. CJIyqaM, Kor.n;a x � y, paccMaTpMBaeTC.H aHaJIOrMqHO.

TaKMM 06pa30M, x
3

-

x
- 6 == 0, T. e. (x

-

2) (x
2

+ 2x + 3) == o. KBa.n;paT-
HbIM TpeXq]leH x

2
+ 2x + 3 He MMeeT KopHeM.

16.16. 113 BToporo ypaBHeHM.H CJIe.n;yeT, qTO eCJIM O.n;HO M3 qMCeJI x

H y paBHO HYJIIO, TO MO.n;YJIb .n;pyroro qMCJIa paBeH 1, a eCJIM MO.n;YJIb

o.n;Horo M3 3TMX qMCeJI paBeH 1, TO .n;pyroe qMCJIO paBHO HYJIIO. Bo Bcex

3TMX CJIyqa.HX M3 nepBoro ypaBHeHM.H CJIe.n;yeT, qTO x i: -1 M Y i: -1.

n03TOMY pellIeHMM TaKoro BM.n;a pOBHO .n;Ba: x == 0, y
== 1 M X == 1, Y

== O.

lloKIDKMTe, qTO B cJIyqae, Kor.n;a 0 < lxi, Iyl < 1, .n;pyrMX pellIeHMM HeT.

B 3TOM cJIyqae Ixl
3

+ lyl3 < x
4

+ y4 == 1. ll03TOMY eCJIM qMCJIa x M y 06a

nOJIO)KMTeJIbHbI, TO pellIeHMM HeT. ECJIM 06a 3TM qMCJIa OTpMQaTeJIbHbI,

TO pellIeHMM TO)Ke HeT. llYCTb Tenepb, HanpMMep, x > 0 M Y < O. Tor.n;a

x
3

+ y3 < x
3

< 1. B 3TOM cJIyqae pellIeHMM TO)Ke HeT.

16.17. Y paccMaTpMBaeMoM CMCTeMbI eCTb pellIeHMe Xl
==

X2
==

x3
== O.

JICHO TaK)Ke, qTO eCJIM O.n;HO M3 qMCeJI Xl' X2, x3 paBHO HYJIIO, TO paB-

HbI HYJIIO M OCTaJIbHbIe .n;Ba qMCJIa. ll03TOMY 6y.n;eM npe.n;nOJIaraTb, qTO

Xl X2 x
3 i: O. Tor.n;a ypaBHeHIDI MO)KHO 3anMcaTb B BM.n;e

1 2 1 2 1 2

1-+--==-,1+-==-,1+-==-.
x2 X2 x2 X3 x2 Xl
123
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CJIO)KMB 3TM ypaBHeHMH, nOJIyqaeM

( 1 -

;1 )
2

+ ( 1- ;2 )
2

+ ( 1 -

;3 )
2

= O.

ll03TOMY Xl ==X
2 ==X3

== 1.

16.18. llocJIe QMKJIMqeCKOM nepeH)'MepaQMM HeM3BeCTHbIX MO)KHO

CqMTaTb, qTO Xl � Xi .n;JIH i == 2, 3, 4, 5. Tor.n;a

3X2 == (x4 +xs +x 1 )s � (x3 +x4 +xs)s == 3Xl.

ll03TOMY Xl ==X2 M X3 ==X1. KpOMe TOrO,

3X4 == (Xl +X2 +X3)S � (XS +X 1 +X 2 )S == 3X3.

3HaqMT, X4
==

X3 M Xs
==

X3. MbI nOJIyqMJIM, qTO Xl
==

X2
==

X3
==

X4
==

Xs
== X.

3TO qMCJIO X .n;OJI)KHO y.n;OBJIeTBOpHTb ypaBHeHMIO (3x)
5

== 3x. llOJIyqaeM
1

TPM pellIeHMH: X == 0 MJIM :f:
3

.

16.19. llYCTb n HeqeTHO. JICHO, qTO x
2 f- 0, n03ToMY M3 nepBoro

M BToporo ypaBHeHMM nOJIyqaeM Xl ==X3. 113 BTOpOrO M TpeTberO ypaB-

HeHMM IIOJIyqaeM X
2

==

X4 M T..n;. KpOMe TOrO, M3 nepBOrO M IIOCJIe.n;HerO

ypaBHeHMM nOJIyqaeM X
n

==

X2. B MTOre nOJIyqaeM Xl
==

X3
==

...

== X
n

==

== X
2

==

X4
==

...

==

Xn-l. ll03TOMY M3 nepBOrO ypaBHeHIDI nOJIyqaeM Xi == 1,

T. e. Xl
== :f: 1. OqeBM.n;Ho, qTO 06a yKa3aHHbIx B OTBeTe Ha60pa HeM3BeCT-

HbIX .n;eMCTBI1TeJIbHO HBJIHIOTCH pellIeHMHMM CMCTeMbI. llpM qeTHOM n

TOqHO TaK)Ke nOJIyqaeM Xl ==X3 ==... ==X
n

- 1 ,
X

2
== X

4
==

...

== X
n

- 2
M X

2
==

Xn.

OqeBM.n;HO, qTO TaKMe Ha60pbI qMCeJI HBJUIIOTCH pellIeHMHMM .n;aHHOM

cMcTeMbIypaBHeHMM.
16.20. llYCTb Xmin

==

xi
- HaMMeHbllIee M3 qMCeJI Xl, ..., Xs, X

max
==

==

Xj
- HaM60JIbllIee. Tor.n;a X�in ==

Xi-2 + Xi-1 � 2X
m in (3.n;eCb no.n;pa3Y-

MeBaeTCH, qTO Xo
==

Xs M X-I
== X4) M X�ax ==

Xj-2 + Xj-1 � 2x
max

. qMCJIa

Xmin M X
max nOJIO)KMTeJIbHbIe, n03TOMY Xmin � 2 � Xmax. CJIe.n;oBaTeJIbHO,

Xmin
== X

max
== 2.

16.21. 113 nepBoro ypaBHeHMH nOJIyqaeM Y
== :f:x. llo.n;CTaBMB 3TO

BbIpa)KeHMe BO BTopoe ypaBHeHMe, nOJIyqMM

(x-a)2+ x
2

== 1. (1)

qMCJIO pellIeHMM CMCTeMbI )'MeHbllIaeTcH .n;o Tpex, eCJIM O.n;HO M3 pellIe-

HMM ypaBHeHMH (1) 06paIIJ;aeTcH B HYJIb. llo.n;cTaBMB B ypaBHeHMe (1)

3HaqeHMe X == 0, nOJIyqMM a
2

== 1, T. e. a == :f:1. qMCJIO pellIeHMM CMCTe-

MbI )'MeHbllIaeTcH .n;o .n;BYX, eCJIM ypaBHeHMe (1) MMeeT e.n;MHcTBeHHbIM

KopeHb (T. e. .n;Ba COBna.n;alOIIJ;MX KOpIDI). llpMpaBHMBa.H HYJIIO .n;MCKpM-

MMHaHT ypaBHeHIDI (1), nOJIyqaeM a == :f:J2.
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16.22. C.n;eJIaMTe 3aMeHY u == .!, v == 1-, t ==
1:.

M CJIO)KMTe nOJIyqeHHbIe
x y z

ypaBHeHI1J1 U + v == 6, v + t == 4 M t + u == 5: u + v + t == 7,5. ll03TOMY
II

-

3,5, v == 2,5 M t == 1,5.

16.23. 113 paBeHCTB

(X - y)3 == X
3

- y3 - 3(x
2

y
- xy2) == 26 - 3.6 == 8

clIe.n;yeT, qTO X
-

Y
== 2. ll03TOMY 6 == x

2

Y
- xy2 ==

xy (x -

y) == 2xy M xy
==

== 3. PellIeHMe CMCTeMbI x
-

y
== 2, xy

== 3 co.n;ep)KMTCJI B yKa3aHMM K 3a-

.n;aqe 16.8.

rJIaBa 17. KOMDJIeKCHhIe QHCJIa

17.1. PaccMoTpMTe KBa.n;paTHoe ypaBHeHMe x
2

-

px + q, r.n;e

p
== (a + bi) + (a - bi) == 2a M q

== (a + bi) (a - bi) == a
2

+ b
2

.

17.2. PaBeHCTBO (a + bi)2 == a
2

- b
2

+ 2abi nOKa3bIBaeT, qTO lfY)KH0

rro.n;06paTb .n;eMcTBMTeJIbHbIe qMCJIa a M b, .n;JI.H KOTOpbIX a
2

== b
2

M 2ab == 1.

17.3. llo.n;6epMTe .n;eMcTBMTeJIbHbIe "Y:MCJIa a 11 b, .n;JIJI KOTOpbIX a
2

-

- b
2

== 3 M 2ab == -4.

17.4. ECJIM 3anMcaTb Z B BM.n;e z == x + iy, TO .n;JUI X M Y nOJIyqMM

CI1CTeMY ypaBHeHMM x
2

- y2 ==
a, 2xy == b. llpM b f- 0 3Ta CMCTeMa MMeeT

pOBHO .n;Ba pellIeHMJI (CM. yKa3aHMe K 3a.n;aqe 16.5).

17.5. CM. yKa3aHMJI K 3a.n;aqaM 17.4 M 16.5.

17.6. BOCnOJIb3yMTeCb 3a.n;aqeM 17.5.

17.7. BOCnOJIb3yMTeCb TeM, qTO (a + bi) (a - bi) == a
2

+ b
2

.

17.8. ECJIM Izi == 1, TO COrJIaCHO 3a.n;aqe 17.7 MMeeM ZZ == Izl
2

== 1.

17.9. BOCnOJIb3yMTeCb TeM, qTO COrJIaCHO 3a.n;aqe 17.7 BbInOJIHeHO pa-

BeHCTBO ZZ == Iz1
2

.

17.10. YMHO)KbTe qMCJIMTeJIb M 3HaMeHaTeJIb Ha a
- bi.

17.11. BOCnOJIb3yMTeCb TeM, qTO

(a
- bi) (e

- di) == (ae
- bd) - (ad + be)i

M

(a + bi) (e + di) == (ae - bd) + (ad + be)i.

17.12. BOCnOJIb3yMTeCb 3a.n;aqeM 17.11.

17.13. BOCnOJIb3yMTeCb TeM, qTO.n;JUI MHOrOq]leHa C .n;eMc TBMTeJIbHbI-

MM K03<P<P M :U;MeHTaMM cnpaBe.n;JIMBO paBeHcTBo f (z) == f (z).

17.14. ECJIM x -

KopeHb .n;aHHoro ypaBHeHIDI, TO

x
3

- 1 == (x -

1) (x
2

+ x + 1) == O.
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(-1:!::iJ3)2 -l=f=iJ3
17.15. llpoBepbTe, qTO

4
==

2
.

17.16. ECJIM x -

KopeHb .n;aHHoro ypaBHeHH.H, TO

X
3

+ 1 == (x + 1) (x
2

-

x + 1) == O.

17.17. Y MHOrOq]leHa x
3

+ b
3

+ c
3

- 3bcx eCTb KopeHb x == - (b + c),

n03ToMY OH .n;eJIMTCH Ha x + b + c. 3TOT )Ke MHOrOq]leH MO)KHO 3anMcaTb

B BM.n;e x
3

+ (wb)3 + (w
2

c)3 - 3(wb) (w
2

c)x, r.n;e w - Ky6MqeCKMM KO-

peHb M3 e.n;MHMQbI. ll03TOMY MHOrOq]leH .n;eJIMTCH M Ha x + wb + w
2

c.

AHaJIOrMqHO OH .n;eJIMTCH Ha x + w
2

b + wc. QT06bI HaMTM OTHOllIeHMe

.n;aHHoro MHOrOq]leHa K npoM3Be.n;eHMIO TpeX HaM:.n;eHHbIx MHO)KMTeJIeM,

MO)KHO nOJIO)KHTb b == c == O.

17.18. BOCnOJIb3yMTeCb TeM, qTO

(a+wb+w
2

c)(a+w
2

b+wc) == a
2

+b
2

+c
2

+(w
2

+w)(ab+bc+ca)

M w
2

+ w + 1 == O.

17.19. IIepBbLu cnoco6. 113 paBeHCTBa

(a+b)3 == a
3

+b
3

+3ab(a+b)

BM.n;HO, qTO X == a + b -

KopeHb .n;aHHoro ypaBHeHH.H. llo.n;eJIMB x
3

-

a
3

-

- b
3

- 3abx Ha x
-

a
-

b, nOJIyqMTe KBa.n;paTHoe ypaBHeHMe

x
2

+ (a +b)x+a
2

- ab + b
2

M HaM.n;MTe ero KOMTIJIeKCHbIe KOpHM.

Bmopou cnoco6. BOCnOJIb30BaBllIMCb pellIeHMeM 3a.n;aqM 17.17, nOJIY-

qMTe pa3JIO)KeHMe

x
3

-

a
3

- b
3

- 3abx == (x -

a
- b) (x -

wa
-

w
2

b) (x -

w
2

a
- wb).

17.20. PaccMoTpMTe B03BpaTHoe ypaBHeHMe x
4

+ x
3

+ x
2

+ x + 1 == 0

u 1
M c.n;eJIaMTe 3aMeHY Y

== x +
x

.

17.21. llYCTb Y
== kx. Cpa3Y OTMeTMM, qTO k f:.1. 113 ypaBHeHMM

x
3

- k
3

x
3

== 26 M kx
3

- k
2

x
3

== 6

3 _

26 3 _

6

nOJIyqaeM x -

1 _ k 3
M X -

k _ k 2
. CJIe.n;oBaTeJIbHO,

26 6

1 - k 3 k - k
2

.

3TO ypaBHeHMe MO)KHO )'MHO)KMTb Ha 1- k. B pe3YJIbTaTe nOJIyqMM

26 6

1 + k + k
2 k

'

oTKY,lI;a k = 3 Mil �. Ilo3ToMY x
3

= -1 Mil x
3

= 27.



rJIaBa 18. napa60JIa H rHnep60JIa

18.1. BbI.n;eJIMTe CHaqaJIa nOJIHbIM KBa.n;paT:

ax
2

+ bx + c = a ( x + ;a )
2

+ c
- �: .

3aTeM .n;OKIDKMTe, qTO OCb napa60JIbI y
== a(x + XO)2 + d 3a.n;aeTCH ypaBHe-

Hl1eM x + Xo
== O. ,lLmI 3TOrO BOCnOJIb3yMTeCb TeM, qTO eCJIM Xl + X2

==

XO'

TO (Xl + XO)2 == (X2 + xo)2.
18.2. BbI.n;eJII1Te nOJIHbIM: KBa.n;paT:

ax
2

+ bx + c = a ( x + ;a r + c
- �: .

18.3. BeTBM napa60JIbI HanpaBJIeHbI BHM3, n03ToMY a < O. A6cIJ;MCCa
b

BepllIMHbI napa60JIbI nOJIO)KMTeJIbHa, n03ToMY
-

2a
> 0 M b > O. llapa-

60JIa nepeceKaeT OCb op.n;MHaT B TOqKe C nOJIO)KMTeJIbHOM: op.n;MHaTOM:,

rr03ToMY c > o.

18.4. BepllIMHa napa60JIbI MMeeT Koop.n;MHaTbI

(x; y) == (a + 1; a
2

-

(a + 1)2).

1103TOMY a ==x -1 M Y
== (x -1)2 -

x
2

== -2x + 1.

18.5. BepllIMHa napa60JIbI MMeeT Koop.n;MHaTbI (x; y) == (a; a
-

a
2

).

003TOMY y
== X

-

x
2

.

18.6. PellIMTe cMcTeMY ypaBHeHMM: a + b == 5, a
- b == -1, c == o.

18.7. ,l];McKpMMMHaHT ypaBHeHIDI x
2

== 2x + a paBeH HYJIIO, n03ToMY

a==-lMx==l.

18.8. ,l];McKpMMMHaHT ypaBHeHMH x
2

== ax
- 4 paBeH HYJIIO, n03ToMY

a

a ==:f:4 M x ==

-2:
== =F2.

18.9. A6cIJ;MCCbI KOHIJ;OB oTpe3Ka, BbIceKaeMoro napa60JIoM: y
==

== ax
2

+ bx + C Ha npHMOM: y
== kx + I, - 3TO KOpHM ypaBHeHMH ax

2
+

+ bx + c == kx + I, T. e. ax
2

+ (b - k)x + c -I == o. C)'MMa 3TMX KOpHeM:
k-b u k-b

paBHa -. ll03TOMY cepe.n;MHa OTpe3Ka JIe)KMT Ha npHMOM x ==
_

2
.

a a

18.10. Cepe.n;MHbI oTpe3KoB, BbIceKaeMbIX napa60JIoM: Ha npHMbIx,

nepneH.n;MKYJI.HpHbIX OCM CMMMeTpMM napa60JIbI, JIe)KaT Ha 3TOM: OCM. Co-

rJIaCHO 3a.n;aqe 18.9 cepe.n;MHbI oTpe3KoB, BbIceKaeMbIX napa60JIoM: Ha ce-

MeMcTBe napaJIJIeJIbHbIX npHMbIx, JIe)KaT Ha npHMoM, napaJIJIeJIbHOM OCM

op.n;MHaT. (3Ta 3a.n;aqa He OXBaTbIBaeT npHMbIe, napaJIJIeJIbHbIe OCM op-

.n;MHaT, HO TaKMe npHMbIe nepeceKalOT napa60JIY TOJIbKO B O.n;HOM: TOqKe.)

ll03TOMY OCblO CMMMeTpMM napa60JIbI MO)KeT 6bITb TOJIbKO npHMa.H, Ha
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KOTOpOM: JIe)KaT Cepe.n;I1HbI OTpe3KOB, napaJIJIeJIbHbIX OCI1 a6cIJ;l1cc, KOH-

IJ;bI KOTOpbIX JIe)KaT Ha napa60JIe.
18.11. KBa.n;paTHoe ypaBHeHl1e

x
2

+ 2bx + 1 == 2a (x + b) ,

T. e. x
2

+ 2(b -

a)x + 1 - 2ab == 0, .n;OJI)KHO He I1MeTb KOpHeM:. 3TO 03Ha-

qaeT, qTO ero .n;I1CKpI1MI1HaHT

4(b - a)2 -

4(1- 2ab) == 4(a
2

+ b
2

-1)

OTpl1IJ;aTeJIeH.

18.12. llpe.n;nOJIO)KI1M, qTO ql1CJIa y.n;aJIOCb no.n;06paTb.

IIepBbLu enoeo6. Y.n;BYX napa60JI «BeTBM» HanpaBJIeHbI BBepx, a y o.n;-

HOM: BHI13, n03ToMY y .n;BYX TpeXq]leHOB CTapllIl1M: K03<P<PI1IJ;l1eHT nOJIO-

)KI1TeJIbHbIM:, a y o.n;Horo OTpl1IJ;aTeJIbHbIM:, T. e. cpe.n;11 ql1ceJI a, b 11 e

.n;Ba nOJIO)KMTeJIbHbIX 11 O.n;HO OTpl1IJ;aTeJIbHoe. ,l];Be napa60JIbI nepece-

KalOT OCb Oy B TOqKaX C OTpl1IJ;aTeJIbHbIMI1 op.n;I1HaTaMI1, a o.n;Ha B TOqKe

C nOJIO)KMTeJIbHOM: op.n;I1HaTOM:, n03ToMY y .n;BYX TpeXq]leHOB cB060.n;HbIM:

q]leH OTpMIJ;aTeJIbHbIM, a y o.n;Horo nOJIO)KI1TeJIbHbIH, T. e. cpe.n;11 ql1ceJI a,

b 11 e .n;Ba OTpl1IJ;aTeJIbHbIX 11 O.n;HO nOJIO)KI1TeJIbHoe. llOJIyqeHo npOTI1BO-

peQMe.

Bmopou enoeo6. TaKl1e napa60JIbI I1MelOT 06IIJ;yro TOqKY (1, a + b + e).

Ho Ha pl1c)'HKe Y napa60JI 06IIJ;eM: TOqKI1 HeT.

18.13. llYCTb OTMeqeHHbIe TOqKM I1MelOT Koop.n;I1HaTbI (a; f(a)) 11

(b; f (b)). Tor.n;a

f(b)
-

f(a) == Ib
2

-Ia
2

+ m(b - a) == k(b -

a),

r.n;e ql1CJIO k == I (a + b) + m IJ;eJIoe. KBa.n;paT paCCTOHHI1H Me)l{)J;Y OTMe-

qeHHbIMI1 TOqKaMI1 paBeH (b - a)2 + (f(b)
- f(a))2 == (b - a)2(1 + k

2
).

llo YCJIOBI1IO 3TO ql1CJIO - nOJIHbIM: KBa.n;paT. Ho Tor.n;a M ql1CJIO 1 + k
2

-

nOJIHbIM KBa.n;paT, qTO B03MO)KHO TOJIbKO npl1 k == O.

18.14. llYCTb npHMaH 3a.n;aeTcH ypaBHeHl1eM ax + by + e == O. Tor.n;a

a6CIJ;I1CCbI TOqeK nepeCeqeHI1H npHMOM: C OCHMI1 Koop.n;I1HaT paBHbI 0
c

6
v

6
v

11
-

a'
a a CIJ;MCCbI TOqeK nepeCeqeHIDI npHMOI1 C rl1nep OJIOI1 HBJI.HIOTCH

KOpH.HMI1 ypaBHeHIDI ax
2

+ ex + b == 0, n03 TOMY OHI1 paBHbI

-

c :f: J c
2

- 4a b

2a

18.15. llPHMaH, KOTOpaH npoxo.n;I1T qepe3 TOqKY (x o ; Yo) 11 He napaJI-

JIeJIbHa OCHM Koop.n;I1HaT, 3a.n;aeTCH ypaBHeHl1eM a(x -

xo) +b(y
-

Yo) ==0,
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b
T. e. ax + by ==

axo + byo. YpaBHeHMe ax +
-

==

axo + byo MMeeT TOJIbKO
x

O,l];I1H KopeHb, n03TOMY

4ab == (axo + byo)
2

== a
2

x� + 2ab + b
2

yg,
T. e. (axo

-

byo)
2

== O. TaKMM 06pa30M, MO)KHO nOJIO)KMTb a ==

Yo M b ==

xo.

18.16. BOCnOJIb30BaBllIMcb TeM, qTO xoYo
== 1, nOKa)KMTe, qTO KOHIJ;bI

paccMaTpMBaeMoro oTpe3Ka MMelOT Koop.n;MHaTbI (0; 2yo) M (2xo; 0).
.... YoX- Yoxo+e

18.17. 3anMllIMTe ypaBHeHMe KpMBOM B BM.n;e y
== M BOC-

X-Xo

rrOJIb3yMTeCb TeM, qTO Yo ( -

xo)
-

(e
-

xoYo) == -e f- o. �JIH HaXO)l{)J;eHM.H

u;eHTpa KpMBOM: BOCnOJIb3yMTeCb TeM, qTO u;eHTpoM cMMMeTpMM KpMBOH

xy
== e HBJIHeTCH TOqKa (0; 0).

18.18. 3anMllIMTe ypaBHeHMe KpMBOM B BM.n;e (x -

xo) (y
-

Yo) ==
e,

d a ad - be .... ....

18 17r.n;e Xo
== -

-, Yo
==

-

M e == -

2 '
M BOCnOJIb3)'HTecb 3a.n;aqeM . .

e e e

18.19. BOCnOJIb3yMTeCb 3a.n;aqeM 18.18.

.... ax+b a be-ad
18.20. BOCnOJIb3)'HTeCb TeM, qTO

ex + d
==

c
+

e(ex + d)
.

18.21. CHaqaJIa .n;OKIDKMTe, qTO

(ad - be) (xl
-

X2)
f(X1)

-

f(x 2 ) ==

( ex 1 + d) (ex2 + d)

f(X1)
-

f(X2) Xl
-

x2 eX3 + d

f(X1)
-

f(X3)
-

Xl -x3 eX2 +d.

11

rJIaBa 19. KBa�paTHhIe HepaBeHcTBa

19.1. PaccMoTpMTe CJIe.n;yroIIJ;Me CJIyqaM:

1) x�O illIM 4�x�5; 2) 0�x�4; 3) x�5.

B cJIyqae 1 pellIMTe HepaBeHcTBo x
2

- 4x + 3 � x
2

-

X + 5. B cJIyqae 2

pellIMTe HepaBeHcTBo -x
2

+ 4x + 3 � x
2

-

X + 5. B cJIyqae 3 pellIMTe

HepaBeHcTBo x
2

- 4x + 3 � x
2

+ X
- 5.

19.2. JICHO, qTO 3x - 3 > 0, T. e. x> 1. llpM x> 1 MO)KHO B03BeCTM

06e qaCTM B KBa.n;paT. 3anMllIMTe nOJIyqeHHoe npM 3TOM HepaBeHcTBo

B BM.n;e (x + 3)x(x - 2) (x - 5) < O. ECJIM x> 1, TO (x + 3)x > 0, n03ToMY

rrpMxo.n;MM K HepaBeHcTBY (x - 2) (x -

5) < o.

19.3. ECJIM -2 < a < 2, TO .n;MCKpMMMHaHT TpeXq]leHa OTpMIJ;aTeJIb-

HbIM. ECJIM a == :f:2, TO HepaBeHCTBO MMeeT BM.n; (x:f: 1 )2 > O. ECJIM a > 2

-a :f: J a
2

- 4
illIM a < -

2, TO KOpHM TpeXq]leHa paBHbI 2
.

19.4. YMHO)KbTe 06e qaCTM HepaBeHcTBa Ha nOJIO)KMTeJIbHOe qMC-

JIO a, nOJIO)KMTe y
== ax M 3anMllIMTe nOJIyqeHHoe HepaBeHcTBo B BM.n;e

a
2

+(4 y 2+8)a+4 y 4+32y � o.
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PaCCMOTpMTe JIeByro qaCTb KaK KBa.n;paTHbIM: TpeXqJIeH OT a, HaM:.n;MTe ero

KOpHM M pa3JIO)KMTe ero Ha MHO)KMTeJIM:

(a+2 y 2+4y)(a+2 y 2-4y+8) � O.

JlCHO, qTO a + 2 y
2

-

4y + 8 == a + 2(y
- 2)2> O. 3anMllIMTe HepaBeHcTBo

a + 2 y
2

+ 4y � 0 B BM.n;e 2(y + 1)2 - 2 + a � O. ECJIM a � 2
,

TO Y JI1060e.

-2 - J 4- 2a -2+ J 4- 2a u

ECJIM 0 < a < 2, TO Y �
2

I1JII1 Y �
2

. BOCnOJIb3YM-

TeCb Tenepb TeM, qTO y
== ax.

19.5. ECJII1 Y KBa.n;paTHoro TpeXqJIeHa HeT KOpHeM: I1JIM eCTb TOJIb-

KO O.n;MH KopeHb, TO Bce ero 3HaqeHM.H o.n;HOBpeMeHHO HeOTpMIJ;aTeJIbHbI

MJIM HerrOJIO)KI1TeJIbHbI. ECJIM KBa.n;paTHbIM: TpeXqJIeH MMeeT KOpHM Xl

M X2, r.n;e Xl < X2, TO ero 3HaqeHM.H npM X < Xl M npM X > X2 MMelOT

O.n;MH 3HaK, a npM Xl < X < X2 -.n;pyrOM: 3HaK. ll03TOMY eCJIM KBa.n;paT-

HbIH TpeXqJIeH B .n;BYX TOqKaX npMHMMaeT 3HaqeHM.H pa3HbIX 3HaKOB, TO

Me)l(jJ;Y 3TMMl1 TOqKaMM JIe)KMT Xl I1JIM x
2 .

19.6. lIMcJIa a M b 3aKJIIOqeHbI Me)l(jJ;Y KOplUlMM MHOrOqJIeHa f(x),

rr03TOMY qMCJIO x TO)Ke 3aKJIIOqeHO Me)l(jJ;Y 3TMMM KOplUlMM.

19.7. llYCTb f(x) == _X2 + 1. Tor.n;a f(2) == f( -2) == -3 M f(O) == 1.

19.8. llYCTb f(x) ==x
2

- (a +2)x+a. HepaBeHCTBO f(l) � 0 BbInOJI-

HHeTC.H .n;JI.H Bcex a, a HepaBeHCTBO f (2) � 0 BbInOJIlUIeTC.H npl1 a � O.

KpoMe Toro, COrJIaCHO 3a.n;aqe 19.6 .n;JI.H Bcex X, 3aKJIIOQeHHbIX Me)l(jJ;Y 1

I1 2, M3 HepaBeHcTB f(l) � 0 M f(2) � 0 CJIe.n;yeT HepaBeHcTBo f(x) � o.

19.9. llYCTb f(x) ==2x
2

+ax- s. ECJIM -3 < a < 3, TO f(l) == a
- 3 < 0

M f( -1) == -a
- 3 < O. ll03TOMY COrJIaCHO 3a.n;aqe 19.6 MMeeM f(x) < 0

npM Ix I � 1. ECJIM lal > 3, TO f (l)f( -1) == 9 -

a
2

< o. ll03TOMY COrJIaCHO

3a.n;aqe 19.5 MHOrOqJIeH f(x) MMeeT KopeHb, MO.n;YJIb KOToporo MeHb-

llIe 1. ECJIM lal == 3, TO MHOrOqJIeH f(x) MMeeT KopeHb, MO.n;YJIb KOToporo

paBeH 1.

19.10. llYCTb f(x) == x
2

-

ax + 2a. ECJIM f(l) == 1 + a � 0, TO Hepa-

BeHCTBO BbInOJIlUIeTC.H .n;JI.H X == 1. ECJIM f(l) > 0, TO .n;JI.H HeKOToporo

x> 1 HepaBeHcTBo f(x) � 0 BbInOJIlUIeTC.H TOJIbKO B CJIe.n;yroIIJ;eM CJIyqae:

i > 1 H f ( i) ::;; 0, T. e. a � 8.

19.11. llYCTb f(x) ==x
2

-2ax-2b. llo YCJIOBMIO a
2

== -aa
- b M f32 ==

== af3 + f3, n03TOMY f(a) == a
2

+ 2a
2

== 3a
2

M f(f3) == f32 - 2f32 == _(32.
3HaqMT, f(a)f(f3) � o. ll03TOMY Me)l(jJ;Y ql1CJIaMM a I1 (3 eCTb KopeHb

ypaBHeHM.H x
2

- 2ax - 2b == o.

19.12. llYCTb KBa.n;paTHbIM: TpeXqJIeH f(x) MMeeT KOpHM Xl M x
2

==

==

Xl + n + a, r.n;e a � O. ,l];JI.H onpe.n;eJIeHHOCTM 6y.n;eM CqMTaTb, qTO KO-
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: ><1>cln1IJ;l1eHT npl1 X2 nOJIO)KI1TeJIeH. llOJIO)KI1M Xo
==

Xl + �. Tor.n;a Xo � Xl

II Xo + n � X2. ll03TOMY f(xo) + f(xo + 1) + ... + f(xo + n) < O. Y KBa.n;-

paTHOrO TpeXqJIeHa f (x) + ... + f (x + n) K03<P<PI1IJ;l1eHT npl1 X2 nOJIO-

)I{I1TeJIeH, n03TOMY npl1 .n;OCTaTOqHO 60JIbllIl1X x OH npl1HI1MaeT nOJIO-

)({HTeJIbHbIe 3HaqeHI1.H.

19.13. llpl1 x ==

Xl I1 npl1 X ==

X2 TpeXqJIeH � X2 + bx + c npl1HI1MaeT

ax
2

3ax
2

1 2
3HaQeHM.H

-

2
I1

z-.
3Tl1 3HaqeHM.H I1MelOT pa3HbIe 3HaKI1, n03TOMY

O�I1H 113 KOpHeM: TpeXqJIeHa pacnOJIO)KeH Me)l{,lJ;Y Xl I1 X2.

19.14. llpe.n;nOJIO)KI1Te, qTO If(x)1 < 1 npl1 Ixi � 1, I1 paCCMOTpl1Te

rpa<pI1KI1 <PYHKIJ;I1M: f (x) I1 g(x) == 2x
2

- 1. COrJIaCHO npe.n;nOJIO)KeHI1IO

f(::l::l) < g(::l::l) == 1 I1 f(O) > g(O) == -1, n03ToMY rp a <p I1KI1 <PYHKIJ;I1M: f
I1 g nepeceKalOTC.H no KpaM:HeM: Mepe B .n;BYX TOqKax: o.n;Ha TOqKa nepe-

CeQeHM.H JIe)KI1T Ha oTpe3Ke [ -1, 0], a .n;pyra.H
- Ha oTpe3Ke [0, 1]. llOKa-

)f(I1Te 3aTeM, qTO rpa<pI1KI1 <PYHKIJ;I1M: f I1 g nepeceKalOTC.H He 60JIee qeM

13 O.n;HOM: TOqKe. ,lJ;eM:CTBI1TeJIbHO, 113 paBeHCTBa 2x
2

+ ax + b == 2x
2

- 1

CJIe.n;yeT, qTO ax + b == -1. KpoMe Toro, 113 HepaBeHcTBa f (0) > g(O) CJIe-

,1J;yeT, qTO b > -1, n03ToMY npl1 a i= 0 ypaBHeHl1e ax + b == -1 I1MeeT

e�I1HCTBeHHoe pellIeHl1e, a npl1 a == 0 He I1MeeT pellIeHI1M:.

� q2
-

q1
19.15.113 YCJIOBI1.H CJIe.n;yeT, qTO PI r P2. llOJIO)KI1Te Xl

==
. To-

PI
-

P2
I'.n; a

2
+ +

2
+ +

(Q2-Q1)2+(P1-P2)(P1Q2-q1P2)
0Xl PI Xl q1

==

Xl P2 X 1 q2
==

(PI
_ P2)2

< .

3TO 03HaqaeT, qTO rp a <p I1KI1 <PYHKIJ;I1M: f1 (x) == x
2

+ PI X + q 1 I1 f2 (x) ==

== x
2

+ P2 X + q2 nepeceKalOTC.H B TOqKe (Xl, Y1), r.n;e Y1 < O. B TaKOM

CJIynIae KBa.n;paTHbIe TpeXqJIeHbI x
2

+ PIX + q1 I1 x
2

+ P2 X + q2 I1MelOT

KOpHI1 aI, f31 I1 a2, f32. PaCCMOTpl1Te <PYHKIJ;111O

f(x) == f1 (X)
-

f2(X) == (PI
-

P2)X + (q2
-

q1) == (PI
-

P2) (X -

Xl)

H nOKa)KI1Te, qTO

f1 (a2)f1 (f32) == f(a2)f(f32) == (PI
- P2)2(a2 -

Xl) (f32
-

Xl) ==

== (PI
- P2)2 f2 (Xl) < o.

19.16. llo YCJIOBI1IO 9a-3b+c<3, a-b+c>2 I1 a+b+c<O.

YMHO)KbTe BTopoe HepaBeHcTBo Ha -2, CJIO)KI1Te Tpl1 HepaBeHcTBa I1 no-

JIynIl1Te HepaBeHcTBo 8a < -1.

19.17. llYCTb f (x) == ax
2

- bx + c I1 g(x) == (a + b )x
2

+ c. llapa60JIa

Y
== g(x) CI1MMeTpl1qHa OTHOCI1TeJIbHO OCI1 op.n;I1HaT, n03ToMy.n;ocTaTOq-
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HO npOBepl1Tb, qTO Ig(O) I < 111 Ig(l) 1< 1. 3Tl1 HepaBeHcTBa CJIe.n;yroT 113

Toro, qTO g(O) == f(O) I1 g(l) == f( -1).

rJIaBa 20. KOM6HHaTopHKa H BepoHTHoCTb

20.1. ,l];JI.H Ka)l{,lJ;OrO 113 n npe.n;MeToB eCTb .n;Be B03MO)KHOCTI1: ero

MO)KHO JIl160 BbI6paTb, JIl160 He BbI6paTb.
20.2. KIDK.ZJ;aH 113 MOHeT MO)KeT OKa3aTbC.H B JII060M 113 Tpex KapMa-

HOB. ll03TOMy.n;JI.H KIDK.ZJ;OM 113 CeMI1 MOHeT H)')KHO BbI6paTb O.n;I1H 113 Tpex

KapMaHoB.

20.3. Ha nepBoM MeCTe MO)KeT CTO.HTb JII06aH 113 9 IJ;11<PP (Bce, KpO-

Me 0), a Ha OCTaJIbHbIX qeTblpex - JII06aH 113 .n;eC.HTI1.

20.4. llepByro IJ;11<PPY MO)KHO BbI6paTb 9 cnOC06aMI1, a KIDK.ZJ;yro 113

llIeCTI1 OCTaJIbHbIX-10 cnOC06aMI1. Bcero nOJIyqaeM 9.10
6

cnoc060B.

20.5. QT06bI nOJIyql1Tb llIeCTl13HaqHOe qI1CJIO, .n;eJUIIIJ;eec.H Ha 5, H)')K-

HO .n;onl1CaTb B KOHIJ;e n.HTI13HaqHOrO ql1CJIa 0 MJII1 s. COrJIaCHO 3a.n;a-

qe 20.3 KOJII1QeCTBO IliITl13HaqHbIX ql1ceJI paBHO 90000.

20.6. llepBaH IJ;11<ppa JII06aH 113 .n;eB.HTI1 (0 He MO)KeT CTO.HTb Ha nep-

BOM MeCTe). Ka)l{,lJ;aH CJIe.n;yroIIJ;aH IJ;11<ppa BbI611paeTC.H O.n;HI1M 113 n.HTI1

cnoc060B.

20.7. ,l];ocTaTOqHO 3a.n;aTb Tpl1 nepBble IJ;11<pPbI TaKoro ql1CJIa.

20.8. KOJIl1qeCTBO Bcex nocJIe.n;oBaTeJIbHocTeM .n;JII1HbI 3, COCTO.HIIJ;I1X

113 ql1ceJI OT 1 .n;o 6, paBHo 6
3

,
a KOJIl1qeCTBO Bcex nOCJIe.n;oBaTeJIbHocTeM

.n;JII1HbI 3, COCTO.HIIJ;I1X 113 ql1ceJI OT 1 .n;o 5, paBHo 53.

20.9. Ka)l{,lJ;bIM .n;eJII1TeJIb I1MeeT BM.n; pkql, r.n;e k npl1HI1MaeT O.n;HO 113

m + 1 3HaqeHl1M (OT 0 .n;o m), a I npl1HI1MaeT O.n;HO 113 n + 1 3HaqeHI1M.

20.10. Bcero eCTb 90000 IliITl13HaqHbIX ql1ceJI (3a.n;aqa 20.3). HaM-

.n;eM KOJIl1qeCTBO n.HTI13HaqHbIX ql1ceJI, B KOTOpbIX He co.n;ep)KI1TC.H HI1 o.n;-

HOM IJ;11<PPbI 8. Ha nepBoM MeCTe B TaKOM ql1CJIe He MO)KeT CTO.HTb HI1 0,

HI1 8 - Bcero 8 Bapl1aHTOB; Ha Ka)l{,lJ;OM 113 nocJIe.n;yro�l1x qeTblpex MeCT

MO)KeT CTO.HTb JII06aH 113 9 IJ;11<PP, OTJIl1qHbIX OT 8. ll03TOMY KOJIl1qeCTBO

TaKI1X ql1ceJI paBHo 8 · 9
4

== 52488. TaKI1M 06pa30M, KOJIl1qeCTBO n.HTI1-

3HaqHbIX ql1ceJI, B 3anl1Cl1 KOTOpbIX co.n;ep)KI1TC.H XOT.H 6bI o.n;Ha IJ;11<ppa 8,

paBHO 90000 - 52488 == 37 512.

20.11. ECJII1 .n;eBymKI1 I1 IOHOIlII1 3aH)'MepOBaHbI, TO pa36l1eHl1e Ha

napbI 3a.n;aeTC.H nepeCTaHOBKOM: HOMepOB IOHOllIeM:.

20.12. MO)KHO Cql1TaTb, qTO KpeCJIa npoHYMepoBaHbI no nOp.H.n;KY.

Tor.n;a .n;eBymKI1 CI1.n;.HT JIl160 B KpeCJIaX C qeTHbIMI1 HOMepaMI1, JIl160

B KpeCJIaX C HeqeTHbIMI1 HOMepaMI1. Ha CBOI1 KpeCJIa IOHOIlII1 I1 .n;eBym-
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KI1 paCCIDKI1BaIOTC.H np0I13BOJIbHO, Y IOHollIei1: eCTb S! B03MO)KHOcTei1:,

I1 Y .n;eBYIIIeK TO)Ke eCTb S! B03MO)KHOcTei1:.

20.13. KOJIl1qeCTBO cnoc060B pacca.n;I1Tb np0l13BOJIbHO llIeCTb qeJIO-

BeK Ha llIeCTb cTYJIbeB paBHO 6!. ECJII1 3aTeM MeH.HTb MeCTaMI1 JIIO.n;ei1:,

CM.n;.HIIJ;I1X .n;pyr 3a .n;pyrOM, TO 3TO MO)KHO c.n;eJIaTb 2
3

== 8 pa3JIl1qHbIMl1

cnOC06aMI1. 113 3Tl1X cnOC060B pOBHO O.n;liH y.n;OBJIeTBOp.HeT YCJIOBI1IO.

I1cKoMoe ql1CJIO paBHO

�! =90.

20.14. IIepBbLu cnoco6. B Ka)l{,lJ;OM: BepTI1KaJII1 Haxo.n;I1TC.H no O.n;HOi1:

JIa.n;be. llOJIO)KeHl1e JIa.n;ei1: onpe.n;eJI.HeTC.H nepecTaHoBKoi1: rOpI130HTaJIei1:.

Bmopou cnoco6. JIa.n;b.H Ha nepBoi1: rOpl130HTaJIl1 MO)KeT 3aHl1MaTb

8 pa3HbIx nOJIO)KeHI1i1:. ECJII1 3TO nOJIO)KeHl1e <pI1KCl1pOBaHO, TO JIa.n;b.H

Ha BTOpOi1: rOpl130HTaJIl1 MO)KeT 3aHl1MaTb )')Ke TOJIbKO 7 nOJIO)KeHI1i1:.

AHaJIOrl1qHO .n;JI.H JIa.n;bl1 Ha TpeTbei1: rOpl130HTaJIl1 OCTaeTC.H 6 Bapl1aHTOB

I1 T..n;. I1Toro 8 . 7 . 6 . 5 .4. 3 . 2 == 8! cnoc060B.

20.15. Kanl1TaHOM MO)KeT CTaTb JI1060i1: 113 11 <PYT60JII1CTOB. llocJIe

BbI60pa Kanl1TaHa Ha pOJIb ero 3aMeCTI1TeJI.H MorYT npeTeH.n;OBaTb 10 oc-

TaBIlII1XC.H qeJIOBeK. TaKI1M 06pa30M, Bcero eCTb 11 . 10 == 110 pa3HbIx

Bapl1aHToB.

20.16. LJ;BeT .n;JI.H BepxHei1: nOJIOCKI1 <pJIara MO)KHO BbI6paTb llIeCTblO

pa3HbIMl1 cnOC06aMI1. llocJIe 3Toro .n;JI.H cpe.n;Hei1: nOJIOCKI1 <pJIara OCTa-

CTC.H n.HTb B03MO)KHbIX IJ;BeTOB, a 3aTeM .n;JI.H HI1)KHei1: nOJIOCKI1 <pJIara-

lJeTbIpe pa3JIl1qHbIX IJ;BeTa. TaKI1M 06pa30M, <pJIar MO)KHO 113rOTOBl1Tb

6.5 .4== 120 cnOC06aMI1.

20.17. Ha:H.n;I1Te CHaqaJIa KOJIl1qeCTBO .n;eC.HTI13HaqHbIX ql1ceJI, B KO-

TOpbIX Bce IJ;11<PPbI pa3HbIe. Ha nepBoM MeCTe B TaKOM qliCJIe MO)KeT

CTO.HTb JII06aH 113 .n;eB.HTI1 OTJIl1qHbIX OT HYJI.H IJ;11<PP, Ha BTOpOM
- JII06aH

113 .n;eB.HTI1 IJ;11<PP, OTJIl1qHbIX OT nepBoi1:, .n;JI.H TpeTbei1: IJ;11<PPbI OCTaeTC.H

Y'>Ke 8 Bapl1aHTOB I1 T..n;. Bcero nOJIyqaeTC.H 9 . 9! ql1ceJI. BbIqTI1Te 3TO

I{OJIl1qeCTBO 113 KOJIl1qeCTBa 9 . 10
9

Bcex .n;eC.HTI13HaqHbIX qliceJI (CM. yKa-

JaHl1e K 3a.n;aqe 20.3).

20.18. a) I1cKoMoe ql1CJIO paBHo Cfs.
6) lloCJIe Toro KaK BbI6paHa nepBaH KOMaH.n;a, BTOpyK> KOMaH.n;Y MO)K-

110 BbI6paTb Cia cnOC06aMI1. KpOMe Toro, BbI60p CHaqaJIa BTOpOi1: KO-

MaH.n;bI, a nOTOM nepBoi1: .n;aeT TOT )Ke caMbIi1: p e3YJIbT aT, qTO I1 BbI60p
CHaqaJIa nepBoi1:, a nOTOM BTOpOi1:. ll03TOMY np0l13Be.n;eHl1e .n;BYX nOJIY-

'"-(eHHbIX ql1ceJI H)')KHO pa3.n;eJII1Tb Ha 2.

B) llocJIe Toro KaK BbI6paHbI .n;Be KOMaH.n;bI, TpeTb.H KOMaH.n;a TO)Ke

BbI6paHa. KpOMe Toro, pa3HbIi1: nOp.H.n;OK BbI60pa KOMaH.n; npl1Bo.n;liT
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K O.n;HOMY M TOMY )Ke pe3YJIbTaTY. ll03TOMY npOM3Be.n;eHMe .n;BYX nOJIY-

qeHHbIX qMCeJI H)l)KHO pa3.n;eJIMTb Ha 3!.

20.19. KOJIMqeCTBO cnoc060B BbI6paTb 3 KHMrM M3 6 paBHO Ci == 20.

KOJIMqeCTBO cnoc060B BbI6paTb 3 KHMrM M3 8 paBHo C� == 56. I1cKoMoe

qMCJIO paBHo 20 . 56 == 1120.

8.7 6.5
20.20. llepBYIO napy MO)KHO BbI6paTb 2 cnoc06aMM, BTOpYID 2

cnoc06aMM M T..n;. llOp.H.n;OK, B KOTOpOM BbI6MpaIOTC.H napbI, He MMeeT

3HaqeHM.H, n03TOMY npOM3Be.n;eHMe

8.7 6.5 4.3 2.1
-.-.-.-

2 2 2 2

H)l)KHO pa3.n;eJIMTb Ha 41. B pe3YJIbTaTe nOJIyqMM

8.7 6.5 4.3 2.1
-.-.-.-==7.5.3
8642.

20.21. Ha nepBoM MeCTe MO)KeT CTO.HTb JII06aH M3 9 IJ;M<PP (Bce, KpO-

Me 0), Ha BTOpOM TO)Ke (Bce, KpOMe nepBoi1:) M T. .n;.

20.22. qepHbIe 6YCMHKM pa36MBalOT 6eJIbIe 6YCl1HKM Ha .n;Be rpynnbI

(o.n;Ha 113 3TMX rpynn MO)KeT co.n;ep)KaTb 0 6YCMHOK). BM.n; O)KepeJIb.H nOJI-

HOCTblO onpe.n;eJI.HeTC.H KOJIMqeCTBOM 6YCMHOK B MeHbllIei1: rpynne. 3TO

KOJII1QeCTBO MO)KeT 6bITb paBHo 0, 1 MJIM 2.

20.23. CeMb .n;eByrneK Ha ceMb pa3HbIx MeCT B XopoBo.n;e MO)KHO pac-

CTaBMTb 7! == 5040 cnoc06aMM. Ho B XopoBo.n;e pacnOJIO)KeHM.H, KOTopbIe

nOJIyqaIOTC.H npM .n;BM)KeHMM no Kpyry, He pa3JIMqaIOTC.H. llOBopOTaMM

XopOBo.n;a M3 o.n;Horo pacnOJIO)KeHM.H MO)KHO nOJIyqMTb 7 .n;pyrMX pacno-

JIo:>Kemdi. TI03TOMY Bcero nOJIyqaeTCJ! � = 6! = 720 cnoco6oB.

20.24. O)KepeJIbe, B OTJIMqMe OT XopoBo.n;a, MO)KHO He TOJIbKO Bpa-

IIJ;aTb no Kpyry, HO I1 nepeBepHYTb. BOCnOJIb30BaBllIMCb pe3YJIbTaTOM 3a-

,lI,aQH 20.23, nOJIyqaeM 7;0 = 360 pa3JIHQHbIX O:>KepeJIHH.
20.25. llYCTb c)'MMa nepBbIx .n;BYX IJ;M<PP paBHa n M c)'MMa .n;BYX no-

CJIe.n;HMX IJ;M<PP TO)Ke paBHa n. qMCJIO n npMHMMaeT 3HaqeHMe OT 1 .n;o 18.

ECJIM KOJIMqeCTBO .n;BY3HaqHbIX HOMepoB, y KOTOpbIX c)'MMa IJ;M<PP paB-
2 2 2

IIHa n, paBHO an' TO MCKOMOe qMCJIO paBHO a
l

+ a
2

+ ... + a
18

. pOBepbTe,

qTO al ==2, a2==3, ..., a8==9, a9==10, aI0==9, ...,
a

17 ==2, a
1 8==1.

20.26. qMCJIO X2 + y2 .n;eJIMTC.H Ha 7 Tor.n;a M TOJIbKO Tor.n;a, Kor.n;a

06a qMCJIa X M Y .n;eJI.HTC.H Ha 7. �ei1:cTBMTeJIbHO, KBa.n;paT IJ;eJIoro qMCJIa

npM .n;eJIeHMM Ha 7 .n;aeT OCTaTKM 0, 1, 2 M 4. KOJIMqeCTBO IJ;eJIbIX qMCeJI,

3aKJIIOqeHHbIX Me)l{,lJ;y 1 M 1000 M .n;eJUlIIJ;MXC.H Ha 7, paBHo 142. ll03TOMY

MCKOMoe qMCJIO paBHo 142
2

== 20164.
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20.27. OCTaTKM OT .n;eJIeHM.H Ha 7 qMCeJI 2
x

M x
2

nOBTOp.HIOTC.H C ne-

pHo.n;aMM 3 M 7, n03ToMY OCTaTKM OT .n;eJIeHM.H Ha 7 qMCJIa 2
x

-

x
2

no-

I rrOp.HIOTC.H C nepMo.n;oM 21. Cpe.n;M qMCeJI x OT 1 .n;o 21 paBHbIe OCTaTKM

OT .n;eJIeHM.H Ha 7 qMCeJI 2
x

M X2 .n;alOT pOBHO 6 qMCeJI. ll03TOMY cpe.n;M

{II1CeJI OT 1 .n;o 9996 == 21 .476 eCTb 476 . 6 == 2856 Tpe6yeMbIx qMCeJI.

l-fenocpe.n;cTBeHHaH npoBepKa C MCnOJIb30BaHMeM nOJIyqeHHoH nOCJIe-

/�OBaTeJIbHOCTM OCTaTKOB nOKa3bIBaeT, qTO M3 OCTaBIlIMXC.H qMCeJI 9997,

9998 M 9999 TOJIbKO qMCJIO 9998 06JIa.n;aeT Tpe6yeMbIM CBOHCTBOM.

20.28. Ey.n;eM OT.n;eJIbHO no.n;CqMTbIBaTb CYMMY TbIC.Hq, COTeH, .n;eC.HT-

!{OB M e.n;MHMIJ; .n;JI.H paccMaTpMBaeMbIx qMCeJI. Ha nepBoM MeCTe MO-

)f(eT CTO.HTb JII06aH M3 IliITM IJ;M<PP 1, 2, 3, 4, s. KOJIMqeCTBO Bcex qMCeJI

c <pMKcMpoBaHHoH nepBoH IJ;M<pPOH paBHo 6. 6 . 3 == 108, nOCKOJIbKY

Ha BTOpOM M TpeTbeM MeCTe MO)KeT CTO.HTb JII06aH M3 llIeCTM IJ;M<PP,
a Ha qeTBepToM MeCTe MO)KeT CTO.HTb JII06aH M3 Tpex IJ;M<PP 0, 2, 4 (MbI

paccMaTpMBaeM TOJIbKO qeTHbIe qMCJIa). ll03TOMY cYMMa TbIC.Hq paBHa

(1 + 2 + 3 + 4 + 5) . 108.1000 == 1620000. KOJIMqeCTBO qMCeJI C <pMKCM-

pOBaHHoH BTOpOH IJ;M<PPOH paBHo 5 . 6 . 3 == 90 (Ha nepBOM MeCTe CTOMT

1I106aH M3 n.HTM IJ;M<pp). ll03TOMY CYMMa COTeH paBHa

(1 + 2 + 3 + 4 + 5) .90.100 == 135000.

AHaJIOrMqHO cYMMa .n;eC.HTKOB paBHa

(1 + 2 +3 +4+ 5).90.10 == 13 SOD,

a cYMMa e.n;MHMIJ; paBHa (2 + 4) . 5 . 6 . 6 == 1 080.

20.29. BbI.n;eJIMM O.n;MH M3 n + 1 npe.n;MeToB M 0603HaqMM ero a. JIIO-

60MY Ha60py M3 OCTaBIlIMXC.H n npe.n;MeToB MO)KHO conOCTaBMTb Ha60p
M3 qeTHOrO qMCJIa M3 n + 1 npe.n;MeToB CJIe.n;yK>IIJ;MM 06pa30M: Ha60py M3

qeTHOrO qMCJIa npe.n;MeToB conOCTaBJI.HeM TOT )Ke caMbIH Ha60p, a K Ha-

60py M3 HeqeTHOrO qMCJIa npe.n;Me TOB .n;06aBJI.HeM npe.n;MeT a.

20.30. llYCTb B qMCJIe ABCDE 06e nepBbIe IJ;M<PPbI OTJIMqH bI OT s .

ECJIM B i: 0, TO nOCTaBMM 3TOMY qMCJIY B COOTBeTCTBMe qMCJIO BCDEA,

a eCJIM B == 0, TO nOCTaBMM eMY B COOTBeTCTBMe qMCJIO sCDEA. TaKMM

cnoc060M nOJIyqaIOTC.H Bce IliITM3HaqHbIe qMCJIa, He .n;eJI.H�MeC.H Ha s.

20.31. B03MO)KHbI 4 paBHOBepO.HTHbIX Mcxo.n;a: opeJI-opeJI, opeJI-pellI-

Ka, peIliKa-OpeJI, peIliKa-peIliKa. I1HTepecyK>�ee Hac C06bITMe npOMCXO-

.n;MT TOJIbKO B nepBOM M3 HMX.

20.32. a) BbI6epMTe TY M3 qaCTeH, Ha KOTOpOH OKa3aJIaCb nepBaH

OTMeTKa. BepO.HTHOCTb Toro, qTO BTOpaH nOMeTKa OKa)KeTC.H Ha BbI6paH-
u 1

HOM qaCTM, paBHa k.
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6) PaCCMOTpl1Te k + 1 TOqKY
-

.n;Be nOMeTKM I1 k - 1 TOqKY pa3JIOMa.

(k+ l)k
BbI6paTb .n;Be TOqKM 113 k + 1 MO)KHO

2
cnOC06aMI1. A BbI6paTb .n;Be

TOqKM 113 k + 1 TaK, qT06bI OHI1 OKa3aJIl1Cb coce.n;HI1MI1, MO)KHO k cnoc06a-

MI1. BbI60p .n;BYX TOqeK 113 paCCMaTpl1BaeMbIx k + 1 TOqeK cooTBeTcTByeT

BbI60py Tex paBHbIx qaCTeH naJIKM, Ha KOTopbIe CTaB.HTC.H nOMeTKM.

20.33. C)'MMbI 9 I1 10 MO)KHO nOJIynIl1Tb .n;B)'M.H pa3HbIMl1 cnOC06aMI1:

9 == 3 + 6 == 4 + 5 I1 10 == 4 + 6 == 5 + s. Ho H)l)KHO ynIl1TbIBaTb nOp.H.n;oK,

B KOTOpOM BbIna.n;alOT ql1CJIa Ha KOCT.HX. ll03TOMY ql1CJIO 9 nOJIynIaeTC.H

qeTbIpbMH pa3HbIMl1 cnOC06aMI1, a ql1CJIO 10 JII111Ib TpeM.H:

9 == 3 + 6 == 6 + 3 == 4 + 5 == 5 + 4, 10 == 4 + 6 == 6 + 4 == 5 + s.

20.34. BepO.HTHOCTb Toro, qTO nepBbIH BbIHYTbIH llIap 6eJIbIH, paB-
lO

B
<J

6
<J

Ha
25

. epO.HTHOCTb Toro, qTO npl1 3TOM YCJIOBI1I1 BTOpOI1 llIap eJIbII1,

9
paBHa

24
I1 T..n;. I1cKOMaH B epO.HTHOCTb paBHa

10 9 8 7
-.-.-.-

25 24 23 22

3.7

5.23.11.

20.35. llYCTb BepO.HTHOCTb BbIl1rpaTb MaTq y OTQa paBHa p, a Y Ma-

Tepl1
-

q. llo YCJIOBI1IO P < q. ll06e.n;y MaJIbql1KY npl1HOCHT cJIe.n;yK>�l1e

I1CXO.n;bI TypHl1pa: BBll, BBB, llBB (3.n;ecb B 03HaqaeT BbIl1rpbIIlI, a ll-

npOl1rpbIIlI). ,l];JI.H TypHl1pa «OTeQ-MaTb-OTeQ» BepO.HTHOCTI1 TaKI1X I1C-

XO.n;OB paBHbI pq(l- p), pqp, (1
-

p)qp. ll03TOMY BepO.HTHOCTb BbIl1r-

pbIllia B TaKOM TypHl1pe paBHa 2pq
-

pqp. AHaJIOrl1qHO BepO.HTHOCTb

BbIl1rpbIllia B TypHl1pe «MaTb-OTeQ-MaTb» paBHa 2pq
-

qpq. JlCHO, qTO

pqp < qpq, n03ToMY 2pq
-

pqp > 2pq
-

qpq.

20.36. llYCTb I1rpOKI1 cbIrpalOT eIIJ;e Tpl1 napTI1I1, T. e. I1rpa <pI1KTI1B-
HO npo.n;OJI)KaeTC.H .n;a)Ke nOCJIe Toro, KaK nepBbIM: I1rpOK nOJIynIMJI npl13.

BTOpOH I1rpOK nOJIynIl1T npl13 Tor.n;a I1 TOJIbKO Tor.n;a, Kor.n;a OH BbIl1rpa-

eT Bce Tpl1 napTI1I1. llOCKOJIbKY Bce 2
3

== 8 I1CXO.n;OB 3Tl1X Tpex napTI1H
<J 1

CpaBHOBepO.HTHbI, BTOpOI1 I1rpOK nOJIynIl1T npl13 C BepO.HTHOCTblO 8.
0-

<J 7
oTBeTcTBeHHo, nepBbII1 I1rpOK nOJIynIl1T npl13 C BepO.HTHOCTblO 8.

20.37. a) llYCTb B .HIIJ;MKe JIe)KI1T m KpacHbIx HOCKOB I1 n qepHbIx. Be-

pOJlTHOCTb Toro, qTO nepBbIH BbI6paHHbIH HOCOK KpacHbIH, paBHa � .

n m

llpl1 YCJIOBI1I1, qTO nepBbIH BbI6paHHbIH HOCOK KpacHbIH, BepO.HTHOCTb

<J <J m-1
IIToro, qTO BTOpOI1 HOCOK TO)Ke KpaCHbII1, paBHa

+ 1
. 03TOMY Be-

n m-

m m-1

pO.HTHOCTb Toro, qTO 06a HOCKa KpaCHbIe, paBHa
+

.

+ 1
. TaKI1M

n m n m-
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oopa30M, Tpe6yeTC.H, qT06bI BbInOJIIDIJIOCb paBeHCTBO

m m-l 1

n+m

.

n+m-l ==2:. (1)

11 pl1 n == 1 nOJIyqaeM m == 3. TaKOM: Ha60p HOCKOB HaM no.n;xo.n;I1T.

m m-l
6) JICHO, qTO n > o. Tor.n;a, KaK JIerKO npOBepl1Tb,

+
>

+ 1
.

n m n m-

I I03ToMY .n;OJI)KHbI BbInOJIlUITbC.H HepaBeHCTBa

m 1 m-l
>->

n+m J2 n+m-l'

T. e. ( -12+ 1) n < m < ( -12+ 1) n + 1. llo YCJIOBI1IO ql1CJIO n qeTHo. .lVrn n ==

== 2, 4, 6 nOJIyqaeM m == 5, 10, 15. B nepBbIX .n;BYX CJIyqa.HX paBeHcTBo (1)

He BbIIlOJIHHeTC.H, a B TpeTbeM BbInOJIHHeTC.H. llpM 3TOM n+m==6+1s==21.

20.38. llYCTb Ha nepBOM: I1rpaJIbHOM: KOCTM HanMcaHbI qMCJIa 1, 2,

3, 4, 5, 6, a Ha BTOpOM: 0, 6, 12, 18, 24, 30. Tor.n;a JII060e qMCJIO OT 1

/�o 36 npe.n;cTaBJUIeTC.H e.n;MHCTBeHHbIM 06pa30M B BM.n;e C)'MMbI ql1ceJI,

Ilarrl1CaHHbIX Ha .n;BYX Ky6MKax.

rJIaBa 21. �OnOJIHHTeJIbHbIe 3a�aqH

21.1. BbIqMCJIMTe npoM3Be.n;eHMe (x
2

+ x + 1) (x + c).

21.2. PellIMTe cMcTeMY ypaBHeHMM: a
3

== 1, 3a3 + 2a2 == 4, 3a 3 + 2a
2 +

I a
I

== 6, a3 + a2 + al + ao
== 4.

21.3. ECJIM x � 0, TO qMCJIa X
12

,
-x

9
,

x
4

M -x HeOTpMu;aTeJIbHbIe;

eCJIM 0 <x < 1, TO X
12

+X
4

(1-X
5

) + (I-x) > 0;

eCJIM x � 1, TO X
9

(X
3

-1) +x(x
3

-1) + 1> O.

21.4. HaTYPaJIbHbIe qMCJIa, He npeBOCXO.n;.H�Me a 11.n;eJl.H�MeC.H Ha n,-

: )'1'0 QI1CJIa n, 2n, ..., mn, r.n;e m - HaM60JIbllIee u;eJIoe qMCJIO, .n;JUI KOTO-

a

pOl'O mn �a, T. e. m �-.
n

21.5. 06a qMCJIa paBHbI KOJIMqeCTBY HaTypaJIbHbIX qMCeJI, He npeBOC-

XO/�5IlQI1X a M .n;eJUI�MXC.H Ha n.

21.6. KOJIHqeCTBO qHCe.n OT 1 .n;o n, .n;emlI�HXCR Ha pk, paBHo [ ;k ] .

1{(1)K.n;oe 113 3TMX qMCeJI, He .n;eJI.H�eec.H Ha pk+
1

, .n;aeT BKJIa.n; k B .n;aHHyK>

CYMMY.

21.7. ECJIM x < 1, TO [x] + [2x] � 1, a eCJIM x � 1, TO [x] + [2x] �

� 1 +2==3.

21.8. 3anMllIMTe qMCJIO [nx] B BM.n;e [nx] ==

nao + aI' r.n;e a
l

- OCTa-

TOI< OT .n;eJIeHI1.H qMCJIa [nx] Ha n. Tor.n;a nx ==

nao + a
l + a, r.n;e 0 � al �

� 11
- 1 I1 0 � a < 1. ll03TOMY

al +a
x ==

ao + ,

n



88 YKa3a1-lU5l

r.n;e al + a < (n - 1) + 1 == n. CJIe.n;oBaTeJIbHO, [x] ==

ao M [nx]
-

n[x] ==

==aI�n-1.

21.9. llYCTb k == [ v 4n + 1]. Tor.n;a k
2

� 4n + 1 < (k + 1)2. llOJIHbIH

KBa.n;paT npM .n;eJIeHMM Ha 4 He MO)KeT .n;aBaTb B OCTaTKe 2 MJIM 3, n03TO-

MY qMCJIa 4n + 2 114n + 3 He Mor)'T COBnaCTb C (k + 1)2. CJIe�oBaTeJIbHO,

06a 3TM qMCJIa MeHbllIe (k + 1)2.
21.10. BOCnOJIb3yMTe Cb Te M, qTO

(In + y' n + 1)2 == 2n + 1 + 2 y' n(n + 1)

Mn< y' n(n+1)<n+1.

21.11. llOCJIe.n;oBaTeJIbHO .n;OKIDKMTe HepaBeHcTBa

(4n+1)2 < 16n
2

+8n+3 < (4n+2)2,

(2n+1)2 < 4n
2

+ y'16n 2
+8n+3 < (2n+2)2,

en + 1)2 < n
2

+ J 4n
2

+ y' 16n
2

+ 8n + 3 < en + 2)2,

21.12. llYCTb [x] == a M {x} == b. Tor.n;a x == a + b, n03ToMy.n;aHHoe

HepaBeHcTBo I1MeeT BM.n; ab < a + b - 1. 3TO HepaBeHcTBo 3KBI1BaJIeHT-

HO HepaBeHcTBY (a - 1) (b - 1) < O. JlCHO TaK)Ke, qTO b == {x} < 1. ll03TO-

MY HepaBeHCTBO npl1HI1MaeT BM.n; [x] > 1, T. e. x � 2.

21.13. nepBblu cnoco6. llYCTb x == 11n + r, r.n;e n � 0 I1 0 � r � 10.

Tor,ll,a [ ;1 ] = n H n + 1 = [ ;0 ] = n + [
n

1�
r

J, II03TOMY 10 :::; n + r < 20,

T. e. 10 -

r � n � 19 -

r. ,l];JI.H Ka)l{,lJ;OrO r OT 0 .n;o 10 nOJIyqaeM 10 pellIe-

HMM: .

Bmopou cnoco6. ECJIM x � 220, TO ;0 � 2 + IXI ' n03ToMY I1 u;eJIbIe

x x <J <J

2 EqaCTI1 qMCeJI
10

I1
IT

OTJIMqaIOTC.H no Kpal1Hel1 Mepe Ha . CJIM)Ke

x < 220, TO 3TM u;eJIbIe qaCTM OTJIMqaIOTC.H MeHbllIe qeM Ha 2. KpoMe

Toro, eCJm [ ;0 ] = [ ;1 ] + a, TO

[ X��lO ] = [ X��lO ] + 1 +a.

ll03TOMY pOBHO O.n;HO M3 qMCeJI x M x + 110, r.n;e x � 110, .HBJI.HeTC.H pe-

llIeHMeM .n;aHHoro ypaBHeHM.H.
1

21.14. B KaqeCTBe a MO)KHO B3.HTb KopeHb ypaBHeHM.H x +
-

==

n, r.n;e
x

n -

HaTypaJIbHOe qMCJIO, n � 3. llpM n == 4 nOJIyqMTC.H qI1CJIO, YKa3aHHoe

B OTBeTe.

21.15. CHaqaJIa BbIqepKHMTe M3 Ha60pa qMCeJI 1, 2, ..., 999 qMCJIa,

KpaTHbIe 5; HX KOJIH'IeCTBO paBHo [ 9�9 ] = 199. 3aTeM H3 Toro :>Ke
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1I;loopa ql1CeJI BbIqepKHI1Te qMCJIa, KpaTHbIe 7; MX KOJIMqeCTBO paBHo

I
()

�9 ] = 142. flpH 3TOM qHCJIa, KpaTHbIe 35, 6y,n;yr BbIqepKHyrbI ,n;Ba-

il\/\I>1. I1x KOJIHqeCTBO paBHo [ 9;: ] = 28. 3HaqHT, Bcero BbIqepKHyro

1 99 + 142 - 28 == 313 qMCeJI, a OCTaJIOCb 999 - 313 == 686 qMCeJI.

21.16. BbI6epMTe HaTypaJIbHOe qMCJIO n TaK, qTO n
4

� x < en + 1)4.

'1()I'�a n
2

� JX < en + 1)2. C O.n;HOM: CTOpOHbI, n � V JX < n + 1, no-

: )'('0 MY [M J == n. C .n;p yrOM: CTOpOHbI, n
2

� [JX] < en + 1)2, n03ToMY

II <; V [JX] < n + 1 M [ V [JX] J == n.

21.17. llpe.n;nOJIO:>KMB, qTO cpe.n;M .n;aHHbIX qMCeJI HeT HeKoToporo Ha-

k
2

TypalIbHoro qMCJIa p � 250, BbI6epl1Te QeJIoe qMCJIO k TaK, qTO
1000

< P

(k+l)2� k
2

2k+1� 2k+1
II

1000
;.-'" P + 1. Tor.n;a

1000
+

1000
;.-'" P + 1, n03ToMY 1000

> 1, T. e.

k
2

k
..

500. 3TO npoTMBOpeqMT TO MY, qTO
1000

< P � 250.

21.18. llpe.n;nOJIO:>KMB, qTO .n;JI.H HeKoToporo QeJIoro k � 500 qMCJIa

I
k:�

] [
(k+l)2

]I ( �)O
I1

1000
paBHbI, BbI6epMTe HaTypaJIbHOe qMCJIO m TaK, qTO

k
2

(k + 1)2
m �

1000
<

1000
< m + 1.

'I « H '/�a

(k + 1)2 k
2

1000

-

1000
< 1,

2k+l
1', ('.

I 000
< 1. 3TO npoTMBOpeqMT TOMY, qTO k � 500.

21.19. Cpe.n;M 12 OCTaTKOB OT .n;eJIeHIDI.n;aHHbIX qMCeJI Ha 11 HaM.n;yT-
(')I /�Ba o.n;I1HaKOBbIx.

2 1.20. B KOMnaHMM He MoryT o.n;HOBpeMeHHO npMCyTCTBOBaTb qe-

/IOIH'I(, KOTOpbIM .n;P)')KMT co BceMM, I1 qeJIOBeK, KOTOpbIM He .n;P)')KMT HM

(" J« 'M. Ilo3TOMY KOJIMqeCTBO 3HaKOMbIX Y JIIO.n;eM: M3 KOMnaHMM, COCTO.H-

1I�('ii 113 n qeJIOBeK, paBHO O.n;HOMY M3 n -1 qMCeJI.

21.21. �Ba M3 qMCeJI a, a
2

, ...,
a

b + I
.n;alOT o.n;MHaKOBbIe OCTaTKH npM

/�l '.11 (' I' I1I1 Ha b. llYCTb 3TO 6y.n;yT qMCJIa a
k

M aI, r.n;e k > I. Tor.n;a a
k

-

a
l

==

<I' (ok
-[

- 1) .n;eJIMTC.H Ha b. qMCJIa a
l

M b B3aMMHO npocTbIe, n03ToMY

el" ,
--] �eJII1TC.H Ha b.

21.22. �Ba M3 qMCeJI a, b M C .n;alOT o.n;MHaKOBbIe OCTaTKM npM .n;eJIe-

111111 lIa 4. ECJIM, HanpMMep, a M b npM .n;eJIeHMM Ha 4 .n;alOT OCTaTOK 3

( 11./111 06a .n;alOT OCTaTOK 1), TO ab - 1 .n;eJIMTC.H Ha 4.

21.23. llpe.n;nOJIO:>KMTe, qTO HI1 O.n;HO 113 qMCeJI SI ==

aI, S2 ==

al + a2,

,..,
8

11
== a

l + ... + an He .n;eJIMTC.H Ha n. Tor.n;a npM .n;eJIeHMM Ha n 3TM
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qMCJIa MOryT .n;aBaTb He 60JIee n
- 1 pa3HbIx OCTaTKOB: 1, 2, ...,

n
- 1.

l103TOMY .n;Ba qMCJIa Sp M Sq, r.n;e p > q, .n;alOT o.n;MHaKOBbIe OCTaTKM npM

.n;eJIeHMM Ha n. 3TO 03HaqaeT, qTO qMCJIO Sp
-

Sq
== a

q +l + ... + a
p

.n;eJIMT-

C.H Ha n.

21.24. ConocTaBbTe KIDK.l];OM)' BbI6paHHOM)' qMc.ny ero HaM60JIbllIMM

HeqeTHbIM .n;eJIMTeJIb. KOJIMqeCTBO HeqeTHbIX qMCeJI, He npeBOCXOMIIJ;MX n,

n .. n+1 ..

IIpaBHo 2 npM qeTHOM n M
z- npM HeqeTHOM n. 03TOMY y .n;BYX M3

BbI6paHHbIx qMCeJI HaM60JIbllIMM HeqeTHbIM .n;eJIMTeJIb O.n;MH M TOT )Ke.

EOJIbllIee M3 3TMX qMCeJI .n;eJIMTC.H Ha MeHbllIee.

21.25. OTMeTbTe Ha OCM Koop.n;MHaT TOqKM C Koop.n;MHaTaMM

x-[x], 2x-[2x], 3x-[3x], ..., (n-1)x-[(n-1)x].

3TM TOqKM JIe)KaT Ha oTpe3Ke C Koop.n;MHaTaMM 0 M 1 M .n;eJI.HT ero Ha n

1

oTpe3KoB. ,lVIMHa o.n;Horo M3 3TMX OTpe3KOB He npeBocxo.n;MT -. PaCCMOT-
n

pMM 3TOT OTpe30K. ECJIM O.n;MH M3 ero KOH:U;OB
- 3TO 0 MJIM 1, TO .n;pyrOM

ero KOHe:u;
- MCKOMoe qMCJIO. ECJIM KOH:U;bI OTpe3Ka

- qMCJIa kx - [kx]

M Ix -

[Ix], r.n;e k > I > 0, TO qMCJIO (k -l)x MCKOMoe.

21.26. ConocTaBbTe q]leHY ak .n;aHHoM nOCJIe.n;OBaTeJIbHOCTM .n;Ba qMC-

JIa xk M Yk, r.n;e xk
- HaM6oJIbllIa.H .n;JIMHa B03paCTalOIIJ;eM nOCJIe.n;OBaTeJIb-

HOCTM, HaqMHalOIIJ;eMC.H C ak, Yk
- HaM60JIbllIa.H MMHa y6bIBalOIIJ;eM nOCJIe-

.n;OBaTeJIbHOCTM, HaqMHalOIIJ;eMC.H C ak. llpe.n;nOJIO)KJfTe, �o Xk � m M Yk � n

.n;JI.H Bcex k. Tor.n;a KOJIMqeCTBO Bcex pa3JIWIHbIX nap qMCeJI (xk, Yk) He npe-

BOCXO.n;MT mn. l103TOM)' xk
==

Xl M Yk
==

YI .n;JI.H HeKOTopbIX HOMepOB k :II. Ho

3Toro He MO)KeT 6bITb. .l];eMCTBMTeJIbHO, nyCTb .n;JI.H Onpe.n;eJIeHHOCTH k < I.

Tor.n;a eCJIM ak < aI, TO Xk > Xl, a eCJIM ak > aI, TO Yk > YI.

21.27. B TpeTbeM .HIIJ;MKe MO)KeT JIe)KaTb TOJIbKO qepHbIM llIap. Ee-

JIbIM llIap MO)KeT JIe)KaTb TOJIbKO BO BTOpOM .HIIJ;MKe. 3eJIeHbIM llIap JIe)KMT

B nepBoM .HIIJ;MKe.

21.28. ECJIM JII06oro TY3eM:u;a cnpocMTb, K KaKoMY TIJIeMeHM OH npM-

Ha.n;JIe)KMT, TO OH Ha30BeTC.H a60pMreHOM. llpOBo.n;HMK He 06MaHYJI ny-

TellIeCTBeHHMKa, n03TOMY OH a6opMreH.
21.29. TOT, KTO Bcer.n;a rOBopMT npaB.n;y, Ha 3a.n;aHHbIM Bonpoc OTBe-

TMT «HeT», a TOT, KTO Bcer.n;a JI)KeT, OTBeTMT «.n;a».

21.30. 06a OTBeT.HT «.n;a».

21.32. 3aH)'MepyMTe npe.n;MeTbI HOMepaMM OT 0 .n;o 3 M conOCTaBbTe

3TMM HOMepaM 3anMCM 00, 01, 10, 11. MO)KHO 3a.n;aTb .n;Ba Bonpoca: BXO-

.n;MT JIM npe.n;MeT B rpynny {O, I} M BXO.n;MT JIM npe.n;MeT B rpynny {O, 2}.

OTBeT Ha nepBbIM Bonpoc n03BOJI.HeT BbI.HCHMTb nepByK> :U;M<PPY 3anMCM,

a OTBeT Ha BTOpOM Bonpoc
-

BTOpyK>.
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2 I .33. 3aH)'MepyMTe npe.n;MeTbI HOMepaMM OT 0 .n;o 7 M COnOCTaBbTe

'!'11M 1I0MepaM 3anMCM 000,001,010,011,100,101,110,111. MO)KHO

1.1/�;I'I'h BonpocbI, BXO.n;MT JIM BbI.n;eJIeHHbIl1 npe.n;MeT B rpynnbI {O, 1, 2, 3},

((), 1,4, S} M {O, 2, 4, 6}. OTBeTbI Ha 3TM BonpocbI n03BOJI.HIOT nOCJIe.n;o-

1I:IT('JlbHO BbI.HCHMTb nepByK>, BTOpyK> M TpeTblO :U;M<PPY 3anMCM.

21.34. MMT.H He Mor npOBeCTM O.n;MH M TOT )Ke .n;eHb M B CMOJIeH-

("1(" H B BOJIor.n;e, n03TOMY MeC.H:U; HaqMHaJIC.H BO BTOpHMK (MHaqe nep-

111,lii IrropHMK M nepBbIM BTOpHMK nOCJIe nepBoro nOHe.n;eJIbHMKa COBna-

1111 ObI). AHaJIOrMqHO M BTOpOM MeC.H:U; .n;OJI)KeH HaqMHaTbC.H BO BTOpHMK.

: )'1'( > B03MO)KHO TOJIbKO B CJIyqae, Kor.n;a O.n;MH MeC.H:U;
- <peBpaJIb, a .n;py-

1'( >ii -

MapT, npMqeM ro.n; He BMCOKOCHbIM. CJIe.n;OBaTeJIbHO, B CMOJIeHCKe

M 11TH 6bIJI 1 <peBpaJI.H, B BOJIor.n;e - 8 <peBpaJI.H, BO llcKoBe -1 MapTa, BO

1�1I;1/�I1MMpe
- 8 MapTa.

21.35. 113 nepBoro 3a.HBJIeHM.H .n;JI.H npaB.n;OJIlO6a C HaMMeHbllIeM Ha-

I'I>Y:U<OM: CJIe.n;yeT, qTO B MHCTMTyTe He 60JIee 10 npaB.n;OJII06oB, a.n;JI.H JDKe-

I �; I C lIaM60JIbllIeM HarpY3KoM - qTO B MHCTMTyTe He MeHee 10 npaB.n;OJIIO-

t H >lL 113 BToporo 3a.HBJIeHM.H .n;JI.H npaB.n;OJIlO6a C caMOM 60JIbllIOM 3apTIJIa-

I'oii ClIe.n;yeT, qTO B MHCTMTyTe He MeHee 100 JI)Ke:U;OB, a .n;JI.H JI)Ke:u;a C ca-

l\!1oii MaJIeHbKOM 3apTIJIaTOM - qTO B MHCTMTyTe He 60JIee 100 JDKe:U;OB.

'I': I H II M o6pa30M, B MHcTMTyTe pa60TaeT 10 npaB.n;OJI106oB M 100 JI)Ke:U;OB.

21.36. ECJIM 6bI Ha .n;BYX nepe.n;HMx My.n;pe:u;ax 6bIJIM qepHbIe llIJI.HnbI,

1'1) (' H.n;HIIJ;MM C3a.n;M My.n;pe:u; 3HaJI 6bI, qTO Ha HeM 6eJIa.H llIJI.Hna. 3HaqMT,

'\O'l'H 6bI Ha O.n;HOM M3 HMX llIJI.Hna 6eJIa.H. l103TOMY eCJIM 6bI Ha CM.n;.H-

111,(' M Bnepe.n;M My.n;pe:u;e 6bIJIa 6bI qepHa.H IIDI.Hna, TO CM.n;.HIIJ;MM nocpe.n;MHe

IIOIIHlI 6bI, qTO Ha HeM caMOM - 6eJIa.H. 3HaqMT, Ha My.n;pe:u;e, CMMIIJ;eM

III H' pe.n;M, IIDI.Hna 6eJIa.H.
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