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yaercsi efuHUNA (OBOIIKA, TPOHKA, ..). B 3aKIIOUYNTEIHbHOM paszeJie
OPOIIIOPHI COAEPIKUTCS 0030D PE3yAbTATOB, CBA3AHBIX C MHOIOMEPHBI-
My 00OOIIEHHSAMHE KJIACCHYECKOII TEOPHUH IeIMHBLIX APOoOeil, IoJIyJYeH-
HBIX B IIOCJIEJHEEe BpEeMs.

TekcT OPOLIIOPHI IPEACTABIAET CO00M AOMOJHEHHYIO 00paboTKy
3aIMCHU JIEKI[UH, IPOYNTAHHONH aBTOPOM AJIA MIKOJIbHUKOB 9—11 Kiac-
coB 2 nexadpsa 2000 roga sa Majsiom mexmate MI'Y.

Bpounrtopa paccunTaHa Ha MIUPOKUI KPYT YUTaTEIeil, HHTEPeCcy-
IOIUXCA MaTeMAaTUKOMN: IIKOJbHUKOB CTApPIINX KJACCOB, CTYJEHTOB
MJIAAIINX KYPCOB, YUUTEJIel, & OTYACTH OHa OyJeT MHTepeceHa U Ipo-
deccHOHABHEIM MaTeMaTHKaM.

ISBN 5-94057-014-3

ApHoaned Baadumup Hzopesuu.
ITenusie xpobu.

(Cepus: «Bubamoreka ,,MaremaTuyeckoe mpocBeleEne » )
M.: MITHMO, 2000. — 40 c.: u.

Penaxrops! B. A. Kaenywin, E. H. Ocbmosa.
®ororpad 1. A. AkywkuH. TexH. pegaxTop M. IO. Ilanos.

JIumensusa U Ne 01335 ot 24 /111 2000 roga. Ilognmcano x mevatu 10/XII 2001 ropga.
®opmar 6ymaru 60 x 881 /16- Odcerrnas 6ymara Ne 1. OdcerHas meyaTs.
06vém 2,50 + 0,25 (Bxi1.) meu. 1. Yu.-m3g. a. 2,43.  Tupax 3000 3x3. 3Baxas 8610.

WsngaTenbcTBoO MOCKOBCKOIO IEHTPA HEIIPEPEIBHOTO MaTEMaTHYECKOro 00pa3oBaHuA.
121002, Mocksa, I'-2, Boa. Baiacsesckuii mep., 11. Tex. 241 05 00.

Orneuarano B IIpousBogcTBeHHO-U3AaTeIbCKOM KomOuaaTte BUHUTH.
140010, r. JIro6epubr MockoBcKoit 00J1., OKTsa0pbecKmit np-1, 403. Ten. 554 21 86.



YTO TAKOE LENMHAA APOBb

Teopusa menmHBIX Apo0eii — OJHA M3 APEBHEHUIINX MaTeMaTHUYECKHX

Teopuii. YTOOBI MOKA3aTh, UTO TAKOE IeMHAA JP00b, HAUHEM C ITPOCTOTO
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npumepa. Boasmém apobs . HaubosbIiee 1meioe 41cio, He IPeBOCX 0 I~

mee 9Ty Apodosr — 910 1:

«ITepeBepHéM» ApPoOHL §:
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Hambosnbimee 1esoe umnciao, He IIPEBOCXOoAdAIee APo0b g — a0 2. Ilo-
Jydaem:
10_ 44,3 941 441
T T T T
3 3
ITO U eCTh yenHnas 0pobv AaA Yucaa %, KoTopasi, MeXAYy IPOUYUM, JAET
OYeHb XOPOIINe TPUOIMIKEHNA: 179 JIOBOJIBHO OJTM3KO K 1, HO ecJi XOTUTE
1 1
TOYHEe, TO 3TO MpuMepHo 1 + 50 HY @ 1+ — — 9TO TOYHOE 3HaueHHe.
2+ 2
3

Takum ke crrocoboM MOYKHO TPEACTABJATH Bce umcaa. Eciau umuciao
WpPaIMOHAJIBHOE, TO 9TOT IMPOIece OY/IeT MPO0IKATHCA OECKOHEUHO, H-
KOT/Ia He OCTAHOBHUTCS, a JJIA PAIlMOHAJBHBIX UYMCeJ JPOo0b TAKOr0 BUA
KOHEeYHA.

LlenHas apo6b ans umcna «
Yro Taxoe n?

B mormamax Axagemun HayK 3a 1935 rog a umraJ gBe CTaTbu OHMOJIOTOB, B KOTOPBIX
yrnoMuHAaJI0Ch yncsao n. OgHa crarhsa HasdsIiBaaack «O 1oabsaiei 1esiTeJIbHOCTH AATIOB» , APY-
rasg — «O ¢poHTaHUDPYIOIEH feATeIPHOCTH KUTOB» . B moc/IefHElT onuchIBaIach Takas 3ajada
U3 IPAaKTHKH KUTOJIOBOB. IIO]IYCTI/IM, BEBI 3aMEeTNJIN BAaJIeKe (l)OH'TaH KHTa U XO0THUTe onmpene-
JIUTH, CTONUT JIX OTIPABIATHCSA HA OXOTY 32 9TUM KHTOM HUJIM KOJHYECTBO Msca, KOTOPOE BbI
nobynere, He3HAYUTEAbHO. [[JI 5TOT0 HYYKHO OBLIO BRISICHUTEH 3aBUCHMOCTE MeXXAY (hOHTa-
HUPYIOIEH AesTeJ-HOCTEIO H 00h6M0OM KHuTa. [IloaToMy B cTaThe ObliIa mpuBeseHa (hopMmyaa
17151 06b6Ma Kura: V = nr2l, rae r — OmeHKAa MOJOBHHEI IIMPUHEI KUTA, [ — ero AJuHGI (KUT
CUMTAJICS MUIHHAPUYEeCKUM). Y TOIBKO OBLIO TPYAHO OOBACHUTE KHTOJIOBAM, YTO TAKOE T.
B crarbe 0bLJI0 TaKO€ O0BACHEHHUE: «... TIe T — KOHCTAHTA, KOTOpAas AJIA PeHJIAHICKHUX KU~
TOB paBHA 3». Ho AJd KUTOB APYTrUX IIOPOJ, HO-BUAMMOMY, HYJKHO MCIIOJIB30BaTh APYyrue
3HAYEHUS.



IIpubam:xkenusa yucsia © 3HaJMU yKe ApeBHUe. Bor, Hamtpumep, o4eHb
xXopoilee TPpUOIUIKEHNEe, KOTOPOEe CBA3BIBAIOT C MMeHeM Apxumezaa, HO

22 1 -
KOTOpOe OBLIIO M3BECTHO U IO HETO: Tt ~ 7= 37. B meiicTBuTEIBHOCTH, 3TO

KakK pas Hayajo IemHo#l ApoOHu, B KOTOPYIO MOYKHO Pa3JOKUTh YHUCJIO T.
Jra npobb OeckoHeuHa, U, Oeps BCE 0osee AIMHHBIE HAYATbHBIE KYCKH
ATOM ApOoOM, MOIKHO IOJYUaTh BCE O0Jiee TOUHbIe TPUOJIMIKEHUA, CM. C. D.

22
3ame'rb're, YTO YUCJIUTEIb }1p061/1 7 — BCEero JIUIIIb ABY3HAYHOE UYHN-

CJI0, 3HAMEeHATeJb — OJIHO3HAYHOEe, & TOUHOCTH IMPUOJIUIKeHUA, KOTOPoe
IaéT aTa 1podb, — TPH AecATUUYHBIX 3HaKa (a). lllecTs mpaBUIIBHBIX JeCs-
THUYHBIX 3HAKOB MOKHO IIOJIYYUTh, 000PBAB 9Ty IEITHYIO APO0OL AasbIie (8).
Hogoe npubauskeHue — 9TO OTHOIIIEHUE ABYX TPEX3HAYHBIX Yyuces. Bor
IIPaBUJIO, IIOMOTAloIllee 3aIIOMHUTL 9Ty ApoOb: HAAO 3allMUcaTh AJIHUHHOE
yucso 113355, pa3buTh ero Ha 1Ba TPEX3HAUHBIX YK CJIA ¥ PA3/IEIUTD 00~
mmee Ha MeHbItee. [Tomyunm:
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ITo moemy MHEHUIO, MaTeMaTHKa M (DU3MKA — YaCTH OJ[HOU dKCIIe-
pUMeHTaIbHON HayKu. PU3NKOIl HaA3bIBAaeTCA Ta 4YacCTh, T/ie CTOUMOCTH
KaKJIoT0 9KCIepUMeHTa — MWJLJIMAP/ALI JI0JJIapOB, MaTeMaTUuKoi — Ta,
rJie 9KCIIepUMEHTHI AénieBbl. KpoMe TOro, MmaremMaTuka eiuHa, €€ HeJlb3s
pasaeauTh Ha aaredbpy, reoMeTpuio U T. II. B 4yacTHOCTH, BHIYMCIIEHUS,
KOTOPbIE€ MBI ITPOBOJAUJINA, BOSHUKJIN IIPU N300peTeHNN KaJleH1aps, Koraa
JIpo0bI0 OBIIIO OTHOIIIEHUE COJTHEUHOTo rojga u nmepuozaa JIyusl. Bamxkaii-
1mee IpubJIMIKEeHNE K 9TOMY OTHOIIeHuo — 12 (kKak 3 aa4 nt), ajgee UAyT
BCAKWE MOMPaBKM: BUCOKOCHBIE TOJbl; B TPUTOPUAHCKON CUCTEME, KOTO-
pasd mompaBJseT IJNaHCKYI0, HEe TOJIBKO BUCOKOCHBIE TOJABI, HO U pPa3 B
CTO JIET ellé O/lHa MOTpaBKa, U pa3 B UeThIPecTa JIeT — eIIé OJHA...

Tax BOT, BCe 3TH MONPABKU B COM3MEPHUMOCTh OKAa3aJ1Ch OCOOEHHO
Ba’KHBI, KOT/Ia HAYaJI1 pa3BUBaThCA HeOecHasdA MeXaHNKa M aCTPOHOMMUSA.
Hampumep, couamepumocTs mmepuoaos oopamienunii FOnmurepa n CarypHa
BOKpPyr Cosuita (oTHOIIEHNE ~ 2 : 5) IPUBOJUT K OUE€Hb CUJIBHBIM BO3MY-
II[eHNAM, KOTOPBIe COMBAIOT TJIAHETHI C UX OPOMUT. ITO TaK Ha3LIBae€MbIe
HepaBeHCTBa B aBmykKeHuu IOmurepa m CatypHa, KOTOpble UMEIOT IIepHU-
ox oxoyso 800 ser. B pacuére TaKkMX IIePHUOLOB IEIIHLIE APOOU 1 CBSI3aH-
HbIE C HUMH IPUOJIMIKEeHUA UMEJIA OTPOMHOE 3HAaYeHUe U IToTpedoBasu ce-
PBE3HOTO PA3BUTUS MAaTEeMaTHYECKOro anmmapara. JTO pa3BUTHE IIPUBEJIO
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JOBOJIBHO OBICTPO¥) K MOHMMAHHIO TOTO, YTO 9Ta apu(h)MeTHKA SABJISIETCS
Ha caMoOM JieJjie TeOMeTpHei.

Jamee 1 mpeicTaBIII0 HEKOTOPHIE CBEIeHU A 13 TEOPUH IIEITHBIX Apobei
U IIOKaYXy, OCHOBBIBASICh HA 9KCIIEPUMEHTAJIbHBIX IIPUHIIUIIAX , TEOMETPH-
YeCKUH CMBICJI 9TUX CBeJeHHUI: CHauaaa B BUJe IpuMepa, a IOTOM B BUJIe
(opmMyIMPOBOK TEOpeEM.

JTa reoMeTpUsa cTasa MOMYyJASAPHON OKOJIO CTa JeT Hasaja Osaromaps
BeJIMKOMY MaTeMaTuky 'epmany MUHKOBCKOMY, KOTOPBIH Ha3BaJ €€ reo-
merpuen umces. [IpeaniectBeHHUKYM MWHKOBCKOTO ITOJIb30BAJUCh 3TOH
TeopHer, He JaBas eil Ha3BaHUA, W IIOTOMY 3a0BITHI.

FEOMETPMYECKAS TEOPMS LLEMHBIX APOBEN

B ocnoBe reomerpuu unces mo MUHKOBCKOMY JIEXKHUT IIIKOJbHAsS Te-
TpaJKa B KJI€TOUKY — IIJIOCKOCThb, Ha KOTOPO#l HapucoBaHa KOOPAUHATHAA

. 10
cerka. PaccMoTpuM npaMyIo y = ox; BO3bMEM JJIdA IIpUMepa o, = i Ecan

0. — pamMoOHaJIbHOEe YHCJIO, TO HA 3TOM IPAMOI, KpOMe HauaJyia KOOpInHar,
OyayT elné mesblie TOUKW. B Hatem ciyuae mpAMas IPpOHIET yepe3 TOUKY
(7,10).

OxasbIBaeTcs, IMOCTPOEHME IEMHON Apo0u umncia o CBA3aHO C HAaXO-
JKJIEHUEM I[eJIBIX TOUEeK, KOTOPBIE JeKaT OJIM3KO OT HAIlled TPAMOM.

A MMeHHO, UMeeTcs TeOMEeTPUUYECKUIT aJIrOPUTM, KOTOPHIN MHE 00~
sicHUJI (KoTJa S YYUJICS Ha IEPBOM Kypce) KpYIHeHIInil poccuiickuii ma-
TemaTuk Bopuc HukomnaeBuu Ilemone. OH BhIpasuTeIbHO Ha3bIBAJ 3TOT
aJITOPUTM «BBITATUBAHUEM HOCOB». AJITOPUTM ITO3BOJISIET CTPOUTH OJIN-
JKaMIIe K IPpAMOM I[eJIble TOUKH OJHY 3a APYTOH M OJHOBPEMEHHO TOJIY-
YaTh HEeNnHYI0 Apo0b.

AIII'OpM'I'M «BbITArMBaHUA HOCOB»

CTh €, U €, — eJUHUYHBIEe BeKTOPLI. MeXXy HUMHU PaCIIOJIOKeHa
I 1 2
Ha1a npsamas (puc. 1). A reneps K BeKTOpY €, Oy1eM IpUGaBIATh €, 10 TeX
IIop, MMOKa He IIepecKOUYUM yepea Hallly NpAMYy0. IHBIMH c10BaMu, HY>KHO
HaiTH HanboJIbIIee HATYPATIbHOE UHCIIO 4, TAKOE UTO KOHEI, BEKTOPA €3 =
= e, +aye, BCé ellé HIKe Halei npsmMoii. B nanxoMm ciyuae a, = 1.
IIpogomxaem. UToOBI MOSYYNTh BEKTOD €;, MPUOABUM K €, BEKTOD
€3 (KOTOpBIi yoKe IIOCTPOEH), YMHOKEHHBIN Ha koadduimuent a,. Koad-
(puueHT @, BrIOMpPaeM Tak, YTOOBI He IEPECKOYUTDH Yepes IMPAMYIO, T. €.

*) Besi aTa HayKa (BKJIOYasa «aaroputM EBKianga» u Teopuio « 1u(aropoBbIX TPOEK» BPO-
ne 32 +42 = 52) GbL1a HBBECTHA APEeBHEEIMIIETCKIM 3Be340UETaM 3a THICAYH JeT A0 Ilndaro-
pa, EBranza u 9Bj0Kca, COOONIUBIINX 3TU APEBHUE II03HAHUA (B TOM YK CJIe CTPOTYIO TEOPHIO
MPPAIMOHATBHBIX UMCEJI) APEBHUM IDEeKaM.
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4TOOBI BEKTOD €, OCTaBAJICA BBIIIe IIPSAMOIi, & ecJii K HeMy IpuOaBUTh €3,
TO MBI IEPECKOYHUM depe3 npamyo. Rak sBuaure, a, = 2.

BexTopsl mosnyyaioTcsa Bcé 6oJiee JIIMHHBIE, IIO9TOMY aJITOPUTM U Ha-
3BaJIN «BBITATMBAHUEM HOCOB».

— — —

Hanee, e; =e; +aye,. Baas a, =3, nonasgaeM Kak pas Ha NIPAMYIO.

Hrak,ay=1,a, =2, a,=3,
E _

1 1 7
a;+— 2+ 3

ay 3

MosxHO JOKa3aTh, YTO 3TOT aJTOPUTM BCeTZa AAET IieJible YHCIa a,
ay, @y, ..., KOTOpbIe M OYAYT MOJydYaThCA IIPU PABJIOXKEHUH O B I[EIHYIO
npobb. Touky, KOTOpbIE MBI IIOJIy4aeM, JalOT HaM Cpasy
JKe ¥ 9JIeMeHTHI IIeITHOHN Apodu.

JokasaTenbcTBO 3TOTO (paKTa HECI0XKHO. ['1aBHOE —
9TO TO, UTO MpAMas C YpaBHEeHHEM Yy = AXx B Kakoii-1ubo

agt+

s 1
cucreMe KOOpAMHAT 3aJaeTCsa TaKKe YpaBHEeHHueM X = Zy

B CUCTe€Me KOOPAMHAT C ITIepecTaBIeHHLIMHU OCAMHU abciuce
uopauHaT. A mpsamasi ¢ ypaBHeHueM y = Ax B cucteMe ¢ 6a-
Puc. 2 3UCHBIMHU BEKTOpamu e (Ha ocu x) u f (Ha ocu y) 3ajmaércsa
npu A = a+ B ypaBHeHueM 2 = Bw B cucTeMe ¢ 6a3MCHBIMU
BeKTopamu e+af (Ha ocu w) u f (Ha ocu z). Ilernas 1pobs mosyuaercs npu
MocJae0BaTeIbHOM MPUMEHEeHUU (IT00UEPEHO) BTUX ABYX (OUEBUIHBIX)
(pakxToB.
S mokaky JaBe JieMMbI, KOTOPBIE COCTABJSIOT OCHOBY T€OMETPUU
quce.

[lBe neMMbl reOMeTpPHH Y1cen

Jlemma 1. PaccMoTpuM Ha IJIOCKOCTH ¢ KOOPAMHATHOM CETKOM «IIy-
CTOI» TMapajjiesiorpaMM C BepIIMHAMU B y3JIaX CETKH, T. €. TAKOH, 4TO
HU BHYTPHM, HA Ha €ro I'PaHHUIle HET APYTUX Y3JIOB

CeTKH, HAITpUMep, KaKk Ha puc. 2. [Imomaas aToro b ba b2
rmapaJjuiesjorpaMmma paBHa 1.
KoneuHo, He TaK TPYHO TOCUUTATH TLJIOIIA b TTa-
pajiesiorpaMMa, HO A PaCCKaKy, Kak aTy 3ajady pe- a2 b
maet pusuk. C TOUKM 3peHns MaTeMaTuKOB 3TO He
JIOKa3aTeJIbCTBO, OHO He MCIT0JIb3yeT aKCHUOM.
a b

B «HUcnosenu» Han-Haka Pycco manucano, 4To, Korga ox
HavyaJl YYHTHCA B IIKOJIE M HAYYUJICA PACKPBIBATH CKOOKM, OH Puc. 3
BBIBEJI 3aMeUYaTe/bHYIO (hopmyay — GopMyJly KBagpaTra CyMMBbI:
(a+b)%2 =a?+2ab+b%. Ho, XoTd OH caMm 5TO OTKPHLT M HE COMHEBAJCH, UTO PACKDPBIBAJ
CKOOKHM IIPaBHJIbHO, IOBEPUTH B 3Ty (GOPMYJIy HE MOT — 0 TeX IO, IIOKAa He HAIIEJ APYyroe
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JOKAa3aTeJbCTBO, 0e3 CKOOOK. BOT 9TO mOKasaTenbCTBO: paspeskeM KBaApaT CO CTOPOHOM
a+b Ha yersIpe wacTu (puc. 3), OTKyAa BHAHO, UTO €ro ILIOagb paBHA a2 +ab + ba + b2.

ITocuie aTOro Bce COMHEHH S IIPOIAgAOT.
51 maspIBalO TaKMe JOKAa3aTeJIbeTBa (DU3HUYECKUMU, H, HA MOM B3IJIAL, 9TO eJUHCTBEHHO

HACTOAIINE, yOeqUTeIbHEIE JOKA3ATeJbCTBA, O1arogapsa KOTOPEIM MaTeMATHKA CTAHOBUTCS
nmoaATHOM. HuKaKoe packpeiTe CKOOOK, HUKaKas ajredpa y0eguTelIbHBIMH HUKOILA He
ABJISIOTCA, TAM BCErJa MOr'YT ObITh OIINOKHY, U fajKe B KOMIIbIOTepe ObIBAOT COOU.

Taxk BoT, 9Ty JIeMMY f cefiuac ZOKaKy (pusmyecKuM crocodom, «mo Pycco».

HoxrasarteabrcTBO deMMbl 1. CaBuras HaII mapajiieorpaMMm
Ha BCEBO3MOXKHbIe KOMOMHAIIUN BEKTOPOB, HA KOTOPHLIE OH HATSAHYT, MbI
MOJKEM MOKPHITh BCIO TNIOCKOCTh PABHBIMH ITapasijIeIorpaMMaMu, 000~
HO TOMY, KaK €€ ITOKPBIBAJIN eITUHUYHbIE KBAJIPATUKH, 0Opa30BaHHBIE JIN-
HUAMHJ KOOPAUHATHOM ceTKH (puc. 4).

Bo3bMEM KYCOK IITOCKOCTH OOJBIION ILIOIAAM A M IOCUHUTaEeM,
CKOJILKO B HEM, C OJHOUM CTOPOHBI, HAIINX MapaJlJIeIOTPaMMOB, C IPYTIOM
CTOPOHBI, IIeJBIX TOoueK. IlycTes Iomaas mapajieiorpaMMa paBHa S,
TOT/1a, €CJIU ILJIOIIAb A OUYeHb BEJINKA,
YUCJIO IapajljieIorpaMMOB TPUOIH-
3uTeNbHO paBHO A/S (9TOT KYCOK
TIJIOCKOCTH He 0053aTebHO COCTOUT
M3 IeJbIX IapajjaeJorpaMMoOB, IIO-
9TOMY PABEHCTBO OyJeT HETOUHBIM;
BIIPOYEM, MOYKHO B3ATH KYCOK, COCTO-
AN U3 TeJbIX MapajjiejlorpaMMoOB,
TOT/la MOJYUMUTCSA TOUHOE PABEHCTBO).
IloHATHO, YTO YHCJIO IIEJBIX TOYEK
IIPUMEPHO paBHO A.

I[TocuuTaem Temephb YHUCJIO IETBIX
TOYEeK B HaIIeid 00JIaCTHU JPYTHUM CIIO-
cobom. Ha kakablil mapaJjienorpaMm
npuxoauTcsa 4 ToOUKM (ero BepIIIUHBI),
HO TIPW 5TOM MBI CUMTAEM KaKJyIO BePINUHY 4 pasa, U €eCJIM MbI TTOCUNTA-
€M YHMCJIO BCeX BEPIIUH BCEX MapalIeJIoTPpaMMOB, TO MOJYYUTCA B 4 pasa
0OoJIBIIIE, YeM YHMCJIO BCEX IEJIBIX TOUeK BooOIe. [TosToMy 1eIbIX TOUEK 1
rmapaJiieorpaMMOB OJJMHAKOBOE KoauuecTBo. [lonyuaerca, uto A~A/S
IIpu OueHb 0oJsbIioM A. 3Hauur, S =1.

3aMeuaHHue. ITO pacCyKJeHne Jerko o0o0mnaerca Ha caydai, Ko-
rjja y mapaJijieiorpaMMa ¢ BePIIUHAMM B I[EJIBIX TOUKAX €CTh eI1ié & 1eJIbIX
TOYEeK BHYTPH M [ I[eJIBIX TOYEeK Ha cTopoHax. [lmoimmaak Takoro mapaJie-
aorpamma S = 1 + Bk +yl. Uurarenio nmpeaigaraercs caMoMy HallTu Koad-
(humueHTHI f ¥ Y U T€M CAMBIM MOJIYYUTH OTBET (€ro MOYKHO IIPOBEPUThH
SKCIIEPUMEHTAJBLHO ITPU HeOOoMbIuX k u [).
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Jlemma 2 (popmysa miaoimaau napajiesorpamma). Paccmorpum na-
pajienorpaMM, HATAHYTBIA HA BEKTOPHI ¢ KoopauHaTtamu (a, b) u (¢, d)
(uucna a, b, ¢, d He oba3aTeNBHO IIeNIbIE), PUC. 5. Byaem cuuraTh, 4TO
ero IJIOUIaAb MMeeT 3HAK ILIIOC, eCJIM IIOBOPOT OT IIEPBOTO BEKTOpa KO
BTOPOMY HUIET B TY K€ CTOPOHY, YTO U IMOBOPOT OoT ocu Ox kK ocu Oy, u
3HAK MHUHYC B TPOTUBHOM ciayudae. Torga

S =

ab‘
cd

‘: Z ’ = ad — bc Ha3bIBAETCA OIPEAEIUTENIEeM MATPHUILBI ( ‘c’ Z )) :

HokaszareascTBo. Ilnomans mapasienorpaMmma ABJAAETCA JIU-
HeWHOM (PYHKIIMe!l BEKTOpa: €CJIM 3aMEHHUTh IIEPBBIA BEKTOP HA CyMMY
JIBYX APYTUX, TO COOTBETCTBYIOIIIME ILJIOIaAu caoxkarcsa. Kpome Toro, ec-
JIA BEKTOPBI IIEPEeCTaBUTh, TO ILJIOIAb UBMEHUT 3HAK (II0 YCJIOBUIO IIPO
opueHTanuio). U3 atTux aByx (hakTOB U 13 TOTO, YTO ILJIOIIAAL eAUHUYHOTO

KBaJpaTa paBHa eIUHWUIlE, CPa3y BHITEKAET, YTO

S =

ITO eAUHCTBeHHAasA (PYHKIUA, KOTOpasa JUHEHHA
10 IEPBOMY apryMeHTy, JUHeHa II0 BTOPOMY, aH-
TUCUMMeTPUYHA (MeHseT 3HAK MPU UX IepecTa-
HOBKe) 1 paBHa 1 Ha ABYyX 0a3MCHBIX BEKTOPaX.

(TII/ICJIO

Y

(c' Z ‘ — eIUHCTBEHHO BO3MOKHadA (popmyJia.

B anrebpe sTa HayKa Ha3bIBAETCA TEOPHEH OIpe/esnTe-
a Jeit. YToOBI HOBHICHTH aBTOPUTET CBOEH HAYKHU, aIredparmcTol
CKPBIBAIOT, YTO MX ONPEAeJUTEJH — 3TO IPOCTO IJIOLIALH,
00BEMBI U T. II., IOTOMY YTO, €CJIM OIPEAEJATH UX KaK y2Kac-
HbIe MHOTOYJIEHBI, TOCTPOEHHBIE II0 CJIOXKHBIM IIPABUJIaM, BCSA
HayKa 00 onpeaeuTe/AX CTAHOBUTCS aOCOTIOTHO HeMOHATHOM. Ecyin sKe HauaTk ¢ TOro, 4TO
ompejenTeJeM HasbIBaeTcd ILIOIaAb MJIN 00BEM, TO BCE TeOPEMbI, KaKHe eCTh B TEOPHUU
ompejeanTe e, COBepIIeHHO OUeBUHEI I MTHOBEHHO ITOJIYyYalOT JOKa3aTeIbCTBa, KOTOPEIe
s1 Has3bIBalo (PU3MYECKUMH, JOKa3aTeJ5CTBAMU B cTHJIe Pycco.

BepuéMca K HaleMy aaroputMmy. BeKTODEI €] U €, ONpeiesIaioT eau-
HUYHBIA KBAaJAPATUK, U II0O3TOMY COOTBETCTBYIOIUAN OIPEeeIUTEeb PABeH
exnuuie. Bosbmém BekTOp €3. OT €, K €5 BpallleHue B OTPUIATENbHYIO
CTOPOHY, BHYTPM M HA CTOPOHAX MAapaJjIeIorpaMMa, HATAHYTOTO HA 3TH
BEKTOPHI, HET IeJbIX TOUeK, II03TOMY 3TOT OnpeaeanTesns pased —1. IIpo-
J0JIKasA Aajbllie, Mbl BUJAMM, UTO IIOCTPOEHHME HA KaMKJO0M Ilare Takoe:
MMeeTCs mapajiesorpaMm (HaTAHYTHIA HA BEKTOPHI €, ; U €;,), K OXHOMN
ero cTopoHe (€, ;) MbI IpUOaBIsAeM JPYryi0 HECKOJBbKO pa3, 3aMeHseM
IIEePBYIO CTOPOHY Ha 9Ty CYMMY (8,1 =€, 1 +a;_5€,) 1 MEHsIeM CTOPOHBI
MecTamMu. AGCOTIOTHASA BeJIMUYNHA ILJIOIIAU He MeHAETCs, MeHAeTCs TOJIb-
ko 3HaK. [IycTh (¢, p,) — KOOPAMHATHI BEKTOPA €,; ¢, U p;, — IIeJIbIe YUCIA.
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ITiromans S, mapayiiesorpaMma, HATIHYTOTO HA BEKTODHI €, U ;. 1, PABHA
dr Pk
Qr+1 Pr+1

OcHOBHOe yTBepKJeHNe TeOPUU IeITHBIX Jpobeii:

Teopema. S, = (—1)*"1 (k> 1).

JleiicTBUTEIBHO, MBI TOKA3aJTH, 94TO S, = +1 U 3HAK KaKABIN pa3 Me-
HAeTcs, moatromy S;, = (—1)* mmu S, = (—1)¥'! g5 Beex k; mpu sTom S; = 1.

CaencrBue. [Ipo6n % ABJIAETCA HEBEPOATHO XOPOIITUM IPUOJINIKEHN -
k

eM JIJIs Halllero yucsa o. @opmysia

az&, k>3,

‘P

JAaéT TOYHOCTh MOPAIKA lz 2
qk
IHorkasarteabcTBO. MbI JoKakeM 00Jiee TOUHOE HEPABEHCTBO, U3
KOTOpPOTO 9TO caeayeT. IIpamasa y = ox MpoXoauT BHYTPH Mapasjieiorpam-
Ma, MOPOIK/JEHHOTO BEKTOPAMMU €), M €),,,: OAWH U3 HUX
HUKe dTON MPAMOU, APYTroM BeINIEe (KAKOW MMEHHO — €r+1
3aBUCHUT OT uéTHOCcTH k). CliegoBaTesibHO,

_ D
qy

Pri1 Py
9r+1 4

<

’

o
" — €k
IIOTOMY YTO yTOJI MY IPAMONA 1 BEKTOPOM €, He 60JIb-
111e yrJiia MexKly BeKTopaMu e, u e, (puc. 6).

Haiee,

_ Pe@ri1 —@ePral 1 , Puc. 6
@51 9r9r+1

Pry1 _ Pr
9ri1 G

TIOCKOJBKY |Prqr+1 — xPr+1| = |S,| = 1 Mo nokasaHHOI TeopeMe, a G, U ¢,
TIOJIOKUTEeTbHBI. SHAYUT,

a—2h & 1 < iz,
qr qr9k+1 qk
>q,. T 6 ~ B 2
IIOTOMY UTO qk+1 qk' OYHOCTH IIPHUOJINIKEHUA O = q—k Jyd4dine, yeM e )

1
M 3aBeJIOMO JIyullie, 4yeM — . BoT mouemy 1enubie Apo6u Jar0T TaKy10 60JIb-
dy

VIO TOYHOCTh IPUOIUIKEHU.
11



TEOPEMA KY3bMHHA

B ¢usuke menubie Jpobu BIEPBbIE MOSIBUIUCH B ACTPOHOMHUYECKHUX
uccaegoBaHuax. OHM UCIOJIB3YIOTCS HE TOJBKO IIPU CO3AaHUM KaJeHJa-
P, HO ¥ TPY BBIYMCJIEHUN 3aTMEHU, IBUKEHUA IJIAHET U IPYTUX TTePUo-
JUYHOCTEI, KOTOPBIE TOABIAIOTCA B HeOecHOM MexaHuke. [Ipu onucanmn
COM3MEPUMOCTH YaCTOT PA3JTUUYHBIX MEPUOANUYECKUX JIBUIKEHUN, HATIPU-
Mep KeIJIEPOBCKUX JABV)KEHUN TJIAHET, aCTPOHOMBI BCTPETUIINCH C HEO0-
XOJMMOCTHIO 3HATH XOPOIIINe PAIMOHAJIbHBIE TTPUOJINIKEHUSA K 9TUM, BO-
o0111e TOBOPSA, MPPAIMOHANBHBIM uncaaM. [Ipu aTom ocobeHHOe 3HAYEeHHUE
MMeJI0, HACKOJIbKO XOPOIIIO MOYKHO ITPUOJIUBUTH YHUCIIO, BOODOIIE TOBOPS
UPPAIMOHAJIBHOE, PAIIMOHAJIBHON JPOOBIO C HE OYeHb OOJBIINM 3HAMe-
HarTeneM. Caumkom 06smM3Koe MPUOIUIKEHNe HA3bIBAeTCA PE30HAHCOM U
MOYKEeT IMPUBECTH K CUJIBHOMY BO3MYIIEHHUIO OJHOM IJIAHETOM ABUIKEHUS
IpYToii.

PaccmorpuMm Takyroo Mojesb. IIyeTs ABe maHeThl BpaimaioTcia BOKPYr «CosHIIa» 1o

KOHIIEHTPHUUYECKUM OKPY)XKHOCTAM B OJHY CTOPOHY. Ecim OoTHOmeHue mepuogoB X obOpa-
Jﬁ;ermf«i BOKDPYT «CosHIa» ¢ GOJIBIION TOYHOCTHIO PABHO PAUOHAJBHOMY UHCIY, CKaXKeM,

7 TO 3T AB€ IJIaHEThI 6y11y'r OKa3bIBAaThECS HA MaJIEHBKOM PaCCTOAHHUN (MHHI/IMaIIbHOM

BO3MOKHOM) APYT OT Apyra BOu3u TPEX GHKCHPOBAHHBIX ToueK (puc. 7). Ilpu masieEbKOM
paccTOSHNH, KAK U3BECTHO, HANOOIbIIIAA IPABUTALINA, TAK YTO OPOUTHI 00enX IIaHeT OyayT
HCIEBITEIBATH CHJIbHBIE AeopManuy JUIIb B TPEX HanpaBJeHuAX. [lIageTs Ipu 9TOM Kak
OBI «CTAJKHMBAIOT» APYT Apyra ¢ opouT.

CoBceM pyroe [esI0, eCJIH OTHOIIIEHHE [IEPHOI0B 00paIeHu il IJIaHeT ¢ 60JIbII0H TOYHO-

£ 151
CTBHIO — PAMOHAJIBHOE YHCJIO ¢ 00JBIINM 3HaMeHaTreaeM. IIycTs OHO paBHO, CKaeM, 700"
Torga «Touek 60bIION rpaBuTamun» 549, U B3auMHOe BIANAHUE («CTAJKUBAHUE» ) IJIAHET

fosiee «pasMasaHHOE» .

IIoaTOoMy acTpOHOMBI OUYe€Hb PAHO (9TUM MHTepecoBaucCh emfe Hpio-
ToH 1 Kemnnep) mocraBuiam cebe BONPOC, KaKMe YKe MMPAKTUUYECKU BeJIH-
YUHBI 9TUX, KAK TOBOPAT, HEIIOJHbIX YaCTHBIX

- g (a1€MEHTOB) 1eTTHOM APOOH, T. €. ecJau

/ = ~ 1
- N

/ . B N o=ay+ —
a, +———

/ : Q\M/M@ Vool !
oS Z as+.
v S = 7 | ..
o 2 Q ! '

;| HACKOJIbKO BEJIMKY UHCJIA G, A1, g, «., €CITUA UN-
° N & S CJIO 00 — TIPOCTO CJYYANHOE BEIeCTBEHHOE UU-

N . cio. Ecan kakoe-HuOyAb 4YHMCIIO, HAIPUMED Ay,

S A= O4YeHb BEJIMKO, CKaXeM MUJIJIMOH, TO HpI/I6JII/I'

: 1
L k] JKeHHne o= ay+ — (koTOpO€e IOJyYUTCHA, €CIau
1

obopBaTh poOb Iepe]] a,) 6yaeT KosoccaabHo TouHbIM. Ecnu ke ay, Ha-
TIpuUMep, BCEro TOJLKO 2, TO MOTPEITHOCTD Oy/IeT 10BOJIbHO Ooabinoii. I1o-
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STOMY BOIIPOC O TOM, BO3PACTAIOT JIX 9T KOI(P(PHUIMEHTHI, U C KAKOH CKO-
POCTBIO OHHM BO3PACTalOT, UMEET peajbHOe aCTPOHOMHYECKOe 3HaAueHHue
nas cyabonsl Beenmennoit, nisa cyap0bl COTHEUHON CUCTEMBbI, AJIsI CYABOBI
HalIel MUBUIN3aIuH.

IIepBoe MmaTeMaTHuueCKOe UCCIeJOBAaHHE 3TOT0 Ba>KHOT'0 BOIIPOCA IIPU-
HaJJIe)Kajio, BepoATHO, acTpoHoMy X. ['Mab/eHy, KOTOPBIH OITyO0JIMKOBAJT
ero B nokJsanax Ilapuskckoit akagemun Hayk B 1888 roay [1]. S gymaro,
4TO 9TO OBbLIA SKCIEPUMEHTaIbHAasA paboTa, MOTOMY UTO aCTPOHOMBI MC-
CJIeIOBAJIN OTHOIIEHUS YACTOT PA3JIUUYHBIX TLJIAHET, OOJBIIMAX U MAaJbIX,
" 3HAJM KO3(M@PUIMEHTHI @; 9TUX OTHOIIEHUH, He OYeHb MHOTO, HO 3Ha-
au. Y T'unbaeH npuBe TaOIUIBI, 13 KOTOPBIX MOYKHO Y3HATH, HACKOJLKO
BEJIMKH YHCTIA a;.

Teopema, KoTOpasA Aajia OKOHYATEJNLHBIN OTBET HA 3TOT BOIPOC, HA-
3pIBaeTcd Teopemoit KysbMuHa, X0TA, MO-BUAUMOMY, JOKA3aHA BEIMKUM
miBeJcKuM MareMaTukoM A. Bumanom, onyoaukoBaBoiuM B 1900 rogy B
Tpyaax Crokrosbmckoin KoposeBckoit akagemMun HayK memyap [2], B Ko-
TOpPOM OH JaokasbiBas oTy Teopemy (P. O. Ky3sMuH nokasas eé TOIbBKO B
1928 rony). K coxxanenunio, iu KyspbMun, HU, IO-MOEMY, KTO-JIH00 APYToi
He ipounTas pabory Bumana, moromy uto anmHa aToi padorsr 300 crpa-
Hui,. s mensa sta pabora J0 CHUX TOpP 3arajKka, si He 3HAI, YTO B HeW
COJIEP’KUTCSA, €CTh JIU B Hell (hopMyTUpOBKa TeopeMbl Ky3bMuHA, €CTh Ik
JIOKa3aTeJIbCTBO.

HMokasaTenbcTBO TeopeMbl Ky3bMHHA MOMKHO HAWTH B KHHUIKKE
A. fI. XununHa npo memnusie apodu [3], koTopas, B OCHOBHOM, M TTOCBA-
IIIeHa JoKas3aTeJbCTBY 3TOM TeOpeMBI.

OcHOBHOE OTKPBITHE IJIsI 9TOH TeopeMsl caenas 'ayce. XoTs oH, 1O-
BUJNMOMY, HE TOJBbKO He JOKas3bIBaJ, HO U He (DOPMYJIUPOBAJ 9TOIl Te-
OpeMbl, OH HAIIIEJ OTBET — YKasaJ BepOsITHOCTHL TOTO, UTO KaKoe-TO M3
ymuces a; paBHo 1, 2, 3, ... 9tTu BepoaTHOocTH AaéT opmyna 'aycca. Ho
kak [aycc mameén sty GopMyJay M KaKOH OH eil IpuaaBajl CMbICT, TOMXKE
OCTaéTcsa TAMHOM.

BepoaTHocTs onpesesigeTca Tak: HAA0 B3ATD UUCHIA Qg G1, «, &, (3TO
I[eJIbIe TOJIOMKUATEIbHBIE YNCJIA), IOCMOTPETh, CKOJIBKO CPeI HUX, HAllPH-
Mep, eJUHHI], Pa3fejUTh Ha N ¥ YCTPEeMUTh n K OeckoHeuHocTu. OKasbl-
BaeTCsA, 9TOT MpeJes IMIPH IMOUYTH BCeX ¢ CYIIECTBYET M PaBeH OJHOMY U
TOMY K€ YHMCJIY. ITO YHCJIO U Ha3bIBAETCA BEPOATHOCTBIO P, MOABIEHUA
eIUHUIbI.

Teopema KysbMuHa yTBep;KJAaeT, 4TO BEPOATHOCTD MOSABJIEHUS YUC-
Ja k paércsa caenyomiei GopmMyJIoi:

1 1
pk=1n—21n(l+—k(k+2)) 1)

13



1 - -
(1172 — He 3aBUCAIIUN OT R HOpMUPYIOIIUHN KO3(hHUIIMEHT; OH HYKeH JJIA
TOTr0, 4TOOBI CYMMAa BCeX BepOoATHOCTel Oblaa paBHa 1).
Ecau kB — Goabiroe uucio, To
11
k(E+2) p2?
— MaJIeHbKOe UHCJIO, 8 HATYPaJbHBIHN JIOTAPU(PM CYMMBbI €JUHUILI U MAa-
JIEHBKOTO YMCJIa MPUOJIUBUTENTHHO PABEH 9TOMY MaJIeHbKOMY uncy. [1o-

9TOMY C POCTOM E BEpPOATHOCTB p, yObIBaeT Kak — obpaTHO Tmpo-

k%In2
MMOPIIMOHAJILHO KBaJApaTy k, U KOorJa k BeJINKO, BEePOITHOCTH MaJIeHbKasd.
Haubosbinas BepoATHOCTh YV eAUHHUIILL: ecau B =1, To

11 1\ 1 5
RET2) 3 1“(”5) =g P1%gpg ~ 045

Kak BuauTe, elMHUYEK OUYEHb MHOTO: IIOYTH IIOJOBHHA (CM. TabIMILy

Ha C. 9).

3onortoe ceyeHme

CyiiecTByeT MHTEpECHOe YMCJI0 (M3BECTHOE eIlé U3peBJe), y KOTO-
poro Bce K0a(h(dUIMEeHTHI a; PAaBHEI 1:

1
O
1+

1+

0O0603HAUUM BTO YHCJIO yepes Xx. Ono VAOBJIETBOPAET YPABHEHUIO

1+J—lc=x, x2—x+1=0,

1+V5
2

1+V5

OTRyA X = ~—;

(= 1,6).
9TO YUCJIO UMeeT COOCTBEHHOE UM, OHO Ha3bIBAETCSA 30/10MblM Ceye-
HueM. ITO OUeHb KPACUBOE UMCJI0, HAIIPUMEDP, OTKPBITKH JIeJIaloT B (hopme

. A TaK Kak X JOJIKHO OBITH IIOJIOKHUTEJIbHBIM, X =

a) 0)
Puc. 8

NPAMOYTOJbHUKA, OTHOIIIEHUE CTOPOH KOTOPOTO paBHO aToMy uucay. Ec-
JIX OT TAKOTO MPAMOYTOJbHUKA OTpPe3aTh KBaJpaT CO CTOPOHOM, PaBHOM

14



MeHBIIIeH CTOPOHE IIPSAMOYTroJbHUKA (puc. 8, a), To OCTaBUINIICA IIPSIMO-
YTOJbHUK ITOJA006H UCXOAHOMY. ITO U €CTh YCJIOBHE TOT'0, UYTO OTHOIIIEHHE
CTOPOH PaBHO 30JI0TOMY ceueHunIo. Eciu cHOBa oTpe3aTh KBaJApaTHK, CHO-
Ba MOJIYYUTCA MPAMOYTOJIBHUK, ITOA00HBIN ncxogHomy (puc. 8, 6) u T. 1.

§1 xouy ckasaTs eIré HeCKOJbKO CJI0OB IIpo TeopeMy Ky3bMuHa B Takom
BUIe, YTOOBI €€ MOYKHO OBLIIO paccMaTpUBATh KaK 3aady, XOTA U He 0OUeHb
IIPOCTYIO.

MpgzI yiKe BCTPEeTUJINCH C TEOPHEeH BepOsITHOCTEH, a cefiuac moaxXoauM
K eIllé OJHOM BasKHOM 00JIaCTM MaTeMaTUKU — TaK Ha3bIBAEMOMW meopuu
JuHamuyeckux cucmem. JIlnHaMUuecKkas cucreMa, KOTopas 3/ieCh BCTpe-
yaeTcs, — oroopakenue nurepnasa (0,1) va[0,1), koTopoe 3ajaHo TaKOMN

dopmyoii:
rem - (1] (3)
’ x x xJ?
1 1 1 1
rae | | — IeJas 4yacTh uucia ., - Ipo0HAaA 4acTh YMCIa = (mony-

MaiTe camMu, moueMy ata (hopMyJia UMeeT OTHOIIIeHUe K Halllerd 3ajade).

f(x) f(x)

U=
W=
ol

1
2
Puc. 9 Puc. 10

ITocTpoum rpacuk sToi GyHKIIMH — OH IEJIUKOM YMEIIaeTCsa B equ-

HUYHOM KBagparte (puc. 9). Ecimx =1, To % =1lm {%} = (0. Korga x Haun-

HaeT yMeHbIaThCs, 1/X pacTér u, MoKa 1eJias 4actsb 1 /x paBHa 1, npobHasn
yacTh Oymer pactu. Korgma x cranoBuTcs paBHBIM 1/2, 1/x cTaHOBHUTCSA
PaBHBIM 2, TTOSTOMY HE3aJ0JITO IIepel 9TUM ApoOHasa dacTh 1/x Oimska
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K eJUHUIIe, IOTOMY 4YTO caMo ducjao 1/x 6J1M3K0 K 2, a ero meJias 4acThb
emé pasuHa 1. Ha unrepBane (1/2,1) rpaduk pyHKIUHN [ IpeacTaBiasieT
coboi KycoueKk rurnepbossl y = 1/x, CIBUHYTBHIH Ha efUHUILY BHU3. Tou-
HO TaK JKe MeXXJ1y IIOJIOBUHOM U TPETHIO II0JyJaeTcd ONATh KYCOUeK dTOM

TuIepo0JIbl, ONMYIIEHHBIN Ha 2, M BOOOIIEe, HA KaXXJOM OTpPE3Ke ( k%l’ %)

rpadpuk QyHKIIUM [ — 5TO KyCcOUyeK runep0oJbl, CABUHYTHIA BHU3 HA K.
I Teopema. OToOparkenue [ UMeeT MHBaPUAHTHYIO Mepy.

ITO 03HAYAET BOT UTO.

Pacnpegenum maccy Ha murtepsage (0,1), T. e. 3a7a UM TIJIOTHOCTH
p(x) m OGymeM cuMTaTh Maccou, HaxoadAueica Ha MHOKecTBe A — (0,1),
YHCJIIO

nA) = {p(x) dx
A
(MOXKHO CUHUTaTh, YTO A — 3TO IIPOCTO OTPe30oK). Bo3sbMéM Temepsn 1moJI-
HBIHA MpooOpas oTpes3ka A: Bce Touku orpesdka (0,1), KoTopble mepexoaaT
B TOYKM MHOJKecTBa A Ipu 0TOOpaKeHUH f; 3TO MHOKEeCTBO 0003HAUaeTCsA
f1A. B mamem ciyuae TOJHBIH IIPo06pa3 COCTOUT U3 OECKOHEUHOTO UM-
cna Kycoukos (puc. 10). Torga u(f1A) — cymma mep (Macc) Beex sTHX
KycoukoB. Teopema yTBep;KAAeT, YTO CYLIECTBYET TaKad IJIOTHOCTH, UTO
I II000ro oTpe3ka A

wa) = u(f'4). (2)
ATy TJIOTHOCTH (XOTA, MOXKeT ObITh, B APYroM KauecTBe) Hamméen ['aycc:
1 1

P =157 W2

1
(MHO)KI/ITGJIB g B3AT A71d TOTO, yTOOBI CyMMapHas Macca Obla pasHa 1,

KaK MPUHATO B TEOPUU BEPOSITHOCTEH; Mepa C IJIOTHOCThIO p(X) =

T+x
TOXX€e MHBApUAaHTHA).
YcnoBue (2) paBHOCUIBHO MeLeCKONUYECKOMY YPABHEHUIO.
EcTr Takasa 3HamMeHUTadA 3a7a4a: MIOCUUTATH CYMMY
1 1 1
S = 1'2-+-2.3+3.4+...
Teneckonuueckoe CyMMHPOBaHUE COCTOUT B cienyiomeM. Ilockoabky
1 41 1 _1.1 —
1.2 2* 23 2 @ e
= 4.7 1.9 1
S_1_§+§_§+§_Z+---

A Temeps TeJECKOMUYECKOEe CYMMHUPOBAHME IPOMUCXOUT aBTOMATHUECKU:
16



Pl 141,01
S=1.

JTa 3ajlaua mpuaAyMaHa IMpy I0Ka3aTeIbCTBEe TPUBEIEHHON paHee Teo-
PeMBI, 1 €€ MOYKHO CUMTATh YKa3aHMeM, KaK JOKasbIBaTh 3Ty TEOpemMy, a
M3 Heé yiKe BeITeKaeT Teopema KysbMuHa.

Heso B TOM, UTO HAIlIa CUCTEMA ABJAETCA apeoduieckoil. IIponssoa-
Has QYHKI[UHU [ B T€X TOYKAX, I'/ie OHA CYIIeCTBYeT, 0 MOAYJIIO OoJbIme 1
(kpome Touku 1, B KOoTOpo# oHA paBHA —1). [TosToMy mepBoHaYaJIbLHO Ma-
JIBII OTPE30K YBEeJIUUYMUBAETCSA IIPU IPUMEHEeHUU (PYHKIUU f, U, €CIAU MbI
MHOTO pa3 MpuMeHUM (PYHKIUIO f, UICXOJHOE MHOYKECTBO «Pa3MarkeTcs C
ILJIOTHOCTBIO p 10 Bcemy oTpe3Ky (0,1)».

A Temnepb, 4TOOBI COOTBETCTBYIOIINH 3JI€MEHT IEITHOM Apobu ObII pa-

BeH YHCIYy k, HY’KHO, YTOOBI IleJiasi 4acTh Obljia paBHA k, a AJIs 9TOTO Ha-

U T. 1. BBAUMHO YHUUYTOMXKAIOTCA U IMOoJIy4daeTcsa, 4dTO

1 1
10, YTOOBI MbI OBLIV MEXKY PR IIosTomy maccel (MepbI) OTPE3KOB
1 1
(m, E) U JJAIOT HAM BEJIUYUHBI D).

31ech HY’KHO IIPUMEHUTH TEOPUIO JUHAMUYECKUX CHUCTEM, HO s 9TO
IIPOMIycKaio (II0OTOMY UTO X04y paccKasaTh IIPO APYTI'YIO TEOPHUIO, TAe TOXKe
MIPUMEHAITCA errHble 1podu). [IpuBenénnoe B KHure XuHYMHA J0Ka3a-
TeJIbCTBO TeopeMbl Ky3bMHHA NCIIOJIB3YET 9ProJUUYecKyIio TeopeMy Bupk-
roda, KoTopas ObljIa JOKa3aHa 3a HECKOJILKO JieT J1o KysbMuHa 1 KoTopoit,
KOoHeuHO, Buman 3uaTh He mor. A Buman 300 cTpanuiy morpaTua Ha 3TO
IoKazaTeabcTBO. UTo Ke oH geaan? Mooxer,
oH u Teopemy Bupkroda noxasan 3a 30 et 10
Bupkroga?

X

Ilpyrue BOTPOCHI, CBA3AHHBIE C Teope-
mo# KysbMuHa, KOTOphIE, KAK MHE KarKeTcs,
OYeHb MHTEPECHBI JJIsA IMKOJbHUKOB, — 3TO
cIeAyIolue TPU TUIIOTE3bI, IIPOTPECC B HC-
CIeOBaHUU KOTOPBLIX MOYKET OBbITh JOCTUTHYT
IIPOCTO MYTEM KOMIBIOTEPHOTO SKCIIEPUMEH-
Ta, BoOOIIEe 0e3 BCAKUX AOKA3aTEIbCTB.

O0O0O0O0OO0O0OOO0CO
O00O0000O0O0OO

00000000000
0000000000

0000000000
OO0O0O0O0O0O0O0OO
0000 0000
OO0O00O0O0O0

Yo

=4+ 00 0000000O0O0

Puc. 11

I. PaccmoTpum Bce 1enbie TOYKH (P, ) B MOJOKUTEIBHON UETBEPTH
kpyra paamyca N, T. e. Takue, uto p?>+qg? < N2, p>0, ¢ > 0 (puc. 11).

Ram,z[oe pammnuoHaJIbHOE YUCJIIO O = g Pas3yIoUM B IIETTHYIO ,l[pOGb (Bce 9TH

apobu KoHeuHsbl). [TocMOTpUM, CKOJIBKO €UHUIL, IBOEK, TPOEK M T. JI. Cpe-
¥ 5JIEMEHTOB BCeX 9THX Apo0eii, 1 OImpeseInM YaCcTOThI, KOTOPbIE OYAYT
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3aBucets oT N. IlycTs Teneps N oueHb BeJIMKO. ByayT jin 91 yncia 61m13-
KM K TayCCOBBIM BEPOATHOCTAM 13 (hopmyanl (1)?

C ogHOI1 CTOPOHBI, 3TO BOIIPOC SKCIIEPUMEHTAJIbLHBIA — OTBET HA HETO
MOXKHO IIPOBEPUTH Ha KoMubioTepe. C Apyroi CTOPOHBI, 9TO ¥ BOIIPOC TEO-
peTUYecKU# — ecJid KOMIIBIOTED JacT CXOACTBO ¢ pacupeneneHueM ['aycca
(1), TO BOBHUKHET BBI3OB: IOKA3aTh TAKYIO TEOPEMY.

I1. Bropoii Borrpoc (KOTOPBIi OJIM30K K IEPBOMY, XOTS 9TO X HE COBCEM
OYEeBU/IHO) CBSIZAH C OAHUM « KyXOHHBIM PEI[ETITOM » , KOTOPBII BO BCEM MHU-
pe IPUIIUCHIBAETCS MOCKOBCKOI MaTeMaTHUUECKO! IIIKOJIe, — «PEeIenTOM
IIPUTOTOBJIEHUSI OKPOIIKM M3 KOIIKU» (B JJUTEpaType s TaKyKe BCTpedal
cTpaHHOe Ha3dBaHue «Arnold cat»).

Dopmynupysa 3agauy, Mbl 0yZleM UCIIOJIb30BATh CIEAYIONIYIO TEOpEMY
(ona HaswIBaeTcs Teopemoii Jlarpau:xka).

Teopema. llemrHas apo6s nmepuoguuHa (T. €. IOCIEI0BATEILHOCTD €€
9JIEMEHTOB, HauMHAas ¢ HEKOTOPOrO MecTa, IMOBTOpsAeT cebs) Torga
TOJMBKO TOT/A, KOTAA YUCJO, TPeJICTaBJIeHHOe 3TO Apo0hI0 — KBajpa-
THYeCKas UPPaluoOHAILHOCTS (T. . yucao Bujga a +bve, rmea, buc —
panuoHaJbHBIE YHCJTIA).

HaanMep, 30JI0TO€E ceuyeHne — YHNCJI0, KOTOpOe NMeeT IEeIlHYIO APOGB N3 OJHHUX eOimn-
V5+1

HUII, PABHO —5—.

Bce menmounciaeHHbIe TOYKH HA IJIOCKOCTH 00pa3yioT moArpynmny (orT-
HOCHTeJIbHO oIepanun caoskenns) B R2, koropas o6osnauaerca Z2. Kax-
JIBIH anrebpamcT TYT JKe CKakeT, YTO JIJIsI JOKa3aTeaIbCTBa TEOPEMBI HYKHO
paccMmorpeTs dakToprpynmy R?/Z2. A 110601 reoMeTp CKakeT, UTO ILJIOC-
KOCTh SABJISETCS YHUBEPCATBLHOW HaKpbIBalleir Topa (puc. 12), m oHH
OyayT roBOpuTh 00 OJHOM U TOM Ke. KoopimHaTamMu TOUKY Ha TOpe ABJA-
IOTCA IIIUPOTA U JOJITOTA, KOTOPBIE OTIPEIEJIEHBI «IT0 MOAYJI0 1»: e TMHUILY
MOJKHO TPUOABUTH UJIN BBIUECTH JII00O0E YMCJIO Pas K JJI00# U3 KOOPANHAT,
IIOJIYYUB IIPUA BTOM Ty K€ caMyio TOUKY. IloaTOMy KarK/I0#M TOUYKE Ha TOpe
COOTBETCTBYET OECKOHEUHOE KOJIMUECTBO TOUEK TIJIOCKOCTH.

Paccmorpum Temepnr Takoe mpeoOpasoBaHue A IJIOCKOCTH Ha cedd,
KOTOPOE TOUKY C KOOpJMHATaMH (X, y) TePeBOIUT B TOUKY C KOOPAMHATAMH
(2x+y, x+y). Boobmie, MOKHO B3ATH J1000€e TpeodpasoBaHue, KOTOPoOe
IIepeBOUT TOUKY (X, y) B TOURy (ax + by, cx +dy), rae a, b, ¢, d — neinwie

yucyga. Ho ceiluac HyXHO, 4TOOBI OIIpeJeInTeb MAaTPHILbI 3TOTO

cd
npeobpasoBanusa Os11 pased 1. IIpeobpasosanue

A:(x,y)— (2x+y, x+y)

YAOBJIETBOPSET 3TOMY YCJIOBHIO:

21_.—.:
11)—21 1 R
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3aMeTHM, YTO €CJIM MbI K X MJIH § IpubaBUM I[eJI0€e YUCJI0, TO K KOOp-
auHaTaMm obpasa TouKH (X, y) mpubaBaTcA 1esble uncaa. Takum obpasom,
mpeobpasoBaHue A, JeficTByIOIIee Ha ILIOCKOCTH R2, mepeBoguT B cebs
IEeJIOUYUCICHHYIO PEIIETKY, I09TOMY MOYKHO CUUTATh, UYTO OHO AeHCTBYeT
u Ha R%2/7? (eqmHMYHOM KBajpare), T. e. Ha Tope. Takum obpasoM, ero
MOJKHO paccMaTpUBaTh Kak IpeoOpasoBanme Topa. Boaee dopmanwHO,
npeoOpasoBaHUI0 A TJIOCKOCTH COOTBETCTBYET IIpeoOpasoBaHMe A TOpa.

IIycts «komka» (K) — moamHOXKecTBO Topa (pumc. 13). CHauana
«KOIIIKa» MoJBepraeTcsa mpeodpasoBaHmio A: npeoﬁpasoBaHneﬁ KaKIyIo0
TOUKY (X, ) TepeBOAUT B HOBYIO TOYKY, & 3HAUUT, ITEPEBOIUT MHOKECTBO
K B HOBOE MHOXKECTBO TOUEK TOpa, KOTopoe obO3HaAUaeTcs AK. U3so-
OpaskaTh 9T MHOXKecTBa OyJaeM He HA caMOM TOpe, a Ha ero ILJIOCKO
Kaprte, puc. 14%). [Ipumenssa npeoﬁpaaoBaHneA\ CHOBA 1 CHOBA, IIOJIYUHUM
muoskectBa A2K, A3SK u 1. 1. II0CKONBKY MATpHUIIAa A MMeeT ompeje-
aurtens 1, To purypa AK umeer Ha KapTe TaKyIlo JKe IIomanab, Kak K,
HO (hopMy cCOBceM ApPYryio, U Jake MOYKeT OKas3aThCs pas3pe3aHHOW Ha
Kycouku. Eciiu MBI eI1é pa3 mpuMeHUuM 2, TO KYCOUKOB CTaHeT GoJIbIIe,
HO cyMMapHas UX TJIomnaaes He nuameHurcsa. [locie 4—5 nmpeobpasoBaHmii
00pas «KOIIKW» JOBOJHHO PABHOMEDPHO PACIIPEIEIUTCS IO BCEMY TOPY,
€T0 KYCOUKHM 00pasyIoT «KaIlluily», puc. 15, a—=z. 9To 1 eCTh «OKPOIIIKA,
IIPUTOTOBJIEHHAA U3 KOIITKU» .

Ilokazana maTemMaTHMUecKas TeopeMa, YTBep;KJawIinas, dYTO 3TO
IefCTBUTENBHO «OKPOINKAa» B CIeAYIOIeM cMbIciae. Ecau B3sITh KaKyio-
HUOyab 4YacTh Topa B, TO miomanb IepecedeHus (UTypbI A'K ¢ B
nmpu k — oo CTpeMHUTCA K IpousBefeHHWIO Tomianeit K u B*¥), 1. e.
JIOJIsT «KOIIKHM», KOTOpas yepe3 k 1maroB OyAeT HaXOAUThCs BHYTpPHu B,
ITPOITOPITMOHANBLHA TLIoIanu B.

3amaua. [lokasaTsk, UTO IIpu JI0O0M £ npeoﬁpaBOBaHnegk MMeeT HeIlo-

MBUKHBIE TOUKH, & BCe HETIOIBUKHBIE TOUKH BCeX ITpeoOpasoBaHU Ak
00pas3yIioT BCIOAY IJIOTHOE MHOYKECTBO Ha TOpe.

WsBecTHO, UTO y KakI0T0 MpeodpasoBaHUA A" xomeunoe umcyo He-
TMOABUKHBIX TOUEK, HO 3TO UMCJIO OBICTPO PacTET BMecCTe C k.

O6paTuMca CHOBa K IIEITHBIM Apobam. PaccMoTpuM mJIOCKOCTh, Ha-
KPBIBAIOIIYIO HAIIl TOP, U paccMOTpuM npeobpasoBanue A. OkaspIBaercs
(3TO JIETKO JIOKAa3aTh), HA IIJIOCKOCTH CYII[ECTBYIOT JIBE IPAMBIE, KarKJ1ad 13

*) ITOCKOJIbKY ITOJIOXKEHHE TOUYKH Ha TOPEe OIpeAeaeTCs ABYyMs KOOPAUHATAMHE U MOKHO
CUMTATh, YTO KAKAad 13 KOOPANHAT IPUHAAJIEIKUT monyuHTepBaay [0, 1), To Kaxk10il Touke
TOpa MOJKHO IIOCTABHUTh B COOTBETCTBHE TOUKY KBagpara [0,1)x[0,1) u cunraTs 3TOT KBagpar
KapToi Topa.

#%) ILiomiagb MOBEPXHOCTH TOpa paBHA 1.
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KOTOPBIX IIPU 3TOM IIPeo0pa3oBaHUH IIEPEXOAUT B ce0s1: OqHA IpsAMas IPHu
9TOM PACTATUBAETCS, a APYyras CoKUMaeTcs, MPUUYEM Koo GUIMeHTHI pa-
CTSIKEHUST U CHKaTUs 003aTeTbHO OQUHAKOBBI, IIOTOMY UTO A COXpaHsIeT
minoinansb. (Hauamno koopaunar, pasymeercs, IIepexXoaUT B ce0si: 9TO BUTHO
u3 popmyasl.) Takoe mpeobpasoBanue Ha3bIBACTCS 2unepbosULeCKUM No-
80pOMOM, X BOT ToueMy. BBeIéM HOBYIO CHCTEMY KOOPAWHAT, B3AB OJHY U3
ATHUX MPSAMBIX 3a OCh U, a IPYTyI0 — 3a ock v. Tak BOT, mpeodOpasoBanmne A
coxpaHseT TuIepboJIbl, 3aJJaHHbIE B 9TOM cHUCTEeMe KOOPAUHAT YPaBHEHU-
eM uv = const mpu pa3HbIX 3HAUEHUAX KOHCTAaHTHI (puc. 16), moromy uto
OJHA U3 KOOPAMWHAT U M U YBEJIMUNBAETCA BO CKOJIBKO-TO pas, a Apyras BO
CTOJILKO YK€ Pa3 YMEeHBIIIAaeTC .

BoabMéM Temeph MHOKECTBO BCEX IIEJIBIX TOUEK, KOTOPHIE PacioJio-
JKEeHBbI B KAKOM-HHOYAb U3 KOOPAMHATHEIX YIJIOB (MOXKHO JJ0KAa3aTh, UTO
Ha caMmux nmpaMbix Ou u Ov 1ebIX TOYEeK, KpoMe Hauaja KOOPAUHAT, HeT)
M PacCMOTPHM €ro BBIITYKJIYIO 00010uKy. [Ipu mpeobpasoBanuu A meibie
TOUKU EPEeXOIAT B I[eJIble TOUKH, PACIIOJOKEeHHBIE B 9TOM KOOPUHATHOM
KBaJpaHTe, IIO3TOMY HAaIlla BBIMYKJAas 000JI0YKAa ITepexoauT B cebs, cie-
JoBaTeJIbHO, €€ rPAHUIA MHBAPMAHTHA OTHOCUTEJILHO IIpeodpa3oBaHusd A.
Orcioza cienyer, 4YTO TEOMETPUUYECKHE XapaKTEPUCTHKH, IEJIOUNCIEHHbIE
JJIUHBI¥) CTOPOH OECKOHEYHOH JJOMAHO#, KOTOPYIO MBI CTPOHMJIM B HaUaJe
9TOM OPOIITIOPBI, — & 9TO KaK pas 9JIeMeHThI IIeITHONM APo0u uucaa o A
COOTBETCTBYIOIEH MPAMOI I = 0LX — 9Ta IMOCJIeJ0BATEIbHOCTE IT€PUO/IH-
yeckKasi, IOTOMY UTO ormepatop A mepeBoauTt eé B ceds. Ctporo rosop,
Ha puc. 1 mmeTCa JBe JIOMaHble: BEPXHAA, C BePIIUHAMU €y5,, U HUMK-
HsIfl, C BePIIUHAMHU €y, ;. JI€MEHTHI IIeITHOM pOo0K — 3TO I eJI0UHCIeHHbIe
JAJIWHBI OTPE3KOB 00enX JOMaHbIX (B mopanke (e;,e3), (€5,€4), (e3,e5), ...).

Ha camom nmene Teopema Jlarpau:ka Tak u gokasbIBaeTcs. §1 eé mo-
Kasasm HedopMasbHO, HE CTPOTO U He AJA Bcex o. Kpome Toro, Hy:KHO

#*) IJenouucaennoll OAUHOU OTPE3Ka MEXXKAY ABYMS IMeJBIMU TOYKAMU HAa3bIBAETCS YHCIIO
yacTeil, Ha KOTOPBIE 3TOT OTPE30OK AEJHUTCH LeJbIMU ToukaMu. Hanmpumep, mesodncieHHAd
nauHa BeKkropa (13,21) paBaa 1 (1o Teopuu 30J10TOr0 ceueHus). « BeposiTHOCTE» TOr0, UTO Lie-
JIOYHCJIEHHBIH BEKTOD Ha IIJIOCKOCTH MMeeT IIeJIOUNCIeHHYIO AINHY 1 (Z0JIsi TAKNX BEKTOPOB
B KpyTe cTpeMAIerocsd K 6eCKOHEUHOCTH pajuyca) paBHa

6 _ ( 1 ) _ o V2> 1

- = 1-5)=1 n =_—.

n? 1;_7[ p? /(nlzl 52
3xeck p npoberaer Bce IPOCThIE YHCIA, a { — A3eTa-QyHKIUA,

- 1
C(S)—nzzzln 1;[1—1)43.

B'ropoe PaBeHCTBO BBIIIOJIHEHO BCJIEACTBHE €eJUHCTBEHHOCTH Pa3JIOKEeHU A HaTypaJIbHOI'O Y-
b9

cJla n Ha MPOCThIe MHOMKHUTeNH. J[oKasaTeasCTBO TOro, 4to {(2)= 3

, A HE IIPDUBOXY, €ro

MOJKHO HaiiTH B Kypcax aHAJIN3a, B TEOPUH PsagoB Pyphe.
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JIOKa3bIBaTh €IIé M B 00OpaTHYIO CTOPOHY: €CJIU IemHasi Apobb Ymcaa o
ImepuoguuecKasi, To 0. — KBaJpaTUudecKas UppamuoHaIbHOCTh. {151 aTOTO
Ha/JI0 BCe HAIll reOMeTPUYeCKIe IIOCTPOeHU s IIEPEeBECTH B YPABHEHHUA, UTO
HeTpyaHO. BCé aTO mpogesano B cieayoolneM pa3ese.

A rtenepsr a chopmynupyio 3amauy II, koropas, kak m 3amaua I,
TpedyeT TOJBKO KOMIIbIOTEpa (/i Hayaia, a IIOTOM MOXKET IIPUBECTH K
HEeTPUBHUAJBbHON TeopeMe, eCJIM KOMIIbIOTep MOJATBEPAUT, UTO THIIOTE3a
BepHAa).

ab
Paccmorpum maTpuirsr ( ), V KOTODPHIX @, b, ¢, d — 1esnbie yncia,

a ompenenuTenb paBeH 1. BribepeM m3 HUX Te, KOTOpbIE AEHCTBUTEb-
HO 3a7al0T runepbosnyecKuii moBopot*). MaTpuil, 5J1eMEeHTBI KOTOPBIX
He CJOWIIKOM BEJWKH, T. e. a®+ b2+ c? + d? < N2, koHeunoe uncyo. Jlaa
KasK/JIoM TaKO#M MaTPHILHI CYIIIECTBYET PACTATHBAIOIIAACS IPAMAasd i = oX,
TMPUYEM 0., KAK HETPYAHO BU/IETh, KBaJ[pATUUYHAA UPPAIMOHATBHOCTD, 110~
9TOMY €ro IemHas ApoOb ImepuognuyHa. Bo3bMEM 3TOT IEPHOJ] M ITOCUM-

TaeM, CKOJIbKO B HEM eJIMHUYEK, CKOJBbKO JJBOEK, TPOEK U T. J., & IIOTOM
ab
cd
€ITMHUIIL IT0 BCeM MaTpUIlaM, pasfeJuM Ha KOJUYECTBO BCEX 3JIEMEHTOB BO
Bcex mepuogax. 'mmoresa: aTo oTHOIIIeHUe OyeT mpu N — co CTPEMHUTHCS

K BEPOATHOCTAM, KOTOPBIe AawTcda opmyaoii ['aycca.

yCcpeagHuM IIO BCeM MaTpHIlaM ( ), a MMEeHHO, BO3bMEM KOJUUYECTBO

*) HexkoTophble M3 TAKMX MATPHI] 3aJal0T OOBIUHBIH IIOBOPOT; HAIpPUMep, MaTPHIlA

0 -1
10
3a7aéT 00BIUHBIM TOBOpPOT Ha 90°.
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III. Emé oxua rumore3a. CaenaeM TO Ke caMoe IIPOCTO AJis KBa-
IpaTHBIX ypaBHeHHH X2 +px+¢q=0 co cayuyalHBIMM HeJIBIMU K02(du-
IIMEeHTaMu p U ¢, TAKUMU, UTO YPaBHEHUE MMeeT BellleCTBeHHbIe KOPHU.
A mMeHHO, JJIf BceX He CJIUIIKOM Oosbmiux nap (p,q) (T. e. TakuxX, 4TO
p? —i—q2 < N?), HaiiféM x, pasjoKUM ero B IeIHYIO Apolb; 9Ta Jpobhb IIe-
puoanuyHa. Bo3abMEM BCe 3JIeMEHTHI BCEX IEMHBIX ApPo0Oeil 1 MOCMOTPUM,
OyAyT JU JOJH, KOTOPhIE COCTABJAIOT €IUHUIILI, TBOMKH U T. J., CTpe-
MHTBCS K TAYCCOBBIM BEPOSITHOCTSIM.

ITOT KOMIBIOTEPHBIN SKCIEPUMEHT IIPOIIe, YeM IIPeAbIAYIINi, HO
TOT OOJIee MHTEepecHBI. BripoueM, 00e 3TH THIOTE3bI 9KCIIEPUMEHTAJIBHO
eIé He IIPOBEPEHEI.

FeomeTpua teopembl JlarpaHika:
cny4an obwmx KBagpaTM4HbIX MPPaLMOHaNbHOCTEH

Ecnu nenHasa apo0p umcaa o IEPUOJUYHA, HAUMHASA C HEKOTOPOTO
MecTa, TO 0. — KBaJApaTHUYHAas UPPAIMOHATBHOCTh, T. €. YAOBJIETBOPSET
KBaJApPaTHOMY YPaBHEHUIO C IIeJbIMU Koaddunuenramu. JleficTBUTENIBHO,

o=ag+ A y P= 1 T
a,+, b, +
k. 1 by +
+(xn+[3 '-+ 1
bp+B
JIJIsI 0. — IeTTHOM APOo0OU C dIeMeHTaMu
i Wiy ey B Pt wony bp; [« L — bp; ;. — bp;

Ha uucna B cpady moaydaeTca KBajjpaTHOe YpaBHEeHUE, ITOCKOJIBKY IIpa-
Bas 4acCTh €r0 BBIPDAYKEHUA ABJAETCA APOOHO-JMHENHON (DyHKIMen o B:
B= ‘ég%g (Hanpnmep, npup=1:8= ﬁ, T.e. P2 +b,p—1 =0).

CropasennBo u 00paTHOE YTBEPIKIEHUE:

I mo6oit KBaApaTHUYHON MPPAIMOHATIBHOCTH o IIeITHas Apo0b Ie-

puoAUYHA, HAUUHAS C HEKOTOPOTO MecTa.

BeIitie aT0 yike 1oKa3aHO TeOMeTPUYECKH AJIA CIydas, KOTa Yucyao o
oImpenesieT HAKJIOH IIPAMOH I = oX, PACTATHUBAIOIIEICS B A pas3 ImoJ Iei-
CTBHEM JIMHEITHOTO OTOOpaKeHUA ILJIOCKOCTH

M;(x, y) — (ax + by, CX +dy),

oToOparkaoniero pemeérky 72 menablx Touek (x,y) Ha ceba: MZ2 =72,
VciioBHe COXPAaHeHUs PEIIETKH IeJIbIX TOUEK BHIPAYKAETCS B TEPMH-
Hax Koa(pdumuenTos a, b, ¢, d ciegyoinumM o6pasom.
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Bo-nepBbIX, 1151 TOTO, YTOOBI I[EJIbIe TOUKHU ITIePEeXOUJIN B I[eJIble TOY-
ku (MZ? < 7?) HeobxoquMa U JOCTATOUYHA I[eJOYNCIEHHOCTh K0a(hduIn-
€HTOB.

Bo-BTOpBIX, 451 TOTO, YTOOBI 00pPa3 OB BC e ¥ PEHIETKOI IeJIbIX TO-
yek, a He 0oJiee pas3perkKeHHOH MOAPEUIETKOM, He00X0AUMO 1 JOCTATOYHO,
4TOOBI «OCHOBHOM MapaJsljIeiorpaMM», HATAHYTHIN Ha 0a3UCHBIE BEKTOPBI
peméTku (e=(1,0) u f=(0,1)) mepexoaus B OCHOBHOM Ke TapaJiyieso-
rpaMM, HATAHYTBHIH Ha Apyrue ABa 0asucHbIX BeKTopa (E =ae+cf, F=
= be+df). UToObI mapaienorpaMm, HaTAHYTHIN Ha E 1 F, Ob1T OCHOBHBIM,
HeoO0XOJMMO U JJOCTATOYHO, YTOOBI eT0 (OPMEeHTHPOBAaHHAA ) TLJIOIAIh ObLIa
pasua qubo +1, 1ub6o —1, T. e. uTobwI ad — be = +1.

YrKaxeM Temnmepb ABHO AJIsA KAKUX YHCEJ O IEPHUOJUUYHOCTD I[EITHOM
IpoOu TeM caMbIM yJKe JIoKas3aHa.

IIpu BBeIEHHBIX BBINIE 0003HAYEHUAX MBI IIOJIy4aeM JJIs o U A ypaB-
HeHUs, BbIpasKalolljie pacTs kKeHre B A pa3 BeKTopa e + of mpsaMoi y = ox
Ha maockocTH {xe + yf} mox aeiicrBuem orodoparkenusa M:

a+ba=xA, c+do=ho.

IloncraBnaa aHaueHue KO3(P(pUIEeHTA PACTAMXKEHUSA A U3 IIePBOT'O ypaBHe-
HHUA BO BTOPOE, MBI IOJIyuyaeM KBaJpaTHOE ypaBHEHU e IJId Kod(P(puiiueHTa
HakJoHAa o: (a + bo)a = c+da, T. e. ba? + (a — d)a— ¢ =0, oTKyzAa

- d—a++/(d—a)?®+ 4bc

2b

B cnyuae, xorga nmpeobpasoBanue M coxpaHsieT PemeTky, Koaddu-
IIMEeHTHI Pa3JIOKeHUs1 00pa30oB 6a3MCHBIX BEKTOPOB IO MCXOIHBIM Oasuc-
HBIM BEKTOPaM yAOBJIETBOPSIOT COOTHOIIIEHUIO ad —bc =¢ (e = +1). B atom
cayuae bc = ad — ¢, Tak 4TO

d—a+y/(d+a)?—4e
o= .

2b

IIpumep. Ilyectb a=0, b=1, d=2p. Torma ycioBue coxpaHeHUs
PeIIETKY MPUHUMAET BUJ ¢ = —€, ¥ MBI IIPUXOJUM K 3aKJIOUYEHUIO:
Teopema. PazyioxxeHue B ImenmHyo0 Apo0b MPPAIMOHAJIBLHOTO YHCJIa

a=p+\p?—¢, (3)
VJOBJIETBOPAIOIIEr0 KBAPATHOMY YPaBHEHUIO
a? —2po+e=0,

rae € = +1, mepuoaAUYHO I TI000T0 HATYpPaJIbHOTO YHuCa p.
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Yro06bI mepeiTH K 00JIee 00IIeMy CIydYain, HAUHEM CO CJIeYIOIIero 3a-
MmeuaHusi. I3 arropuTMa BBITATUBAHUSA HOCOB BUHO, UTO I[eITHAsI JPO0h
Aas Koa(duimeHTa oo HAKJI0HA IIPSAMOM [ ¢ ypaBHEHUEM Y = oX Ha IJIOC-
rkoctu R? = {xe + yf} ¢ KospdumuenTamu x, y u ¢ pemérkoii I' = Z? memo-
YMCJIEHHBIX JIMHEHHBIX KOMOMHAIMI 0a3MCHBIX BEKTOPOB € U f 3aBUCUT
He CTOJBKO OT BeIOOpa 6a3uca, CKOJBKO OT PACHMOJOMKEeHUA P -
MOo# [ Mo oTHOMEeHU K pemérke [

YT006BI OIHCATD 3TY 3aBHCUMOCTD, IPEAIIOJIOMKUM IJIS OIIPeAeIEHHO-
cTH, 4to o > 0. PaccMoTpuM sBa yriia, Ha KOTOpPBIE IpAMad [ JeJIUT mOoJI0-
JKUTEJIbHBIN KBaJPAHT

Y i Uraz, 20;
Y &2 pom, x>0,

Paccmorpum Touku pemméTkn BY , (BY ). Boimykaas 0607104Ka 3TOTO MHO-
JKecTBa OTpaHuuYeHa CHU3Y AJdA Y, (cBepxXy /uid Y _) 0eCKOHEUHO JIOMaHO!
auHuen. BepimuHamMu aToil IOMaHON ABJAIOTCA BEKTOPHI AJITOPUTMA BhI-
TATUBAHUA HOCOB: 3a BePIIUHON U, = p,e + q,[ Ha JOMaHOMH cieayeT Bep-
IIAHA Uy, 5 (HA OAHOM U3 JOMaHbIX BCe HOMepa k 4éTHBIe, a HA JAPYroil —
He4YE€THBbIe). JJIeMEeHTHI @; LeNHOI Apobu — 3TO LeJOYUCIeHHbIe JJIUHBI
OTPEe3KOB JIOMaHBIX (CM. CHOCKY ¥) Ha c¢. 22).

CorsacHo aaropuTMy BBITATUBAHUSA HOCOB, Uy, 9 = Uy + Qp, 1 Vpyq, IPA-
Y€M ILJIOIA/Ab apajIesorpaMmMa, HaTAHYTOTO Ha Uy, M Uy, 1, €CTh Ppqp 1 —

— QpPp+1 = 1.

yA

YI

>

0)
(o) x (0] Pr
Puc. 17

=Y

IIpu mepexoze ot 6asuca {e,f} k HoBomy Oasucy {¢,f'} m K HOBBIM
koadummenramu x’, y' Touku xe+yf = x'e¢’ +y'f mb1 3amMenuM ypaBHeHHe
Yy =ox mpAMo# | Ha HOBOe ypaBHeHMe y = o/x' TOWH ke mpAMON. 3HAKHU
U MOPANOK 0A3MCHBIX BEKTOPOB MOYKHO BbIOpaTh TaK, UTO HA Jyde X >
> 0 npsamoii [ BeinmosHeHo yeaosue X' >0, a B yroe Y, rae x > 0, y > ax
BBITIOJIHAIOTCS HepaseHcTBa X' > 0, y' > o/ x/, onpepensiomue yron Y oY
(puc. 17, a).
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Jlemma. ['paHuIbI BRITYKJIBIX 000JI0U4€K MHOKECTB TOUeK penréTku I’
Byraax Y u Y coBnmazamoT, HAUMHAs ¢ HEKOTOPOTO MeCTa.
HoxaszartenbcTBo. [Ipamas, coenuHAOIIaA JeKalue B Y coces-
HUe BePIINHEI U}, U U, o TPAHUIILI BBITYKJIOI 0007I04KH, IepeceKaeT och Y
B TOUKEe C OPAUHATON

—p i1 — DePrir —Pppr1 1

h=
U kPk+1 Pri1 Pri1

(puc. 17, 6). ITockoabky h < 1, Bce meJsibie TOYKH yria Y', He IOMaBIINAe
B yroJa Y, jiexkKaT BBIIIe COeIUHAIOLIEH V), C Uy, o IpaMoii. [losTromy oHHN
He BJIUAIOT HA BXOXKJEHUE 9TOTO COeIUHSIOIIET0 OTPe3Ka B 'PAHUILY BhI-
IIYKJI0M 000JIOUKH MHOJKECTBA IeJIbIX TOUEK yIJa, KoTopas u Ajs yriaa Y’
Oyzer comepskaTh STOT OTPE3OK.

Pasymeetcsi, TpaHUIIa BBIMYKJION OOOJOYKHM MHOKECTBA IEJIBIX TO-
yek yria Y' COAep:KUT elé u JOMOJHUTEIbHBIE OTPE3KH, I KOTOPHIX
x <min{p,} (manpumep, x < 0). ToTbKO OHM U CO3JAIOT PASHUILY TPAHUIL
BBIITYKJIBIX 000JI0UEK: P JOCTATOUYHO OOJBINNUX X PAa3HHUILBI HeT. Jlemma
JloKas3aHa.

I CaemcrBue. Eciiu memmHasa Apo0s JJid yuca o MepuogudHa (XoTsa Obl
HAUMHAsA C HEKOTOPOTO MECTa), TO 9TO BEPHO M /I YKca o .
dameuanune. Yucio o J€rKo ABHO BEIPA3UTH Yepe3 0. U Yepesd Ko-
a(pPUIMEHTHI Pa3I0KeHNsI BEKTOPOB HOBOTO 6asuca {¢/, f'} uepes BeKTOpHI
craporo 6asuca. ITonryuaercs npoOHO-THHENHOE TpeodpasoBaHme

o= Ao+ B
Co+D’

KOTOpPOe YHUMOOYAAPHO, T. €. IJsI KOTOPOTO IeJbie KO3((MUIUEHTHI Y0~
BJIETBOPAIOT YCJIOBUIO COXPaHEHUsI OCHOBHOTO ITapaJjijieiorpaMmMa IIpu 1e-
pexoje ot ogHOTO O6asuca K apyromy: AD — BC = +1.

Takum oOpas3om, BCAKNM pasd, KaK JOKasaHa MePUOSUIHOCTD (XOTA ObI
HauWHasA C HEKOTOPOTO MecTa) IeITHOM JApo0H JIJId YMcJja o, Mbl aBTOMA-
THUYECKH IIoJIydaeM IIepuOJUYHOCTh TaKXXe MU JId BCeX POJACTBEHHBIX C O
yuces ¢, MOJyYarouXCca U3 o YHUMOAYAAPHBIM APOOHO-IMHENHBIM I1e-
JIOUMCJIEHHBIM ITpeo0pa3oBaHeM.

ITokakem Teneps, 4TO OT YCJIOBUA YHUMOAYJISIPHOCTHA 3aMeHbI 0asuca
37eCh MOYKHO N30aBUTHCA.

Teopema. IlycTs npamas y = ax pacTAruBaeTCs COXPAaHAIOIIUM pe-

méTky ' = Z2? nuneiinpiM npeobpasoBanuem M miockoctu. Torga pas-
JIOJKeHUe B IeITHYI0 Ap0o0h J1000T0 YucIa

= Ao+ B
Co+D’
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IMOJIY4EHHOTO U3 O I[eJOYNCIeHHBIM HEeBBIPOXKAeHHBIM (AD # BC) npo6-
HO-JIMHEHHBIM ITpeo6pa3oBaHueM, IePUOINYHO, HAUNHAS C HEKOTOPOTO
MecTa.

HoxasaTtenbcTBO. Yueao of siBasgeTcss Kooa(pPUIMEHTOM ypas-
HeHus Yy = o X' mpaMo# y = 0.X, 3aMMCAHHOTO B KOOPAMHATAX, IIOPOKIAEH-
HBIX ITapoil IeJIOYMNCJIeHHBIX BeKTopoB € = Ce— Df, f' = —Ae+ Bf mioc-
koctu {xe +yf}. Eciu ObI mIomansb mopoKAEHHOTO STUMUA HOBBIMH BeK-
TOpaMHU IapaJjuiejorpaMMa pasHa +1, To BekTopsl €/, [/ cocTaBasiiu ObI
0asuc peméTku I' 1 Bcé ObLIO OBI yiKe JOKasaHO BhINIE. B obimem ciry-
yae |[AD — BC|= N > 1 Bektopsl € u [’ mopoxgator He I', a mumsb OoJiee
paspexeHHyio (B N pa3) peméTKy, 1 Hallle JoKasaTeJbCTBO HAJO CJIerKa
YCOBEPIIIEHCTBOBATS.

O6osnauum uepe3d I'y pemérTky, mopokJéHHYI0 BekTopamu € u f’.
Pemeérka I'; = MT, moposknena Bekropamu Me' u M{f', o6pasymomumn
OCHOBHOM JIJI He€ ImapajijieJiorpaMM TaKoOW e nmaomaau N, Kak
¥ IapaJuieiorpaMM, IIOPOKAEHHBINA BeKTopamu € u [/, Tak kKak npeobpa-
3oBaHue M coxpaHser miomanu. TouyHO Tak Ke U KasKJas U3 PelIéTOK
I', = M°T, mopox/jeHa napoil BeKTOPOB, 00pas3yIoIIUX IapajaeJorpaMM
maoimanu N.

Jlemma. Ynciio moapeméTok B Z2, MOPOKIEHHBIX TapAMH BEKTOPOB,
00pas3yIoInx napaJjeorpaMMel IIoiaau N, KOHeuHO (OrpaHUYeHo 3a-
BUCAIIEH JUIIb OT N IOCTOAHHOM).

HHorkxaszartenbcTBO. Takasa moapenIéTka coepKuT Touky P, yia-

néunyoo or O He ganbine, yeM Ha VN, uHaUe IJIOLIAAL ITapaJljIesiorpaM-
Ma (co cTopoHaMHW U AUATOHANAME AauHHee VN) ObLia 6b1 OOJbINIE, YEM

NV3>N.

Yro6wI mIoianhb mapajjieaorpaMMa, HaATAHYTOTO Ha BeKTopsl OP u
0OQ, 6nima 01 paBHa N, npavasa QQ', mapannenbHas OP, noakHa ObITH
ynanena ot npamoit OP ua paccroaaue N/|OP|< N. Toukm @ Hamen
TOAPEIIETKH, JIedKalllie Ha 9TOA IPAMOM, 00pas3yioT IIPOTPECCHIO C TIIaroM
aanabl |OP| < YN. I109TOMY YHCI0 PASHBIX TTOPEIISTOK, TTOMYYAIOIIAXCSA

IIPY Pas8HBIX BHIOOPAX TOUKH @, He mpeBocxoanT VN . YMHOMKAA 9TO IHCIO0
BHIOOPOB HA UHCJIO I[EJIBIX TOUYEK Ha paccTosHnu He 6oibire YN ot O (aTo
ymncsao He npeBocxoauT CN), MBI ITOJIy4aeM OIeHKY CBEPXY: HCKOMOE UHu-
cJI0 ToApeméToK He npeocxoaut CN3/2 (roguTcsa, HAIpUMep, 3HAUEHUE
C=4).

Temneps 3aMeTUM, UTO HAIIIA IPAMAS I = 0.X PACTATHUBAETCA HE TOJBKO
npeobpasoBanueM M, HO u JII000i1 ero cremeunbio M.

IIpeoGpasoBanue M mepecraBiseT HAIlIU pellléTKU I, ¢ OCHOBHBIM ITa-
pannenorpamMom maoniaau N. IIocKOMIbKY 1X KOHEUHOE YHCJIO, HAUYTCs
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nesasle unciat > s, rakue uro M'T'y = M°T,. CnegoBarensHo, M'~*Ty =T,
TaK 4TO PEIIETKA, IOPOKAEHHAA BeKTopaMu €’ 1 ', oro6paskaercsa Ha cedsa
npeobpasosanueM M’ ¥, pacTArUBaIOIINM MPAMYIO J = 0.X, T. €. IPAMYIO
y =dx.

Craio ObITS, IeTHAasI APO0H AJIs Ynucsia of MepUuoJuYHa, HaUnHAas ¢ He-
KOTOPOTO MecTa, MOCKOJbKY 0/ — K03 UIMEeHT HaKJIOHA MPAMOi, pac-
TATABAEMON COXpaHAIUM peméTky I'y JuHeWHBIM IpeoOpaszoBaHUEM
ILJIOCKOCTH, BLIYMCJIAEMBIH 110 OTHOIIIEHUIO K 6asucy {¢', '} aToit pemérkn.

W3 nokazaHHO# TEOPEMBI BUIHO, UTO AJA JOKA3aTeJIbCTBA TIePUONY-
HOCTHY (HauMHAA ¢ HEKOTOPOTO MecTa) IEeIMHON Apo0m JII000M KBagpaTud-
HO¥ MPPAIMOHAIBLHOCTH 0 JOCTATOYHO MPEACTABUTD 0/ B BUE JPOOHO-JIN-
HENHOTO I[eJOUYHCJIeHHOT0 o0pasa

, Ao+B

KBaJIPATUYHOM UPPAIMOHAJTILHOCTHA

—a++\(d+a)? -
oc=d a++\/(d+a) 48’ —

2b

CTIeIUaJIBLHOTO BUJIA, JAJI KOTOPOH BCE yiKe NoKasaHo. Ho BcAKasa KBajpa-

i

u
TUYHAS MPPALMOHATIBHOCT JIETKO IIPpeodpasyeTrcs K BUAY —  CUeIbIMH

u, v, n, TO3TOMY JAOCTATOUYHO JAJA KasKJOTO I[eJIOTO YUCcja 1, He SBJISI0-
Ierocs MOJHBIM KBaJApaToM, HAWTHU TAKOTO ITPEJACTABUTEJIS YHCE] 9TOTO
KJacca ¢ JaHHBIM 77, KOTOPBIA ObLI OBl KO3((hUIITMEeHTOM HAKJOHA IIPA-
MO¥, PacTATUBAaeMO# COXPAHAIIINM PEMIETKY IEJbIX TOUEeK Impeodpaso-
BaHMEM.

IMpumep 1. Iyers n=2. Yncao o =V2 + 1 yaosrerBopser ypas-

HEeHUIO é =V2-1,T.e.0=2+ %, OTKyza

a=2+411 ,\/§=1+—11 :
24— Bp——

24 2+

Tem cambIM, TEPUOAUYHOCTH IEITHOM IPO0M YCTHOBJIEHA JJIsI BCeX KBajipa-
AV2+B

cV2+D’

IMIpumep 2. Ilycts n=3. IIpu p=2, e =1 dopmyaa (3) gaér o=

TUYHBIX UPPAIMOHATBHOCTEHN BUIA

=2+ V3. 910 nOKa3BIBAET IIePUOJAUYHOCTD IeTHBIX Apobeil 1y Beex of =
_AV3+B
CV3+D’
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IIpumep 3. Ilycte n=>5.IIpup=2,e=—1 ¢popmyaa (3) gocraBis-
er o.=2+V5. 9o JIOKa3bIBaeT MEePUOJUUYHOCTD IEITHBIX APo0ei 1A Bcex

o = AV5+B
C\V5+D
IIpumep 4. Iycrs n=6. IIpu p=>5, ¢ =1 maxogum o= 5+ 2V6.
, AV6+B
ITonyuyaem MepUOANIHOCTD JJISA O = BT
IIpumep 5. HIpun="7,p=8, ¢=1 noxyuaem o.= 8+ 3V7 u nepu-
OJUYHOCTH AJ o =‘m.
CV7+D
IIpumep 6. IIpun=38, p=3, ¢ =1 nonyuaem o = 3 +V8 u mepuo-
AV8+B

JUYHOCTD JJs o = (4TO MOIKHO OBLIO OBI HIOJYUYUTH U UCXOAS U3

C\V8+D
yoKe U3YUeHHOTO caydasd n = 2).

IIpumep 7. Hpun=10, p=3, ¢ =—1 monyuaem o.= 3 + V10 u me-
AV10+B
CV10+D~
IIpumep 8. Ilpu n=11, p=10, e =1 nonyuaem a=10+3V11l u
AV11+B
CV11+D’

CoBepIIeHHO TAKUM e 00pa3oM JIId IIPeoIoIeHNs NPPAIlnOHATbHO-
cTeli ¢ \Vn gqocraTouHo HalTH HeTpusuaabHoe (g # 0) mesoe pemenne (p,q)
OJTHOTO M3 JIBYX YPaBHEHU

VP2 —e=q\n, e=+1,

T. €. OJHOTO M3 JABYX YpPaBHEHWIi, MepBOe M3 KOTOPBLIX HECIpaBeaJIMBO
Has3bIBaeTcA ypasHenuem [lemnsa,

PHOAMYHOCTD JJIA 0 =

TMePUOAUUYHOCTD JJIA o =

p?P-ng®=1, p*-ng®=-1.

Teopema. [[na a0b0ro mesoro umucaa n, He ABIAIONIETOCA TTOJHBIM
KBaJpaToOM IIeJIOTO 4mcjaa, ypaBHeHue Ileis mMeeT HeTPHMBHAJIBLHOE
(g # 0) memoumcaeHHOE perreHne®).

IIepumoamuHOCTh (HaUMHAA C HEKOTOPOTO MeCTa) IeMHbIX Apo0eit Bcex

AVn+B

MPPaAIMOHAJTBHBIX UnCces Buga ———— c1easiMu A, B, C, D (mpuAD # BC)
C\n+D

ciaenyer OoTCioga, Kak 3TO JOKa3aHO BBIIIIE.

*) JlokasaTesbCTBO 3TOM TEOPEMBI IIPUBELEHO, HapuMep, B Opomrope [11].
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BoT HECKONBKO penieHnii IpocTernninx ypasaennit [lems:

8% 8 « PP, 12— 2:0%=—1y
2.8 s 17=1:
92— 5 . 42=1, 2_ 5.12=-1;
b2— 6 . 22=1;
82— 7. 8=1;
83— 8 « 12=1;
192 -10 « 8=1, 82-10:1%=—1;

102-11 . 32=1;

72-12 . 22=1;
6492 -13-180%2=1, 182-13-5%2=-1;

152-14 . 42=1.

MHOTIOMEPHbIE LLEMHbIE APOBM

l'eomeTpust yuces MO3BOJISAET ITIEPEHECTH MHOTHE IIOCTPOEHUA TEOPUH
LIETTHBIX Apo0eil Ha « MHOTOMEepHbIe IleITHbIe IP0o0u », KOT/Ia ILJIOCKOCTh 3a-
MeHseTCs n-MepPHBIM (HanmpuMep, TPEXMEePHBIM) TpocTpaHcTBOM R” , cHab-
JKEHHBIM PEeIIeTKON Z" MebiX TOUeK, a IpsaMas 3aMeHAeTCA CUMILITAIIUA-
aJbHBIM KOHYCOM C BEPIITHHON B Hauaje KOOPAUHAT (B TPEXMEPHOM ITPO-
CTPAHCTBE 3TO TPEXTPAHHBIA YTOJI).

Ilenbie TOUKM, PacIoJOKeHHBIE CTPOTO BHYTPU KOHYyca, 00pasyioT
MMOJIYTPYIITY, & UX BBINYKJas 000JI0UKa OrpaHUYeHa MHOTOTPDAHHOM II0-
BEePXHOCTHRIO (¢ 0ECKOHEUHBIM, KaK IIPaBUJIO, YUMCJIOM rpaHeii). 'eomeTpus
ATOIf MHOTOTPAHHOM MMOBEPXHOCTH (Ha3bIBAEMOI napycom UCXOJHOTO KO-
Hyca) M ABJAETCS MHOTOMEPHBIM O0O0IIEHHEeM TeOpWH IEITHBIX Apobeii
(B KOTOpPO# poJib TIapyca UrpaeTt JoMaHas aJroOpUTMa BBITATUBAHUSA HO-
coB, puc. 1).

Teopusas MHOTOMEPHBIX IEITHBIX APO0OEHA JOBOJBHO MOJIOAA, U S IIPU-
BeJly JIUIIIb OUeHb HEMHOTHE Pe3yJIbTaThl.

O606weHue Teopembl JlarpaHika

Paccmorpum 1esouncieHHOe COXPaHAIoInee 00bEMBI IMHEHHOE TIpe-
oOpasoBaHmMe mpocTpaHcTBa R”, mMewInee 7 MHBAPUAHTHBIX THIIEPILIOC-
KocTeil (mpocreiimuii mpuMep — oTtobpaskeHue B R3, KoTtopoe 3ajaérca

MaTpHuIein
321
(2 2 1): (4)
111

Touka (x,y,z) nepexoaut B (3x+2y+z, 2x+2y+z, x+y+=z)). Byaem
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a) TpéxrpaHHBIH yroa, o6pa3soBaHHBIA MJIOCKOCTAMM, MHBAPMAHTHBIMU OTHOCH-
TeJBHO IpeobpasoBanusd (4).

0) @parmMeHT napyca TpEXIrpaHHOTO yIJia PHC. @ B OKPECTHOCTH Hayaja KOOPAWHAT.
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8) Bospmuii ¢pparmeHT napyca
puc. 0.

2) Ilpoexkmuu BepmIimH mapyca
PHC. 6 HA IIJIOCKOCTH 2Y BJOJb OCH X.
Pangom ¢ ka)xgoii mpoeKmue ormeye-
HA X-KOOPAMHATA COOTBETCTBYIOIIEH
BepmuHbl. (PHCYHOK 3amMCTBOBaH
u3 cratsu [10].)

Puc. 18

1 d
+ (e}
18 14
o 9 ) 06
-+ OO
+ 03
+ 02
........ 2ol o o
5 O20_1% °1%
60 o ’ * O
5 2
03
09 Ho 50
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8) Ob6pas npoekmuu puc. 6 Tpu oTobpa-

eHHH U; = Inu; moBepxHOCTH
Th Uy + Uy +03=0.

Puc. 19

puc. a, 60 Ha
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CUUTATH, UTO TPEXTPaHHBIEe (Nn-TPaHHBIE) YIJIbI, HA KOTOPHIE 9THU ILIOC-
KOCTH JeJIsIT IPOCTPAHCTBO, IIEPEXOAAT KaKAbId B ceba (puc. 18).
N3 Teopembl [lupuxyie 0 eguMHUIIAX B ajaredpandyecKol TeOpHUHU YU-
ceJl clenyeT, YTO IApyc KasKAOTO0 TAKOro n-TPaHHOTO yrJja objagaer
TPYNIIOA CUMMeTDPUii, MOPOKAEHHON nn — 1 KOMMYTUDPYIOIIUMHU IIpeodpa-
30BAaHUAMHU, COXPAHAIONIMMHA U PEIIETKY IeJIbIX TOYEeK, U Halll n-TpaH-
HBIA yTOJI.

W3 sTOTO0 BUAHO, UTO IIAPYyC B TPEXMEPHOM IIPOCTPAHCTBE JBOAKO IIe-
puoauueH (Mog00HO KapTe Topa): Kamaas rpaHb MOBTOPAETCS OECKOHeU-
HOE YHCJIO Pa3, MOJ00HO OECKOHEUHOMY UHCJIY M300parkeHuil KOIIIKU Ha
kapre Topa (puc. 19). IIpocreitinue npuMepsl TAKUX ITApPyCOB OIMCAHBI
B pabore [10].

Taxkum o6pasoM, IByMEpPHBIE IIeIHEIE JP00H, COOTBETCTBYIOIHE KY-
OMUYeCKMM HPPAIMOHAJIBHOCTSAM, ABOAKO IEPUOAUYHEI, XOTS OOBIUHBIE
IeIHble Apo0M IMOJOOHBLIX YmceJ (COOTBETCTBYIOIHE OJIYKIAAIOIUM II0
9TOM ABOAKO IEPUOANUYECKOI IOBEPXHOCTH IIYTAM) KAXKYTCA Xa0TUUECKU-
MU ¥ IePUOJAUYHOCTHU He IIPOSABIIAIOT.

ObpaTHO, M3 TOIOJOTHUYECKOW II€PUOJUUYHOCTH KOMOMHATOPHOTO
CTPOEHHUs Tapyca cJenyeT IIPONCXOKJeHUe KOHyca W3 JIMHENHOTO IIpe-
o0pasoBaHUs U CBA3B Mapyca ¢ aaredpandyecKuM « COOCTBEHHBIM YHUCJIOM » ,
CTeleHb KOTOPOTO paBHA Pa3MEPHOCTH IIPOCTPaHCTBA. JTH 0000IeHUA
Teopuu JlarpaHi;ka (COOTBETCTBYIOIIEH CaAyUal0 n =2 M O0ObIYHON Mepuo-
JIMYHOCTH ) ONIMCAHBI B cTaThax [4] u [5].

Iymuaimm 1oKasaa TOMOJOTUUYECKYI MepUOJUYHOCTh anredpanye-
ckoro napyca. Ero jokasaTenbCcTBO OCHOBaHO Ha TeopeMe [{upuxie o equ-
HUIAX U3 ajJredpanyeckoi Teopum uuces. Ero reopusi pacimpocrpaHsaeT-
cs1 M Ha CJIy4Yal « KOMILJIEKCHBIX COOCTBEHHBIX UHCEN», KOT/[a HEKOTOPbIE
13 MHBAPUAHTHBIX THUIEPILJIOCKOCTEH JTUHEHHOTO IMpeodpas3oBaHusa KOM-
TLJIEKCHBI.

KopkuHa qokassiBaeT ajredpandyecKkoe MIPOUCXOKIeHUE TOTTOJOTHYe-
CKU TIepUOJAUYEeCcCKOTro mapyca. B cayuae oObIYHBIX IETTHBIX APOOEeH 310 —
0osee yérkaa yacTh TeopeMbl Jlarpanika, HO Iy MHOTOMEDPHBIX Apobeit
COOTHOIIIeHNEe obOpaTHoe (1 MoApPOoOHOe JOKAa3aTeIbecTBO TeopeMbl KopKu-
HOM e1ré He OmyOJHKOBAHO).

B mHOTOMEpPHOM cJiyuae, BIIPOUEM, OCTAJICA OTKPBITHIM YyiKe BOIIPOC
0 TOM, KaKUM TPUAHTYJAINUAM TOpa ¥ KaKUM HabOpam «IeJbIX TOUEK»
HA T'PAHAX 9TUX TPUAHTYJIAINMNN COOTBETCTBYIOT pa30MeHusA MapycoB aji-
refpanyecKUX MPPAIMOHAJIBLHOCTEN Ha BBIMYKJIbIEe I'PDAHU. ITOT BOIPOC
OTKPBIT yiKe AJIA JBYMEPHBIX TOPOB U KYOMUYECKUX MPPAIMOHATILHOCTEM!.
(I1ss omHOMEPHBIX Apo0eii BOImpoca HET: MePHUOLOM MOJKeT OBIThH Jiobas
TIOCJIeI0OBATEIBHOCTD IEJIBIX YHUCEI.)
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O606uieHHMe CTaTUCTUKM 3NEeMEHTOB LenHoM gpobu

IIpugss K MHOTOMEPHBIM I[EITHBIM APOOSM IIPU MOMBITKE KJiaccudu-
IIUPOBaTh I'PaJyUPOBAHHBIE KOMMYTATUBHBLIE aCCOIIMATHUBHBLIE aJIreOpbl
(cm. [6] u [T]), 2 B 1989 roay chopmyIupoBas BOIPOCHL O CTATUCTHKAX
TaKUX XapakKTepPUCTHUK Mapyca CJay4alHOTO n-TPaHHOTO yIJja B 1-MePHOM
ITPOCTPaHCTBE, KaK /IOJIS TPEeYTOJbHBIX, YeThIPEXYTOJbHBIX U T. /. Tpa-
Hell, UX IeJIOUUCIeHHbIE TIJI0IAa/IN, IeJIOUYNCIeHHbIE IJINHBI pedep, unucia
peédep, BBIXOAAIINX W3 OJHOW BEpPIIWHBLI, U T. N. Byaer jau, Hanmpumep,
Ha ABYMEPHOM ITapyce 00JIbIIIe TPEYTOJbHBIX I'PAHEH, YeM YeThIPEXYTOJIb-
HBIX, OyJeT JIM YHCJO IeJIbIX TOUEK Ha ero pedpe B cpegHeM 00JbINe WUIH
MEeHBbIIIe, 4YeM JJid peédep OJHOMEPHBIX WM TPEXMEPHBIX CIAYUYaWMHBIX IIa-
PYCOB, WM YeM JJIsI CAYUYAWHBIX OTPE3KOB, COeIUHSIONINX IeJIble TOUKH
(B mpocTpaHCTBAaX Pa3HBIX PA3MEPHOCTEH).

HackoabKo a 3HAIO0, BCE STH BOIPOCHI OCTAIOTCS OTKPBITHIMUA U CET0-
mnus. Ho FO. M. CyxoB u M. JI. KoHlleBY, KOTOPBIM S UX COOOIIUJI, CY-
MeJIu JOKAa3aTh, YTO OTBETHI HAa BCe MO00HBIE BOIIPOCHI CYI[€CTBY IO T:
MCKOMBIE CTATUCTUKU CPEIHUX II0 PACTYIIUM KOHEUHBLIM YaCTsM Iapyca
yHusepcabHul (He 3aBUCAT OT UCXOJAHOTO CUMILINIMAIBHOTO YTJIa) AJISA
TMOYTH BCEX CHUMILIUIIUATBLHBIX 71-MEPHBIX YTJIOB (B cMbIcjae Mephl Jlebe-
ra) ¥ JOMyCKaIOT ONMMCAHWe B TEpMUHAX JPTOANUYECKOil TeOPUUA TUHAMU-
YyecKux cucteMm ¢ (n — 1)-MepHbIM BpeMeHeM, XOTA BbIUMCJIEeHUEe OTBETOB
(moo6HBIX pacmpesesieHnio 'aycca) HaTaIKUBaeTcAd HA TPY/HOCTH, CBA-
3aHHBbIE C CYMMUPOBAHUEM PAJOB U3 «IIOJIUJIOTAPU(PMOB».

s monyuyenus: aTux pesdyabraToB CyxoB u KoHileBuu nmepeBepHyIn
MOIO 3a/1a4y: BMECTO TOT'0, YTOOBI, (DUKCHUPOBAB PEUIETKY IeJIbIX TOUEK Z"
B n-MepHOM mpocTpaHcTBe R”, MccremoBaTh CTAaTUCTUKY ITapyca ciaydaii-
HOTO n-TPAHHOTO yTIJia ¢ BePIINHOI B Hauaje KOOPAUHAT, OHU (PUKCUPY-
o1 yroJ (T. e. cucreMy KoopauHat B R", 118 KOTOPO#H THNIEPILIOCKOCTH
yrJia sSIBJISIOTCSA KOOPAUHATHBIMM) 1 CIYUYANHO BHIOMPAIOT PEHIETKY (10-
POXAEHHYIO 1 BEKTOPAMH €1, ..., €,, ONPEeJeJAINUMHA INapaJieaenunes
o0béma 1).

Bce Ttakme ymopAaoueHHBIe HAOOPHI 77 BEKTOPOB 00Pa3yiOT TPYIIITY
SL(n,R) BemiecTBeHHBIX MAaTPHUI[ IMOPAAKa n ¢ ompeaenurenem 1. Pas-
MEPHOCTBH 9TOTO TJIAJIKOTO IMOJMHOT000pa3musa ITPOCTPAHCTBA R? paBHa
n? — 1. Ho (ymopsajjoueHHBIH ) HAGOP 72 BEKTOPOB — He TO ke caMoe, UTo
MMOPOXKAEHHAA UM PeIléTKa: OJHY PeIIéTKYy MOXKHO IIOJYYUTh U3 pas-
HBIX HabopoB. Hanmpumep, MOKHO 3aMEeHUTh BEKTOp €, Ha €; +e, — pe-
IIETKA OT 9TOr0 He M3MeHHUTCs. Bce Takme BBIOOpPHI 6asnca B PeEIIETKE
obpaayior rpynny SL(n,Z) menouncieHHbIX MmaTpull B SL(n,R). Muoro-
obpasue pemréTok — 9To (pakTopmpoctpanctso M = SL(n,R)/SL(n,Z),
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obOpasoBaHHOEe HabopaMu 0a3MCHBIX BEKTOPOB, PACCMATPUBAEMBIX C TOU-
HOCTBIO 10 ITepeBLIOopa 6asuca.

Teopuss muHammuyeckux cucreM c¢ (n—1)-mMepHbIM BpemeHem H
IpUMeHsAeTCsl Temeph K AeiictBuio Ha (n? —1)-MepHOM «(hasoBOM IIPO-
cTpaHCTBe» M TpyNIbl AUAroHAJbLHBIX MAaTPHI, C oIpejenuTeneMm 1
(oHa Ha3bIBaeTCA «KapTaHOBCKOM moxarpymnmoit» H B SL(n,R)). 910 neii-
CTBHWE OKa3bIBAETCSA SProudecKuM (I0100HO TeHCTBUI0 Tpeodpa3oBaHUA
x +— {1/x} B Teopun T'aycca). OpbuTa TOYKH IOJ BJIUAHHUEM 3TOTO Jeii-
cTBUA pasdmasaHa 1mo M (Imogo0HO OKPOIIKe, IMOJyJalolenca u3 KOIIKH,
pasmMasaHHOM TO TOpPy). Hy:KHBIe HAM CTATUCTUUYECKHE XapaKTepUCTH-
KH IIapyca BBIPA’KAIOTCA B TePMHHAX I'eOMETPHUM STOM pasMas3aHHOU
OpOUTHI.

A MMeHHO, PAaCCMOTPUM «HMaroHaJbHbIA BeKTOP» (1,...,1) B Hameun
cucteme KoopauHat. Touka n3a M (T. e. peIIéTKa) Ha3bIBAeTCsA CNneyUadlb-
HOllL, ecJiu OIpeJesIEHHAasl JUarOHAJBLHBIM BEKTOPOM IIpsMasi mepeceKaer
mapyc, COOTBETCTBYIOIIUH TOUuKe u3 M, B TOUKe, IPUHAIJIEeKAIeld rpaHu
rmapyca, pasMepHOCTb KOTOPOil MeHbIle 1 — 1 (He B 0011[eM ITOJIOKEeHUHN).
CrenuarbHbIe TOYKH 00pa3yIOT IHIIEPIOBEPXHOCTD (pasMepHocTH n — 2)
B (n? —1)-MeprOM MHOT000Opas3uu M Bcex PelIéTOK B -MEPHOM IIPOCTPAH-
crBe. CBOMCTBa mapyca BBIPA’KAIOTCA B TEDMHHAX TepecedeHus OpOUTHI
KapTaHOBCKOM MOATpynnbl H ¢ 3TOi TUIIEPIIOBEPXHOCTHIO: pa3bueHue op-
OMTBI HA YaCTH, pas3feEéHHbIe THIIEPIOBEPXHOCTHIO, MOJAEJIUPYeET pasodue-
HUe TTapyca Ha ero BBINYKJIbIe TPaH!.

K coxkasenuio, maske TaKkue CBOICTBA 9TOM I'MIIEPIIOBEPXHOCTH, KaK
TOMOJIOTHH €€ NOIOJHeHUs, cjIe/l KOTOPOro Ha opOuTe onpezesisieT I'paHu
rnapyca, eié He BEIYHUCJIEHBI.

06 aTuX TEOPUAX MOYKHO Y3HATH U3 KHUKKH [8].

LlenHbie gpob6u 1 rpagyMpoBaHHble anrebpbl

ITomHON HEOKUAAHHOCTBIO MIJIA MeHsA OBIJIO TOSABJEHHEe I[eIMHBIX
npobeit mpm MOel TMOMBITKe M300pecTy BOBCE HU C YeM He CBSABAHHYIO,
HU JJIS 9YeT0 He HYKHYI0 HEMHTEPECHYI0 MaTeMaTUYeCcKyl Teopuio, Ha-
YyaBIIHM, IO 00pasmy aaredpamncToB Mau O0ypOAKHMCTOB, C MPOMU3BOJBHBIX
aKCHOM.

KommyraTuBHas rpajyupoBanHasd accolmuaTuBHaA aaredpa (Haj mo-
JIEM BeII[eCTBEeHHBIX MJIM KOMIIJIEKCHBIX UIMCEJI) eCTh IpAMasg CyMMa BeK-
TOPHBIX IIPOCTPAHCTB «OJHOPOIHBIX 9JIEMEHTOB CTEIIeHH d» , CHaOKEHHAaSA
omnepaiueil YMHOXKEeHUs, IIPU KOTOPOIl CTEIeH! OJHOPOJHBIX COMHOMKH-
Tesieil CKIaaAbIBalOTCA (KaK 9TO IPOUCXOAUT C MHOTOUJIEHAMHU U OOBIYHOM
CTeIeHbIO OJTHOPOAHBIX COCTABJSIONINX).

37



O6o3HauuM yepes p,, Pa3MepHOCTh BEKTOPHOTO IIPOCTPAHCTBA OJHO-
POIHBIX COCTABJIAIOINUX CTEIIeHH n. Py

p(@)= X p,t"
n=1

HasbIiBaeTcs padom ITyankape anredOpsl (mocjieHee BpeMs €ro CTaJIHA Ha-
3BIBaTh pAgoM 'manbepTa, B COOTBETCTBUU ¢ OYPOAKHCTCKON JUCKPUMMU-
HaIei reoMeTpun).

Psan Ilyankape anre6pbl MHOTOUJIEHOB OT OJTHOM ITepeMeHHO (¢ 00bId-
HOM CTeIeHbI0) eCTh

L 2
el B o

Mos 3ajmaua cocTosdsia B TOM, YTOOBI KJacCU(UIIMPOBATH I'PAJyHUPOBAH-
HbIe ajnreOpbl ¢ UMEHHO TakuM pdagom Ilyankape (T. e. ¢ OJTHOMEPHBI-
MH IIPOCTPAHCTBAMM OJHOPOJHBIX DJEMEHTOB JII000H HEOTPHIlATEJIbHOM
CTeIleHH).

IIpu knaccuduranuu aaredp ¢ TpeMsa MYJIbTUILINKATUBHBIMUA OJHO-
poaHbIMU O0pasyiomumu (X, Yy, 2) hukcupoBanHbIX cTemeneii (1,u,v), 1 <
<u<v g 00HApYKHJ, YTO UX YUCIO0 KOHeuHo. MaremaTuka — 3KcIe-
pUMeHTaJIbHasA HayKa, TaK UTO A CIIepBa BBIYMCIUJ YHUCJIO aaredp mpu
He CJIMUIITKOM OOJIBIITUX 3HAYEeHUAX creneHeit u u v. [loayunnacey 10BOJb-
HO 3arajiouyHas Tabaunia umnces Heu30MOP(HBIX IPalyuPOBAHHBIX anre0dp:

N 3 4 5 6 7 8 9 10 11 12 13
2 5 1 5 1 5 1 5 1 5 1 5
3 1 7 7 1 7 7T 1 7
4 5 9 1 9 5 9 1 9
5 1 9 9 11 1 11 9 9
6 7T 5 138 1 13 7
TR 15 11 11 11 11 15

Temeps HY?KHO OBLIO yragaTh (GOpMyJy, BRIPAKAIOIIYIO YUCJIO aaredp ue-
pe3 cTemeHu 00pas3yoIuX. AHATU3UPYS MePUOIUIHOCTh, HAOII01aBIITy-
oca B TabauIe, s1 B KOHIle KOHI[OB HAIIEJ, YTO YUCJIO aaredp CBsI3aHO

v
C Pa3/IOXkeHNeM OTHOINEHUS B IEMHYIO 1pobb, a UMEHHO, OHO PaBHO

a(0y +adgt . )+1,
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TAe a; — dJIeMeHThI I[eITHO# Apobu

v 1
_=a0+—.
u 1
a;+ ——
as+,

Hanpuwmep, anredp ¢ MyJbTUILIMKATUBHBIMUA 00pPa3yIOIUMH CTETeHe:n
(1,2, 3) poBHO 5, TaK KaK

8-1+1, a;=2, 20,+1=5.

IIpu monbITKe KaaccupuKamuu aaredp ¢ 60IbIITNM YUCIOM 00pasyio-
IIUX MECTO IEMMHBIX AP0o0eii 3aHNMAaKOT AHAJOTUYHBIE MHOTOMEPHBIM IIEII-
HBIM JIPOOSAM TOJIMSApAIbHbIE IEJOYUCIEeHHBIe MTOBEPXHOCTH, W 3aJada
KJaccu(UKAIUA 0 CUX IIOP He pelleHa. 3HAYUTEJIbHbIe BHIUUCIUTEb-
HbIe TPYAHOCTU YJAETCA MPEOoA0JeTh TOJBKO OJlarofapsa MOIHBIM KOM-
NIBIOTEePHBIM CpeficTBaM Teopuu 6as3ucoB I'péduepa (aBaaloiuxcsa addex-
THBHOHM AJITOPUTMHUYECKON BEPCHEIl «TeOJIOTMYeCKOol» ajredpamuyecKoit
reomerpuu ['nianbepra ¢ OHOM CTOPOHBI 1 KOMITBIOTEPHBIM COBPEMEHHBIM
BapUaHTOM TEOPUH MHOTOIpaHHUKOB HbI0TOHA, KOTOPYIO TOT CUUTAJ CBO-
MM TJIaBHBIM MaTeMaTU4YeCKUM JOCTUIKEHUEM, ¢ APYyroi). 9ta Teopus ObI-
Jla IpUAYMAaHa IIPHU HUCCIEJOBAHUHN ACHUMIITOTHUK PEIlIeHuil YPpaBHEHUH C
YACTHBIMU TTPOU3BOTHBIMH.

Il. 9itzenOa  MOCTPOUJI ITEPBBIe TPUMEDPLI KOHTUHYAJIbHBIX CEMEHUCTB
IMOTAapHO He H30MOP(PHBIX KOMMYTATUBHBIX TPaAJyUPOBAHHBIX ajreodp
¢ (PMKCUPOBAHHBIMHM CTENEHAMU MYJbTUILJIMKATUBHBIX O0pPa3yIOINX.
3arem B. IlITypmdense, UCTTONB3YsA KOMITBIOTEPHYIO TEXHOJIOTHIO, HATIIE
JIOBOJILHO MHOTO IIPUMEPOB TaKNUX YETBEPOK CTEIeHel, I KOTOPBIX 3TO
peanusyercs, BKJIouas yerBépku (1, 3, 4, 7), (1, 3, 4, 9), (1, 4, 5, 6),
1,4,5,9),(1,5,6,7,(@1,5,6,8),(1,5,7,8),(1,6,7,8),(1,6,7,9),
(1, 7,8, 9). Cm. [9].

OgHaKoO TepeuYncIeHus BCeX «IIPOCTBHIX» YETBEPOK (A KOTOPBIX
KJaccuuKanusa aaredp KoHeuHa) BCE eIé Her.

Most mOnBITKA MMOCTPOEHUA HEHYKHOI TEOPUH OKAas3ajlach COBCEM He-
yAauHOI: BOBHUKIINASA B PE3yJIbTaTe TEOPUA MHOTOMEPHBIX I[ETTHBIX JAPO-
0ell SIBHO MHTEPECHA U CBA3LIBAET MHOTO 00JIacTel MAaTEMATUKH.
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